
Massive graviton dark matter from a gapped continuum

Eugenio Megías ,1,* Miguel Prieto ,2,† and Mariano Quirós 3,‡

1Departamento de Física Atómica, Molecular y Nuclear and Instituto Carlos I de Física Teórica y
Computacional, Universidad de Granada, Avenida de Fuente Nueva s/n, 18071 Granada, Spain
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We consider the possibility of dark matter in a warped extra-dimensional theory in the presence of a
linear dilaton background, with a gapped continuum spectrum, in a brane-world cosmological scenario.
Firstly, triggered by self-energy radiative corrections, we study the existence of an isolated resonance of
massive gravitons, and its realization as a long-lived feebly interacting dark matter candidate, produced by
the freeze-in mechanism. This massive graviton is proved to satisfy all theoretical and experimental
constraints, in the sub-MeV mass range. We further consider the close relationship between the existence of
this component of dark matter and the presence of an inflaton localized on the brane, with a mass around
1011 GeV and a sub-TeV reheating temperature, in a brane inflationary scenario that allows one to
reproduce the most recent cosmological observables. Secondly, the gapped continuum of gravitons, a
particular five-dimensional realization of the physics of unparticles, is identified as a holographic fluid
which can play the role of holographic dark matter. The production of the holographic fluid goes by an
ultraviolet freeze-in mechanism, with an abundance mainly depending on the reheating temperature.
Depending on the values of the mass gap and the reheating temperature, one or both components of dark
matter can be present.
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I. INTRODUCTION

Awarped extra dimension in five-dimensional (5D) space
was introduced by Randall and Sundrum, Ref. [1], to solve
the hierarchy problem in particle physics. The 5D spacewas
endowed with an anti–de Sitter (AdS) bulk background and
two three-branes, one in the ultraviolet (UV) with a cutoff
equal to the four-dimensional (4D) reduced Planck scale
M4 ¼ 2.43 × 1018 GeV, and the other in the infrared (IR)
with a cutoff at the TeV scale. For the case of AdS
background, there is the additional bonus that the bulk
5D theory is dual to a 4D holographic theory, a conformal
field theory (CFT) in the nonperturbative regime.
Moreover, it was shown in Ref. [2] that, in an AdS

construction with an infinite extra dimension and the matter

in a brane, the extra dimension needs not be small, as 5D
gravity is acting in the three-brane as 4D general relativity.
These constructions were motivated by string theories, for
which the open string sector describing matter fields was
living on the lower dimensional brane, while the closed
string sector, related to the gravitational modes, was
propagating in the bulk of the whole space. Due to the
underlying conformal symmetry of the theory, the bulk
graviton propagator is an ungapped continuum from which
the zero mode is identified with the physical graviton, i.e. a
particular 5D modeling of unparticles [3]. These theories
are dubbed world-brane models as our observable universe
is confined to a three-brane while gravity, or other fields,
can propagate into the extra dimension. It was also proved
[4,5] that, from the 5D Einstein’s equations with a constant
potential (cosmological constant) as a source in the bulk,
the cosmology in the brane is different from the conven-
tional 4D cosmology, as the Hubble parameter which
defines the cosmological evolution of the matter fields,
has two extra pieces

3H2M2
4 ¼ ρb þ

ρ2b
2λ

þ ρfluid; λ ¼ 6M6
5=M

2
4; ð1:1Þ

*Contact author: emegias@ugr.es
†Contact author: miguel.prfdez@gmail.com
‡Contact author: quiros@ifae.es

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 114, 075024 (2026)

2470-0010=2026=114(7)=075024(25) 075024-1 Published by the American Physical Society

https://orcid.org/0000-0002-6735-9013
https://orcid.org/0009-0009-5508-6490
https://orcid.org/0000-0003-0380-4277
https://ror.org/04njjy449
https://ror.org/021018s57
https://ror.org/01sdrjx85
https://ror.org/03kpps236
https://crossmark.crossref.org/dialog/?doi=10.1103/zqp4-99vz&domain=pdf&date_stamp=2026-10-19
https://doi.org/10.1103/zqp4-99vz
https://doi.org/10.1103/zqp4-99vz
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


where M5 is the 5D Planck scale, and ρb is the energy
density of matter in the brane. The second term in (1.1) is
only relevant for cosmology at very high energy (ρb ≫ 2λ),
while the third one describes a dark radiation fluid as it
scales with the scale factor a as ρAdSfluid ∼ 1=a4 [5–8].
A different theory where the bulk graviton propagator is

a gapped continuum appeared in a different class of 5D
backgrounds, the so-called linear dilaton (LD) [9,10]
metric, which is known to be dual to little string theories
[11,12]. The metric is induced by an exponential potential
in the bulk with a critical exponent and was shown in
Ref. [13] to lead, on top of the massless physical graviton
pole, to a gapped continuum graviton propagator. It was
also proved, by solving the 5D Einstein equations with the
critical bulk potential leading to the LD background, that
the cosmology in the brane is different from the dark
radiation characteristic of an AdS background. In particular
it provides, for the last term in Eq. (1.1), a matter behaved
fluid, ρLDfluid ∼ 1=a3 [14–16], which could play the role of
holographic dark matter (DM), as was shown in Ref. [17].
In this paper we will explore another possible DM

candidate in 5D theories in the presence of the LD back-
ground. In fact, as the continuous graviton distribution is
coupled to the energy-momentum tensor of the Standard
Model fields, the renormalization of the graviton self-
energy can give rise to an isolated resonance, a long-lived
massive graviton which we have shown to have the
capabilities to make the DM of the universe. It is an
alternative, depending on the values of the parameters of
the theory, to the holographic fluid, or even it is possible
that both make part of the DM components. The appear-
ance of an isolated resonance from a continuous distribu-
tion is a phenomenon which was known and studied long
ago in the case of unparticles [18,19]. Moreover we have
shown that the presence of an inflaton, with a mass
m ≃M5, localized in the brane plays an essential role
for the existence of an isolated graviton resonance with a
mass near the mass gap of the continuous graviton
propagator, while during inflation the second term in
(1.1) controls the expansion of the universe, characteristic
of high-energy brane cosmology. We also have proposed a
simple brane inflationary model reproducing the most
recent cosmological observables.
The manuscript is organized as follows. In Sec. II we

introduce the 5D warped dimensional model characterized
by a dilaton-gravity background, and obtain the graviton
propagator. We study in Sec. III the one-loop corrections to
the massive graviton self-energy, which follows from the
coupling of the graviton to the different portals: scalars,
fermions, and gauge bosons. The properties of the isolated
resonance in the graviton propagator are studied in Sec. IV
and the possibility that it can be a dark matter candidate in
the context of a long-lived feebly interacting massive
particle (FIMP) scenario. Section V is devoted to study
the relation between the graviton propagator of the model

and the physics of unparticles. We review the fluid
production by a freeze-in mechanism due to the leakage
of gravitons from the brane into the bulk in Sec. VI, and
study, in Sec. VII, the consequences on the model of a class
of inflationary scenarios controlled by a quadraticlike
potential. We present in Sec. VIII our conclusions and
an outlook for future directions. Finally, we provide in the
Appendix some technical details on the one-loop correc-
tions to the self-energy of the graviton.

II. THE MODEL

Our setup is a dilaton gravity 5D model with a 4D brane
characterized by the action in the Einstein frame given by

S ¼ M3
5

Z
d5x

ffiffiffi
g

p �
1

2
R5 −

3

2
ð∂Mϕ̄Þ2 − 3V̄ðϕ̄Þ

�

−
Z
b
d4x

ffiffiffī
g

p ðVbðϕÞ þ Λb −M3
5K − LmatterÞ; ð2:1Þ

where R5 is the 5D scalar curvature, M5 the fundamental

5D Planck scale, ϕ≡
ffiffiffiffiffiffiffiffiffi
3M3

5

q
ϕ̄ the dilaton field, K the

extrinsic curvature, and V ≡ 3M3
5V̄ the bulk potential. The

brane, with induced metric ḡμν, supports a tension Λb and a
localized potential VbðϕÞ which does not need to be
specified as it fixes, in the stiff limit, the vacuum expect-
ation value (VEV) of hϕi ¼ vb and such that VbðvbÞ ¼ 0.
We will consider in the following the bulk potential

V̄ðϕ̄Þ ¼ −
3

2
k2e2ϕ̄; ð2:2Þ

where k is a constant with dimension of mass.

A. The holographic fluid

A black hole solution of the 5D Einstein field equations
with the potential of Eq. (2.2) is given in the brane
cosmology coordinates by

ds2¼gMNdxMdxN ¼
�
r
L

�
2

ðfðrÞdτ2−dx2Þ− 1

ðηrbÞ2
dr2

fðrÞ;

ð2:3Þ

ϕ̄ðrÞ¼ v̄b− log
�
r
rb

�
; fðrÞ¼1−

r3h
r3
; η¼kev̄b : ð2:4Þ

The brane location is fixed at the position r ¼ rb, and v̄b is
the VEVof the scalar field at the brane. The metric (2.3) is
appropriate to describe cosmology as seen from the brane
standpoint. The induced metric on the brane is

ds̄2 ¼ ḡμνdxμdxν ≡ dt2 −
r2b
L2

dx2; ð2:5Þ
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where we have introduced the brane cosmic time
dt ¼ rb

L

ffiffiffiffiffiffiffiffiffiffiffi
fðrbÞ

p
dτ. If the brane moves along r in the 5D

background, the observer located at the brane perceives
expansion of the 4D universe with Hubble parameter
H ¼ ṙb=rb, where ṙb ≡ ∂trb. Our convention is to choose
rb equals L at present times, such that rb ¼ aðtÞL where
aðtÞ≡ aðrbðtÞÞ is the standard scale factor. Then, Eq. (2.5)
corresponds to the standard Friedmann-Lemaître-
Robertson-Walker metric.
By using Eq. (2.3), the physical black hole temperature

measured by an observer on the brane is given by

Tb ¼
Th

aðrbÞ
¼ 3η

4π
; ð2:6Þ

where Th ¼ 3η
4π

rb
L is the Hawking temperature of the black

hole, i.e. Tb is related to the Hawking temperature by
cosmological redshift. The entropyof the horizon is given by

Sh ¼
A
2G5

; G5 ¼
1

8πM2
5

; ð2:7Þ

where G5 is the 5D Newton constant, and the area of the
event horizon is computed as

A ¼
Z

d3x
ffiffiffiffiffi
jḡj

p
¼ V3

�
rh
L

�
3

: ð2:8Þ

The entropy density is then given by

shðrh; rbÞ≡ Sh

Vb
¼ 4πM3

5

�
rh
rb

�
3

; ð2:9Þ

where Vb ¼ V3a3ðrbÞ is the spatial volume of the brane,
with V3 ¼

R
d3x the comoving volume.

The physics of a brane-localized observer is governed by
the effective Einstein equation

ð4ÞGμν ¼
1

M2
4

ðTb
μν þ Teff

μν Þ þO

�
T2
b

M6
5

�
; ð2:10Þ

where Tb
μν is the stress tensor of the brane-localized matter,

and Teff
μν is the bulk energy-momentum tensor projected on

the brane [4,14,20]. We are working in the low-energy limit
where jTb

μνj ≪ M6
5=M

2
4. Following [16], the projection

procedure for the Teff
μν tensor leads to the structure of a

four-dimensional perfect fluid at rest given by

Teff;μ
ν ¼ gμλTeff

λν ¼ diagð−ρh; Ph; Ph; PhÞ: ð2:11Þ

We refer to this as the holographic fluid.
The effective energy density and pressure split as

ρh ¼ ρfluid þ ρvacuum; Ph ¼ Pfluid þ Pvacuum; ð2:12Þ

and the vacuum contribution is given by

ρvacuum ¼ −Pvacuum ¼ Λ4M2
4; ð2:13Þ

where the 4D cosmological constant Λ4 and the Planck
mass M4 are related by

M3
5 ¼ ηM2

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Λ4

3η2

s
; ð2:14Þ

and the fluid contributions turn out to be

ρfluid ¼ 3η2M2
4

�
rh
rb

�
3

; Pfluid ¼ 0: ð2:15Þ

The brane tension can be ultimately tuned to set Λ4 to
(almost) zero, so that we will consider that the 5D Planck
mass turns out to be related to the 4D one by M3

5 ¼ ηM2
4.

