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This paper proposes a novel mechanism based on the instantaneous Bethe-Salpeter (Salpeter) equation
for investigating wave function mixing in vector mesons such as y(3770). Conventional theories typically
treat y(3770) as a 25 — 1D mixed state; however, considering only tensor forces or relativistic corrections
alone often leads to mixing angles that are too small and inconsistent with experimental data.
Phenomenological 25 — 1D mixing requires experimental data as input to determine the mixing angles,
resulting in limited theoretical studies on states like Y(1D,2D) in the absence of experimental data. To
more accurately describe S — D mixing and its relativistic effects, this paper systematically compares four
relativistic wave function representations (¢, @,, @3, and ¢4) by solving the Salpeter equation and
calculates the mass spectra and dileptonic decay widths of charmonium and bottomonium. The study finds
that the wave function representation ¢, can simultaneously reproduce the experimental data of both
charmonium and bottomonium well. Further analysis reveals that, in addition to S — D mixing, the wave
functions of vector mesons contain a non-negligible P-wave component, meaning they are S — P — D

mixed states. We predict the mixing angles for bottomonium Y(1D) and Y(2D) to be (1.78703%)° and
(5.447392)°, with dileptonic decay widths of 2.29705 eV and 10.5737 eV, respectively.

DOTI: 10.1103/zrp3-jcr9

I. INTRODUCTION

The y(3770) is a vector charmonium primarily domi-
nated by the D-wave with a small S-wave admixture. It was
experimentally discovered in 1977 [1]. However, before its
discovery, theoretical predictions had indicated that the
tensor force between quarks, which does not conserve
orbital angular momentum, would lead to S — D mixing
[2]. Beside the tensor-force, coupled-channel effects can
also account for the S — D mixing [3.4]. Consequently, 1~
mesons with the same quark composition all have the
potential to mix, including highly excited states [4-7].
Since the masses of the y/(2S) and y(3770) are close, their
mixing is maximal [2]. It is therefore widely accepted that
w(2S) and y(3770) are 2S5 — 1D mixing states. The mixing
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formula is

[y (25)) = cos0]2°S,) —sin@|1°D,),
lw(3770)) = sin6|23S,) + cos O|1°D; ). (1)

The S — D mixing nature of w(3770) has been con-
firmed experimentally. The decay rate of a pure D-wave
state into dileptons is extremely small, vanishing in the
nonrelativistic limit. The admixture of an S -wave compo-
nent significantly enhances the decay width, making it
experimentally observable [1]. Subsequently, the mixing
properties of y(3770) have attracted substantial research
interest [8,9]. Further study finds that the naive picture of
w(3770) as a simple 1D — 25 mixed state is unsatisfactory.
Many theories predict a mixing angle around |6| = 10°; for
example, Ref. [10] gives 10°, Ref. [11] gives 12°, and
Ref. [12] gives (12 + 2)°, among others. Nevertheless, both
smaller angles such as 5.4° [13] and much larger angles
such as (17.4 +2.5)° [14] and 40° [15] have also been
reported.
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Furthermore, Ref. [16] points out that the non-zero
contribution of y(3770) to the dilepton arises from two
mechanisms. The first is the S — D mixing induced by the
tensor force, and the second originates from relativistic
corrections. These two mechanisms interfere and are of the
same order at 2. Therefore, it is generally unreasonable to
consider only one mechanism while neglecting the other.
Reference [17] also indicates that the tensor force is too
weak to yield a sufficiently large mixing angle, further
implying that relativistic corrections must be included to
explain the S — D mixing of y(3770) [4,18]. Moreover,
there is also the spin-orbit interaction in the potential,
which violates total spin conservation and mixes different
total spins. Since total angular momentum is conserved,
this can result in, for example, S — P (P — D) mixing, a
phenomenon that has not yet been studied in detail [19].

Similar to charmonium, S — D mixing must also occur in
bottomonium. However, Ref. [20] points out that theoreti-
cal studies often overlook the underlying dynamic mech-
anisms responsible for §— D mixing and artificially
introduce mixing angles. This necessitates determining
mixing angles by fitting experimental data, making it
difficult to study Y(1D) and Y(2D), for which no
experimental data currently exist. Consequently, theoretical
studies on their mixing are extremely limited. Therefore, it
is necessary to conduct a thorough investigation into their
mixings to facilitate their experimental discovery.

