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Undecidability, a hallmark of Gödel incompleteness theorems, has recently emerged in quantum many-
body physics through the spectral gap problem. We demonstrate how this logical limitation can be
holographically transmitted to a class of gravitational theories via the AdS/CFT correspondence. By
embedding a translationally invariant spin Hamiltonian with undecidable gap status into a large-N gauge
theory, we generate an anti–de Sitter (AdS) dual in which the selection of dominant bulk saddle (Poincaré
AdS or AdS soliton) is itself undecidable. Consequently, under standard semiclassical holographic
assumptions, even determining which smooth spacetime geometry emerges from quantum gravity can be
beyond the limits of computability.
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Introduction. The AdS/CFT correspondence provides a
concrete realization of the holographic principle [1,2],
relating a quantum gravitational theory (string theory or
M theory) in anti–de Sitter (AdS) spacetime to a conformal
field theory (CFT) on its boundary [3–5]. A powerful
feature of this correspondence is its strong-weak nature:
when the boundary CFT is strongly coupled, the bulk
gravity theory is weakly coupled and perturbatively trac-
table. This makes it possible to compute correlation
functions [4] and transport properties in strongly interacting
systems. Beyond these applications, the correspondence
represents a major advance, providing a nonperturbative
formulation of string theory with specific boundary con-
ditions. In principle, AdS/CFTallows one to extract all bulk
physics from the boundary CFT [6–12], provided that a

complete mapping between the observables of the two
theories is established [13].
An important problem when exploiting this correspon-

dence is to identify which bulk saddle dominates the
gravitational path integral for a given boundary CFT or,
equivalently, which semiclassical spacetime emerges, since
multiple bulk saddles may be consistent with the same
boundary data. For instance, both thermal AdS and AdS
black holes satisfy the same boundary conditions [14], with
the dominant saddle determining whether the boundary
CFT is in a confined or deconfined phase [15]. Similarly, an
AdS soliton can energetically dominate Poincaré AdS
under certain conditions [16], indicating a different pre-
ferred vacuum state. Saddle-point selection underlies
bulk reconstruction [17,18], sets the semiclassical back-
ground for Hawking radiation and the black hole informa-
tion problem [19], and influences locality in emergent
spacetime [20].
The selection of the dominant bulk geometry is therefore

central to holography and to the ability to use an underlying
quantum gravitational theory to derive semiclassical
results. Here, we show that there exists a class of AdS/
CFT scenarios in which this selection is undecidable.
Our starting point is the work by Cubitt-Pérez-García-

Wolf (CPW) [21], who demonstrated that given a quantum
many-body Hamiltonian it is, in general, computationally
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impossible to determine whether the system it describes is
gapped or gapless. The meaning of this statement is twofold.
First, no algorithm can decide in finite time whether such a
system is gapped or gapless, in the same sense that the
halting problem is algorithmically undecidable [22]. Second,
for any consistent axiomatization of mathematics, there exist
specific Hamiltonians for which the presence or absence of a
spectral gap cannot be decided within those axioms. This is
the form of undecidability established by Gödel’s incom-
pleteness theorems [23].
We demonstrate here that the problem of the selection of

dominant bulk geometry (Poincaré AdS vs AdS soliton) is
dual to the spectral-gap problem of the boundary quantum
many-body system. We map the local, translationally
invariant Hamiltonian of Ref. [21] into a Euclidean path-
integral formulation using a Trotter decomposition, and
decouple its interactions by introducing an auxiliary scalar
field through a Hubbard-Stratonovich transformation. The
scalar field encodes the halting bit of the Turing machine
through a coupling that persists in the continuum limit. We
then recast this scalar field theory as an adjoint matrix
model with a non-Abelian gauge structure. This reformu-
lation allows us to properly define the large-N limit, in
which the matrix theory admits a holographic dual
described by gravity in asymptotically AdS spacetime with
a bulk scalar mode sourced by the boundary scalar operator.
The key observation is that the sign of the scalar effective

mass term, fixed by the same undecidable halting predicate
as in the boundary spectral-gap problem, determines which
smooth geometry dominates: Poincaré AdS (gapless phase)
or the AdS soliton (gapped phase).

