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Undecidability in spacetime geometry via the AdS/CFT correspondence
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Undecidability, a hallmark of Godel incompleteness theorems, has recently emerged in quantum many-
body physics through the spectral gap problem. We demonstrate how this logical limitation can be
holographically transmitted to a class of gravitational theories via the AdS/CFT correspondence. By
embedding a translationally invariant spin Hamiltonian with undecidable gap status into a large-N gauge
theory, we generate an anti—de Sitter (AdS) dual in which the selection of dominant bulk saddle (Poincaré
AdS or AdS soliton) is itself undecidable. Consequently, under standard semiclassical holographic
assumptions, even determining which smooth spacetime geometry emerges from quantum gravity can be

beyond the limits of computability.

DOI: 10.1103/zqgt-6qp7

Introduction. The AdS/CFT correspondence provides a
concrete realization of the holographic principle [1,2],
relating a quantum gravitational theory (string theory or
M theory) in anti—de Sitter (AdS) spacetime to a conformal
field theory (CFT) on its boundary [3-5]. A powerful
feature of this correspondence is its strong-weak nature:
when the boundary CFT is strongly coupled, the bulk
gravity theory is weakly coupled and perturbatively trac-
table. This makes it possible to compute correlation
functions [4] and transport properties in strongly interacting
systems. Beyond these applications, the correspondence
represents a major advance, providing a nonperturbative
formulation of string theory with specific boundary con-
ditions. In principle, AAS/CFT allows one to extract all bulk
physics from the boundary CFT [6-12], provided that a
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complete mapping between the observables of the two
theories is established [13].

An important problem when exploiting this correspon-
dence is to identify which bulk saddle dominates the
gravitational path integral for a given boundary CFT or,
equivalently, which semiclassical spacetime emerges, since
multiple bulk saddles may be consistent with the same
boundary data. For instance, both thermal AdS and AdS
black holes satisfy the same boundary conditions [14], with
the dominant saddle determining whether the boundary
CFT s in a confined or deconfined phase [15]. Similarly, an
AdS soliton can energetically dominate Poincaré AdS
under certain conditions [16], indicating a different pre-
ferred vacuum state. Saddle-point selection underlies
bulk reconstruction [17,18], sets the semiclassical back-
ground for Hawking radiation and the black hole informa-
tion problem [19], and influences locality in emergent
spacetime [20].

The selection of the dominant bulk geometry is therefore
central to holography and to the ability to use an underlying
quantum gravitational theory to derive semiclassical
results. Here, we show that there exists a class of AdS/
CFT scenarios in which this selection is undecidable.

Our starting point is the work by Cubitt-Pérez-Garcia-
Wolf (CPW) [21], who demonstrated that given a quantum
many-body Hamiltonian it is, in general, computationally
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impossible to determine whether the system it describes is
gapped or gapless. The meaning of this statement is twofold.
First, no algorithm can decide in finite time whether such a
system is gapped or gapless, in the same sense that the
halting problem is algorithmically undecidable [22]. Second,
for any consistent axiomatization of mathematics, there exist
specific Hamiltonians for which the presence or absence of a
spectral gap cannot be decided within those axioms. This is
the form of undecidability established by Godel’s incom-
pleteness theorems [23].

We demonstrate here that the problem of the selection of
dominant bulk geometry (Poincaré AdS vs AdS soliton) is
dual to the spectral-gap problem of the boundary quantum
many-body system. We map the local, translationally
invariant Hamiltonian of Ref. [21] into a Euclidean path-
integral formulation using a Trotter decomposition, and
decouple its interactions by introducing an auxiliary scalar
field through a Hubbard-Stratonovich transformation. The
scalar field encodes the halting bit of the Turing machine
through a coupling that persists in the continuum limit. We
then recast this scalar field theory as an adjoint matrix
model with a non-Abelian gauge structure. This reformu-
lation allows us to properly define the large-N limit, in
which the matrix theory admits a holographic dual
described by gravity in asymptotically AdS spacetime with
a bulk scalar mode sourced by the boundary scalar operator.

The key observation is that the sign of the scalar effective
mass term, fixed by the same undecidable halting predicate
as in the boundary spectral-gap problem, determines which
smooth geometry dominates: Poincaré AdS (gapless phase)
or the AdS soliton (gapped phase).

Preliminaries. We briefly recall the CPW construction [21],
which established the undecidability of the spectral-gap
problem (see also Sec. I of the Supplemental Material [24]).
Consider translation-invariant, spin Hamiltonians H; with
nearest-neighbor, finite-range interactions on a 2D lattice
of size L x L, with each site carrying a local Hilbert
space dimension d. The spectral gap is the difference
between the first excited state and the ground state,
ye = E{(L) — Eq(L). A uniform spectral gap, i.e., the
existence of a lower bound A > 0 such that inf; y; > A,
implies exponential decay of correlations (clustering) and
stability of the quantum phase [37]. On the other hand, if
lim inf;_ y; =0, the system is gapless and supports
arbitrarily low-energy excitations [38].

