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Can the electromagnetic dipole interactions probed in precision experiments be the same interactions
that generated the baryon asymmetry of the Universe? We address this question by formulating low<scale
electromagnetic leptogenesis (EMLG) as a gauge-invariant effective field theory (EFT), rathershan as a
broken-phase dipole ansatz. The point is not only to connect leptogenesis to laboratory dipole observables,
but first to test whether the dipole-dominated dynamics itself can satisfy the cosmelogical viability
requirement. Starting from a softly broken Z, UV completion, we match onto the vSMEFT dipole
operators Oy and Oy, run their Wilson coefficients to the electroweak scale, and construct the broken-
phase dipole couplings to y, Z, and W*. The soft breaking keeps the ordinar§»Yukawasmediated sector
subleading, thereby isolating the electromagnetic mechanism. We find that the nonresonant hierarchical
regime is structurally inefficient, while in the quasidegenerate regime the\self-energy contribtition is
resonantly enhanced and dipole-dominated EMLG can reproduce the observed baryon asymmetry for
viable TeV-scale parameters. The same EFT pipeline maps the.successful EMLG parameter space onto
low-energy dipole observables, including charged-lepton flavor violation, electric dipole moments, and
anomalous magnetic moments. Precision dipole searche¢s can therefore constrain, discriminate, and

potentially falsify an electromagnetic origin of baryogenesis.
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I. INTRODUCTION

The observed baryon asymmetry of theé Universe (BAU)
points to dynamics that satisfy the-three Sakharov con-
ditions [1]: baryon-number violation, C and. CP violation;
and a departure from thermal equilibrium. In the Standard
Model (SM), electroweak anomalous transitionsy.or spha-
leron processes [2,3], violate B+ L while conserving
B — L, where B andd."denote baryoniand lepton number,
respectively. They can .therefore convert a preexisting
lepton asymmetry. into /a)baryon asymmetry. Fukugita
and Yanagida showedsthat such a lepton asymmetry can
be generated by CP-violating out-of-equilibrium decays of
heayy right-handed neutrino$ [4], establishing the frame-
work of leptogenesis. This framework is naturally com-
patible with neutrine-mass mechanisms such as the type-I
[5-8], type-1I [9-13], and type-IIl [14-16] seesaws; see
Refs. [17,18 ) for reviews.
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In this paper we study electromagnetic leptogenesis
(EMLG), a variant of leptogenesis in which the CP-
violating source is generated by gauge-invariant dipole
operators rather than by the renormalizable neutrino
Yukawa interaction. After electroweak symmetry breaking,
these operators induce effective couplings of the right-
handed neutrinos to y, Z, and W=, so that the relevant decay
channels contain gauge bosons in the final state and differ
qualitatively from the standard Yukawa-mediated modes.
The original proposal of Bell et al. [19] treated the
corresponding dipole couplings as free parameters at the
decay scale. Our aim is different: we seek a formulation that
is consistent with effective field theory (EFT) and gauge
invariance, in which the couplings entering the kinetic
equations are predicted from a UV completion.

The particular interest of low-scale EMLG is that, once
formulated in a gauge-invariant EFT and matched further
onto lower-energy theories, it opens an observational portal
that is largely absent in standard high-scale leptogenesis. In
principle, the same dipole sector can be probed by low-
energy observables such as charged-lepton flavor violation,
electric dipole moments, anomalous magnetic moments,
and collider or intensity-frontier signatures [20-24]. Before
using such low-energy observables to constrain the model,
we first address a more basic dynamical question: can the
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gauge-invariant dipole sector, with the ordinary renorma-
lizable Yukawa interactions kept subleading, generate the
observed baryon asymmetry in the electroweak crossover
window? The purpose of this paper is to answer this
question by deriving the EFT matching, the electroweak-
scale dipole couplings, the resonantly regulated CP-odd
source, and the density-matrix kinetic equations needed to
compute the frozen-out baryon asymmetry.

A gauge-invariant realization of EMLG is highly non-
trivial. Gauge invariance forces a Higgs insertion in the
dipole operators, which suppresses the broken-phase dipole
couplings and, with them, both the CP-odd source and the
dipole-induced washout. As a result, the nonresonant
hierarchical regime is structurally inefficient [25]. This is
not a statement about TeV-scale leptogenesis in general:
successful TeV-scale constructions are known in the stan-
dard Yukawa framework, including inverse-seesaw, linear-
seesaw, and resonant-leptogenesis realizations [26-28].
Rather, it is a distinctive feature of the gauge-invariant,
dipole-dominated mechanism considered here.

A second difficulty is that a generic UV completion also
allows the renormalizable interaction L,HN,. If this
Yukawa channel is not suppressed, it contributes to the
total decay width, broadens the resonant regulator, and
induces additional washout through inverse decays, thereby
obscuring the dipole dynamics [29]. For this reason, we
adopt the softly broken Z, completion proposed, by
Choudhury ef al. [30]. In the present work this UV
completion serves two related purposes. First, it provides
a gauge-invariant high-energy origin for the dipole oper-
ators entering the kinetic equations, so that:Qpp and O vy
are obtained by matching rather than ifitroduced as inde-
pendent broken-phase interactions. Second, its/softly bro-
ken Z, structure keeps the ordinary renormalizable Yukawa
sector subleading, which is nécessary for testing whether
electromagnetic leptogenesis itself can accountyfor the
observed baryon asymmetry. In“the exact-Zy limit, the
interaction L, AN, isforbidden. Soft breaking is introduced
by the dimension‘two scalar mixing term p2 . H'D + H.c.,
where D denotes aheayy SU(2), scalar doublet with the
same electroweak ‘quantum numbers as the SM Higgs
doublet”H but with odd Z, parity. After integrating out
thesheavy doublet, this mixing induces the small effective
Yukawa coupling

2
: Hyo
(yeff)(zi = (hD)(li Sll’lg = _<hD)ai 2ft ) (1)
mp

while the same soft insertion converts the one-loop heavy-
sector dipole amplitudes with D into the vSMEFT oper-
ators containing A. This construction makes it possible to
keep the Yukawa-mediated contribution to production,
washout, and the resonant width subleading, thereby
isolating a genuinely dipole-dominated regime.

The Sakharov conditions are realized in this scenario as
follows. Lepton number is broken by the Majorana masses
of the heavy neutrinos, which allow the same state N; to
participate in channels carrying opposite lepton number.
CP violation arises from irreducible complex phases in the
dipole couplings and from the interference of the tree-level
decay amplitudes with loop amplitudes, in particular the
self-energy contribution in the quasidegenerate regime
[26,27,31]. The departure from equilibrium is encoded
in the time-dependent heavy-neutrino density matrix: dur-
ing the electroweak window the expansion of-the Universe
and the finite reaction rates drive Y, away from ¥y/pand in
the quasidegenerate regime the off<diagonal coherences
themselves become dynamical [28,32,33]. The CP-odd
asymmetry is generated by the/AL.= 1 decays and inverse
decays, while the leading AL = 0 scatterings do not create
lepton number directly;“instead they, modify relaxation,
washout, and the damping of eoherence, and’hence affect
the final efficiency only indirectly.

Above the electroweak scale wenwork in the Standard
Model effective fieldtheory extended by right-handed
neutrinos; often denoted \vSMEFT [34,35] or SMNEFT
[36,37]. Among the dimension-six operators in this EFT,
the' interactions relevant for electromagnetic leptogenesis
are the dipole operators Oy, and Oyy ;. Their explicit
gauge-invariant definitions and normalization conventions
are givenbelow'in Sec. Il A. In the Introduction we only
use these symbols to identify the dipole sector whose
Wilson_coefficients control the electromagnetic contribu-
tion to production, washout, and the CP-odd source. These
operators enter the EFT Lagrangian as

CNB,ai

C ai
v OnBai + A Onw.ai + Hee., (2)

—Lgpr D A2
where A denotes the EFT cutoff. We determine the Wilson
coefficients at the matching scale Q. and evolve them to
an electroweak reference scale Q., where the broken-
phase dipole couplings relevant for leptogenesis are
defined.

Our main results are the following.

(1) We formulate low-scale electromagnetic leptogene-
sis as a gauge-invariant EFT calculation, starting
from a UV completion, performing the one-loop
matching onto Oyp and Oy, and evolving the
corresponding Wilson coefficients to the electro-
weak scale.

(i) We show that the nonresonant hierarchical regime is
structurally insufficient in the gauge-invariant di-
pole-dominated scenario, whereas the quasidegen-
erate regime can evade this suppression through the
resonantly enhanced self-energy contribution.

(iii) In the quasidegenerate regime we derive density-
matrix quantum kinetic equations (QKEs) on the
closed time path. Their collision term incorporates
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decays, inverse decays, and the leading AL =0
scatterings without double counting and therefore
without real-intermediate-state subtraction.

(iv) Solving these QKEs, we identify proof-of-principle
TeV-scale parameter regions in which dipole-domi-
nated electromagnetic leptogenesis reproduces or
exceeds the observed BAU. For our benchmarks the
leading AL = 0 scatterings satisfy S;/D; ~ 107> and
therefore change the final efficiency only at the
expected tiny level, confirming that the unified
collision term reproduces the correct hierarchy
between the AL = 1 and leading AL = 0O contribu-
tions in the dipole-dominated regime.

The paper is organized as follows. Section II introduces
the softly broken Z, UV completion, explains how the
effective Yukawa interaction is suppressed, and derives the
matching conditions for the gauge-invariant dipole oper-
ators Oyp and Oy . Section III presents the renormaliza-
tion-group evolution of the corresponding Wilson
coefficients from Qaich 10 Ors. Section IV derives the
photon-mode decay width and CP asymmetry and explains
the resonant enhancement in the quasidegenerate regime.
Section V extends the analysis to the Oy -inclusive y, Z,
and W¥ channels. Section VI summarizes the closed-time-
path/Schwinger-Keldysh formalism used in the nonequili-
brium treatment. Section VII constructs the collision
kernels for decays, inverse decays, and the leading AL =
0 scatterings. Section VIII assembles the density-matrix
QKE system used in the numerical analysis. Section IX
presents the numerical results, and Sec. X discusses their
physical interpretation, phenomenologicalsimplications;
and conclusions. Technical derivations” of the one-loop
matching, anomalous dimensions, CP-asymmetry algebra,
nonequilibrium formalism, QKE projection, and scattering
kernels are collected in the Appendixes.

IL. UV. MODEL

In this section,swe specify the UV completion used for
the matching calculation. The motivation for adopting the
softly broken Z, construction, and in particular its role in
suppressing the ordinary Yukawa sector relative to the
dipole” sector, has been)explained in Sec. 1. Here we
therefore focus on the technical ingredients needed below:
the gauge-invariant.operator basis above the electroweak
scale, the field content and interactions of the UV model,
the one-loop 'matching onto the dipole Wilson coefficients,
and the benchmark choice of heavy-sector parameters.
These ingredients define the EFT input that is subsequently
evolved to the electroweak scale and used in the CP-
asymmetry and kinetic analyses.

A. EFT setup and the electroweak window

In this subsection we specify the gauge-invariant EFT
framework and the temperature regime relevant for

low-scale electromagnetic leptogenesis. Above the electro-
weak scale we work in the Standard Model effective field
theory extended by right-handed neutrinos, commonly
denoted vSMEFT [34,35]. The leading interactions
responsible for electromagnetic leptogenesis are the
gauge-invariant dimension-six dipole operators

ONB,ai = (l—'aGWPRNi)I:IBW’ (3)

ONW,ai = (I:(laﬂyTaPRNi)Hsz (4)

with

o = ", 7], H = ic, H*, (5)

2

The corresponding EFT Lagrangian is

CN W.ai

C ai
—Lgpr@ %ONB,M + TONW,ai +H.c., (6)

whete A denotes the vSMEFT cutoff scale. Here o = e,
u, [t labels the charged<lepton flavor, and i labels the
mass, eigenstates lof the right-handed neutrinos. In a
given UV completion, the Wilson coefficients Cyy 4
with X'="B; W are fixed at the matching scale Q .ch =
10 TeV and are subsequently evolved down to an
electroweak reference scale Q.. = 150 GeV by renorm-
alization-group running.

We focus on low-scale electromagnetic leptogenesis, for
which the relevant epoch lies in the electroweak crossover
window [38,39]

Tegw 2T 2 Ty, Tew ~ 160 GeV,
Typn ~ 130 GeV, (7)

where T, denotes the temperature at which electroweak
sphaleron transitions freeze out. In this temperature range
the charged-lepton Yukawa interactions are in equilibrium
[40,41], so flavor coherences among e, y, and 7 are damped
and a fully flavor-resolved treatment is appropriate.

We therefore track the three flavor charges

1
YA :=_YB_YLQ7

=3 DY, =Ysy  (8)

where Yy = ny/s denotes the yield of species X, ny is the
corresponding number density, and s is the entropy density.
Electroweak sphaleron transitions continue to convert part
of B— L into baryon number until they freeze out at
T = Ty, We therefore evaluate the baryon asymmetry at
sphaleron decoupling as
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Yl;O = Csph(Tsph)ZYAa(TSPh)’ (9)

where ¢, (T') denotes the sphaleron conversion coefficient.
A central goal of this paper is to formulate, within the
closed-time-path (CTP)/Schwinger-Keldysh framework,
the time evolution of the heavy-neutrino ensemble and
of the flavor charges introduced above in a plasma where
dipole interactions are operative. The relevant dipole-
induced processes fall into two classes.
First, the decays and inverse decays
N,< vy, N,<v,Z, N;j<C,W (10)
are AL =1 processes. In the dipole-dominated scenario
studied here, they provide the direct source of the lepton
asymmetry and also the leading inverse-decay washout.
Second, combining one dipole vertex with one Standard
Model gauge interaction yields AL = 0 2 <> 2 scatterings.
Representative channels are the neutral-current processes

Nif <~ l/af (1 1)
and, when Oy, is present, the charged-current processes
Nif <~ faf/’ (12)

where f and f’ are Standard Model fermions belonging to
the same SU(2), doublet. These scatterings do not generate
lepton number directly. Rather, they modify relaxation,
washout, and the damping of flavor coherence; and hence
affect the final efficiency only indirectly.

In the dipole-dominated regime” considered here, a
simple power counting shows thatithese AL'=10 2=>2
scatterings provide the leading scattering contribution to
the damping and washout kernels: Here ,uxi, with V.=, Z,
W, denotes the broken-phase effective dipole coupling of
N; to the corresponding gauge boson. and to the lepton
flavor a; its relation to the gauge-invariant Wilson coef-
ficients Cyp o "and Cyw 4 1s given explicitly after electro-
weak symmetry breaking in Sec/IV. At the amplitude level
the scatterings contain one dipole vertex and one SM gauge
interaction on the plasma target. Their rates therefore scale
schematically as O(|u"|>g%), where g denotes the relevant
SM gaug¢’ couplingiand |¢"|*> stands for the appropriate
flavor and gauge-channel combination. By contrast, genu-
ine lepton-number-violating scattering reactions, |AL| = 2,
would require at least two additional dipole insertions or
higher-loop topologies and are therefore parametrically
suppressed as O(|u"|[*) or higher in the regime of interest.
We thus neglect such subleading |AL| # 0 scatterings and
construct the scattering contribution entirely from the
AL = 0 self-energies T3

If only Opp is present, photon exchange provides the
dominant neutral-current contribution. In the presence of

Opw, the neutral-current sector is generalized to include Z
exchange and yZ interference, and charged-current chan-
nels mediated by W* must also be included. In practice,
these contributions are incorporated into the density-matrix
quantum kinetic equations through the heavy-neutrino
Wightman self-energies.

Although integrating out N also induces the Weinberg
operator Os at tree level, the associated AL = 2 washout
becomes efficient only at much higher temperatures. For
Os normalized to the observed light-neutrino masses, the
relevant scale is typically T ~ 10''-10'> GeV [42]. By
contrast, the asymmetry in the present scenario is génerated
in the electroweak crossover windowy

T ~ 130-160"GeV. (13)

where the Os-induced AL = 2 rate is negligible.compared
with the Hubble expansion fors/neutrino, masses in the
oscillation range. Moreover, the UV completion considered
here does not génerate semileptonic AL = 2 operators at
the matching scale at the order we work. We therefore
neglect low-scale AL =2 washout in the present analysis.

B. UV completion and field content

In this subsection we give the technical implementation
of the UV completion whose motivation was summarized
in Sec. I. We weork in the mass-eigenstate basis of the right-
handed Majorana neutrinos. The Majorana mass matrix My
18 Autonne-Takagi diagonalized [43,44] by a unitary matrix
Uy as

U;\r]MNUN:diag(Ml,...,MnN), (14)
and we formulate the discussion in terms of the corre-
sponding real, diagonal Majorana fields N; (i = 1, ..., ny).
All Yukawa matrices and effective couplings appearing
below are expressed in this basis. We now specify the Z,
assignments, the additional field content, the renormaliz-
able interactions, and the soft-breaking insertion used in the
matching calculation.

With only Ggy := SU(3), x SU(2), x U(1), and renor-
malizability, the operator L A N is allowed as a dimension-
four interaction. Simply omitting it would therefore leave
the definition of the theory incomplete and would require a
fine-tuning against radiatively regenerated contributions
order by order in perturbation theory. We thus impose a
minimal discrete symmetry Z, that forbids L H N exactly
and close the UV completion so that this prohibition is
stable under radiative corrections.

The same exact Z, symmetry, however, also forbids the
dipole operators introduced in Sec. II A. Exact Z, alone is
therefore insufficient: it suppresses the unwanted Yukawa
sector, but it also removes the dipole sector required for
electromagnetic leptogenesis. Following [30], we resolve
this tension by keeping the renormalizable Lagrangian Z,
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TABLE 1. Gauge quantum numbers and Z, parities of the
additional fields. All SM fields are taken to be Z, even. Bold
numerals in the SU(3), and SU(2), columns denote the
dimensions of the corresponding gauge representations.

Type Field SU(3), SU(2), U(l)y Z,
Fermions {Ni ! ! 0 -
E; r 1 1 -1 -
h) 1 2 +1/2 -
Scalars [D 1 2 +1/2 -
(OR 1 1 +1 +

symmetric and breaking Z, explicitly only through a
dimension-two soft term. In this way, the dipole inter-
actions and the parametrically suppressed effective Yukawa
interaction originate from the same controlled source of
symmetry breaking.

All SM fields are taken to be Z, even. The additional
fields, together with their gauge quantum numbers and Z,
parities, are listed in Table I. The only Z,-even new field is
®*, whereas N;, E; g, Z, and D are Z, odd. This assign-
ment forbids Z A N exactly while preserving the renorma-
lizable interactions needed for the one-loop generation of
the dipole operators. For an SU(2), doublet X, we define
X :==ic,X*, and XD :=XTig,D denotes the SU(2),-
invariant inner product.

Given the field content and the Z, assignments in Table I,
the renormalizable interactions relevant for the present
construction are uniquely restricted. We denote by Lgy
the Standard Model Lagrangian, including the usual gauge,
kinetic, and Yukawa terms, and by V(HgZyD,®") the
scalar potential. Working in the mass-eigenstate basis of the
right-handed neutrinos introduced above, we write the UV
Lagrangian as

ﬁUV:£SM+%Ni(i¢—Mi)Ni+E(iE—ME)E
+(D,X) (DLE) +(D,D) (D"B)+t (D, @) (D'®™)
~ (i) NPLE® 2(y5) o LaZPRE + (yp)oLoDPRE
+ (hs) i La=PRN; + (hp) Lo DPRN; +H.c.]
“V(H=. D, o). (15)

Here® H. is' the,.SM _Higgs doublet, and the covariant
derivative is

Gd
D, :aﬂ—ig?Wﬁ—ingBM (16)
with the hypercharge Y chosen according to the represen-
tation of the field on which D, acts. The SU(3), term is
absent because, as shown in Table I, all additional fields are
color singlets. Equation (15) therefore collects all renor-
malizable interactions involving the new fields that are
allowed by Ggy X Z,. In particular, the renormalizable

neutrino Yukawa interaction L H N is absent because it is
Z, odd. Since [L|=[E]=[N]=3/2 and [H|=[Z] =
[D] = [@F] =1, every operator in Eq. (15) has mass
dimension four, and the UV theory is manifestly
renormalizable.

For an exact Z, symmetry, the scalar sector is described
by the most general renormalizable potential that is both
Ggy invariant and Z, even. Following [30], we parametrize
it as

V(H,Z,D,®")
= —up(H'H) + mg(Z7Z) + mp (DT DY+ m? |OF)2
+ Ag(HTH)? + A5 (272)? + 2p (D™D)? + 2, |DF[*
+ 2y (H H)| @] 4 Ap (DT D) |02
+ 254 (ZTE)|@F]* + Ay (DTE)|@ ]
+ ’% [(H')? #H.¢.] + Apg(D'Z) (HIH)
+ f1(H BY(D'D) + f,(H'H)(ZIE)
+ [3|HIDP® + f4|HIE[* + f5(D'D)(Z'E) + fo| DTE|?
#u, (- D)(®H)* 4+ Heel. (17)

We take m% > 0 and m3, > 0, so that in the exact-Z, limit
one'has (X) = (D) = 0. We furthermore assume that my
and mp are.sufficiently larger than the heavy-neutrino
masses M;, so that the decays N - v+Xand N - v+ D
are kinematically forbidden.

An exact Z, symmetry, however, also forbids the dipole
operators required for electromagnetic leptogenesis. The
symmetry must therefore be broken. In order to keep all Z,-
violating effects under parametric control, and at the same
time to ensure that the induced neutrino Yukawa interaction
remains technically natural, we choose to break Z, only
through a soft dimension-two term,

Vot = l“goftH%D +H.c. (18)
This is the minimal source of Z, breaking directly required
for the present analysis. Other soft terms, such as H'Y,
could also be introduced, but they are not needed here.
Since the exact Z, symmetry is restored in the limit
px g — 0, the smallness of u2 is technically natural in
the 't Hooft sense [45].

C. Soft Z, breaking and induced small parameters

The soft term in Eq. (18) mixes the doublets H and D, and
therefore induces a small vacuum expectation value for the
neutral component of D even when m2 > 0. To make this
explicit, we retain only the neutral components and write

() () o
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where v := v/2(H") ~ 246 GeV and v, := v/2(D"). For the
purpose of extracting the parametric dependence of v, and of
the H—D mixing angle, itis sufficient to consider the minimal
H-D potential

A
V(H.D) = —mjy|H? + > |H|* + mp|DP?

A
+ 22 |Df* + dypl H?DP

+ (12 H'D +H.c.), (20)

with m? > 0, so that in the exact-Z, limit the vacuum
vp = 0 is naturally realized even if the coupling L D N is
present.

Substituting Eq. (19) into Eq. (20), we obtain

1 A 1
V(v,vp) = —=m%0? + Lot 4 —m20d

2 8 2

Ap Amp

" vh + e v2vd + pdvvp,  (21)
where we have taken 2 real. The stationarity condition
along the vp direction is then

oV i o+ Aup
0= PP mhvp + 711'2’) + Tvsz +ul v (22)

In the technically natural regime ,u?oﬂ < m3,, one expects
self-consistently that v, < v, so the cubic term in v, may
be neglected. If, in addition, m?, > A, v*"0ne, finds

2
Hiort
-~ i v. (23)
D 2

Using m3, > Aypv? then{gives

ﬂz
vp' —v =2, (24)
mp

The _same small parameter controls the mixing angle
betwéen the CP-even neutral scalars. Expanding Eq. (20)
around the yvacuum, the mass-squared matrix in the basis
(h, d) becomes

2 2

m .

M*~ ( 2h M5<;n>’ m%l ~ A2, (25)
Hsoft mp

up to corrections suppressed by vy, /v. For m3, > m3, the
mixing angle satisfies

24 24 2
tan 20 ~ — zﬂ“’ft 5 — ﬂ;(’ﬁ = Hz—ﬂs—gﬁ. (26)

Hence, both the induced VEV and the scalar mixing are
controlled by the same small ratio,

2
vp ~ 00, HN—&zﬁ. (27)
mp

This relation is the key ingredient for the induced effective
Yukawa coupling discussed next.
In the exact-Z, limit, the interaction

~L D (hp) L DPgN; + H.c. (28)
is allowed, whereas L H N is forbidden. Once the softterm
in Eq. (18) induces H-D mixing, the SM-like Higgs

direction and its orthogonal heavy-doublet direction can
be written as

H, = Hcos8 + D sind, H,~= —Hsin0 + D cosf.

(29)

For vp < v, the field, H, is the" SM-like doublet that
acquires~the, vacuum expectation value, whereas H, is
heayy. Since

D= H,sin@ + H, cos @, (30)
Equation(28).bécomes

—L D (hp);LoH PgN;sin
+ (hp) i LoH,PgrN; cos 6 + H.c. (31)

This motivates the definition of the effective Yukawa
coupling to the SM-like Higgs direction,

(Vett )i = (D) SN0 = (hp) 40, (32)

and using Eq. (26) we obtain

s
(yeff)ai = _(hD)ai sozft . (33)
mp

Since H, carries the electroweak vacuum expectation
value, the induced Dirac mass matrix is

(Mp) o = % (Vert)ai = % (hp)u-  (34)

Thus, y. is not merely a shorthand notation: it is the
effective Yukawa coupling along the SM-like Higgs direc-
tion selected by electroweak symmetry breaking.

To maintain a genuinely dipole-dominated regime, the
Yukawa-induced contribution to the heavy-neutrino widths
must remain subleading to the dipole-induced one.
Parametrically, the vacuum width of the Yukawa channel
N i LaH 1 is
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M;
[y(N;) ~ . (VigeVefi)iis (35)

whereas the dipole-induced width, summed over the y, Z,
and W channels, scales as

M3
Tem(Ni) :2_7;Z|:uai|2' (36)
a
Introducing the effective electromagnetic neutrino
mass [46],
A = 0203 . (37)
one may rewrite the dipole width as
M?
Tem(N;) = 12 ’/h]iEM‘ (38)
2zv

A convenient sufficient condition for dipole dominance is
then

Iy(N;) S elem(Ny) (e 1), (39)
which implies
M; .
(nyfyeff),‘,‘ < 46? EM, (40}

Thus, as a typical bound,

M M
|yeff| < ZﬁT (41)

For the representative values

M;~1TeV, @™MA03eV) »=246GeV, (42)
onefinds
M . EM
VI 13 %1077 (43)
v

Demanding that the Yukawa contribution remain below the
percent level, € ~ 1072, yields the useful benchmark cri-
terion

[Vett| < 1078, (44)

Using Eq. (33), this translates into

‘ 1078
Hsoft s = fheoft S 3 x 10_3"107 (45)
mp |hD|

for |hp| ~ O(1073).

In our benchmark analysis we take mp ~ 10 TeV and
Hott = 10 GeV, for which y2 , /m?% ~ 1075, Since the exact
Z, symmetry is restored in the limit y2 ;, — 0, the smallness
of both y2/m% and y is technically natural in the
"t Hooft sense [45]. The important physical point is that y.g
is suppressed by u2/m3, whereas the dipole Wilson
coefficients are generated at one loop and scale with
inverse powers of the heavy massés. The two ‘sectors
therefore scale differently, and there exists a parameter
region in which the electromagfetic channels dominate the
heavy-neutrino dynamics.

D. Light neutrino/masses and the seesaw mechanism

Here we address the question of whether forbidding the
renormalizable interaction L A N eliminates the type-I
seesaw mechanism altogether. The answer is no, but the
relevant point for the present.paper is more specific: in the
dipole-dominated regime’ required for electromagnetic
leptogenesis, the induced type-I contribution is parametri-
cally too small to account for the observed light-neutrino
masses.

In the exact-Z, limit one has (D) = 0 for m?, > 0, and
therefore no Dirac mass is generated even though the
coupling L D N is allowed. Once the soft term

Vot = ﬂgoftH%D + H.c. (46)
is turned on, however, the H—D mixing induces

2
0~ _#soft

2 9’
mp

vp = (DY) =~ 00, (47)
and therefore the Dirac mass matrix

(MDirac>m' = ﬁ (hD)ai' (48)

Formally, the standard type-I seesaw relation then holds,
I _
(ml(/))aﬂ = (MDirac>ai(MN])ij(M]T)irac)jﬁ' (49)

Equivalently, since

2
H
(yeff)ai = <hD>ai9 = _<hD)ai r:lozft ’ (50)
D

one may write
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ﬁyeff-

Neutrino oscillation data imply characteristic light-
neutrino mass scales of order

Mose ~ 1/ Am3,, \/|Am3,| = O(1072) eV.  (52)

For definiteness, we take

Mose = 1/ |Am},| 2 V2.5 x 1073 eV2 ~0.05 eV,  (53)

as a representative scale inferred from oscillation data [47]
(NuFit-6.0). For a TeV-scale type-I seesaw to reproduce this
scale, one typically needs

vm,M

v

Mpigae = (5 1)

|Verr| = ~107% (M ~1 TeV). (54)

By contrast, the dipole-dominated condition derived in
Sec. I C requires

[Verr| < 1078, (55)

which implies

2
m) ~ UM Ve S6x 106 eV, (M ~1TeV). (56)

This is far below the atmospheric-neutrino scale. Thus, in
the Yukawa-suppressed benchmark relévant forthe present
work, a type-I seesaw structure is.formally present but is
phenomenologically negligibles” We' therefore treat the
observed light-neutrino massés as independent low-energy
input encoded in the Weifiberg-operator coefficient Cs.

A simple high-scaleyrealization of this low-energy input
is collected in Appendix A, where we give a type-II-seesaw
illustration. Sineé that sector is assumed to lie far above the
matching scale Qnuen = 10°TeV, it enters the low-energy
theory only through ©Os and does not modify the dipole
matching discussed in the preSent section.

E. One-loop:matching from the UV theory to
electromagnetic dipole operators

The one-loop” matching amounts to computing the 1PI
four-point amplitudes with external legs

N i L as FI 5 X "
where X = B, W?, expanding them at low external
momenta, and projecting onto the antisymmetric dipole
structure. We use the normalization of the dipole operators
introduced in Sec. I A and write the relevant process as

Ni(p) = Lo(p") + H(k) +X,(q). X=B.W*, (57)
with ¢ = p — p’ — k. For an outgoing gauge boson with
polarization vector €,(q), the field strength gives

X;w(q) = i(qyeu - QV€M)7 (58)
and therefore the EFT dipole amplitude is proportional to

IZLO,O-MDQUPRMNiS; . (59)
Thus, the Wilson coefficient Cyy ,;/A? is obtained by
extracting the coefficient of this spinor structure from the
UV one-loop amplitude. The . detailed, vertex-function
decomposition and projection” formula ‘are. collected in
Appendix B; in the main téxt we keep only the matching
strategy and the resulting Wilson coefficients.

We first integrate‘out D atdtree level to” generate an
effective £ — H& @' vertex.” Since the potentials in
Egs. (17) and«(18) contain

V O miDB A+ 2 H' DM p, 3 - D(®Y)* + He.,  (60)

for/ sufficiently heavy mp the equation of motion for D
implies

12
D~=-"H 4 (61)
mp

The ellipsis denotes terms generated by the other linear
sources for D, such as the u:X®* source, possible quartic
sources involving additional light fields, and derivative
corrections suppressed by p?/m3. These terms either
generate operators with extra fields or contribute only at
higher order in the 1/m3, expansion, and therefore do not
affect the dimension-six dipole matching retained here.
Substituting the leading soft-mixing term into the g
interaction yields the gauge-invariant effective three-point
interaction

/42 fi
Heft = —Hs S%t- (62)
mp

Vett D g2 H(PT)" + H.c.,

Next, we generate Oyp and Oyy at one loop with E, Z,
and ®". We consider one-loop diagrams with external legs
N, (incoming), L, (outgoing), H (outgoing), and one gauge
boson (either B, or Wy, outgoing).

Here we derive the electromagnetic dipole operators
Opyp and Oy from the minimal field content listed in
Table 1. The purpose here is to make explicit, from the
viewpoint of symmetries and scale separation, that in the
decays of the right-handed neutrinos N, the dipole-induced
channels can dominate over the standard Yukawa
decay N — LH.
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The heavy fields that are integrated out when construct-
ing the EFT are the charged states E, X, D, ®*, which we
take to lie at a characteristic scale of O(10) TeV. By
contrast, we keep the N; as dynamical degrees of freedom
in the EFT, since their decays, inverse decays, scatterings,
and CP asymmetries are the central ingredients of lepto-
genesis. The EFT constructed in this section is therefore the
vSMEFT with the SM fields and the dynamical right-
handed neutrinos N; as low-energy degrees of freedom;
among the dimension-six operators in this EFT, we retain
Opnp.ai and Oy 4; as the operators relevant for the present
EMLG analysis.

Keeping only the Yukawa-type interaction terms in the
UV Lagrangian, we have

—Lyuawa D YuNREL @ + ys LXEp
+ hpLDNg + H.c., (63)

where we have suppressed matrix indices. Furthermore, the
scalar potential contains

Vo uS-D(®)* +He., (64)

where X - D := XTio, D denotes the SU(2), -invariant inner
product.

Since the spontaneous breaking of an exact discrete
symmetry can lead to the cosmological domain-wall
problem [48-50], we break Z, softly with the soft term
in this model

Viott = ﬂfoftHTD + Hee. (65)

This term allows D to acquir¢ a small"VEV even for
m3, > 0, thereby inducing a/Dirac mass My =hpvp. At
the same time, it permifS magnetic-moment-type inter-
actions once the heavysstates are integrated out. The crucial
point is that, whensthe soft breaking is small, the induced
effects are parametrically suppressed by 6 ~ /tfoﬂ Jm3,.
The electromagnetic.dipole operators Oy and Oy are
gauge-invariant dimension-six joperators that necessarily
contain one Higgs doublet insertion. Their Wilson coef-
ficients are therefore generated at leading order by one-loop
Feynman diagrams involving the heavy fields. In the
present medel, renormalizable couplings directly connect-
ing N and),L  are forbidden by Z,, so the shortest
renormalizable path connecting N to L is, from Eq. (15),

N E g, (66)

and closing the loop further requires the vertex u,X -
D(®")* that connects ® and X. Equivalently, to form a
loop that connects N and L, the fields E, X, and ®* are
simultaneously required, while D enters as an external leg

(a) D, D, (b)
| 7—{; |
I I
RN > Lgr 3
Ne i B BV Le  N® p L
LLLEC
© D @ b
| ?f LW
I [}
e P
<1>/+/ R @f/ ¥
N B B L. nNAY B 2L
FIG. 1. Representative one-loop matching diagrams generating

the gauge-invariant electromagnetic dipole operators«O, and
Opnw. These diagrams make explicit the EFT origin of the
interactions that entersthezKadanoff-Baym equations.

attached to the y, vertex. This is precisely the structure of
the one-loop matching diagrams shown in Fig. 1.

Moreover, in order to obtain B, or Wy, one must attach
a gauge boson to a charged line in the loop. Since W¢ can
couple only to line§ carrying SU(2), charge, attaching it to
the' X, line is essential for generating Opy. For the
hypercharge gauge boson B, in addition to the attachment
to the X line there are contributions from attaching it to the
@t and E lines; these contributions must be summed to
obtain a gauge-invariant result.

To streamline the calculation, we split the matching into
two steps.

First, we integrate out E,X,®% while treating D as
an external heavy doublet. This gives the intermediate
D-based dipole operators

O\ i = (La6"PgN;)DB,,, (67)
Oy i = (La0" 79 PxN;) DWY,. (68)

The corresponding Wilson coefficients are denoted by
(D) (D)
Cnai and Cryy 4
Second, at scales p* < m%, we integrate out the heavy
doublet D. Solving its classical equation of motion in a
1/m2, expansion gives, to leading order in the soft-breaking

source,

2 * 2
Dﬁ—@ﬂ Dz—ﬂs—gﬁfl. (69)
mD mD
Therefore,
(D) Haof (D) Tt
ONBai = _n;_oztONB,ai, ONwai = — n;%t ONw ai- (70)
D D
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Equivalently, the YSMEFT Wilson coefficients are related
to the intermediate coefficients by

(D) (D)
CNB.ai ﬂ?oft CNB,rxi C NW.ai ﬂfoft CNW,m'
2 =TT 2 2 ST > (71)
A mp A A mp A

This is the tree-level matching step by which the D-based
dipole operators generated at one loop are converted into
the gauge-invariant YSMEFT operators Oy and Oyy. The
detailed derivation of the D equation of motion, including
the classification of linear source terms and D'D-type
corrections, is given in Appendix B.

