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Can the electromagnetic dipole interactions probed in precision experiments be the same interactions
that generated the baryon asymmetry of the Universe? We address this question by formulating low-scale
electromagnetic leptogenesis (EMLG) as a gauge-invariant effective field theory (EFT), rather than as a
broken-phase dipole ansatz. The point is not only to connect leptogenesis to laboratory dipole observables,
but first to test whether the dipole-dominated dynamics itself can satisfy the cosmological viability
requirement. Starting from a softly broken Z2 UV completion, we match onto the νSMEFT dipole
operators ONB and ONW , run their Wilson coefficients to the electroweak scale, and construct the broken-
phase dipole couplings to γ, Z, and W�. The soft breaking keeps the ordinary Yukawa-mediated sector
subleading, thereby isolating the electromagnetic mechanism. We find that the nonresonant hierarchical
regime is structurally inefficient, while in the quasidegenerate regime the self-energy contribution is
resonantly enhanced and dipole-dominated EMLG can reproduce the observed baryon asymmetry for
viable TeV-scale parameters. The same EFT pipeline maps the successful EMLG parameter space onto
low-energy dipole observables, including charged-lepton flavor violation, electric dipole moments, and
anomalous magnetic moments. Precision dipole searches can therefore constrain, discriminate, and
potentially falsify an electromagnetic origin of baryogenesis.
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I. INTRODUCTION

The observed baryon asymmetry of the Universe (BAU)
points to dynamics that satisfy the three Sakharov con-
ditions [1]: baryon-number violation, C and CP violation,
and a departure from thermal equilibrium. In the Standard
Model (SM), electroweak anomalous transitions, or spha-
leron processes [2,3], violate Bþ L while conserving
B − L, where B and L denote baryon and lepton number,
respectively. They can therefore convert a preexisting
lepton asymmetry into a baryon asymmetry. Fukugita
and Yanagida showed that such a lepton asymmetry can
be generated by CP-violating out-of-equilibrium decays of
heavy right-handed neutrinos [4], establishing the frame-
work of leptogenesis. This framework is naturally com-
patible with neutrino-mass mechanisms such as the type-I
[5–8], type-II [9–13], and type-III [14–16] seesaws; see
Refs. [17,18] for reviews.

In this paper we study electromagnetic leptogenesis
(EMLG), a variant of leptogenesis in which the CP-
violating source is generated by gauge-invariant dipole
operators rather than by the renormalizable neutrino
Yukawa interaction. After electroweak symmetry breaking,
these operators induce effective couplings of the right-
handed neutrinos to γ, Z, andW�, so that the relevant decay
channels contain gauge bosons in the final state and differ
qualitatively from the standard Yukawa-mediated modes.
The original proposal of Bell et al. [19] treated the
corresponding dipole couplings as free parameters at the
decay scale. Our aim is different: we seek a formulation that
is consistent with effective field theory (EFT) and gauge
invariance, in which the couplings entering the kinetic
equations are predicted from a UV completion.
The particular interest of low-scale EMLG is that, once

formulated in a gauge-invariant EFT and matched further
onto lower-energy theories, it opens an observational portal
that is largely absent in standard high-scale leptogenesis. In
principle, the same dipole sector can be probed by low-
energy observables such as charged-lepton flavor violation,
electric dipole moments, anomalous magnetic moments,
and collider or intensity-frontier signatures [20–24]. Before
using such low-energy observables to constrain the model,
we first address a more basic dynamical question: can the
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gauge-invariant dipole sector, with the ordinary renorma-
lizable Yukawa interactions kept subleading, generate the
observed baryon asymmetry in the electroweak crossover
window? The purpose of this paper is to answer this
question by deriving the EFT matching, the electroweak-
scale dipole couplings, the resonantly regulated CP-odd
source, and the density-matrix kinetic equations needed to
compute the frozen-out baryon asymmetry.
A gauge-invariant realization of EMLG is highly non-

trivial. Gauge invariance forces a Higgs insertion in the
dipole operators, which suppresses the broken-phase dipole
couplings and, with them, both the CP-odd source and the
dipole-induced washout. As a result, the nonresonant
hierarchical regime is structurally inefficient [25]. This is
not a statement about TeV-scale leptogenesis in general:
successful TeV-scale constructions are known in the stan-
dard Yukawa framework, including inverse-seesaw, linear-
seesaw, and resonant-leptogenesis realizations [26–28].
Rather, it is a distinctive feature of the gauge-invariant,
dipole-dominated mechanism considered here.
A second difficulty is that a generic UV completion also

allows the renormalizable interaction L̄αH̃Ni. If this
Yukawa channel is not suppressed, it contributes to the
total decay width, broadens the resonant regulator, and
induces additional washout through inverse decays, thereby
obscuring the dipole dynamics [29]. For this reason, we
adopt the softly broken Z2 completion proposed by
Choudhury et al. [30]. In the present work this UV
completion serves two related purposes. First, it provides
a gauge-invariant high-energy origin for the dipole oper-
ators entering the kinetic equations, so that ONB and ONW
are obtained by matching rather than introduced as inde-
pendent broken-phase interactions. Second, its softly bro-
ken Z2 structure keeps the ordinary renormalizable Yukawa
sector subleading, which is necessary for testing whether
electromagnetic leptogenesis itself can account for the
observed baryon asymmetry. In the exact-Z2 limit, the
interaction L̄αH̃Ni is forbidden. Soft breaking is introduced
by the dimension-two scalar mixing term μ2softH

†Dþ H:c:,
where D denotes a heavy SUð2ÞL scalar doublet with the
same electroweak quantum numbers as the SM Higgs
doublet H but with odd Z2 parity. After integrating out
the heavy doublet, this mixing induces the small effective
Yukawa coupling

ðyeffÞαi ≔ ðhDÞαi sin θ ≃ −ðhDÞαi
μ2soft
m2

D
; ð1Þ

while the same soft insertion converts the one-loop heavy-
sector dipole amplitudes with D̃ into the νSMEFT oper-
ators containing H̃. This construction makes it possible to
keep the Yukawa-mediated contribution to production,
washout, and the resonant width subleading, thereby
isolating a genuinely dipole-dominated regime.

The Sakharov conditions are realized in this scenario as
follows. Lepton number is broken by the Majorana masses
of the heavy neutrinos, which allow the same state Ni to
participate in channels carrying opposite lepton number.
CP violation arises from irreducible complex phases in the
dipole couplings and from the interference of the tree-level
decay amplitudes with loop amplitudes, in particular the
self-energy contribution in the quasidegenerate regime
[26,27,31]. The departure from equilibrium is encoded
in the time-dependent heavy-neutrino density matrix: dur-
ing the electroweak window the expansion of the Universe
and the finite reaction rates drive YN away from Yeq

N , and in
the quasidegenerate regime the off-diagonal coherences
themselves become dynamical [28,32,33]. The CP-odd
asymmetry is generated by the ΔL ¼ 1 decays and inverse
decays, while the leading ΔL ¼ 0 scatterings do not create
lepton number directly; instead they modify relaxation,
washout, and the damping of coherence, and hence affect
the final efficiency only indirectly.
Above the electroweak scale we work in the Standard

Model effective field theory extended by right-handed
neutrinos, often denoted νSMEFT [34,35] or SMNEFT
[36,37]. Among the dimension-six operators in this EFT,
the interactions relevant for electromagnetic leptogenesis
are the dipole operators ONB;αi and ONW;αi. Their explicit
gauge-invariant definitions and normalization conventions
are given below in Sec. II A. In the Introduction we only
use these symbols to identify the dipole sector whose
Wilson coefficients control the electromagnetic contribu-
tion to production, washout, and the CP-odd source. These
operators enter the EFT Lagrangian as

−LEFT ⊃
CNB;αi

Λ2
ONB;αi þ

CNW;αi

Λ2
ONW;αi þ H:c:; ð2Þ

where Λ denotes the EFT cutoff. We determine the Wilson
coefficients at the matching scaleQmatch and evolve them to
an electroweak reference scale Qref , where the broken-
phase dipole couplings relevant for leptogenesis are
defined.
Our main results are the following.
(i) We formulate low-scale electromagnetic leptogene-

sis as a gauge-invariant EFT calculation, starting
from a UV completion, performing the one-loop
matching onto ONB and ONW , and evolving the
corresponding Wilson coefficients to the electro-
weak scale.

(ii) We show that the nonresonant hierarchical regime is
structurally insufficient in the gauge-invariant di-
pole-dominated scenario, whereas the quasidegen-
erate regime can evade this suppression through the
resonantly enhanced self-energy contribution.

(iii) In the quasidegenerate regime we derive density-
matrix quantum kinetic equations (QKEs) on the
closed time path. Their collision term incorporates
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decays, inverse decays, and the leading ΔL ¼ 0
scatterings without double counting and therefore
without real-intermediate-state subtraction.

(iv) Solving these QKEs, we identify proof-of-principle
TeV-scale parameter regions in which dipole-domi-
nated electromagnetic leptogenesis reproduces or
exceeds the observed BAU. For our benchmarks the
leadingΔL ¼ 0 scatterings satisfy Si=Di ∼ 10−5 and
therefore change the final efficiency only at the
expected tiny level, confirming that the unified
collision term reproduces the correct hierarchy
between the ΔL ¼ 1 and leading ΔL ¼ 0 contribu-
tions in the dipole-dominated regime.

The paper is organized as follows. Section II introduces
the softly broken Z2 UV completion, explains how the
effective Yukawa interaction is suppressed, and derives the
matching conditions for the gauge-invariant dipole oper-
ators ONB and ONW . Section III presents the renormaliza-
tion-group evolution of the corresponding Wilson
coefficients from Qmatch to Qref . Section IV derives the
photon-mode decay width and CP asymmetry and explains
the resonant enhancement in the quasidegenerate regime.
Section V extends the analysis to the ONW-inclusive γ, Z,
and W� channels. Section VI summarizes the closed-time-
path/Schwinger-Keldysh formalism used in the nonequili-
brium treatment. Section VII constructs the collision
kernels for decays, inverse decays, and the leading ΔL ¼
0 scatterings. Section VIII assembles the density-matrix
QKE system used in the numerical analysis. Section IX
presents the numerical results, and Sec. X discusses their
physical interpretation, phenomenological implications,
and conclusions. Technical derivations of the one-loop
matching, anomalous dimensions, CP-asymmetry algebra,
nonequilibrium formalism, QKE projection, and scattering
kernels are collected in the Appendixes.

II. UV MODEL

In this section, we specify the UV completion used for
the matching calculation. The motivation for adopting the
softly broken Z2 construction, and in particular its role in
suppressing the ordinary Yukawa sector relative to the
dipole sector, has been explained in Sec. I. Here we
therefore focus on the technical ingredients needed below:
the gauge-invariant operator basis above the electroweak
scale, the field content and interactions of the UV model,
the one-loop matching onto the dipole Wilson coefficients,
and the benchmark choice of heavy-sector parameters.
These ingredients define the EFT input that is subsequently
evolved to the electroweak scale and used in the CP-
asymmetry and kinetic analyses.

A. EFT setup and the electroweak window

In this subsection we specify the gauge-invariant EFT
framework and the temperature regime relevant for

low-scale electromagnetic leptogenesis. Above the electro-
weak scale we work in the Standard Model effective field
theory extended by right-handed neutrinos, commonly
denoted νSMEFT [34,35]. The leading interactions
responsible for electromagnetic leptogenesis are the
gauge-invariant dimension-six dipole operators

ONB;αi ¼ ðL̄ασ
μνPRNiÞH̃Bμν; ð3Þ

ONW;αi ¼ ðL̄ασ
μντaPRNiÞH̃Wa

μν; ð4Þ

with

σμν ≔
i
2
½γμ; γν�; H̃ ≔ iσ2H�: ð5Þ

The corresponding EFT Lagrangian is

−LEFT ⊃
CNB;αi

Λ2
ONB;αiþ

CNW;αi

Λ2
ONW;αiþH:c:; ð6Þ

where Λ denotes the νSMEFT cutoff scale. Here α ¼ e,
μ, τ labels the charged-lepton flavor, and i labels the
mass eigenstates of the right-handed neutrinos. In a
given UV completion, the Wilson coefficients CNX;αi

with X ¼ B, W are fixed at the matching scale Qmatch ¼
10 TeV and are subsequently evolved down to an
electroweak reference scale Qref ¼ 150 GeV by renorm-
alization-group running.
We focus on low-scale electromagnetic leptogenesis, for

which the relevant epoch lies in the electroweak crossover
window [38,39]

TEW ≥ T ≥ Tsph; TEW ≃ 160 GeV;

Tsph ≃ 130 GeV; ð7Þ

where Tsph denotes the temperature at which electroweak
sphaleron transitions freeze out. In this temperature range
the charged-lepton Yukawa interactions are in equilibrium
[40,41], so flavor coherences among e, μ, and τ are damped
and a fully flavor-resolved treatment is appropriate.
We therefore track the three flavor charges

YΔα
≔

1

3
YB − YLα

;
X
α

YΔα
¼ YB−L; ð8Þ

where YX ≔ nX=s denotes the yield of species X, nX is the
corresponding number density, and s is the entropy density.
Electroweak sphaleron transitions continue to convert part
of B − L into baryon number until they freeze out at
T ¼ Tsph. We therefore evaluate the baryon asymmetry at
sphaleron decoupling as
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YFO
B ¼ csphðTsphÞ

X
α

YΔα
ðTsphÞ; ð9Þ

where csphðTÞ denotes the sphaleron conversion coefficient.
A central goal of this paper is to formulate, within the

closed-time-path (CTP)/Schwinger-Keldysh framework,
the time evolution of the heavy-neutrino ensemble and
of the flavor charges introduced above in a plasma where
dipole interactions are operative. The relevant dipole-
induced processes fall into two classes.
First, the decays and inverse decays

Ni ↔ ναγ; Ni ↔ ναZ; Ni ↔ lαW ð10Þ

are ΔL ¼ 1 processes. In the dipole-dominated scenario
studied here, they provide the direct source of the lepton
asymmetry and also the leading inverse-decay washout.
Second, combining one dipole vertex with one Standard

Model gauge interaction yields ΔL ¼ 0 2 ↔ 2 scatterings.
Representative channels are the neutral-current processes

Nif ↔ ναf ð11Þ

and, when ONW is present, the charged-current processes

Nif ↔ lαf0; ð12Þ

where f and f0 are Standard Model fermions belonging to
the same SUð2ÞL doublet. These scatterings do not generate
lepton number directly. Rather, they modify relaxation,
washout, and the damping of flavor coherence, and hence
affect the final efficiency only indirectly.
In the dipole-dominated regime considered here, a

simple power counting shows that these ΔL ¼ 0 2 ↔ 2
scatterings provide the leading scattering contribution to
the damping and washout kernels. Here μVαi, with V ¼ γ, Z,
W, denotes the broken-phase effective dipole coupling of
Ni to the corresponding gauge boson and to the lepton
flavor α; its relation to the gauge-invariant Wilson coef-
ficients CNB;αi and CNW;αi is given explicitly after electro-
weak symmetry breaking in Sec. IV. At the amplitude level
the scatterings contain one dipole vertex and one SM gauge
interaction on the plasma target. Their rates therefore scale
schematically as OðjμV j2g2Þ, where g denotes the relevant
SM gauge coupling and jμV j2 stands for the appropriate
flavor and gauge-channel combination. By contrast, genu-
ine lepton-number-violating scattering reactions, jΔLj ¼ 2,
would require at least two additional dipole insertions or
higher-loop topologies and are therefore parametrically
suppressed as OðjμV j4Þ or higher in the regime of interest.
We thus neglect such subleading jΔLj ≠ 0 scatterings and
construct the scattering contribution entirely from the
ΔL ¼ 0 self-energies Σ<;>

scatt.
If only ONB is present, photon exchange provides the

dominant neutral-current contribution. In the presence of

ONW , the neutral-current sector is generalized to include Z
exchange and γZ interference, and charged-current chan-
nels mediated by W� must also be included. In practice,
these contributions are incorporated into the density-matrix
quantum kinetic equations through the heavy-neutrino
Wightman self-energies.
Although integrating out N also induces the Weinberg

operator O5 at tree level, the associated ΔL ¼ 2 washout
becomes efficient only at much higher temperatures. For
O5 normalized to the observed light-neutrino masses, the
relevant scale is typically T ∼ 1011–1012 GeV [42]. By
contrast, the asymmetry in the present scenario is generated
in the electroweak crossover window,

T ≃ 130–160 GeV; ð13Þ

where the O5-induced ΔL ¼ 2 rate is negligible compared
with the Hubble expansion for neutrino masses in the
oscillation range. Moreover, the UV completion considered
here does not generate semileptonic ΔL ¼ 2 operators at
the matching scale at the order we work. We therefore
neglect low-scale ΔL ¼ 2 washout in the present analysis.

B. UV completion and field content

In this subsection we give the technical implementation
of the UV completion whose motivation was summarized
in Sec. I. We work in the mass-eigenstate basis of the right-
handedMajorana neutrinos. TheMajorana mass matrixMN
is Autonne-Takagi diagonalized [43,44] by a unitary matrix
UN as

U⊤
NMNUN ¼ diagðM1;…;MnN Þ; ð14Þ

and we formulate the discussion in terms of the corre-
sponding real, diagonal Majorana fields Ni ði ¼ 1;…; nNÞ.
All Yukawa matrices and effective couplings appearing
below are expressed in this basis. We now specify the Z2

assignments, the additional field content, the renormaliz-
able interactions, and the soft-breaking insertion used in the
matching calculation.
With only GSM ≔ SUð3Þc × SUð2ÞL × Uð1ÞY and renor-

malizability, the operator L̄ H̃ N is allowed as a dimension-
four interaction. Simply omitting it would therefore leave
the definition of the theory incomplete and would require a
fine-tuning against radiatively regenerated contributions
order by order in perturbation theory. We thus impose a
minimal discrete symmetry Z2 that forbids L̄ H̃ N exactly
and close the UV completion so that this prohibition is
stable under radiative corrections.
The same exact Z2 symmetry, however, also forbids the

dipole operators introduced in Sec. II A. Exact Z2 alone is
therefore insufficient: it suppresses the unwanted Yukawa
sector, but it also removes the dipole sector required for
electromagnetic leptogenesis. Following [30], we resolve
this tension by keeping the renormalizable Lagrangian Z2
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RETRACTEDsymmetric and breaking Z2 explicitly only through a
dimension-two soft term. In this way, the dipole inter-
actions and the parametrically suppressed effective Yukawa
interaction originate from the same controlled source of
symmetry breaking.
All SM fields are taken to be Z2 even. The additional

fields, together with their gauge quantum numbers and Z2

parities, are listed in Table I. The only Z2-even new field is
Φþ, whereas Ni, EL;R, Σ, and D are Z2 odd. This assign-
ment forbids L̄ H̃ N exactly while preserving the renorma-
lizable interactions needed for the one-loop generation of
the dipole operators. For an SUð2ÞL doublet X, we define
X̃ ≔ iσ2X�, and Σ ·D ≔ Σ⊺iσ2D denotes the SUð2ÞL-
invariant inner product.
Given the field content and the Z2 assignments in Table I,

the renormalizable interactions relevant for the present
construction are uniquely restricted. We denote by LSM
the Standard Model Lagrangian, including the usual gauge,
kinetic, and Yukawa terms, and by VðH;Σ; D;ΦþÞ the
scalar potential. Working in the mass-eigenstate basis of the
right-handed neutrinos introduced above, we write the UV
Lagrangian as

LUV¼LSMþ1

2
N̄iði=∂−MiÞNiþ Ēði=D−MEÞE

þðDμΣÞ†ðDμΣÞþðDμDÞ†ðDμDÞþðDμΦþÞ†ðDμΦþÞ
− ½ðyHÞiN̄iPLEΦþþðyΣÞαL̄αΣPREþðyDÞαL̄αDPRE

þðhΣÞαiL̄αΣ̃PRNiþðhDÞαiL̄αD̃PRNiþH:c:�
−VðH;Σ;D;ΦþÞ: ð15Þ

Here H is the SM Higgs doublet, and the covariant
derivative is

Dμ ¼ ∂μ − ig
σa

2
Wa

μ − ig0YBμ ð16Þ

with the hypercharge Y chosen according to the represen-
tation of the field on which Dμ acts. The SUð3Þc term is
absent because, as shown in Table I, all additional fields are
color singlets. Equation (15) therefore collects all renor-
malizable interactions involving the new fields that are
allowed by GSM × Z2. In particular, the renormalizable

neutrino Yukawa interaction L̄ H̃ N is absent because it is
Z2 odd. Since ½L� ¼ ½E� ¼ ½N� ¼ 3=2 and ½H� ¼ ½Σ� ¼
½D� ¼ ½Φþ� ¼ 1, every operator in Eq. (15) has mass
dimension four, and the UV theory is manifestly
renormalizable.
For an exact Z2 symmetry, the scalar sector is described

by the most general renormalizable potential that is both
GSM invariant and Z2 even. Following [30], we parametrize
it as

VðH;Σ; D;ΦþÞ
¼ −μ2HðH†HÞ þm2

ΣðΣ†ΣÞ þm2
DðD†DÞ þm2þjΦþj2

þ λHðH†HÞ2 þ λΣðΣ†ΣÞ2 þ λDðD†DÞ2 þ λþjΦþj4
þ λHþðH†HÞjΦþj2 þ λDþðD†DÞjΦþj2
þ λΣþðΣ†ΣÞjΦþj2 þ λDΣþðD†ΣÞjΦþj2

þ λHΣ

2
½ðH†ΣÞ2 þ H:c:� þ λDHðD†ΣÞðH†HÞ

þ f1ðH†HÞðD†DÞ þ f2ðH†HÞðΣ†ΣÞ
þ f3jH†Dj2 þ f4jH†Σj2 þ f5ðD†DÞðΣ†ΣÞ þ f6jD†Σj2
þ ½μsðΣ ·DÞðΦþÞ� þ H:c:�: ð17Þ

We take m2
Σ > 0 and m2

D > 0, so that in the exact-Z2 limit
one has hΣi ¼ hDi ¼ 0. We furthermore assume that mΣ
and mD are sufficiently larger than the heavy-neutrino
masses Mi, so that the decays N → νþ Σ and N → νþD
are kinematically forbidden.
An exact Z2 symmetry, however, also forbids the dipole

operators required for electromagnetic leptogenesis. The
symmetry must therefore be broken. In order to keep all Z2-
violating effects under parametric control, and at the same
time to ensure that the induced neutrino Yukawa interaction
remains technically natural, we choose to break Z2 only
through a soft dimension-two term,

Vsoft ¼ μ2softH
†Dþ H:c: ð18Þ

This is the minimal source of Z2 breaking directly required
for the present analysis. Other soft terms, such as H†Σ,
could also be introduced, but they are not needed here.
Since the exact Z2 symmetry is restored in the limit
μ2soft → 0, the smallness of μ2soft is technically natural in
the ’t Hooft sense [45].

C. Soft Z2 breaking and induced small parameters

The soft term in Eq. (18) mixes the doubletsH andD, and
therefore induces a small vacuum expectation value for the
neutral component of D even when m2

D > 0. To make this
explicit, we retain only the neutral components and write

H ¼ 1ffiffiffi
2

p
�

0

vþ h

�
; D ¼ 1ffiffiffi

2
p
�

0

vD þ d

�
; ð19Þ

TABLE I. Gauge quantum numbers and Z2 parities of the
additional fields. All SM fields are taken to be Z2 even. Bold
numerals in the SUð3Þc and SUð2ÞL columns denote the
dimensions of the corresponding gauge representations.

Type Field SUð3Þc SUð2ÞL Uð1ÞY Z2

Fermions fNi 1 1 0 −
EL;R 1 1 −1 −

Scalars fΣ 1 2 þ1=2 −
D 1 2 þ1=2 −
Φþ 1 1 þ1 þ
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where v ≔
ffiffiffi
2

p hH0i ≃ 246 GeV and vD ≔
ffiffiffi
2

p hD0i. For the
purposeof extracting theparametricdependenceofvD andof
theH–Dmixing angle, it is sufficient to consider theminimal
H–D potential

VðH;DÞ ¼ −m2
HjHj2 þ λH

2
jHj4 þm2

DjDj2

þ λD
2
jDj4 þ λHDjHj2jDj2

þ ðμ2softH†Dþ H:c:Þ; ð20Þ

with m2
D > 0, so that in the exact-Z2 limit the vacuum

vD ¼ 0 is naturally realized even if the coupling L̄ D̃ N is
present.
Substituting Eq. (19) into Eq. (20), we obtain

Vðv; vDÞ ¼ −
1

2
m2

Hv
2 þ λH

8
v4 þ 1

2
m2

Dv
2
D

þ λD
8
v4D þ λHD

4
v2v2D þ μ2softvvD; ð21Þ

where we have taken μ2soft real. The stationarity condition
along the vD direction is then

0 ¼ ∂V
∂vD

¼ m2
DvD þ λD

2
v3D þ λHD

2
v2vD þ μ2softv: ð22Þ

In the technically natural regime μ2soft ≪ m2
D, one expects

self-consistently that vD ≪ v, so the cubic term in vD may
be neglected. If, in addition, m2

D ≫ λHDv2, one finds

vD ≃ −
μ2soft

m2
D þ λHD

2
v2

v: ð23Þ

Using m2
D ≫ λHDv2 then gives

vD ≃ −v
μ2soft
m2

D
: ð24Þ

The same small parameter controls the mixing angle
between the CP-even neutral scalars. Expanding Eq. (20)
around the vacuum, the mass-squared matrix in the basis
ðh; dÞ becomes

M2 ≃

 
m2

h μ2soft
μ2soft m2

D

!
; m2

h ≃ λHv2; ð25Þ

up to corrections suppressed by vD=v. For m2
D ≫ m2

h, the
mixing angle satisfies

tan 2θ ≃ −
2μ2soft

m2
D −m2

h

≃ −
2μ2soft
m2

D
⇒ θ ≃ −

μ2soft
m2

D
: ð26Þ

Hence, both the induced VEV and the scalar mixing are
controlled by the same small ratio,

vD ∼ vθ; θ ∼ −
μ2soft
m2

D
: ð27Þ

This relation is the key ingredient for the induced effective
Yukawa coupling discussed next.
In the exact-Z2 limit, the interaction

−L ⊃ ðhDÞαiL̄αD̃PRNi þ H:c: ð28Þ

is allowed, whereas L̄ H̃ N is forbidden. Once the soft term
in Eq. (18) induces H–D mixing, the SM-like Higgs
direction and its orthogonal heavy-doublet direction can
be written as

H1 ¼ H cos θ þD sin θ; H2 ¼ −H sin θ þD cos θ:

ð29Þ

For vD ≪ v, the field H1 is the SM-like doublet that
acquires the vacuum expectation value, whereas H2 is
heavy. Since

D ¼ H1 sin θ þH2 cos θ; ð30Þ

Equation (28) becomes

−L ⊃ ðhDÞαiL̄αH̃1PRNi sin θ

þ ðhDÞαiL̄αH̃2PRNi cos θ þ H:c: ð31Þ

This motivates the definition of the effective Yukawa
coupling to the SM-like Higgs direction,

ðyeffÞαi ≔ ðhDÞαi sin θ ≃ ðhDÞαiθ; ð32Þ

and using Eq. (26) we obtain

ðyeffÞαi ≃ −ðhDÞαi
μ2soft
m2

D
: ð33Þ

Since H1 carries the electroweak vacuum expectation
value, the induced Dirac mass matrix is

ðMDÞαi ¼
vffiffiffi
2

p ðyeffÞαi ¼
vDffiffiffi
2

p ðhDÞαi: ð34Þ

Thus, yeff is not merely a shorthand notation: it is the
effective Yukawa coupling along the SM-like Higgs direc-
tion selected by electroweak symmetry breaking.
To maintain a genuinely dipole-dominated regime, the

Yukawa-induced contribution to the heavy-neutrino widths
must remain subleading to the dipole-induced one.
Parametrically, the vacuum width of the Yukawa channel
Ni → LαH1 is
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ΓYðNiÞ ≃
Mi

8π
ðy†effyeffÞii; ð35Þ

whereas the dipole-induced width, summed over the γ, Z,
and W channels, scales as

ΓEMðNiÞ ≃
M3

i

2π

X
α

jμαij2: ð36Þ

Introducing the effective electromagnetic neutrino
mass [46],

m̃EM
i ≔ v2Mi

X
α

jμαij2; ð37Þ

one may rewrite the dipole width as

ΓEMðNiÞ ≃
M2

i

2πv2
m̃EM

i : ð38Þ

A convenient sufficient condition for dipole dominance is
then

ΓYðNiÞ≲ ϵΓEMðNiÞ ðϵ ≪ 1Þ; ð39Þ

which implies

ðy†effyeffÞii ≲ 4ϵ
Mi

v2
m̃EM

i : ð40Þ

Thus, as a typical bound,

jyeff j≲ 2
ffiffiffi
ϵ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mim̃EM

i

p
v

: ð41Þ

For the representative values

Mi ∼ 1 TeV; m̃EM
i ∼ 10−3 eV; v¼ 246 GeV; ð42Þ

one finds

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mim̃EM

i

p
v

∼ 1.3 × 10−7: ð43Þ

Demanding that the Yukawa contribution remain below the
percent level, ϵ ∼ 10−2, yields the useful benchmark cri-
terion

jyeff j≲ 10−8: ð44Þ

Using Eq. (33), this translates into

μsoft
mD

≲
ffiffiffiffiffiffiffiffiffi
10−8

jhDj

s
⇒ μsoft ≲ 3 × 10−3mD; ð45Þ

for jhDj ∼Oð10−3Þ.
In our benchmark analysis we take mD ∼ 10 TeV and

μsoft ¼ 10 GeV, for which μ2soft=m
2
D ∼ 10−6. Since the exact

Z2 symmetry is restored in the limit μ2soft → 0, the smallness
of both μ2soft=m

2
D and yeff is technically natural in the

’t Hooft sense [45]. The important physical point is that yeff
is suppressed by μ2soft=m

2
D, whereas the dipole Wilson

coefficients are generated at one loop and scale with
inverse powers of the heavy masses. The two sectors
therefore scale differently, and there exists a parameter
region in which the electromagnetic channels dominate the
heavy-neutrino dynamics.

D. Light neutrino masses and the seesaw mechanism

Here we address the question of whether forbidding the
renormalizable interaction L̄ H̃ N eliminates the type-I
seesaw mechanism altogether. The answer is no, but the
relevant point for the present paper is more specific: in the
dipole-dominated regime required for electromagnetic
leptogenesis, the induced type-I contribution is parametri-
cally too small to account for the observed light-neutrino
masses.
In the exact-Z2 limit one has hDi ¼ 0 for m2

D > 0, and
therefore no Dirac mass is generated even though the
coupling L̄ D̃ N is allowed. Once the soft term

Vsoft ¼ μ2softH
†Dþ H:c: ð46Þ

is turned on, however, the H–D mixing induces

θ ∼ −
μ2soft
m2

D
; vD ≔ hD0i ≃ vθ; ð47Þ

and therefore the Dirac mass matrix

ðMDiracÞαi ¼
vDffiffiffi
2

p ðhDÞαi: ð48Þ

Formally, the standard type-I seesaw relation then holds,

ðmðIÞ
ν Þαβ ≃ ðMDiracÞαiðM−1

N ÞijðM⊺
DiracÞjβ: ð49Þ

Equivalently, since

ðyeffÞαi ≃ ðhDÞαiθ ≃ −ðhDÞαi
μ2soft
m2

D
; ð50Þ

one may write
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MDirac ¼
vffiffiffi
2

p yeff : ð51Þ

Neutrino oscillation data imply characteristic light-
neutrino mass scales of order

mosc ∼
ffiffiffiffiffiffiffiffiffiffiffi
Δm2

21

q
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jΔm2

3lj
q

¼ Oð10−2Þ eV: ð52Þ

For definiteness, we take

mosc ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jΔm2

3lj
q

≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2.5 × 10−3 eV2

p
≃ 0.05 eV; ð53Þ

as a representative scale inferred from oscillation data [47]
(NuFit-6.0). For a TeV-scale type-I seesaw to reproduce this
scale, one typically needs

jyeff j ≃
ffiffiffiffiffiffiffiffiffiffi
mνM

p
v

∼ 10−6 ðM ∼ 1 TeVÞ: ð54Þ

By contrast, the dipole-dominated condition derived in
Sec. II C requires

jyeff j≲ 10−8; ð55Þ

which implies

mðIÞ
ν ∼

v2

M
jyeff j2 ≲ 6 × 10−6 eV; ðM ∼ 1 TeVÞ: ð56Þ

This is far below the atmospheric-neutrino scale. Thus, in
the Yukawa-suppressed benchmark relevant for the present
work, a type-I seesaw structure is formally present but is
phenomenologically negligible. We therefore treat the
observed light-neutrino masses as independent low-energy
input encoded in the Weinberg-operator coefficient C5.
A simple high-scale realization of this low-energy input

is collected in Appendix A, where we give a type-II-seesaw
illustration. Since that sector is assumed to lie far above the
matching scale Qmatch ¼ 10 TeV, it enters the low-energy
theory only through O5 and does not modify the dipole
matching discussed in the present section.

E. One-loop matching from the UV theory to
electromagnetic dipole operators

The one-loop matching amounts to computing the 1PI
four-point amplitudes with external legs

Ni; Lα; H̃; Xμ;

where X ¼ B;Wa, expanding them at low external
momenta, and projecting onto the antisymmetric dipole
structure. We use the normalization of the dipole operators
introduced in Sec. II A and write the relevant process as

NiðpÞ→Lαðp0Þþ H̃ðkÞþXμðqÞ; X¼B;Wa; ð57Þ

with q ¼ p − p0 − k. For an outgoing gauge boson with
polarization vector εμðqÞ, the field strength gives

XμνðqÞ ¼ iðqμεν − qνεμÞ; ð58Þ

and therefore the EFT dipole amplitude is proportional to

ūLα
σμνqνPRuNi

εμ: ð59Þ

Thus, the Wilson coefficient CNX;αi=Λ2 is obtained by
extracting the coefficient of this spinor structure from the
UV one-loop amplitude. The detailed vertex-function
decomposition and projection formula are collected in
Appendix B; in the main text we keep only the matching
strategy and the resulting Wilson coefficients.
We first integrate out D at tree level to generate an

effective Σ −H −Φþ vertex. Since the potentials in
Eqs. (17) and (18) contain

V ⊃ m2
DD

†Dþ μ2softH
†Dþ μsΣ ·DðΦþÞ� þ H:c:; ð60Þ

for sufficiently heavy mD the equation of motion for D
implies

D ∼ −
μ2soft
m2

D
H þ � � � : ð61Þ

The ellipsis denotes terms generated by the other linear
sources for D, such as the μ�sΣ̃Φþ source, possible quartic
sources involving additional light fields, and derivative
corrections suppressed by p2=m2

D. These terms either
generate operators with extra fields or contribute only at
higher order in the 1=m2

D expansion, and therefore do not
affect the dimension-six dipole matching retained here.
Substituting the leading soft-mixing term into the μs
interaction yields the gauge-invariant effective three-point
interaction

Veff ⊃ μeffΣ ·HðΦþÞ� þH:c:; μeff ≔−μs
μ2soft
m2

D
: ð62Þ

Next, we generate ONB and ONW at one loop with E, Σ,
and Φþ. We consider one-loop diagrams with external legs
Ni (incoming), Lα (outgoing), H̃ (outgoing), and one gauge
boson (either Bμ or Wa

μ, outgoing).
Here we derive the electromagnetic dipole operators

ONB and ONW from the minimal field content listed in
Table I. The purpose here is to make explicit, from the
viewpoint of symmetries and scale separation, that in the
decays of the right-handed neutrinos Ni the dipole-induced
channels can dominate over the standard Yukawa
decay N → LH.
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The heavy fields that are integrated out when construct-
ing the EFT are the charged states E;Σ; D;Φþ, which we
take to lie at a characteristic scale of Oð10Þ TeV. By
contrast, we keep the Ni as dynamical degrees of freedom
in the EFT, since their decays, inverse decays, scatterings,
and CP asymmetries are the central ingredients of lepto-
genesis. The EFT constructed in this section is therefore the
νSMEFT with the SM fields and the dynamical right-
handed neutrinos Ni as low-energy degrees of freedom;
among the dimension-six operators in this EFT, we retain
ONB;αi and ONW;αi as the operators relevant for the present
EMLG analysis.
Keeping only the Yukawa-type interaction terms in the

UV Lagrangian, we have

−LYukawa ⊃ yHN̄RELΦþ þ yΣL̄ΣER

þ hDL̄DÑR þ H:c:; ð63Þ

where we have suppressed matrix indices. Furthermore, the
scalar potential contains

V ⊃ μsΣ ·DðΦþÞ� þ H:c:; ð64Þ

where Σ ·D ≔ Σ⊺iσ2D denotes the SUð2ÞL-invariant inner
product.
Since the spontaneous breaking of an exact discrete

symmetry can lead to the cosmological domain-wall
problem [48–50], we break Z2 softly with the soft term
in this model

Vsoft ¼ μ2softH
†Dþ H:c: ð65Þ

This term allows D to acquire a small VEV even for
m2

D > 0, thereby inducing a Dirac mass MD ¼ hDvD. At
the same time, it permits magnetic-moment-type inter-
actions once the heavy states are integrated out. The crucial
point is that, when the soft breaking is small, the induced
effects are parametrically suppressed by θ ∼ μ2soft=m

2
D.

The electromagnetic dipole operators ONB and ONW are
gauge-invariant dimension-six operators that necessarily
contain one Higgs doublet insertion. Their Wilson coef-
ficients are therefore generated at leading order by one-loop
Feynman diagrams involving the heavy fields. In the
present model, renormalizable couplings directly connect-
ing N and L are forbidden by Z2, so the shortest
renormalizable path connecting N to L is, from Eq. (15),

N ⟶
Φþ

E ⟶
Σ

L; ð66Þ

and closing the loop further requires the vertex μsΣ ·
DðΦþÞ� that connects Φþ and Σ. Equivalently, to form a
loop that connects N and L, the fields E, Σ, and Φþ are
simultaneously required, while D enters as an external leg

attached to the μs vertex. This is precisely the structure of
the one-loop matching diagrams shown in Fig. 1.
Moreover, in order to obtain Bμν or Wa

μν one must attach
a gauge boson to a charged line in the loop. Since Wa can
couple only to lines carrying SUð2ÞL charge, attaching it to
the Σ line is essential for generating ONW . For the
hypercharge gauge boson B, in addition to the attachment
to the Σ line there are contributions from attaching it to the
Φþ and E lines; these contributions must be summed to
obtain a gauge-invariant result.
To streamline the calculation, we split the matching into

two steps.
First, we integrate out E;Σ;Φþ while treating D as

an external heavy doublet. This gives the intermediate
D-based dipole operators

OðDÞ
NB;αi ≔ ðL̄ασ

μνPRNiÞD̃Bμν; ð67Þ

OðDÞ
NW;αi ≔ ðL̄ασ

μντaPRNiÞD̃Wa
μν: ð68Þ

The corresponding Wilson coefficients are denoted by

CðDÞ
NB;αi and CðDÞ

NW;αi.
Second, at scales p2 ≪ m2

D, we integrate out the heavy
doublet D. Solving its classical equation of motion in a
1=m2

D expansion gives, to leading order in the soft-breaking
source,

D ≃ −
ðμ2softÞ�
m2

D
H; D̃ ≃ −

μ2soft
m2

D
H̃: ð69Þ

Therefore,

OðDÞ
NB;αi→−

μ2soft
m2

D
ONB;αi; OðDÞ

NW;αi→−
μ2soft
m2

D
ONW;αi: ð70Þ

FIG. 1. Representative one-loop matching diagrams generating
the gauge-invariant electromagnetic dipole operators ONB and
ONW . These diagrams make explicit the EFT origin of the
interactions that enter the Kadanoff-Baym equations.
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Equivalently, the νSMEFT Wilson coefficients are related
to the intermediate coefficients by

CNB;αi

Λ2
≃−

μ2soft
m2

D

CðDÞ
NB;αi

Λ2
;

CNW;αi

Λ2
≃−

μ2soft
m2

D

CðDÞ
NW;αi

Λ2
: ð71Þ

This is the tree-level matching step by which the D-based
dipole operators generated at one loop are converted into
the gauge-invariant νSMEFT operatorsONB andONW . The
detailed derivation of the D equation of motion, including
the classification of linear source terms and D†D-type
corrections, is given in Appendix B.