Using the Feynman-Kitaev history state [39-42], a
universal Turing machine on input u is mapped to a
frustration free k-local Hamiltonian. If the computation halts
after runtime 7', the history state carries weight 1/(7 + 1) on
the halting configuration. In this case an additional output
term, Hyy, = 8(T)I,,, then shifts the ground state energy
by 8(T)/(T + 1), and by zero otherwise.

The CPW construction embeds this computational layer
into the above lattice and couples it to a spectral scaling

mechanism so that, if halting occurs, the effect produces a
finite shift in the energy density as L — co. This defines a
computable map u — H(u) that assigns to each input u a
set of nearest-neighbor interactions, namely a translation-
invariant nearest-neighbor Hamiltonian on Z? (here Z°
denotes the two-dimensional integer lattice), with the one of
two alternatives: if the machine halts, there exists A(u) >0
with y;(u) > A(u) V L (gapped phase); if it does not,
lim inf; _ oy, («) = O (gapless phase). Any algorithm that
would allow one to decide, from the finite description of
h(u), which case holds, would solve the halting problem.
Because no such algorithm therefore exists, the spectral-gap
promise problem is Turing undecidable. This obstruction
persists even in one-dimensional quantum spin chains [21].

Godel incompleteness and Turing’s halting problem are
two faces of the same coin: a consistent, recursively
axiomatizable theory cannot be complete (or it would
decide halting), and a halting decider would make such
a theory complete [43,44]. The obstruction for quantum
chains is therefore Godelian: the Turing undecidability
of the spectral-gap predicate means that, for certain
Hamiltonians, the statement of whether they are gapped
or gapless is formally independent of any consistent
computably axiomatizable theory, i.e., it can be neither
proved nor refuted within that theory.

Euclidean path-integral representation. We denote by 9(u)
the CPW halting predicate, equal to 1 if the machine halts
on input u# and O otherwise. As we outline here, in the
continuum, 9(u) survives as a relevant scalar-mass oper-
ator, making the infrared (IR) choice between gapped and
gapless phases algorithmically undecidable. We refer the
reader to Supplemental Material [24], Sec. II, for details.

Starting from the partition function Z;(f,u) =
Tryy, [e7PH ()], a Suzuki-Trotter decomposition [45-47]
can map the system to a (24 1)D classical statistical
model, accurate up to O(a?) with a, = /N,. Here, N,
denotes the number of discrete time slices in the Euclidean-
time direction, so that the continuum limit corresponds to
N, — . The Lieb-Robinson bound [48] ensures a finite
signal velocity (compatible with relativity) but does not by
itself fix the dynamical exponent z that sets the anisotropic
scaling between space and time. We restrict to microscopic
models that flow to a Lorentz-invariant (z = 1) fixed point
[e.g., the O(N) Wilson-Fisher class], so that our Hubbard-
Stratonovich (HS) continuum description applies.

A Hubbard-Stratonovich (HS) decoupling yields, after
integrating out spins, an O(N,,) scalar theory (with N, the
number of spin components) with bare FEuclidean
Lagrangian,

Lo =3 Q) @9 + 50 + 5 (o)
+ Ghan 9" (1)
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where gy, = 9(u)p; includes the halting bit, y, is a scale
factor with the dimensions of a mass,and A =1,...,N,. A
one-loop renormalization group analysis shows that gy, 1S
a relevant deformation (its coupling grows under coarse
graining). The effective mass of the scalar field is
mZ(u) = m?* + g + Zioop(4). The Zjo0,(4) encodes loop
corrections to the scalar mass. Renormalizing the system by
enforcing m? + Zjp0p(4) = 0 gives mZ(u) = 9(u)u; to
leading order. In this case, the effective mass is controlled
entirely by the halting deformation: if &(u) =0 then
m2; = 0, placing the IR theory at the Wilson-Fisher critical
point (gapless, with long-range/power-law correlations)
[49,50]. If 9(u) = 1 then m2; > 0, yielding a uniformly
gapped phase with correlation length & = A~! and expo-
nential clustering. Since m2;(u) depends on the uncom-
putable predicate 9(u), the distinction between gapless and
gapped outcomes is algorithmically undecidable.

Matrix theory. We promote the O(N,,) vector theory to an
SU(N.) matrix theory by choosing N, = N2—1 and
repackaging the vectors as an adjoint matrix M(x) =
SN pa(x)TA, where T4 €8u(N,) (with Tr[TATE] =
16%%). Gauging this global symmetry to SU(N..) introduces
a non-Abelian gauge field A, with covariant derivative
DM = 0,M —i[A,,M] and field strength F,, = d,A, —
d,A, —ilA,, A,] (see Supplemental Material [24], Sec. III,
for details). The adjoint action is

1
Satj = N, / d*xTr [(DMM)2 + m?M? + AM* + 4—2F,2w
g

+Nc/d3x.ghalt Tr(M2)7 (2)

with fixed ’t Hooft coupling 4 = ¢°N, [51].