F. Summary and benchmark parametrization

For simplicity, and in order to display the matching
coefficients in a compact analytic form, we use the
degenerate heavy-spectrum benchmark

ME:mq,A = My = Mmp = Meq: 10.0 TeV. (72)

This degeneracy is not an essential assumption of the
mechanism. For a nondegenerate heavy spectrum, the
common factor M;fj in the expressions below is
replaced by the corresponding mass-dependent loop
functions of My, me+, my, and mp. The qualitative
conclusions are unchanged as long as all heavy masses
remain above the matching scale relevant for the EFT
description and no additional threshold is introduced in
the electroweak-scale kinetic theory. In particular, the
soft-mixing suppression of the induced™Yukawa cou-
pling, the loop origin of the dipole Wilson coefficients,
and the need for resonant enhancement in/ the right-
handed-neutrino sector do not.sely*on exact degeneracy
among the heavy UV stdtes. Large hierarchies or
accidental cancellationsn the loop functions” would,
however, have to be,treated separately in a dedicated
nondegenerate parameter scan.
Using the results in Appendix B yields

(D) .
CNB ai glyZ (lyH i,us 1 1
— = - . X=X (Y Y Y
A2 62 MG g VET Ve T
L IVsaViits 1 73)
19272 ng '
D * *
CEVVI)/,ai _ 9Vs.aYH.iHs 1 (74)
A? 967> ng '

Eliminating D via the equation of motion according to
Eq. (69), we obtain

CnBai Moo 9 VsaVitls 1
R S T PR Ve

(75)

Cwai . Haon PVraViits 1
AT T 9 MY

(76)

Rotating B,, and W}, into F,,, and Z

> the electromagnetic
coupling is obtained as

Chyai  Cnpai Cawai .
AT =z cosbw T sinby
2 T |
= Mo xaViills ©_ (o5, + gsindy)

my 19227 M3,
L Haon ©sa¥pats 1

=T 2 2 30
mp 96 Mg,

(77)

where in the third line we'used e = ¢gsin Oy =g’ cos Oy,.

III. RENORMALIZATION-GROUP/EVOLUTION
OF Cyg, Cnw

We evolveithe Wilsen coefficients Cyy (X =B, W)
obtained in“the previous section from the matching
scale  Qunaen = 10 TeV—=where the additional UV
degrees of freedom have been integrated out—down
to an\electroweak reference scale Q.. = 150 GeV using
renormalization-group equations. We denote the
Standard Model gauge couplings by ¢ for U(1)y, ¢
for SU(2),, and g, for SU(3)., where ¢ is not
normalized according to grand unified theory (GUT)
conventions. Since Q. lies close to the top-quark
threshold, we neglect threshold matching effects at
this stage, which are beyond the one-loop accuracy
pursued here and introduce only small logarithms over
the interval of interest. The resulting low-scale coef-
ficients serve as the input for the broken-phase effective
dipole couplings and for the CP-asymmetry calculation
across the electroweak crossover window,
T ~ 130-160 GeV, presented in the next section.

A. Effective Lagrangian and renormalization

We work in the vSMEFT and restrict ourselves to the
dipole sector defined in Sec. I A. Throughout this sub-
section, a subscript 0 denotes a bare quantity. The effective
Lagrangian relevant for the running of the Wilson coef-
ficients is

‘Ceff = [’lgll{l/l (gl’ 9, Ys» yu,d,e)

CNB. 1,0 CNW. 1,0
- sz ONB,ai - A;” ONW.ai + H.C., (78)

where L& denotes the SM kinetic terms and the renor-
malizable SM interactions, parametrized by the gauge
couplings ¢, g, g, and the Yukawa couplings y, ...
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We define the field renormalizations by

By, =Z}’B,. W, =Z W, (79)

Ly=2/’L,  Hy=Z)/*H. (80)
The singlet neutrino N; has no SM gauge interaction in the
EFT and hence does not acquire an additional SM wave-
function counterterm at the order considered here. We
renormalize the Wilson coefficients as

(Chxai)o = O*ZnxCpx.ai( Q). X=BW, (81)
where Q denotes the renormalization scale. We work in
dimensional regularization with

n=4-2e. (82)

Here ¢ is the dimensional-regularization parameter. This
notation is used only for UV regularization and is distinct
from the CP-asymmetry parameters &,; introduced later. In
the modified minimal subtraction scheme we retain only
the UV-divergent poles,

2 2
Fli=—"——y+In4 L= .
g g y + Indz, € yg (83)

The factors Zyy are defined so that Green’s functions with
one insertion of Oy are UV finite.

In the unbroken SU(2), x U(1), theory, the B- and W~
dipole operators do not mix with each other, and we may
therefore treat Zyy as diagonal in X, Operator mixing into
the remaining vSMEFT basis is néglected in,this Section;
given our matching conditionsfand the one-loop accuracy
of the present running, sucheffects would modify. Cyp and
Cyw only beyond one-loop order.

We employ the all<legs renormahzat10n scheme: Zg\,,)( 1s
fixed by cancelling’the remaining ! polesin the amputated
1PI Green’s function with one insertion of Oyy, after
including the wave-funCtion renormalization factors for all
externaldegs (L,. N H, B,/ W}).

B. B—W? mixing
A possible source of mixing between Cyp and Cyy is
the mixed vaeuum polarization between B, and Wz. In the
unbroken electroweak phase, the divergent part has the
form
99 .
167z

H/;}DW(‘I”div x

) YT (84)

light

Ng"g* - ¢"q

For the light SM field content, the sum over each complete
SU(2), multiplet vanishes,

> yri=o, (85)

light

and hence
Zipy = 0. (86)

Thus, there is no one-loop B-W?3 wave-function mixing in
the electroweak-symmetric phase, and the running of Cyp
and Cyy 1is diagonal at the order considered here. The
explicit vacuum-polarization calculationsand the light-field
sums are collected in Appendix C.

C. Renormalization-group equations for the
Wilson' coefficients

From the one-loop “calculation summarized in
Appendix C, the anomalous dimensions/relevant for the
dipole-operatorsrunning are

(1) ay_ 410,97 m_5_ 7
=0 vy = Xqem 1w =gXqgz (87)
1

1 _ 1 12 Ez

2.2
T 3yt>. (89)

Since Zg&, =0, the running is diagonal in the basis
{Onyg> Onw}- Combining the external-leg renormalization
factors gives

Zng=(ZLZuZp)™ V2, Zyw=(Z1ZuZw)™ V2. (90)

The resulting one-loop RGEs in the electroweak-symmetric
phase are

d
Q a0 Crnp.ai(Q)

1 91 , 9
=——— - 1
1622 <129 —|—4g 3yt>CNBal(Q)a (91)

d
Q a0 Cnw.ai(Q)
1

~ 162 <3 '2+ 92 Syf)CNWaz(Q) (92)

Equivalently,
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CNX,ai(Qref) = CNX,ai(Qmalch)

1 anma!ch
X exXp W[ Fx(Q)dInQ],

0 Qe
X=BW, (93)
with
Fu(0) = 50(0) + L 2(0) - 33(0). (94
Fy(Q) =2 0%(0) + 12 #(Q) - 33(Q).  (99)

IV. CP ASYMMETRIES AND RESONANT
ENHANCEMENT

In this section we compute the flavor-dependent CP
asymmetries generated in the decays of heavy Majorana
neutrinos N,. The UV completion constructed in Sec. II
generates two dimension-six dipole operators in YSMEFT,
Opp, and Opy. After electroweak symmetry breaking
(EWSB), these operators induce effective dipole couplings
to the photon, the Z boson, and (through the charged
components of Oyy) the W* bosons. Consequently, the
dipole interaction allows the two-body decay modes

N; = vy, N; = v,Z, N; = aW=,  (96)
as well as their CP-conjugate channels, which, are sum-
marized in Fig. 2. To set up the CP-asyimmetry calculation

W, (q)

FIG. 2. Feynman diagrams for the two-body decays of N;
induced by the dipole operators Oyg, Onw. The gray blob
indicates that each effective vertex incorporates the UV informa-
tion of the heavy fields E, %, D, ®" through the Wilson coef-
ficients Cyp and Cyyy.

in a transparent manner, we first consider a fictitious limit
in which only Oy is present and only the photon channel
contributes. This isolates the essential interference structure
between the tree and the one-loop amplitudes. We then
generalize the result to include the Z channel and the W+
channel induced by Oy, reusing the photon-channel
building blocks whenever possible.

For later reference, the Wilson coefficients are matched
at the heavy scale Q acn = 10 TeV in our UV completion.
For example, at leading order in the soft-breaking expan-
sion one finds parametrically

Cnpai(l) | Hoon 9 YsaVndlls 1

A mi 19277 M—gq '
Cawai(k) , _ Hon®r.adiits (7)
A2 w968 M3

and the low-scale goefficients Cyx(Q.ef) (X = B, W) are
obtained by RG{evolution from Q, .qf down to Q. =
150 GeV as discussed in Sec. III. Tn'the remainder of this
section we use these low-scale coefficients as fixed inputs
for the”CP-asymmetry calculation, i.e., we evaluate the
effective dipole couplings induced after EWSB at the
reference scale Q,= Q.. Any residual Q dependence
beyond this choice is higher order than our one-loop,
RGE-improved agcuracy and will be neglected.

A. Effective dipole interaction in the photon channel

In Sec. IV, we consider, as a toy limit, the effective
interaction that induces only the photon mode after
electroweak symmetry breaking. The weak mixing angle
Ow appears because the hypercharge field strength B,
contained in Oy is rotated into the photon and Z field
strengths in the mass eigenbasis,

B,, = F,,cosOy — Z,,sinby, (98)
W3, = F,, sinOy + Z,, cos Oy, (99)

where the weak mixing angle is defined by

/

g g

with sin? Ay =~ 0.23. Keeping only the photon component
in this toy limit, we obtain the effective interaction after
EWSB by inserting the Higgs VEV into A and projecting
the lepton doublet onto its neutrino component. In unitary

gauge, one may write
h
. (101)

H1<O>H'2H*1(”+
= — s =10 = —
V2\v+h V21 0

so that

cos Oy, = sin Oy, = (100)
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ONB = (Z‘ao-/wPRNi)I:IBmz
v+h

V2

where we used Eq. (98) and kept only the photon piece. The
dipole operator Oyp then yields

(0q0" PRN;)F,, cos Oy,  (102)

v+ h)cos@
—Legr D (\/%Azw CnB ai( Orer)

% (B,0" PxN;)F,, + H.c. (103)

It is convenient to define the effective dipole coupling

v COS Oy

Hai = W Cn.ai Oret):

(104)

where yu,, has mass dimension —1, and
_‘Ceff ) ﬂai(l_/ao-ﬂVPRNi)Fuv

h
+ Hai — (IJGO'”UPRNZ‘)F”D + H.c. (105)
v

The first term mediates the two-body decays N; — v,y and
N; = U,y that define the photon-mode CP asymmetry in
this subsection. The second term contains one physical
Higgs field and therefore induces three-body decays such
as N; - v,yh (and the CP-conjugate channel). These do
not interfere with the two-body decay rates at leading order,
and their contribution to &, is phase-spageysuppressed
compared to the two-body channel. We'therefore neglect
the Higgs-emission term proportional to & in what follows
and keep only the first term in Eqa(105) for'the photon~
mode analysis [51,52]:
_‘Ceff 2 Hgi (DaGMDPRNi)F;w +H.c. (106)
In this section”we compute the decay widths and CP
asymmetries <in" the photon channel” (cf. [53]). The Z
channel and the W'channel induced by Oy are discussed
in Sec.sV'and below.

B. General:formula for the flavored CP asymmetry
We denote the partial decay width

Fai = F(Nz - 1/0,}/), (107)
and its CP conjugate width
[, =T(N; = Uyy). (108)

The flavor-dependent CP asymmetry in the photon channel
is defined by

gl =t al (109)

where [, is the total decay width of N, (including all open
channels).

For the effective Lagrangian in Eq. (106), the tree-level
amplitude is

MY = i, (p)o" Prui(k)el(q)q,.  (110)
Since the spinor and momentum structure will.remain the
same throughout, we will henceforth display only the
coupling dependence explicitly.

Summing over a different heavy-neutrino generation N,
(m # i), the one-loop amplitude receives vertex and self-
energy contributions. Schematically,

1 #
M}(/ ) = Zﬂamﬂﬂmﬂﬁilloop(xmi) S
m#i

(111)

where 1j,,,(X) is a loop factor whose imaginary part
becomes-nonzero in the quasidegenerate limit x ~ 1 (after
the appropriate width regularization), and x,,; := M2,/ M?
(m[# i) denotes the squared mass ratio of the heavy
neutrinos. The dots indicate the same external spinor
and momentum structure as in Eq. (110).

Separating_thé tree squared, the interference terms, and
the one-loop squared, and neglecting O(u®), it is conven-
ient'to factor out the universal two-body phase-space factor

lql] 1
(D = d(D = = s
: / > 8aM? T 162M;

where ¢ is the three-momentum of the photon in the rest
frame of N;, and m, = m, = 0. We then write the phase-
space integrated partial width as

(112)

5
[pi=®, { |/’tai |2Itree + Z [Afl,gtim]loop (xmi) +C'C'] } ’ (1 1 3)
m#i

where /.. denotes the (real) kinematic factor obtained
from the spin-summed tree-level matrix element, and
Tioop(x) is the corresponding loop factor entering the
tree-loop interference. Here x,,; := M2,/ M?. The coefficient

A6)

u.aim
appearing in the tree-loop interference term,

collects the product of effective dipole couplings

5 % * * T
Afulim = /’taiﬂamZ/‘ﬂmﬂ[)’i = Hgiltam (,M /")im'

p

(114)

The superscript “(5)” is a mnemonic indicating that these
couplings originate from the dimension-five dipole inter-
action after EWSB; correspondingly, the interference term
in Eq. (113) is of order yu*.
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The CP-conjugate width is

- 5)%
rai = (1)2 { |/4ai|21tree + Z[A§¢,(zcirnlloop (xmi) +C'C'] } . (1 15)

m#i

Subtracting Egs. (113) and (115), the tree-level contribu-
tion cancels and we obtain

Lo = I_ﬁoti = _4(1)22 Im<A;(fgu'm) IIn[lloop (xmi)]' (1 16)
m#i

Dividing by I',, yields the general formula for the flavored
CP asymmetry [53],

4D
e == -2 Z Im(AfD)”m) Im[lloop (xmi)] .

tot m#i

(117)

C. Tree-level total width in the photon channel

The Feynman rule for the photon channel follows from
the dimension-five effective interaction (106) and the
effective dipole coupling (104). Using g, = —ig,, the
three-point vertex factor is

Ni(k) = va(p) +7,(q0): 2pai0” q;Pr,  (118)
where we used the antisymmetry of ¢ and F,, to
write o' F,, = 20"0,A,.

The tree-level amplitude for N; — v,y,, is therefore

. 0 - *
IMJ(/ ) = /’laiua(p)(26/)AQ/1PR)ui<k)8/J(q)'
Squaring the amplitude, averaging over the initial spin,and

summing over final-state spin§ and photon pelarizations,
we obtain

(119)

1My

ZZhM” 5,8

§,s' pol.
= —2[pqil’wlc” q,Pr(k + M;)Pr0,  q4p.
(120)
In the following we neglect the tiny light-neutrino mass

m, ~0.05eV compared to M; =1 TeV. Using p? =0,
g* =0, k= p + g, and the identities

o"q, = 5(7"% qar"). (121)
oyl =i(gPy" = ¢y") — e rys,  (122)

we obtain
tro”q,Pr(k +M;)Pro,lqsp) = —8(k-q)(p-q). (123)

Here we dropped the ¢#*/° term using the antisymmetry of
€"*?? and the symmetry of g,,q,, and we used g* = 0 for the
photon mode. From momentum conservation k = p + ¢
and p> = ¢> = 0, we have

k-p=(p+q)-p=p*+p-q=p-q. (124)
k-qg=(p+q)-g=p-q+¢ =p-q. (125)
and k* = M? implies
2
M} =(p+q)=2p-q= pfqg=—""(26)
Collecting these results,
pq 1\/212 kp:MT’Z, kq:M7§_ (127)
Substituting inte"Eq. (123), we obtain
tefo"q, Pr (KM ;)P o, qsp) = —2M}.  (128)
Inserting this into Eq. (120), we find
(A1) = i P, (129)

for both neutrino and antineutrino final states. For massless
light neutrinos, the spin-summed squared amplitude is
identical for N; — v,y, and N; = D,y,, so we include
both‘channels by an overall factor of 2.

Including both contributions, the differential decay rate is

Il dQ
ar=2- —, 130
s M) (130)
where p, = —p, =:p in the rest frame of N; and
A(Mf,m,%,m%)
Il ZZ—M,-’
Ma,b,c) = a*>+ b*+ c* —2ab —2ac — 2bc,  (131)

where A(a, b, ¢) is the Killén function [54] defined in the
second line of Eq. (131). The same expression will be used
below for the Z and W channels by the replacements
(mwm}/> - (mme) and (mwmy) - (mfa mW)7 respec-
tively. Neglecting the light-neutrino mass and using m, = 0,
this reduces to

VAMZ0,0) M,
Il = YEZL=2 2

132
M, (132)

Integrating over the solid angle, the partial width for a
fixed flavor a is [19,20,53]
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0 g Wl oy

|ﬂai‘2M?
rai = 2% g (133

Summing over @ = e, u, 7, we obtain the total photon-
channel width

3
(0 Z 0 _M; Z
Fy,i) = Fj(/,ai = 27; |/’£ai|2

v cos? Oy M
iy

Qref)' . (134)

D. Photon-mode CP asymmetry away from
quasidegeneracy

The loop-level derivation of the nonresonant photon-
mode CP asymmetry is given in Appendix D. In the main
text we quote only the result needed for the kinetic analysis.
For the photon mode N; — v,y and its CP-conjugate
channel, the flavor-dependent CP asymmetry can be
written as

Sgi = Z Im[:um/’lam

Z”Z/} |ﬂﬂt |2 m#i

X AW )il fv, () + fs,(0)] + (1) s, ()},
(135)
with x := M2,/M?. The real loop functions.are
fv,(x) = \/)_c{l + ZX[I —(x+ l)lnxl_ 1] },
fu =22 (136

For later use it is also useful to separate the vertex and self-
energy pieces:

M?
£Zi verta NI, Im[”:ziﬂam (MTﬂ)ime (X)],
', 2”Zﬂ|/‘ﬂi|2mz¢i ‘
(137)
M?
Eai self — —
self 2”2/; |ﬂ/ﬁ|2
X 1
x zlm{ﬂzz‘ﬂam |:(/ﬂ/’l)im£+ (/’ﬁﬂ)mim} }
m#i
(138)

The singular behavior of the self-energy functions as x — 1
is regulated in the quasidegenerate regime, as discussed next.

E. CP source in the quasidegenerate limit
of the photon mode

The nonresonant CP asymmetry is given by Eq. (135).
The self-energy loop functions fg (x) = /x/(1 —x) and
fs, = 1/(1 = x) defined in Eq. (136) diverge in the limit
x — 1, indicating a resonant enhancement [26,55-58]. The
behavior of these loop functions is shown in Fig. 3.

In the quasidegenerate regime M; ~ M,, (m # i), over-
lapping poles dominate the heavy-neutrino two-point
function and the naive perturbative expansion breaks down
[26,27,55-60]. In this section, we thereforeddistinguish the
nonresonant expressions displaying the’singular behavior
from their counterparts regulated. by, Dyson-resummed
propagators in the sense of Pilaftsis=Underwood  (PU)
[27]. We denote the Breit-Wigner (BW) regulated loop
functions by }Sa.h'

When the resonance occurs;, the‘only madification of the
naive Feynman rulés is the ‘Dyson resummation of the
internal N,, propagator, which regulates‘the would-be pole
appearing incthe self-energy diagrams. Using the Dyson-
resummed, propagator

i(k+M,
v =12 —1514;+ iM>mrm ’ (139)
the loop functions are regulated as
Vx(1 = x)
f ( )_)fs,,( ) (]_x) _I_(l—*m/Mi)Z’
~ 1—x
be(x) _’be(x) :(l—x)2+(Fm/M,-)2’ (140)

where we use the vacuum width I, in the regulator
functions f . Defining the physical mass splitting

0.0r

—-25F}

-5.0F

loop functions

_75 k

-10.0 +

10 10

"3:1\437/]\412

FIG. 3. Loop functions fy (x), fs (x), and fg, (x). The self-
energy functions fg (x) and fg, (x) diverge as x — 1 (i.e. in the
quasidegenerate limit M,, ~ M;).
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AM =M, — M,,
AM? == M2, — M? = (M,, + M;)AM
~2M;AM, (141)
we can rewrite Eq. (140) in terms of AM as
7y = MM, AM?>
S (AMA)? 4 (M)
~ M?AM?
fs,=— (142)

(AM?)? + (ML)
making the Breit-Wigner structure explicit. Schematically,
the BW-type function

(AMZ)MiFm

RunlAM) & Py 3 (T,

(m#i),  (143)

is maximized when the mass splitting balances the total
width, yielding [28,61]

AM ~T,,/2. (144)
The derivation of Eq. (140) from the Dyson-resummed

self-energy diagrams is given in Appendix E. In the main
text we only use the resulting replacement

fs,,(x) —’J?sa(x% fsb(x) —’?Sb(x)’

inside the self-energy part of the photon-mode CP
asymmetry. Thus, in the quasidegenerate”regime the
resonantly regulated photon-mode CP asymmetry is
obtained from the nonresonant expression by keeping
the vertex-function f (x) unchanged and replacingthe
singular self-energy loop funetions by their Breit-Wigner-
regulated counterparts.

Combining these ingredients, the photon-mode CP
asymmetry used inthe resonant analysis is

(145)

yaes
Eai 27:Zﬂ|ﬂ/n|2 Z Kl

m#i

x ()il f v, (%) +fs,, ()] + (,“T/i)mifsh (x)}],

(146)

with x := M2,/ M?. This expression makes explicit that only
the self-energy loop functions are resonantly regulated,
while the vertex contribution remains nonsingular as x — 1.

V.EFFECTS OF Oyy ON DECAY WIDTHS AND CP
ASYMMETRIES

In this section we extend the photon-mode analysis of
Sec. IV to the realistic broken-phase case in which both
Oyp and Oyyy are present. The extension has three physical

consequences. First, the neutral component of Oyy, con-
tributes to the Wf’w dipole and therefore makes the photon
and Z-boson dipole matrices independent in general.
Second, the charged components of Oyy open the two-
body channels N; - £, W' and N; — £ W~. Third, the
on-shell cuts in the self-energy diagrams now include the
intermediate states (v,y), (v, Z), and (£, W). The detailed
Cutkosky cuts, angular integrations, and finite-gauge-
boson-mass-loop functions are collected in Appendix F.
Here we quote only the broken-phase couplings, the tree-
level widths, and the final CP asymmetiies used in
the QKEs.
After electroweak symmetry breaking, we define

3 v
1= ——= CNp.ais 147
Hai \/§A2 NB, ( )
Mgi e LCNWozi» (148)

V2R
= = Co (149)

al 2A2 ,al

The neutral broken-phase dipole matrices are

Hiyi 7 H; €08 Oy + g sin Oy, (150)
Uz = —puB.sin Oy + u3, cos Oyy. (151)

Thus, the broken-phase interaction relevant for the two-
body decays can be written as

~Ling D fly0a0" PrNFy, + 046" PgN,Z,,

+ uY€,0" PrN,;Wy, + H.c. (152)
In the limit Cyy — 0, one recovers u" =0 and
u? = —y’ tan @y, so the neutral channels are aligned.
With Oyy present, this alignment is lost.

For V =y, Z, W, define

ry = — Ry=(1—=ry)?(1+ry). (153)

The tree-level width in channel V, summed over the
CP-conjugate final states within the same channel, is

M3
Fg),)(li = o0 — RV|Iual|2 V= Y, Z, W, (154)
and
ry =Sy, V=3 1. (155
a V=y.Z,W
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We denote by

2 2
M, _my

(A Ve (156)

Xmi 3= U:}/,Z,W

the mass ratios entering the loop functions. The finite-mass
vertex-function Fy_(x; ry, ry) and the resonantly regulated
self-energy functions F s, (), F s, (x; ry) are derived in
Appendix F. They reduce to the photon-mode functions of
Sec. IV in the massless limit,

Fy (x;0,0) = fy, (%), (157)
Fsa(XZO) :fsa(x), (158)
Fs,(x;0) = fs, (x). (159)

We define the channel-normalized flavor-dependent CP
asymmetry by

AV 1—‘V,oci - l—‘V,ou'

b = rm
FV.i

(160)

The vertex contribution is

AV.(a)
€ ai
vert, 2”RVZ/)’|ﬂﬂz|ZZ Z

m#i U=y, Z,W
X [(1=6yw)(1 = 6yw) + Sywduw]
x Im [MXi*ﬂgm(ﬂU+ﬂv)im} Fy (XusPy,ry). (161)

The factor in square brackets implements theschannel-

selection rule: for V =y, Z, the mnternal boson can be

U =y, Z, whereas for V =W ene must take & = W.
The two self-energy centributions are

i _ M
28Ry > slulal’ m#i U=y .ZW

x Im [ﬂX,*ﬂXm (ﬂ’”ﬂ”)m} Fs,(xpisry).  (162)
2
AVA() M;
E. = -
self,ai 2ﬂRVZﬂIﬂXi|2 mz#:l U;;’W

XIm[,um o (¥ 1Y), i}Fsh(xmi;rU). (163)

self,ai —

Combining these terms, the CP asymmetry for the channel
Vis
é(‘; = S\Yegt gzl + 8§e1(f (11 + gsel(b> (164)

fai*

For the transport equations, we use the CP asymmetry
normalized by the total width,

(0)
VgV (165)

tot _
Eai — § : (0) T

veyzwl

—

This is the CP source used in the QKEs below.

VI. SCHWINGER-KELDYSH FORMALISM FOR
NONEQUILIBRIUM QUANTUM FIELDS

In this work we track the real-time evolution of the right-
handed-neutrino ensemble and of the associated flavor
charges in the electroweak plasma. In the‘quasidegenerate
regime, a standard Boltzmann description in terms of
independent on-shell number densities,is not sufficient,
because the off-diagonal correlations of the nearly degen-
erate right-handed neutrinoss their damping, and the CP-
odd source must be treatéd,in a common framework. We
therefore use the closed-time-path, or Schwinger-Keldysh,
formalism [62-66]. In" leptogenesis, this approach is
particularly useful \because it organizés the CP source,
washout, and scattering contributions at the level of
Wightmanself-energies 'and avoids the real-intermediate-
state subtraction required in,a-purely Boltzmann treatment
[67571].

For a generic fermion field ¥, we define the contour-
ordered propagator on the closed time path C by

A(x,y) = (T¥(x)P(y)). (166)
Its lesser and greater components are
A7 (x.y)=(P()P(y). A=(xy)==(P(y)¥(x)). (167)

The corresponding gauge-boson Wightman functions are
defined analogously. Our sign conventions follow the
detailed construction summarized in Appendix G.

The contour Schwinger-Dyson equation leads to the
Kadanoff-Baym equations. In the Wigner representation
[72],

X::x;y, Yi=x-—y, (168)
. Y Y
A< (K, X) = / dtyelKYA<> <X +5.X - 5) . (169)

and at leading order in the gradient expansion, the collision
term has the gain-loss structure

ClA] =27 (K, X)AS(K,X) —Z5(K,X)A” (K, X), (170)
where X<~ are the Wightman components of the self-
energy. For gauge fields one obtains the analogous structure
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C[D|=1I" (K,X)D=(K,X)-1I"(K,X)D~ (K,X), (171)
with IT=~ the gauge-boson self-energies.

The density-matrix QKEs used below are obtained by
applying this structure to the right-handed-neutrino two-
point functions and projecting the Kadanoff-Baym equa-
tions onto the on-shell heavy-neutrino quasiparticle modes.
The matrix structure in the heavy-neutrino flavor space is
retained. This is essential in the quasidegenerate regime,
where coherent oscillations and damping are of the same
order as the CP-odd source.

A central advantage of the CTP formulation is that the CP
source, inverse-decay washout, relaxation terms, and the
leading AL = 0 scattering contributions arise from the same
Wightman self-energies. As aresult, the kinetic equations are
organized without double counting and do not require an
additional real-intermediate-state subtraction.

The detailed construction of the 1PI/2PI effective
actions, the contour generating functional, the Kadanoff-
Baym equations, the Wigner transform, the leading-gra-
dient expansion, and the quasiparticle limit is collected in
Appendix G. In the following sections we use only the
Wightman self-energies and their physical cuts to construct
the collision terms.

VII. QUANTUM COLLISION TERMS: 1 « 2
DECAYS, INVERSE DECAYS, AND 2 « 2
SCATTERINGS

In this section we organize the collision kernels that enter
the density-matrix QKEs. The 1 <> 2 polescontribution is
fixed by the decay widths and CP asymimetries derived in
Secs. IV and V. The new ingredient ¢onstructed here is the
leading AL = 0 scattering contribution, which arises from
the Landau-damping part of.the gauge-boson, Wightman
functions. In the Schwingef-Keldysh formulationythe pole
and Landau-damping _ pieces originate from, the same
heavy-neutrino self-énergies, so they ean be separated at
the spectral level’without introducing an additional real-
intermediate-state subtraction [67—69,73].

We write the heavy“neutrino damping matrix as

Ty(z) =Bl) + D 2), (172)
where' ¥ “is ‘thewpole contribution associated with
decays amnd, inverse decays, while I'\™ is the Landau-
damping contribution associated with 2 <> 2 scatterings.
Equivalently, in the dimensionless QKE notation used
below, we introduce

Di(z) — }’D,i(T)

. }’S,i(T)
EEC O

= (173

g 7Y
Here yp; is the thermally averaged decay/inverse-decay
reaction density, and yg; is the total AL = 0 scattering

reaction density. The latter is the quantity computed in this
section.

A. Pole and Landau-damping contributions

The lesser/greater self-energies £y~ contain both pole
and Landau-damping contributions. The pole part corre-
sponds to the on-shell 1 <> 2 processes

N; < v,7, N, < v,Z, N, < ,W, (174)
and is already incorporated in the decay.widths,and CP
asymmetries of Secs. IV and V. The Landau-damping part
corresponds to scattering off plasma<Constituents and gives
the leading AL = 0 contribution at ordet,O(|"|>¢?).

In this work we do nots/numerically. solve the full
Kadanoff-Baym equations: Insteady, we use thesdensity-
matrix QKE obtained after the quasiparticle projection. The
effect of scattering§ is. then Summarized by I'y*, or
equivalently by §;(z). Concretely, we extfact the scattering
contribution_ffom the Landau-damping part of the gauge-
boson spectral function

D=7 (K) = Dpg(K) + Drjy (K), (175)
and define
Yoo = 257Dy - (176)

This organization cleanly separates decays/inverse decays
from/genuine scatterings at the level of Wightman self-
energies. It is the field-theoretic origin of the statement that
ho separate real-intermediate-state (RIS) subtraction is
required in the kinetic equations.

B. Effective interactions after electroweak
symmetry breaking

For the scattering calculation, we use the broken-phase
dipole interactions already defined in Sec. V. We repeat
them here only to fix the notation for the external channel
V =y, Z, W and for the gauge boson exchanged with the
plasma:

_‘cinl 2 ﬂi;iDaGWIPRNiFm/
+ uit 10" PrN; Wy, + H.c.

+ ﬂgiDaGMDPRNiZ;w

(177)

The relation between the Wilson coefficients Cyp, Cyw and
the effective dipole couplings y,; is defined in Sec. IV as

v . v .
lugi = \/§A2 C%B’ ”2[ = 2\/2/\2 C?VIW’

v .
Hey = N2 W (178)

and
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v _ B 3 o
Hoi = Hai COos 9W + Hai sm GWv

pZ, = —pB sin Oy, + 13, cos Oy (179)

Hence, the two genuinely new elements to be included are
(i) #” and p? can be independent (due to Oyy ), and (ii) "
generates charged-current channels.

C. Why the leading scattering is AL=0

The scattering contribution I'\/*" is extracted from the
heavy-neutrino self-energy X<~. The lowest order is
a one-loop diagram with two dipole insertions, giving
uu' ~ O(u?). By contrast, to generate a genuine AL = 2
process (e.g. of LL <> XX type, or N <> L + X type), one
needs at least additional dipole insertions or a higher-loop
structure, yielding at least O(u*). Therefore, in the dipole-
dominated regime the leading washout from scatterings is
controlled by AL =0 channels, and we compute the
O(u*g*) AL = 0 scatterings.

A key viewpoint is that, rather than enumerating and
computing all individual 2 — 2 processes by hand, the
polarization tensor IT<> that appears in X, already
contains all scattering channels present in the plasma. In
practice, one may either (i) use the hard-thermal-loop
(HTL) approximation for the finite-temperature gauge-
boson polarization tensor IT=~, or (ii) use a bottom-up
approximation by computing representative 2 — 2 cross
sections and summing over plasma species.

D. List of AL=0 channels at O(u*g?)

We enumerate t-channel processes in.which a heavy
neutrino NV; scatters on a light plasma particle and converts
into a lepton-doublet component. “Neglecting chemical
potentials, particles and antiparticles contribute equally,
so it suffices to compute particle channels‘and add CP-
conjugate channels.

(1) Neutral-current type, (v, production):

N.f < v,f. (180)

(a) Exchange) boson: Vi=y, Z (and yZ inter-
ference).

(b) Target f: light SM fermions.

(i) y exchange: all charged fermions (charged
leptonsrand” quarks).

(i1) »Z exchange: all fermions (including neutrinos).

(c) Representative process:

Ni(p) + f(k) = va(p) + f(K).  (181)
(2) Charged-current type (£, production):
Ni.f < C.f. (182)

(a) Exchange boson: V = W.
(b) The target transitions to its SU(2), partner:

(i) Leptons: f = £y, f' = vy (or CP conjugate).
(ii) Quarks: f =d,,, f' = u, (including CKM ma-

trix element V;, [74,75]), or CP conjugate.
(c) Representative charge assignments:

= Ca(p) +vp(K),
= £5(P') + ua(K'), (183)

and their CP conjugates (with W~ exchange).
These AL = 0 scatterings are shown in Fig. 4.

E. Kadanoff-Baym definition: From X5~ to Ey

The scattering part of the heavy-néutrino self-energy (for
a gauge boson V) is

2/2)4FVWQ)5 . (K=0)
x (I¥)2,(0)Dy (@),

where S7; 48 the internal lepton line (v, for NC, ¢, for
CC), and.Dy "~ . 1s the gauge-boson Wightman function. The

scattéring contribution corresponds to the Landau-damping
part of D=~ and is given'by the Keldysh relation

Z<>

scatt,i j

(184)

Dy, (Q)= DY, (1, (0)Dy ,(Q).  (185)
where II,;= is the polarization tensor and contains all
scattering channels of plasma constituents.

Under the quasiparticle approximation, the collision term
has the gain-loss structure

Cy ~ 2588 — Z5Sw- (186)

The scattering width I'y*" is read off from this structure. In
the remainder, we make this extraction explicit by reducing
it to 2 — 2 cross sections.

F. Scattering equilibration function S;(z)

The detailed derivation of the neutral-current and
charged-current cross sections is given in Appendix H.