F. Summary and benchmark parametrization

For simplicity, and in order to display the matching
coefficients in a compact analytic form, we use the
degenerate heavy-spectrum benchmark

ME ¼ mΦþ ¼ mΣ ¼ mD ≔ Meq ¼ 10.0 TeV: ð72Þ

This degeneracy is not an essential assumption of the
mechanism. For a nondegenerate heavy spectrum, the
common factor M−3

eq in the expressions below is
replaced by the corresponding mass-dependent loop
functions of ME, mΦþ , mΣ, and mD. The qualitative
conclusions are unchanged as long as all heavy masses
remain above the matching scale relevant for the EFT
description and no additional threshold is introduced in
the electroweak-scale kinetic theory. In particular, the
soft-mixing suppression of the induced Yukawa cou-
pling, the loop origin of the dipole Wilson coefficients,
and the need for resonant enhancement in the right-
handed-neutrino sector do not rely on exact degeneracy
among the heavy UV states. Large hierarchies or
accidental cancellations in the loop functions would,
however, have to be treated separately in a dedicated
nondegenerate parameter scan.
Using the results in Appendix B yields

CðDÞ
NB;αi

Λ2
¼ g0yΣ;αy�H;iμ

�
s

16π2
1

M3
eq
×
1

6
× ðYE þ YΦþ þ YΣÞ

¼ g0yΣ;αy�H;iμ
�
s

192π2
1

M3
eq
; ð73Þ

CðDÞ
NW;αi

Λ2
¼ gyΣ;αy�H;iμ

�
s

96π2
1

M3
eq
: ð74Þ

Eliminating D via the equation of motion according to
Eq. (69), we obtain

CNB;αi

Λ2
≃ −

μ2soft
m2

D

g0yΣ;αy�H;iμ
�
s

192π2
1

M3
eq
; ð75Þ

CNW;αi

Λ2
≃ −

μ2soft
m2

D

gyΣ;αy�H;iμ
�
s

96π2
1

M3
eq
: ð76Þ

Rotating Bμν andW3
μν into Fμν and Zμν, the electromagnetic

coupling is obtained as

CNγ;αi

Λ2
¼ CNB;αi

Λ2
cos θW þ CNW;αi

2Λ2
sin θW

¼ −
μ2soft
m2

D

yΣ;αy�H;iμ
�
s

192π2
1

M3
eq
ðg0 cos θW þ g sin θWÞ

≃ −
μ2soft
m2

D

eyΣ;αy�H;iμ
�
s

96π2
1

M3
eq
; ð77Þ

where in the third line we used e ¼ g sin θW ¼ g0 cos θW.

III. RENORMALIZATION-GROUP EVOLUTION
OF CNB, CNW

We evolve the Wilson coefficients CNX (X ¼ B, W)
obtained in the previous section from the matching
scale Qmatch ¼ 10 TeV—where the additional UV
degrees of freedom have been integrated out—down
to an electroweak reference scale Qref ¼ 150 GeV using
renormalization-group equations. We denote the
Standard Model gauge couplings by g0 for Uð1ÞY, g
for SUð2ÞL, and gs for SUð3Þc, where g0 is not
normalized according to grand unified theory (GUT)
conventions. Since Qref lies close to the top-quark
threshold, we neglect threshold matching effects at
this stage, which are beyond the one-loop accuracy
pursued here and introduce only small logarithms over
the interval of interest. The resulting low-scale coef-
ficients serve as the input for the broken-phase effective
dipole couplings and for the CP-asymmetry calculation
across the electroweak crossover window,
T ≃ 130–160 GeV, presented in the next section.

A. Effective Lagrangian and renormalization

We work in the νSMEFT and restrict ourselves to the
dipole sector defined in Sec. II A. Throughout this sub-
section, a subscript 0 denotes a bare quantity. The effective
Lagrangian relevant for the running of the Wilson coef-
ficients is

Leff ¼ Lkin
SMðg0; g; gs; yu;d;eÞ

−
CNB;αi;0

Λ2
ONB;αi −

CNW;αi;0

Λ2
ONW;αi þ H:c:; ð78Þ

where Lkin
SM denotes the SM kinetic terms and the renor-

malizable SM interactions, parametrized by the gauge
couplings g0, g, gs and the Yukawa couplings yu;d;e.
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We define the field renormalizations by

B0μ ¼ Z1=2
B Bμ; Wa

0μ ¼ Z1=2
W Wa

μ; ð79Þ

L0 ¼ Z1=2
L L; H̃0 ¼ Z1=2

H H̃: ð80Þ

The singlet neutrino Ni has no SM gauge interaction in the
EFT and hence does not acquire an additional SM wave-
function counterterm at the order considered here. We
renormalize the Wilson coefficients as

ðCNX;αiÞ0 ¼ Q2εZNXCNX;αiðQÞ; X ¼ B;W; ð81Þ

where Q denotes the renormalization scale. We work in
dimensional regularization with

n ¼ 4 − 2ε: ð82Þ

Here ε is the dimensional-regularization parameter. This
notation is used only for UV regularization and is distinct
from the CP-asymmetry parameters εαi introduced later. In
the modified minimal subtraction scheme we retain only
the UV-divergent poles,

ε̄−1 ≔
2

4 − n
− γ þ ln 4π; ε−1 ≔

2

4 − n
: ð83Þ

The factors ZNX are defined so that Green’s functions with
one insertion of ONX are UV finite.
In the unbroken SUð2ÞL × Uð1ÞY theory, the B- and W-

dipole operators do not mix with each other, and we may
therefore treat ZNX as diagonal in X. Operator mixing into
the remaining νSMEFT basis is neglected in this section;
given our matching conditions and the one-loop accuracy
of the present running, such effects would modify CNB and
CNW only beyond one-loop order.
We employ the all-legs renormalization scheme: Zð1Þ

NX is
fixed by cancelling the remaining ε̄−1 pole in the amputated
1PI Green’s function with one insertion of ONX, after
including the wave-function renormalization factors for all
external legs ðLα; Ni; H; Bμ=WI

μÞ.

B. B�W3 mixing

A possible source of mixing between CNB and CNW is
the mixed vacuum polarization between Bμ and W3

μ. In the
unbroken electroweak phase, the divergent part has the
form

Πμν
BWðqÞjdiv ∝

g0g
16π2

ε̄−1ðgμνq2 − qμqνÞ
X
light

YT3: ð84Þ

For the light SM field content, the sum over each complete
SUð2ÞL multiplet vanishes,

X
light

YT3 ¼ 0; ð85Þ

and hence

Zð1Þ
BW ¼ 0: ð86Þ

Thus, there is no one-loop B–W3 wave-function mixing in
the electroweak-symmetric phase, and the running of CNB
and CNW is diagonal at the order considered here. The
explicit vacuum-polarization calculation and the light-field
sums are collected in Appendix C.

C. Renormalization-group equations for the
Wilson coefficients

From the one-loop calculation summarized in
Appendix C, the anomalous dimensions relevant for the
dipole-operator running are

γð1ÞBW ¼ 0; γð1ÞB ¼ 41

6
×

g02

16π2
; γð1ÞW ¼ 5

6
×

g2

16π2
; ð87Þ

γð1ÞL ¼ 1

16π2

�
1

4
g02 þ 3

4
g2
�
; ð88Þ

γð1ÞH ¼ 1

16π2

�
1

2
g02 þ 3

2
g2 − 3y2t

�
: ð89Þ

Since Zð1Þ
BW ¼ 0, the running is diagonal in the basis

fONB;ONWg. Combining the external-leg renormalization
factors gives

ZNB¼ðZLZHZBÞ−1=2; ZNW ¼ðZLZHZWÞ−1=2: ð90Þ

The resulting one-loop RGEs in the electroweak-symmetric
phase are

Q
d
dQ

CNB;αiðQÞ

¼ −
1

16π2

�
91

12
g02 þ 9

4
g2 − 3y2t

�
CNB;αiðQÞ; ð91Þ

Q
d
dQ

CNW;αiðQÞ

¼ −
1

16π2

�
3

4
g02 þ 37

12
g2 − 3y2t

�
CNW;αiðQÞ: ð92Þ

Equivalently,
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CNX;αiðQrefÞ ¼ CNX;αiðQmatchÞ

× exp

�
1

16π2

Z
lnQmatch

lnQref

FXðQÞd lnQ
�
;

X ¼ B;W; ð93Þ

with

FBðQÞ ≔ 91

12
g02ðQÞ þ 9

4
g2ðQÞ − 3y2t ðQÞ; ð94Þ

FWðQÞ ≔ 3

4
g02ðQÞ þ 37

12
g2ðQÞ − 3y2t ðQÞ: ð95Þ

IV. CP ASYMMETRIES AND RESONANT
ENHANCEMENT

In this section we compute the flavor-dependent CP
asymmetries generated in the decays of heavy Majorana
neutrinos Ni. The UV completion constructed in Sec. II
generates two dimension-six dipole operators in νSMEFT,
ONB, and ONW . After electroweak symmetry breaking
(EWSB), these operators induce effective dipole couplings
to the photon, the Z boson, and (through the charged
components of ONW) the W� bosons. Consequently, the
dipole interaction allows the two-body decay modes

Ni → ναγ; Ni → ναZ; Ni → l∓
α W�; ð96Þ

as well as their CP-conjugate channels, which are sum-
marized in Fig. 2. To set up the CP-asymmetry calculation

in a transparent manner, we first consider a fictitious limit
in which only ONB is present and only the photon channel
contributes. This isolates the essential interference structure
between the tree and the one-loop amplitudes. We then
generalize the result to include the Z channel and the W�
channel induced by ONW, reusing the photon-channel
building blocks whenever possible.
For later reference, the Wilson coefficients are matched

at the heavy scale Qmatch ¼ 10 TeV in our UV completion.
For example, at leading order in the soft-breaking expan-
sion one finds parametrically

CNB;αiðμÞ
Λ2

≃ −
μ2soft
m2

D

g0yΣ;αy�H;iμ
�
s

192π2
1

M3
eq
;

CNW;αiðμÞ
Λ2

≃ −
μ2soft
m2

D

gyΣ;αy�H;iμ
�
s

96π2
1

M3
eq
; ð97Þ

and the low-scale coefficients CNXðQrefÞ (X ¼ B, W) are
obtained by RG evolution from Qmatch down to Qref ¼
150 GeV as discussed in Sec. III. In the remainder of this
section we use these low-scale coefficients as fixed inputs
for the CP-asymmetry calculation, i.e., we evaluate the
effective dipole couplings induced after EWSB at the
reference scale Q ¼ Qref . Any residual Q dependence
beyond this choice is higher order than our one-loop,
RGE-improved accuracy and will be neglected.

A. Effective dipole interaction in the photon channel

In Sec. IV, we consider, as a toy limit, the effective
interaction that induces only the photon mode after
electroweak symmetry breaking. The weak mixing angle
θW appears because the hypercharge field strength Bμν

contained in ONB is rotated into the photon and Z field
strengths in the mass eigenbasis,

Bμν ¼ Fμν cos θW − Zμν sin θW; ð98Þ

W3
μν ¼ Fμν sin θW þ Zμν cos θW; ð99Þ

where the weak mixing angle is defined by

cos θW ≔
gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g02 þ g2
p ; sin θW ≔

g0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g02 þ g2

p ; ð100Þ

with sin2 θW ≃ 0.23. Keeping only the photon component
in this toy limit, we obtain the effective interaction after
EWSB by inserting the Higgs VEV into H̃ and projecting
the lepton doublet onto its neutrino component. In unitary
gauge, one may write

H¼ 1ffiffiffi
2

p
�

0

vþh

�
; H̃¼ iσ2H� ¼ 1ffiffiffi

2
p
�
vþh

0

�
; ð101Þ

so that

FIG. 2. Feynman diagrams for the two-body decays of Ni
induced by the dipole operators ONB;ONW . The gray blob
indicates that each effective vertex incorporates the UV informa-
tion of the heavy fields E;Σ; D;Φþ through the Wilson coef-
ficients CNB and CNW .
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ONB ¼ ðL̄ασ
μνPRNiÞH̃Bμν

→
vþ hffiffiffi

2
p ðν̄ασμνPRNiÞFμν cos θW; ð102Þ

where we used Eq. (98) and kept only the photon piece. The
dipole operator ONB then yields

−Leff ⊃
ðvþ hÞ cos θWffiffiffi

2
p

Λ2
CNB;αiðQrefÞ

× ðν̄ασμνPRNiÞFμν þ H:c: ð103Þ

It is convenient to define the effective dipole coupling

μαi ≔
v cos θWffiffiffi

2
p

Λ2
CNB;αiðQrefÞ; ð104Þ

where μαi has mass dimension −1, and

−Leff ⊃ μαiðν̄ασμνPRNiÞFμν

þ μαi
h
v
ðν̄ασμνPRNiÞFμν þ H:c: ð105Þ

The first term mediates the two-body decays Ni → ναγ and
Ni → ν̄αγ that define the photon-mode CP asymmetry in
this subsection. The second term contains one physical
Higgs field and therefore induces three-body decays such
as Ni → ναγh (and the CP-conjugate channel). These do
not interfere with the two-body decay rates at leading order,
and their contribution to εγαi is phase-space suppressed
compared to the two-body channel. We therefore neglect
the Higgs-emission term proportional to h in what follows
and keep only the first term in Eq. (105) for the photon-
mode analysis [51,52]:

−Leff ⊃ μαiðν̄ασμνPRNiÞFμν þ H:c: ð106Þ

In this section we compute the decay widths and CP
asymmetries in the photon channel (cf. [53]). The Z
channel and the W channel induced by ONW are discussed
in Sec. V and below.

B. General formula for the flavored CP asymmetry

We denote the partial decay width

Γαi ≔ ΓðNi → ναγÞ; ð107Þ

and its CP conjugate width

Γ̄αi ≔ ΓðNi → ν̄αγÞ: ð108Þ

The flavor-dependent CP asymmetry in the photon channel
is defined by

εγαi ≔
Γαi − Γ̄αi

Γtot
; ð109Þ

where Γtot is the total decay width of Ni (including all open
channels).
For the effective Lagrangian in Eq. (106), the tree-level

amplitude is

Mð0Þ
γ ¼ μαiūναðpÞσμνPRuiðkÞε�μðqÞqν: ð110Þ

Since the spinor and momentum structure will remain the
same throughout, we will henceforth display only the
coupling dependence explicitly.
Summing over a different heavy-neutrino generation Nm

(m ≠ i), the one-loop amplitude receives vertex and self-
energy contributions. Schematically,

Mð1Þ
γ ¼

X
m≠i

μαmμβmμ
�
βiIloopðxmiÞ � � � ; ð111Þ

where IloopðxÞ is a loop factor whose imaginary part
becomes nonzero in the quasidegenerate limit x ≃ 1 (after
the appropriate width regularization), and xmi ≔ M2

m=M2
i

(m ≠ i) denotes the squared mass ratio of the heavy
neutrinos. The dots indicate the same external spinor
and momentum structure as in Eq. (110).
Separating the tree squared, the interference terms, and

the one-loop squared, and neglecting Oðμ6Þ, it is conven-
ient to factor out the universal two-body phase-space factor

Φ2 ≔
Z

dΦ2 ¼
kqk
8πM2

i
¼ 1

16πMi
; ð112Þ

where q is the three-momentum of the photon in the rest
frame of Ni, and mν ¼ mγ ¼ 0. We then write the phase-
space integrated partial width as

Γαi¼Φ2

�
jμαij2Itreeþ

X
m≠i

½Að5Þ
μ;αimIloopðxmiÞþc:c.�

�
; ð113Þ

where Itree denotes the (real) kinematic factor obtained
from the spin-summed tree-level matrix element, and
IloopðxÞ is the corresponding loop factor entering the
tree-loop interference. Here xmi ≔ M2

m=M2
i . The coefficient

Að5Þ
μ;αim collects the product of effective dipole couplings

appearing in the tree-loop interference term,

Að5Þ
μ;αim ≔ μ�αiμαm

X
β

μβmμ
�
βi ¼ μ�αiμαmðμ†μÞim: ð114Þ

The superscript “(5)” is a mnemonic indicating that these
couplings originate from the dimension-five dipole inter-
action after EWSB; correspondingly, the interference term
in Eq. (113) is of order μ4.
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The CP-conjugate width is

Γ̄αi¼Φ2

�
jμαij2Itreeþ

X
m≠i

½Að5Þ�
μ;αimIloopðxmiÞþc:c.�

�
: ð115Þ

Subtracting Eqs. (113) and (115), the tree-level contribu-
tion cancels and we obtain

Γαi − Γ̄αi ¼ −4Φ2

X
m≠i

ImðAð5Þ
μ;αimÞ Im½IloopðxmiÞ�: ð116Þ

Dividing by Γtot yields the general formula for the flavored
CP asymmetry [53],

εγαi ¼ −
4Φ2

Γtot

X
m≠i

ImðAð5Þ
μ;αimÞ Im½IloopðxmiÞ�: ð117Þ

C. Tree-level total width in the photon channel

The Feynman rule for the photon channel follows from
the dimension-five effective interaction (106) and the
effective dipole coupling (104). Using qμ ¼ −i∂μ, the
three-point vertex factor is

NiðkÞ → ναðpÞ þ γρðqÞ∶ 2μαiσ
ρλqλPR; ð118Þ

where we used the antisymmetry of σμν and Fμν to
write σμνFμν ¼ 2σμν∂μAν.
The tree-level amplitude for Ni → ναγρ is therefore

iMð0Þ
γ ¼ μαiūαðpÞð2σρλqλPRÞuiðkÞε�ρðqÞ: ð119Þ

Squaring the amplitude, averaging over the initial spin, and
summing over final-state spins and photon polarizations,
we obtain

hjiMð0Þ
γ j2i ¼ 1

2

X
s;s0

X
pol:

jiMð0Þ
γ ðs; s0Þj2

¼ −2jμαij2tr½σρλqλPRðkþMiÞPLσρ
βqβ=p�:

ð120Þ

In the following we neglect the tiny light-neutrino mass
mν ≃ 0.05 eV compared to Mi ¼ 1 TeV. Using p2 ¼ 0,
q2 ¼ 0, k ¼ pþ q, and the identities

σμνqν ¼
i
2
ðγμ=q − =qγμÞ; ð121Þ

σμνγρ ¼ iðgνργμ − gμργνÞ − ϵμνρσγσγ5; ð122Þ

we obtain

tr½σρλqλPRðkþMiÞPLσρ
βqβ=p� ¼ −8ðk · qÞðp · qÞ: ð123Þ

Here we dropped the ϵμνρσ term using the antisymmetry of
ϵμνρσ and the symmetry of qμqρ, and we used q2 ¼ 0 for the
photon mode. From momentum conservation k ¼ pþ q
and p2 ¼ q2 ¼ 0, we have

k · p ¼ ðpþ qÞ · p ¼ p2 þ p · q ¼ p · q; ð124Þ

k · q ¼ ðpþ qÞ · q ¼ p · qþ q2 ¼ p · q; ð125Þ

and k2 ¼ M2
i implies

M2
i ¼ ðpþ qÞ2 ¼ 2p · q ⇒ p · q ¼ M2

i

2
: ð126Þ

Collecting these results,

p · q ¼ M2
i

2
; k · p ¼ M2

i

2
; k · q ¼ M2

i

2
: ð127Þ

Substituting into Eq. (123), we obtain

tr½σρλqλPRðkþMiÞPLσρ
βqβ=p� ¼ −2M4

i : ð128Þ

Inserting this into Eq. (120), we find

hjiMð0Þ
γ j2i ¼ 4jμαij2M4

i ; ð129Þ

for both neutrino and antineutrino final states. For massless
light neutrinos, the spin-summed squared amplitude is
identical for Ni → ναγρ and Ni → ν̄αγρ, so we include
both channels by an overall factor of 2.
Including both contributions, the differential decay rate is

dΓ ¼ 2 ·
kpk
8πM2

i
hjiMð0Þ

γ j2i dΩ
4π

; ð130Þ

where pν ¼ −pγ ≕ p in the rest frame of Ni and

kpk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðM2

i ; m
2
ν; m2

γÞ
q

2Mi
;

λða; b; cÞ ≔ a2 þ b2 þ c2 − 2ab − 2ac − 2bc; ð131Þ

where λða; b; cÞ is the Källén function [54] defined in the
second line of Eq. (131). The same expression will be used
below for the Z and W channels by the replacements
ðmν; mγÞ → ðmν; mZÞ and ðmν; mγÞ → ðml; mWÞ, respec-
tively. Neglecting the light-neutrino mass and using mγ ¼ 0,
this reduces to

kpk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðM2

i ; 0; 0Þ
p

2Mi
¼ Mi

2
: ð132Þ

Integrating over the solid angle, the partial width for a
fixed flavor α is [19,20,53]
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Γð0Þ
γ;αi ¼ 2 ×

kpk
8πM2

i
hjiMð0Þ

γ j2i ¼ jμαij2M3
i

2π
: ð133Þ

Summing over α ¼ e, μ, τ, we obtain the total photon-
channel width

Γð0Þ
γ;i ¼

X
α

Γð0Þ
γ;αi ¼

M3
i

2π

X
α

jμαij2

¼ v2 cos2 θW
4π

·
M3

i

Λ4

X
α

jCNB;αiðQrefÞj2: ð134Þ

D. Photon-mode CP asymmetry away from
quasidegeneracy

The loop-level derivation of the nonresonant photon-
mode CP asymmetry is given in Appendix D. In the main
text we quote only the result needed for the kinetic analysis.
For the photon mode Ni → ναγ and its CP-conjugate
channel, the flavor-dependent CP asymmetry can be
written as

εγαi ¼ −
M2

i

2π
P

βjμβij2
X
m≠i

Im½μ�αiμαm

× fðμ†μÞim½fVa
ðxÞ þ fSaðxÞ� þ ðμ†μÞmifSbðxÞg�;

ð135Þ

with x ≔ M2
m=M2

i . The real loop functions are

fVa
ðxÞ ¼ ffiffiffi

x
p �

1þ 2x

�
1 − ðxþ 1Þ ln xþ 1

x

��
;

fSaðxÞ ¼
ffiffiffi
x

p
1 − x

; fSbðxÞ ¼
1

1 − x
: ð136Þ

For later use it is also useful to separate the vertex and self-
energy pieces:

εγαi;vert ¼ −
M2

i

2π
P

βjμβij2
X
m≠i

Im½μ�αiμαmðμ†μÞimfVa
ðxÞ�;

ð137Þ

εγαi;self ¼−
M2

i

2π
P

βjμβij2

×
X
m≠i

Im

�
μ�αiμαm

�
ðμ†μÞim

ffiffiffi
x

p
1−x

þðμ†μÞmi
1

1−x

��
:

ð138Þ

The singular behavior of the self-energy functions as x → 1
is regulated in the quasidegenerate regime, as discussed next.

E. CP source in the quasidegenerate limit
of the photon mode

The nonresonant CP asymmetry is given by Eq. (135).
The self-energy loop functions fSaðxÞ ¼

ffiffiffi
x

p
=ð1 − xÞ and

fSb ¼ 1=ð1 − xÞ defined in Eq. (136) diverge in the limit
x → 1, indicating a resonant enhancement [26,55–58]. The
behavior of these loop functions is shown in Fig. 3.
In the quasidegenerate regime Mi ≃Mm (m ≠ i), over-

lapping poles dominate the heavy-neutrino two-point
function and the naive perturbative expansion breaks down
[26,27,55–60]. In this section, we therefore distinguish the
nonresonant expressions displaying the singular behavior
from their counterparts regulated by Dyson-resummed
propagators in the sense of Pilaftsis-Underwood (PU)
[27]. We denote the Breit-Wigner (BW) regulated loop
functions by f̃Sa;b.
When the resonance occurs, the only modification of the

naive Feynman rules is the Dyson resummation of the
internal Nm propagator, which regulates the would-be pole
appearing in the self-energy diagrams. Using the Dyson-
resummed propagator

SNm
ðkÞ ¼ iðkþMmÞ

k2 −M2
m þ iMmΓm

; ð139Þ

the loop functions are regulated as

fSaðxÞ → f̃SaðxÞ ¼
ffiffiffi
x

p ð1 − xÞ
ð1 − xÞ2 þ ðΓm=MiÞ2

;

fSbðxÞ → f̃SbðxÞ ¼
1 − x

ð1 − xÞ2 þ ðΓm=MiÞ2
; ð140Þ

where we use the vacuum width Γm in the regulator
functions f̃Sa;b . Defining the physical mass splitting

FIG. 3. Loop functions fVa
ðxÞ, fSaðxÞ, and fSbðxÞ. The self-

energy functions fSaðxÞ and fSbðxÞ diverge as x → 1 (i.e. in the
quasidegenerate limit Mm ≃Mi).
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ΔM ≔ Mm −Mi;

ΔM2 ≔ M2
m −M2

i ¼ ðMm þMiÞΔM
≃ 2MiΔM; ð141Þ

we can rewrite Eq. (140) in terms of ΔM as

f̃Sa ¼ −
MiMmΔM2

ðΔM2Þ2 þ ðMiΓmÞ2
;

f̃Sb ¼ −
M2

iΔM2

ðΔM2Þ2 þ ðMiΓmÞ2
; ð142Þ

making the Breit-Wigner structure explicit. Schematically,
the BW-type function

RimðΔMÞ ∝ ðΔM2ÞMiΓm

ðΔM2Þ2 þ ðMiΓmÞ2
ðm ≠ iÞ; ð143Þ

is maximized when the mass splitting balances the total
width, yielding [28,61]

ΔM ≃ Γm=2: ð144Þ

The derivation of Eq. (140) from the Dyson-resummed
self-energy diagrams is given in Appendix E. In the main
text we only use the resulting replacement

fSaðxÞ → f̃SaðxÞ; fSbðxÞ → f̃SbðxÞ; ð145Þ

inside the self-energy part of the photon-mode CP
asymmetry. Thus, in the quasidegenerate regime the
resonantly regulated photon-mode CP asymmetry is
obtained from the nonresonant expression by keeping
the vertex-function fVa

ðxÞ unchanged and replacing the
singular self-energy loop functions by their Breit-Wigner-
regulated counterparts.
Combining these ingredients, the photon-mode CP

asymmetry used in the resonant analysis is

εγ;resαi ¼ −
M2

i

2π
P

βjμβij2
X
m≠i

Im½μ�αiμαm

× fðμ†μÞim½fVa
ðxÞ þ f̃SaðxÞ� þ ðμ†μÞmif̃SbðxÞg�;

ð146Þ

with x ≔ M2
m=M2

i . This expression makes explicit that only
the self-energy loop functions are resonantly regulated,
while the vertex contribution remains nonsingular as x → 1.

V. EFFECTS OFONW ON DECAYWIDTHS AND CP
ASYMMETRIES

In this section we extend the photon-mode analysis of
Sec. IV to the realistic broken-phase case in which both
ONB andONW are present. The extension has three physical

consequences. First, the neutral component of ONW con-
tributes to the W3

μν dipole and therefore makes the photon
and Z-boson dipole matrices independent in general.
Second, the charged components of ONW open the two-
body channels Ni → l−

αWþ and Ni → lþ
αW−. Third, the

on-shell cuts in the self-energy diagrams now include the
intermediate states ðν; γÞ, ðν; ZÞ, and ðl;WÞ. The detailed
Cutkosky cuts, angular integrations, and finite-gauge-
boson-mass-loop functions are collected in Appendix F.
Here we quote only the broken-phase couplings, the tree-
level widths, and the final CP asymmetries used in
the QKEs.
After electroweak symmetry breaking, we define

μBαi ≔
vffiffiffi
2

p
Λ2

CNB;αi; ð147Þ

μ3αi ≔
v

2
ffiffiffi
2

p
Λ2

CNW;αi; ð148Þ

μWαi ≔
v

2Λ2
CNW;αi: ð149Þ

The neutral broken-phase dipole matrices are

μγαi ¼ μBαi cos θW þ μ3αi sin θW; ð150Þ

μZαi ¼ −μBαi sin θW þ μ3αi cos θW: ð151Þ

Thus, the broken-phase interaction relevant for the two-
body decays can be written as

−Lint ⊃ μγαiν̄ασ
μνPRNiFμν þ μZαiν̄ασ

μνPRNiZμν

þ μWαilασ
μνPRNiW−

μν þ H:c: ð152Þ

In the limit CNW → 0, one recovers μW ¼ 0 and
μZ ¼ −μγ tan θW , so the neutral channels are aligned.
With ONW present, this alignment is lost.
For V ¼ γ, Z, W, define

rV ≔
m2

V

M2
i
; RV ≔ ð1 − rVÞ2ð1þ rVÞ: ð153Þ

The tree-level width in channel V, summed over the
CP-conjugate final states within the same channel, is

Γð0Þ
V;αi ¼

M3
i

2π
RV jμVαij2; V ¼ γ; Z;W; ð154Þ

and

Γð0Þ
V;i ¼

X
α

Γð0Þ
V;αi; Γð0Þ

i ¼
X

V¼γ;Z;W

Γð0Þ
V;i: ð155Þ

RIN TAKADA PHYS. REV. D 113, 123544 (2026)

123544-16



RETRACTED

We denote by

xmi ≔
M2

m

M2
i
; rU ≔

m2
U

M2
i
; U ¼ γ; Z;W ð156Þ

the mass ratios entering the loop functions. The finite-mass
vertex-function FVa

ðx; rV; rUÞ and the resonantly regulated
self-energy functions F̃Saðx; rUÞ, F̃Sbðx; rUÞ are derived in
Appendix F. They reduce to the photon-mode functions of
Sec. IV in the massless limit,

FVa
ðx; 0; 0Þ ¼ fVa

ðxÞ; ð157Þ

F̃Saðx; 0Þ ¼ f̃SaðxÞ; ð158Þ

F̃Sbðx; 0Þ ¼ f̃SbðxÞ: ð159Þ

We define the channel-normalized flavor-dependent CP
asymmetry by

ε̂Vαi ≔
ΓV;αi − Γ̄V;αi

Γð0Þ
V;i

: ð160Þ

The vertex contribution is

ε̂V;ðaÞvert;αi ¼ −
M2

i

2πRV
P

βjμVβij2
X
m≠i

X
U¼γ;Z;W

× ½ð1 − δVWÞð1 − δUWÞ þ δVWδUW �
× Im

h
μV�αi μ

U
αmðμU†μVÞim

i
FVa

ðxmi; rV; rUÞ: ð161Þ

The factor in square brackets implements the channel-
selection rule: for V ¼ γ, Z, the internal boson can be
U ¼ γ, Z, whereas for V ¼ W one must take U ¼ W.
The two self-energy contributions are

ε̂V;ðaÞself;αi ¼ −
M2

i

2πRV
P

βjμVβij2
X
m≠i

X
U¼γ;Z;W

× Im
h
μV�αi μ

V
αmðμU†μUÞim

i
F̃Saðxmi; rUÞ; ð162Þ

ε̂V;ðbÞself;αi ¼ −
M2

i

2πRV
P

βjμVβij2
X
m≠i

X
U¼γ;Z;W

× Im
h
μV�αi μ

V
αmðμU†μUÞmi

i
F̃Sbðxmi; rUÞ: ð163Þ

Combining these terms, the CP asymmetry for the channel
V is

ε̂Vαi ¼ ε̂V;ðaÞvert;αi þ ε̂V;ðaÞself;αi þ ε̂V;ðbÞself;αi: ð164Þ

For the transport equations, we use the CP asymmetry
normalized by the total width,

εtotαi ¼
X

V¼γ;Z;W

Γð0Þ
V;i

Γð0Þ
i

ε̂Vαi: ð165Þ

This is the CP source used in the QKEs below.

VI. SCHWINGER-KELDYSH FORMALISM FOR
NONEQUILIBRIUM QUANTUM FIELDS

In this work we track the real-time evolution of the right-
handed-neutrino ensemble and of the associated flavor
charges in the electroweak plasma. In the quasidegenerate
regime, a standard Boltzmann description in terms of
independent on-shell number densities is not sufficient,
because the off-diagonal correlations of the nearly degen-
erate right-handed neutrinos, their damping, and the CP-
odd source must be treated in a common framework. We
therefore use the closed-time-path, or Schwinger-Keldysh,
formalism [62–66]. In leptogenesis, this approach is
particularly useful because it organizes the CP source,
washout, and scattering contributions at the level of
Wightman self-energies and avoids the real-intermediate-
state subtraction required in a purely Boltzmann treatment
[67–71].
For a generic fermion field Ψ, we define the contour-

ordered propagator on the closed time path C by

Δðx; yÞ ¼ hTCΨðxÞΨ̄ðyÞi: ð166Þ

Its lesser and greater components are

Δ>ðx;yÞ¼hΨðxÞΨ̄ðyÞi; Δ<ðx;yÞ¼−hΨ̄ðyÞΨðxÞi: ð167Þ

The corresponding gauge-boson Wightman functions are
defined analogously. Our sign conventions follow the
detailed construction summarized in Appendix G.

The contour Schwinger-Dyson equation leads to the
Kadanoff-Baym equations. In the Wigner representation
[72],

X ≔
xþ y
2

; Y ≔ x − y; ð168Þ

Δ<;>ðK;XÞ ≔
Z

d4YeiK·YΔ<;>

�
X þ Y

2
; X −

Y
2

�
; ð169Þ

and at leading order in the gradient expansion, the collision
term has the gain-loss structure

C½Δ� ¼ Σ>ðK;XÞΔ<ðK;XÞ − Σ<ðK;XÞΔ>ðK;XÞ; ð170Þ

where Σ<;> are the Wightman components of the self-
energy. For gauge fields one obtains the analogous structure
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C½D�¼Π>ðK;XÞD<ðK;XÞ−Π<ðK;XÞD>ðK;XÞ; ð171Þ

with Π<;> the gauge-boson self-energies.
The density-matrix QKEs used below are obtained by

applying this structure to the right-handed-neutrino two-
point functions and projecting the Kadanoff-Baym equa-
tions onto the on-shell heavy-neutrino quasiparticle modes.
The matrix structure in the heavy-neutrino flavor space is
retained. This is essential in the quasidegenerate regime,
where coherent oscillations and damping are of the same
order as the CP-odd source.
A central advantage of the CTP formulation is that theCP

source, inverse-decay washout, relaxation terms, and the
leadingΔL ¼ 0 scattering contributions arise from the same
Wightmanself-energies.Asa result, the kinetic equations are
organized without double counting and do not require an
additional real-intermediate-state subtraction.
The detailed construction of the 1PI/2PI effective

actions, the contour generating functional, the Kadanoff-
Baym equations, the Wigner transform, the leading-gra-
dient expansion, and the quasiparticle limit is collected in
Appendix G. In the following sections we use only the
Wightman self-energies and their physical cuts to construct
the collision terms.

VII. QUANTUM COLLISION TERMS: 1 ↔ 2
DECAYS, INVERSE DECAYS, AND 2 ↔ 2

SCATTERINGS

In this section we organize the collision kernels that enter
the density-matrix QKEs. The 1 ↔ 2 pole contribution is
fixed by the decay widths and CP asymmetries derived in
Secs. IV and V. The new ingredient constructed here is the
leading ΔL ¼ 0 scattering contribution, which arises from
the Landau-damping part of the gauge-boson Wightman
functions. In the Schwinger-Keldysh formulation, the pole
and Landau-damping pieces originate from the same
heavy-neutrino self-energies, so they can be separated at
the spectral level without introducing an additional real-
intermediate-state subtraction [67–69,73].
We write the heavy-neutrino damping matrix as

ΓNðzÞ ¼ Γdec
N ðzÞ þ Γscatt

N ðzÞ; ð172Þ

where Γdec
N is the pole contribution associated with

decays and inverse decays, while Γscatt
N is the Landau-

damping contribution associated with 2 ↔ 2 scatterings.
Equivalently, in the dimensionless QKE notation used
below, we introduce

DiðzÞ≔
γD;iðTÞ

zHðzÞneqNi
ðTÞ ; SiðzÞ≔

γS;iðTÞ
zHðzÞneqNi

ðTÞ: ð173Þ

Here γD;i is the thermally averaged decay/inverse-decay
reaction density, and γS;i is the total ΔL ¼ 0 scattering

reaction density. The latter is the quantity computed in this
section.

A. Pole and Landau-damping contributions

The lesser/greater self-energies Σ<;>
N contain both pole

and Landau-damping contributions. The pole part corre-
sponds to the on-shell 1 ↔ 2 processes

Ni ↔ ναγ; Ni ↔ ναZ; Ni ↔ lαW; ð174Þ

and is already incorporated in the decay widths and CP
asymmetries of Secs. IV and V. The Landau-damping part
corresponds to scattering off plasma constituents and gives
the leading ΔL ¼ 0 contribution at order OðjμV j2g2Þ.
In this work we do not numerically solve the full

Kadanoff-Baym equations. Instead, we use the density-
matrix QKE obtained after the quasiparticle projection. The
effect of scatterings is then summarized by Γscatt

N , or
equivalently by SiðzÞ. Concretely, we extract the scattering
contribution from the Landau-damping part of the gauge-
boson spectral function,

D<;>ðKÞ ¼ D<;>
poleðKÞ þD<;>

LD ðKÞ; ð175Þ

and define

Σ<;>
scatt ≔ Σ<;>½D<;>

LD �: ð176Þ

This organization cleanly separates decays/inverse decays
from genuine scatterings at the level of Wightman self-
energies. It is the field-theoretic origin of the statement that
no separate real-intermediate-state (RIS) subtraction is
required in the kinetic equations.

B. Effective interactions after electroweak
symmetry breaking

For the scattering calculation, we use the broken-phase
dipole interactions already defined in Sec. V. We repeat
them here only to fix the notation for the external channel
V ¼ γ, Z, W and for the gauge boson exchanged with the
plasma:

−Lint ⊃ μγαiν̄ασ
μνPRNiFμν þ μZαiν̄ασ

μνPRNiZμν

þ μWαilασ
μνPRNiW−

μν þ H:c: ð177Þ

The relation between theWilson coefficientsCNB,CNW and
the effective dipole couplings μαi is defined in Sec. IV as

μBαi ¼
vffiffiffi
2

p
Λ2

Cαi
NB; μ3αi ¼

v

2
ffiffiffi
2

p
Λ2

Cαi
NW;

μWαi ¼
v

2Λ2
Cαi
NW; ð178Þ

and
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μγαi ¼ μBαi cos θW þ μ3αi sin θW;

μZαi ¼ −μBαi sin θW þ μ3αi cos θW: ð179Þ
Hence, the two genuinely new elements to be included are
(i) μγ and μZ can be independent (due to ONW), and (ii) μW

generates charged-current channels.