This choice ensures that the planar (large-N ) limit of the
matrix model reproduces the large-N, behavior of the HS
vector theory introduced above. At large N., vacuum dia-
grams are organized by genus £, with contributions scaling as
N272k_ As a consequence, connected correlators factorize at
leading order (Tr M*Tr M?) = (Tr M*)(Tr M?) + O(N?),
so that a single planar saddle controls the dynamics [52].
Standard d = 3 renormalization gives a finite planar one-loop
shift X555 (4, A) = O(1), (where A is the UV cutoff) giving
the classical quadratic action

S, =N, / d3xTr[(0ﬂM)2 + mgﬁ.MZ] (3)
Here, X, is the finite planar one-loop self-energy, and

imposing m? + Zj,q, =0 gives mZ; = gy, to leading order.
The self-energy has a genus expansion,

(k) = i N2, (k, 4, A), (4)
h=0

with planar part Ty = O(1) and T, = O(N72") for h > 1
[53]. Therefore, nonplanar terms cannot significantly affect
mZ, and in the planar limit the IR phase is still determined
by the undecidable predicate 9(u).

Equivalently, examining the problem in terms of
the spectral gap, for a finite cubic box of side L with
periodic boundary conditions, the propagator and
dispersion relation are, respectively (for details, see
Supplemental Material [24])

1
G(p) = m, E(p) = \/ P>+ mgff. (5)
eff

The spectral gap for nonzero momentum modes is
y\P7)(u) = \/(2x/L)? + m%; (). In the thermodynamic
limit, A(u) =lim;_ o 7. (u) = meg(u). A positive A(u)
implies exponentially decaying correlations with correla-
tion length £ = A~!, and a stable gapped phase. When
m%;(u) = 0, correlations display a power-law behavior
corresponding to an IR CFT with dynamical exponent
z=1.

The halting term is again crucial in determining which
regime is realized: 9(u) = 0 yields criticality; if 9(u) = 1,
then m2,(u) > ¢ > 0 uniformly in L, leading to a gapped
phase (see Supplemental Material [24]). Since no Turing
machine can infer the behavior of 9(u) from microscopic
data [21], undecidability holds even for the large-N,
continuum matrix theory. As we will see, the question of
which phase ultimately arises corresponds holographically
to the selection of the dominant bulk geometry.

Ultraviolet completion. Having shown that the halting
deformation survives at large N. and governs the IR
behavior, we now justify its microscopic origin. By
performing a real-space coarse-graining and introducing
a HS field to linearize the interblock couplings, one obtains
an adjoint SU(N,) gauge-scalar completion with an emer-
gent non-Abelian connection and Yang-Mills kinetic term
TrF,, F*. As shown in Sec. IV of [24], the Yang-Mills
sector arises naturally under this construction, while the
halting deformation contributes only through the scalar
mass shift m*> — m2;. To leading order, the halting defor-
mation enters only through the mass shift and leaves the
gauge kinetic term unchanged. Hence, the only relevant
quantities are m%; and the large-N,. scaling, where m2; is
determined by the undecidable predicate 9(u).
Confinement is probed by the Wilson loop W(C) =
N%Tr P exp(i $- A, dx*), whose area law encodes the string

tension. At fixed ’t Hooft coupling A = ¢°N,, connected
vacuum diagrams of genus A scale as N272"; hence,
nonplanar terms are O(N;2) and do not affect the leading
behavior of m?%; (see ribbon-graph analysis in Sec. III of
[24]). The partition function admits the large-N,. expansion
InZ(N . A) =450 N*2"F), (1) which shows that the
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planar sector 47 = O dominates. Interpreted holographically,
this is a string-loop expansion with coupling g, ~ 1/N,
while 4 sets the effective string tension. Hence, the planar
limit corresponds to classical bulk gravity in AdS/CFT and
1/N_ terms encode string loop corrections [51,52]. Crucially,
any N -independent deformation, in particular the halting
term gpy in Mm%, survives at planar order and determines the
classical bulk geometry, while 1/N,. effects are parametri-
cally subleading and cannot overturn this shift.

Holographic duality and competing geometries. In the
holographic planar limit, the stress tensor of adjoint matter
scales as (T,,) ~ O(N?), while the AdS/CFT matching
fixes the gravitational coupling through L4~'/G ., ~ N2.
Their product G4(T,,) is therefore O(1), indicating that the
halting-bit deformation produces a classical backreaction
on the geometry. Accordingly, our analysis is performed
at leading classical order in supergravity, with higher-
derivative and loop effects subleading.

We now examine how undecidability manifests in the
competition between semiclassical bulk geometries. In the
N, — oo limit, the source for the operator O = Tr M? in
the boundary theory is implemented by Gubser-Klebanov-
Polyakov-Witten (GKPW) prescription,

Zoprld) = exp| =Sl = 1) (6)

where the bulk action includes the Einstein-Hilbert term, the
Gibbons-Hawking- York boundary term, and counterterms:

1 6
_ 4y —al R+ —
Sy 167rG4/deV g( +L2>
1 3
. —vK . 7
+8ﬂG4Ade\/7 + Suly] (7)

Holographic renormalization ensures that the boundary
stress tensor is traceless for a flat 3D boundary (d = 3)
[54,55], as expected for a CFT. Validity of the semiclassical
approximation for the bulk geometry requires that the AdS
radius is much larger L > £, (g > 1, £2/L* ~13"%) to
suppress 1/N?2 loops (where 7, is the fundamental string
length) [56-58].