Preliminaries.We briefly recall the CPW construction [21],
which established the undecidability of the spectral-gap
problem (see also Sec. I of the Supplemental Material [24]).
Consider translation-invariant, spin Hamiltonians HL with
nearest-neighbor, finite-range interactions on a 2D lattice
of size L × L, with each site carrying a local Hilbert
space dimension d. The spectral gap is the difference
between the first excited state and the ground state,
γL ¼ E1ðLÞ − E0ðLÞ. A uniform spectral gap, i.e., the
existence of a lower bound Δ > 0 such that infL γL ≥ Δ,
implies exponential decay of correlations (clustering) and
stability of the quantum phase [37]. On the other hand, if
lim infL→∞ γL ¼ 0, the system is gapless and supports
arbitrarily low-energy excitations [38].
Using the Feynman-Kitaev history state [39–42], a

universal Turing machine on input u is mapped to a
frustration free k-local Hamiltonian. If the computation halts
after runtime T, the history state carries weight 1=ðT þ 1Þ on
the halting configuration. In this case an additional output
term, Hhalt ¼ δðTÞΠhalt, then shifts the ground state energy
by δðTÞ=ðT þ 1Þ, and by zero otherwise.
The CPW construction embeds this computational layer

into the above lattice and couples it to a spectral scaling

mechanism so that, if halting occurs, the effect produces a
finite shift in the energy density as L → ∞. This defines a
computable map u ↦ HðuÞ that assigns to each input u a
set of nearest-neighbor interactions, namely a translation-
invariant nearest-neighbor Hamiltonian on Z2 (here Z2

denotes the two-dimensional integer lattice), with the one of
two alternatives: if the machine halts, there exists ΔðuÞ>0
with γLðuÞ ≥ ΔðuÞ ∀ L (gapped phase); if it does not,
lim infL→∞γLðuÞ ¼ 0 (gapless phase). Any algorithm that
would allow one to decide, from the finite description of
hðuÞ, which case holds, would solve the halting problem.
Because no such algorithm therefore exists, the spectral-gap
promise problem is Turing undecidable. This obstruction
persists even in one-dimensional quantum spin chains [21].
Gödel incompleteness and Turing’s halting problem are

two faces of the same coin: a consistent, recursively
axiomatizable theory cannot be complete (or it would
decide halting), and a halting decider would make such
a theory complete [43,44]. The obstruction for quantum
chains is therefore Gödelian: the Turing undecidability
of the spectral-gap predicate means that, for certain
Hamiltonians, the statement of whether they are gapped
or gapless is formally independent of any consistent
computably axiomatizable theory, i.e., it can be neither
proved nor refuted within that theory.

Euclidean path-integral representation.We denote by ϑðuÞ
the CPW halting predicate, equal to 1 if the machine halts
on input u and 0 otherwise. As we outline here, in the
continuum, ϑðuÞ survives as a relevant scalar-mass oper-
ator, making the infrared (IR) choice between gapped and
gapless phases algorithmically undecidable. We refer the
reader to Supplemental Material [24], Sec. II, for details.
Starting from the partition function ZLðβ; uÞ ¼

TrHL
½e−βHLðuÞ�, a Suzuki-Trotter decomposition [45–47]

can map the system to a ð2þ 1ÞD classical statistical
model, accurate up to Oða2τÞ with aτ ¼ β=Nτ. Here, Nτ

denotes the number of discrete time slices in the Euclidean-
time direction, so that the continuum limit corresponds to
Nτ → ∞. The Lieb-Robinson bound [48] ensures a finite
signal velocity (compatible with relativity) but does not by
itself fix the dynamical exponent z that sets the anisotropic
scaling between space and time. We restrict to microscopic
models that flow to a Lorentz-invariant (z ¼ 1) fixed point
[e.g., the OðNÞ Wilson-Fisher class], so that our Hubbard-
Stratonovich (HS) continuum description applies.
A Hubbard-Stratonovich (HS) decoupling yields, after

integrating out spins, an OðNvÞ scalar theory (with Nv the
number of spin components) with bare Euclidean
Lagrangian,