Then we obtain the first Friedmann equation on the brane,
in the low-energy limit, as

3M2
4H

2 ¼ ρb þO

�
ρ2b

η2M2
4

�
þ ρfluid: ð2:16Þ

An alternative way to obtain this result is by considering
the fundamental law of thermodynamics

dEfluid ¼ TbdSfluid − PfluiddVb: ð2:17Þ

By using Sfluid ¼ Sh given by Eq. (2.9), and the condition
of pressureless fluid, Pfluid ¼ 0, one gets the energy density
of the holographic fluid ρfluid ¼ Efluid=Vb given by
Eq. (2.15), which turns out to be equal to TbsfluidðrhÞ.
The continuity equations for the brane and fluid energy

densities, ρb and ρfluid, are given by

ρ̇b ¼ −4Hρb þ Δb; ð2:18Þ

ρ̇fluid ¼ −3Hρfluid þ Δfluid; Δb þ Δfluid ¼ 0; ð2:19Þ

where the emissivity [17]

Δfluid ¼ c
T8

ηM2
4

with c ≃ 3.919 ð2:20Þ

is triggered by the leakage of gravitons from the brane into
the bulk.
These equations can be easily solved by considering the

relation d=dt ¼ −HTd=dT. When neglecting the leakage
of gravitons (c → 0), one gets the solution

ρfluidðTÞ ∝ T3 ⇒
rh
rb

∝ T: ð2:21Þ

On the other hand, when considering the leakage of
gravitons (c ≠ 0), one gets the following solution:
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ρfluidðTÞ ¼ −
�
10

geff

�
1=2 c

πηM4

T6 þ ChT3

¼
�
10

geff

�
1=2 c

πηM4

T3ðT3
R − T3Þ; ð2:22Þ

where Ch is an integration constant that has been fixed by
the condition that the energy density of the holographic
fluid is vanishing at the reheating temperature, i.e.
ρfluidðTRÞ ¼ 0. For T ≪ TR the solution is

ρfluidðTÞ ≃
�
10

geff

�
1=2 c

πηM4

T3
RT

3: ð2:23Þ

Notice that the continuity equation for ρfluid can be
expressed as an equation for rhðTÞ when using the
expression for the pressureless fluid, Eq. (2.15), leading to

r0hðTÞ þ
c
ffiffiffiffiffi
10

p

3π
ffiffiffiffiffiffiffi
geff

p
�
rbðTÞ
ηM4

�
3 T5

r2hðTÞ
¼ 0: ð2:24Þ

In getting this equation we have used that rbðTÞ ∝ 1=T.
The solution of this equation is

�
rh
rb

�
3

¼ c
ffiffiffiffiffi
10

p

3π
ffiffiffiffiffiffiffi
geff

p
�

1

ηM4

�
3

T3ðT3
R − T3Þ; ð2:25Þ

which satisfies the boundary condition rhðTRÞ ¼ 0 so that
the final value is obtained by UV freeze-in. For T ≪ TR,
the solution is

�
rh
rb

�
3

¼ c
ffiffiffiffiffi
10

p

3π
ffiffiffiffiffiffiffi
geff

p
�

1

ηM4

�
3

T3
RT

3: ð2:26Þ

It is straightforward to check that this solution leads to
Eq. (2.22) when plugging it into the expression of ρfluidðrhÞ
given by Eq. (2.15), i.e.

ρfluidðTÞ ¼ ρfluidðrhðTÞ; rbðTÞÞ; ð2:27Þ

as expected.

B. The graviton propagator

Wewill now study the graviton propagator in the absence
of black hole. The use of this propagator will be justified in
Sec. VI based on the fact that the horizon becomes very far
away from the brane for the typical values of the parameters
of the model.
The brane at r ¼ rb partitions the space-timeM into two

regions,

M− ≡Mjð0; rb�; Mþ ≡Mj½rb;∞Þ: ð2:28Þ

As we will see below, one of the differences between these
subspaces is the presence or absence of the graviton
zero mode.
The system can also be described in conformal coor-

dinates z, with the solution1

ds2 ¼ e−2AðzÞðημνdx̃μdx̃ν − dz2Þ; ð2:29Þ

AðzÞ ¼ ηðz − zbÞ; ϕ̄ðzÞ ¼ v̄b þ ηðz − zbÞ; η ¼ kev̄b ;

ð2:30Þ

where x̃μ ¼ aðzbÞxμ are the 4D physical coordinates,
with aðzbÞ ¼ e−ηzb the scale factor. The relation with
the brane cosmology coordinates is ηz ¼ − logðr=LÞ.
The brane position at r ¼ rb then corresponds to zb ¼
− 1

η logðrb=LÞ, while the singularity at rs ¼ 0 corresponds
to zs ¼ ∞. In this way the space M− corresponds to the
interval z∈ ½zb;∞Þ, while the space Mþ to the inter-
val z∈ ð−∞; zb�.2
The graviton is a transverse traceless fluctuation of the

metric of the form

ds2 ¼ e−2AðzÞ
��

ημν þ
2

M3=2
5

hμνðx̃; zÞ
�
dx̃μdx̃ν − dz2

�
;

ð2:31Þ

where we are considering conformal coordinates. If one
works with the rescaled field defined by h̃μνðx̃; zÞ ¼
e−3AðzÞ=2hμνðx̃; zÞ, the corresponding 5D graviton propaga-
tor in the subspace M� is given by

1We denote the 4D comoving coordinates as xμ and the
physical ones as x̃μ. Note that the relation between comoving
and physical coordinates is x̃μ ¼ axμ; x̃μ ¼ 1

a xμ, where we have
used that comoving (physical) coordinates change with the metric
gμν (ημν). Therefore, while comoving coordinates with contra-
variant indices are conserved, comoving coordinates with covar-
iant indices are not, as xμ ¼ a2ημνxν. In addition, the condition
x̃2 ¼ x2 is satisfied. Finally note that the fifth coordinate is also
physical, z ¼ x̃5.

Similarly the conserved comoving momenta are pμ, with
covariant indices. Comoving momenta with contravariant indices
are not conserved as pμ ¼ 1

a2 η
μνpν. Comoving momenta trans-

form with the metric gμν. Physical momenta are then p̃μ ¼ 1
a pμ

and p̃μ ¼ apμ and transform with the metric ημν. For the
quadratic invariant they satisfy the condition p̃2 ¼ p2. Notice
finally that comoving momenta are tied to the expanding
coordinate grid, while physical momenta are what a local
observer would actually measure with a detector.

2In the presence of a black hole, the horizon is in the M−

space, at zh ¼ − 1
η logðrh=LÞ, and the distance between the brane

and the horizon behaves in terms of the temperature T as
zhðTÞ − zbðTÞ ≃ − 1

η logðTRT=ðηM4ÞÞ. Then, the horizon gets
further and further away from the brane as T → 0.
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G�
μν;αβðz; z0;p2Þ ¼ G�

h ðz; z0;p2ÞPμν;αβðp2Þ; ð2:32Þ

where

Pμν;αβðp2Þ ¼ 1

2
ðΘμαΘνβ þ ΘμβΘναÞ −

1

3
ΘμνΘαβ;

Θμν ¼ ημν −
pμpν

p2
; ð2:33Þ

while the coupling of the graviton hμν with the SM fields is
driven by the conserved energy-momentum tensor Tμν

SM, i.e.

Lh-matter ¼
1

M3=2
5

hμνðzb; x̃ÞTμν
SMðx̃Þ: ð2:34Þ

After solving the equations of motion of the graviton
with Neumann boundary condition on the brane
∂zGðz; z0Þjz¼zb ¼ 0, and regularity of the solution in the
limit z → �∞, one finds that the scalar part of the 5D
brane-to-brane graviton propagator is given by [17,21]

G�
h ðzb; zb; sÞ ¼ −

1

mg

1

Δ� 1
; ð2:35Þ

where

Δ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

s
m2

g

r
;

�
s≡ p2; mg ¼

3

2
η

�
: ð2:36Þ

There is a continuum of KK graviton modes for m > mg,
where mg is the mass gap. For M− there is also a massless
mode corresponding to the physical graviton in 4D (this
massless mode is absent in the Mþ subspace). This can be
seen by computing the limit of the propagator for s → 0, for
which one gets

G−
h ðzb; zb; sÞ ≃s→0

2mg

s
; ð2:37Þ

while for Gþ
h there is a constant behavior. Remarkably, the

graviton propagator in the M− region with the zero mode
subtracted coincides with the propagator in theMþ region,
i.e.

Ghðzb; zb; sÞ≡G−
h ðzb; zb; sÞ −

2mg

s

¼ Gþ
h ðzb; zb; sÞ ¼ −

1

mg

1

Δþ 1
: ð2:38Þ

In the following we will consider the propagator given by
Eq. (2.38) (which does not contain the massless graviton
propagator), as the physical graviton mass is protected
by diffeomorphism (general coordinate) invariance

(hμν → hμν þ ∂μξν þ ∂νξμ), in much the same way as
how gauge invariance protects the photon mass in QED.
Finally notice that we have used physical coordinates in

the propagator calculation, so the momenta which appear
are physical ones, i.e. the momenta that would be measured
by a local experiment. Still for computing physical proc-
esses, as cross sections or interaction rates Γint ¼ nhσvi,
which are much larger than the Hubble Γint ≫ H, we can
consider the spacetime is Minkowski, as the characteristic
timescale is τint ≃ 1=Γint ≪ τH ≃ 1=H, and the processes
take place essentially in flat spacetime. Of course, the
expansion of the universe is properly taken into account in
the Boltzmann equations when computing cosmological
quantities as number, or energy, densities.

III. SELF-ENERGY FROM THE DIFFERENT
PORTALS

In this section we will compute the one-loop corrections
to the massive graviton self-energy, from the different
portals φφ coupled to the graviton by Eq. (2.34). They
have to respect the symmetries of the tree-level propaga-
tors, as indicated in Fig. 1. Technical details are postponed
to the Appendix. We will compute in all cases the
contribution from sunset diagrams using the linear inter-
action hφφ. In the case of scalars ϕwe will find it useful, as
we will see, to also consider the contribution from the
quadratic interaction hhϕϕ in seagull diagrams.

A. Scalars

As already stated, for the case of scalars we will consider
the contribution from both, the sunset and seagull, dia-
grams, although the latter will only renormalize the location
of the pole mass and not add anything in the complex s-
plane, i.e. to the pole width.

1. Sunset diagram

For a real scalar ϕ with mass m the energy-momentum
tensor is

Tμν ¼ ∂μϕ∂νϕ − ημν

�
1

2
ηαβ∂αϕ∂βϕ −

1

2
m2ϕ2

�
: ð3:1Þ

The Feynman rule for interaction of two scalars (with
incoming momenta p1 and p2) with the graviton hμν [with
incoming momentum p ¼ −ðp1 þ p2Þ] is

FIG. 1. Structure of the self-energy corrections.
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iΓμνðp1; p2Þ ¼ iκðpμ
1p

ν
2 þ pν

1p
μ
2 − ημνðp1 · p2 þm2ÞÞ;

κ ≡M−3=2
5 : ð3:2Þ

The structure of the dressed propagator Ḡμν;αβðpÞ is
given by

Ḡμν;αβðpÞ ¼
iPμν;αβ

G−1
h

þ iPμν;α0β0

G−1
h

ð−iΣα0β0;μ0ν0 Þ iPμ0ν0;αβ

G−1
h

þ � � �

ð3:3Þ

and

iPμν;α0β0 ð−iΣα0β0;μ0ν0 ÞiPμ0ν0;αβ ¼ iPμν;αβΣðsÞ: ð3:4Þ

Using dimensional regularization and the MS renorm-
alization scheme, one obtains for the renormalized self-
energy Σ̃≡ Σ̃R þ iΣ̃I in the second Riemann sheet (see the
Appendix)

Σ̃II
R ¼ κ2

ð120πÞ2 ½−30s
2λ5F ð−λÞ− 1155m4 þ 430m2s− 46s2

þ15ð30m4 − 10m2sþ s2Þ logðm2=μ2Þ�; ð3:5Þ

Σ̃II
I ¼ −

κ2

960π
s2λ5Θðs − 4m2Þ; ð3:6Þ

where λ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2=s

p
, and the function F is defined in

(A17). We will identify the renormalization scale with the
cutoff μ ¼ M5.