C. Why the leading scattering is ΔL= 0

The scattering contribution Γscatt
N is extracted from the

heavy-neutrino self-energy Σ<;>. The lowest order is
a one-loop diagram with two dipole insertions, giving
μμ† ∼Oðμ2Þ. By contrast, to generate a genuine ΔL ¼ 2

process (e.g. of LL ↔ XX type, or N ↔ L̄þ X type), one
needs at least additional dipole insertions or a higher-loop
structure, yielding at least Oðμ4Þ. Therefore, in the dipole-
dominated regime the leading washout from scatterings is
controlled by ΔL ¼ 0 channels, and we compute the
Oðμ2g2Þ ΔL ¼ 0 scatterings.
A key viewpoint is that, rather than enumerating and

computing all individual 2 → 2 processes by hand, the
polarization tensor Π<;> that appears in Σ<;>

scatt already
contains all scattering channels present in the plasma. In
practice, one may either (i) use the hard-thermal-loop
(HTL) approximation for the finite-temperature gauge-
boson polarization tensor Π<;>, or (ii) use a bottom-up
approximation by computing representative 2 → 2 cross
sections and summing over plasma species.

D. List of ΔL= 0 channels at Oðμ2g2Þ
We enumerate t-channel processes in which a heavy

neutrino Ni scatters on a light plasma particle and converts
into a lepton-doublet component. Neglecting chemical
potentials, particles and antiparticles contribute equally,
so it suffices to compute particle channels and add CP-
conjugate channels.
(1) Neutral-current type (να production):

Nif ↔ ναf: ð180Þ

(a) Exchange boson: V ¼ γ, Z (and γZ inter-
ference).

(b) Target f: light SM fermions.
(i) γ exchange: all charged fermions (charged

leptons and quarks).
(ii) Z exchange: all fermions (including neutrinos).
(c) Representative process:

NiðpÞ þ fðkÞ → ναðp0Þ þ fðk0Þ: ð181Þ
(2) Charged-current type (lα production):

Nif ↔ lαf0: ð182Þ

(a) Exchange boson: V ¼ W.
(b) The target transitions to its SUð2ÞL partner:

(i) Leptons: f ¼ lβ, f0 ¼ νβ (or CP conjugate).
(ii) Quarks: f ¼ db, f0 ¼ ua (including CKM ma-

trix element Vab [74,75]), or CP conjugate.
(c) Representative charge assignments:

NiðpÞ þ l−
β ðkÞ → l−

α ðp0Þ þ νβðk0Þ;
NiðpÞ þ dbðkÞ → l−

α ðp0Þ þ uaðk0Þ; ð183Þ

and their CP conjugates (with W− exchange).
These ΔL ¼ 0 scatterings are shown in Fig. 4.

E. Kadanoff-Baym definition: From Σ<;>
N to ΓN

The scattering part of the heavy-neutrino self-energy (for
a gauge boson V) is

Σ<;>
scatt;ijðKÞ ¼ −

X
α

Z
d4Q
ð2πÞ4 ðΓ

VÞμαiðQÞS<;>
L;α ðK −QÞ

× ðΓ̄VÞναjðQÞD<;>
V;μνðQÞ; ð184Þ

where S<;>
L;α is the internal lepton line (να for NC, lα for

CC), andD<;>
V;μν is the gauge-bosonWightman function. The

scattering contribution corresponds to the Landau-damping
part of D<;> and is given by the Keldysh relation

D<;>
V;μνðQÞ ¼ DR

V;μρðQÞΠ<;>
V;ρσðQÞDA

V;σνðQÞ; ð185Þ

where Π<;>
V is the polarization tensor and contains all

scattering channels of plasma constituents.
Under the quasiparticle approximation, the collision term

has the gain-loss structure

CN ∼ Σ>
NS

<
N − Σ<

NS
>
N: ð186Þ

The scattering width Γscatt
N is read off from this structure. In

the remainder, we make this extraction explicit by reducing
it to 2 → 2 cross sections.

F. Scattering equilibration function SiðzÞ
The detailed derivation of the neutral-current and

charged-current cross sections is given in Appendix H.

FIG. 4. Representative t-channel ΔL ¼ 0 scatterings at
Oðμ2g2Þ, in which a heavy neutrino Ni scatters off a light plasma
fermion f and converts into a lepton-doublet component. Left:
neutral-current processes Nif ↔ ναf mediated by γ and Z
exchange (including γZ interference). Right: charged-current
processes Nif ↔ lαf0 mediated by W exchange, where f0
denotes the SUð2ÞL partner of f. CP-conjugate channels are
implied.
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Here we keep only the reaction-density definitions needed
for the QKEs.
We decompose the total ΔL ¼ 0 scattering reaction

density as

γS;iðTÞ ¼ γNCS;i ðTÞ þ γCCS;i ðTÞ; ð187Þ

and define the scattering equilibration function by

SiðzÞ ≔
γS;iðTÞ

zHðTÞneqNi
ðTÞ ; z ≔

Mi

T
: ð188Þ

Equivalently, introducing the scattering rate

Γscatt;iðTÞ ≔
γS;iðTÞ
neqNi

ðTÞ ; ð189Þ

one may write

SiðzÞ ¼
Γscatt;iðTÞ
zHðTÞ : ð190Þ

For the QKEs below, we only need the diagonal
scattering equilibration functions SiðzÞ. The channel-
resolved cross sections are collected in Appendix H; here
we keep only the minimal decomposition required for the
numerical implementation.
We define

ðμV†μUÞii ≔
X
α

μV�αi μ
U
αi; V; U ¼ γ; Z;W: ð191Þ

Then the total ΔL ¼ 0 scattering reaction density can be
written as

γS;iðTÞ ¼ γ̂γi ðTÞðμγ†μγÞii þ γ̂Zi ðTÞðμZ†μZÞii
þ γ̂γZi ðTÞReðμγ†μZÞii þ γ̂Wi ðTÞðμW†μWÞii: ð192Þ

Here γ̂Yi denotes the coefficient reaction density with the
dipole-coupling dependence stripped off. Explicitly,

γ̂Yi ðTÞ≔gN
T

32π4

Z
∞

M2
i

ds
Δ2ffiffiffi
s

p K1

� ffiffiffi
s

p
T

�
σ̂Yðs;TÞ; ð193Þ

Δ ≔ s −M2
i ; Y ¼ γ; Z; γZ;W: ð194Þ

The explicit expressions for σ̂γ, σ̂Z, σ̂γZ, and σ̂W , including
Debye screening for photon exchange and the sums over
plasma species, are given in Appendix H.
Using

neqNi
ðTÞ ¼ gN

M2
i T

2π2
K2

�
Mi

T

�
; ð195Þ

we define

Γscatt;iðTÞ ≔
γS;iðTÞ
neqNi

ðTÞ : ð196Þ

The scattering equilibration function entering the heavy-
neutrino QKE is therefore

SiðzÞ ¼
Γscatt;iðTÞ
zHðTÞ ¼ γS;iðTÞ

zHðTÞneqNi
ðTÞ : ð197Þ

These are the only scattering inputs required in the
numerical QKEs below.

VIII. FROM KADANOFF-BAYM EQUATIONS TO
DENSITY-MATRIX QUANTUM KINETIC

EQUATIONS

In this section we assemble the density-matrix quantum
kinetic equations used in the numerical analysis. The
detailed projection from the Kadanoff-Baym equations,
including the Wigner transform, the leading-gradient
expansion, the quasiparticle ansatz, the Hermitization of
the collision term, the index convention relating Wightman
functions to density matrices, and the derivation of the
flavor-charge source and washout terms, is given in
Appendix I. Here we keep only the physical structure
and the final QKE system.
The heavy-neutrino collision term is expressed in terms

of the Wightman self-energies Σ<;>
N . With HTL-resummed

gauge propagators, the gauge-boson spectral density sep-
arates into quasiparticle poles and a Landau-damping cut.
In the one-loop heavy-neutrino collision term, these two
domains map respectively onto the 1 ↔ 2 decay/inverse-
decay contribution and the leading ΔL ¼ 0 scattering
contribution. Since the two contributions have disjoint
spectral support, there is no double counting between decays
and scatterings, and no additional real-intermediate-state
subtraction is required [67–69,73].
The gauge-parameter independence of the final scatter-

ing kernels follows from current conservation and trans-
verse projection in the scattering amplitudes, as shown
explicitly in Appendix H. This ensures that the computed
YFO
B is a physical quantity within the adopted quasiparticle

and leading-gradient truncation.

A. Heavy-neutrino density-matrix equation

The projection of the heavy-neutrino Kadanoff-Baym
equation gives, for on-shell quasiparticles in an Friedmann-
Lemaı̂ tre-Robertson-Walker (FLRW) background,

ð∂t −Hk ·∇kÞfNðk; tÞ þ i½ΩNðk; tÞ; fNðk; tÞ�

¼ −
1

2
fΓNðk; tÞ; fNðk; tÞ − feqN ðk; tÞg: ð198Þ
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Here fN is a matrix-valued distribution function in the
heavy-neutrino generation space. The Hermitian matrixΩN
describes coherent evolution, including the vacuum mass
splitting and dispersive medium effects, while ΓN is the
damping matrix.
After momentum averaging, the pole part of ΓN defines

the decay/inverse-decay equilibration matrix DðzÞ, while
the Landau-damping part defines the scattering equilibra-
tion matrix SðzÞ. In the numerical implementation we work
in the heavy-neutrino mass basis and take these matrices to
be diagonal,

DijðzÞ¼DiðziÞδij; SijðzÞ¼SiðziÞδij; zi≔
Mi

T
: ð199Þ

The decay kernel is defined from the total tree-level
width of Ni,

Γdec
i ≔

X
α¼e;μ;τ

X
V¼γ;Z;W

Γð0Þ
V;αi; ð200Þ

where the channel widths Γð0Þ
V;αi are derived in Secs. IV and

V. In the Maxwell-Boltzmann approximation, the thermally
averaged decay rate is

Γ̄D;iðTÞ ¼
K1ðziÞ
K2ðziÞ

Γdec
i ; ð201Þ

and hence

DiðziÞ ≔
Γ̄D;iðTÞ
ziHðTÞ ¼

Γdec
i

ziHðTÞ
K1ðziÞ
K2ðziÞ

: ð202Þ

The scattering kernel is defined from the ΔL ¼ 0 scattering
rate constructed in Sec. VII,

SiðziÞ ≔
Γscatt;iðTÞ
ziHðTÞ : ð203Þ

With these definitions, the yield-level heavy-neutrino
QKE is

dYN

dz
¼−i½ΩNðzÞ;YN �−

1

2
fDðzÞþSðzÞ;YN −Yeq

N g: ð204Þ

Here YN is the heavy-neutrino yield matrix. The equilib-
rium quantity Yeq

N denotes the diagonal equilibrium yield
matrix in the heavy-neutrino mass basis. We do not assume
a common equilibrium abundance for all heavy-neutrino
generations.

B. Flavor-charge equation

The CP-odd source for the flavor charge YΔα
is gen-

erated by the ΔL ¼ 1 decays and inverse decays. The
detailed index bookkeeping between the heavy-neutrino

Wightman function and the density matrix is given in
Appendix I. With our conventions, the source term can be
written as

dYΔα

dz

				
source

¼ tr½εαDðzÞðYN − Yeq
N Þ�; ð205Þ

where εα is theCP-asymmetry matrix in the heavy-neutrino
generation space. For diagonal YN , this reduces to the
familiar Boltzmann form

dYΔα

dz

				
source

¼
X
i

εαiDiðziÞðYNi
− Yeq

Ni
Þ: ð206Þ

The same lepton Wightman self-energies determine the
washout. Their pole part gives inverse-decay washout,
while their Landau-damping part gives the leading ΔL ¼
0 scattering washout. We parametrize the washout con-
tribution as

dYΔα

dz

				
washout

¼ −
X
β

½WID
αβðzÞ þWscatt

αβ ðzÞ�YΔβ
: ð207Þ

Here WID
αβ is determined by the inverse-decay kernels and

flavor projectors, whileWscatt
αβ is determined by the ΔL ¼ 0

scattering kernels of Sec. VII. Their detailed derivation
from the lepton collision term is given in Appendix I.

C. Final density-matrix QKE system

Combining the heavy-neutrino equation with the source
and washout terms, the QKE system solved in Sec. IX is

dYN

dz
¼ −i½ΩNðzÞ; YN �

−
1

2
fDðzÞ þ SðzÞ; YN − Yeq

N g; ð208Þ

dYΔα

dz
¼ tr½εαDðzÞðYN − Yeq

N Þ�

−
X
β

½WID
αβðzÞ þWscatt

αβ ðzÞ�YΔβ
: ð209Þ

The first equation describes coherent heavy-neutrino evo-
lution, relaxation by decays and inverse decays, and the
additional damping induced by the leading ΔL ¼ 0 scat-
terings. The second equation describes the CP-odd source
and the flavor-resolved washout of the charges YΔα

.
Finally, electroweak sphalerons convert B − L into B

until sphaleron freeze-out. We therefore evaluate the
frozen-out baryon asymmetry as

YFO
B ¼ csphðTsphÞ

X
α¼e;μ;τ

YΔα
ðTsphÞ: ð210Þ
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The sphaleron conversion factor csphðTsphÞ was defined in
Sec. II A. Equations (208)–(210) are the starting point for
the numerical analysis below.

IX. RESULTS

Hereafter, we focus on the quasidegenerate pair N1, N2

and set the generation indices as i ¼ 1 and m ¼ 2. In this
section we solve the density-matrix QKE system assembled
in Sec. VIII. The CP-odd source is built from the decay CP
asymmetries derived in Secs. IV and V, while the inverse-
decay and ΔL ¼ 0 scattering kernels are constructed in
Sec. VII and incorporated into the QKEs in Sec. VIII.

The purpose of the numerical analysis is threefold. First,
we exhibit representative time evolutions of the heavy-
neutrino density matrix and the flavor charges across the
electroweak window. Second, we scan the effective electro-
magnetic neutrino mass m̃EM

1 to identify the region where
the resonantly enhanced dipole source can reproduce or
exceed the observed BAU. Third, we compare the full result
with a computation in which the leading ΔL ¼ 0 scatter-
ings are switched off, thereby quantifying the numerical
impact of the scattering kernel derived in Sec. VII.
The frozen-out baryon asymmetry is evaluated

using Eq. (210).

A. Conventions and definitions

We consider two right-handed neutrinos N1 and N2 and
denote the temperature variable by

z ≔
M1

T
: ð211Þ

The yield of N1 is defined as YN1
≔ nN1

=s, where s is the
entropy density. For the equilibrium yield we use the
Maxwell-Boltzmann approximation,

Yeq
N1
ðzÞ ¼ 45gN

4π4g⋆s
z2K2ðzÞ; gN ¼ 2; ð212Þ

with K2 the modified Bessel function of the second kind.
To parametrize the overall strength of the dipole-induced

interactions we define the effective electromagnetic neu-
trino mass [46] by the combination that controls the total
decay width,

m̃EM
1 ≔ v2M1

X
α

X
V¼γ;Z;W

RVðM1ÞjμVα1j2: ð213Þ

The phase-space factors are

RVðM1Þ ¼ ð1 − rVÞ2ð1þ rVÞ; rV ¼ m2
V

M2
1

: ð214Þ

With these definitions the partial widths read

ΓV;1 ¼
M3

1

2π
RVðM1Þ

X
α

jμVα1j2; ð215Þ

so that the total width satisfies

Γ1 ¼ Γγ;1 þ ΓZ;1 þ ΓW;1 ¼
M2

1

2πv2
m̃EM

1 : ð216Þ

The decay parameter is then defined as

K1≔
Γ1

HðT¼M1Þ
; HðT¼M1Þ¼1.66

ffiffiffiffiffi
g⋆

p M2
1

MPl
; ð217Þ

and can be written in the standard form

K1 ¼
m̃EM

1

mEM�
;

mEM� ≔
2π × 1.66

ffiffiffiffiffi
g⋆

p
v2

MPl
≃ 5.35 × 10−4 eV; ð218Þ

with g⋆ ¼ 106.75. Accordingly, K1 ¼ 1 corresponds to
m̃EM

1 ¼ mEM� ≃ 5.35 × 10−4 eV and marks the approximate
boundary between the weak- and strong-washout regimes.
We use the standard terminology in which K1 ≪ 1 denotes
the weak-washout regime, where inverse decays and
scatterings are inefficient compared with the Hubble
expansion, whereas K1 ≫ 1 denotes the strong-washout
regime, where these processes efficiently drive the system
toward the quasiequilibrium trajectory. Thus, the value
K1 ¼ 1 should be understood as a conventional crossover
scale rather than as a sharp dynamical threshold.
We integrate the QKEs across the electroweak window

and use the dimensionless temperature variable z ≔ M1=T,
as already defined in Eq. (211). Furthermore, we denote

zEW ≔
M1

TEW
; zsph ≔

M1

Tsph
; ð219Þ

with TEW ≃ 160 GeV and Tsph ≃ 130 GeV. As an initial
condition at z ¼ zEW we take the heavy-neutrino density
matrix to be diagonal and close to thermal equilibrium or
zero,

YNðzEWÞ ¼ Yeq
N ðzEWÞ; ð220Þ

YNðzEWÞ ¼ 0; ð221Þ

and set the flavor charges to zero,

YΔαðzEWÞ ¼ 0: ð222Þ

To probe the resonant regime, we adopt a quasidegen-
erate spectrum
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M2 ¼ M1 þ ΔM; ΔM ¼ 5 × 10−12 GeV: ð223Þ

In our parameter scan we keep ΔM fixed for simplicity.
Since the total width Γ2 depends on the effective dipole
coupling, the exact resonance condition ΔM ≃ Γ2=2 is
realized only in a band of parameter space; fixing ΔM
therefore allows us to track continuously how the Breit-
Wigner enhancement competes with washout as the effec-
tive dipole strength is varied.

B. Benchmark input

For the UV completion we take the heavy masses to be
degenerate at

ME ¼ mΦþ ¼ mΣ ¼ mD ≕Meq ¼ 10 TeV: ð224Þ

For the right-handed neutrinos we choose

M1 ¼ 1 TeV; M2 ¼ ð1þ 5 × 10−15Þ TeV: ð225Þ

At the electroweak reference scale Qref ¼ 150 GeV we use

g0 ¼0.357; g¼0.652; gs¼1.17; yt¼0.93: ð226Þ

We parametrize the soft-breaking term as Vsoft ¼
μ2softH

†Dþ H:c:, so that μsoft has mass dimension one;
we quote μsoft itself in the benchmark. For the Yukawa and
dimensionful couplings in the UV model we adopt the
representative values

yH ¼ ð1; e−0.7iÞ⊺ × 10−3;

yΣ ¼ ð10; 8e−0.3i; 6e−1.1iÞ⊺ × 10−4;

μsoft ¼ 10 GeV; μs ¼ 10e−0.4i GeV; ð227Þ

which realize a suppressed effective Yukawa coupling to
the SM-like Higgs direction (see Sec. II) while generating
the dipole operators at one loop. All other renormalizable
couplings in the UV Lagrangian that do not enter the one-
loop matching ontoONB;ONW at the order considered (e.g.
hΣ) are irrelevant for the present numerical analysis and are
left unspecified.

C. Numerical analysis

For the numerical analysis we adopt a minimal set of
standard approximations. We integrate the density-matrix
QKEs only over the electroweak crossover window,
TEW ≳ T ≳ Tsph, and evaluate the baryon asymmetry at
sphaleron freeze-out. The kinetic description is based on
the leading-gradient (first-order) truncation, with a quasi-
particle/narrow-width treatment of the relevant excitations.
In the benchmark regime inverse decays dominate the
washout, while the leadingΔL ¼ 0 scatterings are included
mainly as a consistency check and are found to induce only
a small correction to the efficiency.

The numerical solutions of the density-matrix QKEs are
shown in Figs. 5–7.
Figures 5 and 6 display the time evolution for a

representative value m̃EM
1 ¼ 10−3 eV. The solid curve (left

axis) shows

trYNðzÞ
trYeq

N ðzÞ
¼ Y11ðzÞ þ Y22ðzÞ

Yeq
11ðzÞ þ Yeq

22ðzÞ
: ð228Þ

The dashed, dash-dotted, and dotted curves (right axis)
show the flavor charges YΔαðzÞ for α ¼ e, μ, τ, respectively.
Since we take M1 ¼ 1 TeV, the temperature variable

z ¼ M1=T evolves from

z ¼ zEW ¼ 6.25 → z ¼ zsph ≃ 7.69: ð229Þ

The normalized trace of the heavy-neutrino density matrix,
trYNðzÞ=trYeq

N ðzÞ, first increases and then decreases; note,
however, that this does not imply that trYNðzÞ itself
increases and then decreases in the same manner. In the
interval 6.25 ≤ z≲ 7.35, the equilibrium trace trYeq

N ðzÞ
drops more rapidly than trYNðzÞ, while trYNðzÞ still
decreases, indicating that the heavy-neutrino decay reac-
tions are operative. As a consequence, the flavor charges
YΔα shown by the dashed curves increase nearly linearly
with z over this short interval (cf. Sec. IX D).
Figure 6 shows the time evolution obtained with the zero

initial abundance in Eq. (221), plotted in the same format as
Fig. 5. The trace ratio trYNðzÞ=trYeq

N ðzÞ rises rapidly just
after the onset of the electroweak window, zEW ≤ z≲ 6.3,
as inverse decays populate the heavy-neutrino ensemble
starting from zero abundance. It then continues to increase

FIG. 5. Time evolution of the QKE solution for m̃EM
1 ¼

10−3 eV with thermal initial heavy-neutrino abundance. The
solid curve, read from the left axis, shows the normalized trace
of the heavy-neutrino density matrix, trYNðzÞ=trYeq

N ðzÞ. The
dashed, dash-dotted, and dotted curves, read from the right axis,
show the flavor charges YΔα

ðzÞ for α ¼ e, μ, τ. The growth of the
flavor charges over the electroweak window reflects the reso-
nantly enhanced CP-odd source in this benchmark.

RETRACTED: SCHWINGER-KELDYSH FORMULATION OF … PHYS. REV. D 113, 123544 (2026)

123544-23



RETRACTED
monotonically and can exceed unity before sphaleron
freeze-out at z ¼ zsph ≃ 7.69, reflecting the fact that
trYeq

N ðzÞ decreases rapidly with z while trYNðzÞ follows
with a finite relaxation rate. In contrast, the flavor charges
YΔαðzÞ (α ¼ e, μ, τ) drop sharply from zero to negative
values in the same early interval and subsequently approach
the origin from below. For the benchmark point
m̃EM

1 ¼ 10−3 eV, the charge densities remain negative at
z ¼ zsph with the CP-phase convention used in this scan.
The corresponding signed frozen-out baryon asymmetry is
therefore

YFO
B < 0; ð230Þ

as obtained from Eq. (210). We keep this signed value in
order to display the phase convention and the sign change
of the zero-initial-abundance branch explicitly. The sign
itself is controlled by the CP-odd phase of the dipole
Wilson coefficients: reversing the relevant CP-odd phase
reverses the sign of YFO

B without changing the efficiency of
the production mechanism. Thus, the benchmark m̃EM

1 ¼
10−3 eV is used only to illustrate the time evolution of the
density-matrix dynamics, and with the phase convention
chosen here it does not reproduce the observed posi-
tive BAU.
For the fixed CP-phase convention used in the scan, the

underlying signed zero-initial-abundance solution changes
sign within the neutrino-oscillation-motivated green band
around m̃EM

1 ≃ 3 × 10−2 eV. Since Fig. 7 displays the
magnitude jYFO

B j on a logarithmic scale, this sign change
appears there as a sharp dip of the dashed blue curve rather
than as a literal zero crossing of the plotted quantity.

Together with Fig. 6, this shows that the signed zero-initial-
abundance branch changes from negative to positive across
this point. Hence, within the scanned range and for the
same fixed CP-phase convention, a positive BAU is
obtained only for

3 × 10−2 eV≲ m̃EM
1 ≤ 1 eV; ð231Þ

which overlaps with the neutrino-oscillation-motivated
green band. When comparing only the size of the generated
asymmetry, the relevant quantity is the magnitude jYFO

B j, as
plotted in Fig. 7; the signed solution is nevertheless used in
the text to identify which side of the zero produces the
observed positive baryon asymmetry for the chosen CP-
phase convention.
Figure 7 summarizes the main numerical result. We show

the magnitude of the frozen-out baryon asymmetry, jYFO
B j,

as a function of the effective electromagnetic neutrino mass
m̃EM

1 . The solid blue curve corresponds to thermal initial
abundance, while the dashed blue curve corresponds to
zero initial abundance. The dotted black curve is obtained
by switching off the leading ΔL ¼ 0 scattering terms for
the thermal initial condition, keeping only the inverse-
decay washout. The horizontal dashed orange line indicates
the observed baryon asymmetry,

FIG. 6. Same as Fig. 5, but with zero initial heavy-neutrino
abundance. Inverse decays first populate the heavy-neutrino
ensemble, leading to a rapid rise of trYNðzÞ=trYeq

N ðzÞ. For the
illustrative point m̃EM

1 ¼ 10−3 eV, the flavor charges remain
negative at sphaleron freeze-out, so this benchmark gives a
negative YFO

B . Positive-BAU zero-initial-abundance points are
found at larger m̃EM

1 , as shown in Fig. 7.

FIG. 7. Magnitude of the frozen-out baryon asymmetry, jYFO
B j,

as a function of the effective electromagnetic neutrino mass m̃EM
1 .

The solid blue curve assumes thermal initial heavy-neutrino
abundance, while the dashed blue curve assumes zero initial
abundance. The sharp dip of the dashed blue curve near m̃EM

1 ≃
3 × 10−2 eV reflects the sign change of the underlying signed
zero-initial-abundance solution. The dotted black curve shows
the thermal-initial-abundance result with the leading ΔL ¼ 0
scattering terms switched off, i.e. with inverse-decaywashout only.
The horizontal dashed orange line indicates Yobs

B ≃ 8.7 × 10−11.
The green band shows the characteristic light-neutrino mass scales
suggested by oscillation data in normal ordering. The near overlap
of the solid blue and dotted black curves shows that the leading
ΔL ¼ 0 scatterings produce only a tiny efficiency correction in this
benchmark.
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Yobs
B ≃ 8.7 × 10−11; ð232Þ

and the green band indicates the characteristic light-
neutrino mass scales suggested by oscillation data in
normal ordering.
The thermal-initial-abundance branch exhibits the

expected rise-and-fall behavior. In the weak-washout
regime, increasing m̃EM

1 enhances the dipole-induced decay
rate and the CP-odd source, so jYFO

B j grows. In the strong-
washout regime, larger m̃EM

1 strengthens inverse decays and
also increases the total width entering the resonant regu-
lator. Since the mass splitting is held fixed in the scan, the
Breit-Wigner enhancement is gradually reduced at large
m̃EM

1 , and the final asymmetry decreases.
For thermal initial abundance, the frozen-out asymmetry

exceeds the observed baryon asymmetry in part of the
scanned parameter space. This should be interpreted as an
undiluted freeze-out yield. If additional late-time entropy
production occurs after leptogenesis, the final baryon-to-
entropy ratio would be reduced by a dilution factor,

YB ¼ YFO
B

D
; D > 1: ð233Þ

We do not model such a dilution mechanism here. The
point is that the resonant dipole source is strong enough to
generate an asymmetry of the observed order.
For zero initial abundance, the final asymmetry changes

sign as m̃EM
1 is increased. Below the sign-changing point

the frozen-out asymmetry is negative, as illustrated in
Fig. 5. Above it, the asymmetry becomes positive and
can reach the observed order within the scanned interval.
The effect of the leading ΔL ¼ 0 scatterings is small

throughout the benchmark scan. The dotted black curve is
nearly parallel to the solid blue curve, showing that the
scatterings mainly induce a tiny overall rescaling of the
efficiency rather than a qualitative change in the m̃EM

1

dependence. This confirms that, in the dipole-dominated
benchmark considered here, the baryon asymmetry is
generated by the ΔL ¼ 1 decays and inverse decays, while
the leading ΔL ¼ 0 scatterings only modify the relaxation
and washout efficiency.
The behavior displayed in Fig. 7 admits three simple

analytic interpretations, which we spell out in the following
subsections. First, the nearly linear behavior of the flavor
charges in the thermal-initial-abundance example follows
from the short width of the electroweak window and the
mild variation of the CP source. Second, the weak-washout
side of the scan exhibits an approximately quadratic
dependence on m̃EM

1 , as expected from the common dipole
scaling of the CP source. Third, the leading ΔL ¼ 0
scatterings remain numerically small because S1=D1 ≪ 1
over the relevant window.

D. On the behavior of the flavor charges YΔα for
thermal initial abundance

The linear dependence of the flavor charges YΔα on z ¼
M1=T shown in Fig. 5 can be understood directly from the
structure of the flavor-charge QKE (209). Denoting the
source term by

SαðzÞ ≔ tr½εαDðzÞðYNðzÞ − Yeq
N ðzÞÞ�; ð234Þ

the evolution equation takes the schematic form

dYΔα

dz
¼ SαðzÞ −

X
β

WαβðzÞYΔβðzÞ; ð235Þ

where Sα and Wαβ are in general z dependent and the full
system is matrix valued. In the narrow window
zEW ¼ 6.25 ≤ z ≤ 7.69 ≃ zsph; however, the asymmetries
are still small and the washout term is subdominant, while
the source term varies only mildly. Approximating SαðzÞ ≃
SαðzEWÞ and neglecting the washout term at leading order
then yields

YΔαðzÞ ≃ YΔαðzEWÞ þ SαðzEWÞðz − zEWÞ; ð236Þ

which explains the quasilinear rise of the flavor charges.

E. Origin of the ðm̃EM
1 Þ2 scaling

In the weak-washout regime (K1 ≤ 1), i.e., the left part of
Fig. 7 exhibits an approximately quadratic scaling,

jYFO
B j ∝ ðm̃EM

1 Þ2: ð237Þ

This follows from the common dipole scaling in the CP-
odd source term of the QKEs: for Γ2 ≪ ΔM (so that the
resonant denominator is effectively constant at fixed ΔM),
the flavored CP asymmetries scale as εα1 ∝ μ2, while the
decay factor obeys

DðzÞ ∝ Γ1

H
∝ m̃EM

1 ∝
X
α

X
V

jμVα1j2: ð238Þ

Since the source entering dYΔα=dz is

SαðzÞ ¼ tr½εαDðzÞðYNðzÞ − Yeq
N ðzÞÞ�; ð239Þ

it carries an overall μ4 dependence, and therefore jYFO
B j

inherits

jYFO
B j ∝ μ4 ∝ ðm̃EM

1 Þ2; ð240Þ

consistent with a slope of 2 on log-log axes.
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F. Origin of the approximately constant contribution of
the ΔL= 0 scatterings

In the z interval shown in Fig. 7 we find that the
scattering kernel is parametrically tiny,

Ξ1ðzÞ ≔
S1ðzÞ
D1ðzÞ

≃ 1.5 × 10−5: ð241Þ

Accordingly, scatterings influence the evolution in two
logically distinct places, but in both cases only at the 10−5

level. On the heavy-neutrino side, the deviation from
equilibrium obeys

δYN1
ðzÞ≔ YN1

ðzÞ−Yeq
N1
ðzÞ; dYN1

dz
¼−ðD1þS1ÞδYN1

:

ð242Þ

In the regime where δYN1
adjusts on a z scale short

compared to the variation of Yeq
N1
ðzÞ, one may use the

quasistatic estimate

δYN1
ðzÞ ≃ −

1

D1ðzÞ þ S1ðzÞ
dYeq

N1
ðzÞ

dz
; ð243Þ

where we use YN1
¼ Yeq

N1
þ δYN1

. Since the production
term is proportional to D1δYN1

, scatterings enter the source
through

D1ðzÞδYN1
ðzÞ ≃ −

D1ðzÞ
D1ðzÞ þ S1ðzÞ

dYeq
N1
ðzÞ

dz

¼ −
1

1þ ½S1ðzÞ=D1ðzÞ�
dYeq

N1
ðzÞ

dz
; ð244Þ

so that in this range the source is reduced only by a relative
factor

1

1þ ðS1=D1Þ
¼ 1

1þ Ξ1

≃ 1 − Ξ1

≃ 1 − 1.5 × 10−5: ð245Þ

On the flavor-charge side, scatterings contribute directly
to the washout through the additional kernel Wscatt, while
inverse decays contribute through WID; in our normaliza-
tion these are proportional to the corresponding reaction
densities, WID ∝ γD and Wscatt ∝ γS, so that

Wscatt
1

WID
1

¼ γS;1
γD;1

¼ S1
D1

¼ Ξ1 ¼ 1.5 × 10−5; ð246Þ

and

Wtot
1 ¼ WID

1 þWscatt
1 ¼ WID

1 ½1þ ðS1=D1Þ�
¼ WID

1 ð1þ Ξ1Þ ≃WID
1 ð1þ 1.5 × 10−5Þ: ð247Þ

Hence, for the benchmark parameters and within the
electroweak window considered here, ΔL ¼ 0 scatterings
are parametrically tiny in the strong-washout regime and
modify both the effective source term and the total washout
only at the Oð10−5Þ level in our normalization.
The numerical analysis therefore leads to two main

conclusions. First, resonant dipole-dominated EMLG can
generate an asymmetry of the observed order, and can even
overproduce it, in the quasidegenerate regime. Second, for
the present benchmark the leading ΔL ¼ 0 scatterings are
not the origin of the asymmetry; their role is to provide a
small correction to the relaxation and washout kernels. The
dominant source is the CP-violating ΔL ¼ 1 decay/
inverse-decay sector, resonantly enhanced by the quaside-
generate heavy-neutrino spectrum.

X. DISCUSSION AND CONCLUSIONS

This section summarizes what has been achieved in the
present paper. Building on the electromagnetic leptogenesis
proposal of Ref. [19], we provide a fully gauge-invariant
EFT realization and an Schwinger-Keldysh (SK)-based
density-matrix treatment appropriate for the quasidegener-
ate (resonant) regime. Our central new ingredient is to
derive density-matrix quantum kinetic equations on the
Schwinger-Keldysh contour whose collision term incorpo-
rates decays, inverse decays, and the leading ΔL ¼ 0
scatterings consistently from the same effective inter-
actions, avoiding double counting and therefore eliminat-
ing the need for RIS subtraction. This construction enables
a quantitative mapping from UV input to the frozen-out
baryon asymmetry in the electroweak window, and it
clarifies which physical conditions control the viability
of dipole-dominated leptogenesis.

A. Overcoming the intrinsic dipole suppression
via resonance

Our results show that a genuinely dipole-dominated
scenario is viable only if the structural suppression away
from resonance is evaded. For dipole-induced decays the
tree-level amplitude is proportional to the effective dipole
coupling μα1, and the total width scales as

Γ1 ∝ M3
1

X
α

jμα1j2: ð248Þ

Away from the resonant regime, both the CP-odd source
and the washout rates scale with the same small combina-
tion μ2α1, so the final asymmetry is parametrically sup-
pressed. In the quasidegenerate regime, by contrast, the
self-energy contribution provides a Breit-Wigner-type
enhancement, and the CP source is controlled by the
relative sizes of ΔM and the width(s) entering the regulator
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[27,31]. Since our scan keeps ΔM fixed, increasing m̃EM
1

enhances Γ2 and therefore drives the regulator away from
its peak once Γ2 ≫ 2ΔM, which directly explains the
turnover of YFO

B observed in Fig. 7. More generally, the
enhancement is maximal when the splitting is comparable
to the width that regulates the resummed self-energy pole,
so scanning over ΔM as well as m̃EM

1 provides a direct
handle on where the Breit-Wigner envelope peaks.

B. Suppressing Yukawa-driven effects to isolate a
dipole-dominated regime

We also find that controlling Yukawa-induced channels
is essential for testing a genuinely dipole-dominated
mechanism. In gauge-invariant UV completions, the renor-
malizable operator L̄ H̃ N is generically allowed; if its
effective coupling is not suppressed, Yukawa-mediated
decays and inverse decays dominate both the total width
and the washout, enlarging the width entering the resonant
regulator and obscuring the dipole dynamics. To isolate
electromagnetic leptogenesis, we therefore restrict to the
regime where Yukawa channels remain subdominant [30].
Quantitatively, as shown in Sec. II, this can be enforced by
the conservative bound

jyeff j≲ 10−8: ð249Þ

Our benchmark satisfies this condition, so Yukawa-medi-
ated processes do not materially affect either the resonant
regulator or the washout kernels in the electroweak win-
dow. In the present UV completion this hierarchy is
technically natural because yeff is controlled by a soft
Z2-breaking parameter, so the dipole-dominated limit
corresponds to a stable parametric regime rather than a
tuned choice of couplings.

C. Applicability of the electroweak-window analysis

We first comment on the range of applicability of the
present analysis. Our study is designed to isolate the
leptogenesis dynamics in the vicinity of sphaleron decou-
pling, and we therefore evolve the QKEs only over the
electroweak window TEW ≥ T ≥ Tsph. In this range, we
describe the dipole sector in a broken-phase effective
theory, in which the gauge-invariant νSMEFT operators
are matched onto effective dimension-five dipole inter-
actions parametrized by μVαi. The dominant processes are
the two-body channels Ni → ναγ, Ni → ναZ, and Ni →
lαW (and their inverse decays), supplemented by the
leading ΔL ¼ 0 scatterings.

This treatment should be regarded as an approximation
to the smooth electroweak crossover. Near TEW the Higgs
background and thermal masses vary with temperature, and
in the electroweak-symmetric phase (T > TEW) the gauge-
invariant dipole operators induce three-body decays Ni →
lαH̃X with X ¼ B, W, for which the leading nonvanishing

CP asymmetries arise only at two loops [19]. A fully
continuous analysis would require matching the kinetic
description across the crossover while incorporating the
temperature dependence of the Higgs background and the
symmetric-phase reaction network. We leave this extension
to future work; the present results demonstrate that, once
the dipole sector is treated consistently in the broken phase
with SK-based density-matrix kinetics, the electroweak-
window contribution can reproduce the observed BAU in a
resonant, dipole-dominated setup.