LE ¼ 1

2
ð∂μφAÞð∂μφAÞ þm2

2
φAφA þ λ

4!
ðφAφAÞ2

þ ghaltφAφA; ð1Þ
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where ghalt ≡ ϑðuÞμ2h includes the halting bit, μh is a scale
factor with the dimensions of a mass, and A ¼ 1;…; Nv. A
one-loop renormalization group analysis shows that ghalt is
a relevant deformation (its coupling grows under coarse
graining). The effective mass of the scalar field is
m2

effðuÞ ¼ m2 þ ghalt þ ΣloopðλÞ. The ΣloopðλÞ encodes loop
corrections to the scalar mass. Renormalizing the system by
enforcing m2 þ ΣloopðλÞ ¼ 0 gives m2

effðuÞ ¼ ϑðuÞμ2h to
leading order. In this case, the effective mass is controlled
entirely by the halting deformation: if ϑðuÞ ¼ 0 then
m2

eff ¼ 0, placing the IR theory at the Wilson-Fisher critical
point (gapless, with long-range/power-law correlations)
[49,50]. If ϑðuÞ ¼ 1 then m2

eff > 0, yielding a uniformly
gapped phase with correlation length ξ ¼ Δ−1 and expo-
nential clustering. Since m2

effðuÞ depends on the uncom-
putable predicate ϑðuÞ, the distinction between gapless and
gapped outcomes is algorithmically undecidable.

Matrix theory. We promote the OðNvÞ vector theory to an
SUðNcÞ matrix theory by choosing Nv ¼ N2

c − 1 and
repackaging the vectors as an adjoint matrix MðxÞ ¼PNv

A¼1 ϕAðxÞTA, where TA ∈ suðNcÞ (with Tr½TATB� ¼
1
2
δAB). Gauging this global symmetry to SUðNcÞ introduces

a non-Abelian gauge field Aμ with covariant derivative
DμM ¼ ∂μM − i½Aμ;M� and field strength Fμν ¼ ∂μAν −
∂νAμ − i½Aμ; Aν� (see Supplemental Material [24], Sec. III,
for details). The adjoint action is

Sadj ¼ Nc

Z
d3xTr

�
ðDμMÞ2 þm2M2 þ λM4 þ 1

4g2
F2
μν

�

þ Nc

Z
d3 x ghalt TrðM2Þ; ð2Þ

with fixed ’t Hooft coupling λ ¼ g2Nc [51].
This choice ensures that the planar (large-Nc) limit of the

matrix model reproduces the large-Nv behavior of the HS
vector theory introduced above. At large Nc, vacuum dia-
grams are organized by genus h, with contributions scaling as
N2−2h

c . As a consequence, connected correlators factorize at
leading order hTrMkTrMli ¼ hTrMkihTrMli þOðN−2

c Þ,
so that a single planar saddle controls the dynamics [52].
Standardd ¼ 3 renormalization gives a finite planar one-loop
shift Σloopðλ;ΛÞ ¼ Oð1Þ, (where Λ is the UV cutoff) giving
the classical quadratic action

Scl ¼ Nc

Z
d3 xTr

h
ð∂μMÞ2 þm2

effM
2
i
: ð3Þ

Here, Σloop is the finite planar one-loop self-energy, and
imposing m2þΣloop¼0 gives m2

eff ¼ghalt to leading order.
The self-energy has a genus expansion,

ΠðkÞ ¼
X∞
h¼0

N−2h
c Πhðk; λ;ΛÞ; ð4Þ

with planar part Π0 ¼ Oð1Þ and Πh ¼ OðN−2h
c Þ for h ≥ 1

[53]. Therefore, nonplanar terms cannot significantly affect
m2

eff , and in the planar limit the IR phase is still determined
by the undecidable predicate ϑðuÞ.
Equivalently, examining the problem in terms of

the spectral gap, for a finite cubic box of side L with
periodic boundary conditions, the propagator and
dispersion relation are, respectively (for details, see
Supplemental Material [24])