3

2. Seagull diagram

In Appendix A 1 a we also have computed the contri-
bution from the seagull diagram, coming from the hhϕϕ
interaction. The result is s-independent and given by

Σ̃ ¼ −
1

64π2

�
7þ 6 log

M2
5

m2

�
m4

M3
5

: ð3:7Þ

B. Fermions

Let us here consider a Dirac fermion with mass m. Its
Lagrangian is given by

L ¼ i
2
ðψ̄γμ∂μψ − ð∂μψ̄ÞγμψÞ −mψ̄ψ ; ð3:8Þ

and the energy-momentum tensor by

Tμν ¼
i
4
ψ̄ðγμ∂ν

↔
þ γν∂μ

↔
Þψ − ημνL: ð3:9Þ

The vertex for a graviton (with incoming momentum p)
and one fermion (with incoming momentum p1) and
another fermion (with outgoing momentum p2) is

iΓμν ¼ −i
κ

4
½γμðp1 þ p2Þν þ γνðp1 þ p2Þμ

− 2ημνð=p1 þ =p2 − 2mÞ�: ð3:10Þ

Using dimensional regularization and the MS renorm-
alization scheme, the renormalized self-energy in the
second Riemann sheet is given by (see Appendix A 2)

Σ̃II
R ¼ −

κ2

7200π2

�
30ð8m2 þ 3sÞsλ3F ð−λÞ

− 1635m4 − 190m2sþ 108s2

þ 15ð30m4 þ 10m2s − 3s2Þ logm
2

μ2

�
; ð3:11Þ

Σ̃II
I ¼ −

κ2

480π
ð8m2 þ 3sÞsλ3Θðs − 4m2Þ: ð3:12Þ

C. Massive gauge sector

Here we consider the case of massive (i.e. W�; Z) gauge
bosons in the Feynman gauge and the corresponding
Faddeev-Popov ghosts.

1. Gauge bosons

We start with the Proca Lagrangian for a massive gauge
boson with mass m,

LProca ¼ −
1

4
FμνFμν þ 1

2
m2AμAμ; ð3:13Þ

and energy-momentum tensor

Tμν ¼ −FμαFν
α þ

1

4
ημνFαβFαβ þm2

�
AμAν −

1

2
ημνAαAα

�
:

ð3:14Þ

The vertex for the interaction of a massive graviton hμν

(with incoming momentum p) with gauge bosons Aσ and
Aρ (with incoming momenta p1 and p2) is

iΓμν;ρσ ¼ −iκ½Cμν;ρσ þm2Dμν;ρσ�; ð3:15Þ

Cμν;ρσ ¼ 1

2
½ηρσðpμ

1p
ν
2 þ pν

1p
μ
2Þ − ημνðpρ

1p
σ
2 þ pσ

1p
ρ
2Þ

− ðημρpσ
1 þ ημσpρ

1Þpν
2 − ðηνρpσ

1 þ ηνσpρ
1Þpμ

2

þ ðp1 · p2Þðημρηνσ þ ημσηνρ þ ημνηρσÞ�; ð3:16Þ

Dμν;ρσ ¼ ημρηνσ þ ημσηνρ − ημνηρσ; ð3:17Þ
3In the absence of any renormalization group improvement, the

natural choice for the scale μ is the UV cutoff M5.
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which is manifestly symmetric under exchanges of μ ↔ ν
and ρ ↔ σ, while the gauge boson propagator in the
Feynman gauge is Pρσ ¼ −iηρσ=ðk2 −m2Þ.
In the MS scheme, the renormalized self-energy in the

second Riemann sheet is given by (see Appendix A 3 a)

Σ̃II
R ¼ κ2

ð120πÞ2 ½15ð60m
4 þ 25m2sþ 3s2Þ logðm2=μ2Þ

− 2ð1695m4 þ 455m2sþ 24s2Þ
− 30ð98m4 þ 31m2sþ 3s2ÞλðsÞF ð−λÞ�; ð3:18Þ

Σ̃II
I ¼ −

κ2

960π
ð98m4 þ 31m2sþ 3s2ÞλðsÞΘðs − 4m2Þ:

ð3:19Þ

2. Faddev-Popov ghosts

The energy-momentum tensor and vertex to the massive
graviton for Faddev-Popov (FP) fields c and c̄ (with
incoming momenta p1 and p2) are, in the Feynman gauge
(for which its mass is equal to the gauge boson mass
mc ¼ m), given by

Tμν ¼ ∂
μc̄∂νcþ ∂

νc̄∂μc − ημνð∂αc̄∂αcþm2c̄cÞ; ð3:20Þ

and

iΓμνðp1; p2Þ ¼ iκ½pμ
1p

ν
2 þ pν

1p
μ
2 − ημνðp1 · p2 −m2Þ�:

ð3:21Þ

The result for the MS renormalized self-energy in the
second Riemann sheet is given by (see Appendix A 3 b)

Σ̃II
R ¼ κ2

7200π2
½30s2λ5F ð−λÞ þ 1155m4 − 430m2sþ 46s2

−15ð30m4 − 10m2sþ s2Þ logðm2=μ2Þ�; ð3:22Þ

Σ̃II
I ¼ κ2

480π
s2λ5Θðs − 4m2Þ: ð3:23Þ

D. Massless gauge sector

Here we consider the case of massless (i.e. γ; gA) gauge
bosons and the corresponding Faddeev-Popov ghosts.

1. Gauge bosons

The interaction of massive gravitons with massless
gauge bosons is given by Eq. (3.16) with m ¼ 0. The
final result for the renormalized self-energy in the second
Riemann sheet is given by (see Appendix A 4 a)

Σ̃II
R ¼ −

κ2

4800π2
s2½16 − 15 logðs=μ2Þ�; ð3:24Þ

Σ̃II
I ¼ −

κ2

320π
s2: ð3:25Þ

These results apply both to the photon and to the N2
c − 1

gluons.

2. Faddeev-Popov ghosts

For FP ghosts corresponding to massless gauge fields
(i.e. γ and gA) the result in the second Riemann sheet is (see
Appendix A 4 b)

Σ̃II
R ¼ κ2

7200π2
s2½46 − 15 logðs=μ2Þ�; ð3:26Þ

Σ̃II
I ¼ κ2

480π
s2: ð3:27Þ

IV. LONG-LIVED MASSIVE GRAVITON DARK
MATTER

We will consider the case of massive gravitons propa-
gating in the warped 5D space defined in Sec. II.

A. The isolated resonance: The massive graviton

The brane-to-brane propagator of the massive gravitons,
either in the subspace Mþ or in M−, was computed in
Sec. II B (see also Ref. [17]), and it is given by

GhðsÞ ¼
−1

mg þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

g − s
q : ð4:1Þ

In this expression for the propagator any graviton zero
mode has been subtracted.
Radiative corrections generate an isolated pole in the

second Riemann sheet of the complex s-plane at sp ¼
m2

p − impΓp as the zeros of the equation

DhðspÞ−ΣRðspÞ− iΣIðspÞ¼0; DhðsÞ¼−mg−
ffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

g−s
q

;

ð4:2Þ

where ΣR ≡ ReΣ and ΣI ≡ ImΣ, and mp < mg.
We will consider the contribution of all states localized

on the brane, and simplify the analysis by assuming that the
heaviest state contributing to the graviton self-energy has a
massm ≫ mg. Wewill consider such state as a heavy scalar
s ¼ ϕ, e.g. the inflaton responsible for cosmological
inflation (see e.g. Ref. [22]). In that case the full value
of ΣR is dominated by this heaviest state, and in fact
ΣRðsÞ ≃ Σs

R is a constant given by (see Appendix A 1)

Σs
R ≃ −

1

32π2

�
5þ 4 log

M2
5

m2

�
m4

M3
5

; Σs
I ¼ 0; ð4:3Þ

MASSIVE GRAVITON DARK MATTER FROM A GAPPED … PHYS. REV. D 114, 075024 (2026)

075024-7



where m is the inflaton mass, while the lighter SM states
coupled to the graviton can contribute to ΣI .
Necessary and sufficient conditions for the existence of a

nontachyonic pole are

0 ≤ −mg − ΣR ≤ mg; ΣIðm2
pÞ < 0; ð4:4Þ

which can be written as

ΣR ¼ −amg; with a∈ ½1; 2� ⇒ mp ∈ ½mg; 0�; ð4:5Þ

where the case a ¼ 1 corresponds to mp ¼ mg, and a ¼ 2

to mp ¼ 0.
The condition (4.5) yields for the mass m the value

mðaÞ
M5

¼
�

e5=2x
−W½−x�

�
1=4

; with x ¼ 16π2amg

e5=2M5

; ð4:6Þ

whereW is the principal branch of the Lambert function, so
that we can trade the parameter m by a. We will postpone
more details about the solution till the end of the section.
The location of the pole is then given by

mp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2mgΣR − Σ2

R

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
að2 − aÞ

p
mg;

Γp ¼ 2ðmg þ ΣRÞ
mp

ΣIðm2
pÞ ¼ −2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða − 1Þ2
að2 − aÞ

s
ΣIðm2

pÞ: ð4:7Þ

To check the analytical approximation for the solution of
the pole equation, we have considered a particular simple
model where the real part ΣR is led by the heavy scalar ϕ so
that we have already incorporated its effect on the
resummed propagator

ḠhðsÞ ≃ −
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
g − s

q
− ða − 1Þmg þ iΣI

�
−1
; ð4:8Þ

and the imaginary part of the self-energy is parametrized as

ΣIðsÞ ¼ −γs2; ð4:9Þ

where γ is an arbitrary constant with dimension −3. The
pole mass and width are given by mpðaÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
að2 − aÞp

mg,
so that ΣIðm2

pÞ ¼ −a2ð2 − aÞ2γm4
g, and ΓpðaÞ ¼

2a3=2ð2 − aÞ3=2ða − 1Þγm4
g. Contour lines of jḠhj, where

Ḡh ¼ ½G−1
h ðsÞ − ΣR − iΣIðsÞ�−1, in the plane s ¼ sR − isI

are shown in Fig. 2 for the cases a ¼ 1.1 (left panel) and
a ¼ 1.05 (right panel) and for γ̄ ≡m3

gγ ¼ 0.01. The ana-
lytical approximation of masses and widths are (i) for
a ¼ 1.1: m2

p ≃ 0.990m2
g, Γp ≃ 0.002mg, and (ii) for

a ¼ 1.05: m2
p ≃ 0.998m2

g, Γp ≃ 0.001mg. These values
are well reproduced by the poles shown in the left and
right panels of Fig. 2.
The residue of the pole is given by

RðmpÞ ¼
1

D0
hðsÞ − Σ0

RðsÞjm2
p

¼ −2ðmg þ Σs
RÞ þ… ≃ 2ða − 1Þmg; ð4:10Þ

and the coupling of the isolated resonance χμν to the
energy-momentum tensor of matter in the brane is given by

κχ ≡ 1

M5

�
RðmpÞ
M5

�
1=2

≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ða − 1Þp
M4

≡ λχ
M4

; ð4:11Þ

where λχ is the Wilson coefficient and the 4D Planck scale

M4 the cutoff, defined in the interval λχ ∈ ½0; ffiffiffi
3

p �.
In fact we can use the Wilson coefficient λχ as the free

parameter, subject to the constraint 0 < λχ <
ffiffiffi
3

p
, and the

pole mass and width of the isolated resonance are given by

mp ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1 −

λ4χ
9

s
mg; Γp ¼ −2

λ2χ
3ffiffiffiffiffiffiffiffiffiffiffi
1 − λ4χ

9

q ΣIðm2
pÞ: ð4:12Þ

In particular for λχ ≪ 1 we have that mp ≃mg while Γp is
strongly suppressed by ∼λ2χ, a property that will be used
later on.