We note that in traditional approaches, relativistic poten-
tials are derived by studying quark-antiquark scattering [21],
where the quark spinors are expanded into nonrelativistic
Pauli spinors, and all quantities except the Pauli spinors are
absorbed into the interaction potential, thereby obtaining a
relativistic potential. In this method, the potential is relativ-
istic, while the wave function of bound state remains non-
relativistic [21]. We adopt an opposite approach: the wave
function is relativistic, while the potential is nonrelativistic
[22,23]. The advantage of the former is that it yields a
relativistic mass spectrum, while in our approach, since we
solve the instantaneous Bethe-Salpeter equation [24], both
the mass spectrum and the wave function are relativistic.

|
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The Bethe-Salpeter (BS) equation is a relativistic dynami-
cal equation describing bound states [25]. However, similar
to the Schrodinger equation, the form of the wave function is
externally input. Previously, for the 1~ vector mesons, we
proposed a general wave function representation in the
instantaneous approximation [22,23]. Yet this is not the
only or inevitable representation. In this paper, we will
present several possible relativistic wave function represen-
tations, substitute them into the BS equation for solving, and
determine the optimal wave function by considering the
mass spectrum and calculating annihilation decays. As an
iterative integral equation, the BS equation incorporates
tensor forces and relativistic corrections to infinite orders.
The wave function also accounts for the mixing of different
partial waves, S — P — D mixing instead of only S— D
mixing [19].

II. INTRODUCTION OF THE SALPETER
EQUATION

The BS equation is difficult to solve exactly, so we
rigorously solve its instantaneous approximation, the
Salpeter equation. The instantaneous approximation man-
ifests as the interaction being independent of the time
component, namely, V(P,k, q)~ V(l_é, q) =V(qg- ;),
where P is the total momentum of the meson, ¢ (k) is
the relative momentum between the two quarks inside
the meson.

Define the positive and negative energy projection

operators as Af(q,) = %u, [%a)l + J(i)(m; + ¢)], where
J(i) = (=1)"*',i = 1 for quark, and i = 2 for antiquark; M
and m; are the masses of meson and inside quark,
respectively; @; = \/m? — ¢3 is the energy of quark. We
have defined ¢, = g — %P, so ¢, = (0, g) in the center-

of-mass system of P. Applying definition, ¢**(q )=
Ali(qL)%go(ql)%Azi(qL), the wave function is decom-

posed into four terms ¢ = ¢ + ¢ + ¢~ + @~~. With
these notations, the Salpeter equation is written as [24],

dkz V(gL - kl)(ﬂ(lﬂ)} A3 (qu).

(Zdi)3 V(gL - kl)ﬁ”(’ﬂ.)] A5 (q.),

»"(qL) =9 " (q.) =0. (2)

The corresponding normalization condition is

[

[ (a0) 0 )
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where, p = yop'y°, ‘i’ is the Hermitian conjugate trans-
formation.

Since the wave functions are relativistic, to avoid double
counting, we must choose a nonrelativistic interaction
integral kernel. We adopt the modified Cornell potential
(23],

A A 1
AN=—-=+Vv., |83+ —
V(q) <a + 0> (q) + 2 (5_1)2 T a2)2

2 a(q)

— 0 A VA
OISR @+ )

(4)

where 4 is the string tension, V is a free parameter, a is a
small quantity to avoid infrared divergence and account for

screening effects, and a,(g) = %m is running

coupling constant, Agcp is the QCD scale and e = 2.7183.

ITI. CHOICE OF WAVE FUNCTION
REPRESENTATIONS

Similar to solving the Schrodinger equation, when
solving the Salpeter equation, it is essential to first specify
a concrete representation of the wave function. We know
that the orbital angular momentum [/ is not always a good
quantum number, as can be seen from the fact that the
particle y(3770) is an S — D wave mixing state. In contrast,
the total angular momentum J is always a good quantum
number; hence, we express the relativistic wave function of
a particle in terms of its total angular momentum, specifi-
cally, in terms of its J¥ quantum number (P is the parity). In
quantum field theory, the general relativistic wave function
of a vector meson with quantum number J = 1~, con-
structed via Dirac matrices, contains 16 independent terms.
However, under the instantaneous approximation, the eight
terms containing P - ¢ = P - ¢, = 0 vanish. Consequently,
the general wave function of a 1~ meson consists of eight
terms [23],

(pﬁlﬂlze-qL(fl—l-%fz—I—%]% +%f4)

+ (Mfs+ Pfo)d + <f7+£f8>¢ﬂl- (5)

The radial wave functions f; = fi(—=¢%)(i=1,2,...,8)
are functions of g7 . Next, we demonstrate that each term in
the proposed 1~ wave function possesses negative parity.