N; > Vo N O— Lo
v, 4 w
f > > rf > > f
FIG. 4. Representative t-channel AL =0 scatterings at

O(u*g?), in which a heavy neutrino N; scatters off a light plasma
fermion f and converts into a lepton-doublet component. Left:
neutral-current processes N,;f <> v,f mediated by y and Z
exchange (including yZ interference). Right: charged-current
processes N;f <> £,f' mediated by W exchange, where f
denotes the SU(2), partner of f. CP-conjugate channels are
implied.
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Here we keep only the reaction-density definitions needed
for the QKEs.

We decompose the total AL =0 scattering reaction
density as

vsi(T) =155 (T) +755(T). (187)
and define the scattering equilibration function by
7s5.4(T) M;
Si(z) = —og—.  z=—.  (I88)
zH (T)nf\?l_(T) T
Equivalently, introducing the scattering rate
75.i(T)
Fscatt,i(T) = i’li% (T) > (189)
one may write
F@catt l(T)
Si(z2) =——=. 190
() = (190)

For the QKEs below, we only need the diagonal
scattering equilibration functions S;(z). The channel-
resolved cross sections are collected in Appendix H; here
we keep only the minimal decomposition required for the
numerical implementation.

We define

(" ") = Zﬂxi*/‘gw
a

V.U=y,ZsW. (191)

Then the total AL = 0 scattering seaction,density..can be
written as

vsi(T) = 7L(T) (W) 177 (T)WE W),

+ ??Z(T)Re(ﬂﬂﬂz)ii + IO ") (192)
Here 7! denotes the, coefficient\reaction density with the
dipole-coupling dependence stripped off. Explicitly,

T o Az \/E
AY o A .
Vi (T) '_gN32ﬂ_4 > ds \/EKI ( T )Uy(S,T), (193)

i

A::S—M{Z, Y:]/,Z,}/Z, Ww. (194)
The explicit expressions for 6,, 67, 6,7, and 6y, including
Debye screening for photon exchange and the sums over

plasma species, are given in Appendix H.

Using
M3T M;
”?\?,. (T) =gn K, (—l),

e T (195)

we define

Fscatl,i(T) = eE]- (196)

The scattering equilibration function entering the heavy-
neutrino QKE is therefore

Fscatt.i(T) _ yS,i(T)
ZH(T) — zH(T)ny(T)

Si(z) = (197)

These are the only scattering inputssrequired in the
numerical QKEs below.

VIII. FROM KADANOEF-BAYM EQUATIONS TO
DENSITY-MATRIX QUANTUM KINETIC
EQUATIONS

In this sectiondwe assemble theidensity-matrix quantum
kinetic equations used in the numerical analysis. The
detailed projection from the Kadanoff-Baym equations,
including the Wigner  transform, the leading-gradient
expansion, the quasiparticle”ansatz, the Hermitization of
the'collision term, the indéx convention relating Wightman
functions to density matrices, and the derivation of the
flavor-charge source and washout terms, is given in
Appendixnl. .Heére we keep only the physical structure
and the final QKE system.

The heavy-neutrino collision term is expressed in terms
of the Wightman self-energies X5 ~. With HTL-resummed
gauge propagators, the gauge-boson spectral density sep-
arates into quasiparticle poles and a Landau-damping cut.
In the one-loop heavy-neutrino collision term, these two
domains map respectively onto the 1 <> 2 decay/inverse-
decay contribution and the leading AL = 0 scattering
contribution. Since the two contributions have disjoint
spectral support, there is no double counting between decays
and scatterings, and no additional real-intermediate-state
subtraction is required [67-69,73].

The gauge-parameter independence of the final scatter-
ing kernels follows from current conservation and trans-
verse projection in the scattering amplitudes, as shown
explicitly in Appendix H. This ensures that the computed
YEO is a physical quantity within the adopted quasiparticle
and leading-gradient truncation.

A. Heavy-neutrino density-matrix equation

The projection of the heavy-neutrino Kadanoff-Baym
equation gives, for on-shell quasiparticles in an Friedmann-
Lemaitre-Robertson-Walker (FLRW) background,

(0, — Hk - Vi) fn(k, 1) +i[Qy(k, 1), fy(k, 1)]

= =S ATtk Fyller) = £ 0} (198)
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Here f, is a matrix-valued distribution function in the
heavy-neutrino generation space. The Hermitian matrix Qp
describes coherent evolution, including the vacuum mass
splitting and dispersive medium effects, while I'y is the
damping matrix.

After momentum averaging, the pole part of I'y defines
the decay/inverse-decay equilibration matrix D(z), while
the Landau-damping part defines the scattering equilibra-
tion matrix S(z). In the numerical implementation we work
in the heavy-neutrino mass basis and take these matrices to
be diagonal,

M;

D;j(z)=D;(z;)d;;,  Sij(z) =Si(z:)d;;, gi= (199)

The decay kernel is defined from the total tree-level
width of N,

e Y

a=eutV=y,ZW

(200)

where the channel widths Fs),)ai are derived in Secs. IV and

V. In the Maxwell-Boltzmann approximation, the thermally
averaged decay rate is

l:‘D’l-(T) E2EZ ;Fdec (201)
and hence
_TpT) T K (z)
D) = ) ~ ST 2

The scattering kernel is defined from.the AL\="0'scattering
rate constructed in Sec. VII,

Fscalt,i (T)
H(T)E

With these~definitions, sithe yield-level heavy-neutrino
QKE is

Sife) = (203)

dYy s

4 )+ 8(z). Yy — Y9}

1
~ilylz). Yv) 5Pl (204)
Here Yy is the heavy-neutrino yield matrix. The equilib-
rium quantity, Y3! denotes the diagonal equilibrium yield
matrix in the heavy-neutrino mass basis. We do not assume
a common equilibrium abundance for all heavy-neutrino

generations.

B. Flavor-charge equation

The CP-odd source for the flavor charge Y, is gen-
erated by the AL =1 decays and inverse decays. The
detailed index bookkeeping between the heavy-neutrino

Wightman function and the density matrix is given in
Appendix . With our conventions, the source term can be
written as

v,

a

o = tr[e,D(z)(Yy — Yi)I.

(205)

source

where ¢, is the C P-asymmetry matrix in the heavy-neutrino
generation space. For diagonal Yy, this reduces to the
familiar Boltzmann form

vy,

a

0 Zsa,D ) (Y = Y1) N206)

source

The same lepton Wightmansself-energies,determine the
washout. Their pole partsgives inverse-decay washout,
while their Landau-damping, part gives the leading AL =
0 scattering washout:"We parametrize the washout con-
tribution as

dY,

a

dz

_ Z WID (2) +Wscatt( )]YA/,-

washout

(207)

Here W is determined by the inverse-decay kernels and
flavor projectors, while Wi is determined by the AL = 0

scattering kernel§ of Sec. VII. Their detailed derivation
from the lepton collision term is given in Appendix L.

C. Final density-matrix QKE system

Combining the heavy-neutrino equation with the source
and washout terms, the QKE system solved in Sec. IX is

dy
dZN —i[Qy(2), Yn]
(D) + 5@ Yw-T3Y (208)
% = tt[e, D(2)(Yy — Y]
Z
Z WID scatt(z)]YAﬂ‘ (209)

The first equation describes coherent heavy-neutrino evo-
lution, relaxation by decays and inverse decays, and the
additional damping induced by the leading AL = 0 scat-
terings. The second equation describes the CP-odd source
and the flavor-resolved washout of the charges Y, .

Finally, electroweak sphalerons convert B — L into B
until sphaleron freeze-out. We therefore evaluate the
frozen-out baryon asymmetry as

Yll:?o = Csph(Tsph) Z YA,,(Tsph)'

a=e.u.t

(210)
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The sphaleron conversion factor cgy,(7'spn) Was defined in

Sec. IT A. Equations (208)—(210) are the starting point for
the numerical analysis below.

IX. RESULTS

Hereafter, we focus on the quasidegenerate pair Ny, N,
and set the generation indices as i = 1 and m = 2. In this
section we solve the density-matrix QKE system assembled
in Sec. VIII. The CP-odd source is built from the decay CP
asymmetries derived in Secs. IV and V, while the inverse-
decay and AL = 0 scattering kernels are constructed in
Sec. VII and incorporated into the QKEs in Sec. VIII.

The purpose of the numerical analysis is threefold. First,
we exhibit representative time evolutions of the heavy-
neutrino density matrix and the flavor charges across the
electroweak window. Second, we scan the effective electro-
magnetic neutrino mass MM to identify the region where
the resonantly enhanced dipole source can reproduce or
exceed the observed BAU. Third, we compare the full result
with a computation in which the leading AL = 0 scatter-
ings are switched off, thereby quantifying the numerical
impact of the scattering kernel derived in Sec. VIIL.

The frozen-out baryon asymmetry is evaluated
using Eq. (210).

A. Conventions and definitions

We consider two right-handed neutrinos Ny and N, and
denote the temperature variable by

M,
=, 211
2= (211)
The yield of N, is defined as Yy :='ny, /s, Where 5is'the
entropy density. For the equilibrium yield we use the
Maxwell-Boltzmann approximation,

459}\]

47z4g ZZKz(Z)’
*§

Vs (o) 2 (212)

gNZZ’

with K, the modified Bessel function of the second kind.

To parametrize the overall strength of the dipole-induced
intefactions \we define thereffective electromagnetic neu-
trino mass [46] by the combination that controls the total
decay width,

_Ulez Z )|Ma1|2- (213)
a V=rZW
The phase-space factors are
2 my
Ry(My) = (1=ry)*(1 +ry). vV =ap (214)
1

With these definitions the partial widths read

Iy, = _RV Z|ﬂa1|2 (215)
so that the total width satisfies
My oy
Oy =T+ T2+ Ty, =5—5m".  (216)
' 2rv
The decay parameter is then defined as
K= HT=M )—166,/_M% (217)
]._H(T:Ml)’ o g*MP]’
and can be written in the standard form
EM
K, = ,
1 mEM
27 x 466 2
mEM o= T2V s o 64 (218)
My,
with ge=1106.75. Accordingly, K; =1 corresponds to
M= mEM ~ 5.35 x 107* €V and marks the approximate

boundary between the weak- and strong-washout regimes.
We use the standard terminology in which K; < 1 denotes
the “weak-washout regime, where inverse decays and
scatteringsy-are’ inefficient compared with the Hubble
expansion, whereas K; > 1 denotes the strong-washout
regime, where these processes efficiently drive the system
toward the quasiequilibrium trajectory. Thus, the value
K| = 1 should be understood as a conventional crossover
scale rather than as a sharp dynamical threshold.

We integrate the QKEs across the electroweak window
and use the dimensionless temperature variable z := M, /T,
as already defined in Eq. (211). Furthermore, we denote

M, M,
ZEW = , Zsph *=
TEW Tsph

, (219)
with Tgw ~ 160 GeV and Ty, ~ 130 GeV. As an initial
condition at z = zgw we take the heavy-neutrino density
matrix to be diagonal and close to thermal equilibrium or
zero,

Yy(zew) = Y§' (zew). (220)
YN(ZEW) =0, (221)

and set the flavor charges to zero,
Y aa(zew) = 0. (222)

To probe the resonant regime, we adopt a quasidegen-
erate spectrum
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M, =M, + AM, AM =5x10712 GeV. (223)
In our parameter scan we keep AM fixed for simplicity.
Since the total width I, depends on the effective dipole
coupling, the exact resonance condition AM ~T,/2 is
realized only in a band of parameter space; fixing AM
therefore allows us to track continuously how the Breit-
Wigner enhancement competes with washout as the effec-

tive dipole strength is varied.

B. Benchmark input

For the UV completion we take the heavy masses to be
degenerate at

ME = Mep+ = My = Mp =:Meq =10 TeV. (224)
For the right-handed neutrinos we choose
M, =1TeV, M, = (1+5x1071) Tev. (225)

At the electroweak reference scale Q.. = 150 GeV we use

¢ =0.357, ¢=0.652, g,=1.17, y,=0.93. (226)
We parametrize the soft-breaking term as V5 =
uH'D +H.c., so that pgq has mass dimension one;
we quote g itself in the benchmark. For the Yukawasand
dimensionful couplings in the UV model we adopt the

representative values

Yy = (1,6_0'7i)T X 10—3’
ys = (10, 8e7%31, 61T X104,

Usort = 10 GeV, U =10e MNGEV T (227)
which realize a suppressed”effective Yukawa coupling to
the SM-like Higgs direction (see See. II) while/generating
the dipole operatorssat one loop. All other renormalizable
couplings in the UV Lagrangian that do not enter the one-
loop matching‘onto Oy /Oy w at the order considered (e.g.
hy) are irrelevant forthe present numerical analysis and are
left unspecified.

C. Numerical analysis

For ‘the’ numerical analysis we adopt a minimal set of
standard ‘approximations. We integrate the density-matrix
QKEs only over the electroweak crossover window,
Tgw 2 T 241, and evaluate the baryon asymmetry at
sphaleron freeze-out. The kinetic description is based on
the leading-gradient (first-order) truncation, with a quasi-
particle/narrow-width treatment of the relevant excitations.
In the benchmark regime inverse decays dominate the
washout, while the leading AL = 0 scatterings are included
mainly as a consistency check and are found to induce only
a small correction to the efficiency.

1.3F 13.0x107°
= 5
g 12F 12.0x10”
s —
= N
=
~ 3
= <
X PN
LELLE 11.0x107°
B
1.0 ; ; ; ; ; ; .10
64 66 68 7.0 7.2 7.4 .76
z=M,/T
FEM _

FIG. 5. Time evolution of the®QKE solution for 7,
1073 eV with thermal initial Aeavy-neutrino ‘abundance. The
solid curve, read from the left axis, shows the normalized trace
of the heavy-neutrino .density \matix, Y y(z)/irYy(z). The
dashed, dash-dotted,.and detted curves, read from the right axis,
show the flavor charges Y, (z) for o= e, . The growth of the
flavor chargescover the, electroweak window reflects the reso-
nantly enhanced CP-odd source in this benchmark.

The numerical solutiong of the density-matrix QKEs are
shown in Figs. 5-7.

Figures 5 and/6 display the time evolution for a
representative valtie ™ = 1073 eV. The solid curve (left
axis) shows

trYy(z) _ Y11(2) + Yu(z)
wY(z)  YI(z) +r(z)

(228)

The dashed, dash-dotted, and dotted curves (right axis)
show the flavor charges Y 5, (z) for a = e, u, 7, respectively.
Since we take M| =1 TeV, the temperature variable
7= M;/T evolves from
7 =2zgw = 6.25 = 7 = 73 = 7.69. (229)
The normalized trace of the heavy-neutrino density matrix,
trYy(z)/trY3} (z), first increases and then decreases; note,
however, that this does not imply that tr¥y(z) itself
increases and then decreases in the same manner. In the
interval 6.25 <z <7.35, the equilibrium trace tr¥y(z)
drops more rapidly than trYy(z), while tr¥y(z) still
decreases, indicating that the heavy-neutrino decay reac-
tions are operative. As a consequence, the flavor charges
Y A, shown by the dashed curves increase nearly linearly
with z over this short interval (cf. Sec. IX D).

Figure 6 shows the time evolution obtained with the zero
initial abundance in Eq. (221), plotted in the same format as
Fig. 5. The trace ratio tr¥y(z)/trY!(z) rises rapidly just
after the onset of the electroweak window, zpw < z < 6.3,
as inverse decays populate the heavy-neutrino ensemble
starting from zero abundance. It then continues to increase
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FIG. 6. Same as Fig. 5, but with zero initial heavy-neutrino
abundance. Inverse decays first populate the heavy-neutrino
ensemble, leading to a rapid rise of rYy(z)/wYy!(z). For the
illustrative point MM = 1073 eV, the flavor charges remain
negative at sphaleron freeze-out, so this benchmark gives a
negative YEO. Positive-BAU zero-initial-abundance points are

found at larger m"™, as shown in Fig. 7.

monotonically and can exceed unity before sphaleron
freeze-out at z =z, ~7.69, reflecting the fact that
trYy(z) decreases rapidly with z while tr¥y(z) follows
with a finite relaxation rate. In contrast, the flavor charges
Yaq(z) (@ = e, pu, 7) drop sharply from zero to negative
values in the same early interval and subsequently approach
the origin from below. For the benchmark point
MM = 1073 eV, the charge densities remain negative at
7 = zgn With the CP-phase convention uséd in, this scan.
The corresponding signed frozen-out baryon asymmetry is
therefore

i<, (230)
as obtained from Eg¢(210). We keep this signed value in
order to display the phase convention and'the sign change
of the zero-initial-abundance branch explicitly. The sign
itself is controlled by"the CP-odd phase of the dipole
Wilson_coefficients: reversing the relevant CP-odd phase
reverses the sign of YE? withOut changing the efficiency of
the ‘production mechanism. Thus, the benchmark mfM =
1073 eVhis  used onlyrto illustrate the time evolution of the
density-matrix dynamics, and with the phase convention
chosen here it”does not reproduce the observed posi-
tive BAU.

For the fixed CP-phase convention used in the scan, the
underlying signed zero-initial-abundance solution changes
sign within the neutrino-oscillation-motivated green band
around MM ~3 x 1072 eV. Since Fig. 7 displays the
magnitude |YEC| on a logarithmic scale, this sign change
appears there as a sharp dip of the dashed blue curve rather
than as a literal zero crossing of the plotted quantity.

Y5
as a function of the effective electromagnetic neutrino mass ™.
The solid blue curve assumés thermal initial heavy-fieutrino

abundance, while the dashed blue curve assumes zero initial

FIG. 7. Magnitude of the frozen-out baryomasymmetry,

s

abundance. The sharp dip of the dashed blue curve near /m
3 x 1072 eV reflects’the sign change of the/underlying signed
zero-initial-abundance, solution. The detted black curve shows
the thermal-initial-abundance result with the leading AL =0
scattering terms switched off, i.e. with inverse-decay washout only.
The hefizontal dashed orange, line indicates Y9 ~ 8.7 x 107!,
The/green band shows the characteristic light-neutrino mass scales
suggested by oscillation data'in normal ordering. The near overlap
of the solid blue and dotted black curves shows that the leading
AL = Oscatterings produce only a tiny efficiency correction in this
benchmark:

B

Together with Fig. 6, this shows that the signed zero-initial-
abundance branch changes from negative to positive across
this point. Hence, within the scanned range and for the
same fixed CP-phase convention, a positive BAU is
obtained only for

3x1072eVmM <1 eV, (231)

which overlaps with the neutrino-oscillation-motivated
green band. When comparing only the size of the generated
asymmetry, the relevant quantity is the magnitude |Y£°|, as
plotted in Fig. 7; the signed solution is nevertheless used in
the text to identify which side of the zero produces the
observed positive baryon asymmetry for the chosen CP-
phase convention.

Figure 7 summarizes the main numerical result. We show
the magnitude of the frozen-out baryon asymmetry, |Y£°|,
as a function of the effective electromagnetic neutrino mass
M. The solid blue curve corresponds to thermal initial
abundance, while the dashed blue curve corresponds to
zero initial abundance. The dotted black curve is obtained
by switching off the leading AL = 0 scattering terms for
the thermal initial condition, keeping only the inverse-
decay washout. The horizontal dashed orange line indicates
the observed baryon asymmetry,

123544-24



RETRACTED: SCHWINGER-KELDYSH FORMULATION OF ...

PHYS. REV. D 113, 123544 (2026)

Yo ~ 8.7 x 10711, (232)

and the green band indicates the characteristic light-
neutrino mass scales suggested by oscillation data in
normal ordering.

The thermal-initial-abundance branch exhibits the
expected rise-and-fall behavior. In the weak-washout
regime, increasing MM enhances the dipole-induced decay
rate and the CP-odd source, so |YEC| grows. In the strong-
washout regime, larger ™ strengthens inverse decays and
also increases the total width entering the resonant regu-
lator. Since the mass splitting is held fixed in the scan, the
Breit-Wigner enhancement is gradually reduced at large
MM and the final asymmetry decreases.

For thermal initial abundance, the frozen-out asymmetry
exceeds the observed baryon asymmetry in part of the
scanned parameter space. This should be interpreted as an
undiluted freeze-out yield. If additional late-time entropy
production occurs after leptogenesis, the final baryon-to-
entropy ratio would be reduced by a dilution factor,

YFO
Yp = B

, D> 1.
D >

(233)

We do not model such a dilution mechanism here. The
point is that the resonant dipole source is strong enough to
generate an asymmetry of the observed order.

For zero initial abundance, the final asymmetry changes
sign as m™ is increased. Below the sign-¢hanging point
the frozen-out asymmetry is negative; as illustrated in
Fig. 5. Above it, the asymmetry becomes positive and
can reach the observed order within,the scanned interval.

The effect of the leading AL = 0 scatterings is small
throughout the benchmarksScan. The dotted blackscurve is
nearly parallel to the solid blue ‘curve, showing that the
scatterings mainly induee a tiny overall rescaling of the
efficiency rathegfthan ayqualitative change in the mtM
dependence. This confirmssthat, in the dipole-dominated
benchmark considered here, the baryon asymmetry is
generated by.the AL = 1 decays and inverse decays, while
the deading AL = 0 scatterings only modify the relaxation
and ‘washout efficiency.

The behavior displayed in Fig. 7 admits three simple
analytic interpretations, which we spell out in the following
subsections. First, the nearly linear behavior of the flavor
charges in the thermal-initial-abundance example follows
from the short width of the electroweak window and the
mild variation of the CP source. Second, the weak-washout
side of the scan exhibits an approximately quadratic
dependence on /MM, as expected from the common dipole
scaling of the CP source. Third, the leading AL =0
scatterings remain numerically small because S;/D; < 1
over the relevant window.

D. On the behavior of the flavor charges Y,, for
thermal initial abundance

The linear dependence of the flavor charges Y, on 7 =
M /T shown in Fig. 5 can be understood directly from the
structure of the flavor-charge QKE (209). Denoting the
source term by

Sa(z) =trle,D(2)(Yy(2) = Yi!(2)].  (234)
the evolution equation takes the schematic form
dY s,
e Sa(2) = > W@ ap(z). (235)
17

where S, and W are in géneral z,dependentiandsthe full
system 1is matrix valued: In_<the narrow window
Zpw = 0.25 < 7 < Te69 zpp; owever, the “asymmetries
are still small and the washout term is subdominant, while
the source termt varies only mildly. Approximating S, (z) ~
S, (zgw) and neglecting the washout term at leading order
then yields

Y pa(2) 2 Y pq(zew) + Salzew) (2 — 2Ew) (236)

which explains the quasilinear rise of the flavor charges.

E. Origin of the (infM)? scaling
In the weak-washout regime (K; < 1), i.e., the left part of
Fig. 7 exhibits an approximately quadratic scaling,
V5] o (mi™)>. (237)
This follows from the common dipole scaling in the CP-
odd source term of the QKEs: for I', << AM (so that the
resonant denominator is effectively constant at fixed AM),

the flavored CP asymmetries scale as &,; o u?, while the
decay factor obeys

o
D) o m™ o« 33 P (239
Since the source entering dY,,/dz is
Sa(2) = trle,D(2)(Yu(2) = Y§!(2))].  (239)

it carries an overall u* dependence, and therefore |YEO|
inherits
VEC] o o (mM)?, (240)

consistent with a slope of 2 on log-log axes.
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F. Origin of the approximately constant contribution of
the AL =0 scatterings

In the z interval shown in Fig. 7 we find that the
scattering kernel is parametrically tiny,

$12) L 155 1075,

(241)

Accordingly, scatterings influence the evolution in two
logically distinct places, but in both cases only at the 107>
level. On the heavy-neutrino side, the deviation from
equilibrium obeys

dYy
7NI: _(Dl +Sl)5YN| .

8Yy,(2) =Yy, (2) = ¥, (2). dz

(242)

In the regime where &Yy, adjusts on a z scale short
compared to the variation of Yy (z), one may use the
quasistatic estimate

1 dry (z)

M= s @ a

(243)

where we use Yy, = Yf\?] + 6Yy,. Since the production
term is proportional to D,6Y y , scatterings enter the source
through

dYy
D, (2)8Yy, (z) = — b (ZD)l_EZ;] - YZIZ(Z)
1 in,ql (Z)

ST Do) a2

so that in this range the'source is reduced only by a relative
factor

1 1
L+ (S,/Dy). 1 #%E,
~1-15x%x107°.

1-5,
(245)

On the flavor-charge side, scatterings contribute directly
to the washout through the additional kernel W, while
inverse decays contribute through W'P; in our normaliza-
tion these are proportional to the corresponding reaction
densities, WP « y,, and W4  y, so that

WSCatt S
%—m:—lzgl =15x 10_5,
Wi Y1 D

(246)

and

Wt = WP + Wit = WIP[1 + (S,/D))]

= WP +E) WP +15%x107).  (247)
Hence, for the benchmark parameters and within the
electroweak window considered here, AL = 0 scatterings
are parametrically tiny in the strong-washout regime and
modify both the effective source term and the total washout
only at the O(107) level in our normalization.

The numerical analysis therefore leads to two main
conclusions. First, resonant dipole-dominated EMLG can
generate an asymmetry of the observed orderzand can even
overproduce it, in the quasidegenerate regime. Second, for
the present benchmark the leading AL = 0 scatterings are
not the origin of the asymmetry; theirrole is to provide a
small correction to the relaxation and washout kernels. The
dominant source is the «CP-violating AL = 1/decay/
inverse-decay sector, resonantly enhanced by the quaside-
generate heavy-neutrifio spectrum.

X. DISCUSSION AND CONCLUSIONS

This section summarizes what has been achieved in the
present paper: Building on the electromagnetic leptogenesis
proposal of Ref. [19], we provide a fully gauge-invariant
EHT realization and an Schwinger-Keldysh (SK)-based
density-matrix treatment appropriate for the quasidegener-
ate (resonant) regime. Our central new ingredient is to
derive density-matrix quantum kinetic equations on the
Schwinger-Keldysh contour whose collision term incorpo-
rates decays, inverse decays, and the leading AL =0
scatterings consistently from the same effective inter-
actions, avoiding double counting and therefore eliminat-
ing the need for RIS subtraction. This construction enables
a quantitative mapping from UV input to the frozen-out
baryon asymmetry in the electroweak window, and it
clarifies which physical conditions control the viability
of dipole-dominated leptogenesis.

A. Overcoming the intrinsic dipole suppression
via resonance

Our results show that a genuinely dipole-dominated
scenario is viable only if the structural suppression away
from resonance is evaded. For dipole-induced decays the
tree-level amplitude is proportional to the effective dipole
coupling u,;, and the total width scales as

l—‘1 & M?Z|ﬂal|2 (248)

Away from the resonant regime, both the CP-odd source
and the washout rates scale with the same small combina-
tion :“31’ so the final asymmetry is parametrically sup-
pressed. In the quasidegenerate regime, by contrast, the
self-energy contribution provides a Breit-Wigner-type
enhancement, and the CP source is controlled by the
relative sizes of AM and the width(s) entering the regulator
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[27,31]. Since our scan keeps AM fixed, increasing mt™M

enhances I, and therefore drives the regulator away from
its peak once I', > 2AM, which directly explains the
turnover of YO observed in Fig. 7. More generally, the
enhancement is maximal when the splitting is comparable
to the width that regulates the resummed self-energy pole,
so scanning over AM as well as mE™ provides a direct
handle on where the Breit-Wigner envelope peaks.

B. Suppressing Yukawa-driven effects to isolate a
dipole-dominated regime

We also find that controlling Yukawa-induced channels
is essential for testing a genuinely dipole-dominated
mechanism. In gauge-invariant UV completions, the renor-
malizable operator L HN is generically allowed; if its
effective coupling is not suppressed, Yukawa-mediated
decays and inverse decays dominate both the total width
and the washout, enlarging the width entering the resonant
regulator and obscuring the dipole dynamics. To isolate
electromagnetic leptogenesis, we therefore restrict to the
regime where Yukawa channels remain subdominant [30].
Quantitatively, as shown in Sec. II, this can be enforced by
the conservative bound

[Yee| < 107, (249)
Our benchmark satisfies this condition, so Yukawa-medi-
ated processes do not materially affect either the resonant
regulator or the washout kernels in the electroweak win-
dow. In the present UV completion this_hierarchy is
technically natural because y.; is contfolled by a soft
Z,-breaking parameter, so the dipole-dominated limit
corresponds to a stable parametric regime rathersthan a
tuned choice of couplings.

C. Applicability of the electroweak-window analysis

We first comment” on~the range of applicability of the
present analysis¢"Our study is designed to isolate the
leptogenesis dynamics in"the vicinity Of sphaleron decou-
pling, and we therefore evolvelthe QKEs only over the
electroweaky, window Ty > I'> T, In this range, we
desefibe the dipole sector’in a broken-phase effective
theory;, in which the gauge-invariant YSMEFT operators
are matched onto effective dimension-five dipole inter-
actions parametrized by uY. The dominant processes are
the two-body»channels N; — vy, N; = v,Z, and N; —
Z,W (and .heir inverse decays), supplemented by the
leading AL = 0 scatterings.

This treatment should be regarded as an approximation
to the smooth electroweak crossover. Near Tgy the Higgs
background and thermal masses vary with temperature, and
in the electroweak-symmetric phase (T > Tgyw) the gauge-
invariant dipole operators induce three-body decays N; —
¢,HX with X = B, W, for which the leading nonvanishing

CP asymmetries arise only at two loops [19]. A fully
continuous analysis would require matching the kinetic
description across the crossover while incorporating the
temperature dependence of the Higgs background and the
symmetric-phase reaction network. We leave this extension
to future work; the present results demonstrate that, once
the dipole sector is treated consistently in the broken phase
with SK-based density-matrix kinetics, the electroweak-
window contribution can reproduce the observed BAU in a
resonant, dipole-dominated setup.

D. Phenomenology and testability

Complementary probes of the dipole sector were dis-
cussed in [25,29]. On the direct-searchside, transition
dipoles of heavy neutral leptons (HNLs) can be tested at
colliders and intensity-frofitier experiments. Inparticular,
LHC sensitivity studies’of dipole-portal signatures (includ-
ing channels involving 'z leptons) have been presented in
[21,22]. A mone=p,plus missing-energysstrategy at NA62,
targeting radiative  decays N — vy, has been proposed
in [76].

Ongsthe precision side, electroweak matching and RG
evolution induce the charged-lepton dipole operator in the
low-energy effective theory. In terms of the corresponding
low-energy effective field theory (LEFT) Wilson coeffi-

cient C,,, one has the parametric relations

BR (11 — ey) o< |(Cop) o (m)? + [(Cep) e ()P, (250)
de «<Im(C,),, (m,). (251)
Aa, xRe(C,,),,(m,), (252)

with the QED evolution from Q. = 150 GeV to u =
my,, m, discussed in [23,24]. For current experimental
limits, see MEG 1I for u — ey [77], JILA for the electron
electric dipole moment (EDM) [78], and the Muon g — 2
Collaboration for a, = (g —2),/2 [79].

Light-neutrino masses can be accommodated independ-
ently of the dipole sector in the Yukawa-suppressed bench-
mark considered here. As discussed in Sec. I D, requiring
[Verr| < 1078 renders the type-1 seesaw contribution from
the TeV-scale states N , phenomenologically negligible, so
the observed masses are naturally attributed to an additional
lepton-number-violating sector, for instance a high-scale
type-1I seesaw completion. At low energies such a com-
pletion enters only through the coefficient of the Weinberg
operator (equivalently, through m,) and can be confronted
with neutrino data, including cosmological limits on »_ m,
[80], oscillation measurements [47] (NuFit-6.0), and direct
bounds from KATRIN [81].

Finally, we emphasize that the resonant enhancement
relevant for the CP-odd sources arises from width-regu-
larized heavy-neutrino self-energies in the baryogenesis
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dynamics [27,60], whereas low-energy dipole observables
are controlled by the on-shell (¢> = 0) matching onto the
LEFT dipole operator and its QED running [23,24,51,82,83];
the BAU requirement and low-energy dipole searches there-
fore provide complementary information.

This complementarity is the main phenomenological
motivation for pursuing the low-scale formulation devel-
oped in this paper. The baryon asymmetry fixes a cosmo-
logical viability criterion for the dipole sector, whereas
charged-lepton flavor violation, EDMs, anomalous mag-
netic moments, and direct HNL searches probe the same
sector from the low-energy and laboratory side. A full
SMEFT-to-LEFT matching analysis of the dipole coeffi-
cients, including flavor structure and correlations among
u — ey, d,, Aa,, and collider observables, is beyond the
scope of the present work and will be addressed separately.
The results obtained here provide the necessary prerequi-
site: they identify the resonant, dipole-dominated region in
which such phenomenological tests are meaningful because
the mechanism can generate the observed BAU.

E. Conclusions

In this paper, we studied low-scale electromagnetic
leptogenesis in a gauge-invariant EFT framework and
asked whether the dipole-dominated mechanism can gen-
erate the observed baryon asymmetry in the electroweak
crossover window. Starting from a softly broken Z, &V
completion, we matched onto the gauge-invariant dipole
operators Oyp and Oy, evolved their Wilson coefficients
to an electroweak reference scale, and constructed the
broken-phase dipole couplings to y, Z, and W=,

The central physical result is that the nonresonant,
hierarchical regime is structurally “inefficient’ in.gauge-
invariant dipole-dominated EMEG, while theé quasidegen-
erate regime can generate asSufficient baryon asymmetry
through the resonantly enhanced self-energy contribution.
In the benchmark studied ‘here, the QKE solutions repro-
duce, and in partsof parameter space, oyerproduce, the
observed BAU. This establishes that the low-scale dipole-
dominated miechanism_4s viable at least as a proof of
principle once the tesonant regime is included.

We also derived density-mattix QKEs in the Schwinger-
Keldysh formalism. In this formulation, the CP-odd source,
inverse, decays, and the/leading AL = 0 scatterings arise
from a common self-energy structure. This organization
avoids double counting and does not require a separate real-
intermediate-state subtraction. Numerically, the leading
AL = 0 scatterings are not the origin of the asymmetry
in our benchmark; they mainly provide a small correction
to the relaxation and washout kernels, with S;/D; ~ 107>,

The motivation for formulating EMLG at low scale is
that the same dipole sector can eventually be confronted
with laboratory observables after SMEFT/LEFT matching.
The present work provides the required cosmological
prerequisite: it identifies the resonant, dipole-dominated

parameter region in which the mechanism can generate the
observed BAU. A full analysis of the resulting correlations
with charged-lepton flavor violation, electric dipole
moments, anomalous magnetic moments, and direct
HNL searches will be pursued separately.
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APPENDIX"A: A 'TYPE-II-SEESAW
ILLUSTRATION FOR THE LIGHT-NEUTRINO
MASSES

As a minimal and standard fealization of such an
alternative origin, one ‘may introduce a type-Il seesaw
[9-13] sector with a scalar triplet A~ (1,3,1). The
corresponding UV interactions can be written as

1 i .
L5 S (ya) s L#Cic* ALy + upHTic? ATH + H.c.
+ MAtr(ATA), (A1)

and integrating out A generates the Weinberg operator,

1 TCrr<\( gt
—Leg D E(CS)(I/)’(L(CZH J(H'Lg) +He.,

U
(Cs)op = (YA)H/;M—Az- (A2)
A
After electroweak symmetry breaking,
() > v’
(my )aﬁ = (CS)aﬁv = (yA)aﬂﬂAW' (A3)
A

If [(ya)gsl ~O(1) and pp~My~1x10" GeV, one
obtains

(1) 1)2 2462

my ~—o~——— GeV ~0.06eV.
My 1x10

(A4)

Assuming a negligible lightest mass m; — 0, the heaviest
eigenvalue is m3 ~ /Am3, =~ 0.05 eV [47] (NuFit-6.0), com-

parable to our estimate mgl) ~0.06 eV.

Placing this type-1I seesaw sector at a scale far above
Omach = 10 TeV implies that, at low energies, it appears
only through Ojs (i.e., m,) and can be treated independently
of the UV completion that generates the electromagnetic
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dipole operators Oyy (X = B, W). In particular, as long as
A does not couple directly to N, it does not induce
additional contributions to Oyy, and one can realize m, =
O(1072) eV while remaining consistent with the EFT
analysis of electromagnetic leptogenesis.