D. Phenomenology and testability

Complementary probes of the dipole sector were dis-
cussed in [25,29]. On the direct-search side, transition
dipoles of heavy neutral leptons (HNLs) can be tested at
colliders and intensity-frontier experiments. In particular,
LHC sensitivity studies of dipole-portal signatures (includ-
ing channels involving τ leptons) have been presented in
[21,22]. A mono-γ plus missing-energy strategy at NA62,
targeting radiative decays N → νγ, has been proposed
in [76].
On the precision side, electroweak matching and RG

evolution induce the charged-lepton dipole operator in the
low-energy effective theory. In terms of the corresponding
low-energy effective field theory (LEFT) Wilson coeffi-
cient Ceγ , one has the parametric relations

BRðμ → eγÞ ∝ jðCeγÞeμðmμÞj2 þ jðCeγÞμeðmμÞj2; ð250Þ

de ∝ ImðCeγÞeeðmeÞ; ð251Þ

Δaμ ∝ ReðCeγÞμμðmμÞ; ð252Þ

with the QED evolution from Qref ¼ 150 GeV to μ ¼
mμ; me discussed in [23,24]. For current experimental
limits, see MEG II for μ → eγ [77], JILA for the electron
electric dipole moment (EDM) [78], and the Muon g − 2
Collaboration for aμ ¼ ðg − 2Þμ=2 [79].
Light-neutrino masses can be accommodated independ-

ently of the dipole sector in the Yukawa-suppressed bench-
mark considered here. As discussed in Sec. II D, requiring
jyeff j ≲ 10−8 renders the type-I seesaw contribution from
the TeV-scale statesN1;2 phenomenologically negligible, so
the observed masses are naturally attributed to an additional
lepton-number-violating sector, for instance a high-scale
type-II seesaw completion. At low energies such a com-
pletion enters only through the coefficient of the Weinberg
operator (equivalently, through mν) and can be confronted
with neutrino data, including cosmological limits on

P
mν

[80], oscillation measurements [47] (NuFit-6.0), and direct
bounds from KATRIN [81].
Finally, we emphasize that the resonant enhancement

relevant for the CP-odd sources arises from width-regu-
larized heavy-neutrino self-energies in the baryogenesis
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dynamics [27,60], whereas low-energy dipole observables
are controlled by the on-shell (q2 ¼ 0) matching onto the
LEFT dipole operator and its QED running [23,24,51,82,83];
the BAU requirement and low-energy dipole searches there-
fore provide complementary information.
This complementarity is the main phenomenological

motivation for pursuing the low-scale formulation devel-
oped in this paper. The baryon asymmetry fixes a cosmo-
logical viability criterion for the dipole sector, whereas
charged-lepton flavor violation, EDMs, anomalous mag-
netic moments, and direct HNL searches probe the same
sector from the low-energy and laboratory side. A full
SMEFT-to-LEFT matching analysis of the dipole coeffi-
cients, including flavor structure and correlations among
μ → eγ, de, Δaμ, and collider observables, is beyond the
scope of the present work and will be addressed separately.
The results obtained here provide the necessary prerequi-
site: they identify the resonant, dipole-dominated region in
which such phenomenological tests are meaningful because
the mechanism can generate the observed BAU.

E. Conclusions

In this paper, we studied low-scale electromagnetic
leptogenesis in a gauge-invariant EFT framework and
asked whether the dipole-dominated mechanism can gen-
erate the observed baryon asymmetry in the electroweak
crossover window. Starting from a softly broken Z2 UV
completion, we matched onto the gauge-invariant dipole
operators ONB and ONW , evolved their Wilson coefficients
to an electroweak reference scale, and constructed the
broken-phase dipole couplings to γ, Z, and W�.
The central physical result is that the nonresonant,

hierarchical regime is structurally inefficient in gauge-
invariant dipole-dominated EMLG, while the quasidegen-
erate regime can generate a sufficient baryon asymmetry
through the resonantly enhanced self-energy contribution.
In the benchmark studied here, the QKE solutions repro-
duce, and in part of parameter space overproduce, the
observed BAU. This establishes that the low-scale dipole-
dominated mechanism is viable at least as a proof of
principle once the resonant regime is included.
We also derived density-matrix QKEs in the Schwinger-

Keldysh formalism. In this formulation, theCP-odd source,
inverse decays, and the leading ΔL ¼ 0 scatterings arise
from a common self-energy structure. This organization
avoids double counting and does not require a separate real-
intermediate-state subtraction. Numerically, the leading
ΔL ¼ 0 scatterings are not the origin of the asymmetry
in our benchmark; they mainly provide a small correction
to the relaxation and washout kernels, with Si=Di ∼ 10−5.
The motivation for formulating EMLG at low scale is

that the same dipole sector can eventually be confronted
with laboratory observables after SMEFT/LEFT matching.
The present work provides the required cosmological
prerequisite: it identifies the resonant, dipole-dominated

parameter region in which the mechanism can generate the
observed BAU. A full analysis of the resulting correlations
with charged-lepton flavor violation, electric dipole
moments, anomalous magnetic moments, and direct
HNL searches will be pursued separately.
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APPENDIX A: A TYPE-II-SEESAW
ILLUSTRATION FOR THE LIGHT-NEUTRINO

MASSES

As a minimal and standard realization of such an
alternative origin, one may introduce a type-II seesaw
[9–13] sector with a scalar triplet Δ ∼ ð1; 3; 1Þ. The
corresponding UV interactions can be written as

−L ⊃
1

2
ðyΔÞαβL⊺

αCiσ2ΔLβ þ μΔH⊺iσ2Δ†H þ H:c:

þM2
ΔtrðΔ†ΔÞ; ðA1Þ

and integrating out Δ generates the Weinberg operator,

−Leff ⊃
1

2
ðC5ÞαβðL̄c

αH̃�ÞðH̃†LβÞ þ H:c:;

ðC5Þαβ ≃ ðyΔÞαβ
μΔ
M2

Δ
: ðA2Þ

After electroweak symmetry breaking,

ðmðIIÞ
ν Þαβ ¼ ðC5Þαβv2 ≃ ðyΔÞαβμΔ

v2

M2
Δ
: ðA3Þ

If jðyΔÞαβj ∼Oð1Þ and μΔ ∼MΔ ≃ 1 × 1015 GeV, one
obtains

mðIIÞ
ν ∼

v2

MΔ
≃

2462

1 × 1015
GeV ≃ 0.06 eV: ðA4Þ

Assuming a negligible lightest mass m1 → 0, the heaviest
eigenvalue ism3 ≃

ffiffiffiffiffiffiffiffiffiffiffi
Δm2

31

p
≃ 0.05 eV [47] (NuFit-6.0), com-

parable to our estimate mðIIÞ
ν ∼ 0.06 eV.

Placing this type-II seesaw sector at a scale far above
Qmatch ¼ 10 TeV implies that, at low energies, it appears
only throughO5 (i.e.,mν) and can be treated independently
of the UV completion that generates the electromagnetic
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dipole operators ONX (X ¼ B, W). In particular, as long as
Δ does not couple directly to N, it does not induce
additional contributions to ONX, and one can realize mν ¼
Oð10−2Þ eV while remaining consistent with the EFT
analysis of electromagnetic leptogenesis.

APPENDIX B: DETAILS OF THE UV
COMPLETION AND ONE-LOOP MATCHING

ONTO THE DIPOLE OPERATORS

1. Classical reduction of D̃ to H̃

Here we give the derivation of the tree-level matching
step used in Sec. II. At low energies, where the typical
external momenta satisfy p2 ≪ m2

D, the heavy scalar
doublet D can be integrated out by solving its classical
equation of motion.
We consider the part of the Lagrangian involving the

kinetic term of D,

L ⊃ ðDμDÞ†ðDμDÞ − VðH;Σ; D;ΦþÞ: ðB1Þ

Treating D and D† as independent fields, the Euler-
Lagrange equation gives

ðDμDμDÞa þ
∂VðH;Σ; D;ΦþÞ

∂D†
a

¼ 0: ðB2Þ

The terms in the scalar potential that act as leading sources
for D are those linear in D or D†. From the soft-breaking
term and the D-dependent interactions in the scalar
potential, we obtain

V linear ⊃ μ2softH
†Dþ ðμ2softÞ�D†H

þ μsðΣ ·DÞðΦþÞ� þ μ�sðD† · ΣÞΦþ

þ λDHðD†ΣÞðH†HÞ þ λDΣþðD†ΣÞjΦþj2: ðB3Þ

Therefore,

∂V linear

∂D† ¼ ðμ2softÞ�H þ μ�sΣ̃Φþ

þ λDHΣðH†HÞ þ λDΣþΣjΦþj2: ðB4Þ

On the other hand, the terms proportional to D†D, such as
m2

DD
†D, f1ðH†HÞðD†DÞ, and f3jH†Dj2, contribute terms

proportional toD itself. Thus the equation of motion can be
organized as

½m2
DþOðH†H;Σ†Σ;jΦþj2Þ�D¼−

∂V linear

∂D† −DμDμD: ðB5Þ

Since DμDμ=m2
D ¼ Oðp2=m2

DÞ, the derivative term is
subleading in the low-energy expansion. Keeping only
the leading 1=m2

D contribution gives

D ≃ −
1

m2
D

h
ðμ2softÞ�H þ μ�sΣ̃Φþ

þ λDHΣðH†HÞ þ λDΣþΣjΦþj2
i
þO

�
1

m4
D

�
: ðB6Þ

For the conversion of the D-based dipole operators into the
νSMEFT dipole operators, it is sufficient to retain the soft-
breaking source alone:

D ≃ −
ðμ2softÞ�
m2

D
H; D̃ ≃ −

μ2soft
m2

D
H̃: ðB7Þ

Hence,

OðDÞ
NB;αi→−

μ2soft
m2

D
ONB;αi; OðDÞ

NW;αi→−
μ2soft
m2

D
ONW;αi; ðB8Þ

which yields the matching relation quoted in Sec. II.

2. General form of the vertex-function decomposition

The quantity computed in this section is the 1PI
amplitude of the four-point vertex function associated with
the gauge-invariant operators in the symmetric phase,

ONB;αi ¼ ðL̄ασ
μνPRNiÞH̃Bμν;

ONW;αi ¼ ðL̄ασ
μντaPRNiÞH̃Wa

μν: ðB9Þ

That is, taking the external legs to be Ni, Lα, H̃, and Xμ, we
define the amputated vertex-function Γμ

X through

Mμ
X ¼ ūLα

ðp0ÞΓμ
Xðp; p0; kÞPRuNi

ðpÞεμðqÞ: ðB10Þ

At the stage whereD is treated as an external field (the first-
step matching), one simply replaces H̃ → D̃, while the
Lorentz structure discussed below remains unchanged. For
X ¼ Wa, the SUð2ÞL generator τa is understood to be
factored out on both the UV and EFT sides.
By Lorentz covariance, the amputated 1PI vertex-func-

tion Γμ
X admits a tensor decomposition. Focusing on the

dependence on the external gauge-boson momentum q and
using a minimal basis, we write

Γμ
XðqÞ ¼ FV;Xðq2Þγμ

þ FD;Xðq2Þiσμνqν
þ Fq;Xðq2Þqμ þ � � � : ðB11Þ

The q2 dependence of the coefficients Fn;Xðq2Þ is the usual
loop form-factor dependence. In EFT matching we work in
the regime q2 ≪ M2

heavy and expand

Fn;Xðq2Þ ¼ Fn;Xð0Þ þO
�

q2

M2
heavy

�
; ðB12Þ
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retaining only the leading terms that correspond to local
operators.
The crucial observation is that the dimension-six dipole

operators contain the field strength Xμν, so the correspond-
ing EFT amplitude necessarily carries the antisymmetric
tensor structure σμνqν at first order in q [cf. Eq. (59)].
Indeed, from the EFT interaction (2) one obtains the tree-
level amplitude

iMðEFTÞ
X ¼ iūLα

iσμνqνPRuNi
εμ

2CNX;αi

Λ2
; ðB13Þ

where the factor 2 follows from contracting the antisym-
metric tensors, XμνðqÞ ¼ iðqμεν − qνεμÞ and σμν ¼ −σνμ.
On the UV side, inserting the decomposition (B11) into

the definition (B10) and expanding at small q shows that
the dipole structure in the one-loop amplitude is governed
by FD;Xð0Þ. Comparing the coefficients of ūiσμνqνPRuεμ
between the UV and EFT amplitudes therefore yields the
matching condition

CNX;αi

Λ2
¼ 1

2
FD;Xð0Þ; ðB14Þ

up to higher-order corrections of Oðq2=M2
heavyÞ corre-

sponding to higher-dimensional operators. In this sense,
extracting the antisymmetric part linear in q from the UV
one-loop result and reading off FD;Xð0Þ is precisely the
projection onto the electromagnetic dipole operators; it is
not an ad hoc assumption but follows from organizing the
spinor chains using Clifford-algebra identities such
as γμ=q ¼ qμ − iσμνqν.
Gauge invariance constrains the remaining structures. It

is convenient to reorganize the nondipole terms into a
transverse (anapole-type) structure and a longitudinal
piece,

Γμ
XðqÞ ¼ FD;Xðq2Þiσμνqν

þ FA;Xðq2Þðq2γμ − qμ=qÞ
þ FL;Xðq2Þqμ þ � � � : ðB15Þ

The transverse γμ contribution can appear only through the
anapole-type combination ðq2γμ − qμ=qÞ, and thus starts at
Oðq2Þ; it corresponds to local operators of dimension eight
and higher and does not affect the leading extraction of the
dimension-six dipole coefficient in Eq. (B14). The longi-
tudinal term proportional to qμ does not contribute to
physical amplitudes with transverse polarization, ε · q ¼ 0.

Here the relevant constraints are provided by the Ward-
Takahashi identity for Uð1ÞY [84,85] and, in the non-
Abelian case, by the Slavnov-Taylor identities [86–88],
which are functional identities for the effective action Γ
implied by Becchi-Rouet-Stora-Tyutin (BRST) symmetry
of the gauge-fixed theory [89–92]. In particular,

longitudinal components (terms proportional to qμ) are
not independent but are related to other Green’s functions
(including ghost and would-be Goldstone contributions);
physically, only the transverse part contributes to
observables.
In summary,
(i) it is natural for vertex-function coefficients to

depend on q2 as loop form factors, and the EFT
matching is organized as an expansion in q2=M2

heavy;
(ii) the dimension-six dipole is extracted by projecting

onto the iσμνqν structure, yielding the matching
relation CNX;αi=Λ2 ¼ 1

2
FD;Xð0Þ in Eq. (B14); and

(iii) the “vertex function” here is the amputated four-
point amplitude with external legs Ni, Lα, H̃, and
Xμ; it is not a three-point function involving Ni, Lα,
and D.

3. Setup for one-loop matching onto ONB and ONW

In this section, we outline the two-step matching strategy
and fix our conventions for extracting the Wilson coef-
ficients ofONB andONW from the UV theory withNi, E, Σ,
D, and Φþ.
Among the additional fields in Table I, we take E, Σ, D,

and Φþ to be heavy, while assuming that Ni are much
lighter:

ME;mΣ; mΦþ ; mD ¼ OðMheavyÞ;
Mi ≪ Mheavy: ðB16Þ

Under this hierarchy, the appropriate low-energy descrip-
tion is νSMEFT, obtained by integrating out E, Σ, D, and
Φþ. In particular, the leptogenesis degrees of freedom Ni
remain dynamical in the νSMEFT.
We take the minimal set of UV interactions needed in this

section to be

−Lint ¼ yH;iN̄iELΦþ þ yΣ;αL̄αΣER

þ μsΣ ·DðΦþÞ† þ H:c:; ðB17Þ

where Σ ·D ≔ Σ⊺iσ2D is the SUð2ÞL-antisymmetric inner
product. The gauge couplings are fixed uniquely by the
covariant derivatives in the kinetic terms. Specifically, from

Ēi=DE; ðDμΣÞ†ðDμΣÞ; ðDμΦþÞ†ðDμΦþÞ; ðB18Þ

one obtains the couplings to Bμ andWa
μ. An SUð2ÞL singlet

does not couple to Wa
μ since its generators satisfy Ta ¼ 0,

whereas an SUð2ÞL doublet couples through Ta ¼ τa. The
hypercharge coupling is proportional to the Uð1ÞY gen-
erator Y, and fields with the same hypercharge couple to Bμ

with the same strength.
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For the heavy fields, the hypercharges in Table I are

YE ¼ −1; YΦþ ¼ þ1; YΣ ¼ YD ¼ þ 1

2
; ðB19Þ

and the SUð2ÞL generators for Σ are Ta ¼ τa.
The relevant external legs for matching onto ONB and

ONW are Ni, Lα, H̃, and Xμν. However, since the UV model
contains no L̄ H̃ N interaction, we proceed in two steps: we
first generate the gauge-invariant operators involving D,

OðDÞ
NB;αi ¼ ðL̄ασ

μνPRNiÞD̃Bμν;

OðDÞ
NW;αi ¼ ðL̄ασ

μντaPRNiÞD̃Wa
μν; ðB20Þ

and then use the mixing in the scalar sector (soft breaking)
to reduce D̃ → H̃. The basic topology is a one-loop
diagram with an internal E fermion line and ðΦþ;ΣÞ scalar
lines: the external legs Ni and Lα are attached via the
vertices yH;i and yΣ;α, while the insertion of D is provided
by the vertex μsΣ ·DðΦþÞ† (see Fig. 1). Since the gauge
boson attaches to a charged internal line, the minimal set of
diagrams consists of

(i) three independent diagrams for Bμ, where Bμ is
attached to the E line, the Φþ line, or the Σ line, and

(ii) a single diagram for Wa
μ, where Wa

μ is attached only
to the Σ line, since Σ is an SUð2ÞL doublet.

We compute these diagrams in dimensional regulariza-
tion by analytically continuing to n ¼ 4 − 2ε spacetime
dimensions.
Denoting the external gauge-boson momentum by q and

the polarization vector by εμ, we decompose the contribu-
tions of the individual diagrams as

MB ¼MðEÞ
B þMðΦþÞ

B þMðΣÞ
B ; MW ¼MðΣÞ

W : ðB21Þ

Here the superscripts indicate the internal particle line to
which the gauge boson is attached.
In what follows, we take the external gauge boson to be

outgoing, with momentum q defined accordingly. If one
writes the EFT Feynman rules using the “all momenta
incoming” convention, one must replace q → −q; however,
as long as the same convention is used on both the UV
and EFT sides, the Wilson coefficients themselves are
unchanged.

4. Exact evaluation of the one-loop diagram with Bμ
attached to the E line

In this section, we isolate the one-loop diagram in which
the hypercharge gauge boson Bμ is attached to the internal
fermion line E. Our goal is to compute directly in the UV
theory the 1PI-amputated four-point vertex function with
external legs Lα, Ni, D̃, and Bμ, to extract at OðqÞ the part
proportional to σμνqν, and thereby to obtain the contribu-
tion of diagram (a) to the Wilson coefficient CNB in the

symmetric phase. Since the external spinors satisfy that Lα

is left-handed and Ni is right-handed, we note

uLα
¼ PLu; ūLα

¼ ūPR;

uNi
¼ PRu; ūNi

¼ ūPL: ðB22Þ

The interactions required for Fig. 1(a) are

−Lint ⊃ yΣ;αL̄αΣPREþ yH;iN̄iPLEΦþ

þ μsðΣ ·DÞðΦþÞ†: ðB23Þ

However, to match the external chiralities and the fermion
flow, we will compute using the following Hermitian-
conjugate form:

−Lint ⊃ y�Σ;αĒPLΣ†Lα þ y�H;iĒPRNiðΦþÞ†
þ μ�sðD† · Σ†ÞΦþ; ðB24Þ

which simply selects the terms that yield a nonvanishing
spinor chain for the given external legs ðūLα

; uNi
Þ. Using

Eq. (B23) instead would amount to computing the
Hermitian-conjugate process (with complex-conjugated
couplings). Therefore, the final effective Lagrangian must
always be accompanied by H:c:
The gauge interaction is read off from the covariant

derivative,

Dμ ¼ ∂μ − ig0YBμ; ðB25Þ

so that the Bμ coupling of E follows from

LUV ⊃ Ēi=DE ⇒ Lint ⊃ g0YEĒγμEBμ: ðB26Þ

Hence, the B − E − E vertex factor is ig0YEγ
μ.

Let q be the outgoing momentum of the external gauge
field and εμ its polarization vector. We define the contri-
bution of Fig. 1(a) as

iMðEÞ
B ¼ ðig0YEÞð−iyΣ;αÞð−iy�H;iÞð−iμ�sÞ

× ūLα
ðp0ÞIðEÞμB ðqÞuNi

ðpÞεμðqÞ; ðB27Þ

where the loop integral (vertex function), including the
chiral projectors, is

IðEÞμB ðqÞ ≔
Z

dnk
ð2πÞn

PRðkþMEÞγμðk − =qþMEÞPR

ðk2 −M2
EÞ½ðk − qÞ2 −M2

E�
×

1

ðk2 −m2
ΦþÞðk2 −m2

ΣÞ
: ðB28Þ

Here the scalar propagators do not carry q. This reflects the
approximation appropriate for extracting the dipole at
OðqÞ: external momenta are taken to be small compared
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to the heavy masses, and the denominators are evaluated
at k2,

p2; p02 ≪ M2
E;m

2
Φþ ; m2

Σ; ðB29Þ

which is sufficient for the leading 1=M2 matching con-
tribution to CNB.
Starting from Eq. (B28), we first simplify the Dirac

numerator

PRðkþMEÞγμðk − =qþMEÞPR

¼ MEð2kμ − qμ þ iσμνqνÞPR: ðB30Þ

We now substitute Eq. (B30) into Eq. (B28). Since we
are interested in the dipole piece, which is linear in q and
carries the antisymmetric tensor iσμνqν, we may set the
shifted fermion propagator to its leading term,

1

ðk−qÞ2−M2
E
¼ 1

k2−M2
E
þ 2k ·q
ðk2−M2

EÞ2
þOðq2Þ; ðB31Þ

because any OðqÞ correction from the denominator would
multiply the already OðqÞ dipole numerator and hence
contribute only atOðq2Þ to the dipole projection. The same
reasoning justifies evaluating the scalar propagators at k2 in
this step. We therefore obtain, up to Oðq2Þ,

IðEÞμB ðqÞ ¼
Z

dnk
ð2πÞn

MEð2kμ − qμ þ iσμνqνÞPR

ðk2 −M2
EÞ2ðk2 −m2

ΦþÞðk2 −m2
ΣÞ

þOðq2Þ: ðB32Þ

The terms proportional to 2kμ and qμ do not carry the
antisymmetric tensor structure and correspond to nondipole
form factors (they are arranged/cancelled by gauge invari-
ance only after summing all diagrams). For matching onto
the dimension-six dipole operator, we project onto the
σμνqν structure. Keeping only this piece in Eq. (B32) yields

IðEÞμB;σ ðqÞ ¼ iMEσ
μνqνPR

×
Z

dnk
ð2πÞn

1

ðk2 −M2
EÞ2ðk2 −m2

ΦþÞðk2 −m2
ΣÞ

;

ðB33Þ

which isolates the dipole contribution quoted in Eq. (B33).
Let us evaluate the integral in Eq. (B33) using Feynman

parameters and dimensional regularization. We define the
scalar integral

JE ≔
Z

dnk
ð2πÞn

1

ðk2 −M2
EÞ2ðk2 −m2

ΦþÞðk2 −m2
ΣÞ

: ðB34Þ

Using the Feynman-parameter formula

1

a2bc
¼ 6

Z
1

0

dx
Z

1−x

0

xdy
½xaþ ybþ ð1 − x − yÞc�4 ; ðB35Þ

we obtain

1

ðk2 − aÞ2ðk2 − bÞðk2 − cÞ
¼ 6

Z
1

0

dx
Z

1−x

0

dy
x

½Δðx; yÞ − k2�4 ;

Δðx; yÞ ¼ xaþ ybþ ð1 − x − yÞc; ðB36Þ

and setting a ¼ M2
E, b ¼ m2

Φþ , and c ¼ m2
Σ yields

JE ¼ 6

Z
1

0

dx x
Z

1−x

0

dy
Z

dnk
ð2πÞn

1

ðΔ − k2Þ4 : ðB37Þ

The dimensional-regularization integral gives

Z
dnk
ð2πÞn

1

ðΔ − k2Þ4 ¼
iΓð4 − n=2Þ
ð4πÞn=2Γð4Þ

1

Δ4−n=2 ðB38Þ

and taking the n → 4 limit (n ¼ 4 − 2ε, ε → 0) reduces it to

Z
dnk
ð2πÞn

1

ðΔ − k2Þ4 →
1

6
×

i
16π2

1

Δ2
: ðB39Þ

Therefore,

JE ¼ i
16π2

Z
1

0

dx x
Z

1−x

0

dy
1

Δðx; yÞ2 ;

Δðx; yÞ ¼ xM2
E þ ym2

Φþ þ ð1 − x − yÞm2
Σ ðB40Þ

follows. To obtain a closed form, we introduce the mass
ratios

rΦ ≔
m2

Φþ

M2
E
; rΣ ≔

m2
Σ

M2
E
; ðB41Þ

and rewrite

Δðx; yÞ ¼ xM2
E þ ym2

Φþ þ ð1 − x − yÞm2
Σ

¼ M2
E½rΣ þ xð1 − rΣÞ þ yðrΦ − rΣÞ�: ðB42Þ

Then Eq. (B40) becomes

JE ¼ i
16π2

1

M4
E

Z
1

0

dx x

×
Z

1−x

0

dy
1

½rΣ þ xð1 − rΣÞ þ yðrΦ − rΣÞ�2
: ðB43Þ

Performing the y integral gives
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Z
1−x

0

dy
1

½rΣ þ xð1 − rΣÞ þ yðrΦ − rΣÞ�2

¼ 1

rΦ − rΣ

�
1

rΣ þ xð1 − rΣÞ
−

1

rΦ þ xð1 − rΦÞ
�
: ðB44Þ

Substituting into Eq. (B43) yields

JE ¼
i

16π2
1

M4
E

1

rΦ− rΣ

×
Z

1

0

dx
�

x
rΣþ xð1− rΣÞ

−
x

rΦþ xð1− rΦÞ
�
: ðB45Þ

We next evaluate the auxiliary function

FðrÞ ≔
Z

1

0

dx
x

rþ xð1 − rÞ : ðB46Þ

Setting a ≔ 1 − r, we write

x
rþ ax

¼ 1

a

�
1 −

r
rþ ax

�
; ðB47Þ

and for r ≠ 1 this gives

FðrÞ ¼ 1

a

Z
1

0

dx −
r
a

Z
1

0

dx
1

rþ ax

¼ 1

1 − r
þ r ln r
ð1 − rÞ2 : ðB48Þ

Equation (B45) can then be expressed as

JE ¼ i
16π2

1

M4
E

1

rΦ − rΣ
½FðrΣÞ − FðrΦÞ�: ðB49Þ

Substituting Eq. (B48) and first organizing the rational
terms, we find

1

rΦ − rΣ

�
1

1 − rΣ
−

1

1 − rΦ

�
¼ −

1

ð1 − rΦÞð1 − rΣÞ
: ðB50Þ

Therefore, the bracket in Eq. (B49) becomes

1

rΦ − rΣ
½FðrΣÞ − FðrΦÞ�

¼ −
1

ð1 − rΦÞð1 − rΣÞ

þ 1

rΦ − rΣ

�
rΣ ln rΣ
ð1 − rΣÞ2

−
rΦ ln rΦ
ð1 − rΦÞ2

�
: ðB51Þ

Defining

IðrΦ; rΣÞ ≔ −
1

ð1 − rΦÞð1 − rΣÞ

þ 1

rΦ − rΣ

�
rΣ ln rΣ
ð1 − rΣÞ2

−
rΦ ln rΦ
ð1 − rΦÞ2

�
; ðB52Þ

we obtain

JE ¼ i
16π2

1

M4
E
IðrΦ; rΣÞ: ðB53Þ

The limit rΦ ¼ rΣ can be obtained directly from
Eq. (B43), or defined continuously from Eq. (B51) using
l’Hôpital’s rule. In particular, for rΦ ¼ rΣ ¼ 1 we have
Δ ¼ M2

E, and Eq. (B40) immediately gives

Ið1;1Þ ¼
Z

1

0

dxx
Z

1−x

0

dy¼
Z

1

0

dxxð1− xÞ ¼ 1

6
: ðB54Þ

Using Eqs. (B33) and (B53), we find

IðEÞμB;σ ðqÞ ¼ iMEσ
μνqνPR

i
16π2

1

M4
E
IðrΦ; rΣÞ

¼ −
1

16π2
1

M3
E
IðrΦ; rΣÞσμνqνPR: ðB55Þ

Consequently, the dipole part of Eq. (B27) is

iMðEÞ
B;σ¼ðig0YEÞð−iyΣ;αÞð−iy�H;iÞð−iμ�sÞ

× ūLα

�
−

1

16π2
1

M3
E
IðrΦ;rΣÞ

�
σμνqνPRuNi

εμ: ðB56Þ

Moreover, the factor qνεμ can be recombined into the
field strength. In momentum space, Bμν ¼ iðqμεν − qνεμÞ,
and by the antisymmetry of σμν one has Eq. (59). Thus the
spinor structure ūLα

σμνqνPRuNi
εμ can be traded for the

corresponding field-strength contraction [up to the conven-
tional factor implicit in Eq. (59)]. To make the operator
gauge invariant in the symmetric phase, one must insert a
Higgs doublet. At the present stage, however, the external
scalar is D̃, and the corresponding local EFT operator is
identified as

OðDÞ
NB;αi ¼ ðL̄ασ

μνPRNiÞD̃Bμν: ðB57Þ

Accordingly, one defines the Wilson coefficient of this
operator by the coefficient of the dipole spinor structure
extracted from the UV amplitude.
Finally, we define the Wilson-coefficient contribution

corresponding to Fig. 1(a) as the coefficient of
ūLα

σμνqνPRuNi
εμ [cf. Eq. (B13)]:

iMðEÞ
B;σ ≔ ūLα

σμνqνPRuNi
εμ

2CðDÞ
NB;αijðEÞ
Λ2

: ðB58Þ
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With this definition, Eq. (B56) yields

CðDÞ
NB;αijðEÞ
Λ2

¼ g0YEyΣ;αy�H;iμ
�
s

16π2M3
E

I
�
m2

Φþ

M2
E
;
m2

Σ
M2

E

�
: ðB59Þ

The remaining diagrams, in which B is attached to the Φþ
or Σ line [diagrams (b) and (c)] and W is attached to the Σ
line [diagram (d)], are treated by the same q expansion,
dipole projection, and master-integral reduction, so we do
not repeat the intermediate steps here and instead summa-
rize their substitutions and final matching coefficients in the
next subsection.

5. One-loop matching results and a unified
representation

The detailed derivation for diagram (a) given in
Appendix B 4 already establishes the only nontrivial loop
integral needed in this class of one-loop matchings. The
remaining diagrams differ only in two respects: which
internal line carries the external gauge-boson insertion, and
the corresponding gauge factor. We therefore do not repeat
the q expansion, the projection onto the σμνqν structure, or
the Feynman-parameter evaluation.
For later convenience, we introduce the master scalar

integral

Jða; b; cÞ ≔
Z

dnk
ð2πÞn

1

ðk2 − aÞ2ðk2 − bÞðk2 − cÞ : ðB60Þ

Using the result already derived in Eq. (B53), one immedi-
ately finds

Jða;b; cÞ ¼ i
16π2

1

a2
I
�
b
a
;
c
a

�
; ðB61Þ

where the loop function I is the same as in Eq. (B52). Its
degenerate limit is understood by continuity, and in
particular Eq. (B54) implies

Ið1; 1Þ ¼ 1

6
: ðB62Þ

With this notation, the remaining one-loop diagrams in
Figs. 1(b)–1(d) are obtained from diagram (a) simply by
choosing which propagator is squared, i.e. which internal
line emits the external gauge boson:

ðaÞB attached toE∶ ða;b;cÞ¼ ðM2
E;m

2
Φþ ;m2

ΣÞ;
ðbÞ B attached toΦþ∶ ða;b;cÞ¼ ðm2

Φþ ;M2
E;m

2
ΣÞ;

ðcÞ B attached to Σ∶ ða;b;cÞ¼ ðm2
Σ;M

2
E;m

2
ΦþÞ;

ðdÞWa attached to Σ∶ ða;b;cÞ¼ ðm2
Σ;M

2
E;m

2
ΦþÞ: ðB63Þ

For diagram (d), the Σ −Wa vertex carries the generator

τa ¼ σa

2
; ðB64Þ

which is the same normalization used in the definition of

OðDÞ
NW ; hence no additional conversion factor appears.
The Wilson-coefficient contributions to OðDÞ

NB are there-
fore

CðD;EÞ
NB;αi

Λ2
¼ g0YEyΣ;αy�H;iμ

�
s

16π2
1

M3
E
I
�
m2

Φþ

M2
E
;
m2

Σ
M2

E

�
;

CðD;ΦþÞ
NB;αi

Λ2
¼ g0YΦþyΣ;αy�H;iμ

�
s

16π2
ME

m4
Φþ

I
�
M2

E

m2
Φþ

;
m2

Σ
m2

Φþ

�
;

CðD;ΣÞ
NB;αi

Λ2
¼ g0YΣyΣ;αy�H;iμ

�
s

16π2
ME

m4
Σ
I
�
M2

E

m2
Σ
;
m2

Φþ

m2
Σ

�
: ðB65Þ

Summing the three hypercharge attachments, we obtain

CðDÞ
NB;αi

Λ2
¼ CðD;EÞ

NB;αi

Λ2
þ CðD;ΦþÞ

NB;αi

Λ2
þ CðD;ΣÞ

NB;αi

Λ2
: ðB66Þ

Similarly, since only Σ carries SUð2ÞL charge in the loop,
the contribution to OðDÞ

NW is

CðDÞ
NW;αi

Λ2
¼ gyΣ;αy�H;iμ

�
s

16π2
ME

m4
Σ
I
�
M2

E

m2
Σ
;
m2

Φþ

m2
Σ

�
: ðB67Þ

Thus, Appendix B 4 serves as the explicit worked
example, whereas the present subsection only records
the diagram-by-diagram substitutions and the final match-
ing coefficients.

APPENDIX C: ONE-LOOP ANOMALOUS
DIMENSIONS FOR THE DIPOLE OPERATORS

1. B−W3 vacuum polarization

In Sec. III we used the fact that the mixed B −W3

vacuum polarization has no UV-divergent part in the
electroweak-symmetric phase. Here we give the explicit
calculation. The relevant one-loop contributions contain
light fields charged under both Uð1ÞY and SUð2ÞL. Their
divergent part is proportional to the group-theory factorP

light YT
3, which vanishes after summing over complete

SUð2ÞL multiplets. Therefore, the off-diagonal wave-func-

tion counterterm Zð1Þ
BW vanishes, and no one-loop mixing

between CNB and CNW is induced through gauge-boson
wave-function renormalization.

a. One-loop integral with an internal Dirac fermion

We first evaluate the one-loop integral for a Dirac
fermion f. Since we are interested only in the amputated
two-point function, amputation removes the external fields
from the loop integral, and we obtain
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iΠμν
BW;fðqÞ

¼ ð−1Þ
Z

d4k
ð2πÞ4

×
trfiðkþmfÞðig0Yfγ

μÞiðk − =qþmfÞ½igðτ3=2ÞγνPL�g
ðk2 −m2

fÞ½ðk − qÞ2 −m2
f�

¼ −g0gYfT3
f

Z
dnk
ð2πÞn

tr½ðkþmfÞγμðk − =qþmfÞγνPL�
ðk2 −m2

fÞ½ðk − qÞ2 −m2
f�

:

ðC1Þ

In the second line we have continued the loop integral to n
dimensions.
For the Pauli matrices τa and the third component of

weak isospin T3
f, we use the following relation. Since the

SUð2ÞL generators are τa, acting with τ3 on a doublet
component (the a ¼ 1, 2 components do not appear in the
present graph) yields

T3
f ¼

8><
>:

þ1=2; ðf1 ¼ νL; uLÞ;
−1=2; ðf2 ¼ eL; dLÞ;
0; ðRH singletÞ:

ðC2Þ

Evaluating the trace in the numerator, we find

tr½ðkþmfÞγμðk − =qþmfÞγνPL�
¼ 2ð2kμkν − gμνk2 þ gμνk · q − kμqν − kνqμ þ gμνm2

fÞ:
ðC3Þ

Substituting this into Eq. (C1), we obtain

iΠμν
BW;fðqÞ ¼−2g0gYfT3

f

Z
dnk
ð2πÞn

×
2kμkν − kμqν − kνqμ− gμνðk2− k ·q−m2

fÞ
ðk2 −m2

fÞ½ðk−qÞ2−m2
f�

:

ðC4Þ

Applying the Feynman-parameter formula to the denom-
inator,

1

ðk2 −m2
fÞ½ðk − qÞ2 −m2

f�

¼
Z

1

0

dx
1

ðm2
f − q2xþ 2k · qx − k2Þ2 ; ðC5Þ

and using the dimensional-regularization integrals, we
obtain

iΠμν
BW;fðqÞ ¼−2g0gYfT3

f

Z
1

0

dx
Z

dnk
ð2πÞn

×
2kμkν − kμqν − kνqμ− gμνðk2 − k ·q−m2

fÞ
ðm2

f −q2xþ 2k ·qx− k2Þ2

¼−
ig0gYfT3

f

16π2
ε̄−1
�
þ2

3
ðgμνq2−qμqνÞ

�
: ðC6Þ

Therefore,

Πμν
BW;fðqÞ ¼

g0gYfT3
f

16π2
ε̄−1
�
−
2

3
ðgμνq2 − qμqνÞ

�
: ðC7Þ

Here ε̄−1, defined in Eq. (83), denotes the UV-divergent
part in the MS scheme.

b. One-loop integral with an internal Higgs doublet

Next, we evaluate the one-loop integral for the Higgs
doublet H. After amputation, no external fields remain
inside the loop integral, and we obtain

iΠμν
BW;bubbleðqÞ

¼
Z

d4k
ð2πÞ4

i
k2−m2

H
½ig0YHð2k−qÞμ�

×
i

ðk−qÞ2−m2
H
½igT3

Hð2k−qÞν�

¼ g0gYHT3
H

Z
dnk
ð2πÞn

4kμkν−2kμqν−2qμkνþqμqν

ðk2−m2
HÞ½ðk−qÞ2−m2

H�
: ðC8Þ

Using the Feynman-parameter formula,

1

ðk2 −m2
HÞ½ðk − qÞ2 −m2

H�
¼
Z

1

0

dx
1

ðm2
H − q2xþ 2k · qx − k2Þ2 ; ðC9Þ

we find

iΠμν
BW;bubbleðqÞ

¼ g0gYHT3
H

×
Z

dnk
ð2πÞn

Z
1

0

dx
4kμkν − 2kμqν − 2qμkν þ qμqν

ðm2
H − q2xþ 2k · qx − k2Þ2

¼ ig0gYHT3
H

16π2
ε̄−1
�
2gμνm2

H −
1

3
ðgμνq2 − qμqνÞ

�
: ðC10Þ

Therefore, we obtain

Πμν
BW;bubbleðqÞ

¼ g0gYHT3
H

16π2
ε̄−1
�
2gμνm2

H −
1

3
ðgμνq2 − qμqνÞ

�
: ðC11Þ
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c. Seagull diagram with an internal Higgs doublet

The Higgs sector contains yet another type of vacuum
polarization. Expanding the Higgs kinetic term,

Lkin ¼ ðDμHÞ†ðDμHÞ;
Dμ ¼ ∂μ − ig0YHBμ − igτaWa

μ; ðC12Þ

we find

ðDμHÞ†ðDμHÞ ⊃ 2g0gYHT3
HBμW3μH†H

¼ 2g0gYHT3
Hg

μνBμW3
νH†H; ðC13Þ

which implies the four-point interaction (“seagull interac-
tion”)