-

When we perform parity transformation, P’ = (Py, —P),
q' = (qo, —q). While in the condition of the center-of-mass
system of P and the instantaneous approximation, we have
P' =P and ¢/, = —¢q,. Under parity transformation, the
wave functions satisfy the relation,

PP, qy) = nprog™™ (P, 4 ).

where #p is the parity, and

}’040?111(})', 611)70

== uq!i70<f1+£fz—%f3—%f4>}’o

+7r0(Mfs+ Pfe) #r0 — 7o <f7 + £f8>¢¢fﬂo
= —¢"(P.qL).

Therefore np = —1. Similarly, by applying the charge
conjugation transformation,

P (P.q1) = ncClpi™ (P )" C.

where C is the charge conjugate transform, 7 is the rotation
transform, Cy,C~! = —y,, and 5 is the charge conjugate
parity. We find that the f, and f; terms have positive charge
conjugation parity, while the remaining terms have negative
parity. However, our theory is self-consistent; in the case of
quarkonium, since ¢~ = ¢~ = 0 and m; = m,, we have
f2=f7=0 and then n. = —1. Therefore, for quarko-
nium, the wave function of Eq. (5) has JP¢ =17,

We note that the terms containing f5 and f¢ in Eq. (5) are
S-waves with angular momentum / = 0. While the f, f>,
f7 and fg terms are P-waves with [ = 1, they have negative
parity and do not satisfy the formula P = (—1)"*!. In
Ref. [26], we have pointed out that the parity formula P =
(=1)*1 holds only when [ is a good quantum number, or
equivalently, in the nonrelativistic case. The f3 and f4
terms include both S-waves and D-waves. Since
(e-q ) =344¢+[(e-q1)d1 — 3454, where $47¢ is
the S-wave and (e - g, )¢, —14¢%¢ is the D-wave [19].

We emphasize that the P-wave components identified
here, namely the f, f», f7, and fg terms, are relativistic
components arising from the Dirac-covariant decomposi-
tion in Eq. (5), and they cannot represent an independently
conserved nonrelativistic P-wave state. As we have shown
earlier, they carry negative parity, in contrast to the positive
parity possessed by a P-wave state. Moreover, with differ-
ent quantum number, their representations also differ from
those of nonrelativistic P-wave states. For example, the
nonrelativistic wave function representation of a P-wave
1t state is given by ¢+ =ge-q, (1+P/M)y’ +
ig2(1+ P/M)e,,or" P q" € /M [26], where g, and g,
are functions of —g? . It is evident that the Lorentz structure
of the nonrelativistic wave function for a P-wave state is
clearly different from the ones of the P-wave components
f1> 2, f7, and fg for the 17 state given here.

In Eq. (5), the radial wave functions f;, f5,..., fg are
unknown, and their numerical solutions are obtained by
solving the dynamical equation, namely the Salpeter
equation. After solving, we find that for any 1~ meson
system, the states corresponding to the solutions appear in
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the following order: 15, 25, 1D, 35, 2D, ... Of course, none
of these wave functions are pure; for instance, the nS state
wave function is predominantly S-wave, with a small
admixture of P-wave and an even smaller D-wave com-
ponent (we will show this later). Using the wave function in
Eq. (5), we studied various 1~ mesons and found that for
S-wave-dominated mesons such as D*, D, J/y, and their
radial excited states, our theoretical results align well with
experimental data [22,27-30]. However, for D-wave-domi-
nated mesons like y(3770), although their masses and
strong decay results match experiments well [31], the
annihilation results to dileptons deviates from experimental
data. This indicates an unreasonable S — D wave mixing in

|

the wave function, suggesting that the expression Eq. (5)
requires improvement.