APPENDIX B: DETAILS OF THE UV
COMPLETION AND ONE-LOOP MATCHING
ONTO THE DIPOLE OPERATORS

1. Classical reduction of D to H

Here we give the derivation of the tree-level matching
step used in Sec. II. At low energies, where the typical
external momenta satisfy p?> < m3, the heavy scalar
doublet D can be integrated out by solving its classical
equation of motion.

We consider the part of the Lagrangian involving the
kinetic term of D,

L>(D,D)"(D*D) - V(H,Z,D,®"). (BI1)
Treating D and D' as independent fields, the Euler-
Lagrange equation gives

OV(H,E,D,d")

(D,D"D), + = =0. (B2

The terms in the scalar potential that act as leading sources
for D are those linear in D or D. From the soft-breaking
term and the D-dependent interactionsaifinthe scalar
potential, we obtain

Viinear 2 /“’goft[—ﬁD + (:“goft)*DTH
T (E D) (@) D’ D)o

+Apu(D'E)(H™H) + pga(D'E) @77, (B3)
Therefore,
aVlinf:ar % s
W = (ﬂgoft) H+ ,"tsZcI)Jr
+ ApuB(H H) + Apy Z[@F>. (B4)

On the other hand, the terms proportional to D'D, such as
m3D D, fy(H H)(D'D), and f3|H'D|?, contribute terms
proportional to'D itself. Thus the equation of motion can be
organized as$

my+OH'H,Z'%,|®F )| D=——"— (B5)
Since D,D*/m}, = O(p*/m3,), the derivative term is
subleading in the low-energy expansion. Keeping only
the leading 1/m?, contribution gives

1 -
Dex——5 [(/f‘goft)*HJfﬂfz‘l)+
mp

1
S ApuS(HH) + z,mz|<p+|2} + o(m—4> . (B6)
D

For the conversion of the D-based dipole operators into the
vSMEFT dipole operators, it is sufficient to retain the soft-
breaking source alone:

2 * 2
D Hson)” Sog) H, ~ D~-Pog (B7)
mp p
Hence,
(D) Haof (D) Haof
ONB,ai - _niioztONB.ah ONW,(li = _niioztONW,ai’ (BS)
D D

which yields the matching relation quoted\in Sec. II.

2. General form of the vertex-function decomposition

The quantity computed in this section is the 1PI
amplitude of the four-pointvertex function associated with
the/gauge-invariant operators in the symmetric phase,

Onpgi = (Lo PrN;)HB,,,

ONW,ai = (Z‘aUWTaPRNi)HWZb' (B9)
Thatis, taking the external legs to be N;, L,, H, and X s WE
define the amputated vertex-function I’y through

My =i, (P )Tx(p, P’ k)Pruy,(p)eu(q).  (B10)
At the stage where D is treated as an external field (the first-
step matching), one simply replaces A — D, while the
Lorentz structure discussed below remains unchanged. For
X = W4, the SU(2), generator 7 is understood to be
factored out on both the UV and EFT sides.

By Lorentz covariance, the amputated 1PI vertex-func-
tion Iy admits a tensor decomposition. Focusing on the
dependence on the external gauge-boson momentum g and
using a minimal basis, we write

F@((‘]) = FV.X(‘IZ)V”
+ Fpx(q*)ic*q,

+ Fux(q*)g" +---. (B11)

The ¢? dependence of the coefficients F,, x(g?) is the usual
loop form-factor dependence. In EFT matching we work in

the regime ¢* < My, and expand
7
Fax(@) = Fux© + (37— (B12)
heavy
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retaining only the leading terms that correspond to local
operators.

The crucial observation is that the dimension-six dipole
operators contain the field strength X,,,, so the correspond-
ing EFT amplitude necessarily carries the antisymmetric
tensor structure ¢*“g, at first order in ¢ [cf. Eq. (§9)].
Indeed, from the EFT interaction (2) one obtains the tree-

level amplitude

2Cnx.ai
A?

ngfFT) =iy ic"q,Pruy.€, (B13)

where the factor 2 follows from contracting the antisym-
metric tensors, X,,(q) = i(q,€e, — q,¢,) and 6" = —c**.

On the UV side, inserting the decomposition (B11) into
the definition (B10) and expanding at small ¢ shows that
the dipole structure in the one-loop amplitude is governed
by Fp x(0). Comparing the coefficients of #ic*”q,Prue,
between the UV and EFT amplitudes therefore yields the
matching condition

Cyxai |
Coxar _Lp, 4(0) (B14)

up to higher-order corrections of (’)(qz/Mﬁeavy) corre-
sponding to higher-dimensional operators. In this sense,
extracting the antisymmetric part linear in g from the UV
one-loop result and reading off Fp x(0) is precisely ‘the
projection onto the electromagnetic dipole operators; it'is
not an ad hoc assumption but follows from organizing the
spinor chains using Clifford-algebra _idéntities such
as y'gq = g —1i0"q,.

Gauge invariance constrains the rémaining structures. It
is convenient to reorganize thesnondipoleterms into a
transverse (anapole-type) structure and a longitudinal
piece,

% (q) =Fpx(q?)ic*q,
+ Fix () (* " 7 q"9)

FLx()g + (B15)
Thedransverse y* contribution can appear only through the
afiapole-type combination (¢*y* — g*¢), and thus starts at
O(q?)sit€orresponds’to local operators of dimension eight
and higher and does not affect the leading extraction of the
dimension-six'dipole coefficient in Eq. (B14). The longi-
tudinal term proportional to g# does not contribute to
physical amplitudes with transverse polarization, € - ¢ = 0.

Here the relevant constraints are provided by the Ward-
Takahashi identity for U(1), [84,85] and, in the non-
Abelian case, by the Slavnov-Taylor identities [86—88],
which are functional identities for the effective action I
implied by Becchi-Rouet-Stora-Tyutin (BRST) symmetry
of the gauge-fixed theory [89-92]. In particular,

longitudinal components (terms proportional to g,) are
not independent but are related to other Green’s functions
(including ghost and would-be Goldstone contributions);
physically, only the transverse part contributes to
observables.

In summary,

(i) it is natural for vertex-function coefficients to
depend on ¢° as loop form factors, and the EFT
matching is organized as an expansion in g>/M, ﬁeavy;

(i1) the dimension-six dipole is extracted by projecting
onto the ic*’q, structure, yielding_the,matching
relation Cyy oi/A* = 3Fpx(0) in"Eq. (B14);and

(iii) the “vertex function” here is{the amputated four-
point amplitude with external legs. N;, L,, H, and
X,,; it is not a three-point function mvolving Ny, L,
and D.

3. Setup for one-loopmatching onto Oyg and Oy

In this section, we,outline the two=-step matching strategy
and fix our‘conventions for extracting the Wilson coef-
ficients of @y and Oy from the UV theory with N;, E, X,
D, and ®*.

Among the additional fields in Table I, we take E, Z, D,
and ®* to be heavy, while assuming that N; are much
lighter:

Mg, my, me+,mp = O(Mheavy)’

M; < Myeayy- (B16)

Under this hierarchy, the appropriate low-energy descrip-
tion is vYSMEFT, obtained by integrating out E, X, D, and
®*. In particular, the leptogenesis degrees of freedom N;
remain dynamical in the vSMEFT.

We take the minimal set of UV interactions needed in this
section to be

—Line = yu N EL,®" + ys L, ZER

+ uZ-D(®H)" + He., (B17)
where X - D := XTio, D is the SU(2), -antisymmetric inner
product. The gauge couplings are fixed uniquely by the
covariant derivatives in the kinetic terms. Specifically, from
EipE, (D,X)"(D'E), (D,®")"(D*®%),  (BIY)
one obtains the couplings to B, and Wj. An SU(2); singlet
does not couple to Wy since its generators satisfy 7¢ = 0,
whereas an SU(2), doublet couples through 7% = z¢. The
hypercharge coupling is proportional to the U(1), gen-
erator ¥, and fields with the same hypercharge couple to B,
with the same strength.
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For the heavy fields, the hypercharges in Table I are

1
YE:—l, Y(I)+:+1, YZ:YD:+§’ (B]g)
and the SU(2), generators for X are 7% = 7°.
The relevant external legs for matching onto Oyp and
Oyw are N;, L, H, and X - However, since the UV model
contains no L A N interaction, we proceed in two steps: we

first generate the gauge-invariant operators involving D,

D —_ ~
OEVB),ai = (LaaﬂUPRNI')DBIuw
Oy i = (L 0" 79 PxN;) DW*

Hv

(B20)

and then use the mixing in the scalar sector (soft breaking)
to reduce D — H. The basic topology is a one-loop
diagram with an internal E fermion line and (®, X) scalar
lines: the external legs N; and L, are attached via the
vertices yy; and yy ,, while the insertion of D is provided
by the vertex u,¥- D(®")" (see Fig. 1). Since the gauge
boson attaches to a charged internal line, the minimal set of
diagrams consists of

(i) three independent diagrams for B,, where B, is

attached to the E line, the @™ line, or the X line, and

(ii) a single diagram for Wy, where Wy, is attached only

to the X line, since X is an SU(2), doublet.

We compute these diagrams in dimensional regulariza-
tion by analytically continuing to n = 4 — 2¢ spacetime
dimensions.

Denoting the external gauge-boson momentum by ¢ and
the polarization vector by ¢,, we decomp0se the contribu-
tions of the individual diagrams as
Mp=MP + MP)+ MPL My =M§. (B21)
Here the superscripts indicate the internal particle line to
which the gauge bosonnis attached.

In what follows; we take the external gauge boson to be
outgoing, with‘mementum, g defined-accordingly. If one
writes the EFT Feynman rules using the “all momenta
incoming”convention, ene mustreplace ¢ — —¢; however,
as long as the same convention is used on both the UV
and EFT sides, the Wilson coefficients themselves are
unchanged:

4. Exact evaluation of the one-loop diagram with B,
attached to the E line

In this section, we isolate the one-loop diagram in which
the hypercharge gauge boson B, is attached to the internal
fermion line E. Our goal is to compute directly in the UV
theory the 1PI-amputated four-point vertex function with
external legs L,, N;, D, and B, to extract at O(q) the part
proportional to ¢**q,, and thereby to obtain the contribu-
tion of diagram (a) to the Wilson coefficient Cyp in the

symmetric phase. Since the external spinors satisfy that L,
is left-handed and N; is right-handed, we note

MLa = PLM, ﬁLa = ﬁPR,
uNi = PRM, ﬁNi = ﬁPL (B22)
The interactions required for Fig. 1(a) are
~Ling D Vr.aLoZPRE + yp ;N PLED"
+ (2 - D) (@), (B23)

However, to match the external chiralities and the fermion
flow, we will compute using the” following Hermitian-
conjugate form:

—Line D V3 EP X Lty ;EPRN (@)

+ i (DIPETO%, (B24)
which simplysselects, the terms thatvyield a nonvanishing
spinor chain for the given external legs (i, ,uy,). Using
Eq. (B23) “instead would amount to computing the
Hermitian-conjugate process (with complex-conjugated
couplings). Therefore, thé final effective Lagrangian must
always be accompanied by H.c.

The \gauge interaction is read off from the covariant
derivative,

D,=0,—igYB,, (B25)
so that the B, coupling of E follows from
‘CUV D) ElﬁE = ‘Cint ) g/YEE)/”EBM (B26)

Hence, the B — E — E vertex factor is ig'Y gy*.

Let g be the outgoing momentum of the external gauge
field and ¢, its polarization vector. We define the contri-
bution of Fig. 1(a) as

M = ('Y p) (=iysa) (<ivig.) (=igd)

(E)ll(

iy, (p')lg (B27)

Qun,(p)e.(q),

where the loop integral (vertex function), including the
chiral projectors, is

d"k PR(k-f—ME)y”(k—q-f— ME)PR
(2z)"  (k* = Mp)[(k—q)* = ME]
1
R )=l

15" (q) =

(B28)

Here the scalar propagators do not carry ¢. This reflects the
approximation appropriate for extracting the dipole at
O(q): external momenta are taken to be small compared
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to the heavy masses, and the denominators are evaluated
at k2,

2 2 2 2 2
p ’p <<M amq)+am27

(B29)

which is sufficient for the leading 1/M? matching con-
tribution to Cyp.

Starting from Eq. (B28), we first simplify the Dirac
numerator

Pr(k+ Mpg)y*(k— g+ Mg)Pg

= My(2K' — ¢" + ic"q,)Px. (B30)

We now substitute Eq. (B30) into Eq. (B28). Since we
are interested in the dipole piece, which is linear in ¢ and
carries the antisymmetric tensor ic*”g,, we may set the
shifted fermion propagator to its leading term,

1 _ 1L %y
(=P M5 C-ME (E-ME)

;+0(q%).  (B31)

because any O(q) correction from the denominator would
multiply the already O(g) dipole numerator and hence
contribute only at O(g?) to the dipole projection. The same
reasoning justifies evaluating the scalar propagators at k> in
this step. We therefore obtain, up to O(q?),

I(E)ﬂ(q) — d"k Mgk — ¢ + 16" q,) Py
’ (a) (€ = MEP(R = i ) (7 — )
+ O(q?). (B32)

The terms proportional to 2k* and ¢* ‘do, not carry.the
antisymmetric tensor structure.and correspond to nondipole
form factors (they are arranged/cancelled by gauge-invari-
ance only after summing‘all diagrams). For matching onto
the dimension-six dipole operator, We project onto the
o' q, structure. Keeping only this piece in"Eq. (B32) yields

E .
Ié,i”(‘]) = iM o q,Px

d"k 1
1 / ()" (B ML = m2. ) (k2 —m2)’
(B33)

which isolatesithe dipole contribution quoted in Eq. (B33).

Let us evaluate the integral in Eq. (B33) using Feynman
parameters and dimensional regularization. We define the
scalar integral

[ d% 1
) Qo) (R = M) (K = mg ) (K —m3)

JE (B34)

Using the Feynman-parameter formula

1 1 I=x xdy
=6/ dx , (B35
a’be /0 A [xa +yb+ (1 —x—y)c]* (B35)
we obtain
1
(k> —a)*(k* = b)(k* = ¢)
1 1—x X
—6 / dx / dy—— 5
0 0 Y [A(x,y) - k2]4
A(x,y) =xa+yb+ (1 —x—y)c, (B36)

and setting a = M%, b = m2,., and €= m2 yields

[ Rakd

JE:6AlMxAl_Xdy/$ﬁ. (B37)

The dimensional-regulatization‘integral gives

d'kd” Dy, T4 -m2) 1
(27)"(A — K24 (4m)"/2T(4) A%"/2

(B38)

and/taking the n — 4 limit (n = 4 — 2¢, ¢ — 0) reduces it to

d'k 1 1 i 1
— —. B39
/ AR "6 lera  (BY)
Therefore,
Jpe o [Ter [Ty
ET 1671'ZA x/O N
Ax,y) = xM% + ymfl)+ +(1=-x- y)m% (B40)

follows. To obtain a closed form, we introduce the mass
ratios

2 2
M _ Ing
rq) : M% , rz : M—%, (B41)
and rewrite
A(x,y) = xM%3 +ymg. + (1 —x —y)m3
=Mi[rs +x(1—rg) +y(re —rg)].  (B42)
Then Eq. (B40) becomes
1 1 1
= d
£ 1671'2M‘£/) o
/l_xd : (B43)
X y )
0 [rs +x(1—rg) +y(re — ry))?

Performing the y integral gives
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1—x ]
[ rs t 21— r2) +3(r0 — o)1

1 1 1
= [ - } (B44)
ro—rg [rs+x(1—rg) re+x(1-re)
Substituting into Eq. (B43) yields
Jo—_b 1 T
E— 16ﬂ2M‘1§r¢—r2
1 X b
X dx - . B45
A LZ‘FX(]—”):) r©+x(1—r¢)] (B45)
We next evaluate the auxiliary function
F ' a B46
(r) = / i x=r) (B46)
Setting a := 1 — r, we write
1
o ——(1— r ) (B47)
r+ax a r+ax
and for r # 1 this gives
1 [1 1 1
F(r)——/ dx—f/ dx
a o a Jo r+ax
1 rinr
= . B48
1—r * (1-r)? ( )
Equation (B45) can then be expressed as
i 1 1
——<[E(rs) - F(ro)ls,~ (B49)

E = 7 24
16712M%r¢ — Iy

Substituting Eq. (B48) and first organizing the rational
terms, we find

1

1 1 1
- =< . (B50
an—rz[l—rz 1—rqj (1=re)(1—rg) (B30)
Therefores the bracket in Eq. (B49) becomes
Y (F(rs) — F(ro)]
ry) — F(r,
re — ry = @
B 1
(1=re)(1—ry)
1 rzlnrz rq)lnrq;
- . B51
re — Iy (1—’”2)2 (1—V¢)2 ( )

Defining

1
A -
e rs) = = =)
1 rzlnrz rcpll'qu)
- , B52
+Vc1>—rz (1—r2)2 (1—r<1>)2 ( )
we obtain
i1
EZ@M—%I(%,VE)- (B53)

The limit rg = ry can be obtained .directly from
Eq. (B43), or defined continuously from Eq. (BS1)\using
I’Hoépital’s rule. In particular, for #g = ry =1 we have
A = MZ%, and Eq. (B40) immediately gives

I(l,l):Aldxx[_xdy:[dxx(l—x)zé. (B54)

Using Eqgs. (B33) and (B53), we find

. 11
11(55();”(‘1) =M po"“qyPr @WI(”@, rs)
E
1 1

- I(r(b”’z)"”yunR-

- B55
1672 M% ( )

Consequently, the'dipole part of Eq. (B27) is

WM = ('Y ) (=iys.a) (=i ) (<in)
Xy, —éML%Z("@»VZ) 0" q,Pruy.e,. (B56)
Moreover, the factor g,e, can be recombined into the
field strength. In momentum space, B,, = i(q,&, — q,¢,),
and by the antisymmetry of ¢** one has Eq. (59). Thus the
spinor structure i; 6*q,Pruy.e, can be traded for the
corresponding field-strength contraction [up to the conven-
tional factor implicit in Eq. (59)]. To make the operator
gauge invariant in the symmetric phase, one must insert a
Higgs doublet. At the present stage, however, the external
scalar is D, and the corresponding local EFT operator is
identified as
OSVDIB),ai = (Z‘aGﬂDPRNi)DB;w‘ (B57)
Accordingly, one defines the Wilson coefficient of this
operator by the coefficient of the dipole spinor structure
extracted from the UV amplitude.
Finally, we define the Wilson-coefficient contribution
corresponding to Fig. 1(a) as the coefficient of
ur, 0" q,Pruy.e, [cf. Eq. (BI3)]:

(D) |
NB,ail(E)

e (B58)

A qE) - v
iMpg =iy 06"q,Pruy.e,
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With this definition, Eq. (B56) yields

D * *
C;VB),ai|(E) g/ YEyE,ayH,il’ls méﬁ m%
2 = 2073 2 g2 |- (B59)
A 167" My Mz Mz

The remaining diagrams, in which B is attached to the ®*
or X line [diagrams (b) and (c)] and W is attached to the X
line [diagram (d)], are treated by the same ¢ expansion,
dipole projection, and master-integral reduction, so we do
not repeat the intermediate steps here and instead summa-
rize their substitutions and final matching coefficients in the
next subsection.

5. One-loop matching results and a unified
representation

The detailed derivation for diagram (a) given in
Appendix B 4 already establishes the only nontrivial loop
integral needed in this class of one-loop matchings. The
remaining diagrams differ only in two respects: which
internal line carries the external gauge-boson insertion, and
the corresponding gauge factor. We therefore do not repeat
the ¢ expansion, the projection onto the ¢**¢, structure, or
the Feynman-parameter evaluation.

For later convenience, we introduce the master scalar
integral

d"k 1
Haib.e) = / (27)" (K — a)* (k> = b) (k> = ¢)

(B6O)

Using the result already derived in Eq. (B53), 6ne immedi-

ately finds
i A b ¢
T, 0 9 I - b - b
1642 a* (a a)

where the loop function Z'is the same as in Eq: (B52). Its
degenerate limit is” understood by continuity, and in
particular Eq. (B54) implies

J(a;b,c) = (B61)

1

Z(1.1) 2.

(B62)

With this notation, the remaining one-loop diagrams in
Figs. 1(b)<1(d) are-obtained from diagram (a) simply by
choosing which propagator is squared, i.e. which internal
line emits the external gauge boson:

(a) Battached to E: (a,b,c) = (M3, m%, . m%),
(b) B attached to @ : (a,b,c) = (m}, . M7, m3),
(c) Battached to X: (a,b,c) = (m}, M%.m3.),
(d) W* attached to 2: (a,b,c) = (m3, M3, m3.).  (B63)

For diagram (d), the £ — W* vertex carries the generator

¢ =— (B64)

which is the same normalization used in the definition of

Oﬁﬁ),; hence no additional conversion factor appears.
The Wilson-coefficient contributions to Og\,B are there-
fore

D.E « "
CEVB,a?i o g/YEyZ,ayH,i/’ts 1 (mé+ m%)

A6t M\ MEM:
c\oe) Y L 2 2
NBai  _ IYo YraVi s Mg T My _sms
A2 167[2 m$+ mé+’mé+ )

D.X * *
C;,B,a)i _ 9YsysaYuits Mg <M?z m%1>+> (B65)

2~ 2 4 202
A 167 ms \ms ms

Summing the three hyperchargesattachments,/we obtain

D D.E D,®" DX
CE\JB>,(11' - C]<VB,(1)i C]<\’B,ai) EVB,a)i B66
AN N A> A2 (B66)

Similarly, since only X carries SU(2), charge in the loop,
the/ contribution to O](\?V& is

D * *
C1<VVi>/,(li o 95 aYH.iMs %I<M% mc2b+> (B67)

2 2 4 a2 2
A 167 ms  \msz ms

Thus;”Appendix B4 serves as the explicit worked
example, whereas the present subsection only records
the diagram-by-diagram substitutions and the final match-
ing coefficients.

APPENDIX C: ONE-LOOP ANOMALOUS
DIMENSIONS FOR THE DIPOLE OPERATORS

1. B—W?3 vacuum polarization

In Sec. III we used the fact that the mixed B — W3
vacuum polarization has no UV-divergent part in the
electroweak-symmetric phase. Here we give the explicit
calculation. The relevant one-loop contributions contain
light fields charged under both U(1), and SU(2),. Their
divergent part is proportional to the group-theory factor
> tight ¥ T3, which vanishes after summing over complete
SU(2), multiplets. Therefore, the off-diagonal wave-func-
tion counterterm Zggv vanishes, and no one-loop mixing
between Cyp and Cyy is induced through gauge-boson
wave-function renormalization.

a. One-loop integral with an internal Dirac fermion

We first evaluate the one-loop integral for a Dirac
fermion f. Since we are interested only in the amputated
two-point function, amputation removes the external fields
from the loop integral, and we obtain
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iH%yW, f(q )

4
=0 [

| Ok ) G Y )ik = g+ mp)lia(* /27 Pu]}
(= m)[{k = ) = m]
g &'k (k£ )y (k= g+ mp) P
=0T [ G - g

(C1)

In the second line we have continued the loop integral to n
dimensions.

For the Pauli matrices z¢ and the third component of
weak isospin T3, we use the following relation. Since the
SU(2), generators are 7%, acting with 73 on a doublet
component (the a = 1, 2 components do not appear in the
present graph) yields

+1/2, (fi=wvp.up),
T} =9 -1/2, (fa=ep.dy), (€2)
0, (RH singlet).

Evaluating the trace in the numerator, we find
wl(k +mp)y* (k= g + my)y Py

= 202Kk — ¢k* + ¢k - q — K¢ — K @'k g"”m?)
(C3)

Substituting this into Eq. (C1)#we obtain

dk
STTHY _ 3
iy £(q) = =29 gY g / (a7
Mk — kG — gt — U — k- g — m2)
(]2 = m3)[(k=q)* = m7]

(C4)

Applying the Feynman-parameter formula to the denom-
inator,

1

(k2 = m})[(k = q)* = m}]

1 1
=/ d , C5
/) x(mjzc—qzx—i-Zk-qx—kz)2 (©5)

and using the dimensional-regularization integrals, we
obtain

1 d"k

il =-2 YTB/dx/—

BwVf(fI) Jg iy 0 (27)"
2k kY — kgt — K gt — g (K? —k-q—m?-)

x
(m% —¢*x+2k-gx—k*)?

ig’ngT;, .2 )
=———F"F —(g"q=—q"q")|. C6
Therefore,
) go¥;T3__ [ 2
My (4) =~ o7 &' =53 (AT Y, (CT)

Here !, defined in Eq. (83),.denotes the UV-divergent
part in the MS scheme.

b. One-loop integral with an_internal Higgs doublet

Next, we evaluate the one-loop integral for the Higgs
doublet H. After amputation, no external fields remain
inside the loop integral, and we obtain

iHIgIW,bubble (9)
B d*k i

Q) K —m?

X m ligT3 (2k—q)"]

[ig Y (2k—q)"]

d"k 4ktkY —2k*g" =29k + gt g¥
=d ¥, T / - C8
WO | Gy = h—ar—mg)
Using the Feynman-parameter formula,
1
(k* = m3)[(k = q)* — mj]
1 1
= d , C9
/) x(m%,—qzx—f—Zk-qx—kz)2 (©9)
we find
inlz?l;/v,bubble(q )
=g gYuT

X/ dk /1 KK — 2K g — 27K + g
x
(27)" Jo (m% — ¢x + 2k - gx — k*)?
igdgY T3 , L )
= 2 e ngvmd — (¢ q? - ¢"q*)|.  (C10)
167 3

Therefore, we obtain

H’fzyw,bubble (q)

IVl 1[5 Lo ,
ﬁe H2gemy -3 (9 a* - q'q) |- (C11)
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c. Seagull diagram with an internal Higgs doublet

The Higgs sector contains yet another type of vacuum
polarization. Expanding the Higgs kinetic term,

Ly = (D,H)"(D"H),

D,=09,- ig’YHBM —igr*we, (C12)
we find
(DMH)T(D/‘H) ») Zg’gYHT?,BﬂWWHTH
= Zg’gYHng"”BﬂWSH"'H, (C13)

which implies the four-point interaction (“‘seagull interac-
tion”)

Viawnn
B is*
" 8B, 6WSHSH'

= +2ig'gY y T

/ d"x2¢gYyT39°B,WiH'H
(C14)

This vertex is shown in Fig. 8(a). Contracting the Higgs
legs of Fig. 8(a) yields the tadpole (seagull) contribution to
the mixed vacuum polarization shown in Fig. 8(b), which
can be written as

. d"k i
5 ceaa (D) = Vi / T (C19)
Evaluating Fig. 8(b), the UV contribution is
. . d"k —i
lnlélidf,seagull(q) = ZIQIQYHT%QWI/ (27[)” WL2 N k2
H
igdgY ;T3
= O TH g (g g2 ), (C16)
16z
and hence
(@) (b)
4 4
B#‘ VV,,3 Bu‘ WS
/// \\\ T I// \\\
H,4 »\H HDy |
FIG. 8. Seagull contribution induced by the quartic BW>HH

interaction. (a) The BW3HH seagull vertex. (b) The correspond-
ing tadpole (seagull) contribution to the mixed vacuum polari-
zation [Ty}, obtained by contracting the Higgs legs.

Q/QYHT3 __ v
Hlél;/V,seagull(q) = WzHg 1(_29” m%—l)

(C17)
Combining the bubble (C11) and seagull (C17) contribu-
tions, the Higgs-loop vacuum polarization Iy, ,(q) is
given by

_gngHT?{g‘_l _

v 1 v v
My p(q) = T 3¢ 7 —q"¢")|.  (C18)

d. One-loop integral with an internal FP ghost

Since the gauge-boson two-point. function must be
transverse, it satisfies the Slaynov-Taylor identity
g,014(q) = 0) (C19)
This follows fromBRST symmetry (gauge invariance of
the quantum theéory). Therefore, the, “mass-pole” terms of
the form ¢*“m2 !, 'which appear in the one-loop compu-
tation of‘the A function, must cancel. If such terms
remained, they would implysthat the gauge boson acquires
a mass, leading to a contradiction.

The Faddeev-Popov (FP) ghosts [93] (c,¢) are scalar
fields \in the adjoint representation with anticommuting
Grassmann_statistics. Hence they do not generate mass
poles, while the derivative structure of their three-point
vertices cancels the £-dependent contributions arising from
the gauge-boson sector in the kinetic terms (where & is the
gauge parameter). In other words, they guarantee the &
independence of the transverse gauge two-point function
(gauge invariance of physical quantities). Consequently, FP
ghosts must be included in loops in order to maintain gauge
invariance.

Since the FP ghosts carry no hypercharge (Y = 0), there
is no vertex of the form BﬂEc in the present case, and
therefore they do not contribute to Il (g).

e. Derivation of the scalar vacuum polarization
(transverse component)

We denote the transverse scalar form factor of the
vacuum polarization ITgy,(¢) simply by Tlgy(g?). We
define the transverse projector P4 (g) by

v ,_4'e
Py (q) =g" - et (C20)
The projector P4 (g) satisfies transversality,
a,Pr(q) =0.  Pr(q)q,=0.  (C21)

and extracts the transverse part of the Ward-Takahashi
identity. It also satisfies the projector property,
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Pr,(a)P7 (9) = PT (q). (C22)
Since the tensor structure of the vacuum polarization can be
written as

v ’ ,_9'q v
9¢ - q'q¢ = ¢ (9" —7> =q¢’Py'(q), (C23)
multiplying both sides of
My r(q) = (9°¢° = ¢"¢"Mgw (¢*)  (C24)
by the transverse projector P}, (q) yields
( )H}éDWf( )=(n- 1)‘]2HBW,f(‘Z2)7 (C25)
and hence
1 v
Mgy r(q*) = WPZIJ( @)Wy (q). (C26)

Therefore, to obtain Igy ((¢*), it suffices to multiply the
two-point function Ty, #(q) by the transverse projector
P!,(¢) and then by the factor 1/[(n — 1)g?]. In the present

case the vacuum polarization has only a transverse com-
ponent, so the evaluation is straightforward:

2 ngYf -
My f(q*) = 3 vzf . (c27)
Using the identity
Pl (q)g" =n—1 (€28)
gives
1 g 9Vuly .
HBW,H(qz) 573 X #5 . (C29)

f. UV coefficient of theé B—W? mixing term

From the above results, the UV pole of the B — W3
mixed vacuum polarization is given, for a Dirac fermion
and the Higgs field respectively, by

2 def -

M (4?) =5 x T a & (C30)
1 dgY T3,

HBW.H(‘IZ) = 3 X 161:7: et (C31)

Noting that both expressions are proportional to Y73, the
complete SU(2); multiplet sums vanish:

Y Ti=0. ) vuTy =0. (C32)
H

light

Indeed, within each left-handed fermion doublet the two
components have the same hypercharge and opposite
values of T3, while right-handed singlets have 73 = 0.
The Higgs doublet gives the same cancellation between its
two SU(2), components. Therefore,

2 gg -
> Mo (@) =3¢z 1Z)@T3 =0, (C33)
!
1 (¢%) = - l—g“l Yuli, =0. (C34)
Bw.H\q 31622 HL
H i
Consequently,
My (9% = 0. (C35)

after summing over the light SM fields in the electroweak-
symmetri¢, phase.

2. B, B, self-energy

As shown above, the pole part of the mixed B — W?
vacuum polarization vanishes after summing over the light
SM fields, so.the corresponding one-loop off-diagonal
wave-function counterterm is absent:

zW, =o.

(C36)
Consequently, B —W? wave-function mixing does not
contribute to the anomalous dimensions of Cyp and
Cyw at the order considered here.

It remains to compute the diagonal gauge-boson wave-
function factors, the lepton-doublet wave-function factor,
and the Higgs-doublet wave-function factor. We begin with
the self-energy of the hypercharge gauge field B,,.

a. B self-energy with an internal Dirac fermion

Evaluating the one-loop integral for a Dirac fermion f,
we obtain

IHIéI;af( )
v [d tr[(K+mp )y (k=g +mp)y”]
=—q Y /(27[);1 (kz_mf)Kk q) _mJZC] .

(C37)

The trace in the numerator is

t[(k + mp)p*(k — g +mp)y"]

= 4(2k*KY — ¢V K> + ¢k - q — K'q¥ — K q* + g*‘”m%).
(C38)
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Hence, the integral reduces to the same tensor structure.
Continuing the computation of illyy +(¢), we find

d"k
A _ 2y2
IHBB,f(CI) =—4g Yf/(zﬂ)n
2k kY — kgt — kgt — g (K> — k- q — mf)

(k2 =m3)[(k—q)* —=m}]
(C39)
Applying the Feynman-parameter formula to the denom-

inator, and using the dimensional-regularization integral
formulas, we obtain

iH’éUB,f(Q)

I
= —4Q2Y§/ dx
0

d"k 2Kk —K'q - K'q" = g" (K —k-q—mj)
x / (2m)" (m7 — ¢*x + 2k - qx — k*)?
ig/2y2 .
= - E IL (9“a* — a"q" )] (C40)
and
v glzyjzf =—1 4 v 2 v
M 0) = o de -3 e - )| (ChD

b. B self-energy with an internal'Higgs doublet

Evaluating the one-loop integralfor the Higgs doublet H
we obtain

1HBB u\q

/2 2 "k )(Zk ‘I)y
! /(2 "W )k - P m]

This is the same integral as in Appendix C 1 b. Accounting
for the“difference in the overall coefficient, the bubble
diagram yields

(C42)

gl2y2
H?B,bubble(CI) = 1622

iYoo),
(C43)

We next compute the seagull contribution. Expanding
the Higgs kinetic term generates the quartic interaction
g*Y}B,B*H"H. The amputated BBHH vertex is defined
by functional differentiation with respect to the external
fields; since two identical gauge fields B, appear, this
yields the combinatorial factor 2,

is* .
Vigsun =~ | d'xg?Y}B,B°H'H
BBHH ™ 5B ,5B,SHOH' / *9 VB,
= 2ig”Y 9. (C44)
The one-loop integral then becomes
v . , [ d'k i
Hlll?B Seagu]l( ) = 219/2Y%19ﬂ (C45)

Q2r)" k> —m?

Since this is identical to the integral in Appendix Cil c, we
immediately obtain

9 >
Hllg’l;i’,seagull(q) = 16717 1( Zgﬂy 2)

(C46)

Therefore, the sum ‘of the bubble (C43) and seagull
(C46) contributions, is

2
g5 1 (q) = 96?21 __1[ = (9 q* - ¢"q )} (C47)

Adding all contributions to the B self-energy, we obtain

g5(q) =

9> 1477 Y2,
1672° zf: 2773 XH: 3
x ("¢ = 4"q").-

Since we count chiral (Weyl) fermions, while the one-loop
result in Eq. (C48) is written for a Dirac fermion with
vector coupling, we include an overall factor of 1/2
(equivalently, 4/3 — 2/3 per Weyl fermion). Evaluating
the sums, and noting the contributions from three gener-
ations, we find

4 1 1 20
Y2 = 1) =—, (C48
Z 3<6+3+++>3()
2
—ZYZ:—X2><<+%> :%xl:l (C49)
Substituting these results, we obtain
wy(q) = Lot (-2 D g - i)
BB 1677 3
9 . v p
——(g”q —4"q")|. (C50)
1671
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Extracting the transverse scalar component, we find

1 y
pp(q?) = WPZD(Q)H%B(Q)
g/2 . 41
———&l—.
1672 6

(C51)

c. One-loop g function of the U(1), gauge coupling g’

We consider a theory consisting of the hypercharge
gauge field B, a Dirac fermion y, and the Higgs doublet
H, and relate bare and renormalized quantities as

1/2
wo =2/ y.