FIG. 2. Left: contour lines of jḠhðsÞj in the plane s ¼ sR − isI for a ¼ 1.1 and γ̄ ≡m3
gγ ¼ 0.01. Right: the same for a ¼ 1.05. At the

pole: sR ¼ m2
p and sI ¼ mpΓp. The red (blue) regions indicate lower (higher) values of jḠhðsÞj.
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We will now conclude this section with some comments
about the solution to the pole equation (4.5), which can be
written as

ΣR þmg ¼ −ða − 1Þmg ¼ −
λ2χ
3
mg: ð4:13Þ

Assuming that ΣR is dominated by the heavy scalar
ΣR ≃ Σs

R, Eq. (4.13) can be satisfied by tuning the renorm-
alization scale, here identified with the 5D cutoff M5, as

M5 ¼ e−5=8mþ 4π2e−5=2amg þ � � � ; ð4:14Þ

or equivalently,

mg ¼
3

2

ðe−5=8mÞ3
M2

4

þ 27π2e−5=2a
ðe−5=8mÞ5

M4
4

þ � � � ; ð4:15Þ

where the above expansions are assuming that
mg ≪ m ≪ M4. In fact the first term in (4.14) makes the
radiative correction Σs

R to vanish, while the second one is
tuned to find the required solution.
However the total self-energy is given by ΣR ¼ Σs

R þ
ΣSM
R so that once we have fixed the value of M5, to not

disturb the solution to (4.13) the condition

R≡ 3

λ2χ

ΣSM
R

mg
≪ 1 ð4:16Þ

must be satisfied. The value of ΣSM
R is dominated by the

heaviest SM particle, i.e. the top quark, for which

Σt
R ≃

1

32π2

�
3þ 2 log

M2
5

m2
t

�
m4

t

M3
5

: ð4:17Þ

In fact, asM5 is a function ofmg, condition (4.16) provides
an allowed region in the plane ðλχ ; mgÞ, where R ≪ 1, as
shown in the plot of Fig. 3.

B. The isolated resonance as dark matter

Depending on the value of Γp the resonance can decay
on cosmological times, or with a lifetime larger than the age
of the universe. In the latter case the resonance can be a
candidate to dark matter. In the former case the resonance
will decay and could eventually be detected at future
accelerators, or by its indirect effects. Both possibilities
depend on the value of Γp which in turns depends on the
value of ΣIðmpÞ.
As for the imaginary part of Σ, it is contributed by the

SM fields φ, such that m2
p > 4m2

φ, as
4

ΣSM
I ¼ Σs

IðmHÞ þ
X

V¼W;Z

NV ½Σs
IðmVÞ þ Σv

I ðmVÞ�

þ 9Σv
I ð0Þ þ

X
f

NcΣ
f
I ðmfÞ ð4:18Þ

evaluated at s ¼ m2
p, where NW ¼ 2, NZ ¼ 1, and the

contribution from FP fields is already included in Σv
I . The

factor Nc is the number of colors, i.e. Nc ¼ 3ð1Þ for quarks
(leptons). The width Γp is shown in the left panel of Fig. 4
while the corresponding lifetime is in the right panel of
Fig. 4. The white areas correspond to the region where the
lifetime is larger than the present age of the universe, so that
the particle is stable on cosmological times. In the shad-
owed areas the state is unstable but it decays always outside
the detector, so that it can only provide a missing energy
signal.

C. The freeze-in generation of dark matter

The isolated resonance χμν then corresponds to FIMP, a
massive graviton that in the unshaded region of Fig. 4 has a
lifetime larger than the age of the universe τp > τU and is
thus a candidate for the dark matter of the universe.
Assuming that the inflaton is mainly coupled to the SM
fields (as it is only gravitationally coupled to the massive
graviton), after inflation, at the reheating temperature TR,
the SM is a plasma in thermal equilibrium while the FIMP
is out of equilibrium with zero density. Its energy density
must be produced by the freeze-in mechanism.
The process φφ → χ is too suppressed to yield a sizable

energy density given that the inverse process, the decay
χ → φφ, is required to be extremely small for the massive
graviton to not decay on cosmological times. The freeze-in
production by the 2 to 2 processes φ1φ2 → φ3χ (where
φ1;2;3 are SM particles) was studied in great detail in
Ref. [23]. It was found that the freeze-in is dominated by
the channels involving the QCD coupling qq̄ → gχ and
qg → qχ, where q ¼ c, b, are heavy enough quarks to

FIG. 3. Contour lines ofR in the plane ðλχ ; mgÞ. The shadowed
region does not satisfy condition (4.16).

4Note that every contribution corresponding to the SM field φ,
with mass mφ contains a step function θðs − 4m2

φÞ and then
vanishes for s < 4m2

φ.
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trigger the effect but light enough to be in thermal
equilibrium below the critical temperature Tc ≃ 160 GeV
of electroweak symmetry breaking [24], and g are the
gluons. Moreover the resulting energy density is IR
dominated (the temperature integral is dominated by
temperatures T ∼ Tc), and thus insensitive to the reheating
temperature (but sensitive to the value of the involved quark
masses above TQCD ≃ 150 MeV), while the UV contribu-
tion is subleading. The final yield gives [23]

Ωχh2 ≃ 5.2 × 10−6λ2χ

�
GeV
mχ

�
3

: ð4:19Þ

We show in the left panel of Fig. 5 contour lines of Ωχh2 in
the plane ðλχ ; mpÞ. The shaded (yellow) region is excluded
by overclosure of the universe.
There are stringent bounds on decaying DM from

indirect production and cosmological observations. In
particular DM can be constrained from observations of
the galactic and extra-galactic diffuse x-ray and gamma-ray

backgrounds yielding upper bounds on τχ [25]. Moreover,
there are also cosmological constraints on exotic injection
of electromagnetic energy and its effect on the CMB power
spectra [26,27], and effects of the decay channels eþe− and
γγ in the 21-cm power spectrum [28,29]. All of them fix a
global lower limit on the DM lifetime, that we take as
τχ ≳ 1027 s. In the right panel of Fig. 5, the upper shadowed
(blue) region is where τχ < 1027 s, and the lower shadowed
(yellow) region where Ωχh2 > 0.12. In the white area the
massive graviton can be long-lived dark matter, and at its
lower border it saturates the dark matter abundance
today. This provides upper bounds on mχ and λχ , given
by mχ ≲ 2 MeV and λχ ≲ 0.01. Contour lines correspond-
ing to τχ ¼ 1028–1030 s are also shown in view of future
cosmological bounds on τχ .

D. Final comments

The range for the isolated resonance, and the inflaton
mass m, to be identified as DM is then mχ ≲ 2 MeV and

FIG. 5. Left panel: contour (solid) lines of Ωχh2 in the plane ðλχ ; mpÞ. Right panel: the upper (blue) shadowed region corresponds to
τχ < 1027 s. Contour (dashed) lines corresponding to other values of log10ðτχ=sÞ are also shown. The lower (yellow) shadowed regions
in both panels correspond to Ωχh2 > 0.12, and are forbidden by overclosure of the universe. In the white region of the right panel the
massive graviton can be (a component of) long-lived dark matter.

FIG. 4. Left panel: contour lines of Γp in the plane ðλχ ; mpÞ. Right panel: the same for the lifetime τp. In the white areas τp > τU,
where τU is the present age of the universe.
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m≲ 4 × 1011 GeV, while there is no theoretical lower
bound, although Lyman-α forest data [30,31], as well as
updated Milky Way satellite counts, and strong gravita-
tional lensing, put experimental lower bounds on warm
dark matter (WDM) mass aroundmχ ≳ 20 keV [32], which
corresponds to m≳ 8 × 1010 GeV. This yields the allowed
bands in the fundamental parameters of our theory that are
provided in Table I.
This sub-MeV dark matter could be thought to be helpful

in solving some of the typical problems of the cold dark
matter (CDM) scenario, fitting small-scale observations
[33]. The free-streaming of sub-MeV dark matter can erase
small-scale density fluctuations and thus help to solve the
missing satellites problem: this is the so-called warm dark
matter scenario. However for WDM the free streaming
wavelength λFS ∼ 0.3ð1 keV=mχÞ4=3 Mpc is only effective
for mχ ∼ 1 keV, for which λFS ∼ 0.3 Mpc (the scale of
dwarf galaxies), while for mχ ∼ 10 keV the free streaming
length is λFS ∼ 0.006 Mpc, in tension with observations
[33], and the difference with respect to CDM is indistin-
guishable. Thus the range of parameters in Table I is in the
CDM ballpark.
To conclude this section we want to comment on some

experimental prospects for the proposed long-lived massive
graviton as a dark matter candidate. A massive graviton
with only gravitational-strength interactions is extremely
difficult to probe in conventional laboratory dark-matter
experiments. As its coupling to the Standard Model is
suppressed by a very high scale, nuclear or electron recoil
rates are negligible, and collider production of the dark-
matter state itself is generally unobservable. The most
promising probes are therefore often astrophysical and
cosmological.
As the resulting darkmatter can naturally lie in the 20keV–

2MeV range, where the lower edge is associated with warm-
dark-matter constraints from Lyman-α, MilkyWay satellites,
and strong-lensingobservations, themodel is better probedby
decaying darkmatter. For the decay χ → γγ, the line energy is
Eγ ¼ mχ

2
. Therefore the 0.02–2 MeV mass range maps onto

photon energies of roughly 10 keV–1 MeV. This is exper-
imentally attractive because it lies in the poorly explored hard-
x-ray/MeV transition region. The International Gamma-Ray
Astrophysics Laboratory Spectrograph (INTEGRAL/SPI)
[34–36] has already constrained narrow decaying-dark-
matter lines corresponding to dark-matter masses of roughly
40 keV–14 MeV, with limits that are typically around

1027–1028 s depending on mass, channel, and analysis.
Systematic uncertainties from instrumental backgrounds
and the Galactic dark-matter profile are important. The
upcoming NASA γ-ray Compton Spectrometer and Imager
(COSI) space telescope [37], scheduled for launch in 2027,
with sensitivity in the roughly 0.2–5 MeV photon-energy
range, is especially well matched to the upper part of the
isolated-graviton mass window. Proposed MeV missions
such as the All-Sky Medium Energy Gamma-Ray
Observatory eXplorer (AMEGO-X) [38] would extend cov-
erage toward lower photon energies and broader energy
ranges.
For mχ > 2me ≃ 1.022 MeV, the decay χ → eþe−

becomes kinematically allowed. This creates an additional
observational channel. The injected positrons can lose
energy and eventually annihilate, producing 511 keV
photons and a continuum component. The resulting signal
depends not only on the decay rate but also on positron
propagation, energy loss, magnetic fields, and the spatial
distribution of dark matter. Therefore, a realistic 511 keV
forecast requires a Galactic propagation calculation rather
than simply equating the decay rate with the observed
line flux.

V. THE CONNECTION WITH UNPARTICLES

The (scalar part of the) 5D brane-to-brane inverse
propagator is given by

Dh ¼ −mg −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

g − s
q

; ð5:1Þ

to be compared with the one for gapped unparticles with
scaling dimension dU where

Dun ∝ −ðm2
g − sÞ2−dU : ð5:2Þ

While in our 5D construction the mass gap mg has its
origin in the brane potential of the stabilizing field leading
to the VEV v̄b, as mg ¼ ð3=2Þkev̄b , and comparison
between both propagators suggests that in our case
dU ¼ 3=2, as implied by the 5D theory, identification
between both propagators fails because of the constant
term in Dh. We will see now how to recover the unparticle
structure out of our 5D propagator.
We have seen in previous sections how interactions of

the localized matter with the bulk gravitons lead to
renormalization of the self-energy propagator as
Dh → Dh − ΣðsÞ, and the appearance of an isolated reso-
nance. We have considered the contribution from the SM
fields and a scalar (that we can identify with the inflaton) ϕ,
with mass m much larger than all SM particles m ≫ mφ.
We will mainly concentrate on the contribution from Σϕ

and will consider the region s ≫ m2, where ϕ propagates,
and the region s ≪ m2 where ϕ is decoupled.

TABLE I. Summary of the range of values of the fundamental
parameters of the theory.