Specifically, when constructing a wave function represen-
tation that satisfies the 1~ quantum numbers, it may not be
necessary to include all terms. For mesons dominated by
S-waves, the f5 and f¢ terms are necessary, while for those
dominated by D-waves, the f5 and f, terms are required. As
for a meson with S — D mixing, all four terms must be
included. As for the proportion of each partial wave
(including P-wave) within the wave function, it is determined
by the dynamic equation they satisfy, namely the Salpeter
equation. Therefore, we present the following four relativistic
wave function representations for the 17~ quarkonium:

(1) gy =e- qu(fl +”’sz +’;f;f4) (Mfs +Pf6)¢+l)¢%lf87

2) ¢2€QL<1+ f3+le4) + (Mfs + Pfo)d.

() pr=c- cu(Mfa P 1) + s+ prog+ T g,

4) ¢4—eqL< +57 f+’;fjf) ’Difos, (6)

where ¢, is the general wave function representation of the
17~ state; i.e., the one appears in Eq. (5).

For the wave functions of a 17~ state, except the
expressions in Eq. (6), there are another possibilities.
For example, we have tried the wave functions
(M + P)¢fs and (Mfs+ Pf¢)¢, and found that their
corresponding solutions are the 1S, 25, 35, .... states, with
the wave functions containing only S-waves. We also tried

(€ q.— 1@’?&)({/L ML)f%, (e q.— 3¢¢L)(Af3+}%f4)

€ C]L(A Ml)f% and € - CIL(Afz + }IA +f4), and found
that their solutions correspond to the lD 2D, 3D, ... states,
where the first two wave functions are purely D-waves,
while the last two contain both D- and S-waves but is
dominated by the D-wave. The above wave functions can
all exist individually as solutions to the Salpeter equation,
but we consider them to be nonrelativistic wave functions,
not the relativistic case we are concerned with, and there-
fore they are therefore omitted in Eq. (6).

Additionally, we also attempted the wave functions

e a (it lr). (F+Lliod. e a(fi+Lr)+
Fr+Lrodde. e ailefs+Ber) + (Mfs + Pro).
and (e q, —Sdf ) £y + 2L 1) + (Mf5 + Pfo)d, but

when applymg the last two constraint conditions ¢t~ =
@~ =0 in Eq. (2), we found that the radial parts of these
wave functions all vanish, f;=f,=f;=fs=0,

|

indicating that these wave function representations cannot
exist independently as a solution to the Salpeter equation.
We have also attempted to calculate the wave functions of

the forms e-q, f + (e- CIL—W/%L)(AJ% ‘M{A fa)+
(Mfs+ Pfo)d + }%Afsv €"]ifl+(€'QL_§¢ﬂL)(%f3+
%fﬁt)*‘(MfS‘l'}ofé)% and (e'QL_%Ml)(%fﬁ'

%ﬁt) + (Mfs+ Pfo)d + f{’ffg, and found that their
results are identical to those of ¢, ¢,, and ¢3 in
Eq. (6), respectively. It is straightforward to prove that
the former and the latter are equivalent.

Although the wave function representation is artificially
introduced, the Salpeter equation imposes constraints
on it, the last two subequations of the Eq. (2),
¢ (q1) = ¢ " (q.) =0, establish relations among the
different radial wave functions, reducing the number of
independent radial wave functions to four (two for ¢,). We
choose the independent radial wave functions as f3, f4, f’s,
and f¢ (f5 and f, for ¢,), while the relations of the other
radial wave functions to them are listed in Table I. The table
also provides the corresponding normalization formulas
satisfied by the radial wave functions under different
choices of wave function representation.

We substitute the wave function representation contain-
ing four independent unknown radial wave functions into
the first two equations of Eq. (2) for solving. Since both the
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TABLE 1. Relations and normalization formulas for radial wave functions with different wave function (WF)
choices.