The source J couples to a bulk scalar @ satisfying
(0, —m%)® =0 with near-boundary expansion ®=
2780y (x) + 22 Poas) (x) + -+, and mgL* = A(A - 3),
where ¢ o) =J and ¢p5_3) o (TrM?) [59]. Tuning ¢, =0
gives Poincaré AdS,,

L2
ds* = =z (d2* + n,dxtdx”), (8)

which represents the gapless critical phase. Turning on the
halting deformation, 9(u) = 1 (¢ # 0) drives ® away from
the critical point and can give rise, within the (7', Ly) window
discussed below, to the Euclidean AdS, soliton geometry [16]:

2 2

ds? = % (d7® + dx* + f(r)d6?) + 0 dr,
B 70\ 3 4rL?
fir)=1 <r> , 0~0-+ 3 9)

Here, the boundary topology is S!(f) x R, x S}(L), with
the soliton caps S}, (contractible) and the black brane caps S!
(thermal).

The corresponding free-energy densities per unit x
length are Fy, = —c,/L3 and Fy, = —c;T°Ly, which
coincide at the critical temperature T.(Ly) = (E—;)'/ T
A relevant boundary (multitrace) deformation proportional
to 9(u) modifies the UV coefficients (c;, c¢7) and the mixed
(Robin) boundary condition of the dual scalar, shifting
the critical temperature 7. while preserving large-N,
scalings and the high-7" dominance of the AdS, black
brane (see [24], Secs. V and VI). We focus in a low-
temperature window with /L, > 1, where the only two
smooth, static, translation-invariant saddles are thermal
Poincaré AdS, and the AdS, soliton. Their renormalized
on-shell actions satisfy I[gp] =0 and I[gs] < 0. In the
undeformed theory, the transition occurs at 7.~ 1/Ly;
within this window 9(u) =0 selects the deconfined
(Poincaré) branch (T > T,) and 9(u) =1 selects the
confining (soliton) branch (7" < T_.). In the planar limit,
large-N . factorization implies that the deformation affects
only one-point data, e.g., sources and expectation values,
without affecting the saddle competition.

We implement the deformation through mixed (Robin)
boundary conditions for the bulk scalar, following standard
GKPW holography [55,60]. Near the boundary z — O,
D(z,x) = 2oy (0) + 22 F0 + -+, and  mi, L2 =
A(A—d), so ¢ sources J and A obeying the
Breitenlohner-Freedman relation [61]. The mixed boun-
dary condition, ¢xa_q)(X) = Kpay®P(0)(x), implements the
double-trace deformation. Matching the stress tensor fixes
L1 /Gyy ~ N?[54], so that ¢ o (L1 /G4pp) ~ N? and
(TT) scales accordingly [62].

The classical supergravity regime requires both large
A= ¢*?N_,> 1, ensuring that higher-derivative corrections
are small, and large N.. In this regime, the halting
deformation enters only through the boundary coupling
0.®|,_o = Kpay®(0)> Koay & gnaL that eventually deter-
mines which bulk phase is realized. Since the halting
predicate is uncomputable, the resulting choice of dominant
bulk geometry is itself undecidable within the holographic
picture (see [24], Sec. V).

Vacuum selection on S}j x R? (Casimir test). As an explicit

example, consider the boundary metric yl(-j-))dxi dx/ =
dr® + dx*> +dy*,0 < 7 < 8, which describes a spatially
infinite system compactified on a Euclidean time circle of
circumference f. If the theory is gapless, the vacuum is

scale and translation invariant with vanishing expectation
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value of the stress tensor (7';;) = 0. The corresponding bulk
saddle is Poincaré AdS,, where the Brown-York tensor also
vanishes [54,63]. If the spectrum is gapped, compactifica-
tion on Sb gives a negative Casimir energy. For a free

massive scalar of mass m, with periodic boundary con-
ditions for yg-)), zeta-function methods [64,65] give

2

m: o~ K (m,np)
_27/72,52 p <0 (10)

ECas (ﬁ’ m*) =
n=1

with K; the modified Bessel function. As expected, the
Casimir energy vanishes as m, 8 — oo. The dual saddle is in

this case the AdS, soliton [24], whose Brown-York tensor

3
matches (10) at leading order in G4(T..)s, = —#G“w;,

. 2
<Txx> = <Tyy> = _% <Trr>’ with ro = 43”LLH >
expected tracelessness [16]. Putting these results together

leads to the following cases:

ensuring the

2
Mg =0

. O’
<Tli> = { 3r3 (11)

2
—m < 0, meff > O

Therefore, 9(u) determines whether the vacuum stress tensor
vanishes (gapless CFT/Poincaré AdS,) or carries a negative
Casimir energy (gapped CFT/AdS, soliton). This stress-
tensor makes the holographic undecidability concrete: the
boundary signature of the vacuum, just like the bulk geometry
itself, is fixed by an uncomputable predicate (see Sec. Vof the
Supplemental Material [24]). Under standard holographic
assumptions (large N, large A, classical gravity, and static
translation-invariant bulk geometries), deciding the dominant
Euclidean AdS, saddle on Sj; x R? is therefore algorithmi-
cally undecidable (see [24], Sec. VI). So, here Tarski’s
external truth predicate [66,67] would be needed to fix which
semiclassical saddle (Poincaré AdS, or the AdS, soliton)
emerges as the dominant spacetime.