Fundamental parameters

DM mass (≃ mass gap) 20 keV≲mχ ≲ 2 MeV
5D Planck mass 4 × 1010 GeV ≲M5 ≲ 2 × 1011 GeV
Inflaton mass 8 × 1010 GeV ≲m ≲ 4 × 1011 GeV
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A. Region s ≫ m2

From the loop diagram contributions to the self-energy
where both ϕ and all SM particles are propagating, the
propagator Gh becomes

Gð1Þ
h ¼ −1

mg þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

g − s
q

þ ΣϕðsÞ þ ΣSMðsÞ
; ð5:3Þ

where ΣϕðsÞ is given by the sum of Eqs. (3.5)–(3.7), while
ΣSMðsÞ is the contribution from all the SM particles.

B. Region m2
SM ≪ s ≪ m2

In this region the SM keeps propagating while ϕ
decouples and ΣϕðsÞ becomes a constant given by (4.3).
For the limiting case a ¼ 1, where the pole mass is
mp ¼ mg the one-loop propagator is given by

Gð1Þ
un ðsÞ ¼ −1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
g − s

q
þ ΣSM

R ðsÞ þ iΣSM
I ðsÞ

; ð5:4Þ

which is the radiatively corrected propagator for an
unparticle with dimension dU ¼ 3=2 in the presence of
the SM field interactions.
In the case a≲ 1 the propagator has an extra contribution

coming from ϕ, a threshold effect, given by

Gð1Þ
h ðsÞ ¼ −1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
g − s

q
− ða − 1Þmg þ ΣSM

R ðsÞ þ iΣSM
I ðsÞ

¼
X∞
n¼0

ð−1ÞnδnðGð1Þ
un Þnþ1; ð5:5Þ

where δ≡ ðλ2χ=3Þmg, which corresponds to an arbitrary
number of δ-insertions on the unparticle propagator.

C. Region s < m2
SM

In this region the SM fields φ will also decouple when
s ≪ m2

φ. Then the corresponding self-energy Σφ will also
contribute as a constant threshold. The SM effect on the
pole location will then be dominated by the SM field with
the highest mass, in particular the top mass t with mass
mt ≃ 173 GeV, giving the threshold contribution of
Eq. (4.17) so that the location of the pole will be provided
by the competition between the terms mg and Σt

R. As
R ≪ 1, by many orders of magnitude (see Fig. 3), whereR
is given by Eq. (4.16), the pole location mp is fixed by the
contribution from the field ϕ. We can then consider from

here on, and from all practical purposes, that Gð1Þ
h ≃Gð1Þ

un .
On the other hand the width of the resonance Γχ is fixed

by the SM contribution ΣSM
I ðm2

gÞ, as in the case of the pure
unparticle propagator (5.4), and

Gð1Þ
h ðsÞ ≃ −1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
g − s

q
þ iΣSM

I ðm2
gÞ
; ð5:6Þ

where only SM states φ with masses mφ < mg=2 will
contribute.

VI. THE FLUID PRODUCTION

As we have already seen in Ref. [17], after cosmological
inflation and reheating there is a fluid freeze-in production
by the processes φφ → hμν, based on the leakage of
gravitons from the brane into the bulk with an energy
density rate

Δh ¼ −cT8=M3
5; c¼ 2C

5π4
Γð7=2Þζð7=2ÞΓð9=2Þζð9=2Þ;

ð6:1Þ

where again all the SM fields φ are contributing for values
of the reheat temperature TR ≫ mφ, while the inflaton does
not if TR ≪ m, and then C ≃ 20.78 so that c ≃ 3.92. By
using the explicit results of Sec. II A, the fluid energy
density is thus given by

ρfluid ¼
3
ffiffiffiffiffiffiffiffi
5=2

p
cffiffiffiffiffiffiffi

geff
p

π

T3
R

mgM4

T3; ð6:2Þ

which scales as matter, where T is the SM (the photon)
temperature. It is now common to compute the redshift
invariant quantity ρ=s, where s is the entropy density. In our
case this yields

ρfluid
s

¼ 135

2π3

ffiffiffiffiffiffiffiffi
5=2

p
c

g3=2eff

T3
R

mgM4

; ð6:3Þ

where geff is the number of relativistic degrees of freedom
in the thermal bath at freeze-in. As we can see the
production is controlled by the reheating temperature TR
which shows that the freeze-in production is UV dominated
[39].5 Assuming there is no entropy injection after freeze-
in,6 the observed dark matter abundance would imply that
ρ=s ≤ 0.44 eV. The condition ρfluid=s > 0.44 eV is for-
bidden by overclosure of the universe, and is shown in the
shadowed region of Fig. 6, where only the interval
10 keV < mg < 2 MeV is shown. As is clear from
Table I, for larger values of mg only the holographic fluid
is a candidate to dark matter. Notice that along the border of
the allowed (white) region ρfluid=s ≃ 0.44 eV, while the
value of ρfluid=s decreases very fast for smaller values of TR

5For nonstandard cosmologies, as e.g. in bigravity models, the
UV freeze-in mechanism was worked out in Ref. [40].

6In fact for temperatures below TR the graviton leakage rate
drops off very fast, as T8.
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as it behaves as T3
R. Along the border the holographic fluid

can be dark matter (or at least a component thereof), while
in the white area the isolated massive graviton we have
discussed in previous sections can be dark matter, accord-
ing to Fig. 5.
By imposing the condition ρfluid=s < 0.44 eV, we find

the upper bound on the reheating temperature as (the white
region in Fig. 7)

TR < 4.4 × 103 GeV

�
mg

GeV

�
1=3

; ð6:4Þ

so that the ratio rh=rb, for T < TR, is bounded above by the
tiny amount

rh
rb

< 6.1 × 10−12
�
GeV
mg

�
1=3

; ð6:5Þ

which justifies the use of the graviton propagator in the
absence of BH in Sec. II for the considered range of mg.
Within the considered range of values of mg in Table I,

the typical values of the reheating temperature in Eq. (6.4)
and Fig. 7 are relatively low, falling below, or borderline,
the characteristic temperatures required by both thermal
leptogenesis models ðT ≳ 109–1010 GeVÞ [41,42] and the
sphaleronmechanism ð130 GeV≲ T ≲ 1012 GeVÞ [43–45].
However, some variants of these processes like low-scale
leptogenesis can operate at temperatures close to the electro-
weak scale ðT ∼ 102–103 GeVÞ [46,47], thus becoming
compatible with the present reheating process.
On the other hand, there is an upper limit on supernovae

(SN) emissivity at temperatures TSN ≃ 30 MeV given by
[48]

ΔSN ≲ 3 × 1033 erg cm−3s−1 ≃ 10−29GeV5: ð6:6Þ

We will only consider particles with masses ≲30 MeV as
the number density of heavier fields in thermal equilibrium
in the SN should be very suppressed. This means consid-
ering mainly (e�; ν0s; γ), for which the values of the
constants in Eq. (6.1) become cSN ≃ 1.94 and
CSN ≃ 0.37, leading to

ΔSN ≃ 2.4 × 10−13
GeV8

M3
5

⇒ M5 ≳ 2.9 × 105 GeV; ð6:7Þ

which is widely satisfied by the range in Table I.

VII. BRANE INFLATION

In the case of brane cosmology, where matter fields are
confined to the three-brane in the warped 5D space, the

FIG. 6. Shadowed (unshadowed) region corresponds to
ρfluid=s > 0.44 eV (ρfluid=s < 0.44 eV).

FIG. 7. Summary plot in the plane ðmg; TRÞ. In the white region the long-lived massive graviton is a candidate to dark matter, with an
abundance which depends on the Wilson coefficient λχ . In the orange shaded region the massive graviton is not allowed for dark matter
as its lifetime is shorter than ∼1027 s. The blue shaded region is forbidden as there the holographic fluid would overclose the universe.
Along the thick solid line the holographic fluid satisfies the required value for dark matter abundance.
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Hubble parameter in the brane was computed for AdS
spaces in Refs. [4,5]. For the case of the linear dilaton
background [14,16,17], the Hubble parameter can be
written as

3H2M2
4 ¼ ρb

�
1þ ρb

2λ

�
þ ρfluid; λ ¼ 6M6

5=M
2
4;

ρfluid ¼
λ

2
ðrh=rbÞ3; ð7:1Þ

where ρb is the brane energy density, rh the location of the
horizon of the 5D black hole, and ρfluid a term, already
introduced in Sec. II A, describing a holographic fluid
which can play the role of holographic dark matter [17],
and whose strength depends on the size of the ratio rh=rb.
As this term scales as matter, its strength will be negligible
in the early universe, during inflation, where we expect that
ρb ≫ 2λ, and we can approximate the energy density by the
inflaton ϕ potential ρb ≃ VðϕÞ so that we can approximate
the Hubble by

H2 ≃
V

3M2
4

�
1þ V

2λ

�
≃

V2

36M6
5

: ð7:2Þ

The slow-roll parameters for brane cosmology have been
worked out in Refs. [49,50]. For V ≫ 2λ they can be
written as

ϵðϕÞ ≃ 12M6
5

ðV 0Þ2
V3

; ð7:3Þ

ηðϕÞ ≃ 12M6
5

V 00

V2
; ð7:4Þ

which yield the spectral tilt ns ¼ 1–6ϵþ 2η.
The end of inflation ϕ ¼ ϕf is fixed by the condition

ϵðϕfÞ ¼ 1. The beginning of inflation ϕ ¼ ϕi is related to
the number of e-folds before the end of inflation N by

N ≃ −
1

12M6
5

Z
ϕf

ϕi

V2

V 0 dϕ: ð7:5Þ

Finally, the CMB normalization of density perturbations
yields

A2
s ≃

1

ð360πM9
5Þ2

V6ðϕiÞ
½V 0ðϕiÞ�2

≃ 2.1 × 10−9; ð7:6Þ

while the ratio of tensor-to-scalar perturbations [50] is
given by r ≃ 24ϵðϕiÞ.

A. A class of inflationary models

Motivated by recent precision cosmological data from
ACT DR6 [51], and DESI DR2 [52] (signaling an upward
shift in the scalar spectral index and so a preference for

deviations from pure exponential plateau behavior),7 it has
been pointed out recently, see e.g. Ref. [53], that poly-
nomial deformations of α-attractor models [54–56] should
have a better behavior when facing cosmological observ-
ables. As such, a particular deformation of the α-attractor
potential, which behaves as ð1 − μ2=ϕ2Þ at high values of
the field was proposed for standard cosmology in Ref. [53],
while being described by the α-attractor model, Vα, for low
values of ϕ, in particular during reheating.
In this section we will study, for the sake of illustration,

the case of brane (nonstandard) cosmology, a simpler
potential, with essentially the same properties, given by

VðϕÞ ¼ V0 ×

 ðϕμÞ2 þ α

ðϕμÞ2 þ 1
− α

!
; ð7:7Þ

where α < 1 is a real parameter. The potential (7.7) behaves
in the different limits as

VðϕÞ ≃ 1

2
m2ϕ2; for ϕ ≪ μ;

VðϕÞ ≃ Vi

�
1 −

μ2

ϕ2

�
; with

Vi ¼ ð1 − αÞV0 ¼
1

2
m2μ2; for ϕ ≫ μ: ð7:8Þ

These kinds of potentials are generic in string-based brane-
world scenarios [57,58].
In the UV regime, where ϕ=μ ≫ 1, we get

ϵ≃
96μ2M6

5

m2ϕ6
; η≃−

144M6
5

m2ϕ4
; N ≃

m2

192M6
5

ðϕ4
i −ϕ4

fÞ;

ð7:9Þ

where ϕi and ϕf denote the values of the inflaton at the
beginning and the end of inflation, respectively, and N is
the number of e-folds spanned. In the approximation that
1 ≪ ϕf=μ ≪ ϕi=μ, we get

ϕ6
f

μ6
≃
96M6

5

m2μ4
;

ϕ4
i

μ4
≃
192M6

5

m2μ4
N; ð7:10Þ

and the slow-roll parameters at the beginning of inflation ϕi

ϵi ≃
1

16
ffiffiffi
3

p mμ2

M3
5

1

N3=2 ⇒ r ≃ 24ϵi ≃
ffiffiffi
3

p

2

mμ2

M3
5

1

N3=2 ;