WF Relations Normalization formulas

4 fr = DO g = det (3 f Fo + e (G fafa + Fafs + fafs)] =1
v fo = DA J 1 £ (3 +2L) + L (T fafa+ fafo + fafs) =1
®3 fS:@ dq 4%71[f5f6(3—£) i(q—izfsf4+f3f6+f4f5)]:1
¢4 fr=58 fs=0 St gy =1

equations and the wave functions contain Dirac matrices,
we remove the matrices by taking the trace and find that the
number of independent equations is not two on the surface
but actually four. With four equations and four unknowns,
the Salpeter equation can thus be solved successfully,
yielding the numerical results for the radial wave functions
and the mass spectrum.

The decay width of a vector quarkonium into a lepton-
antilepton pair is proportional to the square of its decay
constant, and the formula for calculating the decay constant
Fy of a vector from its wave function is

FyMe, = \/N. / p(0)7,]
-V [

where yp is BS wave function of the meson without
instantaneous approach, N, = 3 is the color number. The
decay constant expressions with different wave functions
are presented in the last column of Table II.

op(@)7,)- (7)

IV. RESULTS AND DISCUSSION

The input parameters are fixed by fitting the mass spectra
of charmonium and bottomonium with experimental data
using wave function representation, ¢;, and were not
readjusted except V, when other wave function represen-

2 =021 GeV?, AQCD = 0.27 GeV, while for bottomo-
nium, 4 = 0.2 GeV?, Agcp = 0.21 GeV.

The calculated charmonium masses and experimental
data [32] are shown in Table II. It can be seen that most of
the theoretical results obtained using different wave func-
tion representations agree with the experimental data. For
the choice 4 (¢,4), only the mass spectrum dominated by
D-wave states is obtained. This is because the input wave
function ¢, lacks a separate S-wave term, the f3 and f4
terms are predominantly D-wave, and the extracted S-wave
is subordinate. In the other three wave function represen-
tations, independent S-wave and D-wave terms are
included, allowing the solutions to simultaneously pro-
vide solutions dominated by S-wave or D-wave. It should
be noted that we have only provided the wave function
representations. Whether the eigenvalue is S-wave or
D-wave dominant is not manually adjusted; we can only
determine the nature of the state based on the wave function
solution and the mass eigenvalue.

Table III presents the corresponding mass spectrum of
bottomonium. In comparison with charmonium, it can be
seen that the bottomonium mass agrees perfectly with
experimental data [32]. This is because bottomonium is
significantly heavier, making the instantaneous approxi-
mation more suitable. It is almost impossible to determine
which choice is better.

Using the decay constant formulas given in Table II, we
calculate the annihilation of quarkonia into dileptons, with

tations were adopted. We take m,. = 1.62 GeV, the results listed in Tables IV and V. As shown in Table IV,
my, =496 GeV, «a=0.06GeV. For charmonium, although it is difficult to determine the best wave function
TABLE II. Charmonium mass spectrum (in unit of MeV) and decay constant formulas with different wave

function (WF) choices, EX is the central value of experimental data [32].

M, s M, 2s) M p) M, s M, op) Fy

WREX 3096.90 3686.1 3773.7 4039 4191
2 2

P 3090.8 3683.0 3773.6 40514 4105.5 4\/§f(2qu)z[fs - fil
= =2

@ 3046.0 3667.3 3773.3 4052.2 4130.6 43 f(szq)z [fs — L f3]

3 3026.0 3633.5 3773.7 4013.0 4133.9 _ ;Iﬁfg]

P4 3773.4 4186.7 4\/_f szs
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TABLE III. Bottomonium mass spectrum (MeV) with different
wave function (WF) choices, EX is the central value of exper-
imental data [32].

M5 M (os) Myupy  Mrasy  Mryep)
WREX  9460.3 10023.26 10355.2
@ 9460.2 10021 10138 10362 10436
@ 9460.4 10031 10154 10379 10454
@3 9460.2 10025 10156 10370 10458
04 10137 11567

representation solely by the mass spectrum, the partial
widths to dileptons provide a clear answer. If only consid-
ering states dominated by S-waves, selecting wave functions
@ and ¢, can yield results that are consistent with experi-
ments. However, when also comprehensively considering
states dominated by D-waves, only the ¢, produces the
results,  T'(y(3770) - ete™) = 0.23170%) keV  and

['(y(4160) - ee™) =0. 986f8§§? keV, that match the data
from the particle data group I'EX W (3770) = =0.262 £ 0.018 keV

andI" X4160) = 0.48 £ 0.22 keV [32]. Our result of y(4160)

is in good agreement with the experimental value of 0.83 +
0.07 keV in Ref. [33]. We note that the central value of

FUE/ﬁI 60) o u= = 245+ 1.24 £0.94 keV in recent experi-

ment is quite large [32], indicating the dilepton process of
w(4160) still requires more precise experimental investiga-
tion. Our theoretical error is obtained by varying all
parameters by +£5% arbitrarily.