1/2
Hy=Z’H, ¢©=2,4,

12
By, = Z5'"B,,

moy = Z,, my, my, = Zmzmi,. (C52)

The bare Lagrangian is

1 . 0
Ly= —ZBOWB’SD + ll/o(IV”DEt ) - Mg Yo

0 —
(D,g >H0)T(D<O>"H0) — m%HHgHO lO(HgHO)Z,
0 : Y
D;<4 ) - 0/4 lg/(o) f-HBOM’

where Yy denotes the hypercharge of y or H.

Traditionally, the renormalized coupling ¢ is defined
through gy = Z ,ZEIZ;I/ 2g, where Z; relates the bare and
renormalized vertices, Z, =Z, is thegfermion-field
renormalization, and Z; is the gauge-field renormalization.
In an Abelian gauge theory, the Ward-Takahashi identity
implies Z, = Z,, and hence

0 Z 2, (C53)

le, Zy = Z3_l/2 in" Eq. (C52). By centrast, in a non-

Abelian gauge theory the coupling is often defined from the
triple-gauge ‘vertex, which" leads to the relation (with
Zy, =173)

90 = Z1Z§3/29- (C54)

Replacing the bare quantities using Eq. (C52) [and using

Zy = Z;l/ “¥for U(1),], the renormalized Lagrangian can
be written as

1 . _
L= BuB" +y(ir"d, —me)w +wgYr' By
+ (D,H)"(D*H) — m};H'H — A(H'H)?,
D, =0, +igYyB,. (C55)

while the counterterm Lagrangian includes, in particular,

1
‘Ccount‘ = _Z (23 - I)B;wBﬂD

+ l/_/[(zl// - l)ly”aﬂ - (Zy/me - 1>mf]l//
+wgYi'By(Z, - 1)
+(Zy — 1)(D,H)"(D"H)

~ (ZuZ,p — 1)m}H'H, (C56)

where we omit counterterms in the scalar potential, which
are irrelevant for the determination of Z; and the one-loop
running of ¢

Now consider the ultraviolet divergénce of the B, self-
energy,

/2

1622

4]
o) = 225 | 2 e - M, _Aesn

Using the Fourier decomposition

d4q o : —igx
B#v(x) = / (271_)4 (_lqﬂBv Jrlqu/l)e a, (C58)

the ‘counterterm contribution from Eq. (C56) reads
1 »

= Z (ZB - I)B/wB

_) p—

(Zy—1) / d*xB,, B*"

N = =

22-1) [ G0 - a8 o)

« -7 (¢"q* - ¢" "), (C59)

which must cancel the UV pole in Eq. (C57). Therefore,

g 41

—1

v (1 _ (1) _
H};?B(Q)_Z3 =0=Z; *_@ 6"

(C60)

We now use the definition of the £ function [94],

BI) = (Q %) p

where subscript “0” on the partial derivative indicates that
bare quantities are held fixed, and A denotes a coupling
constant. With Eq. (C53) inserted,

lo - Zﬁ/l, (C61)

4] aanl
B(A) = Q== ) A=—2
p(4) (Q0Q>0 250 e
olnz;'?
:—/ _— 2
7055 » (C62)
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where ! denotes the ultraviolet-divergent part in the MS
scheme, defined by (83),

2

-1 _
4—n’

2
g i=—— —y +In4zx, £

P (C63)

and we will use this quantity throughout. Using the formula
[94],

0 OZl(.” X
(Q@> Joe =2 (ag—‘ )LQ +0(#).  (Co4)

From Eq. (C62) we then obtain

_ <az§”>
= —1
ghoe 087" ) 4.0

1 onZz
—g/Q—S
2 00
41 3
a g
6 167

plg) =+

=+ (C65)

Summarizing the above results, the U(1), gauge-field
renormalization Z; =: Zp is given by

41 g2

m
zy = I
5776 Cler

&1, (C66)

and the beta function becomes

41 q°
N — J—
AI) =+ > Tea

(C67)
Hence, the U(1), gauge theory is not asymptotically free!

d. One-loop running of the U(1)y coupling g’

Here, using the resulting betafunction, we determine the
one-loop running (RG evolution) of the coupling ¢'. From
(Co7),

dg/ b1 41
N=0== 3 by ="— C68
ORI SRCT S
and separating variables gives
dg! b, dQ
—=P——. C69
J3/ 1672* Q (C69)
Integrating », both sides with the initial condition
Qi = Qmatch’ g: = g,(Qz) yields
g
g(0) = ’ (C70)

_bh_ 212
I —g=9 Ing,

3. W,3,W,3} self-energy

From ng)v =0 shown in Sec. III B, operator mixing
Bu pas W,’, does not contribute at one loop. This means that,

at the one-loop level, the Wilson-coefficient vector
(CygCyw)T associated with the dimension-six operators
{Oyg, Onw} satisfies

0 d Cng _ 1 7’1(911; 7591‘)4/ Cys
do\cyy /) 162\, 0 0 [\

Yws Yww
1 Yg;CNB
T 162 \ ) ’ (1)
4 7WWCNW
1.€.,
(1) (1)
d VBB d Yww
Q@CNB :WCN& Q@CNW :@CNW, (€72)

which implies that the AU(1), and, SU(2), seCtors are
completely decoupled,at one loop.

a. W3 self-energy with an internal Dirac fermion
The one-loop integral for a Dirac fermion f is given by

dk
H v _ 2 312
iy (9) =—g*(T}) (o)

tr[(ks-mp)y" P (k—g+mg)y'P]

(C73)
(k* =m3)[(k—q)* —m}]
Rewriting the trace in the numerator as
t[(k + mp )y PL(k — g+ mg)y"Pp]
= 22Kk — kg —kvgt — g (K> — k- q)], (C74)

the dimensional-regularization integral becomes identical
to that in Appendix C2a, up to an overall coefficient
and the absence of the g’”’m} term. Since the final result
in Appendix C2a is independent of m;, we eventually
obtain

g (T})°

ET>N (C75)

v - 2 v v
My s(q) = & =397 - d"q)|.

Note that the coefficient is —2/3, rather than the value —4/3
often quoted in, e.g., Ref. [94], because the gauge group is
SU(2), (only left-handed fermions couple) rather than a
vectorlike SU(2).

b. W3 self-energy with an internal Higgs doublet
The one-loop integral for the Higgs doublet H reads

iy pupbie (9)
- dk  (2k—q)"(2k — q)"
AL / (27)" (k> = m},)[(k = q)? = m3]

(C76)
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This is the same integral as in Appendix C2b up to an
overall coefficient, and therefore

Hpijll//W,bubble (q )

2(73 )2
g (Ty)" __ 1
SEAU IS 29" mpy =3 (9" q* = ¢"q") |-

= (C77)

On the other hand, the seagull contribution arises from
the quartic interaction ¢*(T%,)*WiW*H'H. Since two
identical gauge fields Wf, appear, the variation is, as in
Appendix C2 b,

v
V’;Iﬂ W3HH
B it
 SW W3 SHSHT

= 2ig*(T;)* g™,

/ d"xg*(T3)*W,W>¥H'H
(C78)

so that the vertex factor is 2ig?(7%)?¢". The one-loop
integral then becomes

d"k i

Ty (@) = 22T [ (€79)
WW seagull H (271’) k2—m%,

which is the same tadpole integral as in Appendix C2b:
Hence, we immediately obtain

Hv QZ(T%I)Z =—1 U2
HWW,seagull(Q):izg (—2g%mi;). (C80)
167
Therefore, the sum of the” bubble »and seagull
contributions is
207332
v g (TH) —— 1 v v
Wyw(q) = =58 | =5 (7@ = ¢"q") |- (C81)

W, W; self-energy’ with a W+ loop

Fixing to the ’t Hooft-Feynman gauge &£ =1, the
W-boson propagator_is” given by Di (k) = —i5"g,,/k>.
The three-gauge-boson vertex factor, with all momenta
taken to flows into the vertex, can be written as [95]

Vb (p1, P2y P3)
= 9 (9 (P1 = P2), + 90p(P2 = P3), + 9pu(P3 = P1)"]-
(C82)

In this notation, the left vertex satisfies p; = ¢, p» = k — g,
and p; = —k, so that

k

k—q

FIG. 9. One-loop W-boson self-energy from two triple-gauge
vertices.

Vise(q.k = q.—k)
= ngah [g;w(zq - k)/) + gl/[l(2k - Q)M + gﬂﬂ(_k N q)u]

(€83)

The right vertex satisfies#p; =k, p, ==k+ g, and
p3 = —q, so that

V¥d(k,—k + q. =4)
= g/ 9@k —g)p+ 91, (—k +24); + 9,.(—k — q),].
(C84)

The vacuum polarization which corresponds to the one-
loop \diagram shown in Fig. 9, including the symmetry
factor 1/2, is then given by

TTHY g2 d"k _iéacgay _iébdgﬂﬁ
JHWW Wt (q) = — m 5 . 5
’ 2 ) (2n) k (k—q)
X Vip(=a. k. g = )Vl (k = g. =k, q).
(C85)

Extracting the group and vertex factors, and using f%3 =
—f3¢4 together with the value of the quadratic Casimir in
the adjoint representation of SU(2),,

CZ(G) =Cy = 25a05bdf3abf3cd
d

_ Zf3ubf3ah _ Z€3uh€3ah =2 (C86)
a,b ab

(where €3 is the totally antisymmetric tensor) yields

g2 ac a C
>0 6%49,.91,V388 (g, k — q. —k) Ve (k, —k + q,—q)

TAV
= —¢*9u (2k* = 2q - k + 5¢%)

+ 10k, k, — 5k,q, — 5q,k, — 2q,4,]. (C87)

Substituting this into the expression for the vacuum
polarization, we obtain
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wt?

FIG. 10. Seagull contribution to the W? self-energy from the
quartic gauge interaction.

d"k 1
‘Hl“/ N — 2 - -
1 wWw.,w (q) 9 /(Zﬂ)nkz(k—q)z

X [¢* (2Kk* —2q -k +54¢%)

+ 10k"k* — Sk q* — 5¢'k* —24"q*].  (C8B)

Applying the Feynman-parameter formula to the denom-
inator, the dimensional-regularization integral becomes

2
v g __ 19 v 11 y
My we(4) = 1e2 ¢ 1(—6 7“a* =5 d"q ) (C89)

d. Seagull diagram with an internal W= loop

Next, we derive the 4W interaction Lagrangian in order
to compute the seagull diagram shown in Fig. 10. From the
gauge Lagrangian

1
[/gauge = Z WZDWa;w’

Wi, = 0,Wy — ogWy + gf“bCWZWi, (C90)

expanding the two factors ‘of gf W We yields
7
Lavs=g JFerefedawswiwerwe - (C91)

The"seagull contribution 16 the W3 self-energy, taking
into account the symmetry factor 1/2 and the Feynman rule
for the quartic gauge vertex [95], is given by

A . d"k 2(n—1)g"
lngeagull(Q) = 1292/ (27[)" m%V_k2 :

(C92)

Here we introduced a dummy mass parameter my, in the W-
boson propagator in order to perform the dimensional-
regularization integral. We then obtain

P my—0

-6¢"my;, — 0.

Hg:;agull (Q) = (C93)

e. Wﬁ self-energy with an internal Faddeev-Popov ghost

The FP-ghost propagator is i6?” /k?, and the vertex factor
is —gf3?’k*. A minus sign is associated with the loop due to
the Grassmann nature of the ghosts. Moreover, since a
ghost and an antighost propagate in the loop, there is no
symmetry factor. Therefore, the vacuum polarization is

Ak Kk — kg
= _27? ,

ity

ghost (C94)

with C, = 2. Using the Feynman-parameter-formula for
the denominator, the dimensional-regularization integral
yields

g

- 1672

1 1
g1 (6 7q + = q”q”) ) (C95)

Hg}liost(q) 3

f. Sum of the W3 self-energy

The Dirac-fermionicontribution and the Higgs contribu-
tion mustyeach be summed over the third component of
weak isospin. Taking into, account three generations, we
find

> (132 =3x @ + %) =6, (C96)
;
1\2 12 1
Z(T;,)2 = (+§> + (—§> =5 (C97)
H
Therefore,
Wy (@) = Lo 4l - ). (CoB)
w ¢ [ 1
Mi(a) = 1oz |5 (0 = )| (C99)

Since the SU(2), gauge interaction acts only on left-
handed Weyl-fermion doublets, the fermionic multiplicities
entering the sum are counted in units of a single two-
component Weyl fermion.

Combining the above results, we obtain

My (q) = Wy (@) + My p(q)

+ Hl;il//W,Wi(q) + H%W.ghost(q)
2

[ I }
=162t |Tgletat —da"a)|.

(C100)

This is nothing but the W3-boson self-energy.

Since analogous computations will appear repeatedly
below, we make the SU(2), gauge-theory Lagrangian and
its counterterms explicit. The bare Lagrangian is
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1
Lo=—-Wd

apv
4 Ouv WO

+ o (iy* P Do, — mo)wo + €0,D%cy,  (C101)

which, in terms of renormalized quantities, becomes

1
L= _ZWZ”WWD +w(iy*P,D, — m)y + ¢d,D'c.

(C102)
The counterterm Lagrangian is

1
4
+(Zy = Dwiy"Proy
—(Z,Z,, = V)mpy + (Z3 — 1)¢90,0"c“

(

— (Zys = 1)gf*"c0,WeWrHW

(ZS - 1)(aﬂWIL/l - ()UWZ)Z

‘ccount. = -

1
=3 Zw = DF(frWiwy)?
+ (212,25 = ) gWiiy" TPy
+(

Z, —1)g0, e Whee (C103)

Here

Wy,

1/2
u = Zs/ W;u Yo =

Zz/ v,

(co.Co) = ZY%(c.2). g0 =2Z,2Z0"g. ) (Cl104)

The relation gy = Z,Z5 32 g for amon=Abelian gauge theory
was also mentioned in Appendlx C 2 c. Here, however, we
directly derive it from the gauge-fermion interaction term in
Eq. (C103) as

Z\Z,Z5" gy = go (W oyo)
A (Zl/z 'Z;/ZWZUZ )

= 90(2223 )WWW (C105)

where we suppressed 7 and P; for notational simplicity.

In the same spirit, we can relate the renormalization of
the ghost-gauge interaction to the renormalization con-
stants introduced in Egs. (C103) and (C104). The bare
ghost interaction reads

[’O,Z'L'W = gOaﬂnguhc Wg”cg. (C106)

Substituting the field and coupling renormalizations in
Eq. (C104) into Eq. (C106) yields

Locew = 9023 Z30,c0 feeWhce
— g(zle—l 23)0 E,afabcwbﬂcc
=1+ (2" -2 + Z) + o)
X gaﬂé"f“bCWb”c . (C107)
On the other hand, on the renormalized-Lagrangian side we
parametrize the ghost vertex by Z; as in Eq. (C103),

Leew = Zlgé c“f“h‘ WhH e

=1+ Z + O(n?)]go,c* fheWPH cc. " (€108)
Identifying the coefficients of the ‘common operator
0, fP WPt in Eqs. (CLO7) and (C108), we obtain
the Slavnov-Taylor relatiofi at one-loop order,

ZW =7V Zg8) + 7|1, (C109)
Equivalentlyy at the, all-orders level one may write
Zl - ZIZ§IZ3.

We now aim to extract amomalous dimensions and f
functions by determining the vertex renormalization Z;, the
fermion-field renormalization Z,, and the gauge-field
renormalization Z3. To this end, the ultraviolet divergence
in Eq. (C100) must be canceled by adding the counterterm
contribution

1
-2z - ywg W

1
> -5 (Z - 1)@W -

d4
=5z [ Ghwrg

b W3/4)2

9 q* = q"q")W¥*(q)

1 v v

~Z{(¢"¢* - ¢"q"). (C110)

Hence,
ey (q) - 238 ("¢ = ¢*¢*) =0, (Cl11)

1.e.,
2
1 5 g __

T L (C112)

4. Two-point function of a Dirac fermion

Next, in order to determine the fermion field renormal-
ization constant Z, for a Dirac fermion f, we compute the
two-point function.

The Dirac-fermion self-energy shown in Fig. 11 is
obtained by noting that the fermion-gauge-boson vertex
is igy*T* (a =1, 2, 3). We find
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kod The UV divergence of ¢ must be canceled by adding the

m counterterm contribution Z qPL, so that

d P q 3¢
5 +2qPL =022y = —Tx o (cu)

FIG. 11. One-loop self-energy diagram for a Dirac fermion. T

lzf_Z/ 271.11

igr' TP,
x (igy

( f) iV T4 g/ﬂ/
A
_ d"k }’”PL(k+Mf>j/”PL

7 / 2r)" (K = m2) (k- q)?

3, / dk kP,
= —g " s
27 J @n)" (kK =mi) (k- q)?

with C := C,(F). In the last step we used the contraction
identities y*y, = 4 and y*y"y, = =2y [96]. Here TT“ =
C>(R)1 denotes the quadratic Casimir C,(R) in the
representation R of the Dirac field y, and it differs from
the adjoint value C,(G) = C4 = 2 [94]. For example, the
left-handed lepton doublet L, = (v, €,.)T transforms in
the fundamental representation of SU(2),. Its quadratic
Casimir is

(C113)

Cpl = ZT“T“ (C114)

Z oot :—1x3—?—11,

where ¢ are the Pauli matrices. Hence, Cr = 3/4, as
used above.

Applying the Feynman-parameter formula to the denom-
inator, we have

1
(k2 = m3) (k —4)°

= o 2 (1)

Substituting, this into the dimensional-regularization inte-
gral,"we obtain

1
- ¢*x +£2k - xq — K>

(C115)

(C116)

FIG. 12. One-loop self-energy diagram for an FP ghost.

5. Two-point function of an FP ghost

Next, in order to determine the ghost-field renormaliza-
tion constant Z5, we compute the two-point function of the
Faddeev-Popov ghost.

The gauge-boson propagator is —ig*’¢#* /k*, the FP-
ghost propagator is i5?/k?, and the/@auge-ghost-antihost
three-point vertex factor is —gf“*°g#. Therefore, the ghost
two-point function given by the self-energy diagram shown
in Fig. 12 is

- d"k -5 g i
s, = adc /,c HY bdc v
3 / (Zﬂ)"gf K2 iy ) k?

&'k kg
— 2 fadc fadc
(K Nt

Applying the Feynman-parameter formula to the denom-
inator and using £4% f%¢’= 2, the dimensional-regulariza-
tion integral yields

k-q
is, =2 d
X3 92/ x/ (—¢*x + 2k - gx — k*)?

&g, (C119)

(C118)

1671
1.€.,

2
& 9 12
X = .
SRT A

(C120)

The UV divergence of ¥; must be canceled by adding the

counterterm contribution —Zgqu, so that
S (1) 2 (1) g 1
X3-2yqg7=0=> 275 = 16”28_ . (C121)

6. Three-point function of an FP ghost

In order to determine the renormalization constant Z; for
the gauge-ghost vertex, we compute the gauge-ghost-
antighost three-point function Iz .

As can be seen from the counterterm structure
(Z) — 1) x g0, f** W} ¢, the divergent part of this vertex
function must be proportional to ! f”bcqﬂ, where g, is the
antighost momentum. We may therefore evaluate the
diagrams shown in Fig. 13 with the external ghost
momentum set to zero from the outset. Then, for the
diagram (a), we obtain
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q
o k—gq
..4 “
B «:’.V‘“’k.‘“‘“;"“’,
0 . 0 . n.q
.'4 .." <
FIG. 13. One-loop diagrams contributing to I'; .
@) / d"k fdb —igpo
iy = gf —
v ) e’ (k—q)?
ae _lg‘w
X V,u(;‘[rl(q’k_q7_k) k2
o, d"k ¢q 1
— _i3 feef £fdb raed 1o
—igh g et [ S
(27)" k* (k—q)?
ke
972 = k) + 97 (2k=q)' +g%(~k=q)"] 13-
(C122)

The group factor can be evaluated using the adjoint-
representation matrices (7¢)%¢ := if** and the quadratic

Casimir defined by fec fbed =: C,5:
fcefffdbfaed — _faed(Te)cf(Td)fb — _faed(Ter)cb
1 1
Efaed[Td, Te]cb — 5faedifdef(Tf)cb
i 1
= =3 Cad (T = —3€, /") (C123)

Therefore,

(@) 13 abc d'k quT
IFECW_+2g CAf /(2ﬂ')nk4(k—q)2
X 947 (24 k)" + g (2k — q)* + g* (—k— q)°]
__: 3 rabc dnk
—2l / (2n):
J2Ra k=R £ (K q)(2k— )" —K'(q-k+4 )
kK (k—q)?

(C124)

Applying the Feynman-parameter formula to the denom-
inator,

1 _r(1+2)/1 1-
(k—qk* T(TQ2)Jo * [(k—qPx+R(1—x)
1—x

=I'(3 dx
( )A (—q*x+2k-gx—k*)?

(C125)

and substituting into the dimensional-regularization inte-
gral gives

G 3 rabc ! / d"k
i, =1(3 dx(1—x
ccW ( )g f A ( ) (271.)11

' (2q-k—k*) + (k-q)(2k—q)" =K' (q-k+¢°)
(—q*x+2k-qx—k*)?

—l abc C126

— et (). (c126)
Thus, we obtain

ﬂ5—34“vm( ) (127)

For diagram (b), the vertex, function is

) adire ropagdae [ 4R Gpd K (k= q)"
r® = _
Wazew 19 f f f /(271_)11 k4(k _ q)2

(C128)

The group factor can be evaluated as in diagram (a):

fefe pfd pda@iZ” (_ peef) pfdb pacd — 4 CA fabe. (C129)
Hence,
(b) abc d"k (kq)<k_q)ﬂ
i) _ig3 o / o Bl—gf (C130)

Applying the Feynman-parameter formula (C125) and
substituting into the dimensional-regularization integral,

we obtain
3
(b) g =—1 rabc 1
Iw=—— —qg" ).
W = Ton?© 4 (4 1 )

Summing diagrams (a) and (b), we find

(C131)

b
FE’CW = ng)W + l—éc)W

= 3 g1 fabc 93 —acl
= lfb( )4_? 1fb<4 )

gl pabegn, (C132)

1

7[

The UV divergence of ;. must be canceled by adding
the counterterm contribution 2(11) af*cqt
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7 gl

5(1)  rabe _ 5(1) _
Ceew +2779fq" =0 = Z; T

(C133)

7. B function of the SU(2), gauge theory

The definition of the # function is

Bli) = (Q%)Oz.

The subscript “0” on the partial derivative indicates that
bare quantities are held fixed, and A denotes a coupling
constant. Taking the logarithm of the coupling renormal-

(C134)

ization gg = ZIZ3_3/ 2g, we obtain

3
lngozln21—§1n23 +1Ing. (C135)
Acting with (Q%)o on both sides yields
0 32
Plg) = -9 250 ) In(Z,Z577). (C136)
90:90+€
Using the formula
(1)
d 0Z;
00— InZ;=-2n(—5 +0(n?), (C137)
90/ 441 0e™" ) 44.0
we find
0 3
plg) = —g<Q—> (an ——an>
(9 o), (masn7
(1) )
0Z 07
= +29< _11) - 3g< _il> / (C138)
08 _Hug.0 % /gq.0

Thus, it suffices to determine Z 5” and Zgl). While Zgl) is

given in Eq. (C112), Zgl) is not. Rather than computing the
W3 vertexsfunction, we compute'the Wee vertex and use the
Slaynov-Taylor identity [86<88] implied by BRST invari-
ance [89-92],

Zl :ZIZ§IZ3, (C139)

or its one-loop approximation derived in Eq. (C109),

20 =7V -z 47", (C140)
we obtain, from Egs. (C112), (C121), and (C133),
1 ~(1 1 ~(1 17 92 .
ZW =7V 47 7 == X1ef . (Cl4D)

k—q

[

q k q

FIG. 14. L, self-energy from a hypercharge-gauge-boson loop.

Substituting Egs. (C112) and (C141) into Eq. (C138) then
gives

19 4

Blg) = _ZX@' (C142)

Therefore, the SU(2), gauge thebry is asymptotically free.

8. L4, self-energy
a. iﬂLa self-energy from a B +L loop

The B — L — vertex factor is ig'y#¥;, and the hyper-
charge of ¢he left-handed lepton doublet (v,e), is
Y, = —1/2. The present,two-point function with external
legs I:ﬁ and L, has fixed flavor indices a, # and therefore
involves no sum over flavors. The one-loop integral
corresponding to the diagram shown in Fig. 14 is then

%, () _19/2 / dnk —2k 4+ 4my, .
’ 47" | @ay (k= P - m2)

(C143)

Applying the Feynman-parameter formula to the denom-
inator and substituting into the dimensional-regularization
integral gives

/2

I g (iq— mf>. (C144)

Z8(q) = 1622

The counterterm Lagrangian for the U(1), gauge theory
is given in Eq. (C56). Accordingly, the UV divergence of
%, 1.5(q) must be canceled by the lepton wave-function and
mass counterterms. We denote these one-loop counterterms

by Z(Lljg and Z,(,l; - respectively, and impose

1 1 1
%10.8(0) + Zipd ~ (Ziy + 2, 5)me = 0. (C145)
This gives
k—q
q P q
FIG. 15. L, self-energy from an SU(2), gauge-boson loop.
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k—q

q k q

FIG. 16. H self-energy from a hypercharge-gauge-boson loop.

2 /2
m_ o9 v u _ 3 49
ZL,B*—_X16E28 , Z ———X16”28 .

(C146)

my,.B

o
o

9. I:/;L,, self-energy from a W/ +L loop

We consider the diagram shown in Fig. 15. Since the
vertex factor is igy*TP;, one finds

a2 [ A
TR ]y (@ = mp) k= )

(C147)

Since this is identical to Eq. (C113), the result is

2
g 3
1622° (MPL)'

The SU(2), counterterm Lagrangian is given in
Eq. (C103). Thus the UV divergence of X;; w(q) must
be canceled by the lepton field counterterm. We denote the

corresponding one-loop counterterm by Z(L]_>W and require

ZLL,W(CI) = (C148)

Zow(q) + Z(Ll,)quL =0= Z(L].>W =—-7X

10. H'H self‘energy
a. H'H self-energy from a B + H loop
The B — H — H vertex factor is'igi(k* + ¢*)Y g, and the
hypercharge of the” Higgs doublet H is Yy = +1/2.
Therefore, for H'= it H% we have Y; = —1/2. Here iz’
is an SU(2), ‘matrix andsence commutes with U(1),. The

one-loop integral corfesponding to the diagram shown in
Fig. 167is then

&’k K 42k-q+4q°
(27)" (k> = mi;) (k= q)*

| (C150)

Using the  same Feynman-parameter formula as in
Appendix €8a and substituting into the dimensional-
regularization integral gives

9> (1,1,
ZHH,B(‘I):_16”28 74 +ZmH . (C151)

The counterterm contribution from Eq. (C56) must
cancel the UV pole in Eq. (C151), hence

k—q
q k q
FIG. 17. H self-energy from an SU(2), gauge-boson loop.
1 1 1
ZHH,B(q) _ZEV,)BQZ - (Zg-l.)B +an£13)m%1 =0. (C152)
This gives
2 2
o_ 1.9 . 0 _1 4
ZH,B - _EX 167[28 s me“; *ZX 167[28 . (C153)

11. H'H self-energy from a W’ + Hyloop

We consider the diagramshown in Fig. 17. Since the
scalar vertex factor is'ig(k* 4 ¢*)T“ (no P; appears for a
scalar), one finds

(C154)

. 3 d'k  kK+2k-g+ ¢
IZHH,W(Q):_ 2/(

47 | 2@y (k= q)* (2 —m2)

Applying the same Feyhman-parameter formula as in
Appendix C 8 a, we obtain

3 3
—%E‘l (—q2+—m2>. (C155)

ZHH,W(Q) = ) 4

The counterterm contribution from Eq. (C56) must
cancel the UV pole in Eq. (C151), hence

Znw(q) = Ziwd® = (Zigy + 2,0 Jmly =0. (C156)
This gives
2 2
o 3.9 __ o 3.9 __
ZH’W__§X167T28 1’ Zsz—ZX16”28 ! (C157)

12. H'H self-energy from a t; + Q3 loop

In the electroweak-symmetric phase, the Yukawa inter-
action of the right-handed top quark 75, the third-generation
quark doublet Q5 = (¢, b;)T, and the Higgs doublet H =

(") is

—Et:th3HPRt+yt;PLHTQ3, H:iﬁzH*, (C158)

1.e.,

=L, =y,(1Pr¢® —bPrp~)Prt+ y, 1P (¢°Prt — " Ppb).
(C159)
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k—q 2
a 3y __
T % T Applying the following relation
FIG. 18. One-loop H self-energy from a (tz, Q3) fermion loop.

Here y, is the SM top Yukawa coupling. Its complex phase
can be removed by a U(1) phase rotation of ¢z and Q3, so
we take y, to be real. It should not be confused with the
(possibly vanishing) neutrino Yukawa coupling y, in
L HN,, which is set to zero in the exact Z, limit.

From L,, the vertex factors are —iy,Pp (left vertex) and
—iy,P; (right vertex). Consider the diagram shown in
Fig. 18. Since the tp and Q5 propagators form a fermion
loop, the overall sign is multiplied by (—1) and a trace
appears. Moreover, quark fields carry a color index r = 1,
2, 3. Writing the top Yukawa interaction with explicit color
indices,

—L, = y,03,Hig, + yi g, H' Q3. (C160)
we note that each Yukawa vertex is an SU(3), singlet and
hence carries a factor §,,, and quark propagators preserve
color and also carry J,,. The one-loop integral is then

IZHHtR(q
d" K —k- q
N/w @ md)[(k = q) —md

Here N, = 6,, = 3 is the number of colors. Applying the
Feynman-parameter formula and ‘substituting into  the
dimensional-regularization integral gives

(C161)

3y}
1672

&1(q? +2m? +2m3). (C162)

ZHH,tR (51) =

In the electroweak-symmetric phase, m, = 0 and m3 = 0,
and therefore

3yt — 1.2
—g-. C163
Tk 'q ( )

2 H 1 (q9) =

The UV divergence of X4, (¢) must be canceled by the
Higgs wave-function counterterm (see Appendix C2 c).
We denote the corresponding one-loop counterterm by zﬁ}},

and impose
p) -ZW2=0 Cl64
HH.1,(4) .19 . ( )

This gives

1 dlnZ;
== C166
v 2<Q 30 )MO (C166)

to the wave-function renormalization constants Z; obtained
above, together with the identity [94]

(1)
0 07|
(02)  wa—-n(2) own, er
90-9o-€ 9.9.0

one can extract the anomalous dimensions y; in_the same
manner as in the main-text. ‘At one loop, we find

NON (C168)

o _‘%1 » 16/;, (C169)

/0 _%X%, (C170)

o :# C_‘dz +%gz>, (C171)
D :1617#(;44;92_3%2), (C172)

It then follows, again as in the main text, that the Wilson
coefficients obey

d 1 91
Q@CNB(Q) = Tl < J*+= 92 3yt>CNB(Q)
(C173)
i B 1 3 n 37 2 22
QdQ Cyw(Q) = T ( + 129 3yt>CNW(Q)'

(C174)

Formally, their solutions can be written as

CNX(Qref) = CNX(Qmatch)

1 In Qe
X exp —2/ "Fy(Q)dInQ|,  (C175)
16” 1“Qre('

where
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Fo(Q) = 1 97(0) +7(Q) - H2(Q)
Fy(Q) =347(Q) + 13 7(0) = 3(Q).  (C176)

13. Couplings to be evolved together with the Wilson
coefficients Cyp and Cyy

In this work, we integrate out the heavy new particles E,
¥, D, and ®* at the matching scale Q,,,, and work below
that scale in the vSMEFT, whose dynamical degrees of
freedom are the SM fields together with the right-handed
neutrinos ;. Among the dimension-six operators in the
vSMEFT basis, we retain the dipole operators Oy, and
Onw.qi as the operators relevant for the present electro-
magnetic-leptogenesis analysis. Consequently, the RG
evolution over Q € [Qer, Omacn] closes within the cou-
plings of this low-energy EFT. The heavy-sector parame-
ters, such as ys, yy, Uy, and pg.p, do not appear explicitly in
the EFT evolution; they enter only through the matching
conditions for CNB.ai(Qmatch) and CNW,ai(Qmatch)'

Since the one-loop RGEs (C173) and (C174) involve the
coefficient functions in Eq. (C176), evolving Cyp and Cyy
in Q requires at least

g(Q).  9(Q). (9 (C177)
as functions of Q. At the accuracy of the present study, the
one-loop beta functions for g,, g, and ¢ are closed within
each coupling. Hence, one can use their analytic one-loop
solutions as external inputs, rather than‘numerically inte-
grating them together with Cyp and“Cyyy.

On the other hand, the one-loep*RGE for.y; is [97]

dy_ v g (W, 90
H 5%~ (3 t 39 +8¢; ||,

ﬂ(yt) = du ~ 1622

(C178)

where the 8¢ termhis‘relatively large. Therefore, a con-
sistent evelution of y,(u) requires the running of g,(u) as
well#In summary, the minimal set that should be evolved
consistently/at one loop is
{9,(0).9(Q).9(2).y,(Q). Cns(Q). Cxw(Q)}.  (C179)

Even if 4, does not enter the anomalous-dimension
coefficients y(¢,g,y,) directly, it is indispensable for
determining y,(u). In fact, raising the scale from Q,.ch =
10 TeV to Q. = 150 GeV significantly reduces the QCD
coupling. If one were to keep g, fixed at its value at Q .ich
when solving Eq. (C178), the 8g2 term would be under-
estimated, leading to an overestimated y,(u). For example,
taking as representative values

9s(Ores = 150 GeV) ~ 1.17,

95s(Omaeh = 10 TeV) ~0.95, (C180)
we obtain
g: (150 GeV) — g¢(10 TeV) 117> = 0.95* 0.34
¢2(150 GeV) - T
(C181)

i.e. g2 changes by about 34% when running from Q,,..cn t0
Q.- Hence, approximating g¢,(u) bysa constant can
misestimate the dominant 8¢? contribution in S(y;) by a
comparable fraction, and the ranning of y,(u)| over
[Orefs Omaen) can be significantly, affected. An estimate
follows from inserting Agsnto the 8¢g? termhin A(¥,),

Qmatch

1
5ln yg~ o2 8AG: In (C182)

ref

Moreover, the corresponding change in the coefficient
functions tis AFy(u) ==3A(y?(it)). Therefore, once y,
is evolved, g; must also ‘be.evolved.

14. One-loop QCD g function

Finally, we derive the one-loop QCD f function f(g,).
This cannbe obtained with minimal additional effort by
reusing the SU(2), computations in Appendix C 3.

Iy Appendix C 3 a, one replaces (T7)* by t(T4T%) =
T(R)§ (with R the fundamental representation of quarks),
doubles the coefficient because no chiral projector is
present, and multiplies by the number of active flavors
ny =6 for u > m, ~172 GeV, to obtain

g

H _
HGG,f(‘I) ~ 1622

4
&' Trny {—g (9"q* - q"q”)] - (C183)
Here we used T(R) = T = 1/2. In Appendix C3c, one
simply uses the quadratic Casimir C, = 3. The result of
Appendix C3d can be used as is:

2
v gs P 19 v 11
6.6(q) = g1C, (129” ¢ 3

=& q"q”). (C184)

Likewise, using C, = 3 in Appendix C 3 e, we obtain

2
v g_y - 1 v 1 v
HéG,ghost(q) = 167128 'Cy (EQ” g +8q"q ) (C185)

Summing Egs. (C183)—(C185) gives

2

9s - 5 4 v v
167128 1<3CA _3Tan> (¢" flz—qﬂq )-

g6 (q) =

(C186)
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The counterterm has the same structure as in Eq. (C110),
~Z" (¢ ¢* - ¢"¢*). hence

2
g5 (5 4
Zsl) = —1677:28 1 (g CA - gT}ﬂ’lf) . (C187)

We next use the analogs of Appendixes C5 and C 6,

2 2
1) 1 gy __ 1 L_oogs __
ZS —EX@«? 1CA9 Zl,s__EX@S 1CA7 (C]SS)
and the same Slavnov-Taylor relation to obtain

20) = 20 4 240 - 2

2
g5 (2 4
= 167728 1(§CA _gTF”f>- (C189)

Substituting Egs. (C187) and (C189) into Eq. (C138), we
obtain the one-loop QCD f function,

3
g (11 4
pgs) = T <? Cy __Tan>

3

3 /11 4 1 1q;
__ % (15 2L 6) = -9

167 \ 3 32 167z
Although Eq. (C190) is computed for ny = 6 (validyfor
u>m,~172 GeV), we adopt it approximately also for
# > Orer = 150 GeV. Strictly speaking, ny = 5 for u < my,
but since In(m,/150 GeV) < 1, the impact on g, is a

relative effect of order 10~ and can be néglected at one-
loop accuracy.