ηi ≃ −
3

4N
⇒ ns ≃ 1 −

3

2N
; ð7:11Þ

7The present observation on DESI DR2 results evaluates
specifically the scalar spectral index ns, an analysis which is
separate from DESI’s high-profile constraints on dynamical dark
energy, for which the DESI Collaboration is better known.
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where r is the tensor-to-scalar ratio. Moreover, the value of
A2
s is given by

A2
s ≃

1

1800
ffiffiffi
3

p
π2

m5μ4

M9
5

N3=2 ≃ 2.1 × 10−9: ð7:12Þ

We can now particularize the previous results to our
model, for which the inflaton mass is given in terms of M5

as m ≃ e5=8M5, from Eq. (4.14). Then the condition (7.12)
gives

μ ≃ 8.8 × 10−3M5

�
60

N

�
3=8

; ð7:13Þ

and the values of ϕi;f, for N ≃ 60, are given by

ϕf ≃ 0.36M5; ϕi ≃ 7.58M5; ð7:14Þ

which satisfy the assumed condition 1 ≪ ϕf=μ ≪ ϕi=μ,
and thus evading the Lyth’s bound [59]. Finally the
prediction for the tensor-to-scalar ratio is given by

r ≃ 2.7 × 10−7: ð7:15Þ

Using now the relation (7.13) we can easily check that the
initial condition VðϕiÞ ≫ 2λ implies the upper bound on
M5 (and so on mg), as

8

M5 ≲ 3.4 × 10−3M4 ≃ 8.2 × 1015 GeV; ð7:16Þ

which is widely satisfied by our window in Table I.
Furthermore, the Hubble parameter during inflation is
given by

Hi ¼ 2.3 × 10−5M5 ≲ 4.5 × 106 GeV; ð7:17Þ

where the last inequality is coming from Table I, and the
maximum value of the reheat temperature Tmax

R , assuming
good reheating, such that all the inflaton energy Vi is
converted into radiation, also gets the upper bound,

Tmax
R ≲ 0.044M5 ≤ 8.9 × 109 GeV: ð7:18Þ

Notice that this maximum value of the reheating temper-
ature is larger than the upper bound of Eq. (6.4), which is
then permitted.

B. Comments on the number of e-folds

We will close this section with some comments on the
observed number of e-folds Nk when the pivot scale k
crosses the horizon. On the one hand, for the case of low
scale inflation Vi ≪ M4

4 and low reheating temperature
ρR ≪ Vi, then Nk tends to be reduced in standard cosmol-
ogy (SC). On the other hand, for brane cosmology (BC),
when Vi ≫ 2λ the number of e-folds Nk is increased. In
general we can write [60–62]

Nω
k ≃ 67 − log

k
a0H0

þ ΔNω; ΔNω ¼ ΔNω
SC þ ΔNBC:

ð7:19Þ

Assuming that the energy density at the end of inflation is
dominated by the potential ρf ≃ Vi, and using for Vi ≫ 2λ
that, in brane cosmology, the Hubble parameter is linear in
the energy density, Eq. (7.2), we obtain

ΔNω
SC ≃

1

4
log

Vi

M4
4

þ 1 − 3ω

12ð1þ ωÞ log
ρR
Vi

−
1

12
log g�;

ΔNBC ¼ 1

2
log

Vi

2λ
;

where ρR is the energy density at reheating, and ω≡ ðPϕ þ
ργ=3Þ=ðρϕ þ ργÞ characterizes the effective equation of
state during reheating [62]. Using now
a0H0 ≃ 2.3 × 10−4 Mpc−1, we obtain for the pivot scale
k ¼ 0.05 Mpc−1, Nω

0.05 ≃ 61.8þ ΔNω.
Wewill now consider two typical benchmark points (BP)

for two values of mg and the reheating temperature TR:
(i) mg ¼ 1 MeV and TR ¼ 200 GeV, and
(ii) mg ¼ 1 TeV and TR ¼ 44.2 TeV.

For BP (i) the long-lived isolated massive graviton can
make the DM while the holographic fluid (see Sec. VI) is
subleading. For BP (ii) the massive graviton decays, while
the holographic fluid can be the main component of DM.
The different scales for both BPs are given in Table II The
predictions for both BPs are shown in Table III where
nωs ≃ 1 − 3

2Nω
0.05
. We have considered in Table III the two

TABLE II. Different scales for the considered BPs.

BP mg [GeV] m [GeV] μ [GeV] TR [GeV] V1=4
i [GeV] ρ1=4R [GeV] ð2λÞ1=4 [GeV]

(i) 10−3 2.9 × 1011 1.4 × 109 200 1.7 × 1010 490 7.5 × 107

(ii) 103 2.9 × 1013 1.4 × 1011 4.42 × 104 1.7 × 1012 1.1 × 105 7.5 × 1010

TABLE III. Predictions for the different BPs.

BP ΔN0
SC ΔN1=3

SC ΔNBC N0
0.05 N1=3

0.05 n0s n1=3s

(i) −24.9 −19.2 10.8 47.7 53.5 0.9685 0.9719
(ii) −20.1 −14.6 6.3 48.0 53.5 0.9688 0.97208Use M3

5 ¼ ηM2
4 ¼ ð2=3ÞmgM2

4.
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extreme cases where ω ¼ 0 (1=3), so that the system of
inflaton and matter between the end of inflation and
reheating behaves as matter (radiation). We have to
compare the predictions in Table III with the experimental
values from Planck [63], ns ¼ 0.9649� 0.0042, from ACT
DR6 [51], ns ¼ 0.974� 0.003, and from SPT-3G [64],
ns ¼ 0.9679� 0.0033.
Of course, establishing a realistic inflationary model

consistent with all the required properties of our dark matter
model is beyond the scope of the present paper.

VIII. CONCLUSION AND OUTLOOK

In this paper we have considered a brane-world 5D theory
with a linear dilaton background, which amounts to a metric
AðzÞ linear in conformal coordinates, andwith a holographic
dual described by a little string theory. This theory appears to
be an interesting alternative to the widely studied brane-
world theories based on 5D AdS spaces, with a CFT as
holographic dual. In fact, in the linear dilaton background,
the brane cosmology contains a presureless fluid which can
play the role of dark matter, while in AdS backgrounds the
fluid is a dark radiation. Moreover, in both theories the bulk
graviton propagator has a continuum of poles, a 5D
realization of unparticles theories. However, while in the
AdS background the continuum is gapless, in the linear
dilaton background the continuum has a mass gapmg which
is determined by the VEVon the brane of a stabilizing bulk
field. This feature, which is essential in these types of
theories, has been widely exploited in this paper.
The graviton propagator can be split into a massless term

(describing the physical massless graviton) and a gapped
continuum, which describes a continuum of poles from s ¼
m2

g to∞. As the physical graviton masslessness is protected
by the diffeomorphism invariance, we have only considered
the self-energy renormalization of the gapped continuum
from its interaction with the energy-momentum tensor of
Standard Model fields, an interaction which is suppressed
by 1=M3=2

5 .
One-loop radiative corrections to the gapped continuum

propagator trigger an isolated resonance χ which manifests
itself as a pole in the second Riemann sheet, corresponding
to a resonance with a width: a good candidate to long-lived
massive graviton. This phenomenon was already known in
the past for the general case of gapped unparticle propa-
gators, where it was shown that the mass of the isolated
resonance is very close to the mass gap [18]. In our case,
the mass of the massive gravitonmχ depends on the mass of
particles contributing to the renormalization. Interestingly
enough, we have found that the value ofmχ is dominated by
the heaviest state contributing to the renormalization and, in
particular, the presence of a scalar with a mass m ≃M5

triggers the value mχ ≃mg.
A comment about the calculation is in order here. When

considering the contribution from gauge bosons, the

Feynman gauge ξ ¼ 1 was chosen, while all integrals were
computed in dimensional regularization, and the MS
renormalization scheme was chosen. While the gauge
and renormalization scheme choices can affect the actual
value of the self-energies, physical quantities extracted
from the full renormalized theory, as the location of the pole
mass and the pole width, are expected to be independent of
the gauge-fixing parameter and the renormalization
scheme, up to the order at which the perturbative calcu-
lation is performed.
A natural candidate for a scalar with a massm ≃M5 is an

inflaton with a potential localized on the brane. We have
worked out a simple inflationary model that triggers
inflation, as well as correct values of cosmological observ-
ables, in nonstandard cosmology where the evolution is
triggered by aHubble parameterH ∝ ρb (instead ofH ∝ ρ1=2b
as instandardcosmology).TheCMBnormalization, implying
low scale inflation, along with the requirement of low
reheating temperature tend to decrease the required number
of e-folds. However there is an extra term in the number of e-
folds arising from the brane cosmology which partially
compensates the previous effect so that, for models with
nonexponential flattening, the final prediction for the spectral
index agrees with the recent measurements from ACT DR6
and DESI DR2.
The long-lived massive graviton is a candidate to feebly

interacting dark matter, provided that a number of particle
physics, cosmological and astrophysical constraints are
fulfilled. As the massive graviton is feebly coupled with
the Standard Model sector, with a coupling as
Lint ¼ −ðλχ=M4ÞχμνTμν, where λχ is the Wilson coefficient
of the effective operator, the former is not in thermal
equilibrium with the SM plasma, and its energy density
vanishes at the reheating temperature, after cosmological
inflation, being generated by the freeze-in mechanism. We
have adapted the mechanism studied in Ref. [23], with
channels producing χ involving the QCD coupling, as
qq̄ → gχ and qg → qχ, for heavy quarks q ¼ c, b and g
being the gluon, for which the freeze-in is IR dominated.
The final score is that the massive graviton with a mass in
the range mχ ∈ ½0.02; 2� MeV can satisfy all the constraints
and have the right dark matter abundance depending on the
value of the Wilson coefficient λχ .
On the other hand, the holographic fluid is always there,

with an energy density overwhelming the critical value
above the thick solid line of Fig. 7, and subleading below it,
which translates into a condition on the reheating temper-
ature after inflation. For the considered mass range of the
long-lived massive graviton mχ ∈ ½10 keV; 2 MeV�, the
condition for the fluid to not overclose the universe
translates into the rough bound TR ≲ 1 TeV. For heavier
masses mχ ∈ ½2 MeV; 1 GeV�, the massive graviton is
stable but the region is forbidden by astrophysical
data, while for mχ ≳ 1 GeV, the graviton is unstable on
cosmological times and the region is permitted. In all
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cases the condition for the holographic fluid to have the
dark matter abundance is given by the thick solid line in
Fig. 7, so that only the region below it satisfies the
condition Ωfluidh2 < 0.12 and there it is possible to
assign dark matter to the massive long-lived graviton.
Another interesting possibility in the white region is that
dark matter has two components: a holographic fluid and
long-lived massive gravitons with abundances such
that Ωfluidh2 þ Ωχh2 ≃ 0.12.
In Ref. [17] phenomenological constraints were already

imposed on the holographic fluid. It was found that the
strongest one was the deviation from the Newton potential,
imposing the lower bound M5 ≳ 3 × 105 TeV, widely
satisfied in our model. On the other hand as long-lived
massive gravitons are FIMPs, they should not be detected
by direct detection experiments. Neither indirect experi-
ments are expected to be able to detect massive gravitons.
For instance the Bullet Cluster bounds the cross section for
χχ → χχ to values σ=mχ ≲ 4 × 103 GeV−3 [65]. However
the FIMP is essentially collisionless as parametrically
σ=mχ ∼mχ=M4

4, many orders of magnitude below the
Bullet Cluster limit.
Confronting our long-lived FIMP with experimental data

is one of the next challenges to be considered in the future.
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APPENDIX: CALCULATION OF THE SELF-
ENERGY CORRECTIONS

In this appendix we will provide some details on the one-
loop corrections to the self-energy of the brane-to-brane
propagator in the LD background, from the different fields
φφ coupled to hμνðxÞ. We will generically use the linear
coupling as ∼κhφφ which provides a correction to the self-
energy by sunset diagrams which depend on the external
momentum. Quadratic couplings ∼κ2hhφφ will contribute
with seagull diagrams, which do not depend on the external
momentum and thus only contribute to the mass renorm-
alization, but do not contribute to the width. Therefore we
will only compute this correction, in Sec. A 1, for the
heaviest state, in particular a heavy scalar (the inflaton).