Vμν
BW3HH

≔
iδ4

δBμδW3
νδHδH†

Z
dn x 2g0gYHT3

Hg
ρσBρW3

σH†H

¼ þ2ig0gYHT3
Hg

μν: ðC14Þ

This vertex is shown in Fig. 8(a). Contracting the Higgs
legs of Fig. 8(a) yields the tadpole (seagull) contribution to
the mixed vacuum polarization shown in Fig. 8(b), which
can be written as

iΠμν
BW;seagullðqÞ ¼ Vμν

BW3HH

Z
dnk
ð2πÞn

i
k2 −m2

H
: ðC15Þ

Evaluating Fig. 8(b), the UV contribution is

iΠμν
BW;seagullðqÞ ¼ 2ig0gYHT3

Hg
μν

Z
dnk
ð2πÞn

−i
m2

H − k2

¼ −
ig0gYHT3

H

16π2
ε̄−1ð2gμνm2

HÞ; ðC16Þ

and hence

Πμν
BW;seagullðqÞ ¼

g0gYHT3
H

16π2
ε̄−1ð−2gμνm2

HÞ: ðC17Þ

Combining the bubble (C11) and seagull (C17) contribu-
tions, the Higgs-loop vacuum polarization Πμν

BW;HðqÞ is
given by

Πμν
BW;HðqÞ ¼

g0gYHT3
H

16π2
ε̄−1
�
−
1

3
ðgμνq2 − qμqνÞ

�
: ðC18Þ

d. One-loop integral with an internal FP ghost

Since the gauge-boson two-point function must be
transverse, it satisfies the Slavnov-Taylor identity

qμΠμνðqÞ ¼ 0: ðC19Þ

This follows from BRST symmetry (gauge invariance of
the quantum theory). Therefore, the “mass-pole” terms of
the form gμνm2

H ε̄
−1, which appear in the one-loop compu-

tation of the β function, must cancel. If such terms
remained, they would imply that the gauge boson acquires
a mass, leading to a contradiction.
The Faddeev-Popov (FP) ghosts [93] ðc; c̄Þ are scalar

fields in the adjoint representation with anticommuting
Grassmann statistics. Hence they do not generate mass
poles, while the derivative structure of their three-point
vertices cancels the ξ-dependent contributions arising from
the gauge-boson sector in the kinetic terms (where ξ is the
gauge parameter). In other words, they guarantee the ξ
independence of the transverse gauge two-point function
(gauge invariance of physical quantities). Consequently, FP
ghosts must be included in loops in order to maintain gauge
invariance.
Since the FP ghosts carry no hypercharge (Y ¼ 0), there

is no vertex of the form Bμc̄c in the present case, and
therefore they do not contribute to Πμν

BWðqÞ.

e. Derivation of the scalar vacuum polarization
(transverse component)

We denote the transverse scalar form factor of the
vacuum polarization Πμν

BWðqÞ simply by ΠBWðq2Þ. We
define the transverse projector Pμν

T ðqÞ by

Pμν
T ðqÞ ≔ gμν −

qμqν

q2
: ðC20Þ

The projector Pμν
T ðqÞ satisfies transversality,

qμP
μν
T ðqÞ ¼ 0; Pμν

T ðqÞqν ¼ 0; ðC21Þ

and extracts the transverse part of the Ward-Takahashi
identity. It also satisfies the projector property,

FIG. 8. Seagull contribution induced by the quartic BW3HH
interaction. (a) The BW3HH seagull vertex. (b) The correspond-
ing tadpole (seagull) contribution to the mixed vacuum polari-
zation Πμν

BW obtained by contracting the Higgs legs.
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Pμ
TρðqÞPρν

T ðqÞ ¼ Pμν
T ðqÞ: ðC22Þ

Since the tensor structure of the vacuum polarization can be
written as

gμνq2 − qμqν ¼ q2
�
gμν −

qμqν

q2

�
¼ q2Pμν

T ðqÞ; ðC23Þ

multiplying both sides of

Πμν
BW;fðqÞ ¼ ðgμνq2 − qμqνÞΠBW;fðq2Þ ðC24Þ

by the transverse projector PT
μνðqÞ yields

PT
μνðqÞΠμν

BW;fðqÞ ¼ ðn − 1Þq2ΠBW;fðq2Þ; ðC25Þ

and hence

ΠBW;fðq2Þ ¼
1

ðn − 1Þq2 P
T
μνðqÞΠμν

BW;fðqÞ: ðC26Þ

Therefore, to obtain ΠBW;fðq2Þ, it suffices to multiply the
two-point function Πμν

BW;fðqÞ by the transverse projector
PT
μνðqÞ and then by the factor 1=½ðn − 1Þq2�. In the present

case the vacuum polarization has only a transverse com-
ponent, so the evaluation is straightforward:

ΠBW;fðq2Þ ¼
2

3
×
g0gYfT3

f

16π2
ε̄−1: ðC27Þ

Using the identity

PT
μνðqÞgμν ¼ n − 1 ðC28Þ

gives

ΠBW;Hðq2Þ ¼ −
1

3
×
g0gYHT3

H

16π2
ε̄−1: ðC29Þ

f. UV coefficient of the B�W3 mixing term

From the above results, the UV pole of the B −W3

mixed vacuum polarization is given, for a Dirac fermion
and the Higgs field respectively, by

ΠBW;fðq2Þ ¼
2

3
×
g0gYfT3

f

16π2
ε̄−1; ðC30Þ

ΠBW;Hðq2Þ ¼ −
1

3
×
g0gYHT3

H

16π2
ε̄−1: ðC31Þ

Noting that both expressions are proportional to YT3, the
complete SUð2ÞL multiplet sums vanish:

X
light

YfT3
f ¼ 0;

X
H

YHT3
H ¼ 0: ðC32Þ

Indeed, within each left-handed fermion doublet the two
components have the same hypercharge and opposite
values of T3, while right-handed singlets have T3 ¼ 0.
The Higgs doublet gives the same cancellation between its
two SUð2ÞL components. Therefore,

X
f

ΠBW;fðq2Þ ¼
2

3

g0g
16π2

ε̄−1
X
f

YfT3
f ¼ 0; ðC33Þ

X
H

ΠBW;Hðq2Þ ¼ −
1

3

g0g
16π2

ε̄−1
X
H

YHT3
H ¼ 0: ðC34Þ

Consequently,

ΠBWðq2Þ ¼ 0; ðC35Þ

after summing over the light SM fields in the electroweak-
symmetric phase.

2. BμBν self-energy

As shown above, the pole part of the mixed B −W3

vacuum polarization vanishes after summing over the light
SM fields, so the corresponding one-loop off-diagonal
wave-function counterterm is absent:

Zð1Þ
BW ¼ 0: ðC36Þ

Consequently, B −W3 wave-function mixing does not
contribute to the anomalous dimensions of CNB and
CNW at the order considered here.
It remains to compute the diagonal gauge-boson wave-

function factors, the lepton-doublet wave-function factor,
and the Higgs-doublet wave-function factor. We begin with
the self-energy of the hypercharge gauge field Bμ.

a. B self-energy with an internal Dirac fermion

Evaluating the one-loop integral for a Dirac fermion f,
we obtain

iΠμν
BB;fðqÞ

¼−g02Y2
f

Z
dnk
ð2πÞn

tr½ðkþmfÞγμðk− =qþmfÞγν�
ðk2 −m2

fÞ½ðk−qÞ2−m2
f�

: ðC37Þ

The trace in the numerator is

tr½ðkþmfÞγμðk − =qþmfÞγν�
¼ 4ð2kμkν − gμνk2 þ gμνk · q − kμqν − kνqμ þ gμνm2

fÞ:
ðC38Þ
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Hence, the integral reduces to the same tensor structure.
Continuing the computation of iΠμν

BB;fðqÞ, we find

iΠμν
BB;fðqÞ ¼−4g02Y2

f

Z
dnk
ð2πÞn

×
2kμkν− kμqν− kνqμ− gμνðk2− k ·q−m2

fÞ
ðk2−m2

fÞ½ðk−qÞ2−m2
f�

:

ðC39Þ

Applying the Feynman-parameter formula to the denom-
inator, and using the dimensional-regularization integral
formulas, we obtain

iΠμν
BB;fðqÞ

¼ −4g02Y2
f

Z
1

0

dx

×
Z

dnk
ð2πÞn

2kμkν − kμqν − kνqμ − gμνðk2 − k · q −m2
fÞ

ðm2
f − q2xþ 2k · qx − k2Þ2

¼ −
ig02Y2

f

16π2
ε̄−1
�
4

3
ðgμνq2 − qμqνÞ

�
; ðC40Þ

and

Πμν
BB;fðqÞ ¼

g02Y2
f

16π2
ε̄−1
�
−
4

3
ðgμνq2 − qμqνÞ

�
: ðC41Þ

b. B self-energy with an internal Higgs doublet

Evaluating the one-loop integral for the Higgs doubletH,
we obtain

iΠμν
BB;HðqÞ

¼ g02Y2
H

Z
dnk
ð2πÞn

ð2k − qÞμð2k − qÞν
ðk2 −m2

HÞ½ðk − qÞ2 −m2
H�

: ðC42Þ

This is the same integral as in Appendix C 1 b. Accounting
for the difference in the overall coefficient, the bubble
diagram yields

Πμν
BB;bubbleðqÞ ¼

g02Y2
H

16π2
ε̄−1
�
2gμνm2

H −
1

3
ðgμνq2 − qμqνÞ

�
:

ðC43Þ

We next compute the seagull contribution. Expanding
the Higgs kinetic term generates the quartic interaction
g02Y2

HBμBμH†H. The amputated BBHH vertex is defined
by functional differentiation with respect to the external
fields; since two identical gauge fields Bμ appear, this
yields the combinatorial factor 2,

Vμν
BBHH ≔

iδ4

δBμδBνδHδH†

Z
dnxg02Y2

HBρBρH†H

¼ 2ig02Y2
Hg

μν: ðC44Þ

The one-loop integral then becomes

iΠμν
BB;seagullðqÞ ¼ 2ig02Y2

Hg
μν

Z
dnk
ð2πÞn

i
k2 −m2

H
: ðC45Þ

Since this is identical to the integral in Appendix C 1 c, we
immediately obtain

Πμν
BB;seagullðqÞ ¼

g02Y2
H

16π2
ε̄−1ð−2gμνm2

HÞ: ðC46Þ

Therefore, the sum of the bubble (C43) and seagull
(C46) contributions is

Πμν
BB;HðqÞ ¼

g02Y2
H

16π2
ε̄−1
�
−
1

3
ðgμνq2 − qμqνÞ

�
: ðC47Þ

Adding all contributions to the B self-energy, we obtain

Πμν
BBðqÞ ¼

g02

16π2
ε̄−1
�
−
X
f

�
1

2
×
4Y2

f

3

�
−
X
H

Y2
H

3

�

× ðgμνq2 − qμqνÞ:

Since we count chiral (Weyl) fermions, while the one-loop
result in Eq. (C48) is written for a Dirac fermion with
vector coupling, we include an overall factor of 1=2
(equivalently, 4=3 → 2=3 per Weyl fermion). Evaluating
the sums, and noting the contributions from three gener-
ations, we find

2

3

X
f

Y2
f ¼

2

3
× 3

�
1

6
þ 4

3
þ 1

3
þ 1

2
þ 1

�
¼ 20

3
; ðC48Þ

1

3

X
H

Y2
H ¼ 1

3
× 2 ×

�
þ 1

2

�
2

¼ 1

3
×
1

2
¼ 1

6
: ðC49Þ

Substituting these results, we obtain

Πμν
BBðqÞ ¼

g02

16π2
ε̄−1
�
−
20

3
−
1

6

�
ðgμνq2 − qμqνÞ

¼ g02

16π2
ε̄−1
�
−
41

6
ðgμνq2 − qμqνÞ

�
: ðC50Þ
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Extracting the transverse scalar component, we find

ΠBBðq2Þ ¼
1

ðn − 1Þq2 P
T
μνðqÞΠμν

BBðqÞ

¼ −
g02

16π2
ε̄−1

41

6
: ðC51Þ

c. One-loop β function of the Uð1ÞY gauge coupling g0

We consider a theory consisting of the hypercharge
gauge field Bμ, a Dirac fermion ψ , and the Higgs doublet
H, and relate bare and renormalized quantities as

B0μ ¼ Z1=2
3 Bμ; ψ0 ¼ Z1=2

ψ ψ ;

H0 ¼ Z1=2
H H; g0ð0Þ ¼ Zg0g0;

m0f ¼ Zmf
mf; m2

0H ¼ Zm2
H
m2

H: ðC52Þ

The bare Lagrangian is

L0 ¼ −
1

4
B0μνB

μν
0 þ ψ̄0ðiγμDð0Þ

μ −m0fÞψ0

þ ðDð0Þ
μ H0Þ†ðDð0ÞμH0Þ −m2

0HH
†
0H0 − λ0ðH†

0H0Þ2;
Dð0Þ

μ ¼ ∂μ þ ig0ð0ÞYf;HB0μ;

where Yf;H denotes the hypercharge of ψ or H.
Traditionally, the renormalized coupling g is defined

through g0 ¼ Z1Z−1
2 Z−1=2

3 g, where Z1 relates the bare and
renormalized vertices, Z2 ¼ Zψ is the fermion-field
renormalization, and Z3 is the gauge-field renormalization.
In an Abelian gauge theory, the Ward-Takahashi identity
implies Z1 ¼ Zψ and hence

g0 ¼ Z−1=2
3 g; ðC53Þ

i.e., Zg0 ¼ Z−1=2
3 in Eq. (C52). By contrast, in a non-

Abelian gauge theory the coupling is often defined from the
triple-gauge vertex, which leads to the relation (with
Z2 ¼ Z3)

g0 ¼ Z1Z
−3=2
3 g: ðC54Þ

Replacing the bare quantities using Eq. (C52) [and using
Zg0 ¼ Z−1=2

3 for Uð1ÞY], the renormalized Lagrangian can
be written as

L ¼ −
1

4
BμνBμν þ ψ̄ðiγμ∂μ −mfÞψ þ ψ̄g0Yfγ

μBμψ

þ ðDμHÞ†ðDμHÞ −m2
HH

†H − λðH†HÞ2;
Dμ ¼ ∂μ þ ig0YHBμ; ðC55Þ

while the counterterm Lagrangian includes, in particular,

Lcount: ¼ −
1

4
ðZ3 − 1ÞBμνBμν

þ ψ̄ ½ðZψ − 1Þiγμ∂μ − ðZψZmf
− 1Þmf�ψ

þ ψ̄g0Yfγ
μBμψðZψ − 1Þ

þ ðZH − 1ÞðDμHÞ†ðDμHÞ
− ðZHZm2

H
− 1Þm2

HH
†H; ðC56Þ

where we omit counterterms in the scalar potential, which
are irrelevant for the determination of Z3 and the one-loop
running of g0.
Now consider the ultraviolet divergence of the Bμ self-

energy,

Πμν
BBðqÞ ¼

g02

16π2
ε̄−1
�
−
41

6
ðgμνq2 − qμqνÞ

�
: ðC57Þ

Using the Fourier decomposition

BμðxÞ ¼
Z

d4q
ð2πÞ4 e

−iqxBμðqÞ;

BμνðxÞ ¼
Z

d4q
ð2πÞ4 ð−iqμBν þ iqνBμÞe−iqx; ðC58Þ

the counterterm contribution from Eq. (C56) reads

−
1

4
ðZ3 − 1ÞBμνBμν

→ −
1

4
ðZ3 − 1Þ

Z
d4xBμνBμν

¼ −
1

2
ðZ3 − 1Þ

Z
d4q
ð2πÞ4 Bμð−qÞðgμνq2 − qμqνÞBνðqÞ

∝ −Zð1Þ
3 ðgμνq2 − qμqνÞ; ðC59Þ

which must cancel the UV pole in Eq. (C57). Therefore,

Πμν
BBðqÞ − Zð1Þ

3 ¼ 0 ⇒ Zð1Þ
3 ¼ −

g02

16π2
ε̄−1

41

6
: ðC60Þ

We now use the definition of the β function [94],

βðλÞ ≔
�
Q

∂

∂Q

�
0

λ; λ0 ¼ Zλλ; ðC61Þ

where subscript “0” on the partial derivative indicates that
bare quantities are held fixed, and λ denotes a coupling
constant. With Eq. (C53) inserted,

βðλÞ ≔
�
Q

∂

∂Q

�
0

λ ¼ −λQ
∂ lnZλ

∂Q

				
λ0;ε

¼ −g0Q
∂ lnZ−1=2

3

∂Q

				
g0
0
;ε
; ðC62Þ
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where ε̄−1 denotes the ultraviolet-divergent part in the MS
scheme, defined by (83),

ε̄−1 ≔
2

4 − n
− γ þ ln 4π; ε−1 ¼ 2

4 − n
; ðC63Þ

and we will use this quantity throughout. Using the formula
[94],�

Q
∂

∂Q

�
λ0;ε

lnZi ¼ −2ℏ
�
∂Zð1Þ

i

∂ε̄−1

�
λ;Q

þOðℏ2Þ: ðC64Þ

From Eq. (C62) we then obtain

βðg0Þ ¼ þ 1

2
g0Q

∂ lnZ3

∂Q

				
g0
0
;ε
¼ −g0

�
∂Zð1Þ

3

∂ε̄−1

�
g0;Q

¼ þ 41

6
×

g03

16π2
: ðC65Þ

Summarizing the above results, the Uð1ÞY gauge-field
renormalization Z3≕ZB is given by

Zð1Þ
B ¼ −

41

6
×

g02

16π2
ε̄−1; ðC66Þ

and the beta function becomes

βðg0Þ ¼ þ 41

6
×

g03

16π2
: ðC67Þ

Hence, the Uð1ÞY gauge theory is not asymptotically free.

d. One-loop running of the Uð1ÞY coupling g0

Here, using the resulting beta function, we determine the
one-loop running (RG evolution) of the coupling g0. From
(C67),

βðg0Þ ¼ Q
dg0

dQ
¼ b1

16π2
g03; b1 ¼

41

6
; ðC68Þ

and separating variables gives

dg0

g03
¼ b1

16π2
dQ
Q

: ðC69Þ

Integrating both sides with the initial condition
Qi ≔ Qmatch, g0i ≔ g0ðQiÞ yields

g0ðQÞ ¼ g0i
1 − b1

16π2
g02i ln Q

Qi

: ðC70Þ

3. W3
μW3

ν self-energy

From Zð1Þ
BW ¼ 0 shown in Sec. III B, operator mixing

Bμ ↔ WI
μ does not contribute at one loop. This means that,

at the one-loop level, the Wilson-coefficient vector
ðCNBCNWÞ⊺ associated with the dimension-six operators
fONB;ONWg satisfies

Q
d
dQ

�
CNB

CNW

�
¼ 1

16π2

 
γð1ÞBB γð1ÞBW

γð1ÞWB γð1ÞWW

!�
CNB

CNW

�

¼ 1

16π2

 
γð1ÞBBCNB

γð1ÞWWCNW

!
; ðC71Þ

i.e.,

Q
d
dQ

CNB¼
γð1ÞBB

16π2
CNB; Q

d
dQ

CNW ¼ γð1ÞWW

16π2
CNW; ðC72Þ

which implies that the Uð1ÞY and SUð2ÞL sectors are
completely decoupled at one loop.

a. W3 self-energy with an internal Dirac fermion

The one-loop integral for a Dirac fermion f is given by

iΠμν
WW;fðqÞ¼−g2ðT3

fÞ2
Z

dnk
ð2πÞn

×
tr½ðkþmfÞγμPLðk−=qþmfÞγνPL�

ðk2−m2
fÞ½ðk−qÞ2−m2

f�
: ðC73Þ

Rewriting the trace in the numerator as

tr½ðkþmfÞγμPLðk − =qþmfÞγνPL�
¼ 2½2kμkν − kμqν − kνqμ − gμνðk2 − k · qÞ�; ðC74Þ

the dimensional-regularization integral becomes identical
to that in Appendix C 2 a, up to an overall coefficient
and the absence of the gμνm2

f term. Since the final result
in Appendix C 2 a is independent of mf, we eventually
obtain

Πμν
WW;fðqÞ ¼

g2ðT3
fÞ2

16π2
ε̄−1
�
−
2

3
ðgμνq2 − qμqνÞ

�
: ðC75Þ

Note that the coefficient is−2=3, rather than the value−4=3
often quoted in, e.g., Ref. [94], because the gauge group is
SUð2ÞL (only left-handed fermions couple) rather than a
vectorlike SU(2).

b. W3 self-energy with an internal Higgs doublet

The one-loop integral for the Higgs doublet H reads

iΠμν
WW;bubbleðqÞ

¼ g2ðT3
HÞ2
Z

dnk
ð2πÞn

ð2k − qÞμð2k − qÞν
ðk2 −m2

HÞ½ðk − qÞ2 −m2
H�

: ðC76Þ
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This is the same integral as in Appendix C 2 b up to an
overall coefficient, and therefore

Πμν
WW;bubbleðqÞ

¼ g2ðT3
HÞ2

16π2
ε̄−1
�
2gμνm2

H −
1

3
ðgμνq2 − qμqνÞ

�
: ðC77Þ

On the other hand, the seagull contribution arises from
the quartic interaction g2ðT3

HÞ2W3
μW3μH†H. Since two

identical gauge fields W3
μ appear, the variation is, as in

Appendix C 2 b,

Vμν
W3W3HH

≔
iδ4

δW3
μδW3

νδHδH†

Z
dnxg2ðT3

HÞ2W3
ρW3ρH†H

¼ 2ig2ðT3
HÞ2gμν; ðC78Þ

so that the vertex factor is 2ig2ðT3
HÞ2gμν. The one-loop

integral then becomes

iΠμν
WW;seagullðqÞ ¼ 2ig2ðT3

HÞ2gμν
Z

dnk
ð2πÞn

i
k2−m2

H
; ðC79Þ

which is the same tadpole integral as in Appendix C 2 b.
Hence, we immediately obtain

Πμν
WW;seagullðqÞ ¼

g2ðT3
HÞ2

16π2
ε̄−1ð−2gμνm2

HÞ: ðC80Þ

Therefore, the sum of the bubble and seagull
contributions is

Πμν
WW;HðqÞ ¼

g2ðT3
HÞ2

16π2
ε̄−1
�
−
1

3
ðgμνq2 − qμqνÞ

�
: ðC81Þ

c. W3
μW3

ν self-energy with a W� loop

Fixing to the ’t Hooft-Feynman gauge ξ ¼ 1, the
W-boson propagator is given by Dab

μνðkÞ ¼ −iδabgμν=k2.
The three-gauge-boson vertex factor, with all momenta
taken to flow into the vertex, can be written as [95]

V3ab
μνρðp1; p2; p3Þ
≔ gf3ab½gμνðp1 − p2Þρ þ gνρðp2 − p3Þμ þ gρμðp3 − p1Þν�:

ðC82Þ

In this notation, the left vertex satisfies p1 ¼ q, p2 ¼ k − q,
and p3 ¼ −k, so that

V3ab
μρσðq; k − q;−kÞ
¼ gf3ab½gμνð2q − kÞρ þ gνρð2k − qÞμ þ gρμð−k − qÞν�:

ðC83Þ

The right vertex satisfies p1 ¼ k, p2 ¼ −kþ q, and
p3 ¼ −q, so that

V3cd
τλν ðk;−kþ q;−qÞ
¼ gfdc3½gτλð2k − qÞν þ gλνð−kþ 2qÞτ þ gντð−k − qÞλ�:

ðC84Þ

The vacuum polarization which corresponds to the one-
loop diagram shown in Fig. 9, including the symmetry
factor 1=2, is then given by

iΠμν
WW;W�ðqÞ ¼ g2

2

Z
dnk
ð2πÞn

−iδacgαγ
k2

·
−iδbdgβδ
ðk − qÞ2

× V3ab
μαβð−q; k; q − kÞV3cd

νγδ ðk − q;−k; qÞ:
ðC85Þ

Extracting the group and vertex factors, and using fdc3 ¼
−f3cd together with the value of the quadratic Casimir in
the adjoint representation of SUð2ÞL,

C2ðGÞ ≔ CA ¼
X
c;d

δacδbdf3abf3cd

¼
X
a;b

f3abf3ab ¼
X
a;b

ϵ3abϵ3ab ¼ 2 ðC86Þ

(where ϵ3ab is the totally antisymmetric tensor) yields

g2

2
δacδbdgστgλρV3ab

μρσðq; k − q;−kÞV3cd
τλν ðk;−kþ q;−qÞ

¼ −g2½gμνð2k2 − 2q · kþ 5q2Þ
þ 10kμkν − 5kμqν − 5qμkν − 2qμqν�: ðC87Þ

Substituting this into the expression for the vacuum
polarization, we obtain

FIG. 9. One-loop W-boson self-energy from two triple-gauge
vertices.
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WW;W�ðqÞ¼ g2

Z
dnk
ð2πÞn

1

k2ðk−qÞ2
× ½gμνð2k2−2q ·kþ5q2Þ
þ10kμkν−5kμqν−5qμkν−2qμqν�: ðC88Þ

Applying the Feynman-parameter formula to the denom-
inator, the dimensional-regularization integral becomes

Πμν
WW;W�ðqÞ ¼ g2

16π2
ε̄−1
�
19

6
gμνq2 −

11

3
qμqν

�
: ðC89Þ

d. Seagull diagram with an internal W� loop

Next, we derive the 4W interaction Lagrangian in order
to compute the seagull diagram shown in Fig. 10. From the
gauge Lagrangian

Lgauge ¼ −
1

4
Wa

μνWaμν;

Wa
μν ¼ ∂μWa

ν − ∂νWa
μ þ gfabcWb

μWc
ν; ðC90Þ

expanding the two factors of gfabcWbWc yields

L4 W ¼ −
g2

4
fabefcdeWa

μWb
νWcμWdν: ðC91Þ

The seagull contribution to the W3 self-energy, taking
into account the symmetry factor 1=2 and the Feynman rule
for the quartic gauge vertex [95], is given by

iΠμν
seagullðqÞ ¼ i2g2

Z
dnk
ð2πÞn

2ðn − 1Þgμν
m2

W − k2
: ðC92Þ

Here we introduced a dummymass parametermW in theW-
boson propagator in order to perform the dimensional-
regularization integral. We then obtain

Πμν
seagullðqÞ ¼

g2

16π2
ε̄−1 · 6gμνm2

W ⟶
mW→0

0: ðC93Þ

e.W3
μ self-energy with an internal Faddeev-Popov ghost

The FP-ghost propagator is iδab=k2, and the vertex factor
is−gf3abkμ. A minus sign is associated with the loop due to
the Grassmann nature of the ghosts. Moreover, since a
ghost and an antighost propagate in the loop, there is no
symmetry factor. Therefore, the vacuum polarization is

iΠμν
ghostðqÞ ¼ −2g2

Z
dnk
ð2πÞn

kμkν − kμqν

k2ðk − qÞ2 ; ðC94Þ

with CA ¼ 2. Using the Feynman-parameter formula for
the denominator, the dimensional-regularization integral
yields

Πμν
ghostðqÞ ¼

g2

16π2
ε̄−1
�
1

6
gμνq2 þ 1

3
qμqν

�
: ðC95Þ

f. Sum of the W3
μ self-energy

The Dirac-fermion contribution and the Higgs contribu-
tion must each be summed over the third component of
weak isospin. Taking into account three generations, we
find

X
f

ðT3
fÞ2 ¼ 3 ×

�
3

2
þ 1

2

�
¼ 6; ðC96Þ

X
H

ðT3
HÞ2 ¼

�
þ 1

2

�
2

þ
�
−
1

2

�
2

¼ 1

2
: ðC97Þ

Therefore,

Πμν
WW;fðqÞ ¼

g2

16π2
ε̄−1½−4ðgμνq2 − qμqνÞ�; ðC98Þ

Πμν
WW;HðqÞ ¼

g2

16π2
ε̄−1
�
−
1

6
ðgμνq2 − qμqνÞ

�
: ðC99Þ

Since the SUð2ÞL gauge interaction acts only on left-
handed Weyl-fermion doublets, the fermionic multiplicities
entering the sum are counted in units of a single two-
component Weyl fermion.
Combining the above results, we obtain

Πμν
WWðqÞ ¼ Πμν

WW;fðqÞ þ Πμν
WW;HðqÞ

þ Πμν
WW;W�ðqÞ þ Πμν

WW;ghostðqÞ

¼ g2

16π2
ε̄−1
�
−
5

6
ðgμνq2 − qμqνÞ

�
: ðC100Þ

This is nothing but the W3-boson self-energy.
Since analogous computations will appear repeatedly

below, we make the SUð2ÞL gauge-theory Lagrangian and
its counterterms explicit. The bare Lagrangian is

FIG. 10. Seagull contribution to the W3 self-energy from the
quartic gauge interaction.

RIN TAKADA PHYS. REV. D 113, 123544 (2026)

123544-42



RETRACTED

L0 ¼ −
1

4
Wa

0μνW
aμν
0

þ ψ̄0ðiγμPLD0μ −m0Þψ0 þ c̄0∂μD0μc0; ðC101Þ

which, in terms of renormalized quantities, becomes

L ¼ −
1

4
Wa

μνWaμν þ ψ̄ðiγμPLDμ −mÞψ þ c̄∂μDμc:

ðC102Þ

The counterterm Lagrangian is

Lcount: ¼ −
1

4
ðZ3 − 1Þð∂μWa

ν − ∂νWa
μÞ2

þ ðZ2 − 1Þψ̄ iγμPL∂μψ

− ðZ2Zm − 1Þmψ̄ψ þ ðZ̃3 − 1Þc̄a∂μ∂μca
− ðZW3 − 1Þgfabc∂μWa

νWbμWcν

−
1

4
ðZW4 − 1Þg2ðfeabWa

μWb
νÞ2

þ ðZ1Z2Z−1
3 − 1ÞgWa

μψ̄γ
μTaPLψ

þ ðZ̃1 − 1Þg∂μc̄afabcWb
μcc: ðC103Þ

Here

W0μ ¼ Z1=2
3 Wμ; ψ0 ¼ Z1=2

2 ψ ;

ðc0; c̄0Þ ¼ Z̃1=2
3 ðc; c̄Þ; g0 ¼ Z1Z

−3=2
3 g: ðC104Þ

The relation g0 ¼ Z1Z
−3=2
3 g for a non-Abelian gauge theory

was also mentioned in Appendix C 2 c. Here, however, we
directly derive it from the gauge-fermion interaction term in
Eq. (C103) as

Z1Z2Z−1
3 gψ̄Wψ ¼ g0ðψ̄0W0ψ0Þ

¼ g0ðZ1=2
2 ψ̄Z1=2

3 WZ1=2
2 ψÞ

¼ g0ðZ2Z
1=2
3 Þψ̄Wψ ; ðC105Þ

where we suppressed Ta and PL for notational simplicity.
In the same spirit, we can relate the renormalization of

the ghost-gauge interaction to the renormalization con-
stants introduced in Eqs. (C103) and (C104). The bare
ghost interaction reads

L0;c̄cW ¼ g0∂μc̄a0f
abcWbμ

0 cc0: ðC106Þ

Substituting the field and coupling renormalizations in
Eq. (C104) into Eq. (C106) yields

L0;c̄cW ¼ g0Z
1=2
3 Z̃3∂μc̄afabcWbμcc

¼ gðZ1Z−1
3 Z̃3Þ∂μc̄afabcWbμcc

¼ ½1þ ðZð1Þ
1 − Zð1Þ

3 þ Z̃ð1Þ
3 Þ þOðℏ2Þ�

× g∂μc̄afabcWbμcc: ðC107Þ

On the other hand, on the renormalized-Lagrangian side we
parametrize the ghost vertex by Z̃1 as in Eq. (C103),

Lc̄cW ¼ Z̃1g∂μc̄afabcWbμcc

¼ ½1þ Z̃ð1Þ
1 þOðℏ2Þ�g∂μc̄afabcWbμcc: ðC108Þ

Identifying the coefficients of the common operator
∂μc̄afabcWbμcc in Eqs. (C107) and (C108), we obtain
the Slavnov-Taylor relation at one-loop order,

Z̃ð1Þ
1 ¼ Zð1Þ

1 − Zð1Þ
3 þ Z̃ð1Þ

3 : ðC109Þ

Equivalently, at the all-orders level one may write
Z̃1 ¼ Z1Z−1

3 Z̃3.
We now aim to extract anomalous dimensions and β

functions by determining the vertex renormalization Z1, the
fermion-field renormalization Z2, and the gauge-field
renormalization Z3. To this end, the ultraviolet divergence
in Eq. (C100) must be canceled by adding the counterterm
contribution

−
1

4
ðZ3 − 1ÞWa

μνWaμν

⊃ −
1

4
ðZ3 − 1Þð∂μW3ν − ∂

νW3μÞ2

¼ −
1

2
ðZ3 − 1Þ

Z
d4q
ð2πÞ4W

3νð−qÞðgμνq2 − qμqνÞW3μðqÞ

⊃ −Zð1Þ
3 ðgμνq2 − qμqνÞ: ðC110Þ

Hence,

Πμν
WWðqÞ − Zð1Þ

3 ðgμνq2 − qμqνÞ ¼ 0; ðC111Þ

i.e.,

Zð1Þ
3 ¼ −

5

6
×

g2

16π2
ε̄−1: ðC112Þ

4. Two-point function of a Dirac fermion

Next, in order to determine the fermion field renormal-
ization constant Z2 for a Dirac fermion f, we compute the
two-point function.
The Dirac-fermion self-energy shown in Fig. 11 is

obtained by noting that the fermion-gauge-boson vertex
is igγμTa (a ¼ 1, 2, 3). We find
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iΣf ¼

X
a

Z
dnk
ð2πÞn

× ðigγμTaPLÞ
iðkþmfÞ
k2 −m2

f

ðigγνTaPLÞ
−igμν

ðk − qÞ2

¼ −g2CF

Z
dnk
ð2πÞn

γμPLðkþmfÞγμPL

ðk2 −m2
fÞðk − qÞ2

¼ 3

2
g2
Z

dnk
ð2πÞn

kPL

ðk2 −m2
fÞðk − qÞ2 ; ðC113Þ

with CF ≔ C2ðFÞ. In the last step we used the contraction
identities γμγμ ¼ 4 and γμγνγμ ¼ −2γν [96]. Here TaTa ¼
C2ðRÞ1 denotes the quadratic Casimir C2ðRÞ in the
representation R of the Dirac field ψ , and it differs from
the adjoint value C2ðGÞ ¼ CA ¼ 2 [94]. For example, the
left-handed lepton doublet Lα ¼ ðναLeαLÞ⊺ transforms in
the fundamental representation of SUð2ÞL. Its quadratic
Casimir is

CF1 ¼
X
a

TaTa ¼
X
a

1

4
σaσa ¼ 1

4
1 × 3 ¼ 3

4
1; ðC114Þ

where σa are the Pauli matrices. Hence, CF ¼ 3=4, as
used above.
Applying the Feynman-parameter formula to the denom-

inator, we have

1

ðk2 −m2
fÞðk − qÞ2

¼
Z

1

0

dx
1

½m2
fð1 − xÞ − q2xþ 2k · xq − k2�2 : ðC115Þ

Substituting this into the dimensional-regularization inte-
gral, we obtain

Σf ¼
g2

16π2
ε̄−1
�
3

4
=qPL

�
: ðC116Þ

The UV divergence of Σf must be canceled by adding the

counterterm contribution Zð1Þ
2 =qPL, so that

Σf þ Zð1Þ
2 =qPL ¼ 0 ⇒ Zð1Þ

2 ¼ −
3

4
×

g2

16π2
ε̄−1: ðC117Þ

5. Two-point function of an FP ghost

Next, in order to determine the ghost-field renormaliza-
tion constant Z̃3, we compute the two-point function of the
Faddeev-Popov ghost.
The gauge-boson propagator is −iδabgμν=k2, the FP-

ghost propagator is iδab=k2, and the gauge-ghost-antihost
three-point vertex factor is −gfabcqμ. Therefore, the ghost
two-point function given by the self-energy diagram shown
in Fig. 12 is

iΣ̃3 ¼
Z

dnk
ð2πÞn gf

adcqμ
−iδabgμν

k2
gfbdckν

i
k2

¼ g2fadcfadc
Z

dnk
ð2πÞn

k · q
k2ðk − qÞ2 : ðC118Þ

Applying the Feynman-parameter formula to the denom-
inator and using fadcfadc ¼ 2, the dimensional-regulariza-
tion integral yields

iΣ̃3 ¼ 2g2
Z

1

0

dx
Z

dnk
ð2πÞn

k · q
ð−q2xþ 2k · qx − k2Þ2

¼ ig2

16π2
ε̄−1q2; ðC119Þ

i.e.,

Σ̃3 ¼
g2

16π2
ε̄−1q2: ðC120Þ

The UV divergence of Σ̃3 must be canceled by adding the

counterterm contribution −Z̃ð1Þ
3 q2, so that

Σ̃3 − Z̃ð1Þ
3 q2 ¼ 0 ⇒ Z̃ð1Þ

3 ¼ g2

16π2
ε̄−1: ðC121Þ

6. Three-point function of an FP ghost

In order to determine the renormalization constant Z̃1 for
the gauge-ghost vertex, we compute the gauge-ghost-
antighost three-point function Γc̄cW .
As can be seen from the counterterm structure

ðZ̃1 − 1Þ × g∂μc̄afabcWb
μcc, the divergent part of this vertex

function must be proportional to ε̄−1fabcqμ, where qμ is the
antighost momentum. We may therefore evaluate the
diagrams shown in Fig. 13 with the external ghost
momentum set to zero from the outset. Then, for the
diagram (a), we obtainFIG. 12. One-loop self-energy diagram for an FP ghost.