As shown in Table V for the annihilation decay results of
bottomonium, if only the S-wave dominated states are
considered, wave functions ¢; and ¢, can all yield results
consistent well with experimental data [32]. However, we
believe that the same wave function representation should be
adopted for both charmonium and bottomonium. Therefore,
we propose selecting wave function ¢,, for the D-wave
dominated states, we obtain T[(Y(1D) - ete™) =
2.291088 eV and T'(Y(2D) — ete™) = 10.5737 eV.

For comparison, we present in Table VI the results
calculated using wave function ¢, as well as results from
other theories. As can be seen, we have provided the largest
decay width, especially the 2D result, which is several
times larger than other theoretical results. Apart from
Refs. [34] and [20], which account for S — D mixing by

incorporating tensor force and coupled-channel effects
respectively, other theoretical calculations have neglected
the mixing effect. From the results, even when mixing
effects are considered, the predictions in Refs. [34] and [20]
remain very close to other theoretical values, indicating that
the mixing effect in these two papers is minimal. This
observation is inconsistent with our findings, particularly
regarding the 2D results.

Next, we discuss the mixing problem. Unlike the
commonly adopted approach, we do not separately solve
for the S-wave and D-wave wave functions and artificially
mix them using Eq. (1), with the undetermined mixing
angle fitted to experimental values. Instead, we present a
wave function representation for the 17~ state that simul-
taneously contains S-wave, P-wave, and D-wave compo-
nents, where the relative proportions of different waves are
determined by the dynamical Salpeter equation satisfied by
the wave function.

We illustrate this using only charmonium wave function
@, as an example. The independent radial wave functions
corresponding to the first five eigenstates are plotted in
Fig. 1. In Fig. 1(a), the S-wave radial wave functions f5 and
fe dominate and have no nodes, indicating that this state is
the 1S state w(1S5). Its wave function contains a very small
admixture of D-wave from f5 and f,, which manifests as a
2D-wave. In Fig. 1(b), the dominant S-wave has one node,
identifying it as the 2§ state w(2S), while the mixed
D-wave component overall exhibits the behavior of a
1D-wave. In Fig. 1(c), f3 and f, dominate and show no
nodes, thus corresponding to the 1D state y(1D) mixed
with a 2S5-wave. In Fig. 1(d), the 3S-wave is dominant and
mixed with a 2D-wave, so it is the y(3S5); whereas the fifth
state in Fig. 1(e) is predominantly a 2D-wave mixed with a
3S-wave, corresponding to w(2D) state.

In addition to the S-wave and D-wave, the 17~ wave
function in our method also contains a P-wave component.
Rather than plotting its radial wave function, we instead
present the proportions of the S-, P-, and D-wave compo-
nents in each state based on the normalized wave function
formula. For example, the normalization of the wave
function in Eq. (5) is given in the first row of Table I as

2
J BB (3fsfo + 4 G f3fa + fafe + fafs)] = 1=
(Ng+ Np + Np)?, Wthh corresponds to (S + P + D).
When only the S-wave is present, the left-hand side of the

TABLE IV. The decay widths T" (keV) of y — eTe™ using wave functions (1-4).

FV/(]S) rz//(ZS) 1ﬂx//(lD) rt//(SS) 1—‘1//(2D)
WREX 5.53+0.10 2.33 +0.04 0.262 +0.018 0.86 = 0.07 0.48 +0.22
@1 8.497072 3.947037 0.054 10015 257013 0.088100%%
» 8.91+074 3381010 0.23179%1 1.22108 0.986+0:240
?3 12.8413 6.51 +g§35 0.3785010 3.69103 131508
2 Lo : 040015138
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TABLE V. The decay widths I' (keV) of T — e*e™ using wave functions (1-4).