GðpÞ ¼ 1

p2 þm2
eff

; EðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

eff

q
: ð5Þ

The spectral gap for nonzero momentum modes is

γðp≠0ÞL ðuÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2π=LÞ2 þm2

effðuÞ
p

. In the thermodynamic
limit, ΔðuÞ ¼ limL→∞ γLðuÞ ¼ meffðuÞ. A positive ΔðuÞ
implies exponentially decaying correlations with correla-
tion length ξ ¼ Δ−1, and a stable gapped phase. When
m2

effðuÞ ¼ 0, correlations display a power-law behavior
corresponding to an IR CFT with dynamical exponent
z ¼ 1.
The halting term is again crucial in determining which

regime is realized: ϑðuÞ ¼ 0 yields criticality; if ϑðuÞ ¼ 1,
then m2

effðuÞ ≥ c > 0 uniformly in L, leading to a gapped
phase (see Supplemental Material [24]). Since no Turing
machine can infer the behavior of ϑðuÞ from microscopic
data [21], undecidability holds even for the large-Nc
continuum matrix theory. As we will see, the question of
which phase ultimately arises corresponds holographically
to the selection of the dominant bulk geometry.

Ultraviolet completion. Having shown that the halting
deformation survives at large Nc and governs the IR
behavior, we now justify its microscopic origin. By
performing a real-space coarse-graining and introducing
a HS field to linearize the interblock couplings, one obtains
an adjoint SUðNcÞ gauge-scalar completion with an emer-
gent non-Abelian connection and Yang-Mills kinetic term
TrFμνFμν. As shown in Sec. IV of [24], the Yang-Mills
sector arises naturally under this construction, while the
halting deformation contributes only through the scalar
mass shift m2 → m2

eff . To leading order, the halting defor-
mation enters only through the mass shift and leaves the
gauge kinetic term unchanged. Hence, the only relevant
quantities are m2

eff and the large-Nc scaling, where m2
eff is

determined by the undecidable predicate ϑðuÞ.
Confinement is probed by the Wilson loop WðCÞ ¼

1
Nc
TrP expði HC AμdxμÞ, whose area law encodes the string

tension. At fixed ’t Hooft coupling λ ¼ g2Nc, connected
vacuum diagrams of genus h scale as N2−2h

c ; hence,
nonplanar terms are OðN−2

c Þ and do not affect the leading
behavior of m2

eff (see ribbon-graph analysis in Sec. III of
[24]). The partition function admits the large-Nc expansion
lnZðNc; λÞ ¼

P
h≥0N

2−2h
c FhðλÞ which shows that the
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planar sector h ¼ 0 dominates. Interpreted holographically,
this is a string-loop expansion with coupling gs ∼ 1=Nc,
while λ sets the effective string tension. Hence, the planar
limit corresponds to classical bulk gravity in AdS/CFT and
1=Nc terms encode string loop corrections [51,52].Crucially,
any Nc-independent deformation, in particular the halting
term ghalt inm2

eff , survives at planar order and determines the
classical bulk geometry, while 1=Nc effects are parametri-
cally subleading and cannot overturn this shift.

Holographic duality and competing geometries. In the
holographic planar limit, the stress tensor of adjoint matter
scales as hTμνi ∼OðN2

cÞ, while the AdS/CFT matching
fixes the gravitational coupling through Ld−1=Gdþ1 ∼ N2

c.
Their productG4hTμνi is thereforeOð1Þ, indicating that the
halting-bit deformation produces a classical backreaction
on the geometry. Accordingly, our analysis is performed
at leading classical order in supergravity, with higher-
derivative and loop effects subleading.
We now examine how undecidability manifests in the

competition between semiclassical bulk geometries. In the
Nc → ∞ limit, the source for the operator O ¼ TrM2 in
the boundary theory is implemented by Gubser-Klebanov-
Polyakov-Witten (GKPW) prescription,