String theoretic interpretation. A natural concern is that
semiclassical holography is highly nongeneric. Large N
and large 't Hooft coupling are necessary but not, by
themselves, sufficient to ensure an Einstein gravity regime.
In known examples, semiclassical bulk locality is tied to
additional CFT structure, in particular a sparse set of low-
dimension single-trace operators together with a parametri-
cally large gap to higher-spin and stringy excitations
[68-70]. We therefore phrase our conclusions in the
explicitly conditional form adopted throughout the paper.
We construct a computable family of large N theories in
which an undecidable microscopic input selects a relevant
deformation, and we analyze the resulting competition of
smooth Euclidean bulk fillings under the standard GKPW
hypothesis that the theories under consideration admit a
semiclassical holographic description [3-5].

The simplified model is chosen only to keep the
reduction and the saddle comparison completely explicit.

The underlying computational logic is not model depen-
dent. In any holographic CFT, one follows the same
sequence of steps: specify the deformation, identify the
dual bulk field and the corresponding boundary data,
construct the candidate saddles compatible with the pre-
scribed boundary geometry and sources, and determine
dominance by comparing the renormalized on-shell actions
using standard holographic renormalization [55,71]. In this
precise sense, our construction provides a prototype for
analogous computations in any holographic setting where
the dual is established and the semiclassical gravitational
path integral is under quantitative control, including bench-
mark dual pairs such as planar A =4 super-Yang-
Mills theory and Aharony—Bergman—Jafferis—Maldacena
(ABJM) theory theory [3,72].

From a string-theoretic viewpoint, the extra ingredient
required to export the mechanism to such top-down settings
is not a new dynamical sector, but a choice of boundary
coupling. In the AdS/CFT dictionary, switching on a relevant
deformation corresponds to prescribing boundary data for
the dual bulk scalar, usually by fixing the non-normalizable
mode in standard quantization and, more generally, by
imposing mixed boundary conditions when multitrace
deformations are included [60,73]. Equivalently, one choo-
ses a point in the space of couplings of the brane worldvo-
lume theory. In the bulk this is implemented by turning on
the corresponding supergravity mode with specified asymp-
totics, often interpretable in terms of moduli in the under-
lying brane construction. The role of the undecidable
predicate 9(u) is then minimal, as it only selects which
value of a chosen relevant coupling is realized.

To make the export to top-down settings concrete while
staying within the same semiclassical logic, one may place
the boundary theory on S%~! x S! (or on a spatial circle),
and work in regimes where more than one smooth
Euclidean bulk filling is admissible for the same prescribed
boundary geometry and sources. A protected relevant
deformation then shifts the renormalized on-shell action
difference between the competing saddles. In planar NV = 4
super-Yang-Mills theory, a canonical example is the N/ = 2*
mass deformation [74—76], while in ABJM one can consider
supersymmetry-preserving mass deformations with a well-
developed large-N and holographic description [77-79]. In
suitable deformation families of this type, varying the relevant
coupling can, in favorable cases, lead to distinct semiclassical
saddles with qualitatively different infrared behavior, in direct
analogy with the branch structure exhibited by our explicit
computable family. Once the boundary choice is made, the
remainder of the analysis reduces to the standard semi-
classical comparison of admissible Euclidean fillings via
their renormalized on-shell actions.

Conclusions. We have shown that undecidability in the
spectral-gap problem for quantum many-body systems can
be faithfully transmitted, via the AdS/CFT correspondence,
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into the bulk geometry selection problem of semiclassical
AdS gravity. To our knowledge, this provides the first
concrete realization of a Godel-Turing type obstruction in a
holographic setting. The validity of this conclusion is
conditioned on standard assumptions in holography: sup-
pression of higher-derivative and string corrections,
uniqueness of smooth saddles under fixed boundary con-
ditions, and the validity of the large-N planar limit.
While our result relies on a specific holographic con-
struction, it suggests that undecidability can be a robust
property of holographic duality and can constrain the very
emergence of spacetime itself. A natural question is
whether similar undecidable structures might arise in
other holographic settings, such as black hole microstates,
string compactifications, or cosmological duals. If so,

undecidability could represent a pervasive feature of
quantum gravity. This would imply that many aspects of
spacetime structure could be beyond algorithmic reach
[80], and would require a form of nonalgorithmic under-
standing that transcends the Godel-Turing barrier [67,81].
Just like algorithmic computation, such non-algorithmic
understanding is intrinsic to nature.

Acknowledgments. We thank Aatif Kaisar Khan for useful
discussions on undecidability. We also thank the anony-
mous referee for constructive comments that improved
the paper.

Data availability. No data were created or analyzed in
this study.

[1] G. ’t Hooft, Conf. Proc. C 930308, 284 (1993).