FIG. 11. One-loop self-energy diagram for a Dirac fermion.
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c̄cW ¼

Z
dnk
ð2πÞn gf

cefqρ
i
k2
gffdbkν

−igρσ
ðk−qÞ2

×Vaed
μστ ðq;k−q;−kÞ−igτν

k2

¼−ig3fcefffdbfaed
Z

dnk
ð2πÞn

qσ
k2

1

ðk−qÞ2

× ½gμσð2q−kÞτþgστð2k−qÞμþgτμð−k−qÞσ�kτ
k2
:

ðC122Þ

The group factor can be evaluated using the adjoint-
representation matrices ðTaÞbc ≔ ifbac and the quadratic
Casimir defined by facdfbcd≕CAδ

ab:

fcefffdbfaed ¼ −faedðTeÞcfðTdÞfb ¼ −faedðTeTdÞcb

¼ 1

2
faed½Td; Te�cb ¼ 1

2
faedifdefðTfÞcb

¼ −
i
2
CAδ

afðTfÞcb ¼ −
1

2
CAfabc: ðC123Þ

Therefore,

iΓðaÞ
c̄cW ¼þ i

2
g3CAfabc

Z
dnk
ð2πÞn

qσkτ
k4ðk−qÞ2

× ½gμσð2q−kÞτþgστð2k−qÞμþgτμð−k−qÞσ�

¼ ig3fabc
Z

dnk
ð2πÞn

×
½qμð2q ·k−k2Þþðk ·qÞð2k−qÞμ−kμðq ·kþq2Þ�

k4ðk−qÞ2 :

ðC124Þ

Applying the Feynman-parameter formula to the denom-
inator,

1

ðk−qÞ2k4 ¼
Γð1þ2Þ
Γð1ÞΓð2Þ

Z
1

0

dx
1−x

½ðk−qÞ2xþk2ð1−xÞ�3

¼Γð3Þ
Z

1

0

dx
1−x

ð−q2xþ2k ·qx−k2Þ3 ðC125Þ

and substituting into the dimensional-regularization inte-
gral gives

iΓðaÞ
c̄cW ¼ iΓð3Þg3fabc

Z
1

0

dxð1−xÞ
Z

dnk
ð2πÞn

×
qμð2q ·k−k2Þþðk ·qÞð2k−qÞμ−kμðq ·kþq2Þ

ð−q2xþ2k ·qx−k2Þ3

¼ ig3

16π2
ε̄−1fabc

�
3

4
qμ
�
: ðC126Þ

Thus, we obtain

ΓðaÞ
c̄cW ¼ g3

16π2
ε̄−1fabc

�
3

4
qμ
�
: ðC127Þ

For diagram (b), the vertex function is

iΓðbÞ
c̄cW ¼ −ig3fcfefbfdfdae

Z
dnk
ð2πÞn

gρσqρkσðk − qÞμ
k4ðk − qÞ2 :

ðC128Þ

The group factor can be evaluated as in diagram (a):

fcfefbfdfdae ¼ ð−fcefÞffdbfaed ¼ þ 1

2
CAfabc: ðC129Þ

Hence,

iΓðbÞ
c̄cW ¼ −ig3fabc

Z
dnk
ð2πÞn

ðk · qÞðk − qÞμ
k4ðk − qÞ2 : ðC130Þ

Applying the Feynman-parameter formula (C125) and
substituting into the dimensional-regularization integral,
we obtain

ΓðbÞ
c̄cW ¼ g3

16π2
ε̄−1fabc

�
1

4
qμ
�
: ðC131Þ

Summing diagrams (a) and (b), we find

Γc̄cW ¼ ΓðaÞ
c̄cW þ ΓðbÞ

c̄cW

¼ g3

16π2
ε̄−1fabc

�
3

4
qμ
�
þ g3

16π2
ε̄−1fabc

�
1

4
qμ
�

¼ g3

16π2
ε̄−1fabcqμ: ðC132Þ

The UV divergence of Γc̄cW must be canceled by adding

the counterterm contribution Z̃ð1Þ
1 gfabcqμ:

FIG. 13. One-loop diagrams contributing to Γc̄cW .
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Γc̄cW þ Z̃ð1Þ
1 gfabcqμ ¼ 0 ⇒ Z̃ð1Þ

1 ¼ −
g2

16π2
ε̄−1: ðC133Þ

7. β function of the SUð2ÞL gauge theory

The definition of the β function is

βðλÞ ≔
�
Q

∂

∂Q

�
0

λ: ðC134Þ

The subscript “0” on the partial derivative indicates that
bare quantities are held fixed, and λ denotes a coupling
constant. Taking the logarithm of the coupling renormal-
ization g0 ¼ Z1Z

−3=2
3 g, we obtain

ln g0 ¼ lnZ1 −
3

2
lnZ3 þ ln g: ðC135Þ

Acting with ðQ ∂

∂QÞ0 on both sides yields

βðgÞ ¼ −g
�
Q

∂

∂Q

�
g0;g00;ε

lnðZ1Z
−3=2
3 Þ: ðC136Þ

Using the formula

�
Q

∂

∂Q

�
g0;g00;ε

lnZi¼−2ℏ
�
∂Zð1Þ

i

∂ε̄−1

�
g;g0;Q

þOðℏ2Þ; ðC137Þ

we find

βðgÞ ¼ −g
�
Q

∂

∂Q

�
g0;g00;ε

�
lnZ1 −

3

2
lnZ3

�

¼ þ2g

�
∂Zð1Þ

1

∂ε̄−1

�
g;g0;Q

− 3g

�
∂Zð1Þ

3

∂ε̄−1

�
g;g0;Q

: ðC138Þ

Thus, it suffices to determine Zð1Þ
1 and Zð1Þ

3 . While Zð1Þ
3 is

given in Eq. (C112), Zð1Þ
1 is not. Rather than computing the

W3 vertex function, we compute theWc̄c vertex and use the
Slavnov-Taylor identity [86–88] implied by BRST invari-
ance [89–92],

Z̃1 ¼ Z1Z−1
3 Z̃3; ðC139Þ

or its one-loop approximation derived in Eq. (C109),

Z̃ð1Þ
1 ¼ Zð1Þ

1 − Zð1Þ
3 þ Z̃ð1Þ

3 ; ðC140Þ

we obtain, from Eqs. (C112), (C121), and (C133),

Zð1Þ
1 ¼ Z̃ð1Þ

1 þ Zð1Þ
3 − Z̃ð1Þ

3 ¼ −
17

6
×

g2

16π2
ε̄−1: ðC141Þ

Substituting Eqs. (C112) and (C141) into Eq. (C138) then
gives

βðgÞ ¼ −
19

6
×

g3

16π2
: ðC142Þ

Therefore, the SUð2ÞL gauge theory is asymptotically free.

8. L̄αLα self-energy

a. L̄βLα self-energy from a B+L loop

The B − L − L vertex factor is ig0γμYL, and the hyper-
charge of the left-handed lepton doublet ðν; eÞL is
YL ¼ −1=2. The present two-point function with external
legs L̄β and Lα has fixed flavor indices α, β and therefore
involves no sum over flavors. The one-loop integral
corresponding to the diagram shown in Fig. 14 is then

iΣLL;BðqÞ ¼ −
1

4
g02
Z

dnk
ð2πÞn

−2kþ 4ml

ðk − qÞ2ðk2 −m2
lÞ
: ðC143Þ

Applying the Feynman-parameter formula to the denom-
inator and substituting into the dimensional-regularization
integral gives

ΣLL;BðqÞ ¼
g02

16π2
ε̄−1
�
1

4
=q −ml

�
: ðC144Þ

The counterterm Lagrangian for the Uð1ÞY gauge theory
is given in Eq. (C56). Accordingly, the UV divergence of
ΣLL;BðqÞmust be canceled by the lepton wave-function and
mass counterterms. We denote these one-loop counterterms

by Zð1Þ
L;B and Zð1Þ

ml;B
, respectively, and impose

ΣLL;BðqÞ þ Zð1Þ
L;B=q − ðZð1Þ

L;B þ Zð1Þ
ml;B

Þml ¼ 0: ðC145Þ

This gives

FIG. 15. Lα self-energy from an SUð2ÞL gauge-boson loop.

FIG. 14. Lα self-energy from a hypercharge-gauge-boson loop.
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Zð1Þ
L;B¼−

1

4
×

g02

16π2
ε̄−1; Zð1Þ

ml;B
¼−

3

4
×

g02

16π2
ε̄−1: ðC146Þ

9. L̄βLα self-energy from a WI +L loop

We consider the diagram shown in Fig. 15. Since the
vertex factor is igγμTaPL, one finds

iΣLL;WðqÞ ¼
3

2
g2
Z

dnk
ð2πÞn

kPL

ðk2 −m2
lÞðk − qÞ2 : ðC147Þ

Since this is identical to Eq. (C113), the result is

ΣLL;WðqÞ ¼
g2

16π2
ε̄−1
�
3

4
=qPL

�
: ðC148Þ

The SUð2ÞL counterterm Lagrangian is given in
Eq. (C103). Thus the UV divergence of ΣLL;WðqÞ must
be canceled by the lepton field counterterm. We denote the

corresponding one-loop counterterm by Zð1Þ
L;W and require

ΣLL;WðqÞ þ Zð1Þ
L;W=qPL ¼ 0 ⇒ Zð1Þ

L;W ¼ −
3

4
×

g2

16π2
ε̄−1:

ðC149Þ

10. H̃†H̃ self-energy

a. H̃†H̃ self-energy from a B+ H̃ loop

The B − H̃ − H̃ vertex factor is ig0ðkμ þ qμÞYH̃, and the
hypercharge of the Higgs doublet H is YH ¼ þ1=2.
Therefore, for H̃ ¼ iτ2H� we have YH̃ ¼ −1=2. Here iτ2

is an SUð2ÞL matrix and hence commutes with Uð1ÞY . The
one-loop integral corresponding to the diagram shown in
Fig. 16 is then

iΣHH;BðqÞ¼−
1

4
g02
Z

dnk
ð2πÞn

k2þ2k ·qþq2

ðk2−m2
HÞðk−qÞ2 : ðC150Þ

Using the same Feynman-parameter formula as in
Appendix C 8 a and substituting into the dimensional-
regularization integral gives

ΣHH;BðqÞ ¼ −
g02

16π2
ε̄−1
�
1

2
q2 þ 1

4
m2

H

�
: ðC151Þ

The counterterm contribution from Eq. (C56) must
cancel the UV pole in Eq. (C151), hence

ΣHH;BðqÞ−Zð1Þ
H;Bq

2− ðZð1Þ
H;BþZð1Þ

m2
H;B
Þm2

H ¼ 0: ðC152Þ

This gives

Zð1Þ
H;B ¼−

1

2
×

g02

16π2
ε̄−1; Zð1Þ

m2
H;B

¼ 1

4
×

g02

16π2
ε̄−1: ðC153Þ

11. H̃†H̃ self-energy from a WI + H̃ loop

We consider the diagram shown in Fig. 17. Since the
scalar vertex factor is igðkμ þ qμÞTa (no PL appears for a
scalar), one finds

iΣHH;WðqÞ¼−
3

4
g2
Z

dnk
ð2πÞn

k2þ2k ·qþq2

ðk−qÞ2ðk2−m2
HÞ

: ðC154Þ

Applying the same Feynman-parameter formula as in
Appendix C 8 a, we obtain

ΣHH;WðqÞ ¼ −
g2

16π2
ε̄−1
�
3

2
q2 þ 3

4
m2

H

�
: ðC155Þ

The counterterm contribution from Eq. (C56) must
cancel the UV pole in Eq. (C151), hence

ΣHH;WðqÞ − Zð1Þ
H;Wq

2 − ðZð1Þ
H;W þ Zð1Þ

m2
H;W

Þm2
H ¼ 0: ðC156Þ

This gives

Zð1Þ
H;W ¼−

3

2
×

g2

16π2
ε̄−1; Zð1Þ

m2
H;W

¼ 3

4
×

g2

16π2
ε̄−1: ðC157Þ

12. H̃†H̃ self-energy from a tR +Q3 loop

In the electroweak-symmetric phase, the Yukawa inter-
action of the right-handed top quark tR, the third-generation
quark doublet Q3 ¼ ðtLbLÞ⊺, and the Higgs doublet H ¼
ðϕþϕ0Þ⊺ is

−Lt¼ ytQ̄3H̃PRtþytt̄PLH̃†Q3; H̃¼ iσ2H�; ðC158Þ

i.e.,

−Lt¼ ytðt̄PRϕ
0�− b̄PRϕ

−ÞPRtþytt̄PLðϕ0PLt−ϕþPLbÞ:
ðC159Þ

FIG. 16. H̃ self-energy from a hypercharge-gauge-boson loop. FIG. 17. H̃ self-energy from an SUð2ÞL gauge-boson loop.
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Here yt is the SM top Yukawa coupling. Its complex phase
can be removed by a U(1) phase rotation of tR and Q3, so
we take yt to be real. It should not be confused with the
(possibly vanishing) neutrino Yukawa coupling yν in
L̄αH̃Ni, which is set to zero in the exact Z2 limit.
From Lt, the vertex factors are −iytPR (left vertex) and

−iytPL (right vertex). Consider the diagram shown in
Fig. 18. Since the tR and Q3 propagators form a fermion
loop, the overall sign is multiplied by (−1) and a trace
appears. Moreover, quark fields carry a color index r ¼ 1,
2, 3. Writing the top Yukawa interaction with explicit color
indices,

−Lt ¼ ytQ̄3rH̃tRr þ y�t t̄RrH̃†Q3r; ðC160Þ

we note that each Yukawa vertex is an SUð3Þc singlet and
hence carries a factor δrs, and quark propagators preserve
color and also carry δrs. The one-loop integral is then

iΣHH;tRðqÞ

¼ −2y2t Nc

Z
dnk
ð2πÞn

k2 − k · q
ðk2 −m2

t Þ½ðk − qÞ2 −m2
3�
: ðC161Þ

Here Nc ¼ δrr ¼ 3 is the number of colors. Applying the
Feynman-parameter formula and substituting into the
dimensional-regularization integral gives

ΣHH;tRðqÞ ¼
3y2t
16π2

ε̄−1ðq2 þ 2m2
t þ 2m2

3Þ: ðC162Þ

In the electroweak-symmetric phase, mt ¼ 0 and m3 ¼ 0,
and therefore

ΣHH;tRðqÞ ¼
3y2t
16π2

ε̄−1q2: ðC163Þ

The UV divergence of ΣHH;tRðqÞmust be canceled by the
Higgs wave-function counterterm (see Appendix C 2 c).

We denote the corresponding one-loop counterterm by Zð1Þ
H;t

and impose

ΣHH;tRðqÞ − Zð1Þ
H;tq

2 ¼ 0: ðC164Þ

This gives

Zð1Þ
H;t ¼

3y2t
16π2

ε̄−1: ðC165Þ

Applying the following relation

γi ¼
1

2

�
Q
∂ lnZi

∂Q

�
g0;g00;ε

; ðC166Þ

to the wave-function renormalization constants Zi obtained
above, together with the identity [94]

�
Q

∂

∂Q

�
g0;g00;ε

lnZi¼−2ℏ
�
∂Zð1Þ

i

∂ε̄−1

�
g;g0;Q

þOðℏ2Þ; ðC167Þ

one can extract the anomalous dimensions γi in the same
manner as in the main text. At one loop, we find

γð1ÞBW ¼ 0; ðC168Þ

γð1ÞB ¼ 41

6
×

g02

16π2
; ðC169Þ

γð1ÞW ¼ 5

6
×

g2

16π2
; ðC170Þ

γð1ÞL ¼ 1

16π2

�
1

4
g02 þ 3

4
g2
�
; ðC171Þ

γð1ÞH ¼ 1

16π2

�
1

2
g02 þ 3

2
g2 − 3y2t

�
: ðC172Þ

It then follows, again as in the main text, that the Wilson
coefficients obey

Q
d
dQ

CNBðQÞ ¼ −
1

16π2

�
91

12
g02 þ 9

4
g2 − 3y2t

�
CNBðQÞ;

ðC173Þ

Q
d
dQ

CNWðQÞ ¼ −
1

16π2

�
3

4
g02 þ 37

12
g2 − 3y2t

�
CNWðQÞ:

ðC174Þ

Formally, their solutions can be written as

CNXðQrefÞ¼CNXðQmatchÞ

×exp

�
1

16π2

Z
lnQmatch

lnQref

FXðQÞdlnQ
�
; ðC175Þ

where

FIG. 18. One-loop H̃ self-energy from a ðtR; Q3Þ fermion loop.
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FBðQÞ ≔ 91

12
g02ðQÞ þ 9

4
g2ðQÞ − 3y2t ðQÞ;

FWðQÞ ≔ 3

4
g02ðQÞ þ 37

12
g2ðQÞ − 3y2t ðQÞ: ðC176Þ

13. Couplings to be evolved together with the Wilson
coefficients CNB and CNW

In this work, we integrate out the heavy new particles E,
Σ, D, and Φþ at the matching scale Qmatch and work below
that scale in the νSMEFT, whose dynamical degrees of
freedom are the SM fields together with the right-handed
neutrinos Ni. Among the dimension-six operators in the
νSMEFT basis, we retain the dipole operators ONB;αi and
ONW;αi as the operators relevant for the present electro-
magnetic-leptogenesis analysis. Consequently, the RG
evolution over Q∈ ½Qref ; Qmatch� closes within the cou-
plings of this low-energy EFT. The heavy-sector parame-
ters, such as yΣ, yH, μs, and μsoft, do not appear explicitly in
the EFT evolution; they enter only through the matching
conditions for CNB;αiðQmatchÞ and CNW;αiðQmatchÞ.
Since the one-loop RGEs (C173) and (C174) involve the

coefficient functions in Eq. (C176), evolving CNB and CNW
in Q requires at least

g0ðQÞ; gðQÞ; ytðQÞ ðC177Þ

as functions of Q. At the accuracy of the present study, the
one-loop beta functions for gs, g, and g0 are closed within
each coupling. Hence, one can use their analytic one-loop
solutions as external inputs, rather than numerically inte-
grating them together with CNB and CNW .
On the other hand, the one-loop RGE for yt is [97]

βðytÞ ¼ μ
dyt
dμ

¼ yt
16π2

�
9

2
y2t −

�
17

20
g02 þ 9

4
g2 þ 8g2s

��
;

ðC178Þ

where the 8g2s term is relatively large. Therefore, a con-
sistent evolution of ytðμÞ requires the running of gsðμÞ as
well. In summary, the minimal set that should be evolved
consistently at one loop is

fgsðQÞ; gðQÞ; g0ðQÞ; ytðQÞ; CNBðQÞ; CNWðQÞg: ðC179Þ

Even if gs does not enter the anomalous-dimension
coefficients γðg0; g; ytÞ directly, it is indispensable for
determining ytðμÞ. In fact, raising the scale from Qmatch ¼
10 TeV to Qref ¼ 150 GeV significantly reduces the QCD
coupling. If one were to keep gs fixed at its value at Qmatch

when solving Eq. (C178), the 8g2s term would be under-
estimated, leading to an overestimated ytðμÞ. For example,
taking as representative values

gsðQref ¼ 150 GeVÞ ≃ 1.17;

gsðQmatch ¼ 10 TeVÞ ≃ 0.95; ðC180Þ

we obtain

g2sð150 GeVÞ − g2sð10 TeVÞ
g2sð150 GeVÞ ≃

1.172 − 0.952

1.172
≃ 0.34;

ðC181Þ

i.e. g2s changes by about 34% when running from Qmatch to
Qref . Hence, approximating gsðμÞ by a constant can
misestimate the dominant 8g2s contribution in βðytÞ by a
comparable fraction, and the running of ytðμÞ over
½Qref ; Qmatch� can be significantly affected. An estimate
follows from inserting Δg2s into the 8g2s term in βðytÞ,

δ ln yt ∼
1

16π2
8Δg2s ln

Qmatch

Qref
: ðC182Þ

Moreover, the corresponding change in the coefficient
functions is ΔFXðμÞ ¼ −3Δðy2t ðμÞÞ. Therefore, once yt
is evolved, gs must also be evolved.

14. One-loop QCD β function

Finally, we derive the one-loop QCD β function βðgsÞ.
This can be obtained with minimal additional effort by
reusing the SUð2ÞL computations in Appendix C 3.
In Appendix C 3 a, one replaces ðT3

fÞ2 by trðTa
RT

b
RÞ ¼

TðRÞδab (with R the fundamental representation of quarks),
doubles the coefficient because no chiral projector is
present, and multiplies by the number of active flavors
nf ¼ 6 for μ > mt ≃ 172 GeV, to obtain

Πμν
GG;fðqÞ ¼

g2s
16π2

ε̄−1TFnf

�
−
4

3
ðgμνq2 − qμqνÞ

�
: ðC183Þ

Here we used TðRÞ ¼ TF ¼ 1=2. In Appendix C 3 c, one
simply uses the quadratic Casimir CA ¼ 3. The result of
Appendix C 3 d can be used as is:

Πμν
GG;GðqÞ ¼

g2s
16π2

ε̄−1CA

�
19

12
gμνq2 −

11

6
qμqν

�
: ðC184Þ

Likewise, using CA ¼ 3 in Appendix C 3 e, we obtain

Πμν
GG;ghostðqÞ ¼

g2s
16π2

ε̄−1CA

�
1

12
gμνq2 þ 1

6
qμqν

�
: ðC185Þ

Summing Eqs. (C183)–(C185) gives

Πμν
GGðqÞ ¼

g2s
16π2

ε̄−1
�
5

3
CA −

4

3
TFnf

�
ðgμνq2 − qμqνÞ:

ðC186Þ
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The counterterm has the same structure as in Eq. (C110),

−Zð1Þ
s ðgμνq2 − qμqνÞ, hence

Zð1Þ
s ¼ g2s

16π2
ε̄−1
�
5

3
CA −

4

3
TFnf

�
: ðC187Þ

We next use the analogs of Appendixes C 5 and C 6,

Z̃ð1Þ
s ¼1

2
×

g2s
16π2

ε̄−1CA; Z̃ð1Þ
1;s ¼−

1

2
×

g2s
16π2

ε̄−1CA; ðC188Þ

and the same Slavnov-Taylor relation to obtain

Zð1Þ
1;s ¼ Z̃ð1Þ

1;s þ Zð1Þ
s − Z̃ð1Þ

s

¼ g2s
16π2

ε̄−1
�
2

3
CA −

4

3
TFnf

�
: ðC189Þ

Substituting Eqs. (C187) and (C189) into Eq. (C138), we
obtain the one-loop QCD β function,

βðgsÞ ¼ −
g3s

16π2

�
11

3
CA −

4

3
TFnf

�

¼ −
g3s

16π2

�
11

3
· 3 −

4

3
·
1

2
· 6
�

¼ −
7g3s
16π2

: ðC190Þ

Although Eq. (C190) is computed for nf ¼ 6 (valid for
μ > mt ≃ 172 GeV), we adopt it approximately also for
μ ≥ Qref ¼ 150 GeV. Strictly speaking, nf ¼ 5 for μ < mt,
but since lnðmt=150 GeVÞ ≪ 1, the impact on gs is a
relative effect of order 10−3 and can be neglected at one-
loop accuracy.

APPENDIX D: CP ASYMMETRIES I: PHOTON
MODE WITHOUT ONW AWAY FROM

QUASIDEGENERACY

In this appendix we collect the loop-level details for the
photon-mode CP asymmetry in the absence of ONW and
away from the quasidegenerate regime. This is the calcu-
lation underlying the nonresonant photon-mode expression
quoted in Sec. IV. We include the fermion-flow conven-
tions, the vertex contributions, and the self-energy con-
tributions that generate the loop functions fVa

ðxÞ, fSaðxÞ,
and fSbðxÞ.
The purpose of this appendix is only to make the

normalization and signs reproducible. The main text uses
the final expressions for the CP asymmetry and the loop
functions.

1. Vertex contribution (a) to the photon mode

With these preparations, we now evaluate the vertex
contribution in the photon mode. The relevant diagrams are
shown in Fig. 19. We begin with diagram (a). The
propagators for ν, Nm, and γ are

Sνðq1Þ ≃
i=q1

q21 þ iϵ
; SNm

ðq3Þ ¼
ið=q3 þMmÞ
q23 −M2

m þ iϵ
;

Dμνðq2Þ ¼
−igμν
q22 þ iϵ

; ðD1Þ

where the light neutrino is treated as massless and the chiral
structure is enforced by the projectors at the dipole vertices.
The Ni ↔ να þ γρ vertex is, for an outgoing photon
momentum q,

Vμ
αiðqÞ ¼ 2μαiσ

μνqνPR: ðD2Þ

For the three vertices appearing in Fig. 19(a), we thus have

Ṽρ
βiðq2Þ ¼ 2μ�βiσ

ρλq2λPL; ðD3Þ

Vμ
αmð−q2Þ ¼ 2μαmσ

μηð−q2ηÞPR; ðD4Þ

Vσ
βmðqÞ ¼ 2μβmσ

σκqκPR: ðD5Þ

Here we define the Hermitian-conjugate vertex as

Ṽμ
αiðqÞ ≔ 2μ�αiσ

μνqνPL: ðD6Þ

With a fixed momentum routing, Denner’s rules are then
implemented by selecting V versus Ṽ at each insertion and,
when the routing is opposite to the fermion-number flow on

FIG. 19. Two vertex-type one-loop diagrams contributing to the
photon-mode CP asymmetry. The diagrams (a) and (b) differ by
the fermion-number orientation of the internal light-neutrino line
νβðq1Þ, which determines whether the dipole vertex on that line is
V or its Hermitian-conjugate form Ṽ.
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an internal Dirac line, by evaluating the corresponding
propagator as Sð−pÞ rather than SðpÞ. For diagram (a) this
prescription is already implemented in Eqs. (D3)–(D5) and
in the replacement Sνβðq1Þ → Sνβð−q1Þ for the internal
νβ line.
The contribution from the tree and one-loop

amplitudes is

hjiMγj2i≔
1

2

X
s;s0

jiMγðs;s0Þj2

≃
1

2

X
s;s0

X
pol:

jiMð0Þ
γ ðs;s0Þj2

þ1

2

X
s;s0

X
pol:

n
½iMð0Þ

γ ðs;s0Þ�†½iMð1Þ
γ ðs;s0Þ�þc:c:

o
:

ðD7Þ

Using Eq. (119), the interference term corresponding to
diagram (a) becomes

IðaÞvert ≔
1

2

X
s;s0

X
pol:

½iMð0Þ
γ ðs; s0Þ�†½iMð1Þ

γ ðs; s0Þ�

¼ 1

2

X
s;s0

X
pol:

½2μαiūαðpÞσσχqχPRuiðkÞε�σðqÞ�†

×
Z

d4q1
ð2πÞ4 ūαðpÞV

μ
αmð−q2ÞSNm

ðq3ÞVσ
βmðqÞ

× Sνβð−q1ÞṼρ
βiðq2ÞuiðkÞDμρðq2Þε�σðqÞ: ðD8Þ

We now evaluate IðaÞvert. Taking the complex conjugate of
the tree amplitude and using ðσμνÞ† ¼ γ0σμνγ0, we obtain

½iMð0Þ
γ ðs; s0Þ�† ¼ 2μ�αiενðqÞūiðkÞσνχqχPLuαðpÞ: ðD9Þ

Substituting this into Eq. (D8) and carrying out the
polarization sum and the spin sums, we find

IðaÞvert ¼ −μ�αigνσ

×

��X
s

uiðkÞūiðkÞ
�
σνχqχPL

�X
s0
uαðpÞūαðpÞ

�

×
Z

d4q1
ð2πÞ4 ½2μαmσ

μηð−q2ηÞPR�
ið=q3 þMmÞ
q23 −M2

m þ iϵ

× ð2μβmσσκqκPRÞ
ið−=q1Þ
q21 þ iϵ

ð2μ�βiσρλq2λPLÞ
−igμρ
q22 þ iϵ

�
:

ðD10Þ

Substituting Að5Þ
μ;αim from Eq. (114) and using the identity

(121), we obtain

IðaÞvert¼ iAð5Þ
μ;αim

Z
d4q1
ð2πÞ4

MiMm

ðq23−M2
mþ iϵÞðq21þ iϵÞðq22þ iϵÞ

×
n
−32M2

i ðq ·q1Þq22þ64ðq ·q2Þ

× ½−2ðp ·q1Þðq ·q2Þþ2ðp ·q2Þðq ·q1ÞþM2
i ðq1 ·q2Þ�

o
:

ðD11Þ

Here we used k2 ¼ M2
i .

We next evaluate the discontinuity of Eq. (D11) by
applying the Cutkosky rules [98]. In the present vertex
topology the absorptive part arises from a two-particle cut.
The internal masses are (i) q3: heavy neutrino Nm, with
pole at q23 ¼ M2

m > 0, (ii) q1: light neutrino νβ, with q21 ≃ 0,
and (iii) q2: photon, with q22 ¼ 0.
The only kinematically allowed two-particle cut that can

be implemented with positive-energy on-shell states is
obtained by cutting the (nearly) massless neutrino line
q1 and the photon line q2, as shown in Fig. 20. (In contrast,
putting the heavy-neutrino propagator on shell together
with another internal line is not possible in this vertex
configuration; in particular, on the physical q1-q2 cut the
momentum flowing through the Nm line remains off shell.)
Therefore, using the Cutkosky replacements, the relevant
denominators become

Disc

�
1

q21 þ iϵ

�
¼ −2πiδðq21ÞΘðE1Þ; ðD12Þ

Disc

�
1

q22 þ iϵ

�
¼ −2πiδðq22ÞΘðE2Þ

¼ −2πiδððk − q1Þ2ÞΘðMi − E1Þ: ðD13Þ

Here q1 ¼ ðE1; q1Þ and q2 ¼ ðE2; q2Þ ¼ ðMi − E1;−q1Þ.
In the following we evaluate the kinematic part

Að5Þ
μ;αimJ

ðaÞ
vert ≔ IðaÞvert (i.e., the result with the overall coupling

factors stripped off). After applying the Cutkosky rules we
can set ϵ → 0. In the rest frame of Ni, substitute q3 ¼
q1 − q and q2 ¼ k − q1, denote x ≔ M2

m=M2
i , and intro-

duce z ≔ cos θ. Equation (D11) then yields

FIG. 20. Cutkosky cut for the vertex contribution. The vertical
dashed line indicates the cut, which places the internal photon
line and the internal light-neutrino line on shell.
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DiscðJðaÞvertÞ¼−
i

8π2
MiMm

Z
dΩ

×
M6

i

2

ð1þcosθÞ½−ð1þcosθÞ2þð1−cosθÞ2þ4�
−M2

i
2
ð1−cosθÞ−M2

m

¼ i
π
M5

i Mm

Z
1

−1
dz

1−z2

1−zþ2x

¼ i
π
M6

i

ffiffiffi
x

p �
2þ4x−4xð1þxÞlnxþ1

x

�
: ðD14Þ

Therefore, the CP asymmetry (117) associated with
Fig. 19(a)is

εγ;ðaÞαi;vert ¼ −
4Φ2

Γð0Þ
γ;i

X
m≠i

ImðAð5Þ
μ;αimÞ ×

1

2i
DiscðJðaÞvertÞ

¼ −
M2

i

2π
P

β jμβij2
X
m≠i

Im½μ�αiμαmðμ†μÞim�

×
ffiffiffi
x

p �
1þ 2x − 2xðxþ 1Þ ln xþ 1

x

�
; ðD15Þ

where x ¼ M2
m=M2

i . Here Φ2 ¼ kpk=ð8πM2
i Þ with kpk ¼

Mi=2 is the two-body phase-space factor associated with
the on-shell intermediate neutrino and photon generated by
the Cutkosky cut. Once the internal lines are put on shell,
the corresponding loop integration effectively reduces to an
external phase-space integral, and Φ2 controls the overall
size of the interference term.

2. Vertex contribution (b) to the photon mode

We next evaluate the interference term corresponding to
Fig. 19(b). With the momentum routing fixed as in Fig. 19,
the three dipole vertices are

Vρ
βiðq2Þ ¼ 2μβiσ

ρλq2λPR; ðD16Þ

Vμ
αmð−q2Þ ¼ 2μαmσ

μηð−q2ηÞPR; ðD17Þ

Ṽσ
βmðqÞ ¼ 2μ�βmσ

σκqκPL: ðD18Þ

Here Ṽ denotes the vertex originating from the Hermitian-
conjugate dipole interaction. Compared to diagram (a), the
fermion-number arrow on the internal light-neutrino line is
reversed. Following Denner’s fermion-flow prescription
[99], this change is implemented by

(i) using V versus Ṽ as indicated in Fig. 19, and
(ii) evaluating the internal neutrino propagator with the

momentum argument consistent with the fixed routing.
Fordiagram(b) the fermion-numberorientationofνβ isaligned
with the momentum q1, hence we use Sνβðq1Þ [in contrast to
diagram (a), where one has Sνβð−q1Þ for the same routing].
Proceeding as in Eq. (D8) and using Eq. (D9) for the

complex conjugate of the tree amplitude, the interference
term reads

IðbÞvert¼
1

2

X
s;s0

X
pol:

½iMð0Þ
γ ðs;s0Þ�†½iMð1Þ

γ ðs;s0Þ�

¼−μ�αigνσ
��X

s

uiðkÞūiðkÞ
�
σνχqχPL

�X
s0
uαðpÞūαðpÞ

�

×
Z

d4q1
ð2πÞ4V

μ
αmð−q2ÞSNm

ðq3ÞṼσ
βmðqÞ

×Sνβðq1ÞVρ
βiðq2ÞDμρðq2Þ

�
: ðD19Þ

It is convenient to define the coupling combination

Bð5Þ
αim ≔ μ�αiμαm

X
β

μ�βmμβi ¼ μ�αiμαmðμ†μÞmi: ðD20Þ

Using the identity (121) to rewrite σμνqν in terms of γ
matrices, and inserting the propagators as in Eq. (D1), we
obtain

IðbÞvert ¼ 8iBð5Þ
αim

Z
d4q1
ð2πÞ4

1

ðq23 −M2
mþ iϵÞðq22þ iϵÞðq21þ iϵÞ

×

�
i
2

�
4

tr½ðkþMiÞðγν=q− =qγνÞPL=pðγμ=q2− =q2γμÞPR

× ð=q3þMmÞðγν=q− =qγνÞPL=q1ðγμ=q2 − =q2γμÞPR�:
ðD21Þ

Imposing k2 ¼ M2
i and p2 ≃ 0 together with the momen-

tum relations k ¼ pþ q, q2 ¼ k − q1, and q3 ¼ q1 − q,
the contracted Dirac trace appearing in Eq. (D21) can be
reduced to [53]

T ðbÞ≔
i
2
tr½PRkðγν=q−=qγνÞ=pðγμ=q2−=q2γμÞ

×=q3ðγν=q−=qγνÞ=q1ðγμ=q2−=q2γμÞ�
¼ iq2q22½80ðk ·q3Þðp ·q1Þ
−16ðk ·q1Þðp ·q3Þ−16ðk ·pÞðq1 ·q3Þ�
þ64ϵμνρσpμqνq2ρq3σ½ðk ·q2Þðq ·q1Þ−ðk ·qÞðq1 ·q2Þ�
−64ϵμνρσkμpνq1ρq3σðq ·q2Þ2
þ64ϵμνρσpμqνq1ρq3σ½ðk ·qÞq22−ðk ·q2Þðq ·q2Þ�
þ64ϵμνρσpμq1νq2ρq3σðk ·qÞðq ·q2Þ
þ64ϵμνρσkμpνq1ρq2σðq ·q2Þðq ·q3Þ
þ64ϵμνρσpμqνq1ρq2σ½ðk ·q2Þðq ·q3Þ−ðk ·qÞðq2 ·q3Þ�
þ64ϵμνρσkμpνqρq2σ½ðq ·q1Þðq2 ·q3Þ−ðq ·q3Þðq1 ·q2Þ�
þ64ϵμνρσkμpνqρq3σ½ðq ·q2Þðq1 ·q2Þ−ðq ·q1Þq22�
þ64ϵμνρσkμpνq2ρq3σðq ·q1Þðq ·q2Þ
þ64ϵμνρσkμpνqρq1σ½ðq ·q3Þq22−ðq ·q2Þðq2 ·q3Þ�;

ðD22Þ
where q2 and q22 are kept symbolic.
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For the photon mode one has q2 ¼ 0, which removes the
parity-even part proportional to q2q22. The remaining totally
antisymmetric terms vanish identically, because all
momenta fk; p; q; q1; q2; q3g lie in the linear span of
fp; q; q1g by momentum conservation. Therefore, the
contracted Dirac trace vanishes for arbitrary loop momen-
tum q1, and the interference term from Fig. 19(b) vanishes,

IðbÞvert ¼ 0: ðD23Þ

Combining Eqs. (D15) and (D23), the total vertex
contribution to the photon-mode CP asymmetry is

εγαi;vert¼−
M2

i

2π
P

β jμβij2
X
m≠i

Im½μ�αiμαmðμ†μÞim�fVa
ðxÞ;

ðD24Þ

where

fVa
ðxÞ ≔ ffiffiffi

x
p �

1þ 2x

�
1 − ðxþ 1Þ ln xþ 1

x

��
; ðD25Þ

with x ≔ M2
m=M2

i (m ≠ i).

3. Self-energy contribution (a) to the
photon mode

We now turn to the self-energy contributions to the
photon mode. The relevant diagrams are shown in Fig. 21.
We begin with diagram (a). The propagators for the light

neutrino, the heavy neutrino Nm, and the photon are

Sνðq1Þ ≃
i=q1

q21 þ iϵ
; SNm

ðkÞ ¼ iðkþMmÞ
k2 −M2

m þ iϵ
;

Dμνðq2Þ ¼
−igμν
q22 þ iϵ

: ðD26Þ

Unlike the vertex topology, momentum conservation fixes
the momentum flowing through the intermediate heavy-
neutrino propagator to be the external momentum k; the
loop momentum is carried only by the ðνβ; γÞ bubble, with
q1 and q2 ≔ k − q1.
The three dipole vertices appearing in Fig. 21(a) are

Ṽρ
βiðq2Þ ¼ 2μ�βiσ

ρλq2λPL; ðD27Þ

Vμ
βmð−q2Þ ¼ 2μβmσ

μηð−q2ηÞPR; ðD28Þ

Vσ
αmðqÞ ¼ 2μαmσ

σκqκPR: ðD29Þ

As in Appendixes D 1 and D 2, the assignments of V versus
Ṽ and the momentum arguments in Dirac propagators are
fixed unambiguously by Denner’s fermion-flow prescrip-
tion [99]. In diagram (a), for the fixed routing shown in
Fig. 21 the momentum q1 runs opposite to the fermion-
number orientation of the internal νβ line, so the corre-
sponding propagator is evaluated as Sνβð−q1Þ.
Proceeding analogously to Eq. (D8) and using Eq. (113)

together with the identity (121), the interference term
corresponding to diagram (a) is given by

IðaÞself ¼
1

2

X
s;s0

X
pol:

½iMð0Þ
γ ðs;s0Þ�†½iMð1Þ

γ ðs;s0Þ�

¼ iAð5Þ
μ;αimMiMm

×
Z

d4q1
ð2πÞ4

ðp ·qÞ½−256ðq ·q2Þðq1 ·q2Þþ64ðq ·q1Þq22�
ðk2−M2

mþ iϵÞðq21þ iϵÞðq22þ iϵÞ :

ðD30Þ

For completeness, we comment on possible fermion-flow
signs. In our implementation of Denner’s prescription we
treat V and Ṽ as distinct building blocks originating from
the dipole operator and its Hermitian conjugate. With this
choice the fermion chain in Eq. (D30) is assembled using
the standard vertices, and no additional reversal operation
Γ → Γrev is required; hence no extra ηΓ sign arises beyond
the explicit choice of V versus Ṽ and the momentum
argument Sνβð−q1Þ.

To extract the absorptive part of Eq. (D30), we apply the
Cutkosky rules [98]. Since the loop consists only of the νβ
line and the photon line, the only admissible cut places
these two propagators on shell, as shown in Fig. 22. We
replace

FIG. 21. Self-energy-type one-loop diagrams contributing to
the photon mode. Panel (a) shows the fermion-flow contraction
that yields the contribution proportional to ðμ†μÞim, whereas
panel (b) shows the alternative contraction proportional to
ðμ†μÞmi.