(C190)

APPENDIX D: CP ASYMMETRIES I: PHOTON
MODE WITHOUT.Opyy AWAY FROM
QUASIDEGENERACY

In this appendix we ¢ollect the loop-level details for the
photon-mode CPsfasymmetry in the absence of Oy and
away from the‘quasidegenerate regime. This is the calcu-
lation underlying the.nonresonant photon-mode expression
quoted_in=Sec. IV. Weiinclude/the fermion-flow conven-
tionsy the vertex contributions, and the self-energy con-
tributions that generate the loop functions fy (x), fs, (x),
and f, ().

The purpose of this appendix is only to make the
normalizatiomanid signs reproducible. The main text uses
the final expressions for the CP asymmetry and the loop
functions.

1. Vertex contribution (a) to the photon mode

With these preparations, we now evaluate the vertex
contribution in the photon mode. The relevant diagrams are
shown in Fig. 19. We begin with diagram (a). The
propagators for v, N,,, and y are

©w
Vam

Va(p)

Vim

m
VD( m

Vi

FIG. 19. Iwovertex-type one-loop diagrams contributing to the
photon-moderCP asymmetry. The diagrams (a) and (b) differ by
the férmion-number orientation’of the internal light-neutrino line
v(g; ), which determines whether the dipole vertex on that line is

V or its Hermitian-conjugate form V.

1 3 m
_ig/w
D = , D1
;w(QZ) q% +ie ( )

where the light neutrino is treated as massless and the chiral
structure is enforced by the projectors at the dipole vertices.
The N; <> v,+7y, vertex is, for an outgoing photon
momentum g,

Vﬁi(@) = 2§14i0" q, Pg. (D2)

For the three vertices appearing in Fig. 19(a), we thus have

V(@) = 2up0” 40Py, (D3)
Vem(=q2) = 2pan 0" (=q2y) Pr. (D4)
VZm(Q) = 215,,0°"q, Pg. (D5)
Here we define the Hermitian-conjugate vertex as
Vii(q) = 2u30"q, Py . (D6)

With a fixed momentum routing, Denner’s rules are then
implemented by selecting V versus V at each insertion and,
when the routing is opposite to the fermion-number flow on
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an internal Dirac line, by evaluating the corresponding
propagator as S(—p) rather than S(p). For diagram (a) this
prescription is already implemented in Egs. (D3)—(D5) and
in the replacement S, (¢;) — S,,(—¢;) for the internal
vg line.

The contribution from the tree
amplitudes is

Z|1M s,5")
o ZZhMy s,5")

s,s" pol.

+= ZZ{ 1/\/1

s,s’ pol.

and one-loop

(1M, %)

WM (s5.5')] +c.c.}.
(D7)

Using Eq. (119), the interference term corresponding to
diagram (a) becomes

vert ZZI:IM;/ s, S 1_/\/17 ( )}
s,8" po
= —Z > Rbtailta(p)o q, Prui(K)es ()]
s,s’ pol.
4
x / :12 ;1)14 o p) Vi (—42) S, (43) V5 (@)

X 8y, (=q1)V5i(a2)ui(k) D, (q2) € (@) (D8)

We now evaluate Iii)n Taking the complex conjugate of
the tree amplitude and using (#)" = y'o#%", we obtain
4 4(0 . h W
1M (5. )] = 20 8(0) 7 (R)a g, PLua(p). - (D)
Substituting this#'into Eq. (D8) and carrying out the
polarization sum and the'spin sums, we find

I\(/Zl:)rt ﬂmgvo'
X {[E uz(k)ﬁ k):| Gy)(qlPL|:§ ua(p)ﬁa(p)]
d4ql 1(73 +Mm)
2 Ppl 5
x/(zﬂ) [Iuama ( ‘I2n) R] q%—M§+1€
( ql) igﬂp }
X (24407 G P 213,07 o, P
(ﬂﬁG q R)ql—l- (ﬂ/;ff 92 L)q2+1€

(D10)

Substituting AL

p.aim

(121), we obtain

from Eq. (114) and using the identity

FIG. 20. Cutkosky cut for the vertex contribution. The vertical
dashed line indicates the cut, which places the internal photon
line and the internal light-neutrino line on shell.

19 Zia®) /d4‘11 Vil
vert waim [0 x)F (q% — M2, ic) (61% +ie) (q% +ie)

(g arsaio

x[=2(p-q1)(g5)+2(p24>) (q- 1) - M7 (q, ~qz)}}-
(D11)

Here westiSed k%> = M7,

We next evaluate the disContinuity of Eq. (D11) by
applying the Cutkosky miles [98]. In the present vertex
topology the absorptive part arises from a two-particle cut.
The internal masses are (i) gz: heavy neutrino N,,, with
pole at.gd=.M3> 0, (i) ¢, light neutrino v4, with g7 ~ 0,
and (iii) g,: photon, with g5 = 0.

The.only kinematically allowed two-particle cut that can
be implemented with positive-energy on-shell states is
obtained by cutting the (nearly) massless neutrino line
g, and the photon line ¢,, as shown in Fig. 20. (In contrast,
putting the heavy-neutrino propagator on shell together
with another internal line is not possible in this vertex
configuration; in particular, on the physical ¢,-g, cut the
momentum flowing through the N,, line remains off shell.)
Therefore, using the Cutkosky replacements, the relevant
denominators become

1
Disc — | = —27i8(¢%)O(E,), D12
(o) = 2moaoE). 1)

1
Di = —27i6(q3)O(E
e ) = —2so(a)0(E)

= —27i8((k — q,)*)®(M; - E).

(D13)

Here g, = (E.q1) and ¢, = (E>.q2) = (M; - E;. —q,).
In the following we evaluate the kinematic part

Aff()limJiiL = 1% (i.e., the result with the overall coupling
factors stripped off). After applying the Cutkosky rules we
can set € — 0. In the rest frame of N,;, substitute g; =
g1 —q and g, =k — q;, denote x := M2,/M?, and intro-
duce z := cos . Equation (D11) then yields
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Disc(J %)) :—éM,-Mm / RTe)

M6 (14cos8)[— (1 +c080)?+ (1 —cos)?+4]

2 (1 cosf) —M?2,
1—22

i 1
= MM dg——=
z " Z1 742x

i 1
—lM?\/?c[2+4x—4x(1+x)1nx+ (D14)
V3 X

Therefore,
Fig. 19(a)is

the CP asymmetry (117) associated with

: 4(132 1
‘C"Zi(,z\l')ert = Z Im u, atm) X 2_DISC<J\(/e)n)
y , m#i
== 2 mlastan (4 1) i)
Y Z/s |/"ﬂz|2 Z;; aram

xﬁ[1+2x—2x(x+1)ln (D15)

x+1

x ] '
where x = M2,/M?. Here ®, = ||p||/(82M?) with |p|| =
M;/2 is the two-body phase-space factor associated with
the on-shell intermediate neutrino and photon generated by
the Cutkosky cut. Once the internal lines are put on shell,
the corresponding loop integration effectively reduces to an
external phase-space integral, and @, controls the overall
size of the interference term.

2. Vertex contribution (b) to the pheton, mode

We next evaluate the interference term corresponding to
Fig. 19(b). With the momentum routing fixed as in Fig. 19,
the three dipole vertices are

V;;i(%) @ 2/4/21'0""16]2/11’& (D16)
V/:zm(—Q2) = 2/4,1,”0”’7(—Q2,1)PR, (D17)
V5, (0= 25,40 q, Py (D18)

Here J/“denotes the vertex originating from the Hermitian-
conjugate dipole interaction. Compared to diagram (a), the
fermion-numbet arrow_on the internal light-neutrino line is
reversed. Following Denner’s fermion-flow prescription
[99], this change is implemented by

(i) using W versus V as indicated in Fig. 19, and

(ii) evaluating the internal neutrino propagator with the

momentum argument consistent with the fixed routing.

For diagram (b) the fermion-number orientation of v is aligned
with the momentum ¢, hence we use S,,ﬂ (g1) [in contrast to
diagram (a), where one has S, 5 (—q,) for the same routing].

Proceeding as in Eq. (D8) and using Eq. (D9) for the
complex conjugate of the tree amplitude, the interference
term reads

ven:_ZZIM HOCRIERD)

s,s’" pol.
— —H:;l.gw{ b;u,.(k)u k)] 6 q,P {;ua(p)ﬁa(l?)]

d4 1 ym 7o
x / (25) Vin(=a2)Sw, (43)V5(q)

xsy,,<q1>vz,»<qz>Dﬂp<q2>}. (D19)

It is convenient to define the coupling eombination

5 * * *
B), = Wiittam Y Hobtpi = Hihlag(pt' 1) i (D20)
b

Using the identity (121) to’rewrite ¢/¢, in, terms of y
matrices, and inserting the propagators as in Eqi(D1), we
obtain

1) =siB" / K 1
fon =SB aingl” a3 — M, + 8Y(g3 +i6) (4] + i)
D 4
) <%) tr[(k + M) gd~ av" )PP (V' d> — 4>7" ) Pr

X (g5 + M) (1. — 47, PLdr (Vuda — 427,) Pr)-
(D21)

Imposing #2' = M? and p? ~0 together with the momen-
tum, relations k =p +q, ¢ =k —q;, and g3 = q; — q,
the contracted Dirac trace appearing in Eq. (D21) can be
reduced to [53]

Ty =5 t{PRk(r g~ a7 )P s = 1)

X g3 (1o — 1) 0 (Vo — 427 ,4)]
=iq%q5(80(k-q3)(p-q1)

—16(k-q1)(p-q3)—16(k-p)(q: - g3)]
+64¢"° 4, 42,935 ((k-q2)(q- q1) = (k-q)(q1 - q2)]
— 646"k, p,q1,934(9" 42)*
+64¢°p,q,q1,93[(k-4) a3 — (k- 42) (" 42)]
+64€¢"7° p 41,492,935k q)(q q2)

+64€"7k, ,q1,926(9°42) (4 q3)

+64¢"7° p,q,q1,92 (k- q2)(q- q3) = (k- q) (92 q3)]

+ 6467k, D, 4,425 (9-41)(92-q3) = (q-43) (41 - 42)]

+64€"7°k, 4,936 ((9° 92) (41 42) = (4 41) 53]

+64€"7k, P42, q36(9- 1) (4 G2)

+64¢°k, 4, q161(9° 43)95 — (9 92) (927 43)),
(D22)

where ¢* and ¢3 are kept symbolic.
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For the photon mode one has ¢ = 0, which removes the
parity-even part proportional to qzqg. The remaining totally
antisymmetric terms vanish identically, because all
momenta {k, p,q,q,,q>,q3} lie in the linear span of
{P.¢,q:} by momentum conservation. Therefore, the
contracted Dirac trace vanishes for arbitrary loop momen-
tum ¢, and the interference term from Fig. 19(b) vanishes,

b)

1% =o. (D23)

Combining Egs. (D15) and (D23), the total vertex
contribution to the photon-mode CP asymmetry is

‘s e I
Eai vert — ZﬂZﬁ |Mﬂl|2; m[/"m/‘am H /‘);m]fv ( )

(D24)

where

Fu.(x) = \/)_c{l + 2){1 —(x+ DIt 1] } (D25)

X

with x := M2,/M? (m # i).

3. Self-energy contribution (a) to the
photon mode

We now turn to the self-energy contributions to the
photon mode. The relevant diagrams are shown in Fig. 21

We begin with diagram (a). The propagators for the light
neutrino, the heavy neutrino N,,, andthe photon are

(a)

vs(q1)

FIG. 21. Self-energy-type one-loop diagrams contributing to
the photon mode. Panel (a) shows the fermion-flow contraction
that yields the contribution proportional to (u'yu),,, whereas
panel (b) shows the alternative contraction proportional to

(17 1) -

ig} i(k+M,,)
SD(QI)zq%—i—ie’ SNm(k) :kZ_MQ +i€7
_igyv
D = . D26
/w(QZ) q% +ie ( )

Unlike the vertex topology, momentum conservation fixes
the momentum flowing through the intermediate heavy-
neutrino propagator to be the external momentum k; the
loop momentum is carried only by the (4, y) bubble, with
g1 and g5 =k —q;.

The three dipole vertices appearing in Fig. 21(a) are

VZ;‘(QZ) = 2u5,6"q, Pp, (D27)
ng(_QZ) 2 zﬂﬂmaﬂn(-—qZ;])PR, (D28)
Vin(q) = 2m67"q, P g (D29)

As in Appendixes D1 and D 2, the assignments of V versus
V and_thé momentum arguments in Dirac propagators are
fixed unambiguously by Denner’s fermion-flow prescrip-
tion [99]. In diagram (a); for the fixed routing shown in
Fig. 21 the momentum ¢; runs opposite to the fermion-
number, orientation of the internal v; line, so the corre-
sponding propagator is evaluated as S, (—¢).

Proceeding analogously to Eq. (D8) and using Eq. (113)
together”"with the identity (121), the interference term
corresponding to diagram (a) is given by

self _ZZ IMV s, S

s; pOl

;t aim

/d4‘h (p-q)[-256(q-92)(q1-q2) +64(q-q1)q3]
(2r)* (k> — M2 +ie) (g3 +i€) (g5 +ie)
(D30)

1M7 ( s')]

For completeness, we comment on possible fermion-flow
signs. In our implementation of Denner’s prescription we
treat V and V as distinct building blocks originating from
the dipole operator and its Hermitian conjugate. With this
choice the fermion chain in Eq. (D30) is assembled using
the standard vertices, and no additional reversal operation
I' = I'™ is required; hence no extra s sign arises beyond
the explicit choice of V versus V and the momentum
argument S, (—¢;).

To extract the absorptive part of Eq. (D30), we apply the
Cutkosky rules [98]. Since the loop consists only of the v
line and the photon line, the only admissible cut places
these two propagators on shell, as shown in Fig. 22. We
replace
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FIG. 22. Cutkosky cut for the self-energy contributions. The
vertical dashed line indicates the cut that puts both the internal
photon and the internal light-neutrino propagators on shell.

1
Di = —27i6(¢%)O(E,), D31
e ) = —2mslahoE). (D)
Disc 27i6(q2)O(E,)
=2z
a4 +ie BRI
— “2xis((k - g)2)O(M, ~ E)),  (D32)
where ¢, = (E1,q)) and ¢y = (Eyq)) =k—q =

(M; — E;,—q,). Taking ¢ — 0, the discontinuity of Jizl)f

defined by A/(4 itm‘liel)f = I£21>f is
(a) 2iMIM,,
Dlsc("self) m . (D33)
Therefore,
1 MZMm
(/) = 5; Disc( & = 2~ M), (D34)

The part of the self-energy contribution,to thel CP asym-
metry carried by diagram (a) can.be written as

() _ 4P
821 self — ZI (Ay mm) Im (Jself)

tot mi

ﬁ

= 721m[ﬂmﬂum H ”)zm} 1 —

2r Zﬂ IM/31|2 i

(D35)

4. Self-energy contribution (b) to the photon mode

We next.evaluate diagram (b) in Fig. 21. In this case the
three dipole vertices are

V3i(@2) = 2450”40, P (D36)
Vi (=a2) = 245,0"" (=42, P, (D37)
Vin(q) = 2an0” q, P (D38)

It is convenient to introduce the coupling combination

5 * * *
B i = Hittam S Wb = Wbt (1 1) i

B

(D39)

Proceeding as in Eq. (D30) and using the identity (121), we
obtain the interference term

ZZIM My (s, 5')]

s,s' pol.

:—z{z

s,s" L pol.

>} 2034 (K)0 P o)

d4Q] = c V4 (_
< [ Gtlo) Vi @Sy, 0 (a2

X SD/;( ) (q2)Dy/)(q2)ui(k)' (D40)
At this point it is useful£o spell outhow Denner’s fermion-
flow prescription [99]"s implemented. Compared to dia-
gram (a), the fermion-number ‘orientation on the internal
light-neutrinosline  is, reversed, while” we keep the same
momentum routing. Denner’s rules then amount to
(1) .usingithe Hermitian-conjugate dipole vertex on the
N,, —vp —y(q,) insertion, i.e. V/}m( q,), and
@11) evaluating the intérnal Dirac propagator with the
momentum argument consistent with this routing,
here S, (g4).
Equivalently;rone may insist on using the same vertex
orientation but apply Denner’s reversal map I' —» ™ =
CTTC o that insertion; since (6**)™' = —¢*, this alter-
native implementation differs only by an overall minus
sign. In what follows we work directly with the explicit
vertices V and V in Egs. (D36)-(D38), so no additional
reversal operation is inserted beyond this bookkeeping.
With these conventions, performing the polarization sum
and the spin sums yields

(5)
(b) — / d4‘11 321M4B;4 aim
it (27)* (k* = M3, +ie) (g7 +i€) (g3 + ie)
X [4(q-q2)(q1 - 42) = (q- 1) a3

—4(k-q2)(q1 - q2) + (k- q1)q3]. (D41)

The discontinuity of the integral in Eq. (D41) is obtained
from the Cutkosky cut in Fig. 22. Setting ¢; = (E,q;) and
using ¢, = k — ¢, Egs. (D31) and (D32) give

. ®)\ 2iM ?
DlSC(Jself) = m . (D42)
Therefore,
b 1. b M3
Im(J ) = 5; Dise(/ ) = 2P = M) (D43)

1
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The part of the self-energy contribution to the CP asym-
metry carried by diagram (b) is then

(b 40, Z 5 b
8Zi(,sglf = T Im(Bp(t,{zzim) Im(‘liel)f)
tot m#i
e )] (D)
- mpyilam B H) mi ’
2”Zﬂ |/4/ﬁ|2 l—x

with x := M2,/M? (m # i).

APPENDIX E: CP ASYMMETRIES II: PHOTON
MODE IN THE QUASIDEGENERATE REGIME

In this appendix we derive the resonantly regulated self-
energy loop functions used in the photon-mode CP
asymmetry. The vertex contribution is regular in the
quasidegenerate limit and is therefore unchanged from
Appendix D. The singular behavior arises only from the
self-energy loop functions fg (x) and fg, (x), which are
regulated by inserting the Dyson-resummed propagator of
the intermediate heavy neutrino.

We keep the derivation here because the intermediate
expressions are lengthy and would obscure the main logic
of Sec. IV. The main text quotes only the Dyson-resummed
propagator, the Breit-Wigner-regulated loop functions, and
the resonance condition.

We now derive Eq. (140). Following Eq. (139), we
Dyson resum the internal N,, propagator and,recompute
the self-energy diagrams. We start with Fig. 21(a). The
propagators are

1/ i(k+M
Sv(ql) = 1- ’ SNm(k) =72 § . m) T
qi +1ie ke=M;, +iM, T, +ie
_ig;w
D = , El
/w(ch) q% Iy ( )
and the three dipole vertices are
‘7731'(612) = 2/421'0/"1%/1PL, (E2)
VZ}n<_q2> = Zﬂﬂmaﬂn(_QZn)PR’ (E3)
ng (q) = 2”(1m00KQKPR' (E4)

We use Affiim defined in Eq. (114), and the interference

term for Fig. 21(a) reads

) 1 | ,
Iar =5 > _iIM (5. )M (s.5')

s,s" pol.

:1A<5> MiMm

w.aim

/d4‘h (p-q)[-256(q-92)(q1- q2) +64(q-q1)q3]
(27)* (k2 = M2 +iM,,T,, +ie) (g3 +ie) (g3 +ie)
(E5)

According to Denner’s fermion-flow prescription [99], the
spinor chain can be assembled by inserting_the building
blocks corresponding to the chosen fermion-flow orienta-
tion without introducing any additional reversal operation;
hence no extra sign arises beyond the explicit use of V
versus V and the momentum as§Signment S, ,(—q1)-

To evaluate the discontintiity of\Eq. (E5), we apply the
Cutkosky rules [98]. Assshown in Fig: 22, the only cut that
puts both loop propagators on'shell is the cut through the
fermion propagator with momentum ¢;/and the photon
propagator with momentum ¢,. Consequently, the denom-
inators in_Eq. (ES) become

W |
Disc (q% n ie> = —27i5(¢3)O(E)), (E6)

Disc (q% L ie) A 27i5(¢2)0(E,)
= —27i6((k - ¢,)*)O(M; — E,),  (E7)

where ¢, = (Ei.q;) and ¢y = (Eyq)) =k—q, =
(M; — E;,—q,). Working in the N, rest frame, and taking

€ — 0, the discontinuity of J£:1>f = Iisz/A(5> is

p.aim

— 211‘/1171‘/Im(1uz2 — Mgn - iMmFm)

: (a)
Disc(J i) = (M7 = M2)? + MAT)] (E8)
Therefore,
a 1 . a
Im(‘]£e1>f) = ZDISC(‘]ieEf)
MM M? — M?
=1 = L n (E9)

7 (M} —M)*+ MG

The corresponding self-energy contribution to the CP
asymmetry is

2

S et

2”Zﬁ|/4/fi|2

(M MEMM,,

(M} = M3,)* + MG,T,

r(a)  _
self,ai —

Im[ﬂ;iﬂam (/ﬂ/’l)im]

(E10)

In terms of x = M2/M? (m# i), Eq. (E10) can be
rewritten as
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Y. (i
fs,(x) = (1 —=x)>+(T,,/M;)*’

(E11)

where the last approximation holds in the quasidegenerate
limit x ~ 1. This is the Breit-Wigner-type (up to the slowly
varying factor y/x) for the self-energy contribution regu-
lated by the total width T',,.

We next evaluate Fig. 21(b). The three vertices are

V}Dﬁ(%) = 2u40"q2; P, (E12)
Vion(=a2) = 245,,6"" (=q2, ) Py, (E13)
ng (q) = zﬂamGUKQKPR- (E14)

The corresponding interference term is

Self ZZIM7 s,5") 1./\/17 (s,5")]
s,s’ pol.
Z—Z{Z% } 24318 (k)o™ q,, P, (p))]
s,s" L pol.

x/d%ﬁmmfwﬂm®ﬁﬂwﬁ

(27m)*
x 8,,(41)V5:(a2) Dy, (q2)ui (k). (E15)

The fermion-flow bookkeeping is implemented as follows.
For the fixed momentum routing, the internal Dirac line is
evaluated as S, (q;), and the vertexgon that line is the
conjugate one Vﬁm(—qQ). No additional teversal operation
is required once these building blocks rare chosen
con51stently

Using B a)um defined ih Eq. (D39) and carrying out the
Clifford algebra gives

1™ =32im4BY)

poim

d4‘]1 1
/ / 2a)* (K — MM, T, +ic) (g} +i€) (q3 +i€)
%[4(qrq2)(q1-42)~ (9- 1) 43

—4(k: 9,)(q: - q2) + (k-q1)43]. (E16)

The discontinuity of Eq. (E16) follows from the Cutkosky
cut in Fig. 22. Setting ¢q; = (E|,q;) and ¢, = k — ¢, we

obtain
2iM8(M? — M2, —iM, T
Dise(s)) = AMi M = My = iM,L) )
”{(Mi _Mm) +Mmrm]
Therefore,

b 1 b
Im (‘Iiel)t ) 2_ Disc (Jgel)f)

_ My M? - M2,
o (M2 MR+ MATE

(E18)

and the corresponding self-energy contribution to the CP
asymmetry is

2
(b) _ M;
g}s/elf.ai - 2” Z/} |,u/h ‘2 Im[:um:uam (M M)mz]
(M7 — MM}

. E19
M= M+ AT R

In terms of x = M2,/M?, Eq. (B19) can be, rewritten as

1—x
(I = xR, /M)

s, (x) = (E20)

where the last approximation holds\in the quasidegenerate
limit x ~ 1. This is‘again the universal BW-type regulari-
zation of the self-energy contribution by the total width T',,,.

Combining Eqs. (E11)and(E20) reproduces the desired
resonant loop functions in"Eq. (140).

APPENDIX F: CP ASYMMETRIES III:
Oyiy-INCLUSIVE RESONANT REGIME

In_this appendix we give the loop-level derivation of the
Opw-inclusive CP asymmetries used in Sec. V. Once Oy
is présent, the broken-phase dipole matrices y”, u?, and u"
are independent in general. Consequently, the external
decay channel V =y, Z, W and the internal on-shell state
U =y, Z, W must be treated separately.

We collect the vertex contributions, the self-energy
contributions, and the quasidegenerate limit in a unified
notation. This appendix contains the detailed Cutkosky
cuts, angular integrations, and finite-gauge-boson-mass
loop functions. The main text quotes only the final
channel-resolved CP asymmetries.

1. Vertex contribution (a)
a. Cutkosky rules

We collect the coupling factors as

Ay i = pai e (YT )i = pii ﬂamZMﬁ, Hpm-  (F1)

Then the interference integral can be written as

AVUJ)

1 (v;u) = AVY IS (Vi U), (F2)

where AVU

p.aim

J<Ve)rt(V, U) is given by

is independent of the loop momentum, and
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JE(v;U)

:=i/ d4611
(27)* (43
(a)

With this convention, the Cutkosky discontinuity of Jyey
directly yields the absorptive part needed for the CP
asymmetry. We cut the internal lepton line ¢; and the
internal gauge-boson line ¢, (see Fig. 20) and use

1
Disc — | = =27i6(¢*)O(E,),
(i) = —2eiotaeE)
1
Disc | —————— | = —27id(q3
(=) ~2ma

These equations give

N (q13k. q)
— M2, +ie)(q? +ie) (g5 — m3 +ie)
(F3)

—2)O(E,). (F4)

a . a
DiscJ%, (V;U) = —1(271)2/%
5(qg)d(q3 — O(E|)O(E a
« (41)8(q5 mU) 2( 1)O( Z)Nsemcm-
q3 Mm

(F5)

b. From the §-function integrals to an angular integral

We now evaluate the d-function integrals in Eq. (F5). In
the rest frame of N;, g, = k — ¢, and hence

= (k—q1)> = M} S2ME,. (F6)
Therefore, 5(q3 — m3;) fixes
M?—m? M, my
E1:72M,- U:7(1—ru)7 rU::ﬁ%}- (F7)

Since g7 = O4mplies ||gyl\= E,, the’ remaining integral
reduces to an angularsdntegral over ¢, := cosf, :=¢q - q,.
To perform the angular integral, we express the remain-

ing «denominator ¢35 —M2as a function of ;. From
93 =4 — 4,
3= -9*=4-2q ¢
=miy, —2(EEy — |l llg]lt))- (F8)
Using
M? +m} M,
E,=——Y-"1(]
v M, 5 (I+ry)
AM?,0,m%) M,
= VAR D my) iy F9
ol = VAR M) e

and Eq. (F7), i.e., E| = ||q]| = M;(1 = ry)/2, we find

2

91'(I:Ti(l_”v)[(1+rv)—(l—"v)fl]- (F10)
It follows that
G- -2 p,-py). (1)
with
Dy :=2x,,; +1—ry—ry—=ayry,
Dy :=(1-=ry)(1=ry): (F12)

Here we denote x,,; :== M2 /M? (m # i).
We now carry out thé é-function integrals €xplicitly.
Writing ¢? for the time compeneént, g3 =\(¢})* — E2,

B = [5(

a(a) = 3l (gf)P 35, B + ol + 1)

(F13)
Therefore,

1

5(9%)®(E1) 2F,

— ()~ E). (F14)

Using, this to integrate over q(l), we obtain

= | C91 om2o(a2)5(d3 - m3)O(ENO(E) F (1)

20’
d? 1
= | G o -

where #; := cos 0, :=§ - §,, and F(t;) denotes the remain-
ing cut integrand, which depends on ¢; only through f,
once the ¢ functions are imposed In the present application

we will set F(1) = N, |/ (g3 — M3,). Next, with k =
(M;.0) and g, = k — g,

mg)O(E) F (1), (F15)

B=M;—q}=M;—E\, g2l =llg:|| =E1, (F16)
and hence
¢ = (43 — llga2|> = (M; — E\)* — Ef = M; = 2M,E,.
(F17)
Thus,
5(g3—m3)=8(M?-2M,E; —m?)
:2;4i6<E1_Mi;/I,~ >=:5(E21A711_El*). (F18)
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Here
M,2 — m%] M,; m%]
ET :=72Mi :7(1—7”[]), rU:W. (Flg)
In spherical coordinates,
d&*q, = ¢7dq,dQ = E}dE,dQ,
dQ, = dr,de,, t, =cosb, €[-1,1]. (F20)
Therefore,
/dQl / dE,
OE = ED) o, — E)F(r). (F21)
2E1 2M,-

The E, integral is immediate, and for M; > my; we obtain

I1—-r !
Lew = 6ﬂU /_ 1 dn F (). (F22)
As a result,
) H 1 N(a) |
Disc W (ViU) = ———(1- / dry etlen gy
1SC vert( ) 1671'( rU) . lq%—M%” ( )
The remaining task is the #; integral.
c. Denominator: Evaluatiofi of\g% - M2,
We use
_r, my_ 4’
B=q1—-q. X . rwiE—s=—54 (F24)
n‘ll Mlz Mlz Mlz
and impose theleut condition ¢7 = 0,which gives
@~ M=) —9)* <M, = 2= 2q-q1 = M;,.  (F25)

Note that q% itself does not depend on x,,;; the dependence
enters only through'fhe subtraction of M2,.

In the rest frame of N;, with 1, = cos@, = q - ¢, we can
write

M
43— M;, = ——-D(1)),

D(ty) = (1 =ry)(1 =ry)(1 =11)

Xmi = rVrU)'

(F26)

Therefore,

1 2 1
G-M, MID(n) (27
Substituting Eq. (F27) into Eq. (F23) yields
<o) (v A=y (1 Nnlew
Disc/yo(V;U) =1 ST /_1 dr, D)) (F28)

The sign flip originates from the overall minus sign
in g3 — M2,

d. Numerator: Reduction of the Dirac trace to a

polynomial in &

After reducing the Dirac tracewith the ¢ insertions and
imposing the on-shell conditions after the cut,

qt = 0. a3~ mi,. (F29)

the numerator reduces to a quadratic pelynomial in 7,
Nvert|cut 2 8M7M (1 N rU)

x[(L+ry) =(W=ry)(ry +ry + ryry)ty
—(I=ry)(A =ry)*r]

= 8MIMy(1 = ry)(Ast] + Ajty +Ag).  (F30)
The coefficients can be written, equivalently, as
AO =1 + ry,
Ay =ry(1+ry) = (ry +ry),
A2:—<1—rU)(1—rv)2. <F31)
In the limit ry = ry =0,
. (a) i ! 8M17'Mm(1 - t%)
Disc/yeq(V; U dr
15C ven( ) - 87er2/_ 1 1— 1 +2xmi
i -1
=—-MM dt _ F32
pu i m 1 1 _ t] + mel ( )

in agreement with the photon-mode result for the vertex
discontinuity, Eq. (D14).

e. Angular integral

From Eq. (F26), we may write

D(t) =Dy — D1,
Dy=(1-ry)(1-ry),
D0:D1—|—2(xm,-—rer):2xm,-+1—rv—rU—rVrU.

(F33)

Polynomial division yields the decomposition
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A3+ At + A

Dy — Dyt

(= + 5 2
where
Bi=ry[x,(1+ry) + 1]+ ryxp —2x,(x +1)  (F35)

is a polynomial in x,,;, ry, and ry. The first term in
Eq. (F34) is odd in #, and integrates to zero over [—1, 1].
Therefore,

/1 dr, Aii + At + Ay
-1 D(1y)
_2(2x,; +1) 2B /1 dr, (F36)
o l—rU l—rU _1D0—D1tl‘
The remaining integral is
dt 1
/71 = ——In(Dy—Dy1;),  (F37)
Dy — Dty D,
and thus
/1 di 1, Dy+D
_\Dy-Dit;, D, Dy-D,
1 D D
= In 2%dml (F38)
(I=ry)(A1=ry) Do—Dy
Using Eq. (F33),
Do+ Dy =2(x; + s ry —ry),
DO — D] = 2()(,,,”' - rVrU), (F39)
SO
D D A1l —ry—
0 U il T LTIV gy
Dy — D, Xpmi — Fyly
This yields
/1 thzt% + At + A
2 D(t,)
202, + 1) 2B
1—ry (I=ry)(1 =ry)?
1 =7, —
x In 2mi + v rU, (F41)

and hence

a 2i
D20V U) =2 M | (1 ) ot 4 1)
T —ry

], —
xinZmi T 1TV rU]. (F42)

Xmi —Tvly

Thus, we obtain the discontinuity relevant to the vertex
contribution from diagram (a).

2. Vertex contribution (b)

The discontinuity Jg;)n is given by putting'g; and g, on

shell and carrying out the phase-spacesintegral:

Dist@n(V; U)
4 T
— Disc/ (23)14 (GAM2+ ie)(CI%(b‘)F'Ciu;)(‘]% = mj; + ie)
= 4iMEryry(Lgry)(1 - ry)
d*qf (1 =t—2(ry + ro) +1,)
(2m)* _MT%(DO — Dity)
A (=271)%6(q})O(E, )35 — m3)O (Ey).

(F43)

Here the angular integral involves the denominator

M?
43— M3, = _TI(DO_Dltl)v

Dy=2x+1—-ry—ry—ryry,

Dy = (1=ry)(l=ry). (F44)

The angular integral appearing in the absorptive part is

9
Distsl;L(V; U)= —;le-grer(l —ry)(1=ry)

1 8(E, —E*
x/dElEz—MG(M,»—El)

2E,  2M;
1 1—1,)-2 1+1¢
x/ dtl( 1)M; (ry +ry)(1+ 1)’
-1 —5(Dy—Dity)

:LM?”V’”U(I —ry)(1 —VU)2
27

x/ldtl(l—t1)—2(rv+ru)(1‘Hl)
-1 Dy—D 1,

i
=:EM?FVVU(1 —ry) L) (xiry.ry),

(F45)

where E} := M7 (1 = ry), and therefore
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(1=ry)(1=ry)
x/ldtl 1 —t1—2(rv+rU)(l+t1)‘
-1

Dy — D1,
This integral can be expressed in closed form:

I(b)(XZ ry,ry) =

(F46)

:2(27"U+2rv+l)

n 2A(x; 1y, ry) ln( X—ryry )’
(I=ry)(I=ry) \x+1l=ry—ry

I(b)(x§ ry,Ty)

(F47)
with
Alxsry,ry) =xQry +2ry + 1) +2(ry + ry)
—2(rU+rV)—5rUrv. (F48)
Hence, we obtain
DiscJ "L (V; U)
= lM?rvf’u {(1 —ry)2ry +2ry + 1)
7
. 2y +ry)(x+1) +x— 2(r%/ + r%]) —Sryry
1 - rV
1<-—)] (F49)
x+1-ry—ry

3. Self-energy contribution (a)

For diagram type (a) in Fig. 21, we keep the self-energy
bubble explicit. Let g, ‘be the loop momentum of the
internal lepton line and\define ¢, = k'— ¢, as the momen-
tum of the internal‘gauge boson U. Then the amplitude can
be written as

iy q1
MY T m# / 7

x ﬁa(p)(VV)‘ém(Q)Szvm (k) (VY)
x SL/;(_Q])(VU);i<QZ)ui(k)

;m (_QZ)
D;%(Qz)s/*; (q).
(F50)

Here U =y, Z, W labels the gauge boson running in the
lepton bubble. For U =y, Z the internal lepton is Ly = v,
while for U = Wiitis Ly = ¢.