[2] L. Susskind, J. Math. Phys. (N.Y.) 36, 6377 (1995).

[3] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998).

[4] S.S. Gubser, I.R. Klebanov, and A. M. Polyakov, Phys.
Lett. B 428, 105 (1998).

[5] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998).

[6] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri, and
Y. Oz, Phys. Rep. 323, 183 (2000).

[7] E. D’Hoker and D. Z. Freedman, in Theoretical Advanced
Study Institute in Elementary Particle Physics (TASI 2001 ):
Strings, Branes and Extra Dimensions (TASI, Boulder, CO,
2002), pp. 3-158.

[8] H. Nastase, arXiv:0712.0689.

[9] S.S. Gubser and A. Karch, Annu. Rev. Nucl. Part. Sci. 59,
145 (2009).

[10] S. A. Hartnoll, Classical Quantum Gravity 26, 224002
(2009).

[11] J. McGreevy, Adv. High Energy Phys. 2010, 723105 (2010).

[12] J. Penedones, in Theoretical Advanced Study Institute in
Elementary Particle Physics: New Frontiers in Fields and
Strings (TASI, Boulder, CO, 2017), pp. 75-136.

[13] N. Kajuri, SciPost Phys. Lect. Notes 22, 1 (2021).

[14] S. W. Hawking and D. N. Page, Commun. Math. Phys. 87,
577 (1983).

[15] E. Witten, Adv. Theor. Math. Phys. 2, 505 (1998).

[16] G.T. Horowitz and R. C. Myers, Phys. Rev. D 59, 026005
(1998).

[17] A. Hamilton, D. N. Kabat, G. Lifschytz, and D. A. Lowe,
Phys. Rev. D 74, 066009 (2006).

[18] A. Almheiri, X. Dong, and D. Harlow, J. High Energy Phys.
04 (2015) 163.

[19] J. M. Maldacena, J. High Energy Phys. 04 (2003) 021.

[20] D. Kabat, G. Lifschytz, and D. A. Lowe, Phys. Rev. D 83,
106009 (2011).

[21] T. Cubitt, D. Perez-Garcia, and M.M. Wolf, Nature
(London) 528, 207 (2015).

[22] A.M. Turing, Proc. London Math. Soc. s2-42, 230 (1937).

[23] K. Godel, Monatsh. Math. Phys. 38, 173 (1931).

[24] See  Supplemental Material at  http:/link.aps.org/
supplemental/10.1103/zqgf-6qp7  https://link.aps.org/sup-
plemental/ for detailed discussion, including Refs. [25-36].

[25] S. Bravyi and M. B. Hastings, Commun. Math. Phys. 307,
609 (2011).

[26] R.P. Feynman, Int. J. Theor. Phys. 21, 467 (1982).

[27] R. P. Feynman, Found. Phys. 16, 507 (1986).

[28] D. Aharonov, D. Gottesman, S. Irani, and J. Kempe,
Commun. Math. Phys. 287, 41 (2009).

[29] D. Aharonov, D. Gottesman, S. Irani, and J. Kempe,
Commun. Math. Phys. 287, 41 (2009).

[30] E. H. Fradkin, Field Theories of Condensed Matter Physics
(Cambridge University Press, Cambridge, England, 2013).

[31] S. Sachdev, Phys. World 12, 33 (1999).

[32] D. V. Vassilevich, Phys. Rep. 388, 279 (2003).

[33] R. Camporesi and A. Higuchi, J. Math. Phys. (N.Y.) 35,
4217 (1994).

[34] G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15, 2752
(1977).

[35] S.M. Christensen and M. J. Duff, Nucl. Phys. B170, 480
(1980).

[36] . G. Avramidi, Heat Kernel and Quantum Gravity
(Springer, New York, 2000).

[37] M. B. Hastings and T. Koma, Commun. Math. Phys. 265,
781 (20006).

[38] B. Nachtergaele and R. Sims, arXiv:1004.2086.

[39] R. P. Feynman, Opt. News 11, 11 (1985).

[40] A.Y. Kitaev, Russ. Math. Surv. 52, 1191 (1997).

[41] A.Y. Kitaev, A. Shen, and M. N. Vyalyi, Classical and
Quantum Computation, Graduate Studies in Mathematics
Vol. 47, (American Mathematical Society, Providence, RI,
2002).

[42] J. Kempe, A. Kitaev, and O. Regev, SIAM J. Comput. 35,
1070 (2006).