RETRACTED: SCHWINGER-KELDYSH FORMULATION OF … PHYS. REV. D 113, 123544 (2026)

123544-53



RETRACTED
Disc

�
1

q21 þ iϵ

�
¼ −2πiδðq21ÞΘðE1Þ; ðD31Þ

Disc

�
1

q22 þ iϵ

�
¼ −2πiδðq22ÞΘðE2Þ

¼ −2πiδððk − q1Þ2ÞΘðMi − E1Þ; ðD32Þ

where q1 ¼ ðE1; q1Þ and q2 ¼ ðE2; q2Þ ¼ k − q1 ¼
ðMi − E1;−q1Þ. Taking ϵ → 0, the discontinuity of JðaÞself

defined by Að5Þ
μ;αimJ

ðaÞ
self ≔ IðaÞself is

DiscðJðaÞselfÞ ¼
2iM7

i Mm

πðM2
i −M2

mÞ
: ðD33Þ

Therefore,

ImðJðaÞselfÞ ¼
1

2i
DiscðJðaÞselfÞ ¼

M7
i Mm

πðM2
i −M2

mÞ
: ðD34Þ

The part of the self-energy contribution to the CP asym-
metry carried by diagram (a) can be written as

εγ;ðaÞαi;self ¼ −
4Φ2

Γtot

X
m≠i

ImðAð5Þ
μ;αimÞ ImðJðaÞselfÞ

¼ −
M2

i

2π
P

β jμβij2
X
m≠i

Im½μ�αiμαmðμ†μÞim�
ffiffiffi
x

p
1 − x

:

ðD35Þ

4. Self-energy contribution (b) to the photon mode

We next evaluate diagram (b) in Fig. 21. In this case the
three dipole vertices are

Vρ
βiðq2Þ ¼ 2μβiσ

ρλq2λPR; ðD36Þ

Ṽμ
βmð−q2Þ ¼ 2μ�βmσ

μηð−q2ηÞPL; ðD37Þ

Vσ
αmðqÞ ¼ 2μαmσ

σκqκPR: ðD38Þ

It is convenient to introduce the coupling combination

Bð5Þ
μ;αim ≔ μ�αiμαm

X
β

μ�βmμβi ¼ μ�αiμαmðμ†μÞmi: ðD39Þ

Proceeding as in Eq. (D30) and using the identity (121), we
obtain the interference term

IðbÞself ¼
1

2

X
s;s0

X
pol:

½iMð0Þ
γ ðs; s0Þ�†½iMð1Þ

γ ðs; s0Þ�

¼ 1

2

X
s;s0

�X
pol:

ενðqÞε�σðqÞ
�
½2μ�αiūiðkÞσνχqχPLuαðpÞ�

×
Z

d4q1
ð2πÞ4 ūαðpÞV

σ
αmðqÞSNm

ðkÞṼμ
βmð−q2Þ

× Sνβðq1ÞVρ
βiðq2ÞDμρðq2ÞuiðkÞ: ðD40Þ

At this point it is useful to spell out how Denner’s fermion-
flow prescription [99] is implemented. Compared to dia-
gram (a), the fermion-number orientation on the internal
light-neutrino line is reversed, while we keep the same
momentum routing. Denner’s rules then amount to

(i) using the Hermitian-conjugate dipole vertex on the
Nm − νβ − γðq2Þ insertion, i.e. Ṽμ

βmð−q2Þ, and
(ii) evaluating the internal Dirac propagator with the

momentum argument consistent with this routing,
here Sνβðq1Þ.

Equivalently, one may insist on using the same vertex
orientation but apply Denner’s reversal map Γ → Γrev ¼
CΓ⊺C−1 to that insertion; since ðσμνÞrev ¼ −σμν, this alter-
native implementation differs only by an overall minus
sign. In what follows we work directly with the explicit
vertices V and Ṽ in Eqs. (D36)–(D38), so no additional
reversal operation is inserted beyond this bookkeeping.
With these conventions, performing the polarization sum

and the spin sums yields

IðbÞself ¼
Z

d4q1
ð2πÞ4

32iM4
i B

ð5Þ
μ;αim

ðk2 −M2
m þ iϵÞðq21 þ iϵÞðq22 þ iϵÞ

× ½4ðq · q2Þðq1 · q2Þ − ðq · q1Þq22
− 4ðk · q2Þðq1 · q2Þ þ ðk · q1Þq22�: ðD41Þ

The discontinuity of the integral in Eq. (D41) is obtained
from the Cutkosky cut in Fig. 22. Setting q1 ¼ ðE1; q1Þ and
using q2 ¼ k − q1, Eqs. (D31) and (D32) give

DiscðJðbÞselfÞ ¼
2iM8

i

πðM2
i −M2

mÞ
: ðD42Þ

Therefore,

ImðJðbÞselfÞ ¼
1

2i
DiscðJðbÞselfÞ ¼

M8
i

πðM2
i −M2

mÞ
: ðD43Þ

FIG. 22. Cutkosky cut for the self-energy contributions. The
vertical dashed line indicates the cut that puts both the internal
photon and the internal light-neutrino propagators on shell.
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The part of the self-energy contribution to the CP asym-
metry carried by diagram (b) is then

εγ;ðbÞαi;self ¼ −
4Φ2

Γtot

X
m≠i

ImðBð5Þ
μ;αimÞ ImðJðbÞselfÞ

¼ −
M2

i

2π
P

β jμβij2
Im½μ�αiμαmðμ†μÞmi�

1

1 − x
; ðD44Þ

with x ≔ M2
m=M2

i (m ≠ i).

APPENDIX E: CP ASYMMETRIES II: PHOTON
MODE IN THE QUASIDEGENERATE REGIME

In this appendix we derive the resonantly regulated self-
energy loop functions used in the photon-mode CP
asymmetry. The vertex contribution is regular in the
quasidegenerate limit and is therefore unchanged from
Appendix D. The singular behavior arises only from the
self-energy loop functions fSaðxÞ and fSbðxÞ, which are
regulated by inserting the Dyson-resummed propagator of
the intermediate heavy neutrino.
We keep the derivation here because the intermediate

expressions are lengthy and would obscure the main logic
of Sec. IV. The main text quotes only the Dyson-resummed
propagator, the Breit-Wigner-regulated loop functions, and
the resonance condition.
We now derive Eq. (140). Following Eq. (139), we

Dyson resum the internal Nm propagator and recompute
the self-energy diagrams. We start with Fig. 21(a). The
propagators are

Sνðq1Þ≃
i=q1

q21þ iϵ
; SNm

ðkÞ ¼ iðkþMmÞ
k2−M2

mþ iMmΓmþ iϵ
;

Dμνðq2Þ ¼
−igμν
q22þ iϵ

; ðE1Þ

and the three dipole vertices are

Ṽρ
βiðq2Þ ¼ 2μ�βiσ

ρλq2λPL; ðE2Þ

Vμ
βmð−q2Þ ¼ 2μβmσ

μηð−q2ηÞPR; ðE3Þ

Vσ
αmðqÞ ¼ 2μαmσ

σκqκPR: ðE4Þ

We use Að5Þ
μ;αim defined in Eq. (114), and the interference

term for Fig. 21(a) reads

IðaÞself ¼
1

2

X
s;s0

X
pol:

½iMð0Þ
γ ðs;s0Þ�†½iMð1Þ

γ ðs;s0Þ�

¼ iAð5Þ
μ;αimMiMm

×
Z

d4q1
ð2πÞ4

ðp ·qÞ½−256ðq ·q2Þðq1 ·q2Þþ64ðq ·q1Þq22�
ðk2−M2

mþ iMmΓmþ iϵÞðq21þ iϵÞðq22þ iϵÞ :

ðE5Þ

According to Denner’s fermion-flow prescription [99], the
spinor chain can be assembled by inserting the building
blocks corresponding to the chosen fermion-flow orienta-
tion without introducing any additional reversal operation;
hence no extra sign arises beyond the explicit use of V
versus Ṽ and the momentum assignment Sνβð−q1Þ.

To evaluate the discontinuity of Eq. (E5), we apply the
Cutkosky rules [98]. As shown in Fig. 22, the only cut that
puts both loop propagators on shell is the cut through the
fermion propagator with momentum q1 and the photon
propagator with momentum q2. Consequently, the denom-
inators in Eq. (E5) become

Disc

�
1

q21 þ iϵ

�
¼ −2πiδðq21ÞΘðE1Þ; ðE6Þ

Disc
�

1

q22 þ iϵ

�
¼ −2πiδðq22ÞΘðE2Þ

¼ −2πiδððk − q1Þ2ÞΘðMi − E1Þ; ðE7Þ

where q1 ¼ ðE1; q1Þ and q2 ¼ ðE2; q2Þ ¼ k − q1 ¼
ðMi − E1;−q1Þ. Working in the Ni rest frame, and taking

ϵ → 0, the discontinuity of JðaÞself ¼ IðaÞself=A
ð5Þ
μ;αim is

DiscðJðaÞselfÞ ¼
2iM7

i MmðM2
i −M2

m − iMmΓmÞ
π½ðM2

i −M2
mÞ2 þM2

mΓ2
m�

: ðE8Þ

Therefore,

ImðJðaÞselfÞ ¼
1

2i
DiscðJðaÞselfÞ

¼ M7
i Mm

π

M2
i −M2

m

ðM2
i −M2

mÞ2 þM2
mΓ2

m
: ðE9Þ

The corresponding self-energy contribution to the CP
asymmetry is

εγ;ðaÞself;αi ¼ −
M2

i

2π
P

βjμβij2
Im½μ�αiμαmðμ†μÞim�

×
ðM2

i −M2
mÞMiMm

ðM2
i −M2

mÞ2 þM2
mΓ2

m
: ðE10Þ

In terms of x ¼ M2
m=M2

i (m ≠ i), Eq. (E10) can be
rewritten as
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f̃SaðxÞ ≃
ffiffiffi
x

p ð1 − xÞ
ð1 − xÞ2 þ ðΓm=MiÞ2

; ðE11Þ

where the last approximation holds in the quasidegenerate
limit x ≃ 1. This is the Breit-Wigner-type (up to the slowly
varying factor

ffiffiffi
x

p
) for the self-energy contribution regu-

lated by the total width Γm.
We next evaluate Fig. 21(b). The three vertices are

Vρ
βiðq2Þ ¼ 2μβiσ

ρλq2λPR; ðE12Þ

Ṽμ
βmð−q2Þ ¼ 2μ�βmσ

μηð−q2ηÞPL; ðE13Þ

Vσ
αmðqÞ ¼ 2μαmσ

σκqκPR: ðE14Þ

The corresponding interference term is

IðbÞself ¼
1

2

X
s;s0

X
pol:

½iMð0Þ
γ ðs; s0Þ�†½iMð1Þ

γ ðs; s0Þ�

¼ 1

2

X
s;s0

�X
pol:

ενðqÞε�σðqÞ
�
½2μ�αiūiðkÞσνχqχPLuαðpÞ�

×
Z

d4q1
ð2πÞ4 ūαðpÞV

σ
αmðqÞSNm

ðkÞṼμ
βmð−q2Þ

× Sνβðq1ÞVρ
βiðq2ÞDμρðq2ÞuiðkÞ: ðE15Þ

The fermion-flow bookkeeping is implemented as follows.
For the fixed momentum routing, the internal Dirac line is
evaluated as Sνβðq1Þ, and the vertex on that line is the

conjugate one Ṽμ
βmð−q2Þ. No additional reversal operation

is required once these building blocks are chosen
consistently.
Using Bð5Þ

μ;αim defined in Eq. (D39) and carrying out the
Clifford algebra gives

IðbÞself ¼32iM4
i B

ð5Þ
μ;αim

×
Z

d4q1
ð2πÞ4

1

ðk2−M2
mþ iMmΓmþ iϵÞðq21þ iϵÞðq22þ iϵÞ

× ½4ðq ·q2Þðq1 ·q2Þ−ðq ·q1Þq22
−4ðk ·q2Þðq1 ·q2Þþðk ·q1Þq22�: ðE16Þ

The discontinuity of Eq. (E16) follows from the Cutkosky
cut in Fig. 22. Setting q1 ¼ ðE1; q1Þ and q2 ¼ k − q1, we
obtain

DiscðJðbÞselfÞ ¼
2iM8

i ðM2
i −M2

m − iMmΓmÞ
π½ðM2

i −M2
mÞ2 þM2

mΓ2
m�

: ðE17Þ

Therefore,

ImðJðbÞselfÞ ¼
1

2i
DiscðJðbÞselfÞ

¼ M8
i

π

M2
i −M2

m

ðM2
i −M2

mÞ2 þM2
mΓ2

m
; ðE18Þ

and the corresponding self-energy contribution to the CP
asymmetry is

εγ;ðbÞself;αi ¼ −
M2

i

2π
P

β jμβij2
Im½μ�αiμαmðμ†μÞmi�

×
ðM2

i −M2
mÞM2

i

ðM2
i −M2

mÞ2 þM2
mΓ2

m
: ðE19Þ

In terms of x ¼ M2
m=M2

i , Eq. (E19) can be rewritten as

f̃SbðxÞ ≃
1 − x

ð1 − xÞ2 þ ðΓm=MiÞ2
; ðE20Þ

where the last approximation holds in the quasidegenerate
limit x ≃ 1. This is again the universal BW-type regulari-
zation of the self-energy contribution by the total width Γm.
Combining Eqs. (E11) and (E20) reproduces the desired

resonant loop functions in Eq. (140).

APPENDIX F: CP ASYMMETRIES III:
ONW-INCLUSIVE RESONANT REGIME

In this appendix we give the loop-level derivation of the
ONW-inclusive CP asymmetries used in Sec. V. Once ONW

is present, the broken-phase dipole matrices μγ , μZ, and μW

are independent in general. Consequently, the external
decay channel V ¼ γ, Z, W and the internal on-shell state
U ¼ γ, Z, W must be treated separately.
We collect the vertex contributions, the self-energy

contributions, and the quasidegenerate limit in a unified
notation. This appendix contains the detailed Cutkosky
cuts, angular integrations, and finite-gauge-boson-mass
loop functions. The main text quotes only the final
channel-resolved CP asymmetries.

1. Vertex contribution (a)

a. Cutkosky rules

We collect the coupling factors as

AVU
μ;αim ≔ μV�αi μ

U
αmðμU†μVÞim ¼ μV�αi μ

U
αm

X
β

μU�
βi μ

V
βm: ðF1Þ

Then the interference integral can be written as

IðaÞvertðV;UÞ ¼ AVU
μ;αimJ

ðaÞ
vertðV;UÞ; ðF2Þ

where AVU
μ;αim is independent of the loop momentum, and

JðaÞvertðV;UÞ is given by
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JðaÞvertðV;UÞ

≔ i
Z

d4q1
ð2πÞ4

N ðaÞ
vertðq1; k; qÞ

ðq23 −M2
m þ iϵÞðq21 þ iϵÞðq22 −m2

U þ iϵÞ :

ðF3Þ

With this convention, the Cutkosky discontinuity of JðaÞvert
directly yields the absorptive part needed for the CP
asymmetry. We cut the internal lepton line q1 and the
internal gauge-boson line q2 (see Fig. 20) and use

Disc

�
1

q21 þ iϵ

�
¼ −2πiδðq21ÞΘðE1Þ;

Disc

�
1

q22 −m2
U þ iϵ

�
¼ −2πiδðq22 −m2

UÞΘðE2Þ: ðF4Þ

These equations give

DiscJðaÞvertðV;UÞ ¼−ið2πÞ2
Z

d4q1
ð2πÞ4

×
δðq21Þδðq22 −m2

UÞΘðE1ÞΘðE2Þ
q23 −M2

m
N ðaÞ

vertjcut:

ðF5Þ

b. From the δ-function integrals to an angular integral

We now evaluate the δ-function integrals in Eq. (F5). In
the rest frame of Ni, q2 ¼ k − q1, and hence

q22 ¼ ðk − q1Þ2 ¼ M2
i − 2MiE1: ðF6Þ

Therefore, δðq22 −m2
UÞ fixes

E1 ¼
M2

i −m2
U

2Mi
¼ Mi

2
ð1 − rUÞ; rU ≔

m2
U

M2
i
: ðF7Þ

Since q21 ¼ 0 implies kq1k ¼ E1, the remaining integral
reduces to an angular integral over t1 ≔ cos θ1 ≔ q̂ · q̂1.
To perform the angular integral, we express the remain-

ing denominator q23 −M2
m as a function of t1. From

q3 ¼ q1 − q,

q23 ¼ ðq1 − qÞ2 ¼ q2 − 2q1 · q

¼ m2
V − 2ðE1EV − kq1kkqkt1Þ: ðF8Þ

Using

EV ¼ M2
i þm2

V

2Mi
¼ Mi

2
ð1þ rVÞ;

kqk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðM2

i ; 0; m
2
VÞ

p
2Mi

¼ Mi

2
ð1 − rVÞ; ðF9Þ

and Eq. (F7), i.e., E1 ¼ kq1k ¼ Mið1 − rUÞ=2, we find

q1 · q ¼ M2
i

4
ð1 − rUÞ½ð1þ rVÞ − ð1 − rVÞt1�: ðF10Þ

It follows that

q23 −M2
m ¼ −

M2
i

2
ðD0 −D1t1Þ; ðF11Þ

with

D0 ≔ 2xmi þ 1 − rV − rU − rVrU;

D1 ≔ ð1 − rVÞð1 − rUÞ: ðF12Þ

Here we denote xmi ≔ M2
m=M2

i (m ≠ i).
We now carry out the δ-function integrals explicitly.

Writing q01 for the time component, q21 ¼ ðq01Þ2 − E2
1,

δðq21Þ ¼ δððq01Þ2 − E2
1Þ ¼

1

2E1

½δðq01 − E1Þ þ δðq01 þ E1Þ�:

ðF13Þ

Therefore,

δðq21ÞΘðE1Þ ¼
1

2E1

δðq01 − E1Þ: ðF14Þ

Using this to integrate over q01, we obtain

Icut ≔
Z

d4q1
ð2πÞ4 ð2πÞ

2δðq21Þδðq22 −m2
UÞΘðE1ÞΘðE2ÞF ðt1Þ

¼
Z

d3q1
ð2πÞ2

1

2E1

δðq22 −m2
UÞΘðE2ÞF ðt1Þ; ðF15Þ

where t1 ≔ cos θ1 ≔ q̂ · q̂1, and F ðt1Þ denotes the remain-
ing cut integrand, which depends on q1 only through t1
once the δ functions are imposed. In the present application

we will set F ðtÞ ¼ N ðaÞ
vertjcut=ðq23 −M2

mÞ. Next, with k ¼
ðMi; 0Þ and q2 ¼ k − q1,

q02 ¼Mi −q01 ¼Mi−E1; kq2k ¼ kq1k ¼E1; ðF16Þ

and hence

q22 ¼ ðq02Þ2 − kq2k2 ¼ ðMi − E1Þ2 − E2
1 ¼ M2

i − 2MiE1:

ðF17Þ

Thus,

δðq22−m2
UÞ¼δðM2

i −2MiE1−m2
UÞ

¼ 1

2Mi
δ

�
E1−

M2
i −m2

U

2Mi

�
≕
δðE1−E⋆

1 Þ
2Mi

: ðF18Þ
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Here

E⋆
1 ≔

M2
i −m2

U

2Mi
¼Mi

2
ð1− rUÞ; rU ¼m2

U

M2
i
: ðF19Þ

In spherical coordinates,

d3q1 ¼ q21dq1dΩ ¼ E2
1dE1dΩ;

dΩ1 ¼ dt1dφ1; t1 ¼ cos θ1 ∈ ½−1; 1�: ðF20Þ

Therefore,

Icut ¼
1

ð2πÞ2
Z

dΩ1

Z
∞

0

dE1

×
E2
1

2E1

δðE1 − E⋆
1 Þ

2Mi
ΘðMi − E1ÞF ðt1Þ: ðF21Þ

The E1 integral is immediate, and for Mi > mU we obtain

Icut ¼
1 − rU
16π

Z
1

−1
dt1F ðt1Þ: ðF22Þ

As a result,

DiscJðaÞvertðV;UÞ¼−
i

16π
ð1−rUÞ

Z
1

−1
dt1

N ðaÞ
vertjcut

q23−M2
m
: ðF23Þ

The remaining task is the t1 integral.

c. Denominator: Evaluation of q23 −M2
m

We use

q3≔q1−q; xmi≔
M2

m

M2
i
; rV ≔

m2
V

M2
i
¼ q2

M2
i
; ðF24Þ

and impose the cut condition q21 ¼ 0, which gives

q23−M2
m ¼ ðq1−qÞ2 −M2

m ¼ q2 −2q ·q1−M2
m: ðF25Þ

Note that q23 itself does not depend on xmi; the dependence
enters only through the subtraction of M2

m.
In the rest frame of Ni, with t1 ¼ cos θ1 ¼ q̂ · q̂1, we can

write

q23 −M2
m ¼ −

M2
i

2
Dðt1Þ;

Dðt1Þ ≔ ð1 − rVÞð1 − rUÞð1 − t1Þ
þ 2ðxmi − rVrUÞ: ðF26Þ

Therefore,

1

q23 −M2
m
¼ −

2

M2
i

1

Dðt1Þ
: ðF27Þ

Substituting Eq. (F27) into Eq. (F23) yields

DiscJðaÞvertðV;UÞ ¼ i
1 − rU
8πM2

i

Z
1

−1
dt1

N ðaÞ
vertjcut
Dðt1Þ

: ðF28Þ

The sign flip originates from the overall minus sign
in q23 −M2

m.

d. Numerator: Reduction of the Dirac trace to a
polynomial in t1

After reducing the Dirac trace with the σμν insertions and
imposing the on-shell conditions after the cut,

q21 ¼ 0; q22 ¼ m2
U; ðF29Þ

the numerator reduces to a quadratic polynomial in t1,

N ðaÞ
vertjcut ¼ 8M7

i Mmð1 − rUÞ
× ½ð1þ rVÞ − ð1 − rVÞðrV þ rU þ rVrUÞt1
− ð1 − rUÞð1 − rVÞ2t21�

≕ 8M7
i Mmð1 − rUÞðA2t21 þ A1t1 þ A0Þ: ðF30Þ

The coefficients can be written, equivalently, as

A0 ¼ 1þ rV;

A1 ¼ r2Vð1þ rUÞ − ðrV þ rUÞ;
A2 ¼ −ð1 − rUÞð1 − rVÞ2: ðF31Þ

In the limit rV ¼ rU ¼ 0,

DiscJðaÞvertðV;UÞ → i
8πM2

i

Z
1

−1
dt1

8M7
i Mmð1 − t21Þ

1 − t1 þ 2xmi

¼ i
π
M5

i Mm

Z
1

−1
dt1

1 − t21
1 − t1 þ 2xmi

; ðF32Þ

in agreement with the photon-mode result for the vertex
discontinuity, Eq. (D14).

e. Angular integral

From Eq. (F26), we may write

Dðt1Þ ¼D0−D1t1;

D1 ¼ ð1− rVÞð1− rUÞ;
D0 ¼D1þ 2ðxmi− rVrUÞ ¼ 2xmiþ 1− rV − rU − rVrU:

ðF33Þ

Polynomial division yields the decomposition
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A2t21 þ A1t1 þ A0

D0 −D1t1

¼ ð1 − rVÞt1 þ
2xmi þ 1

1 − rU
þ 2B
1 − rU

1

D0 −D1t1
; ðF34Þ

where

B≔ rV ½xmið1þ rUÞþ 1� þ rUxmi− 2xmiðxmiþ 1Þ ðF35Þ

is a polynomial in xmi, rV , and rU. The first term in
Eq. (F34) is odd in t1 and integrates to zero over ½−1; 1�.
Therefore,

Z
1

−1
dt1

A2t21 þ A1t1 þ A0

Dðt1Þ

¼ 2ð2xmi þ 1Þ
1 − rU

þ 2B
1 − rU

Z
1

−1

dt1
D0 −D1t1

: ðF36Þ

The remaining integral is

Z
dt1

D0 −D1t1
¼ −

1

D1

lnðD0 −D1t1Þ; ðF37Þ

and thus

Z
1

−1

dt1
D0 −D1t1

¼ 1

D1

ln
D0 þD1

D0 −D1

¼ 1

ð1 − rVÞð1 − rUÞ
ln
D0 þD1

D0 −D1

: ðF38Þ

Using Eq. (F33),

D0 þD1 ¼ 2ðxmi þ 1 − rV − rUÞ;
D0 −D1 ¼ 2ðxmi − rVrUÞ; ðF39Þ

so

ln
D0 þD1

D0 −D1

¼ ln
xmi þ 1 − rV − rU

xmi − rVrU
: ðF40Þ

This yields

Z
1

−1
dt
A2t21 þ A1t1 þ A0

Dðt1Þ

¼ 2ð2xmi þ 1Þ
1 − rU

þ 2B
ð1 − rVÞð1 − rUÞ2

× ln
xmi þ 1 − rV − rU

xmi − rVrU
; ðF41Þ

and hence

DiscJðaÞvertðV;UÞ ¼ 2i
π
M6

i
ffiffiffiffiffiffiffi
xmi

p �
ð1− rUÞð2xmiþ 1Þþ B

1− rV

× ln
xmiþ 1− rV − rU

xmi− rVrU

�
: ðF42Þ

Thus, we obtain the discontinuity relevant to the vertex
contribution from diagram (a).

2. Vertex contribution (b)

The discontinuity JðbÞvert is given by putting q1 and q2 on
shell and carrying out the phase-space integral:

DiscJðbÞvertðV;UÞ

¼ Disc
Z

d4q1
ð2πÞ4

T ðbÞjcut
ðq23 −M2

m þ iϵÞðq21 þ iϵÞðq22 −m2
U þ iϵÞ

¼ 4iM8
i rVrUð1 − rVÞð1 − rUÞ

×
Z

d4q1
ð2πÞ4

ð1 − t1Þ − 2ðrV þ rUÞð1þ t1Þ
−M2

i
2
ðD0 −D1t1Þ

× ð−2πiÞ2δðq21ÞΘðE1Þδðq22 −m2
UÞΘðE2Þ: ðF43Þ

Here the angular integral involves the denominator

q23 −M2
m ¼ −

M2
i

2
ðD0 −D1t1Þ;

D0 ¼ 2xþ 1 − rV − rU − rVrU;

D1 ¼ ð1 − rVÞð1 − rUÞ: ðF44Þ

The angular integral appearing in the absorptive part is

DiscJðbÞvertðV;UÞ ¼−
2i
π
M8

i rVrUð1− rVÞð1− rUÞ

×
Z

dE1E2
1

1

2E1

δðE1 −E⋆
1 Þ

2Mi
ΘðMi −E1Þ

×
Z

1

−1
dt1

ð1− t1Þ− 2ðrV þ rUÞð1þ t1Þ
−M2

i
2
ðD0−D1t1Þ

;

¼ i
2π

M6
i rVrUð1− rVÞð1− rUÞ2

×
Z

1

−1
dt1

ð1− t1Þ− 2ðrV þ rUÞð1þ t1Þ
D0−D1t1

≕
i
2π

M6
i rVrUð1− rUÞI ðbÞðx;rV;rUÞ;

ðF45Þ

where E⋆
1 ≔ Mi

2
ð1 − rUÞ, and therefore

RETRACTED: SCHWINGER-KELDYSH FORMULATION OF … PHYS. REV. D 113, 123544 (2026)

123544-59



RETRACTED

I ðbÞðx; rV; rUÞ ≔ ð1 − rVÞð1 − rUÞ

×
Z

1

−1
dt1

1 − t1 − 2ðrV þ rUÞð1þ t1Þ
D0 −D1t1

:

ðF46Þ

This integral can be expressed in closed form:

I ðbÞðx;rV;rUÞ ¼ 2ð2rU þ 2rV þ 1Þ

þ 2Aðx;rV;rUÞ
ð1− rUÞð1− rVÞ

ln

�
x− rVrU

xþ 1− rV − rU

�
;

ðF47Þ

with

Aðx; rV; rUÞ ≔ xð2rU þ 2rV þ 1Þ þ 2ðrU þ rVÞ
− 2ðr2U þ r2VÞ − 5rUrV: ðF48Þ

Hence, we obtain

DiscJðbÞvertðV;UÞ

¼ i
π
M6

i rVrU

�
ð1 − rUÞð2rV þ 2rU þ 1Þ

þ 2ðrV þ rUÞðxþ 1Þ þ x − 2ðr2V þ r2UÞ − 5rVrU
1 − rV

× ln

�
x − rVrU

xþ 1 − rV − rU

��
: ðF49Þ

3. Self-energy contribution (a)

For diagram type (a) in Fig. 21, we keep the self-energy
bubble explicit. Let q1 be the loop momentum of the
internal lepton line and define q2 ¼ k − q1 as the momen-
tum of the internal gauge boson U. Then the amplitude can
be written as

iMðaÞ
selfðV;UÞ ¼

X
m≠i

X
β

Z
d4q1
ð2πÞ4

× ūαðpÞðVVÞραmðqÞSNm
ðkÞðVUÞμβmð−q2Þ

× SLβ
ð−q1ÞðṼUÞνβiðq2ÞuiðkÞDU

μνðq2Þε�ρðqÞ:
ðF50Þ

Here U ¼ γ, Z, W labels the gauge boson running in the
lepton bubble. For U ¼ γ, Z the internal lepton is Lβ ¼ νβ,
while for U ¼ W it is Lβ ¼ lβ.
The absorptive part of the self-energy bubble is obtained

by cutting the internal lepton and gauge-boson propagators.
The Cutkosky rules give

Disc

�
1

q21 þ iϵ

�
¼ −2πiδðq21ÞΘðq01Þ;

Disc

�
1

q22 −m2
U þ iϵ

�
¼ −2πiδðq22 −m2

UÞΘðq02Þ; ðF51Þ

with q2 ¼ k − q1 and k2 ¼ M2
i . The resulting δ-function

integration reduces to the two-body phase space of the on-
shell intermediate state Lβðq1Þ þ Uðq2Þ and yields

Z
d4q1
ð2πÞ4 ð2πÞ

2δðq21Þδðq22 −m2
UÞΘðq01ÞΘðq02ÞF ðt1Þ

¼ 1 − rU
16π

Z
1

−1
dt1F ðt1Þ; ðF52Þ

with t1 ≔ cos θ1 ≔ q̂ · q̂1. For the present self-energy
topologies, the t1 dependence drops out after angular
averaging, as shown below.
After the Dirac trace and the sum over the internal flavor

index β, the absorptive part is proportional to the coupling
contractions

ðμU†μUÞim≔
X
β

μU�
βi μ

U
βm; ðμU†μUÞmi¼

X
β

μU�
βmμ

U
βi: ðF53Þ

The genuinely new ingredient induced by ONW is the
charged-current contribution with U ¼ W, that is,
ðμW†μWÞim, ðμW†μWÞmi.
Next, we define the interference term for diagram type

(a) as

IðaÞselfðV;UÞ ≔ 1

2

X
spins;pol

ðiMð0Þ
V Þ†iMðaÞ

selfðV;UÞ: ðF54Þ

Since the self-energy bubble depends only on the external
momentum k, the propagator denominator of the inter-
mediate heavy neutrino Nm is

k2 −M2
m ¼ M2

i −M2
m ¼ M2

i ð1 − xmiÞ; ðF55Þ

where xmi ≔ M2
m=M2

i , and is independent of the angular
variable t1. Consequently, after taking the Cutkosky cut the
loop integration reduces to the two-body phase-space factor
and the angular average of the cut numerator.
Carrying out the same trace algebra as in Sec. IVA for

rU ≠ 0, we obtain

N ðaÞ
self jcut ¼ M7

i Mmð1 − rUÞ2

×

�ðrU þ 1ÞðrU þ 2Þ
2

þ ðterms odd in t1Þ
�
;

ðF56Þ

and the odd terms vanish upon integration over t1 ∈ ½−1; 1�,
giving
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Z
1

−1
dt1N

ðaÞ
self

			
cut

¼ M7
i Mmð1 − rUÞ2ðrU þ 1ÞðrU þ 2Þ:

ðF57Þ

Combining this with the phase-space factor yields the
discontinuity

DiscIðaÞselfðV;UÞ ¼ iM7
i Mm

πðM2
i −M2

mÞ
ð1− rUÞ2ðrU þ 1ÞðrU þ 2Þ:

ðF58Þ
It is convenient to express the corresponding contribu-

tion to the channel-normalized CP asymmetry in terms of a
loop function. Defining

FSaðx; rUÞ ≔
ffiffiffi
x

p
1 − x

·
ð1 − rUÞ3ðrU þ 1ÞðrU þ 2Þ

2
; ðF59Þ

which reduces to fSaðx; 0Þ ¼
ffiffiffi
x

p
=ð1 − xÞ for rU → 0, so

we write

εV;ðaÞself;αiðUÞ ¼ −
M2

i

2πRV
P

βjμVβij2

×
X
m≠i

Im½μV�αi μVαmðμU†μUÞim�FSaðxmi; rUÞ;

ðF60Þ
with RV ¼ ð1 − rVÞ2ð1þ rVÞ and xmi ¼ M2

m=M2
i .

4. Self-energy contribution (b)

Diagram type (b) in Fig. 21 corresponds to the alternative
contraction of the dipole vertices in the self-energy loop,
which interchanges the coupling contraction and yields
ðμU†μUÞmi. Repeating the same cut integration for rU ≠ 0,
one obtains

FSbðx; rUÞ ≔
1

1 − x
·
ð1 − rUÞ3ðrU þ 2Þ

2
; ðF61Þ

which reduces to fSbðx; 0Þ ¼ 1=ð1 − xÞ for rU → 0.
Accordingly,

εV;ðbÞself;αiðUÞ ¼ −
M2

i

2πRV
P

βjμVβij2

×
X
m≠i

Im½μV�αi μVαmðμU†μUÞmi�FSbðxmi; rUÞ:

ðF62Þ

5. Quasidegenerate limit

In the quasidegenerate regime, the x-dependent factors in
Eqs. (F59) and (F61) are replaced as in Eq. (140). The loop
functions then become

F̃Saðx; rUÞ

≔
ffiffiffi
x

p ð1 − xÞ
ð1 − xÞ2 þ ðΓm=MiÞ2

·
ð1 − rUÞ3ðrU þ 1ÞðrU þ 2Þ

2
;

ðF63Þ

F̃Sbðx; rUÞ

≔
1 − x

ð1 − xÞ2 þ ðΓm=MiÞ2
·
ð1 − rUÞ3ðrU þ 2Þ

2
; ðF64Þ

where we use the vacuum width Γm in the regulator
functions F̃Sa;b . Throughout we use these width-regulated
loop functions in order to capture the resonant enhance-
ment of the self-energy contribution.

APPENDIX G: DETAILS OF
THE SCHWINGER-KELDYSH

AND 2PI FORMALISM

In this appendix we collect the formal details underlying
the compact summary in Sec. VI. We review the one- and
two-particle-irreducible effective actions, the CTP generat-
ing functional, the Kadanoff-Baym equations, the Wigner
transform [72], the leading-gradient expansion, and the
Markov/quasiparticle limits [100–102]. These results are
standard [66], but we include them to fix conventions and
to make the derivation of the density-matrix QKEs repro-
ducible. The main text relies only on the final Wightman-
function form of the collision terms and on the pro-
jected QKEs.

1. n-particle-irreducible generating functionals

We consider a quantum field theory for a real N-
component scalar field φa (a ¼ 1;…; N) with classical
action S½φ�:

S½φ� ¼
Z
x

�
1

2
∂μφaðxÞ∂μφaðxÞ −

m2

2
φaðxÞφaðxÞ

−
λ

4!N
ðφaðxÞφaðxÞÞ2

�
: ðG1Þ

Here and in the following, repeated indices are summed.
We use x ≔ ðx0; xÞ and the shorthand notationR
x ≔

R
C dx0

R
ddx, with a time contour C to be specified

below. Accordingly, δ functions such as δ4ðx − yÞ should
be understood as the contour δCðx0 − y0Þδ3ðx − yÞ.
In the presence of two source terms ∼JaðxÞ and

∼Rabðx; yÞ, the partition function Z½J; R� and the generat-
ing functional W½J; R� of connected Green’s functions are
defined by
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Z½J; R� ¼ eiW½J;R�

¼
Z

Dφ exp

�
i

�
S½φ� þ

Z
x
JaðxÞφaðxÞ

þ 1

2

Z
xy
Rabðx; yÞφaðxÞφbðyÞ

��
: ðG2Þ

The macroscopic field ϕa and the connected two-point
function Gab are defined as functional derivatives of W:

δW½J; R�
δJaðxÞ

¼ ϕaðxÞ;

δW½J; R�
δRabðx; yÞ

¼ 1

2
½ϕaðxÞϕbðyÞ þGabðx; yÞ�: ðG3Þ

Before constructing the 2PI effective action, we consider
the 1PI effective action. It is obtained by a Legendre
transformation with respect to the source term linear in the
field (at fixed R):

ΓR½ϕ� ¼ W½J; R� −
Z
x

δW½J; R�
δJaðxÞ

JaðxÞ

¼ W½J; R� −
Z
x
ϕaðxÞJaðxÞ: ðG4Þ

We note that:
(i) ΓR≡0½ϕ� coincides with the standard 1PI effective

action.
(ii) For R ≠ 0, ΓR½ϕ� can be viewed as the 1PI effective

action of a theory governed by the modified classical
action

SR½φ� ¼ S½φ� þ 1

2

Z
xy
Rabðx; yÞφaðxÞφbðyÞ; ðG5Þ

i.e., in the presence of a nonconstant “mass term”
quadratic in the fields.