Iras) s Cy(ipy x 107 Iyis) Cyopy x 1072
WREX 1.340 +£0.018 0.612+£0.011 . 0.443 £+ 0.008 e
" 1290 0.630100% 0.748°023 0.447:00% 11803
® 1.321002 0.6107005 2.297086 0.4123055% 10.5737
3 1.56701, 0.78870 068 2.981“5%‘ 0.5647001 12.5j§‘7~§’
[ e e 233075 19574
TABLE VI. Dilepton decay widths (eV), ours are obtained using the wave function ¢,.

Ours [34] [35] [36] [37] [38] [39] [40] [20]

[(Y(ID) - ete™) 2.291086 1.5 0.37 0.62 1.38 14 1.88 1.65 1.08
[(T(2D) —» ete) 10.5737 2.7 0.58 1.08 1.99 2.5 2.81 2.42 2.13

- 2 2
formula becomes f(;f)g Mv'ij"‘ (fs + 52 f3) (f6 + 3052 4)»

corresponding to S?; when only the D-wave is present,

z 4
the left-hand side becomes [ (2‘:1)3 %
1

to D2, Thus, using these three formulas, we can solve for
the proportions of the S-wave, P-wave, and D-wave
components.

We need to point out that due to differences in both the
representations and the normalizations, the S: P:D ratios
given by the different wave functions in Eq. (6) will differ.
However, we do not intend to present all cases; we only
provide the results for the wave function ¢, in Table VIL
As can be seen from the Table VII, in the 1S, 2S5, and 3§
states, the S-wave dominates and provides the non-relativ-
istic contribution, the P-wave and D-wave supply the rela-
tivistic correction. In the 1D and 2D states, the D-wave is
dominant and provides the nonrelativistic contribution, the
S-wave and P-wave contribute the relativistic corrections.
Comparing the ratios of S: P: D reveals that the relativistic

, corresponding

corrections in bottomonium are much smaller than those in
charmonium. Furthermore, it can also be seen from the
S:D ratios that the mixing angles in bottomonium are
significantly smaller than those in charmonium.

Since the wave functions in Eq. (6) contain S-wave,
P-wave, and D-wave, we cannot directly define a mixing
angle. However, common approaches in the literature
typically mix only S-wave and D-wave components and
determine the mixing angle by comparing with experimental
data. To facilitate comparison with these existing theoretical
results, we neglect the P-wave in our method and retain only
the S-wave and D-wave components, thereby allowing us to
define a mixing angle in the conventional sense and make
comparisons with other results.

The original wave functions with S+ P + D compo-
nents are normalized, ie., (Ng+ Np+ Np)>=1. To
compute the mixing angle, we discard the P-wave con-
tribution and renormalize. Therefore, for an S-wave-domi-
nated 2 state, its normalization is (Ng; + Np;)?> = 1, and

TABLE VII. Partial wave ratios S: P:D in the wave function ¢, for heavy quarkonium.
IN 28 1D 3S 2D
W 1:0.0639:0.0281 1:0.180:0.117 0.139:0.221:1 1:0.252:0.483 0.495:0.339:1

T 1:0.0257:0.0137 1:0.0339:0.0208

0.0310:0.0499:1

1:0.0617:0.0816 0.0953:0.0726:1

TABLE VIII. The S — D mixing angle 6 (°) of charmonium and bottomonium with neglected the P-wave using
wave functions (1-4).

WF Oy 25) Oy (1) Oy 3s) Oy (2p) Or(2s) x(1p) Or(3s) ()
@1 3.6610%8  3.655050  4.02105 4011026 1447000 L6yl 1561015 1415013
® 6.67111  7.927100 258739 263737 L1953 1787032 4671708 544700
@3 445507 5971003 13753 146519 1125018 1.687038 39770 4.6170%2
?4 353+0 35340 35340 : 35340
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FIG. 1.