The absorptive part of the self-energy bubble is obtained
by cutting the internal lepton and gauge-boson propagators.
The Cutkosky rules give

1
Disc( 5
C]1+1€
1
Disc| ————— | = —27i5(qg>
<q%—mzu+ie> ol

with ¢, = k— g, and k*> = M?. The resulting §-function
integration reduces to the two- body phase space of the on-
shell intermediate state Lg(q,) + U(g,) and yields

) — 27is(g)®().

—m)elg)).  (Fs1)

d*q, 260 2\S( 2 _ 2
[ Gl enrataeta - mheldhel i

(F52)

with f; :=cos 8, :=q - q,.-For the present) selfenergy
topologies, the #; dependence drops out after angular
averaging, as shown.below.

After the Diractface and the sum over the internal flavor
index f, the absorptive part is proportional to the coupling
contractions

Zf‘ﬁz Hiom»

The genuinely new ingredient induced by Oy is the
charged=current <contribution with U = W, that is,
(/"WT/J )zm’ (iMW1L W) i

Next, we define the interference term for diagram type
(a) as

Zﬂﬂmﬂ/}z (F5 3

a 1 . . a
I(ViU) =5 37 GMP)IMEG(V:U).  (FS4)

spins,pol

Since the self-energy bubble depends only on the external
momentum k, the propagator denominator of the inter-
mediate heavy neutrino N,, is
M2 = M2~ M2, = M3(1 =), (F55)

where x,,; == M2,/M?, and is independent of the angular
variable ¢;. Consequently, after taking the Cutkosky cut the
loop integration reduces to the two-body phase-space factor
and the angular average of the cut numerator.

Carrying out the same trace algebra as in Sec. IVA for
ry # 0, we obtain

Nselflcut = M7Mm(1 - rU)

(ry + D (ry +2)
2

+ (terms odd inty)|,
(F56)

and the odd terms vanish upon integration over ¢, € [—1, 1],

giving
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= M]M,,(1 = ry)*(ry +1)(ry +2).

! (a)
dn N i
-1 cut

Combining this with the phase-space factor yields the
discontinuity

(F57)

MM,

7@ Ty
Dlsclself(V, U) = m

(1= rg)2(ry + 1) (ry +2).
(F58)

It is convenient to express the corresponding contribu-
tion to the channel-normalized CP asymmetry in terms of a
loop function. Defining

VX _(l—ru)3(”u+1)(ru+2)
1—x 2 '

=/x/(1 =x) for ry = 0, so

Fg (x5ry) = (F59)

which reduces to fg (x;0)
we write

i
ZﬂRVZﬂWXiP

X Zlm[f'{m /’lam MUT/‘U) ]FS ( Ximis U)?
m#i

e (U) = -

self,ai

(F60)

with Ry = (1 = ry)?(1 + ry) and x,,; = M2,/ M3.

4. Self-energy contribution (b)

Diagram type (b) in Fig. 21 corresponds to the alternative
contraction of the dipole vertices irl the self-energy loop,
which interchanges the coupling contraction and yields
(uYTuY),;. Repeating the samie cut integration for r;; # 0,
one obtams

U (=t 2
1 =x 2 ’

Fs, (x; 1) = (F61)

which reduces to s, (x;0) =1/(1 —x) for ry — 0.
Accordingly;

M}
27?RVZ[}|#}/,'|2

XZII’H az.uam/’l ﬂ ) ]FSb( mi> U)-
m#i

self ai (U)

(F62)

5. Quasidegenerate limit

In the quasidegenerate regime, the x-dependent factors in
Egs. (F59) and (F61) are replaced as in Eq. (140). The loop
functions then become

Fsa(XQ ry)
_ V(1 —x) .(I—VU)3(ru+1)(”U+2)
T (1=x)? + O/ M;)? 2 ,
(F63)
Fg,(x;1y)
B 1—x ‘(l—rU)3(rU+2)
S U=+ (T, /M) > Y

where we use the vacuum width A7, in the regulator
functions F s,,- Throughout we use these width-regulated
loop functions in order to capture the resonant enhance-
ment of the self-energy contribution.

APPENDIX G: DETAILS/OF
THE SCHWINGER-KELDYSH
AND 2PI FORMALISM

In this appendix we collect the formal details underlying
the €ompact summary in Sec. VI. We review the one- and
two-particle-irredugible effective actions, the CTP generat-
ing functional, the/ Kadanoff-Baym equations, the Wigner
transform [72], the leading-gradient expansion, and the
Markov/quasiparticle limits [100-102]. These results are
standard [66], but we include them to fix conventions and
to make'the derivation of the density-matrix QKEs repro-
ducible. The main text relies only on the final Wightman-
function form of the collision terms and on the pro-
jected QKEs.

1. n-particle-irreducible generating functionals

We consider a quantum field theory for a real N-
component scalar field ¢, (a =1,...,N) with classical
action S[g]:

sto) = [ [0, -2

(G1)

Here and in the following, repeated indices are summed.
We wuse x:=(xy,x) and the shorthand notation
[. = [, dx® [ d?x, with a time contour €’ to be specified
below. Accordingly, & functions such as §*(x — y) should
be understood as the contour 5p(x° — y2)&% (x —y).

In the presence of two source terms ~J,(x) and
~R,;(x,y), the partition function Z[J, R] and the generat-
ing functional W[J, R] of connected Green’s functions are
defined by
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Z[J, R] _ eiW[J.R]

- /@(pexp{i[S[(p] +Kla(x)(pa(X)

+% /x yRab(x,y)(pa(x)rpb(y)] } (G2)

The macroscopic field ¢, and the connected two-point
function G, are defined as functional derivatives of W:

SW[I.R]
W - ¢a<x),
SWJ.R] 1
SR, (ry) 2 P09 0) + Gur(xy)l - (G3)

Before constructing the 2PI effective action, we consider
the 1PI effective action. It is obtained by a Legendre
transformation with respect to the source term linear in the
field (at fixed R):

— WJ.R] —K%Ja(m

= W[J’R] _/¢a(x)‘la X

We note that:

(i) T*=0[¢] coincides with the standard 1PI effective
action.

(ii) For R # 0, TR[¢] can be viewed.adS the 1PI effective
action of a theory governed by‘the modified classical
action

T[]

(G4)

$¥g) = S[] + = / Ry O0a (X3, (GS)

i.e., in_the presence,of a nonconstant “mass term”
quadratic in thesfields.

As a_censequence, relations for the 1PI effective action
carryfover 10 I'®[¢] with, th€ replacements S — S® and
G;' = G;'/=iR. For instance, the one-loop expression
reads

0] = S¥(g) + 3 TrIn(GE ()~ iR],  (G6)

where the functional trace Tr includes integration over time
and spatial coordinates and summation over internal
indices. Similarly, the exact inverse propagator is obtained
by a second functional derivative,

&T[¢]

57a(0)as () oY)

:i[G&Lb(x’y;fﬁ) —iRqp(x.y) ‘Zfb(x’y;@} '

(G7)

Here the classical inverse propagator iGyl,(x,y:¢) =

2S[p)/ S (x)3epy (y) is

iGyh, (x. y: )

A
- Dx + m2 + @qﬁc(x)d)c(x) 6ab54(x = y)

~ SIS E Y, (@)

and XX (x,y5¢) denotes the proper self-energy, to which
only 1PLFeynman diagrams contribute (i.e. diagrams that
cannot be disconnected by eutting a single internal line).
These relations will be used below.

To obtain the 2PI effective action, we perform a further
Legendre transformation of I'®[¢] with respect to the
bilocal source R:

I[¢. G =TR[g] - /}W%Rba()},x)
=T[g] —%/yRab(x,y)rﬁa(x)rﬁb(y) —% Tr RG.

(G9)

Here we used Egs. (G3) and (G4). Since the relation
between ¢ and J is R-dependent, i.e., inverting ¢ =
SW[J,R]/58J yields J = JR(¢), one finds from the defi-
nition (G4) that

STR[¢h] SWI[J,R] /5W[J ,R] 6J.(2)
5Rab(x’ y) 5Rab X, y) z oJ (Z> 5Rab(x’y)
SW[J,R
/ $c(z /. K] . (G10)
5Rab X, y) R (x,y)
Of course, the two successive Legendre transforms

employed above agree with a simultaneous Legendre
transform of W[J, R| with respect to both source terms:
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I, G| = WU/, R] / i

_ [ SWUR
Aﬂmmw&“”>

:WMM—L%th

=5 | R ) (1,0) =3 TeOF

%)= 5 [ R )da()uly) =5 TrGR.

2 Jy
(G11)
From this, the stationarity conditions follow:
or'(¢. G|
=—J — [ R, (x, , G12
it = o= [ Raein0). (@12
or'[¢p, G 1
————— = ——R,(x,y). G13
56 a] = " Rer) (G13)

In the absence of sources, J = 0 and R = 0, these give the
equations of motion for ¢ and G.

To get familiar with Egs. (G9)-(Gl11), we compute
I'[¢p,G] to one-loop order using the above result for
R[¢]. Plugging Eq. (G6) into Eq. (G9) yields

i 1
F[¢,G}:S[qﬁ]—f—%Trln[Ggl((ﬁ)—iR]—ETrRG. (G14)
Defining G~! := G;'(¢) — iR, we canfrewrite this as

[lg, G| ~ S[¢) +% Tr In G! +% Tr Gy ()G, + const.
(G15)

Indeed, TrG~!G# Tr1_is a field-indépehdent constant.
Using Eq. (GI§) together\with the stationarity condition
(G13), one verifies at.this order that

5F[¢7 G] i -1
oG 2 y 2

=G G;'(¢) —iR.

i 1
iG51(¢) =5k

(G16)

Beyond one-160p order, it is convenient to write the exact
I'[¢, G] as @ one-loop-type expression plus a remainder:

T[$.G] = S[¢] + % TrInG™' + % Tt G5 (¢)G
+I'y[¢, G] + const. (G17)

Here “const.” denotes an irrelevant normalization constant.
Varying I'[¢p, G| with respect to G yields

Goi(x.y) = Gyl (x.yi9p) — iR, (x, ¥) — o (x, y3 . G),
(G18)

with the 1PI self-energy defined by

. 0a[¢, G

z Vi, G) =21 ————— G19
ub('x y d) ) 15Guh(X,y) ( )

Comparing Eqgs. (G7) and (G18) shows that X, coincides
with the 1PI self-energy in the presence.of Rpwwith the
understanding that R is eliminated in favor of G via
Eq. (G18) at the stationary point.

Defining the “classical” propagator

G =4Gy' —iR). (G20)
one has an infinite' Dyson series:
G = (Gyh—1R) ™' +(Gy' —iR)"\Z(G;! —iR)™!
# (G~ iR)'Z(Ggh=4R)'Z(Gy! —iR)™!
+ e (G21)
Rewriting this inderms of G yields
G=0Gq+ GGy + GyXG2Gy + -+ . (G22)

Thus, a single full propagator G already represents the
resummation of arbitrarily many self-energy insertions on
top of G. Consequently, any 1PI diagram drawn with full
lines G can be expanded uniquely by replacing each full
line with its Dyson series (G22), which generates an infinite
family of ordinary 1PI diagrams built from G, and
insertions of X along propagator lines. Conversely, resum-
ming those insertions reconstructs the compact representa-
tion in terms of the full propagator G.
The definition

. 0s[¢. G

z Vi, G) =21 ——— G23
ab(x y ¢ ) léGab(x,y) ( )

has a direct diagrammatic meaning: diagrams contributing
to X are obtained by opening one propagator line in
diagrams contributing to I';. Since X is a 1PI self-energy,
I, cannot contain any one-particle-reducible (1PR) struc-
ture. This immediately excludes two-particle-reducible
(2PR) contributions from I';. Indeed, suppose I'; contained
a 2PR term of the schematic form ['GGI’, ie., two
propagator lines connecting two subdiagrams I and T.
In coordinate space (suppressing internal indices for
clarity) this may be written as
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2
r<2 PR)[G} N/dxl dx, dy;dy,

X f‘(Xl )G (x1,y )G(xzvyz)f()ﬁ Y2)-

Taking a functional derivative with respect to the bilocal
kernel G(u, v) and using

(G24)

5G(x,y)

3G v) &(x —u)8*(y — v),

(G25)

one finds that the derivative hits either of the two propa-
gator lines:

(2PR)
ol (Gl /
—=————~ [ dx;dx,dy;d
5G(u,v) 1 dxp dy; Ays
- G(xy,y -
XF<x1vXZ)MG(X%)’Z)F/()’IJ’Z)

G(u,v)
=+ / dx; dx, dy, dy,

5G(x27 yZ) <

Xl:‘(xl’XZ)G(xl’yl) 5G(M 1)) F(ylvyZ)

- / oy dyoF (e, %) G (3. y2)F (1. 32)

Jr/d)fl dyT(xy, )G (xp. y1)E (y1.0).
(G26)

Each of the two terms in Eq. (G26) has the schematic form
['GI": the two subdiagrams are now connécted by a single
propagator line, so the resulting contribution is 1PR and
hence cannot appear in a 1PI self-energy. Therefore, I,
cannot contain any 2PR term, and I';]¢, G} censists solely
of 2PI diagrams.

2. 2PI effective action for fermions

The construction of thé2PI effective action for fermionic
fields proceeds along very similar line$ as for bosons, with
the crucial difference that one has to account for the anti-
commuting (Grassmann) nature of fermion fields.

The main difference 1s already visible in the one-loop
part (corresponding to 'y = 0). For vanishing field expect-
ation values, one encounters the Gaussian functional
integrals [103]

—iln / DipDye’ss’ = —iIn(detAg')
=—iTrinAg!,
—iln / De'Sy’ = —iIn(detGy')~1/2

- % Trln G;'. (G27)

Here

] = [ ddtypiag (xow(s) - (G28)

denotes a fermion action bilinear in the Grassmann fields.
For a Dirac fermion with mass m'/), the free inverse

propagator is

i85 (x.y) = (id, — m)F(x—y).  (G29)

For bosons, Sf)b)

1.€.,

is given by the quadratie’part of Eq. (G1),

S [] :% / d*x d*y (G (x, y) (),

Gy (x. ) = —(0, + m?Jabx — y). (G30)
Comparing thetwo integrals in'Eq. (G27), one observes
that the factor 1/2)for bosons ‘iswreplaced by —1 for
fermions due to the anti-commuting (Grassmann) nature.
Takingthisndifference ‘into account, one can follow the
same steps as in the bosonic €ase to obtain the 2PI effective
action for fermions in complete analogy to Eq. (G17).
Accordingly, for vanishing fermion field expectation

valuesy, (V) = (¥)'= 0, one finds
[[A] = —iTr InA™! =i TrA;'A + I',[A] + const.  (G31)

Here I';[A] contains all 2PI diagrams with lines associated
to the time-ordered propagator A(x,y) = (T%(x)¥(y)). As
for the 1PI effective action, each closed fermion loop
contributes an additional minus sign.

As in the bosonic case, the equation of motion for A in
the absence of external sources is obtained by imposing the

stationarity condition of the effective action:

ST[A]
SA(x,y)

=0. (G32)

Using Eq. (G31), this condition can be rewritten as

Al (xy) = Aj'(x.y) = ZV(x.314),  (G33)
with the 1PI fermion self-energy defined by
oA

SA(y, x)’

APPENDIX H: SCATTERING CROSS SECTIONS
AND REACTION DENSITIES

In this appendix we collect the details of the 2 < 2
scattering calculation used in Sec. VII. We derive the
neutral-current  processes N;f <> v,f, including vy
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exchange, Z exchange, and yZ interference, as well as the
charged-current processes N;f <> £,f' mediated by W=,
The main text uses only the resulting reaction densities and
the scattering equilibration function S;(z).

1. Explicit calculation I: Neutral-current (NC)
scattering

We consider the 2 — 2 processes
Ni(p) + f(k) = va(p') + f(K) (H1)

including #-channel y exchange, Z exchange, and yZ
interference, from first principles.

2. Feynman rules and kinematics

For an outgoing gauge-boson momentum ¢, the dipole
vertex and its conjugate vertex for V =y, Z are

(VY )ei(@) = 2uz0”q;Pr.

(VV)Z,'(LI) = 2u,; 0" q, P, V=rz). (1)
The gauge interactions of f are
~L > eQATr'f
mzﬂf}’”(ﬂPL + QfePR)f, (H3)
with Q the electric charge in proton units, and
g =T} - Qy sin® Oy, g = —-Q8in%0y. (H4)
3. Mandelstam variablessand inner products
Define
q=k'—k=p—plint=q¢*><0," s:=(p+k)? (H5)

Using the massless approXimation k> = k"> = p?> = 0 and
pz = M2
1 9

s =P +k)A=p* +2pu kA Kk = M7 +2p -k,
f=(p—p)=p*-2p-p+p*=M-2p-p,

u=(p<k)P=p*=2p-kK+K*=M?-2p-k. (H6)
Hence,
— M?
pok="> — (H7)

Squaring momentum conservation p + k = p’ + k' gives

Pk = (H8)

s
5

From u = (p — k')> we obtain

M? —u
p-k = 5 (H9)
Eliminating u using s + t + u = M? yields
t
p-k/:s;L . (H10)

Finally, using u = (p' —k)>=—-2p' -k and s +t+u=
M? gives

t— M?
p k=M (H11)
2
Defining
A= s — M2 > 0, (H12)
the ¢ integration range is
te[tmin’tmax]7 tmin:Mzz_s:_A’ tmax =0 (H13)

4./ Tree-level amplitudes

The #t-channel photon exchange amplitude is

_ 260 iy,

M, ;

[ito(p") 0" q, Prut;(p)][a s (K )y 1ap (K)].
(H14)

Similarly, the Z exchange amplitude is

_ 2epy,; 1
~ sin By cos Oy t — m?
X [u(l(p/)dﬂVQDPRui(p)]
X {ﬁf(k’)m(giPL + Q;QPR)”f(k)]-

z

(H15)

5. Simplifying 6**¢q, using current conservation

For a Dirac fermion of mass my, the Gordon identity
gives

—. J(V)

=J,,
with ¢ = k' — k. Then

q- (k/ + k) iqﬂf’m/qv

1 =, (K) { ] up(k). (HI7)
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The first term vanishes because ¢ - (K' + k) = k"> — k* =
m7 —m7 = 0. The second term vanishes because ¢*¢ is
symmetric while o, is antisymmetric. Hence,

I\ =o. (H18)
Equivalently, using the Dirac equation,
g (K )y up(k) = ap(k')(K' = K)us(k) =0.  (H19)

Using the identity

0"q, = 5 (g~ gr") = ilr'q - ). (H0)

the photon-exchange amplitude contains the contraction

[fa(P)0* 4, Pru; (p))J}7. (H21)
Substituting (H20) and (H18) gives
(%O'W%PR“;')J;(Z) = i(ﬁai’”Q/PRui)J/(ty)
— (P ru;) (7))
= i@y gPru;) Iy (H22)

The second term is purely longitudinal and proportional to

q'J ,(f). Hence, the longitudinal piece doesnot contribute,
and we may project onto the transverse part by the
replacement

o q, S iyt g, (H23)
inside the squared amplitude.

This also makes the infrared behaviet manifest: the
photon propagator provides 1/7>, while the replacement
introduces a factorhgg’= q> =t after the Dirac algebra,
reducingek/#> to 1/(~t). For the yZ interference, the
propagator  factor (1/#) s1/(t — m%) similarly loses the
potentially singular 1/¢ because the same Dirac algebra
suppliesiafactor #; so:the interference term is infrared finite.

For the Z current,

IP = a,(K )y, (gh P + ghPr)us(k)

= L_‘Vu(gc - 9,);7’5)”’ <H24)

with g{; = (g] + gk)/2 and g} = (] — gk)/2. Here the
subscripts V, A denote vector and axial couplings. The

vector part is conserved as for the photon. The axial part
satisfies

q"u(K)y,ysu(k) = 2mea(K)ysu(k), — (H25)

so in the massless limit m ~ (0 we again have ¢*J ,(,Z) ~ (.

6. Spin-averaged squared amplitude: y, Z, and yZ

We define the kinematic polynomial

K(s.1):=4[(p-k)(p"-K)+ (p-K)(p"- k)]

=282 + 25t + 12 — 2M?*s — M?t, (H26)
and
K(s,t) = K(s,t) + M* — 1>
= 2s% + 25t — 2M3s — M?1 + M. (H27)

a. Photon exchange

We start from the, identity (H20) and recall that the
photon current of the light fermion f,
T = ap(k )y up (k). (H28)
is conserved for on-shell external fermions of equal mass
(in particular in the massless limit), (H18).
The tensorsH ") appearing after spin summation is the

spin-averaged current product. Equivalently, using spin
sums it:can be written as a Dirac trace:

1
HOmw — E;J(y)ﬂ(& SI)J(Y) (s.5")

1
= Etr(k’y"ky”). (H29)

Because q”J,(,y) =0 holds for each spin configuration,
H"r inherits transversality:

1

GuHO™ =33 g, J V(5. (s, 8) =0, (H30)

g, H" = 0. (H31)

Consequently, whenever 6#¥¢g, is contracted with H ,(L), the
longitudinal piece proportional to ¢* in (H20) drops out,
and we may implement the transverse projection by (H23).

From (H14), the spin-averaged squared amplitude can be
written as

4 2021,,7 12
<|M},|2>: e Qf|lual| L H(J’)ﬂ’/’

2 w (H32)
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where

1
pr = Etr[ﬂlyquR(ﬂ—i_Mi)quPL]’

HOw = %tr(k’y”ky”). (H33)
Using the standard trace identity
tr(ay*By") = 4(a*b* + a*b* — ¢*a - b), (H34)
we obtain
HOW = 2(K"k* + K"k — gk - k'), (H35)

which is manifestly symmetric in u <> v and consistent
with the transversality (H31).
Next, the projector kills the mass term:

Pr(pf+M;)P, = PgpP; + M, PgP, = pP,. (H36)
Thus,
1 /
L;w = Etr(p YﬂqﬂPquu)' (H37)

Since H")" is symmetric, terms proportional to e*°
vanish upon contraction with HWH g0 under the cOn=
traction we may set P; — 1/2:

1
L/,w - Z“(ﬂ’?yﬁﬁm/u)' (H38)
Using
qrqd=2(q- p)qd— > B=2(q- p)g—thn, (H39)
and (H34), we find
1
L/,w = Z [2(‘] : p)tr(ﬂ/yuq}/b) . ttr(/?’yﬂ}’u)]
=2(q - p)(Pulp.+ Pv9u= 9l - Q)
—Upup, + Pobp 9w’ - P)- (H40)

Now hcontractmwith H()wv.
write

Using (H40), we first

L, HWww

=2(q- p)lppa,H™ + pLqH"™ = (p' - q)HD*)
_ I[P;CPuH(YW + p’prH(r)uv —(p'- p)H(V)H#]' (H41)

The first two terms in the first bracket vanish by
the transversality qﬂH(V)””:qum””:O in (H31).
Moreover, since H v ig symmetric, the second bracket

simplifies as  p),p,H"" + pl,p, HV" = 2p™ p* HY).

Hence,

L, HD"™ =-2(q-p)(p'-q)H"",

uv

—12p¥p*Hy) — (p' - p)HK,].  (H42)
First,
HO# =202k k' -4k -K') = —4k-K. (H43)
Since 1 = (k' — k)* = =2k - k' for k* = k2"=10,
HWr =2t (H44)
Next,
PPpUHL = 2[(p - k)G’ - K P - ) (P )
= (pap) (k- k)] (H45)

Substituting these, the (p - p’)(k - &) terms cancel, and we
obtain

L””H(}/)/w = _4t(q " p)(p/ : Q)

—4t[(p-k)(p"-K)+ (p-K)(p'- k). (H46)
Using
! 2 ! 2 ! M12 +1
q-pEp-(p=p)=p =pp=Mi=pp'=—7—,
M?—1
pg=p-(p=p)=pp=—75—" (H47)
the first term in Eq. (H46) becomes
M? +tM? —t
—41(q - p)(p' - q) = ~4—o——5— = —t(M} - ),
(H48)
Therefore, combining this with Eq. (H26),
L, HY"W = —t[K(s,1) + M} — 1*] = —tK(s,1).  (H49)
Substituting into (H32) gives
2 22 7 o K1)
(M) =43 P20 (#s0)

b. Z exchange

For Z exchange the f vertex has chiral couplings:

—Lzp5 D ZJY”(Q{PL + gkPR)f. (H51)

e
sin By, cos By,
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Define <2 RC(M;’ME»
(Z)pv 1 / f f v f f = ——462Qf(g£ * g;;) Re( 4 Z*) K (S, t) (H61)
HOW = i [k P (g P + ghPR)kr (g Py + gRPR)] = iy cos 0y REWaki) T
(H52)
. o 7. Differential cross section do/dt
Expanding this yields For 2 — 2 scattering
1
HOw = [(g] Puky P Ay P) 1p) +2(p2) = 3(ps) +4(py).  (H62)
\2 v
+ (95?) tr(Ky*Prky* Pg) the Lorentz-invariant differential cross section is
+ g} ghtr(Ky" Py Pg) |
_ 2
+ gLk Ry Pey Py (HS3) do = 77 AP {i63)
In the massless approximation, the mixed terms vanish ~ With Mgller invariant flux |104]
because P,k = kPy and Prk = kP, hence
F:=\/p P2 )P mim3, H64
(KPP ky Pr) = w(Kyky* P Pg) = 0, (H54) (P PIQP (H64)
and similarly for the other mixed term. Therefore, and two-body\phase Space
d? d?
f\2 fy\2 _ P3 Py 44 o
H(Z)[ll/ — (gL) ;_ (-gR) H(y)lu/' (HSS) chz - (27[)32E3 (27[)32E4 (2]7’-) 6 (pl + p2 p3 p4)
(H65)
Using (H49) we obtain
Using p, - py = (s —m? —m3)/2, we find
2 f\2
LWH(Z)W = _IME(& 1),  (H56) |
F =3 A(s,m3,m3), (H66)
and thus,
A where 1 is Kéllén function
<|M |2> _ 262[(9{)2 + (.gl’;)z] |/"Z' 2 _IK(S’ t) (H57)
z sin?Qycos?Oyst (1 —m)R Ms,m3,m3) = s2 + m} +m3 —2mis — 2mis — 2m3im3.
(H67)
¢. yZyinterference In the center-of-mass frame,
Define the’mixed tensor
| , AP, = 8”pf ” daQ, (H68)
HOE 0 o= tllyd (gL Py + ghPre)).  (HSS) s
" . with
In the ‘massless approximation,
o+ o T e Ny P REA L ST )
HZm = SR o, (H59) T ays o W s
and hence Hence,
do _ IMP [lpsl
y 9+ 9% — = L H70
L, Hmw = —tTK(s, 1). (H60) dQ ~ 647%s ||pi]| (H70)
Therefore, the interference term is Using dQ = 2zd cos 4, and
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1(c0s 0) = m? + m2 — 2, Es + 2|py | ps]| cos 0

dr
=2|lp;
i dCOSg ||pIH|Ipf

: (H71)

we obtain

do  |M(s, 1)?

—_—=— H72
dr 16ﬂl(s,m%,m2) ( )

For (m;,m,) = (M;,0), A(s,M?,0) = (s —M?)?=: A2,
one has

da_ 1

—_— = J1)]3). H73
= e (M5 0)P) (H73)
8. NC differential cross sections
Using the results above yields
% B €2Qj2f|,”z;i|2 I~((s, t) (H74)
dr  4zA? -t
dwﬂ o 62 <9£>2 + (g;;)z Z |2 _ti{(s’ t) (H75)
= 22 29 Hai Y
dt  8zA*sin“Oycos Oy (t —m3)
Qo __ €001+ 9k) Relupi) Ks.) e
dt 4nA? sin @y cos Oy t — m%’
where
A:=5—M?, (H77)
K(s,t) =252 + 25t = 2M2'— M?t + M. (HIR)
The total differential cross section. is
dg = do,  do; oy (H79)

dr dt dr dr

9. Total, cross _section o(s)
a. Photon exchange with Debye screening

To obtain “the. total-“cross section, we integrate the
differential cross sections. The photon-exchange piece is
infrared divergent as t — 0, so we regulate the divergence
by Debye screening [105-107], using an infrared regulator
mp(T) and setting

tmax = —m3(T), (H80)
where mp(T) denotes the electric (Debye) mass;
our implementation follows the standard treatment of
gauge-boson scatterings in thermal leptogenesis [108].
For definiteness, we take [107,109]

m%)(T) = KDez(Qref)Tz» Kp = g, (HS])

corresponding to the QED expression for unit-charged
relativistic fermions. In the full electroweak plasma the
coefficient xp is modified by the particle content and
mixing, but remains O(1) and does not affect our con-
clusions. Defining

a:=2s— M3, c =25 =2M?s + M}, (H82)
gives k(s, t) = at + ¢, so we have
> Qfluil® A
. o [P ai
Gy(s, T) = W —a(A - sz) o Cll’lm—%’ g (H83)

b. Z exchange

For Z exchange, since m2% in thé denominator regulates
the inffared, 'we integrate to #,,.x = O:

o W
oz(s):/ oz

N

W@ (g,)* + (98)°

= 2121, (A;m2), H84
81 A? sin?Qy,cos’0y, a2 (8;m3),  (H84)
where
0 -t .
I1,(A;Db) :=/ dt———K(s.1), s =M?+A. (H85)
—A (f—b)
For b > 0 this yields
A
1(8:b) = (c +2ab) In(1+ )
b(c + ab)
—c—alA+b)+—— H86
c-a(d+b)+ 7 (Hs6)
Therefore,
o (s) = VL 0L + (o
“ 8mA? sin’0y,cos’0y,
A
X {(c +2m%a) ln(l + —2>
mz
—c—a m 4=
z A+ m%
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c. yZ interference

Similarly,
0 do
= [ a2
oals) = [ ar
_ 04(gL + gr) Re(ulp) -
- 2 . I;/Z(A’ mz),
4zA sin By, cos By,
(H88)
where
0 K(s.1) )
Lz(Ab)= [ dt . s=M;+A. (H89)
_A t—>b
Using K(s,t) = at + c,
K(s,1) c+ab (H90)
t—b t—b "’
Therefore,
A
I,7(Ab) = ah - (c—l—ab)ln(l +Z>’ (H91)
and
6,,(s) = — efo(g£ + 9{?) Re(ﬂz#ﬁ)
vz A A? sin @y, cos Oy
A
X |aA = (¢ +m%a) ln(l + W)] y (H92)
z

In the total cross sections derivediabove, the/# inteégration
runs over t € [—A, t,.,] with tg, < 0 [and fg~ —m5 (T)
for the photon-exchange piece], so the momentum. transfer
carried by the exchanged gauge bosen, g> =: 1, i spacelike
throughout the integratien region. In the CTP/Schwinger-
Keldysh description at finite temperatureythe gauge-boson
spectral density naturally/separates into pole contributions
(timelike quasiparticlesmodes) and a Landau-damping (LD)
cut supperted on the) spacelike region. Therefore, the
present r-channel result—which probes only ¢ < 0—
matches precisely the Landau-damping part of the propa-
gator ‘that/entersiXg;; and hence accounts for genuine
2 <> 2 scattering contributions rather than decay or inverse-
decay processes associated with pole kinematics.

10. Reaction density y(T)

We reduce the reaction density to a one-dimensional
integral. After deriving the KB collision term and reducing
it to the QKE, we approximate the statistical distributions
by Maxwell-Boltzmann (MB). This approximation affects
only the distribution functions and the (1 £ f) factors; it
does not affect the pole/LD split itself.

a. Definition and reduction to a single s integral

For a 2 — 2 process we define the reaction density

V12-34(T) = /dH1 dequ(Pl)qu(Pz) “4Fo1y34(s),
(H93)

where

d*p,

dIl, == g, ———
« =94 2n)2E,

(H94)

denotes the Lorentz-invariant phase-space measure, and
FE(pa) SARET (H95)

is Maxwell-Boltzmann equilibrium’distribution, and

Ei= \/(Pl - pa)i— min (H96)
is Mgller invariant flux,[104]. Using the Kéllén function

2 0y . 2 4 4 2 2 2,2
A(sgmy, m3) = s* + m] +m5 — 2mis — 2m3s — 2mims,

(H97)
we have
A4F =24/ A(s,m3, m3). (H98)
Insert the identity
d*p 45d
1= (271_)4 (2”’-) 0 (P_ P1— p2)a (H99)
and fix s = P? by
| = /°° dss(s — P?). (H100)
Then,
Y12-34(T) = / dso(s)
4
P
x / d ceP/T§(s — P)I(Pys), (HI01)
(27)

where
I(P, S) = /dHldH24F(2ﬂ)454(P - pP1— pz) (H102)
Since 7 is Lorentz invariant, we evaluate it in the CM frame

P* = (4/s,0). Using the standard two-body phase-space
integral,
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s, m?, m?
/dnl dIl, (27)*8*(P — p1 — p2) = gégz (s, mj mz)’
7 K
(H103)
we obtain
919 V2 A(s. m2, m2

The remaining P integral is

J(s) = / FP s — PO, (H105)

(27)*

where 9(P°) selects positive energy. Write §(s — P?) =
5(s — (P°)? + ||P||?) and integrate over P°:

Bp e~ VsHIPIP/T
J(s) = / . . (H106)
2n)*2/s + |P|?
Perform the angular integral,
471' /00 P2 2
J(s) =g | dP——=e VsTF/T (HI107

Change variables to E := Vs + P? (so PdP = EdE). Then

(H108)

Az 1 [
J(s) = ﬂ 5/ dEA/E? — se E/T, (H109)

NG

Using the integral representation of\the modified Bessel
function K;,

/de
Vi

welobtain

E> <=5 = \[5TK, (f) (H110)

J(s) (H111)

T8 T

1 (4),

Substituting (H104) and (H111) into (H101), we obtain
the general formula

(1) = g1925
V1234 —9192327[4
© 2 2
x/ as2Emem) e (VS o mi12)
Smin \/E T

b. NC reaction density summed over plasma species
For (m;,m,) = (M;,0),

— M2
Smin_M"

l As,M?,0) = A2, (H113)

Summing over targets f and lepton flavors @, we define

T oo A2 \/E
(T = —— [ ds==K (—>
yS,l ( ) ; ;gl\’gf 3271’4 \/]W,Z \/E 1 T

X [0,(5;T) + 07(s) + 0,7(s)], (H114)
where gy is the internal degree of“freedom (d.o.f.) of N
(Majorana: gy = 2), and gy = 2N, includes spin and color.
If both particles and antiparticles are included in theé sum,
one adds f as well (gi¥ing an overall factor”2 when
chemical potentials are neglected). Only o, is cut off at
tmax = —mp(T); 67 and o,, are,IR finite and integrated
tor=0.

11._Explicit calculation II; Charged-current (CC)
scattering

a.)Scattering amplitude

We consider the processes

Ni(p) + f(k) = o(p") + f/(K).  (HI15)
The f-channel exchange boson is W, and the N-£,-W
dipole vertex is controlled by . The SM Wy f’ vertex is
purely left-chiral with coupling g/+/2. Thus, the amplitude
can be written as

2gwepp
My = thijz ity (p')o" q,Prun(p)]
X [ljtf/(k/)}/ﬂPLl/lf(k)], (H116)
where
1, , N = 4 5 5f )
ngf/:ix (f.f)=(Zp.vp) or (1s.2p) (H117)
o \/E Valw (f’f/):(dbaua) or (ua’db)7

and V, is the CKM matrix [74,75].

b. Spin-averaged squared amplitude and cross section

In the massless approximation my = mp = 0, we again
use o#*¢q, — iy*¢. Since the f current is purely left-handed,
the f-side trace is half of the pure vector case, as in the
Z-exchange discussion.