1. Self-energy from scalars

For a real scalar ϕ with mass m, the energy-momentum
tensor and the Feynman rule for the interaction of two
scalars are given in Eqs. (3.1) and (3.2), respectively. The
structure of the dressed propagator Ḡμν;αβðpÞ is given by
Eq. (3.3) with

−iΣα0β0;μ0ν0 ¼ κ2

2

Z
d4q
ð2πÞ4 iΓ

α0β0 ðq;−q − pÞiΓμ0ν0 ð−q; qþ pÞ i
q2 −m2

i
ðqþ pÞ2 −m2

; ðA1Þ

where we have introduced a factor 1=2 for identical fields and identified in the loop of scalars the momenta p1 ¼ q and
p2 ¼ −q − p, where p is the external momentum.
After introducing the Feynman parameter x, the previous integral can be transformed into

−iΣα0β0;μ0ν0 ¼ κ2

2

Z
d4l
ð2πÞ4

Z
1

0

dx
Γα0β0 ðl − xp;−l − ð1 − xÞpÞΓμ0ν0 ð−lþ xp;lþ ð1 − xÞpÞ

ðl2 −m2 þ xð1 − xÞsÞ2 ; ðA2Þ

where we have used that s ¼ p2 and the change of variables q ¼ l − xp. In the product

iPμν;α0β0 ð−iΣα0β0;μ0ν0 ÞiPμ0ν0;αβ ðA3Þ

the term in the vertices as ηα
0β0 and ημ

0ν0 vanish as the external propagators are traceless, as well as the terms proportional to
the external momentum p vanish by transversality of the external propagators. At the end we have
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−iΣα0β0;μ0ν0 ¼ κ2

2

Z
d4l
ð2πÞ4

Z
1

0

dx
4lα0lβ0lμ0lν0

ðl2 −m2 þ xð1 − xÞsÞ2 :

ðA4Þ

Under the integral we can use the identity

lα0lβ0lμ0lν0 ¼ 1

dðd þ 2Þ
× ðηα0β0ημ0ν0 þ ηα

0μ0ηβ
0ν0 þ ηα

0ν0ηβ
0μ0 Þðl2Þ2;

ðA5Þ

where the first term does not contribute by the tracelessness
property of the external propagators, while the second and
third terms contribute equally by their symmetry properties.
We then have that

Pμν;α0β0 ðηα0μ0ηβ0ν0 þ ηα
0ν0ηβ

0μ0 ÞPμ0ν0;αβ ¼ 2P μ0ν0
μν Pμ0ν0;αβ

¼ 2Pμν∶αβ; ðA6Þ

and

iPμν;α0β0 ð−iΣα0β0;μ0ν0 ÞiPμ0ν0;αβ ¼ iPμν;αβΣðsÞ; ðA7Þ

where

Σ ¼ iκ2
Z

1

0

dx
Z

ddl
ð2πÞd

4

dðdþ 2Þ
ðl2Þ2

ðl2 − ΔÞ2 ;

Δ ¼ −xð1 − xÞsþm2 ðA8Þ

is the shift after resummation in the inverse propagator
G−1

h → G−1
h − Σ, i.e.

Ḡμν;αβðpÞ ¼
iPμν;αβ

G−1
h − Σ

: ðA9Þ

Using now dimensional regularization, we can write

Σ ¼ −κ2
Z

1

0

dx
Γð−d=2Þ
ð4πÞd=2

�
1

Δ

�
−d=2

: ðA10Þ

In the MS renormalization scheme, the singularity

2

4 − d
− γE þ log 4π ðA11Þ

is removed, and one gets the renormalized quantity

Σ̃ ¼ −
κ2

64π2

Z
1

0

dxΔ2½3 − 2 logðΔ=μ2Þ�; ðA12Þ

where μ is the renormalization scale. The integral over x
can easily be done analytically, with the result

Σ̃ ¼ κ2

ð120πÞ2
�
30s2λ5ðsÞ log

�
1þ λðsÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2ðsÞ − 1

p �

− 1155m4 þ 430m2s − 46s2

þ15ð30m4 − 10m2sþ s2Þ logðm2=μ2Þ
�
; ðA13Þ

where λðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2=s

p
.

In the following we will consider the prescription
s → sþ iϵ, and write the logarithmic term as

30λ5ðsÞ log
�

1þ λðsÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2ðsÞ − 1

p �

¼ 15λ5ðsÞ log
�
1þ λðsÞ
1 − λðsÞ

�
− 15λ5ðsÞiπ: ðA14Þ

Therefore for the real (Σ̃R) and imaginary (Σ̃I) components
of Σ̃ we get

Σ̃R ¼ κ2

ð120πÞ2 ½30s
2λ5F ðλÞ − 1155m4 þ 430m2s − 46s2

þ15ð30m4 − 10m2sþ s2Þ logðm2=μ2Þ�; ðA15Þ

Σ̃I ¼ −
κ2

960π
s2λ5Θðs − 4m2Þ; ðA16Þ

where

F ðλÞ ¼ log

�
1þ λðsÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2ðsÞ − 1

p �
Θð4m2 − sÞ

þ log

�
1þ λðsÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ2ðsÞ

p �
Θðs − 4m2Þ: ðA17Þ

The self-energy in the second Riemann sheet Σ̃II is
obtained from Eq. (A13) by making the replacement
λðsÞ → −λðsÞ, and we obtain the result given in Eqs. (3.5)
and (3.6), where it has been assumed that
0 < − Im s ≪ Re s.

a. The seagull contribution

The quadratic interactions for gravitons come from the
decomposition gμν ¼ ημν þ κhμν and the use of expansions

9

[66]

gμν ¼ ημν− κhμνþ κ2hμαhναþ� � � ;
ffiffiffiffiffiffi
−g

p ¼ 1þ κ

2
hþ κ2

8
Hþ� � � ; h≡hμμ; H≡h2− 2hμνhμν;

ðA18Þ

9An on-shell massive graviton is traceless, and thus satisfies
h ¼ 0.
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in the action

Sϕ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

2
gμν∂μϕ∂νϕ −

1

2
m2ϕ2

�
: ðA19Þ

This gives rise to the interaction Lagrangian

Lhhϕϕ ¼ κ2
�
1

16
Hð∂μϕ∂μϕ −m2ϕ2Þ

þ 1

2
∂μϕ∂νϕ

�
hμαhνα −

1

2
hhμν

��
: ðA20Þ

The Feynman rule in momentum space for the process
hμνðk1Þhρσðk2Þϕðp1Þϕðp2Þ, where all momenta are incom-
ing, is given by

iVμν;ρσðp1; p2Þ ¼ iκ2T μν;ρσðp1; p2Þ; ðA21Þ

with

T μν;ρσ ¼ 1

4
ðημρηνσ þ ημσηνρ − ημνηρσÞðp1 · p2 −m2Þ

−
1

8
ημνðpρ

1p
σ
2 þ pσ

1p
ρ
2Þ −

1

8
ηρσðpμ

1p
ν
2 þ pν

1p
μ
2Þ

þ 1

4
½ημρðpν

1p
σ
2 þ pσ

1p
ν
2Þ þ ημσðpν

1p
ρ
2 þ pρ

1p
ν
2Þ�

þ 1

4
½ηνρðpμ

1p
σ
2 þ pσ

1p
μ
2Þ þ ηνσðpμ

1p
ρ
2 þ pρ

1p
μ
2Þ�;
ðA22Þ

which is symmetric under ðμνÞ ↔ ðρσÞ as it should be.
In the seagull diagram of Fig. 8 the external graviton

propagators, Pαβ;μν and Pρσ;γδ are traceless, so that the terms
with ημν and ηρσ vanish. Moreover, in the scalar loop the
circulating momentum is q (independent on the graviton
momenta), so that p1 ¼ q, p2 ¼ −q, and

T μν;ρσðq;−qÞ

¼ −
1

2
Iμν;ρσðq2 þm2Þ

−
1

2
ðημρqνqσ þ ημσqνqρ þ ηνρqμqσ þ ηνσqμqρÞ; ðA23Þ

where

Iμν;ρσ ¼
1

2
ðημρηνσ þ ημσηνρÞ ðA24Þ

satisfies the property Pαβ;μνIμν;ρσPρσ;γδ ¼ Pαβ;γδ.
Under integration in dimensional regularization we can

use the property qμqν ¼ ð1=dÞq2ημν so that under integra-
tion we can write

T μν;ρσ ¼ −Iμν;ρσ
�
1

2
ðq2 þm2Þ þ 2

d
q2
�
; ðA25Þ

and, using dimensional regularization,

−iΣμν;ρσ ¼ κ2
Z

ddq
ð2πÞd iT μν;ρσðq;−qÞ

i
q2 −m2

; ðA26Þ

i.e.

−iΣ ¼ κ2
Z

ddq
ð2πÞd

��
1

2
þ 2

d

�
q2 þ 1

2
m2

�
1

q2 −m2
: ðA27Þ

Finally, using dimensional regularization integrals we can
write

Σ ¼ κ2m2

�
1þ 2

d

�
1

ð4πÞd=2 Γ
�
1 −

d
2

��
1

m2

�
1−d=2

; ðA28Þ

and, in the MS renormalization scheme,

Σ̃ ¼ −
1

64π2

�
7þ 6 log

μ2

m2

�
m4

M3
5

: ðA29Þ

2. Self-energy from fermions

We will here consider a Dirac fermion with mass m,
energy-momentum tensor (3.9), and vertex coupling in
momentum space (3.10). The structure of the dressed
propagator is given by Eq. (3.3) with

−iΣα0β0;μ0ν0 ¼ −Tr
Z

d4q
ð2πÞ4 iΓ

α0β0 ðq; qþ pÞ

×
ið=pþ =qþmÞ
ðqþ pÞ2 −m2

iΓμ0ν0 ðqþ p; qÞ ið=qþmÞ
q2 −m2

;

ðA30Þ

where the global minus sign is from the fermion loop.
Notice that the last term, as ημν, in (3.10) does not
contribute as the graviton propagator is traceless, while
terms as pρ where ðρ ¼ α0; β0; μ0; ν0Þ do not contribute as
the graviton propagator is transverse, so that effectivelyFIG. 8. The seagull diagram from scalars.
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iΓμνðq; qþ pÞ ¼ iΓμνðqþ p; qÞ
¼ −i

κ

2
½γμqν þ γνqμ� ¼ −iκγμqν; ðA31Þ

where in the last equality we have used the symmetry of the
external propagator under exchange of μν indices.
We now introduce the Feynman parameter x and using

the change of variables q ¼ l − xp we get

−iΣα0β0;μ0ν0 ¼ −κ2
Z

1

0

dx
Z

d4l
ð2πÞ4

lα0lν0

ðl2 − ΔÞ2 A
β0μ0 ;

Aβ0μ0 ¼ Tr½γβ0 ½Aþm�γμ0 ½Bþm��; ðA32Þ

where we are defining

A ¼ lþ ð1 − xÞp; B ¼ l − xp: ðA33Þ

Using now the properties of the γ’s we can write

Aβ0μ0 ¼ 4ðAβ0Bμ0 þ Aμ0Bβ0 − ηβ
0μ0 ðA · B −m2ÞÞ; ðA34Þ

with

A · B ¼ l2 þ ð1 − 2xÞl · p − xð1 − xÞp2 ≡ l2 þ Δ −m2;

ðA35Þ

where we have removed the second term, as l · p is zero
under integration in

R
d4l. Finally using the transverse

properties of external propagators we can write

Aβ0μ0 ¼ 4½2lβ0lμ0 − ηβ
0μ0 ðl2 þ Δ − 2m2Þ�; ðA36Þ

and

−iΣα0β0;μ0ν0 ¼ −4κ2f

Z
1

0

dx
Z

d4l
ð2πÞ4

2lα0lβ0lμ0lν0 − ηβ
0μ0lα0lν0 ðl2 þ Δ − 2m2Þ

ðl2 − ΔÞ2 : ðA37Þ

Using now the properties (A5) and

lα0lν0 ≡ 1

d
ηα

0ν0l2 ðA38Þ

under dimensional regularization, and the tracelessness as
well as the symmetric properties of the external propa-
gators, we get