ZQFT½J� ¼ exp
h
−Son-shellgrav ðΦjz¼0 ¼ JÞ

i
; ð6Þ

where the bulk action includes the Einstein-Hilbert term, the
Gibbons-Hawking-York boundary term, and counterterms:

Sgrav ¼
1

16πG4

Z
M

d4x
ffiffiffiffiffiffi
−g

p �
Rþ 6

L2

�

þ 1

8πG4

Z
∂M

d3x
ffiffiffiffiffiffi
−γ

p
K þ Sct½γ�: ð7Þ

Holographic renormalization ensures that the boundary
stress tensor is traceless for a flat 3D boundary (d ¼ 3)
[54,55], as expected for a CFT. Validity of the semiclassical
approximation for the bulk geometry requires that the AdS
radius is much larger L ≫ ls (λtH ≫ 1, l2

s=L2 ∼ λ−1=2tH ) to
suppress 1=N2

c loops (where ls is the fundamental string
length) [56–58].
The source J couples to a bulk scalar Φ satisfying

ð□g −m2
ΦÞΦ ¼ 0 with near-boundary expansion Φ¼

z3−Δϕð0ÞðxÞþzΔϕð2Δ−3ÞðxÞþ���, and m2
ΦL

2 ¼ ΔðΔ − 3Þ,
where ϕð0Þ≡J and ϕð2Δ−3Þ∝ hTrM2i [59]. Tuning ϕð0Þ ¼0

gives Poincaré AdS4,

ds2 ¼ L2

z2
ðdz2 þ ημνdxμdxνÞ; ð8Þ

which represents the gapless critical phase. Turning on the
halting deformation, ϑðuÞ ¼ 1 (ϕð0Þ ≠ 0) drivesΦ away from
the critical point and can give rise, within the ðT; LθÞwindow
discussedbelow, to theEuclideanAdS4 soliton geometry [16]:

ds2 ¼ r2

L2
ðdτ2 þ dx2 þ fðrÞdθ2Þ þ L2

r2fðrÞ dr
2;

fðrÞ ¼ 1 −
�
r0
r

�
3

; θ ∼ θ þ 4πL2

3r0
: ð9Þ

Here, the boundary topology is S1τðβÞ ×Rx × S1θðLθÞ, with
the soliton caps S1θ (contractible) and the black brane caps S

1
τ

(thermal).
The corresponding free-energy densities per unit x

length are Fsol ¼ −cs=L2
θ and Fbb ¼ −cTT3Lθ, which

coincide at the critical temperature TcðLθÞ ¼ ðcscTÞ1=3 1
Lθ
.

A relevant boundary (multitrace) deformation proportional
to ϑðuÞmodifies the UV coefficients ðcs; cTÞ and the mixed
(Robin) boundary condition of the dual scalar, shifting
the critical temperature Tc while preserving large-Nc
scalings and the high-T dominance of the AdS4 black
brane (see [24], Secs. V and VI). We focus in a low-
temperature window with β=Lθ ≫ 1, where the only two
smooth, static, translation-invariant saddles are thermal
Poincaré AdS4 and the AdS4 soliton. Their renormalized
on-shell actions satisfy I½gP� ¼ 0 and I½gsol� < 0. In the
undeformed theory, the transition occurs at Tc ∼ 1=Lθ;
within this window ϑðuÞ ¼ 0 selects the deconfined
(Poincaré) branch (T > Tc) and ϑðuÞ ¼ 1 selects the
confining (soliton) branch (T < Tc). In the planar limit,
large-Nc factorization implies that the deformation affects
only one-point data, e.g., sources and expectation values,
without affecting the saddle competition.
We implement the deformation through mixed (Robin)

boundary conditions for the bulk scalar, following standard
GKPW holography [55,60]. Near the boundary z → 0,
Φðz; xÞ ¼ zd−Δϕð0ÞðxÞ þ zΔ hOðxÞi