L021904-6


https://doi.org/10.1063/1.531249
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.4310/ATMP.1998.v2.n2.a2
https://doi.org/10.1016/S0370-1573(99)00083-6
https://arXiv.org/abs/0712.0689
https://doi.org/10.1146/annurev.nucl.010909.083602
https://doi.org/10.1146/annurev.nucl.010909.083602
https://doi.org/10.1088/0264-9381/26/22/224002
https://doi.org/10.1088/0264-9381/26/22/224002
https://doi.org/10.1155/2010/723105
https://doi.org/10.21468/SciPostPhysLectNotes.22
https://doi.org/10.1007/BF01208266
https://doi.org/10.1007/BF01208266
https://doi.org/10.4310/ATMP.1998.v2.n3.a3
https://doi.org/10.1103/PhysRevD.59.026005
https://doi.org/10.1103/PhysRevD.59.026005
https://doi.org/10.1103/PhysRevD.74.066009
https://doi.org/10.1007/JHEP04(2015)163
https://doi.org/10.1007/JHEP04(2015)163
https://doi.org/10.1088/1126-6708/2003/04/021
https://doi.org/10.1103/PhysRevD.83.106009
https://doi.org/10.1103/PhysRevD.83.106009
https://doi.org/10.1038/nature16059
https://doi.org/10.1038/nature16059
https://doi.org/10.1112/plms/s2-42.1.230
http://link.aps.org/supplemental/10.1103/zqgf-6qp7
http://link.aps.org/supplemental/10.1103/zqgf-6qp7
http://link.aps.org/supplemental/10.1103/zqgf-6qp7
http://link.aps.org/supplemental/10.1103/zqgf-6qp7
http://link.aps.org/supplemental/10.1103/zqgf-6qp7
https://doi.org/10.1007/s00220-011-1346-2
https://doi.org/10.1007/s00220-011-1346-2
https://doi.org/10.1007/BF02650179
https://doi.org/10.1007/BF01886518
https://doi.org/10.1007/s00220-008-0710-3
https://doi.org/10.1007/s00220-008-0710-3
https://doi.org/10.1088/2058-7058/12/4/23
https://doi.org/10.1016/j.physrep.2003.09.002
https://doi.org/10.1063/1.530850
https://doi.org/10.1063/1.530850
https://doi.org/10.1103/PhysRevD.15.2752
https://doi.org/10.1103/PhysRevD.15.2752
https://doi.org/10.1016/0550-3213(80)90423-X
https://doi.org/10.1016/0550-3213(80)90423-X
https://doi.org/10.1007/s00220-006-0030-4
https://doi.org/10.1007/s00220-006-0030-4
https://arXiv.org/abs/1004.2086
https://doi.org/10.1070/RM1997v052n06ABEH002155
https://doi.org/10.1137/S0097539704445226
https://doi.org/10.1137/S0097539704445226

UNDECIDABILITY IN SPACETIME GEOMETRY VIA THE ...

PHYS. REV. D 113, L021904 (2026)

[43] G.S. Boolos, J. P. Burgess, and R. C. Jeffrey, Computability
and Logic, 5th ed. (Cambridge University Press,
Cambridge, England, 2007).

[44] R. M. Smullyan, Gddel’s Incompleteness Theorems (Oxford
University Press, New York, 1992).

[45] H. Trotter, Proc. Am. Math. Soc. 10, 545 (1959).

[46] M. Suzuki, Commun. Math. Phys. 51, 183 (1976).

[47] H. De Raedt and B. De Raedt, Phys. Rev. A 28, 3575
(1983).

[48] E. H. Lieb and D. W. Robinson, Commun. Math. Phys. 28,
251 (1972).

[49] K. G. Wilson and J. B. Kogut, Phys. Rep. 12, 75 (1974).

[50] C. Bagnuls and C. Bervillier, Phys. Rep. 348, 91 (2001).

[51] G. ’t Hooft, Nucl. Phys. B72, 461 (1974).

[52] E. Witten, Nucl. Phys. B160, 57 (1979).

[53] S. Coleman, Aspects of Symmetry: Selected Erice Lectures,
(Cambridge University Press, Cambridge, England, 1985).

[54] M. Henningson and K. Skenderis, Fortschr. Phys. 48, 125
(2000).

[55] K. Skenderis, Classical Quantum Gravity 19, 5849 (2002).

[56] J. Polchinski, String Theory. Vol. 1: An Introduction to the
Bosonic String, Cambridge Monographs on Mathematical
Physics (Cambridge University Press, Cambridge, England,
2007).

[57] J. Polchinski, String Theory. Vol. 2: Superstring Theory
and Beyond, Cambridge Monographs on Mathematical
Physics (Cambridge University Press, Cambridge, England,
2007).

[58] L R. Klebanov, in Theoretical Advanced Study Institute in
Elementary Particle Physics (TASI 99): Strings, Branes,
and Gravity (TASI, Boulder, CO, 2000), pp. 615-650.

[59] D.Z. Freedman, S. D. Mathur, A. Matusis, and L. Rastelli,
Nucl. Phys. B546, 96 (1999).

[60] E. Witten, arXiv:hep-th/0112258.

[61] P. Breitenlohner and D.Z. Freedman, Ann. Phys. (N.Y.)
144, 249 (1982).

[62] V. Balasubramanian, P. Kraus, and A. E. Lawrence, Phys.
Rev. D 59, 046003 (1999).

[63] H. Osborn and A. C. Petkou, Ann. Phys. (N.Y.) 231, 311
(1994).

[64] E. Elizalde, S. D. Odintsov, A. Romeo, A. A. Bytsenko, and
S. Zerbini, Zeta Regularization Techniques with Applica-
tions (World Scientific, Singapore, 1994).

[65] E. Elizalde, J. Phys. A 41, 304040 (2008).