the mixing angle @ is defined via the first relation in Eq. (1),
giving cosf = Ng; and sinf = Npy, 1ie., 6=
arctan(Np;/Ng;). For a D-wave-dominated 1D state, its
normalization is (Ng, + Np,)?> = 1, and the second rela-
tion in Eq. (1) applies, yielding sinf = Ng, and
cos@ = Ny, i.e., 8;p = arctan(Ng,/Np,). So, the mixing
angles for the 25 and 1D states merely borrow the two
formulas from Eq. (1) for their definitions, but are solved
independently. In principle, these two angles are unrelated;
thus we obtain two mixing angles. The results are presented
in Table VIII. As can be seen, the mixing angles we
obtained for 25 and 1D states, as well as for 3§ and 2D
states, are generally different. For example, adopting ¢,
0hs = (6.671]13)° is obtained for y(2S), while for y(1D)
itis Op = (7.921“,1"12 )°. The latter is quite close to the ones
from the simple 2§ — 1D mixing scheme: 10° [10], 12°

[11], and (12 £ 2)° [12]. For the 2D state y(4160), as a
3§ — 2D mixing state, 6, = (26.373:7)° is obtained, which
confirms the large mixing angle of 35° in Ref. [41], 34.8° in
Ref. [42], and 21.2° in Ref. [43].
For bottomonium, the mixing angles we obtained using
02 we (Orup) = (LT8R, Orop) = (5447110)7)
which are significantly larger than the results from
Ref. [44] using the coupled-channel approach, (0.02°,
0.27°). Reference [17] also chose the coupled-channel
method, if we apply their data and only account for

034033-

Radial wave functions of the wave function ¢, for charmonium, where g = |g|.

28 — 1D and 3S — 2D mixings while ignoring other mix-
ings, their mixing angles are (2.63°, 5.60°), which align
well with ours. In addition to small mixing angles, Ref. [43]
reports large mixing angles, (9°, 12.5°). Due to the absence
of experimental data for the 1D and 2D states, they
determined the mixing angles by fitting only the dilepton
decays of the 25 and 3§ states. However, as known that the
S-wave component in the 1D state contributes the majority
of the dilepton partial width, while the D-wave component
has only a minor effect on the partial width of the 2.5 state.
Considering other influences such as relativistic and QCD
corrections, extracting mixing angles solely by fitting the
2§ and 38 states makes it difficult to control the errors.

V. CONCLUSION

This paper systematically investigates four different rela-
tivistic wave function representations by solving the instan-
taneous BS equation, with a focus on exploring the S — D
mixing in vector charmonium and bottomonium states.

We find that the choice of wave function representation is
crucial. Among the four distinct representations we have
constructed (91, @, @3, and ¢,), the ¢, representation

provides the most consistent description of the experimentally
observed mass spectra and dileptonic decay widths. This
representation not only accurately reproduces the properties of
S-wave dominant states [such as w (1S —3S), T(1S - 3S)],

8
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but also successfully predicts the decay behaviors of
D-wave dominant states [such as y(3770) and w(4160)],
with theoretical calculations in good agreement with exper-
imental data. Based on this, we predict the decay widths of
the yet-unobserved Y (1D) and Y(2D) states.

S—P—D mixing is a universal phenomenon: our
analysis shows that the wave functions of vector mesons
are not simple S — D mixtures but contain significant
P-wave components, forming S — P — D mixing. For
example, in the w(2S5) state, the proportions of S, P, and
D waves are approximately 1:0.18:0.12; in the y(3770),
the ratio is about 0.14:0.22:1. Such mixing is naturally
determined by the dynamics of the Salpeter equation,
reflecting the inherent requirements of relativistic effects.

Based on calculations using the wave function ¢,, we
obtain more reasonable mixing angles. For charmonium,
the mixing angle of y(3770) is (7.921]:9)°, and that of
w(4160) is (26.373:)°. The mixing angles in bottomonium
are much smaller than those in charmonium, such as
(1.787932)° for Y(1D) and (5.447)42)° for Y(2D), owing
to the heavier mass of the bottom quark, which reduces
relativistic effects.

This paper predicts the dileptonic decay widths of
the bottomonium states Y(1D) and Y(2D) to be
(2.29f8.'§96) eV and (10.5f§.'12) eV, respectively. These val-
ues are larger than existing theoretical results, and future
experimental measurements will help verify the reliability
of this model.

In summary, by optimizing the wave function represen-
tation, this study achieves an accurate description of
S—P—-D mixing in vector quarkonia within the
Salpeter equation framework, emphasizing the importance
of relativistic corrections and multiwave mixing. The
results provide valuable theoretical references for future
experimental studies of related particles.
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