2Δ−d þ � � �, and m2
bulkL

2 ¼
ΔðΔ − dÞ; so ϕð0Þ sources J and Δ obeying the
Breitenlohner-Freedman relation [61]. The mixed boun-
dary condition, ϕð2Δ−dÞðxÞ ¼ κbdyϕð0ÞðxÞ, implements the
double-trace deformation. Matching the stress tensor fixes
Ld−1=Gdþ1 ∼ N2

c [54], so that cT ∝ ðLd−1=Gdþ1Þ ∼ N2
c and

hTTi scales accordingly [62].
The classical supergravity regime requires both large

λ ¼ g2Nc ≫ 1, ensuring that higher-derivative corrections
are small, and large Nc. In this regime, the halting
deformation enters only through the boundary coupling
∂zΦjz¼0 ¼ κbdyφð0Þ; κbdy ∝ ghaltL that eventually deter-
mines which bulk phase is realized. Since the halting
predicate is uncomputable, the resulting choice of dominant
bulk geometry is itself undecidable within the holographic
picture (see [24], Sec. V).

Vacuum selection on S1β × R2 (Casimir test). As an explicit

example, consider the boundary metric γð0Þij dx
idxj ¼

dτ2 þ dx2 þ dy2; 0 ≤ τ < β, which describes a spatially
infinite system compactified on a Euclidean time circle of
circumference β. If the theory is gapless, the vacuum is
scale and translation invariant with vanishing expectation
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value of the stress tensor hTiji ¼ 0. The corresponding bulk
saddle is Poincaré AdS4, where the Brown-York tensor also
vanishes [54,63]. If the spectrum is gapped, compactifica-
tion on S1β gives a negative Casimir energy. For a free
massive scalar of mass m� with periodic boundary con-

ditions for γð0Þij , zeta-function methods [64,65] give

εCasðβ; m�Þ ¼ −
m2�
2π2β

X∞
n¼1

K1ðm�nβÞ
n

< 0 ð10Þ

with K1 the modified Bessel function. As expected, the
Casimir energy vanishes asm�β → ∞. The dual saddle is in
this case the AdS4 soliton [24], whose Brown-York tensor

matches (10) at leading order in G4hTττisol ¼ − r3
0

16πG4L4 ;

hTxxi ¼ hTyyi ¼ − 1
2
hTττi; with r0 ¼ 4πL2

3Lθ
, ensuring the

expected tracelessness [16]. Putting these results together
leads to the following cases:

hTi
ii ¼

(
0; m2

eff ¼ 0

− 3r3
0

16πG4L4 < 0; m2
eff > 0:

ð11Þ

Therefore, ϑðuÞ determines whether the vacuum stress tensor
vanishes (gapless CFT/Poincaré AdS4) or carries a negative
Casimir energy (gapped CFT=AdS4 soliton). This stress-
tensor makes the holographic undecidability concrete: the
boundary signature of thevacuum, just like the bulk geometry
itself, is fixed by an uncomputable predicate (see Sec. Vof the
Supplemental Material [24]). Under standard holographic
assumptions (large Nc, large λ, classical gravity, and static
translation-invariant bulk geometries), deciding the dominant
Euclidean AdS4 saddle on S1β ×R2 is therefore algorithmi-
cally undecidable (see [24], Sec. VI). So, here Tarski’s
external truth predicate [66,67] would be needed to fix which
semiclassical saddle (Poincaré AdS4 or the AdS4 soliton)
emerges as the dominant spacetime.

String theoretic interpretation. A natural concern is that
semiclassical holography is highly nongeneric. Large N
and large ’t Hooft coupling are necessary but not, by
themselves, sufficient to ensure an Einstein gravity regime.
In known examples, semiclassical bulk locality is tied to
additional CFT structure, in particular a sparse set of low-
dimension single-trace operators together with a parametri-
cally large gap to higher-spin and stringy excitations
[68–70]. We therefore phrase our conclusions in the
explicitly conditional form adopted throughout the paper.
We construct a computable family of large N theories in
which an undecidable microscopic input selects a relevant
deformation, and we analyze the resulting competition of
smooth Euclidean bulk fillings under the standard GKPW
hypothesis that the theories under consideration admit a
semiclassical holographic description [3–5].
The simplified model is chosen only to keep the

reduction and the saddle comparison completely explicit.