[66] A. Tarski, Stud. Phil. 1, 261 (1936) [English translation in
Logic, Semantics, Metamathematics (Clarenton Press,
Oxford, 1956)].

[67] M. Faizal, L. Krauss, A. Shabir, and F. Marino, J. Hologr.
Appl. Phys. 5, 10 (2025).

[68] I. Heemskerk, J. Penedones, J. Polchinski, and J. Sully,
J. High Energy Phys. 10 (2009) 079.

[69] 1. Heemskerk and J. Sully, J. High Energy Phys. 09 (2010)
099.

[70] N. Afkhami-Jeddi, T. Hartman, S. Kundu, and A. Tajdini,
J. High Energy Phys. 12 (2017) 049.

[71] M. Henningson and K. Skenderis, J. High Energy Phys. 07
(1998) 023.

[72] O. Aharony, O. Bergman, D.L. Jafferis, and J. M.
Maldacena, J. High Energy Phys. 10 (2008) 091.

[73] T. Hartman and L. Rastelli, J. High Energy Phys. 01 (2008)
019.

[74] V. Pestun, Commun. Math. Phys. 313, 71 (2012).

[75] K. Pilch and N.P. Warner, Nucl. Phys. B594, 209
(2001).

[76] X. Chen-Lin, A. Dekel, and K. Zarembo, J. High Energy
Phys. 02 (2016) 109.

[77] J. Gomis, D. Rodriguez-Gomez, M. Van Raamsdonk, and
H. Verlinde, J. High Energy Phys. 09 (2008) 113.

[78] T. Nosaka, K. Shimizu, and S. Terashima, J. High Energy
Phys. 03 (2017) 121.

[79] D. Jang, Y. Kim, O.-K. Kwon, and D.D. Tolla, J. High
Energy Phys. 04 (2017) 104.

[80] M. Faizal, L. M. Krauss, A. Shabir, F. Marino, and B.
Pourhassan, Int. J. Mod. Phys. D 34, 2544017 (2025).

[81] M. Faizal, A. Shabir, and A. K. Khan, Nucl. Phys. B1010,
116774 (2025).

L021904-7


https://doi.org/10.1090/S0002-9939-1959-0108732-6
https://doi.org/10.1007/BF01609348
https://doi.org/10.1103/PhysRevA.28.3575
https://doi.org/10.1103/PhysRevA.28.3575
https://doi.org/10.1007/BF01645779
https://doi.org/10.1007/BF01645779
https://doi.org/10.1016/0370-1573(74)90023-4
https://doi.org/10.1016/S0370-1573(00)00137-X
https://doi.org/10.1016/0550-3213(74)90154-0
https://doi.org/10.1016/0550-3213(79)90232-3
https://doi.org/10.1002/(SICI)1521-3978(20001)48:1/3%3C125::AID-PROP125%3E3.0.CO;2-B
https://doi.org/10.1002/(SICI)1521-3978(20001)48:1/3%3C125::AID-PROP125%3E3.0.CO;2-B
https://doi.org/10.1088/0264-9381/19/22/306
https://doi.org/10.1016/S0550-3213(99)00053-X
https://arXiv.org/abs/hep-th/0112258
https://doi.org/10.1016/0003-4916(82)90116-6
https://doi.org/10.1016/0003-4916(82)90116-6
https://doi.org/10.1103/PhysRevD.59.046003
https://doi.org/10.1103/PhysRevD.59.046003
https://doi.org/10.1006/aphy.1994.1045
https://doi.org/10.1006/aphy.1994.1045
https://doi.org/10.1088/1751-8113/41/30/304040
https://doi.org/10.22128/jhap.2025.1024.1118
https://doi.org/10.22128/jhap.2025.1024.1118
https://doi.org/10.1088/1126-6708/2009/10/079
https://doi.org/10.1007/JHEP09(2010)099
https://doi.org/10.1007/JHEP09(2010)099
https://doi.org/10.1007/JHEP12(2017)049
https://doi.org/10.1088/1126-6708/1998/07/023
https://doi.org/10.1088/1126-6708/1998/07/023
https://doi.org/10.1088/1126-6708/2008/10/091
https://doi.org/10.1088/1126-6708/2008/01/019
https://doi.org/10.1088/1126-6708/2008/01/019
https://doi.org/10.1007/s00220-012-1485-0
https://doi.org/10.1016/S0550-3213(00)00656-8
https://doi.org/10.1016/S0550-3213(00)00656-8
https://doi.org/10.1007/JHEP02(2016)109
https://doi.org/10.1007/JHEP02(2016)109
https://doi.org/10.1088/1126-6708/2008/09/113
https://doi.org/10.1007/JHEP03(2017)121
https://doi.org/10.1007/JHEP03(2017)121
https://doi.org/10.1007/JHEP04(2017)104
https://doi.org/10.1007/JHEP04(2017)104
https://doi.org/10.1142/S0218271825440171
https://doi.org/10.1016/j.nuclphysb.2024.116774
https://doi.org/10.1016/j.nuclphysb.2024.116774

	Undecidability in spacetime geometry via the AdS/CFT correspondence
	Acknowledgments. 
	References