Carrying out the trace algebra in the same normalization
convention as in the NC case, we obtain
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(IMw?) = 2|gwypl? I/tmlzﬁl?(s, t). (HL18)
( mw)
Therefore,
dUW - 1 2
dr 167:A2<|MW| )
2o
K(s, 1), (H119)

§7A2  (1—md,)?

and since re[—A,0] there is no infrared divergence.
Integrating over ¢ gives

_ |QWff’|2|/lX}1/'|2 .2
Gw(s) = WIz(A,mW), (HIZO)

where the same integral 7,(A;b) defined in Eq. (H86) is
used with b = m3,.

c. Reaction density

The CC reaction density is
cc r
vsi(T) = Z ZgNgf 3047
a f ﬂ

[uin (e

where the sum over f runs over all initial states that couple
to W:
(i) Leptons: for f = e, u, 7, include both f = ¢4 and
f = v (and antiparticles if desired).
(1) Quarks: for a, b =1, 2, 3, include both f = u, and
f =d, with |V |* and the color factory,. = 3.

(H121)

12. Matrix-valued scattering rate

For completeness, we ‘record the matrix-valued scatter-
ing rate in the heavy-neutrino flavor space. Defining

2ttty

the Landau-damping” contribution to the heavy-neutrino
damping ‘matrix can be written as

Vo S V.U=7,Z,W, (HI22)

(TN
=T7(T) (ﬂﬂ/"y)ij +THT) (u” y?);; + T (T) (/"WT/"W)ij
ATy, L,
T [ p?) iy + (W) (H123)

The diagonal part of this expression gives Eq. (196) after
summing the channel contributions into yg ;.

APPENDIX I: PROJECTION OF
KADANOFF-BAYM EQUATIONS TO
DENSITY-MATRIX QKES

In this appendix we collect the technical derivation
underlying Sec. VIII. Starting from the heavy-neutrino
and lepton Wightman functions, we derive the <,>
components of the Kadanoff-Baym equations [110,111],
perform the Wigner transform [72] and leading-gradient
expansion, impose the quasiparticle ansatz, and Hermitize
the collision term. We then explain the momentum-aver-
aging step leading to the yield-level heavy-neutrino equa-
tion, record the index convention relating Sy to the heavy-
neutrino density matrix, and derive the CP-odd source and
washout terms for the flavor charges. Thexmain text quotes
only the compact QKE systém “used in the numerical
analysis.

1. Kadanoff-Baym collision term

We define the'Wightman functions for the right-handed
Majorana neutrinos N; as

iSzfl,ij (x,y)e=
185,(x, y) =

(V;(y)N;(x)).
—(Ni(x)N;(y)). (I1)

where\/, j are matrix indices in the heavy-neutrino gen-
eration space.

Decomposing the Schwinger-Dyson equation into the
<, > .components yields the KB equation

(i, — M)Sy (x.y)

_ / d2[ZR (x,2)S5(2,y) + Z5 (6. )4z )], (12)

and the analogous equation given by exchanging <<>>.
Here 5=~ denotes the heavy-neutrino self-energy.

2. Wigner transform, leading-gradient expansion,
and collision term

Using the center coordinate X = (x +y)/2 and the
relative coordinate r = x —y, we introduce the Wigner
transform

S5(K.X) = / drelkrss <x + % X - ;) . (1)

A convolution becomes a Moyal product A% B. Expanding
to first order in the gradient dy yields [112]

i
AxB = AB + 7 {A. B}pp.

{A. B}pg = (0x,A)(0xB) — (0x:A)(0g,B).  (14)

With these definitions, the KB equation becomes
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i
(K =M —23)S5 +5{K =M =2y, 55}vs
= 5557 - TS, (15)

where Zf = (ZR +24)/2. The right-hand side is the
collision term

Cy = 23855 — =53 (16)

In the following, the computations in terms of cross
sections and reaction densities are alternative representa-
tions of evaluating Cy in the one-loop approximation and
under the quasiparticle approximation.

3. Quasiparticle approximation and Kadanoff-Baym
ansatz

We define the spectral function as
py = 1(S5 = 5%), (I7)
and adopt the quasiparticle approximation
pn(K, X) =~ 2rsgn(k®) (K + M)S(K* — M?).  (I8)

As the Kadanoff-Baym ansatz, we express the Wightman
functions in terms of the matrix-valued distribution func-
tion fy [113]:

iS5(K, X) = =fn(K, X)py (K. X).
iSH (K, X) = (1= fy (K. X) oK. X) - (19)

Here fy is a matrix-valued distribution functionvin, gen-
eration space. Similarly, for the®Wightman components of
the self-energy, in the approximation where internal lines
are kept in equilibrium{ (one-loop approximation with
equilibrium internal pfopagators), weimay write

IZ3(K, X) ~ 2f s (K)Ty (K:X),

i3 (KL [1 - £y (K. X).  (110)

where

Y = (55 - 25). (111)

and fy denotes'the equilibrium distribution referenced by

the internaldines. If the internal lines are fixed to equilib-
eq

rium, then fy = fy.
4. Collision term: From KB to QKE
a. Gain-loss structure and relaxation form

Substituting (19) and (I10) into the collision term (I6), we
obtain

ISy = [=i(1 = fo)ly](=ifxpn) (112)
= —(1 = f)yfupn. (I13)
Z5Sy = (=ifsly)[=i(1 = fi)pw] (114)
= —f=Iy(1 = fy)pn. (I15)
Therefore,
Cy =—(1 = fo)llyfypy + fsTIn(1 = fr)pn
= fellypy — Ty fypw- (I16)

In the approximation where internal lines are fixed to
equilibrium, fy = f3'1 (proportional to ‘the. idenfity in
generation space), so fs commutes with matrices in
generation space. Moreover, aftef the on=shell projection
of py the commutativity in generation space is preserved
(the noncommuting, parts can be absorbed into first-order
gradient termis). Hence,

Cy ZHN/,N(ff\? —fn)- (117)

Thus, the collision) term has a relaxation form that drives
fn =iy back to equilibrium.

Writing (I117).as
CN = K AfN,

K:= HN,ON7

Afy:= ?\?—fN’ (118)

we note that f must be Hermitian in generation space,
hence fy must be Hermitian, and the collision term must
satisfy CITV = Cy. However, since K and Afy do not
commute in general,

(KAfy)" = (AfN)KT # KAfy, (119)

so (I17) does not guarantee Hermiticity by itself.

b. Hermitization and decomposition into
(anti)commutators

We therefore redefine the collision term by its Hermitian
part,

1 .
Cy— CY ’ZE[KAJCN + (KAfy)T]

= % [KAfy + (Afy)KT], (120)

then CT = CH. Next, decompose K into its Hermitian and
anti-Hermitian parts:

K+K' K-K'
At KA = (121)

K=KH{+ KA, K. , ;
+ 2 2
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where K" = K# and KAT = —K*. Substituting into (120)
yields
1
Cff = (K" + KN)ATy + Afy(K" K
1 1
— LKAy} 4 LKA AT, (22)

1.e., a sum of an anticommutator and a commutator. The
anticommutator corresponds to dissipation (damping),
while the commutator corresponds to a unitary rotation

(dispersion).
We define
K" =Ty, KA =:2i Qe
Iy =Ty. QY=o (123)
namely
K+ KT K—-K'
I'y= Qoo — —_— 124
N 2 ’ N 41 ( )
Then, (I22) becomes
1 .
N = 5 {Tn, Afn} i[O, Afy]. (125)
Using Afy = fyl — fn gives
Q" Afy] = [QF" F3] = Q" fulsy (126)

Since the equilibrium distributiondnatrix is proportional-to
1 in generation space,

Q" 3] =0 =[O, Afy=—[QF" fy].  (127)
Therefore,
1 .
sz/][ N] :_E{FN,fN_f%l —1[95\?"’](1\/]- (128)

5. Drift term: From KB to QKE

After ‘the Wigner transform and the leading-gradient
expansion, ‘the~/KB left-hand side contains the Poisson-
bracket term

i
5 {K-M -2 S5}ps- (129)
The part that generates transport (drift) is {K, Sy }pp.

because K represents free propagation and necessarily
produces dySy at first order in gradients.

a. Drift term from the Poisson bracket
Since dy« K = 0 at leading order,

LK S5hen = 5 (05, K)(00055) = 27085 (130)

2
Thus, the KB left-hand side contains the time evolution

with respect to the center coordinate X.
Using the KB ansatz
iSy(K, X) =~

—fn(K. X)pn (K, X), (I31)

we obtain

OxuSy = —i(0xufw )i 1f v (Ogipn )- (132)
The first term gives the tfansport (drift) of the distribution
function directly. The secondsterm represénts a slow
variation of the spéctral functionand is later collected into
the dispersive term Qy. Thus, for thesdrift term we keep

only the first term:

i 1
E{K’ Syles = E}'ﬂ(aX”fN)pN (133)
b. On-shell projection
In the quasiparticle approximation,
pv (K. X) = 2xsgn(k°) (K + M)s(K> — M?).  (134)

To obtain a kinetic equation for fy(k,X) without Dirac
structure, we project onto the positive-energy shell k& = E;,
by a Dirac trace. We define the on-shell projection
operator by

1 dk®

O] = / I e (K + M)OK. X,

I
4Ek 2 ( 35)

Vk? + M?. Writing (I33) as

Otr(K1 X) =

with Ek =

r[0xfw (K. X)]pn (K. X)), (136)

the projection gives

PilOy] = : /dk“ (Oxuf)trp (K + M)y*

4E, | 2
x (2)sgn(k") (K + M)S(K? = M2)]po_p,

[0 f v (K, X)|(8MKH ) o_p, %

T 4E, 2E,

X K#axny(k, X) (137)

Here we used
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trp[(K +M)y*(K + M)] = 8MK",
5(K?—M?) :%[5(/&) —E) +68(K + E)].
k

(138)

Absorbing the overall normalization into the definition of
Py, yields

7" (Oxnfn)Pw ?k’ K oy fy (k. X). (139)

c. Liouville operator in an FLRW background
In a Friedmann-Lemaitre-Robertson-Walker (FLRW)
background, free propagation implies redshift of the
physical momentum,
k = —Hk. (140)

Therefore, the transport (drift) term becomes the Liouville
operator

YN — 0,y +-fy = (0, — HE - Vi) fu(k. X).

& (141)

d. Final distribution-matrix QKE and definitions
Combining (I128) with (I41), we obtain the QKE [32]

1
(0, —Hk-Vy)fn+ilQu. fn] = _E{FN’fN_fle\? L (142)

Here the commutator term is.amoved to the left-hand side
and absorbed into an effective, Hamiltonian  (dispersive
term). We decompose

Qy (k) :=Q) (k) + 6Q (k) PO (k). (143)
and define the damping term by
Py (k) = = Ty (K = Ey k)
2F;
=55, %) (144)

The terms in Eq. (I43) correspond to the following:
(i) €3 vacuum dispersion due to free propagation
(mass splitting);
(i) 59%“‘: medium-induced refractive correction, e.g.,
SQN o (2Ex)"'ReZf |j0_g,; and
(iii) Q}?\;’“: collision-induced dispersive term from the
Hermitization of the collision term, defined by (124).

6. Origin of the effective Hamiltonian: Q}’\?c,ﬁﬂ}{,‘ed

The Poisson bracket derived above generates the trans-
port (drift) term. By contrast, the coherent dispersion term
i[Qy, fn] in the QKE arises not from the Poisson bracket at
first order in the gradient expansion, but from the zeroth-
order (local) term of the Moyal product built from the
Hermitian part of the inverse propagator in Wigner space.
Here we make explicit how

Qy = Q¢ + sQumed 4 Q! (145)
emerges as a natural structural decomposition of the KB
equation.

Consider the KB equation for the lesser component
Sy (x,y) in Wigner space (K, X) with X = (% y)/2/and K
the conjugate momentum«Using the Moyal product,

[K — M — 27K, X)|*iSx (K, X)

—iZ5(K, X)xSH(K, X)="Cy(K,X), (146)
where 3=, (3R + ¥4)/2 is the Hermitian part of the self-
energy, S% = (SR + S4)/2,%nd Cy is the gain-loss colli-
sion term.

Expanding the Moyal product to first order,

A¥B'= AB + % {A. B}ps + O(32).

{A"B}pg = (aKyA)(aX”B) - (aX“A)(aKyB)’ (147)

we see that (I46) splits into: (i) a zeroth-order local part

determining the on-shell dispersive structure, and (ii) a

first-order Poisson-bracket part generating transport.
Using the KB ansatz

and the quasiparticle form
py (K. X) = 2xsgn(k°) (K + M)s(K> — M?),  (149)

with M = diag(M, M,), we define the on-shell projection

(150)

1 dk®
PO = 1 [ S ool + OK Dl

where E;, = V'k* + M?* may be viewed as a diagonal matrix
E}; in generation space.

Extract the local (zeroth-order) part of (146):

(K—M —-2i)iSy —iZySH =Cy + O(0x).  (I51)

Substitute (I48) and focus on the first term:
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(K = M~ Zl0)iS5 = —(K — M ~ =) fapy
= —fN(K_M _Z%)PN

— [K =M == fylpw. (I52)
Two points are essential:
(1) Since f is a generation-space matrix without Dirac
structure, it commutes with K: [K, fy] = 0.
(i) The spectral function is determined by the constraint
equation such that (K — M —Zi)py ~0 on shell.
This fixes the dispersion relation and is distinct from
the kinetic equation for f.
Therefore, the first term in (I52) vanishes on shell and
only the noncommutativity in generation space remains:

(K =M —X)iSy = [M + Z{. fuloy.  (153)

Projecting (I53) onto the mass shell using (I50), we obtain

Pul(K =M = Z)iSy] = [Pe[M] + Pe[Zf]]. fn (k. X)].

(154)
Indeed, with the definition
Qi (k) =P[M] = E,.  0Q=(k) = P[Zf].  (I55)
we recover the commutator term i[QC + 6Qued 1.
The commutator is insensitive to identity shifts,
[Qn + el fy] = [Qu. f s (I56)

so only relative phases between generations ate-physical.
For two generations one may subtract the trace and keep
only the traceless part,

tr&d N
2

Q= Qy——Np, (157)

In the nonreldtivistic and’quasidegenerate regime (k << M;,
M 1= M o= M ),

By, oM, +
ki = i ZM,-’
wQE  E,—E AM?
Qe er 12222kl gy 2 Do (158)

where AM? = M5 — M?.
Next, §Qued comes from the Hermitian self-energy:
S k)

= P [ZH]. (159)

Using retarded/advanced components on the real frequency
axis,

= BIE L s - s, as0)
and therefore X = ReZk.
Define the spectral component
Xy (K) = [} (K) - 23 (K)] = i[Z5(K) - Z3(K)].  (161)
On the real axis,
> (K) = -2Im 2R (K). (162)

Since XX is analytic in the upper half plane, it admits the
spectral representation

#o dw ZX(w, k)
R (K0, k :/ o SN 163
vk k) “o 21 Ko + 10 (163)
Using the Sokhotski-Plemelj formula
! =P ! i78(x) (164)
x+i0 X 1OV,

taking the real part gives the Kramers-Kronig relation
(Hilbert transform) [114]

ReXR (k°, k

77/ +oo da X4 ( a)k). (165)

27 K —w
Therefore,

8Q (k) = Py[ReZf]

— P, [77 /_ +°°d_“’M} . (166)

w 271 K —w

Finally, the collision kernel can be represented as a

complex matrix Ky in generation space, with the
Hermitian/anti-Hermitian decomposition
+ +
:=KN+KN Qeoll = Ky — Ky
N 2 N 4i

This separates

dispersion Q$o!.
For the effective Hamiltonian Qy defined in Eq. (I45), if

the equilibrium distribution matrix commutes with Qy,

damping Iy from collision-induced

Q. f¥] =0, (I68)

it is convenient to introduce the deviation from equilibrium

Sfn=Jfn— (169)
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With the gain-loss definition of the collision term, one finds
Cy « (fy' = fn) = —6fy, and the right-handed neutrinos
satisfy

(90— HE- Vi) = =5 (T 6fw} =0y, o] (170)

Equivalently,

1
(0= Hk- Vi) fy +ilQu. fy] == {Tw.fy = £} (171)

Using Eq. (I68), the commutator may be written as
[Qu, fn] = [Qn,8fy], while the anticommutator must
retain the deviation from equilibrium, fy — fy. The
commutativity condition (I68) is guaranteed in exact
thermal equilibrium by the KMS condition [115,116],
but it should be kept in mind when f3 is prescribed in

a particular basis.

7. Density-matrix QKE for Yy

We start from the momentum-dependent density-matrix
QKE for heavy neutrinos (on shell, in an FLRW back-
ground),

(0 = Hk - Vi) fy (k. 1) +i[Qy (K. 1), (k. 1)]

= —%{FN(k, 1), fnlk.t) = [k, 1)} (172)

We define the matrix-valued number<density and yield by

3
nn (1) = gy / %fmk, 0.

OB G

(173)

Assuming f falls off sufficiently fast as ||k|| — oo, an
integrationtby parts yields

&k
gN/——3(6, =Hk - Vk)fN = i;lN + 3HI’lN. (174)
(27)
Using entropy conservation § = —3Hs, we obtain
. 1
YN = — (nN + BHHN). (175)
s

We now switch to the dimensionless temperature variable
z:=M;/T. For approximately constant g,, one has
dz/dt = zH, so that

vy 1 1
= o v = g o+ 3Hny)

d3k
g / K 6~ HE- V)

T ZHs (2r)? (176)

Multiplying Eq. (I72) by gy /(zHs) and integrating over k
gives

dYy gy A3k
d_z_,_ZH_S/W[QN(k)va(k)]

- / LK T, ful= R}

Tk (177)

To close the yield equation, we adopt the Kinetic-
equilibrium (momentum-averaging) ansatz

¥y (2= Yy (2)

Ik, z) —f (lw) ~ i (k. Z)W’ (178)

whefe 13 (k, T) = e B/T1(Ey, := VK> + M?) is propor-
tional to the identity matrix in heavy-neutrino flavor space.
Then the anticommutator term factorizes as

3
o (‘;ﬂ’;}{r‘,v(k, T). fuk.2) — (k. 2)}

ATN(T). Yi(2) - Y§(2)}

Fulr) = [ S e nry ),

1) | Gy 179)

where the overbar denotes a thermal (momentum) average
over the equilibrium distribution. We further decompose
FN - FN,pole + FN.LD and deﬁne

_ &Pk,

RT) = s | s 3 Dl 7).

_ Bk

B (T) = 1 [ Gy R0 T ). (150

so that T'y(T) = T9¢(T) + [$*(T). We also introduce the
dimensionless rate matrices

_ f*;lvec(T) _ I:*[s\(/:att(T)
D(z) = ) S(z) = ) (181)

Here the overbar denotes a thermal (momentum) average
over the equilibrium distribution. In particular, in the
Maxwell-Boltzmann approximation one finds
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iqu_iw%ﬂ<%>@%

(182)

?

<ﬂ><z> e WNEDE K@)
J &5 k. T)

where the factor M/E} accounts for time dilation [17] and
z:=M/T. For scatterings we introduce the reaction
density yea(7T) in the standard way and set
[ T) = ygean(T)/ny (T). Since z and H(z) depend only
on the background temperature, not on the particle momen-
tum, they are not part of the thermal averaging.

We define the momentum-averaged effective Hamiltonian
by

(3) = s / 5 )af??(k, royk. 7).,  (183)

so that, within the same kinetic-equilibrium (momentum-
averaging) approximation used above, we neglect the
residual term [ d*k[Qy(k,T) — Qu(z), fy(k.z)] and
approximate

9N &k N
M/ (2x)3 7[Qu(k.T). fy(k.2)] = [Qy(2). Yn(2)].

(184)

Substituting these averaged forms into Eq. (I77), we finally
obtain

dyy

e +i[Qy(2), Y (z)]

= —E{D(Z) +8(2). ¥y(z) — Yy'()}0 (185)

8. Derivation, of density-matrix QKE for flavor
charges I: Source term

a. Matching of indices between the density matrix
and Wightman functions

We define the density matrix using creation and anni-
hilation_operators of heavy neutrinos. For the positive-
energy maodes,

(fn(k));; = (@] (k)a;(k)) (186)
On the other hand, by definition
iSIff,ij<x7Y) = <Nj()’)Ni(x)>' (187)

Using the mode expansion

&k 1
v = | (2n)’ V2

x [a;(k)u

the positive-energy contribution to iSy

k)e % 4 al (k)v(k)e*],

(188)

;j hecessarily con-
tains <a a;). Thus, after projecting to ko E; under the

quasiparticle approximation,
iS5;(K) = =278(k" = Ex) (K + M) (fn(k)) ;i +---.  (189)

The crucial point is that the densitymatrix element

appearing in Sy, is (fy);, €. the transpose,
which follows directly from ‘the, index lorder
iSf/,ij ~ (N;N;) ~ <aj'ai>‘

b. KB collision term«for the lepton-doublet’asymmetry
The lepton-doublet asymmetry,is defined by

nAfa = nfa - I’l;a. (190)

From the KB equation,

ilAfa+3HnM
d4
= — PP, ()57, (P) -

=(£~ ?),

z7 (P)Sz (P}
(191)

where the bracket on the right-hand side is the lepton
collision term. The goal of this subsection is to extract only
the CP-odd source term from the right-hand side.

c. Inserting the one-loop self-energy into
the collision term

With the electromagnetic dipole interaction, the one-loop
lepton self-energy is

Z<>

o (Q)Sy7(P+0)

X (Fv)ﬁj(Q>DV:/w(Q)' (192)

The essential point is that 7~ p contains S;;fj carrying the
heavy-neutrino indices (i, j). Therefore, substituting (192)
into (I91) necessarily produces a sum over i, j, and Sy; /
contains (fy);; as in (I89).

d. Collision term in terms of distribution matrices
(quasiparticle + KB ansatz)

Under the quasiparticle approximation and the KB
ansatz,
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iS5 (K) = (1= fn)pw, (193)
iS5, (P) = =f7'(P)p¢(P),
i57,(P) = [1 = f7'(P)lp(P). (194)

Since our purpose here is to extract the source term, we set
the lepton chemical potential to zero, u, = 0, and keep the
lepton lines in equilibrium. We similarly keep the gauge
lines in equilibrium, so the statistical factors in Dy~ are
given by equilibrium distributions. Then, the right-hand
side of (I91) becomes linear in fp with equilibrium
weights.

e. Vanishing in equilibrium (KMS) and linear
expansion

If all distributions are in equilibrium, the Kubo-Martin-
Schwinger (KMS) condition ensures that (I91) vanishes:

(nAfa + 3HnA£a)fN=f:‘/]~ﬂf=0 — 0. (195)
Therefore, we expand
fn= ?\;l"'(st, (196)

so that the leading contribution is linear in 6f . This is the
source term, which has the structure

3
Af |source Z/ (d k Otl] (5fN( ))ji' (197)

Here T, ;;(k) is a phase-spacé kernel weighted by equi-
librium distributions (leptons, gauge bosons; seattering
targets) and contains, the, CP-odd»amplitude/ difference

between ¢, and 47, ‘production.” The ,index pairing
(ij)(ji) is already fixed by (I89).

f. Definition of AT,
Define the yield density. matrlx

and trace form

3
(YN)ij:=;/((21 ];39N(fN( ))ij» (Y;?)ij::éijyéjz\lq,' (198)
Then,
3
(=¥ = [ G @a@)  (199)

As in the derivation of D;(z) and S;(z), we introduce a
momentum average (kinetic equilibrium) and reduce the
kernel to a thermally averaged coefficient,

Then, (I97) becomes
ZT;";V?, - Y (1101)
Using dz/df = zH and Y, = np,, /s, we write
dY e, 1 .
Al -5
dZ source ZHS Af{l source
¢
= D ALy Y (H02)
ij
where
AL = e () (1103)
a,ij H a,ij

By definition, AT'Nis the CP-0dd source kernel (the

a,ij

difference between 7, and 7, production rates), and in

practice it contains the CP asymmetry computed in Sec. V.
To make the interpretation explicit, define

hAfa = ’;lfa - I’lz . (1104)
Evaluating the collision term at one loop gives
. &Ek
nAfa|source = ) )’5 Tr(zz)j(k)(fN - f‘;\? j
&k 7 .
2oy T ® U =Sy (1105)
so defining
¢ 12
Tok) = Y500 = T0K)  (1106)
gives
) d*k eq
nAfalsource = Z (2—3Ta,ij(k)(fN - N)ji' (1107)
i 7)
The index ji arises because Sy; o (fy); on shell,
cf. Eq. (189).
Define the thermal average
ﬂ,I‘ati'k) _feq)"
Yo (T) = I T ! YA mos)
- f s(fy = )i
so that
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l av,
ATY)(2) = —TO%(T)

11
zH ( 09)

is manifestly the difference between 7, and Z,, production.
If CP is conserved, T((fi)j = TEX{)J
AT} =o.

Using the trace identity

holds, and hence

r(AB) = > (AB),; = > A;Bj. (1110)
i ij
the source term (I102) can be written as
dy
—A%l AT () (Yy = Y] (1111)
dZ source

g. Mapping the source term from Y,, to Yy,

The quantity directly derived above is the source term for
the lepton-doublet asymmetry Y, = (n, —n; )/s.Inthe
density-matrix QKE we instead use

Y ay = (1112)

-Yp—-Y.,
3B Ly
where Y is the total lepton asymmetry in flavor a. Forithe
source term the mapping is simple.

Since the dipole interactions do not change baryon
number,

v,
—_— = 04 1113
dZ source ( )
and thus,
dYag — drg, (1114)
dZ source dz source

Moreover, the sourcesprocesses inject one left-handed
lepton doublet, so for the source term

dy, dY ap
1 = "la 1115
dZ source dZ source ( )
Combining,
dYAa dYAf
A« =" 1116
dZ source dz source ( )
If (I111) holds, then
dY a €
d—A = —tr[ATY) (2) (Y = Y] (1117)
z source

Defining
AT, (z) = AT (2), (1118)

we obtain

dY a,
dz

= tr[AT,(z)(Yy — YI)].  (1119)

source

This is merely a convention choice: the minus sign is
absorbed into the definition of the kernel:

h. Rewriting the source kernel in terms of the CP
asymmetry

In the present setup the flavored €P asymmetries ¢, are
taken to be temperatur¢ independent: The dimensionless
decay kernel that enters the QKE is defined from the
thermally averaged. total decay rate of N,. We first write

A Y,

a=epV=y,ZW

(1120)

where the channel widths Fi??m are given in Secs. IV and V.

In the .Maxwell-Boltzmann approximation, the thermally
averaged decaysrate is

Tpi(T) = %F‘i z; = M7 (1121)
We then define
Di(z;) = 1;’;1((;)) = sz 28 . (n22)
We collect these kernels into the diagonal matrix
D(z) := diag(D;(z;)). (1123)

It is then convenient to factor out this purely kinematic
kernel from the source matrix by defining a CP-asymmetry
matrix g, through

(Ara)ij(z) = (Sa)iij(Z% (€a)ii = Eai- (I1124)
With this definition, Eq. (I119) becomes
dy
Sl Sl D@y - YL (1129)
z

source

which reduces, for diagonal Y, to the familiar Boltzmann
form
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dY s,

dz = ZfaiDi(Z)(YN, - Y?\(I]i)‘

source i

(1126)

9. Derivation of density-matrix QKE for flavor
charges II: Washout term

In this subsection, we show that the washout matrices
Wi (2) and Wi3(z) in the Y, equation follow from the
lepton KB collision term

Ce,=%2;5; —X7 5, . (1127)
The conclusion is that the pole part generates inverse-decay
washout and the Landau damping part generates scattering
washout. Since they are defined on disjoint spectral
domains, no RIS subtraction is needed [67-69,73].

We define ny,, — n . Taking the equal-time limit
yields

= nfa

I;lAfa + 3HI’lAf

= _/ (d P tr{PL[Zf (P )S;a(P) _ZZ<P)S;,,(P)]}

27)*
—(£=7). (1128)
Using (177), the one-loop lepton self-energy is
- d*
2550 =33 [ G h@siir+ 0
x (Fv)ﬂj(Q)Di,Z(Q) (1129)

with V =y, Z, W.
In a thermal medium thefgauge Wightman function
admits the split

Dy~ (Q)= D\</;016(Q) +Dyp(0).  (1130)
Substituting into (1129)defines
2’;'> (P> = Z;Eole(P) + Zf scatt(P)
E;;att = Z<>|D<> -Dyp" (1131)

Accordingly, the collision term separates into a pole
contribution and a Landau-damping contribution. The pole
part is supported on timelike momenta and reproduces the
1 <> 2 decay and inverse-decay processes, whereas the
Landau-damping cut is supported on spacelike momenta
and yields the genuine 2 <> 2 scattering contribution
[105,109]. Because these kinematic domains do not over-
lap, the separation is free of double counting at this order; in
particular, no real-intermediate-state subtraction is required
in the effective kinetic equations [67-69,73].

a. Linearization near equilibrium

With Maxwell-Boltzmann distributions, the lepton dis-
tributions including chemical potentials are

o Eipg,) = el = p(Eyetal
f?a (Espp,) = e~ (Ethue)/T — f;q(E)e—w,,/T_ (1132)
Thus,
ng, = nyletalT, n; =ngleta/l  (I1133)
and therefore
nrs = (el T — ot TV 2,0 e
Equivalently,
He, Nae, Xae Nag eq Ny
oy Dfa 47 Say =—2_ 0y ="t (1135
T 2050 2YSH AT o=y (13)

Since the collision term vanishes in equilibrium (KMS), the
lingarized form is

W g
a/i ’
dn
21 - —§ s (1) 22 (1136)
dt scatt ﬂ T

b. Definition of the dimensionless washout
matrix W;?’sca“(z)
Rewriting Eq. (I136) in terms of Y,, = n,. /s and
using dz/dt = zH, we obtain

dYAf 1 He
—2l = N WD) L
dz |pp 7 <Hs A T
dYALo 1 He
; _ _2 : W seatt (T Oy 1137
—dZ et 5 zHs af ( ) T + ( )

Using Eq. (I135) to replace ﬂfﬂ/T by Yar, we find

dYAfa o Z 1 W{l/)’( ) Yy
dz |p YS9 zHs A
dY,, scatt (T)
— =— ———— Y. 1138
dz [gean Z zyeq ZH s A% ( )

The lepton-doublet asymmetry Y 5, is mapped to Y5, by
the susceptibility matrix A,(T) [cf. Table II] [117]:
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TABLE II. Representative numerical values of the sphaleron
conversion factor cgy; (7') and the electroweak-crossover suscep-
tibility matrix A,(7T) across the electroweak crossover. In the
numerical implementation we approximate v(7) by its zero-
temperature value v =246 GeV when evaluating x(7):=
v(T)/T in the electroweak window.

T [GeV] x(T) Cspn(7) [Ar]oa [A]ass
T > oo 0 28/79 257/711 20/711
160 1.5375  0.34012 0.34238 0.00905
155 1.5871  0.33964 0.34175 0.00841
150 1.6400  0.33915 0.34109 0.00776
145 1.6966 0.33864 0.34041 0.00708
140 1.7571 0.33811 0.33971 0.00637
135 1.8222 0.33757 0.33899 0.00565
130 1.8923  0.33702 0.33824 0.00491
T-0 % 12/37 107/333 —4/333
Ype, = _Z[AK(T)]U;/}YA/}»
p

963x(T)?* + 2827 p

9[333x(T)> +869]" =~ "
[Af(T)](z/} = 4[55 _ 9X(T)2] (1139)

a#p,

9[333x(7)* + 869

with x(T) == o(T)/T, where v(T) denotes the Higgs
expectation value across the electroweak crossover. For
simplicity in our numerical implementation we approxi-
mate v(T) by its zero-temperature value v = 246 GeV over
the narrow window 7' =~ 130-160 GeV, so that x(T) ~ v/T,
in Table II.

Substituting the above relation into Eq. (I138), we define
the washout matrices for Y,4 by

dy

77 Aa - _ Z[

J

= AN W )Y o

(1140)

washout

We make this general expression explicit by using the
reaction densities)alreadyobtained (inverse decays plus
scatterings) together,with the branching ratios B,, and
derive therdensity-matrix QKE/for Y 5,

c. Definition of the inverse-decay washout
matrix WP (z)

We now  make the inverse-decay contribution in
Eq. (I140) explicit. For each heavy neutrino N;, we first
isolate a scalar factor that depends only on the heavy-
neutrino index i, and then separate the flavor projector. We
therefore define the scalar inverse-decay kernel, normalized
to the equilibrium lepton density, by

1 nf\?i(z)

| e
2ny'(z) )

4H(z7)

WiP(z) = K (z).  (1141)

Here D;(z) is the decay kernel defined above. The second
equality follows from detailed balance [17], together with
the Maxwell-Boltzmann expressions

gNM3K2(Z) eq ng3
w0 M@= ppe 19

with gy = 2 and g, = 2. We define

d P e EIT,

(1143)
dof

which is the Maxwell-Boltzmann<equilibrium number
density of leptons, and Y3! = nyl/s.

To keep the flavor structure explicit, we next introduce
the inverse-decay branching ratio, or.equivalently the flavor
projector,

l-'dec
Zp I"dec

The inverse-decay contribution to the washout matrix is
then defined by

B2 (T) = (1144)

WiB(2) = > BR(TIWP(2)[AAT)]y.

i

(1145)

Thus, WP(z) depends only on the heavy-neutrino index i,
whereas” the lepton-flavor dependence is incorporated
through B2 and the conversion matrix A,(T).

d. Definition of the scattering washout matrix W3 (z)

We define the flavor branching ratio for scatterings from
the scattering reaction densities. Removing the sum over a
from Eqs. (H114) and (H121), we define

“(7)

x [6,(s:T) + 67(s) + 6,7(s)].

T [w A2 (s
Vsai(T) = ;gNng[wf dS%Kl <7> ow(s).

0 Az

T
NC
yn-T:=Egg— ds—
sai(T) 7 NI 3074 M NG

(1146)

(1147)
We further define
et (T) = y§o(T) + r§5(T),
754(T) Zy‘“‘“ (1148)

and the scattering branching ratio as
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7S(T) ()
Z{}}/;(;att<T) Vs, (T)
Next, following the linearization of the lepton collision

term in Eq. (I138), we define the scalar scattering washout
kernel by

B (T) = (1149)

1 ysi(T) 1 ysi(T)
Wseat(z) = — : == ’ . (1150
M=t ensr) ~ 2@y Y
The normalization differs from the heavy-neutrino
equilibration function S;(z) = ys,/(zHny'); the two are
related by

173 (z)

W?catt(z) :_'_ZS(Z) (1151)

This difference arises because the Y equation is normal-
ized by the N number density, while the Y, equation is
normalized by the # number density.

Finally, we define the scattering washout matrix as

Wit(a) = S B WE @) AA(T)],y  (1152)

Combining Eqgs. (I125) and (I1140), we find that Y,,
satisfies

dY s,

dz = tr[e,(2)D(z)(Yy — y?\;l)]

=YW@ + W PR (153)
p

Together with Eq. (I85), the density-matrix QKE system
reads

dry _

dz —i[Qy(2), Y]

—%{D(Z) L S() Yy — Y, (1154)

d YAa

12 = ule, (D) (Vy = V3

= Y [WiB () + Wit ()| iy, (1155)
5

e. Time evolution of the density-matrix QKE

In the broken electroweak phase, sphaleron processes
convert B — L into B as long as they remain in thermal
equilibrium; after” sphaleron freeze-out/B is conserved.
Therefore, thedrozen-out baryon asymimetry is evaluated at
the sphaleron freeze-out temperature 7', as

YEO — csph(Tsph)YB—L(Tsph)v YB—L = ZYAav (1156)
a

where the sphaleron conversion factor is [117]

4[27x(T)? + 77)
Csph( ) =

= - T) ~
B rseo D

(1157)

Here we use the numerical value of cgy(Tgpn) listed in
Table II.
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