The underlying computational logic is not model depen-
dent. In any holographic CFT, one follows the same
sequence of steps: specify the deformation, identify the
dual bulk field and the corresponding boundary data,
construct the candidate saddles compatible with the pre-
scribed boundary geometry and sources, and determine
dominance by comparing the renormalized on-shell actions
using standard holographic renormalization [55,71]. In this
precise sense, our construction provides a prototype for
analogous computations in any holographic setting where
the dual is established and the semiclassical gravitational
path integral is under quantitative control, including bench-
mark dual pairs such as planar N ¼ 4 super-Yang-
Mills theory and Aharony–Bergman–Jafferis–Maldacena
(ABJM) theory theory [3,72].
From a string-theoretic viewpoint, the extra ingredient

required to export the mechanism to such top-down settings
is not a new dynamical sector, but a choice of boundary
coupling. In the AdS/CFT dictionary, switching on a relevant
deformation corresponds to prescribing boundary data for
the dual bulk scalar, usually by fixing the non-normalizable
mode in standard quantization and, more generally, by
imposing mixed boundary conditions when multitrace
deformations are included [60,73]. Equivalently, one choo-
ses a point in the space of couplings of the brane worldvo-
lume theory. In the bulk this is implemented by turning on
the corresponding supergravity mode with specified asymp-
totics, often interpretable in terms of moduli in the under-
lying brane construction. The role of the undecidable
predicate ϑðuÞ is then minimal, as it only selects which
value of a chosen relevant coupling is realized.
To make the export to top-down settings concrete while

staying within the same semiclassical logic, one may place
the boundary theory on Sd−1 × S1 (or on a spatial circle),
and work in regimes where more than one smooth
Euclidean bulk filling is admissible for the same prescribed
boundary geometry and sources. A protected relevant
deformation then shifts the renormalized on-shell action
difference between the competing saddles. In planar N ¼ 4

super-Yang-Mills theory, a canonical example is theN ¼ 2�
mass deformation [74–76], while in ABJM one can consider
supersymmetry-preserving mass deformations with a well-
developed large-N and holographic description [77–79]. In
suitable deformation families of this type, varying the relevant
coupling can, in favorable cases, lead to distinct semiclassical
saddleswith qualitatively different infrared behavior, in direct
analogy with the branch structure exhibited by our explicit
computable family. Once the boundary choice is made, the
remainder of the analysis reduces to the standard semi-
classical comparison of admissible Euclidean fillings via
their renormalized on-shell actions.

Conclusions. We have shown that undecidability in the
spectral-gap problem for quantum many-body systems can
be faithfully transmitted, via the AdS/CFT correspondence,
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into the bulk geometry selection problem of semiclassical
AdS gravity. To our knowledge, this provides the first
concrete realization of a Gödel-Turing type obstruction in a
holographic setting. The validity of this conclusion is
conditioned on standard assumptions in holography: sup-
pression of higher-derivative and string corrections,
uniqueness of smooth saddles under fixed boundary con-
ditions, and the validity of the large-N planar limit.
While our result relies on a specific holographic con-

struction, it suggests that undecidability can be a robust
property of holographic duality and can constrain the very
emergence of spacetime itself. A natural question is
whether similar undecidable structures might arise in
other holographic settings, such as black hole microstates,
string compactifications, or cosmological duals. If so,

undecidability could represent a pervasive feature of
quantum gravity. This would imply that many aspects of
spacetime structure could be beyond algorithmic reach
[80], and would require a form of nonalgorithmic under-
standing that transcends the Gödel-Turing barrier [67,81].
Just like algorithmic computation, such non-algorithmic
understanding is intrinsic to nature.
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