−iΣα0β0;μ0ν0 ¼ −4κ2f

Z
1

0

dx
Z

ddl
ð2πÞd

1

ðl2 − ΔÞ2

×

�
2 − d

dð2þ dÞ ðl
2Þ2 − Δ − 2m2

d
l2

�
ηα

0μ0ηβ
0ν0 ;

ðA39Þ

and then

Σ ¼ −4iκ2f

Z
1

0

dx
Z

ddl
ð2πÞd

�
2 − d

dð2þ dÞ
ðl2Þ2

ðl2 − ΔÞ2

−
Δ − 2m2

d
l2

ðl2 − ΔÞ2
�
: ðA40Þ

Using now dimensional regularization we get

Σ ¼ κ2
Z

1

0

dx
2

ð4πÞd=2 Γð−d=2Þ
�
1 − dþ d

m2

Δ

��
1

Δ

�
−d=2

;

ðA41Þ

and in the MS renormalization scheme

Σ̃ ¼ κ2

32π2

Z
1

0

dxΔ½8m2 − 5Δþ ð6Δ − 8m2Þ logðΔ=μ2Þ�:

ðA42Þ

After integration over x the result is

Σ̃ ¼ −
κ2

7200π2

�
−30ð8m2 þ 3sÞsλ3 log

�
1þ λðsÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2ðsÞ − 1

p �

− 1635m4 − 190m2sþ 108s2

þ15ð30m4 þ 10m2s − 3s2Þ logðm2=μ2Þ
�
; ðA43Þ

which yields

Σ̃R ¼ −
κ2f

7200π2

�
−30ð8m2 þ 3sÞsλ3F ðλÞ − 1635m4

− 190m2sþ 108s2

þ 15ð30m4 þ 10m2s − 3s2Þ logm
2

μ2

�
; ðA44Þ

Σ̃I ¼ −
κ2f

480π
ð8m2 þ 3sÞsλ3Θðs − 4m2Þ; ðA45Þ

and in the second Riemann sheet we get Eqs. (3.11)
and (3.12).
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3. Self-energy from the massive gauge sector

Here we consider the case of massive (i.e. W�; Z) gauge bosons and the corresponding Faddeev-Popov ghosts.

a. Gauge bosons

We start with the Proca Lagrangian for a massive gauge boson with mass m, energy-momentum tensor given by
Eq. (3.14), and vertex interaction in momentum space given by Eq. (3.15). Working in the Feynman gauge, the self-energy
is given by

−iΣα0β0;μ0ν0 ¼ 1

2

Z
d4q
ð2πÞ4 iΓ

α0β0
ρσ ðq;−q − pÞ −iηργ

ðqþ pÞ2 −m2
iΓμ0ν0

γδ ð−q; qþ pÞ −iηδσ

q2 −m2

¼ 1

2

Z
d4q
ð2πÞ4

Γα0β0;γδðq;−p − qÞΓμ0ν0
γδ ð−q; qþ pÞ

½ðqþ pÞ2 −m2�½q2 −m2� ; ðA46Þ

where 1=2 is a symmetry factor and, after introducing the Feynman parameter x and making the change of variables
q ¼ l − xp one gets

−iΣα0β0;μ0ν0 ¼ 1

2

Z
1

0

dx
Z

ddl
ð2πÞd

Γα0β0;γδðq;−q − pÞΓμ0ν0
γδ ð−q; qþ pÞ

ðl2 − ΔÞ2 : ðA47Þ

Using the properties of external graviton propagators we obtain

Γα0β0;γδðp1; p2Þ=κ ¼ −ηγδpα0
1 p

β0
2 þ ðηα0γpδ

1 þ ηα
0δpγ

1Þpβ0
2 − ηα

0γηβ
0δK; ðA48Þ

Γμ0ν0
γδ ð−p1;−p2Þ=κ ¼ −ηγδp

μ0
1 p

ν0
2 þ ðημ0γ p1δ þ ημ

0
δ p1γÞpν0

2 − ημ
0

γ ην
0
δ K; ðA49Þ

where

K ¼ p1 · p2 þ 2m2; p1 ¼ q; p2 ¼ −q − p: ðA50Þ

The numerator of the self-energy (A47)

Nα0β0;μ0ν0 ≡ Γα0β0;γδðp1; p2ÞΓμ0ν0
γδð−p1;−p2Þ ðA51Þ

turns out to be

Nα0β0;μ0ν0=κ2 ¼ 2½ηα0μ0p2
1p

β0
2 p

ν0
2 þ pα0

1 p
β0
2 p

μ0
1 p

ν0
2 − ηα

0μ0 ðpν0
1 p

β0
2 þ pβ0

1 p
ν0
2 ÞK� þ ηα

0μ0ηβ
0ν0K2

¼ 2½ηα0μ0 ðq2 þ 2KÞqβ0qν0 þ qα
0
qβ

0
qμ

0
qν

0 � þ ηα
0μ0ηβ

0ν0K2; ðA52Þ

where we have made use of the traceless and transverse properties of external propagators.
After the change of variables to l ¼ qþ xp we obtain

Nα0β0;μ0ν0=κ2 ¼ 2½ηα0μ0lβ0lν0 ðA − 2ð1 − xÞlαpα − l2Þ þ lα0lβ0lμ0lν0 �
þ ηα

0μ0ηβ
0ν0 ½ðB − l2Þ2 þ ð1 − 2xÞ2lαlβpαpβ − 2ð1 − 2xÞðB − l2Þlαpα�

A ¼ xð2 − xÞp2 þ 4m2;

B ¼ xð1 − xÞp2 þ 2m2: ðA53Þ

Using all properties of symmetry of external propagators and those of integration under ddl, the numerator of the self-
energy (A47) can be written as

Nα0β0;μ0ν0 ¼ ηα
0μ0ηβ

0ν0N; ðA54Þ
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where

N=κ2 ¼ 2l2

d
ðA − l2Þ þ 4

dðdþ 2Þ ðl
2Þ2 þ ðB − l2Þ2 þ ð1 − 2xÞ2

d
l2p2

¼ B2 þ
�
2A
d

− 2B þ ð1 − 2xÞ2
d

p2

�
l2 þ d

dþ 2
ðl2Þ2: ðA55Þ

An obvious conclusion from the structure of Eq. (A54) is that one recovers the general structure for the massive graviton
propagator and the scalar shift is

Σ ¼ i
2

Z
1

0

dx
Z

ddl
ð2πÞd

N
ðl2 − ΔÞ2 : ðA56Þ

After integration over
R
ddl one gets, using the dimensional regularization formalism,

Σ ¼ −
1

2

Z
1

0

dx
Γð2 − d=2Þ
ð4πÞd=2

�
1

Δ

�
2−d=2

N ; ðA57Þ

where

N ¼ κ2

d − 2
½dðm2 þ 2xð1 − xÞsÞ2 þ ð1 − 16xþ 18x2Þm2s − xð1 − xÞð1þ 2xÞs2�; ðA58Þ

and in the MS renormalization scheme,

Σ̃ ¼ κ2

64π2

Z
1

0

dxf2ðm2 þ 2xð1 − xÞsÞ2 − ½4m4 þ ð1þ 2x2Þm2s − xð1 − xÞð1 − 14xþ 16x2Þs2�ð1 − logðΔ=μ2ÞÞg: ðA59Þ

After making the integral in x, the result turns out to be

Σ̃ ¼ κ2

ð120πÞ2
�
15ð60m4 þ 25m2sþ 3s2Þ logðm2=μ2Þ − 2ð1695m4 þ 455m2sþ 24s2Þ

þ 30ð98m4 þ 31m2sþ 3s2ÞλðsÞ log
�

1þ λðsÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2ðsÞ − 1

p ��
; ðA60Þ

so that

Σ̃R ¼ κ2

ð120πÞ2 ½15ð60m
4 þ 25m2sþ 3s2Þ logðm2=μ2Þ − 2ð1695m4 þ 455m2sþ 24s2Þ;

þ 30ð98m4 þ 31m2sþ 3s2ÞλðsÞF ðλÞ�; ðA61Þ

Σ̃I ¼ −
κ2

960π
ð98m4 þ 31m2sþ 3s2ÞλðsÞΘðs − 4m2Þ; ðA62Þ

and in the second Riemann sheet we recover expressions (3.18) and (3.19).

b. Faddeev-Popov ghosts

The energy-momentum tensor and vertex to the massive graviton for FP fields c and c̄with incoming momenta p1 and p2

are, in the Feynman gauge for which its mass is equal to the gauge boson massmc ¼ m, given by Eqs. (3.20) and (3.21). Its
contribution to the self-energy is given by

−iΣα0β0;μ0ν0 ¼ −
Z

d4q
ð2πÞ4 iΓ

α0β0 ðq;−q − pÞ i
ðqþ pÞ2 −m2

iΓμ0ν0 ð−q; qþ pÞ i
q2 −m2

; ðA63Þ

where the global minus sign comes from the fact that the ghost scalars are anticommuting.
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Using now the tracelessness and symmetry properties of
the external graviton propagators we can write

iΓμνðp1; p2Þ≡ 2iκpμ
1p

ν
2; ðA64Þ

and moreover using the transverse properties of graviton
propagators

iΓμνðq;−q − pÞ ¼ iΓμνð−q; qþ pÞ ¼ −2iκqμqν: ðA65Þ

After introducing the Feynman parameter x and using
once again the property of transverse graviton propagators,
we get

−iΣα0β0;μ0ν0 ¼ −4κ2
Z

1

0

dx
Z

d4l
ð2πÞ4

lα0lβ0lμ0lν0

ðl2 − ΔÞ2 : ðA66Þ

As expected the result is −2 times that of a real scalar in
Eq. (A4), where the sign comes from the fact that the FP
fields anticommute and the factor of 2 from the fact that FP
fields are complex. Therefore we can write for the final
renormalized result

Σ̃ ¼ κ2

32π2

Z
1

0

dxΔ2½3 − 2 logðΔ=μ2Þ�: ðA67Þ

After integration over x the result is

Σ̃ ¼ κ2

7200π2

�
−30s2λ5 log

�
1þ λðsÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2ðsÞ − 1

p �

þ 1155m4 − 430m2sþ 46s2

−15ð30m4 − 10m2sþ s2Þ logðm2=μ2Þ
�
; ðA68Þ

and so

Σ̃R ¼ κ2

7200π2
½−30s2λ5F ðλÞ þ 1155m4 − 430m2sþ 46s2

−15ð30m4 − 10m2sþ s2Þ logðm2=μ2Þ�; ðA69Þ

Σ̃I ¼
κ2

480π
s2λ5Θðs − 4m2Þ: ðA70Þ

Finally, in the second Riemann sheet we recover the result
from Eqs. (3.22) and (3.23).

4. Self-energy from the massless gauge sector

Here we consider the case of massless (i.e. γ; gA) gauge
bosons and the corresponding Faddeev-Popov ghosts.

a. Gauge bosons

The interaction of massive gravitons with massless
gauge bosons is given by Eq. (3.16) with m ¼ 0. The
final result can also be obtained by taking the limit m → 0
in Eq. (A60), and using

lim
m→0

log

�
1þ λðsÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2ðsÞ − 1

p �
¼ 1

2
logð−s=m2Þ; ðA71Þ

when considering the principal branch of the square root.
The renormalized self-energy is then given by

Σ̃ ¼ −
κ2

4800π2
s2½16 − 15 logð−s=μ2Þ�; ðA72Þ

so that

Σ̃R ¼ −
κ2

4800π2
s2½16 − 15 logðs=μ2Þ�; ðA73Þ

Σ̃I ¼ −
κ2

320π
s2Θðs − 4m2Þ: ðA74Þ

The self-energy in the second Riemann sheet is then given
by Eqs. (3.24) and (3.25).

b. Faddeev-Popov ghosts

For the FP ghosts corresponding to the massless gauge
fields the result is

Σ̃ ¼ κ2

7200π2
s2½46 − 15 logð−s=μ2Þ� ðA75Þ

so that

Σ̃R ¼ κ2

7200π2
s2½46 − 15 logðs=μ2Þ�; ðA76Þ

Σ̃I ¼
κ2

480π
s2; ðA77Þ

and, in the second Riemann sheet, we recover the expres-
sions (3.26) and (3.27).
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