As a consequence, relations for the 1PI effective action
carry over to ΓR½ϕ� with the replacements S → SR and
G−1

0 → G−1
0 − iR. For instance, the one-loop expression

reads

ΓRð1-loopÞ½ϕ� ¼ SR½ϕ� þ i
2
Tr ln½G−1

0 ðϕÞ − iR�; ðG6Þ

where the functional trace Tr includes integration over time
and spatial coordinates and summation over internal
indices. Similarly, the exact inverse propagator is obtained
by a second functional derivative,

δ2ΓR½ϕ�
δϕaðxÞδϕbðyÞ

¼ iG−1
abðx;yÞ

¼ i
h
G−1

0;abðx;y;ϕÞ− iRabðx;yÞ−ΣR
abðx;y;ϕÞ

i
:

ðG7Þ

Here the classical inverse propagator iG−1
0;abðx; y;ϕÞ ¼

δ2S½ϕ�=δϕaðxÞδϕbðyÞ is

iG−1
0;abðx; y;ϕÞ

¼ −
�
□x þm2 þ λ

6N
ϕcðxÞϕcðxÞ

�
δabδ

4ðx − yÞ

−
λ

3N
ϕaðxÞϕbðxÞδ4ðx − yÞ; ðG8Þ

and ΣR
abðx; y;ϕÞ denotes the proper self-energy, to which

only 1PI Feynman diagrams contribute (i.e. diagrams that
cannot be disconnected by cutting a single internal line).
These relations will be used below.
To obtain the 2PI effective action, we perform a further

Legendre transformation of ΓR½ϕ� with respect to the
bilocal source R:

Γ½ϕ; G� ¼ ΓR½ϕ� −
Z
xy

δΓR½ϕ�
δRabðx; yÞ

Rbaðy; xÞ

¼ ΓR½ϕ� − 1

2

Z
xy
Rabðx; yÞϕaðxÞϕbðyÞ −

1

2
TrRG:

ðG9Þ

Here we used Eqs. (G3) and (G4). Since the relation
between ϕ and J is R-dependent, i.e., inverting ϕ ¼
δW½J; R�=δJ yields J ¼ JRðϕÞ, one finds from the defi-
nition (G4) that

δΓR½ϕ�
δRabðx; yÞ

¼ δW½J; R�
δRabðx; yÞ

þ
Z
z

δW½J; R�
δJcðzÞ

δJcðzÞ
δRabðx; yÞ

−
Z
z
ϕcðzÞ

δJcðzÞ
δRabðx; yÞ

¼ δW½J; R�
δRabðx; yÞ

: ðG10Þ

Of course, the two successive Legendre transforms
employed above agree with a simultaneous Legendre
transform of W½J; R� with respect to both source terms:
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Γ½ϕ; G� ¼ W½J; R� −
Z
x

δW½J; R�
δJaðxÞ

JaðxÞ

−
Z
xy

δW½J; R�
δRabðx; yÞ

Rabðx; yÞ

¼ W½J; R� −
Z
x
ϕaðxÞJaðxÞ

−
1

2

Z
xy
Rabðx; yÞϕaðxÞϕbðyÞ −

1

2
TrGR

¼ ΓR½ϕ� − 1

2

Z
xy
Rabðx; yÞϕaðxÞϕbðyÞ −

1

2
TrGR:

ðG11Þ

From this, the stationarity conditions follow:

δΓ½ϕ; G�
δϕaðxÞ

¼ −JaðxÞ −
Z
y
Rabðx; yÞϕbðyÞ; ðG12Þ

δΓ½ϕ; G�
δGabðx; yÞ

¼ −
1

2
Rabðx; yÞ: ðG13Þ

In the absence of sources, J ¼ 0 and R ¼ 0, these give the
equations of motion for ϕ and G.
To get familiar with Eqs. (G9)–(G11), we compute

Γ½ϕ; G� to one-loop order using the above result for
ΓR½ϕ�. Plugging Eq. (G6) into Eq. (G9) yields

Γ½ϕ;G�≃S½ϕ�þ i
2
Tr ln½G−1

0 ðϕÞ− iR�−1

2
TrRG: ðG14Þ

Defining G−1 ≔ G−1
0 ðϕÞ − iR, we can rewrite this as

Γ½ϕ; G� ≃ S½ϕ� þ i
2
Tr ln G−1 þ i

2
TrG−1

0 ðϕÞGþ const:

ðG15Þ

Indeed, TrG−1G ¼ Tr 1 is a field-independent constant.
Using Eq. (G15) together with the stationarity condition
(G13), one verifies at this order that

δΓ½ϕ; G�
δG

≃ −
i
2
G−1 þ i

2
G−1

0 ðϕÞ ¼ −
1

2
R

⇒ G−1 ¼ G−1
0 ðϕÞ − iR: ðG16Þ

Beyond one-loop order, it is convenient to write the exact
Γ½ϕ; G� as a one-loop-type expression plus a remainder:

Γ½ϕ; G� ¼ S½ϕ� þ i
2
Tr lnG−1 þ i

2
TrG−1

0 ðϕÞG
þ Γ2½ϕ; G� þ const: ðG17Þ

Here “const.” denotes an irrelevant normalization constant.
Varying Γ½ϕ; G� with respect to G yields

G−1
ab ðx; yÞ ¼ G−1

0;abðx; y;ϕÞ − iRabðx; yÞ − Σabðx; y;ϕ; GÞ;
ðG18Þ

with the 1PI self-energy defined by

Σabðx; y;ϕ; GÞ ≔ 2i
δΓ2½ϕ; G�
δGabðx; yÞ

: ðG19Þ

Comparing Eqs. (G7) and (G18) shows that Σab coincides
with the 1PI self-energy in the presence of R, with the
understanding that R is eliminated in favor of G via
Eq. (G18) at the stationary point.
Defining the “classical” propagator

Gcl ≔ ðG−1
0 − iRÞ−1; ðG20Þ

one has an infinite Dyson series:

G ¼ ðG−1
0 − iRÞ−1 þ ðG−1

0 − iRÞ−1ΣðG−1
0 − iRÞ−1

þ ðG−1
0 − iRÞ−1ΣðG−1

0 − iRÞ−1ΣðG−1
0 − iRÞ−1

þ � � � : ðG21Þ

Rewriting this in terms of Gcl yields

G ¼ Gcl þGclΣGcl þ GclΣGclΣGcl þ � � � : ðG22Þ

Thus, a single full propagator G already represents the
resummation of arbitrarily many self-energy insertions on
top of Gcl. Consequently, any 1PI diagram drawn with full
lines G can be expanded uniquely by replacing each full
line with its Dyson series (G22), which generates an infinite
family of ordinary 1PI diagrams built from Gcl and
insertions of Σ along propagator lines. Conversely, resum-
ming those insertions reconstructs the compact representa-
tion in terms of the full propagator G.
The definition

Σabðx; y;ϕ; GÞ ≔ 2i
δΓ2½ϕ; G�
δGabðx; yÞ

ðG23Þ

has a direct diagrammatic meaning: diagrams contributing
to Σ are obtained by opening one propagator line in
diagrams contributing to Γ2. Since Σ is a 1PI self-energy,
Γ2 cannot contain any one-particle-reducible (1PR) struc-
ture. This immediately excludes two-particle-reducible
(2PR) contributions from Γ2. Indeed, suppose Γ2 contained
a 2PR term of the schematic form Γ̃GGΓ̃0, i.e., two
propagator lines connecting two subdiagrams Γ̃ and Γ̃0.
In coordinate space (suppressing internal indices for
clarity) this may be written as
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Γð2PRÞ
2 ½G�∼

Z
dx1dx2dy1dy2

× Γ̃ðx1;x2ÞGðx1;y1ÞGðx2;y2ÞΓ̃ðy1;y2Þ: ðG24Þ
Taking a functional derivative with respect to the bilocal
kernel Gðu; vÞ and using

δGðx; yÞ
δGðu; vÞ ¼ δ4ðx − uÞδ4ðy − vÞ; ðG25Þ

one finds that the derivative hits either of the two propa-
gator lines:

δΓð2PRÞ
2 ½G�

δGðu; vÞ ∼
Z

dx1 dx2 dy1 dy2

× Γ̃ðx1; x2Þ
Gðx1; y1Þ
Gðu; vÞ Gðx2; y2ÞΓ̃0ðy1; y2Þ

þ
Z

dx1 dx2 dy1 dy2

× Γ̃ðx1; x2ÞGðx1; y1Þ
δGðx2; y2Þ
δGðu; vÞ Γ̃0ðy1; y2Þ

∼
Z

dx2 dy2Γ̃ðu; x2ÞGðx2; y2ÞΓ̃0ðv; y2Þ

þ
Z

dx1 dy1Γ̃ðx1; uÞGðx1; y1ÞΓ̃0ðy1; vÞ:

ðG26Þ
Each of the two terms in Eq. (G26) has the schematic form
Γ̃GΓ̃0: the two subdiagrams are now connected by a single
propagator line, so the resulting contribution is 1PR and
hence cannot appear in a 1PI self-energy. Therefore, Γ2

cannot contain any 2PR term, and Γ2½ϕ; G� consists solely
of 2PI diagrams.

2. 2PI effective action for fermions

The construction of the 2PI effective action for fermionic
fields proceeds along very similar lines as for bosons, with
the crucial difference that one has to account for the anti-
commuting (Grassmann) nature of fermion fields.
The main difference is already visible in the one-loop

part (corresponding to Γ2 ¼ 0). For vanishing field expect-
ation values, one encounters the Gaussian functional
integrals [103]

−i ln
Z

Dψ̄DψeiS
ðfÞ
0 ¼−i lnðdetΔ−1

0 Þ

¼−iTr lnΔ−1
0 ;

− i ln
Z

DφeiS
ðbÞ
0 ¼−i lnðdetG−1

0 Þ−1=2

¼ i
2
Tr lnG−1

0 : ðG27Þ

Here

SðfÞ0 ½ψ � ¼
Z

d4xd4yψ̄ðxÞiΔ−1
0 ðx; yÞψðyÞ ðG28Þ

denotes a fermion action bilinear in the Grassmann fields.
For a Dirac fermion with mass mðfÞ, the free inverse
propagator is

iΔ−1
0 ðx; yÞ ¼ ði∂x −mðfÞÞδ4ðx − yÞ: ðG29Þ

For bosons, SðbÞ0 is given by the quadratic part of Eq. (G1),
i.e.,

SðbÞ0 ½φ� ¼ 1

2

Z
d4x d4yφðxÞiG−1

0 ðx; yÞφðyÞ;

iG−1
0 ðx; yÞ ¼ −ð□x þm2Þδ4ðx − yÞ: ðG30Þ

Comparing the two integrals in Eq. (G27), one observes
that the factor 1=2 for bosons is replaced by −1 for
fermions due to the anti-commuting (Grassmann) nature.
Taking this difference into account, one can follow the
same steps as in the bosonic case to obtain the 2PI effective
action for fermions in complete analogy to Eq. (G17).
Accordingly, for vanishing fermion field expectation

values, hΨi ¼ hΨ̄i ¼ 0, one finds

Γ½Δ� ¼ −i Tr lnΔ−1 − i TrΔ−1
0 Δþ Γ2½Δ� þ const: ðG31Þ

Here Γ2½Δ� contains all 2PI diagrams with lines associated
to the time-ordered propagator Δðx; yÞ ¼ hTΨðxÞΨ̄ðyÞi. As
for the 1PI effective action, each closed fermion loop
contributes an additional minus sign.
As in the bosonic case, the equation of motion for Δ in

the absence of external sources is obtained by imposing the
stationarity condition of the effective action:

δΓ½Δ�
δΔðx; yÞ ¼ 0: ðG32Þ

Using Eq. (G31), this condition can be rewritten as

Δ−1ðx; yÞ ¼ Δ−1
0 ðx; yÞ − ΣðfÞðx; y;ΔÞ; ðG33Þ

with the 1PI fermion self-energy defined by

ΣðfÞðx; y;ΔÞ ≔ −i
δΓ2½Δ�
δΔðy; xÞ : ðG34Þ

APPENDIX H: SCATTERING CROSS SECTIONS
AND REACTION DENSITIES

In this appendix we collect the details of the 2 ↔ 2
scattering calculation used in Sec. VII. We derive the
neutral-current processes Nif ↔ ναf, including γ
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exchange, Z exchange, and γZ interference, as well as the
charged-current processes Nif ↔ lαf0 mediated by W�.
The main text uses only the resulting reaction densities and
the scattering equilibration function SiðzÞ.

1. Explicit calculation I: Neutral-current (NC)
scattering

We consider the 2 → 2 processes

NiðpÞ þ fðkÞ → ναðp0Þ þ fðk0Þ ðH1Þ

including t-channel γ exchange, Z exchange, and γZ
interference, from first principles.

2. Feynman rules and kinematics

For an outgoing gauge-boson momentum q, the dipole
vertex and its conjugate vertex for V ¼ γ, Z are

ðVVÞραiðqÞ ¼ 2μVαiσ
ρλqλPR;

ðṼVÞραiðqÞ ¼ 2μV�αi σ
ρλqλPL;

ðV ¼ γ; ZÞ: ðH2Þ

The gauge interactions of f are

−L ⊃ eQfAμf̄γμf

þ e
sin θW cos θW

Zμf̄γμðgfLPL þ gfRPRÞf; ðH3Þ

with Qf the electric charge in proton units, and

gfL ¼ Tf
3 −Qf sin2 θW; gfR ¼ −Qf sin2 θW: ðH4Þ

3. Mandelstam variables and inner products

Define

q≔k0−k¼p−p0; t≔q2<0; s≔ ðpþkÞ2: ðH5Þ

Using the massless approximation k2 ¼ k02 ¼ p02 ¼ 0 and
p2 ¼ M2

i ,

s ¼ ðpþ kÞ2 ¼ p2 þ 2p · kþ k2 ¼ M2
i þ 2p · k;

t ¼ ðp − p0Þ2 ¼ p2 − 2p · p0 þ p02 ¼ M2
i − 2p · p0;

u ¼ ðp − k0Þ2 ¼ p2 − 2p · k0 þ k02 ¼ M2
i − 2p · k0: ðH6Þ

Hence,

p · k ¼ s −M2
i

2
: ðH7Þ

Squaring momentum conservation pþ k ¼ p0 þ k0 gives

p0 · k0 ¼ s
2
: ðH8Þ

From u ¼ ðp − k0Þ2 we obtain

p · k0 ¼ M2
i − u
2

: ðH9Þ

Eliminating u using sþ tþ u ¼ M2
i yields

p · k0 ¼ sþ t
2

: ðH10Þ

Finally, using u ¼ ðp0 − kÞ2 ¼ −2p0 · k and sþ tþ u ¼
M2

i gives

p0 · k ¼ sþ t −M2
i

2
: ðH11Þ

Defining

Δ ≔ s −M2
i > 0; ðH12Þ

the t integration range is

t∈½tmin;tmax�; tmin¼M2
i −s¼−Δ; tmax¼0: ðH13Þ

4. Tree-level amplitudes

The t-channel photon exchange amplitude is

Mγ ¼
2eQfμ

γ
αi

t
½ūαðp0ÞσμνqνPRuiðpÞ�½ūfðk0ÞγμufðkÞ�:

ðH14Þ

Similarly, the Z exchange amplitude is

MZ ¼ 2eμZαi
sin θW cos θW

1

t −m2
Z

× ½ūαðp0ÞσμνqνPRuiðpÞ�
× ½ūfðk0ÞγμðgfLPL þ gfRPRÞufðkÞ�: ðH15Þ

5. Simplifying σμνqν using current conservation

For a Dirac fermion of mass mf, the Gordon identity
gives

ūfðk0ÞγμufðkÞ ¼ ūfðk0Þ
�ðk0 þ kÞμ

2mf
þ iσμνqν

2mf

�
ufðkÞ

≕ JðγÞμ ; ðH16Þ

with q ¼ k0 − k. Then

qμJðγÞμ ¼ ūfðk0Þ
�
q · ðk0 þ kÞ

2mf
þ iqμσμνqν

2mf

�
ufðkÞ: ðH17Þ
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The first term vanishes because q · ðk0 þ kÞ ¼ k02 − k2 ¼
m2

f −m2
f ¼ 0. The second term vanishes because qμqν is

symmetric while σμν is antisymmetric. Hence,

qμJðγÞμ ¼ 0: ðH18Þ

Equivalently, using the Dirac equation,

qμūfðk0ÞγμufðkÞ ¼ ūfðk0Þðk0 − kÞufðkÞ ¼ 0: ðH19Þ

Using the identity

σμνqν ¼
i
2
ðγμ=q − =qγμÞ ¼ iðγμ=q − qμÞ; ðH20Þ

the photon-exchange amplitude contains the contraction

½ūαðp0ÞσμνqνPRuiðpÞ�JðγÞμ : ðH21Þ

Substituting (H20) and (H18) gives

ðūασμνqνPRuiÞJðγÞμ ¼ iðūαγμ=qPRuiÞJðγÞμ

− iðūαPRuiÞðqμJðγÞμ Þ
¼ iðūαγμ=qPRuiÞJðγÞμ : ðH22Þ

The second term is purely longitudinal and proportional to

qμJðγÞμ . Hence, the longitudinal piece does not contribute,
and we may project onto the transverse part by the
replacement

σμνqν → iγμ=q; ðH23Þ

inside the squared amplitude.
This also makes the infrared behavior manifest: the

photon propagator provides 1=t2, while the replacement
introduces a factor =q=q ¼ q2 ¼ t after the Dirac algebra,
reducing 1=t2 to 1=ð−tÞ. For the γZ interference, the
propagator factor ð1=tÞ · 1=ðt −m2

ZÞ similarly loses the
potentially singular 1=t because the same Dirac algebra
supplies a factor t, so the interference term is infrared finite.
For the Z current,

JðZÞμ ¼ ūfðk0ÞγμðgfLPL þ gfRPRÞufðkÞ
¼ ūγμðgfV − gfAγ5Þu; ðH24Þ

with gfV ¼ ðgfL þ gfRÞ=2 and gfA ¼ ðgfL − gfRÞ=2. Here the
subscripts V, A denote vector and axial couplings. The
vector part is conserved as for the photon. The axial part
satisfies

qμūðk0Þγμγ5uðkÞ ¼ 2mfūðk0Þγ5uðkÞ; ðH25Þ

so in the massless limit mf ≃ 0 we again have qμJðZÞμ ≃ 0.

6. Spin-averaged squared amplitude: γ, Z, and γZ

We define the kinematic polynomial

Kðs; tÞ ≔ 4½ðp · kÞðp0 · k0Þ þ ðp · k0Þðp0 · kÞ�
¼ 2s2 þ 2stþ t2 − 2M2

i s −M2
i t; ðH26Þ

and

K̃ðs; tÞ ≔ Kðs; tÞ þM4
i − t2

¼ 2s2 þ 2st − 2M2
i s −M2

i tþM4
i : ðH27Þ

a. Photon exchange

We start from the identity (H20) and recall that the
photon current of the light fermion f,

JðγÞμ ¼ ūfðk0ÞγμufðkÞ; ðH28Þ

is conserved for on-shell external fermions of equal mass
(in particular in the massless limit), (H18).
The tensor HðγÞμν appearing after spin summation is the

spin-averaged current product. Equivalently, using spin
sums it can be written as a Dirac trace:

HðγÞμν ≔
1

2

X
s;s0

JðγÞμðs; s0ÞJðγÞνðs; s0Þ�

¼ 1

2
trðk0γμkγνÞ: ðH29Þ

Because qμJðγÞμ ¼ 0 holds for each spin configuration,
HðγÞμν inherits transversality:

qμHðγÞμν ¼ 1

2

X
s;s0

½qμJðγÞμðs; s0Þ�JðγÞνðs; s0Þ� ¼ 0; ðH30Þ

i.e.,

qνHðγÞμν ¼ 0: ðH31Þ

Consequently, whenever σμνqν is contracted with HðγÞ
μν , the

longitudinal piece proportional to qμ in (H20) drops out,
and we may implement the transverse projection by (H23).
From (H14), the spin-averaged squared amplitude can be

written as

hjMγj2i ¼
4e2Q2

fjμγαij2
t2

LμνHðγÞμν; ðH32Þ
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where

Lμν ≔
1

2
tr½=p0γμ=qPRð=pþMiÞ=qγνPL�;

HðγÞμν ≔
1

2
trðk0γμkγνÞ: ðH33Þ

Using the standard trace identity

trð=aγμ=bγνÞ ¼ 4ðaμbν þ aνbμ − gμνa · bÞ; ðH34Þ

we obtain

HðγÞμν ¼ 2ðk0μkν þ k0νkμ − gμνk · k0Þ; ðH35Þ

which is manifestly symmetric in μ ↔ ν and consistent
with the transversality (H31).
Next, the projector kills the mass term:

PRð=pþMiÞPL ¼ PR=pPL þMiPRPL ¼ =pPL: ðH36Þ

Thus,

Lμν ¼
1

2
trð=p0γμ=q=pPL=qγνÞ: ðH37Þ

Since HðγÞμν is symmetric, terms proportional to ϵμνρσ

vanish upon contraction with HðγÞμν, so under the con-
traction we may set PL → 1=2:

Lμν →
1

4
trð=p0γμ=q=p=qγνÞ: ðH38Þ

Using

=q=p=q ¼ 2ðq · pÞ=q − q2=p ¼ 2ðq · pÞ=q − t=p; ðH39Þ

and (H34), we find

Lμν ¼
1

4
½2ðq · pÞtrð=p0γμ=qγνÞ − ttrð=p0γμ=pγνÞ�

¼ 2ðq · pÞðp0
μqν þ p0

νqμ − gμνp0 · qÞ
− tðp0

μpν þ p0
νpμ − gμνp0 · pÞ: ðH40Þ

Now contract with HðγÞμν. Using (H40), we first
write

LμνHðγÞμν

¼ 2ðq · pÞ½p0
μqνHðγÞμν þ p0

νqμHðγÞμν − ðp0 · qÞHðγÞμ
μ�

− t½p0
μpνHðγÞμν þ p0

νpμHðγÞμν − ðp0 · pÞHðγÞμ
μ�: ðH41Þ

The first two terms in the first bracket vanish by
the transversality qμHðγÞμν ¼ qνHðγÞμν ¼ 0 in (H31).
Moreover, since HðγÞμν is symmetric, the second bracket

simplifies as p0
μpνHðγÞμν þ p0

νpμHðγÞμν ¼ 2p0μpνHðγÞ
μν .

Hence,

LμνHðγÞμν ¼ −2ðq · pÞðp0 · qÞHðγÞμ
μ

− t½2p0μpνHðγÞ
μν − ðp0 · pÞHðγÞμ

μ�: ðH42Þ

First,

HðγÞμ
μ ¼ 2ð2k · k0 − 4k · k0Þ ¼ −4k · k0: ðH43Þ

Since t ¼ ðk0 − kÞ2 ¼ −2k · k0 for k2 ¼ k02 ¼ 0,

HðγÞμ
μ ¼ 2t: ðH44Þ

Next,

p0μpνHðγÞ
μν ¼ 2½ðp · kÞðp0 · k0Þ þ ðp · k0Þðp0 · kÞ

− ðp · p0Þðk · k0Þ�: ðH45Þ

Substituting these, the ðp · p0Þðk · k0Þ terms cancel, and we
obtain

LμνHðγÞμν ¼−4tðq ·pÞðp0 ·qÞ
− 4t½ðp · kÞðp0 · k0Þþ ðp · k0Þðp0 · kÞ�: ðH46Þ

Using

q ·p¼ p · ðp−p0Þ ¼ p2−p ·p0 ¼M2
i −p ·p0 ¼M2

i þ t
2

;

p0 ·q¼ p0 · ðp−p0Þ ¼ p0 ·p¼M2
i − t
2

; ðH47Þ

the first term in Eq. (H46) becomes

−4tðq · pÞðp0 · qÞ ¼ −4t
M2

i þ t
2

M2
i − t
2

¼ −tðM4
i − t2Þ:

ðH48Þ

Therefore, combining this with Eq. (H26),

LμνHðγÞμν ¼ −t½Kðs; tÞ þM4
i − t2� ¼ −tK̃ðs; tÞ: ðH49Þ

Substituting into (H32) gives

hjMγj2i ¼ 4e2Q2
fjμγαij2

K̃ðs; tÞ
−t

: ðH50Þ

b. Z exchange

For Z exchange the f vertex has chiral couplings:

−LZff ⊃
e

sin θW cos θW
Zμf̄γμðgfLPL þ gfRPRÞf: ðH51Þ
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Define

HðZÞμν ≔
1

2
tr
h
k0γμðgfLPL þ gfRPRÞkγνðgfLPL þ gfRPRÞ

i
:

ðH52Þ

Expanding this yields

HðZÞμν ¼ 1

2

h
ðgfLÞ2trðk0γμPLkγνPLÞ

þ ðgfRÞ2trðk0γμPRkγνPRÞ
þ gfLg

f
Rtrðk0γμPLkγνPRÞ

þ gfLg
f
Rtrðk0γμPRkγνPLÞ

i
: ðH53Þ

In the massless approximation, the mixed terms vanish
because PLk ¼ kPR and PRk ¼ kPL, hence

trðk0γμPLkγνPRÞ ¼ trðk0γμkγνPLPRÞ ¼ 0; ðH54Þ

and similarly for the other mixed term. Therefore,

HðZÞμν ¼ ðgfLÞ2 þ ðgfRÞ2
2

HðγÞμν: ðH55Þ

Using (H49) we obtain

LμνHðZÞμν ¼ −t
ðgfLÞ2 þ ðgfRÞ2

2
K̃ðs; tÞ; ðH56Þ

and thus,

hjMZj2i ¼
2e2½ðgfLÞ2 þ ðgfRÞ2�
sin2θWcos2θW

jμZαij2
−tK̃ðs; tÞ
ðt −m2

ZÞ2
: ðH57Þ

c. γZ interference

Define the mixed tensor

HðγZÞμν ≔
1

2
tr½k0γμkγνðgfLPL þ gfRPRÞ�: ðH58Þ

In the massless approximation,

HðγZÞμν ¼ gfL þ gfR
2

HðγÞμν; ðH59Þ

and hence

LμνHðγZÞμν ¼ −t
gfL þ gfR

2
K̃ðs; tÞ: ðH60Þ

Therefore, the interference term is

h2ReðMγM�
ZÞi

¼ −
4e2QfðgfL þ gfRÞ
sin θW cos θW

ReðμγαiμZ�αi Þ
K̃ðs; tÞ
t −m2

Z
: ðH61Þ

7. Differential cross section dσ=dt

For 2 → 2 scattering

1ðp1Þ þ 2ðp2Þ → 3ðp3Þ þ 4ðp4Þ; ðH62Þ

the Lorentz-invariant differential cross section is

dσ ¼ 1

4F
jMj2dΦ2; ðH63Þ

with Møller invariant flux [104]

F ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp1 · p2Þ2 −m2

1m
2
2

q
; ðH64Þ

and two-body phase space

dΦ2 ¼
d3p3

ð2πÞ32E3

d3p4

ð2πÞ32E4

ð2πÞ4δ4ðp1 þ p2 − p3 − p4Þ:

ðH65Þ

Using p1 · p2 ¼ ðs −m2
1 −m2

2Þ=2, we find

F ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðs;m2

1; m
2
2Þ

q
; ðH66Þ

where λ is Källén function

λðs;m2
1; m

2
2Þ ¼ s2 þm4

1 þm4
2 − 2m2

1s − 2m2
2s − 2m2

1m
2
2:

ðH67Þ

In the center-of-mass frame,

dΦ2 ¼
kpfk
8π

ffiffiffi
s

p dΩ; ðH68Þ

with

kpik¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðs;m2

1;m
2
2Þ

p
2
ffiffiffi
s

p ; kpfk¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðs;m2

3;m
2
4Þ

p
2
ffiffiffi
s

p : ðH69Þ

Hence,

dσ
dΩ

¼ jMj2
64π2s

kpfk
kpik

: ðH70Þ

Using dΩ ¼ 2πd cos θ, and
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tðcos θÞ ¼ m2
1 þm2

3 − 2E1E3 þ 2kp1kkp3k cos θ

⇒
dt

d cos θ
¼ 2kpikkpfk; ðH71Þ

we obtain

dσ
dt

¼ jMðs; tÞj2
16πλðs;m2

1; m
2
2Þ
: ðH72Þ

For ðm1; m2Þ ¼ ðMi; 0Þ, λðs;M2
i ; 0Þ ¼ ðs −M2

i Þ2 ≕Δ2,
one has

dσ
dt

¼ 1

16πΔ2
hjMðs; tÞj2i: ðH73Þ

8. NC differential cross sections

Using the results above yields

dσγ
dt

¼ e2Q2
fjμγαij2

4πΔ2

K̃ðs; tÞ
−t

; ðH74Þ

dσZ
dt

¼ e2

8πΔ2

ðgfLÞ2 þ ðgfRÞ2
sin2θWcos2θW

jμZαij2
−tK̃ðs; tÞ
ðt −m2

ZÞ2
ðH75Þ

dσγZ
dt

¼ −
e2QfðgfL þ gfRÞ

4πΔ2

ReðμγαiμZ�αi Þ
sin θW cos θW

K̃ðs; tÞ
t −m2

Z
; ðH76Þ

where

Δ ≔ s −M2
i ; ðH77Þ

K̃ðs; tÞ ≔ 2s2 þ 2st − 2M2
i s −M2

i tþM4
i : ðH78Þ

The total differential cross section is

dσ
dt

¼ dσγ
dt

þ dσZ
dt

þ dσγZ
dt

: ðH79Þ

9. Total cross section σðsÞ
a. Photon exchange with Debye screening

To obtain the total cross section, we integrate the
differential cross sections. The photon-exchange piece is
infrared divergent as t → 0, so we regulate the divergence
by Debye screening [105–107], using an infrared regulator
mDðTÞ and setting

tmax ≃ −m2
DðTÞ; ðH80Þ

where mDðTÞ denotes the electric (Debye) mass;
our implementation follows the standard treatment of
gauge-boson scatterings in thermal leptogenesis [108].
For definiteness, we take [107,109]

m2
DðTÞ ≔ κDe2ðQrefÞT2; κD ¼ 1

3
; ðH81Þ

corresponding to the QED expression for unit-charged
relativistic fermions. In the full electroweak plasma the
coefficient κD is modified by the particle content and
mixing, but remains Oð1Þ and does not affect our con-
clusions. Defining

a ≔ 2s −M2
i ; c ≔ 2s2 − 2M2

i sþM4
i ; ðH82Þ

gives K̃ðs; tÞ ¼ atþ c, so we have

σγðs;TÞ ¼
e2Q2

fjμγαij2
4πΔ2

�
−aðΔ −m2

DÞ þ c ln
Δ
m2

D

�
: ðH83Þ

b. Z exchange

For Z exchange, since m2
Z in the denominator regulates

the infrared, we integrate to tmax ¼ 0:

σZðsÞ ¼
Z

0

−Δ
dt
dσZ
dt

¼ e2

8πΔ2

ðgfLÞ2 þ ðgfRÞ2
sin2θWcos2θW

jμZαij2IZðΔ;m2
ZÞ; ðH84Þ

where

IZðΔ;bÞ≔
Z

0

−Δ
dt

−t
ðt−bÞ2 K̃ðs;tÞ; s¼M2

i þΔ: ðH85Þ

For b > 0 this yields

IZðΔ; bÞ ¼ ðcþ 2abÞ ln


1þ Δ

b

�
− c − aðΔþ bÞ þ bðcþ abÞ

Δþ b
: ðH86Þ

Therefore,

σZðsÞ ¼
e2jμZαij2
8πΔ2

ðgfLÞ2 þ ðgfRÞ2
sin2θWcos2θW

×

�
ðcþ 2m2

ZaÞ ln
�
1þ Δ

m2
Z

�

− c − aðΔþm2
ZÞ þ

m2
Zðcþm2

ZaÞ
Δþm2

Z

�
: ðH87Þ

RETRACTED: SCHWINGER-KELDYSH FORMULATION OF … PHYS. REV. D 113, 123544 (2026)

123544-69



RETRACTED

c. γZ interference

Similarly,

σγZðsÞ ¼
Z

0

−Δ
dt
dσγZ
dt

¼ −
e2QfðgfL þ gfRÞ

4πΔ2

ReðμγαiμZ�αi Þ
sin θW cos θW

IγZðΔ;m2
ZÞ;

ðH88Þ

where

IγZðΔ;bÞ≔
Z

0

−Δ
dt
K̃ðs; tÞ
t−b

; s¼M2
i þΔ: ðH89Þ

Using K̃ðs; tÞ ¼ atþ c,

K̃ðs; tÞ
t − b

¼ aþ cþ ab
t − b

: ðH90Þ

Therefore,

IγZðΔ; bÞ ¼ aΔ − ðcþ abÞ ln
�
1þ Δ

b

�
; ðH91Þ

and

σγZðsÞ ¼ −
e2QfðgfL þ gfRÞ

4πΔ2

ReðμγαiμZ�αi Þ
sin θW cos θW

×

�
aΔ − ðcþm2

ZaÞ ln
�
1þ Δ

m2
Z

��
: ðH92Þ

In the total cross sections derived above, the t integration
runs over t∈ ½−Δ; tmax� with tmax ≤ 0 [and tmax ≃ −m2

DðTÞ
for the photon-exchange piece], so the momentum transfer
carried by the exchanged gauge boson, q2≕ t, is spacelike
throughout the integration region. In the CTP/Schwinger-
Keldysh description at finite temperature, the gauge-boson
spectral density naturally separates into pole contributions
(timelike quasiparticle modes) and a Landau-damping (LD)
cut supported on the spacelike region. Therefore, the
present t-channel result—which probes only t < 0—
matches precisely the Landau-damping part of the propa-
gator that enters Σ<;>

scatt, and hence accounts for genuine
2 ↔ 2 scattering contributions rather than decay or inverse-
decay processes associated with pole kinematics.

10. Reaction density γðTÞ
We reduce the reaction density to a one-dimensional

integral. After deriving the KB collision term and reducing
it to the QKE, we approximate the statistical distributions
by Maxwell-Boltzmann (MB). This approximation affects
only the distribution functions and the (1� f) factors; it
does not affect the pole/LD split itself.

a. Definition and reduction to a single s integral

For a 2 → 2 process we define the reaction density

γ12→34ðTÞ ≔
Z

dΠ1 dΠ2f
eq
1 ðp1Þfeq2 ðp2Þ · 4Fσ12→34ðsÞ;

ðH93Þ
where

dΠa ≔ ga
d3pa

ð2πÞ32Ea
ðH94Þ

denotes the Lorentz-invariant phase-space measure, and

feqa ðpaÞ ¼ e−Ea=T ðH95Þ

is Maxwell-Boltzmann equilibrium distribution, and

F ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp1 · p2Þ2 −m2

1m
2
2

q
ðH96Þ

is Møller invariant flux [104]. Using the Källén function

λðs;m2
1; m

2
2Þ ≔ s2 þm4

1 þm4
2 − 2m2

1s − 2m2
2s − 2m2

1m
2
2;

ðH97Þ

we have

4F ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðs;m2

1; m
2
2Þ

q
: ðH98Þ

Insert the identity

1 ¼
Z

d4P
ð2πÞ4 ð2πÞ

4δ4ðP − p1 − p2Þ; ðH99Þ

and fix s ¼ P2 by

1 ¼
Z

∞

smin

dsδðs − P2Þ: ðH100Þ

Then,

γ12→34ðTÞ ¼
Z

∞

smin

dsσðsÞ

×
Z

d4P
ð2πÞ4 e

−P0=Tδðs − P2ÞIðP; sÞ; ðH101Þ

where

IðP; sÞ ≔
Z

dΠ1dΠ24Fð2πÞ4δ4ðP − p1 − p2Þ: ðH102Þ

Since I is Lorentz invariant, we evaluate it in the CM frame
Pμ ¼ ð ffiffiffi

s
p

; 0Þ. Using the standard two-body phase-space
integral,
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Z
dΠ1 dΠ2ð2πÞ4δ4ðP − p1 − p2Þ ¼

g1g2
8π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðs;m2

1; m
2
2Þ

p
s

;

ðH103Þ

we obtain

IðP; sÞ ¼ 4F ×
g1g2
8π

ffiffiffi
λ

p

s
¼ g1g2

λðs;m2
1; m

2
2Þ

4πs
: ðH104Þ

The remaining P integral is

JðsÞ ≔
Z

d4P
ð2πÞ4 e

−P0=Tδðs − P2ÞΘðP0Þ; ðH105Þ

where θðP0Þ selects positive energy. Write δðs − P2Þ ¼
δðs − ðP0Þ2 þ kPk2Þ and integrate over P0:

JðsÞ ¼
Z

d3P
ð2πÞ4

e−
ffiffiffiffiffiffiffiffiffiffiffi
sþkPk2

p
=T

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sþ kPk2

p : ðH106Þ

Perform the angular integral,

JðsÞ ¼ 4π

ð2πÞ4
Z

∞

0

dP
P2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
sþ P2

p e−
ffiffiffiffiffiffiffiffi
sþP2

p
=T: ðH107Þ

Change variables to E ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffi
sþ P2

p
(so PdP ¼ EdE). Then

P2

2E
dP ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − s

p
dE; ðH108Þ

hence

JðsÞ ¼ 4π

ð2πÞ4 ·
1

2

Z
∞ffiffi
s

p dE
ffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − s

p
e−E=T: ðH109Þ

Using the integral representation of the modified Bessel
function K1,Z

∞ffiffi
s

p dE
ffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − s

p
e−E=T ¼ ffiffiffi

s
p

T K1

� ffiffiffi
s

p
T

�
; ðH110Þ

we obtain

JðsÞ ¼ T
ffiffiffi
s

p
8π3

K1

� ffiffiffi
s

p
T

�
: ðH111Þ

Substituting (H104) and (H111) into (H101), we obtain
the general formula

γ12→34ðTÞ¼g1g2
T

32π4

×
Z

∞

smin

ds
λðs;m2

1;m
2
2Þffiffiffi

s
p K1

� ffiffiffi
s

p
T

�
σðsÞ: ðH112Þ

b. NC reaction density summed over plasma species

For ðm1; m2Þ ¼ ðMi; 0Þ,

smin ¼ M2
i ; λðs;M2

i ; 0Þ ¼ Δ2: ðH113Þ

Summing over targets f and lepton flavors α, we define

γNCS;i ðTÞ ¼
X
α

X
f

gNgf
T

32π4

Z
∞

M2
i

ds
Δ2ffiffiffi
s

p K1

� ffiffiffi
s

p
T

�

× ½σγðs;TÞ þ σZðsÞ þ σγZðsÞ�; ðH114Þ

where gN is the internal degree of freedom (d.o.f.) of N
(Majorana: gN ¼ 2), and gf ¼ 2Nc includes spin and color.
If both particles and antiparticles are included in the sum,
one adds f̄ as well (giving an overall factor 2 when
chemical potentials are neglected). Only σγ is cut off at
tmax ¼ −m2

DðTÞ; σZ and σγZ are IR finite and integrated
to t ¼ 0.

11. Explicit calculation II: Charged-current (CC)
scattering

a. Scattering amplitude

We consider the processes

NiðpÞ þ fðkÞ → lαðp0Þ þ f0ðk0Þ: ðH115Þ

The t-channel exchange boson is W, and the N-lα-W
dipole vertex is controlled by μWαi. The SM Wff0 vertex is
purely left-chiral with coupling g=

ffiffiffi
2

p
. Thus, the amplitude

can be written as

MW ¼ 2gWff0μ
W
αi

t −m2
W

½ūlðp0ÞσμνqνPRuNðpÞ�

× ½ūf0 ðk0ÞγμPLufðkÞ�; ðH116Þ

where

gWff0 ¼
gffiffiffi
2

p ×

(
1; ðf;f0Þ¼ ðlβ;νβÞ or ðνβ;lβÞ;
Vab; ðf;f0Þ¼ ðdb;uaÞ or ðua;dbÞ;

ðH117Þ

and Vab is the CKM matrix [74,75].

b. Spin-averaged squared amplitude and cross section

In the massless approximation mf ¼ mf0 ¼ 0, we again
use σμνqν → iγμ=q. Since the f current is purely left-handed,
the f-side trace is half of the pure vector case, as in the
Z-exchange discussion.
Carrying out the trace algebra in the same normalization

convention as in the NC case, we obtain
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hjMW j2i ¼ 2jgWff0 j2jμWαij2
−t

ðt −m2
WÞ2

K̃ðs; tÞ: ðH118Þ

Therefore,

dσW
dt

¼ 1

16πΔ2
hjMW j2i

¼ jgWff0 j2jμWαij2
8πΔ2

−t
ðt −m2

WÞ2
K̃ðs; tÞ; ðH119Þ

and since t∈ ½−Δ; 0� there is no infrared divergence.
Integrating over t gives

σWðsÞ ¼
jgWff0 j2jμWαij2

8πΔ2
IZðΔ;m2

WÞ; ðH120Þ

where the same integral IZðΔ; bÞ defined in Eq. (H86) is
used with b ¼ m2

W .

c. Reaction density

The CC reaction density is

γCCS;i ðTÞ ¼
X
α

X
f

gNgf
T

32π4

×
Z

∞

M2
i

ds
Δ2ffiffiffi
s

p K1

� ffiffiffi
s

p
T

�
σWðsÞ; ðH121Þ

where the sum over f runs over all initial states that couple
to W:

(i) Leptons: for β ¼ e, μ, τ, include both f ¼ lβ and
f ¼ νβ (and antiparticles if desired).

(i) Quarks: for a, b ¼ 1, 2, 3, include both f ¼ ua and
f ¼ db with jVabj2 and the color factor Nc ¼ 3.

12. Matrix-valued scattering rate

For completeness, we record the matrix-valued scatter-
ing rate in the heavy-neutrino flavor space. Defining

ðμV†μUÞij ≔
X
α

μV�αi μ
U
αj; V; U ¼ γ; Z;W; ðH122Þ

the Landau-damping contribution to the heavy-neutrino
damping matrix can be written as

ðΓscatt
N Þij

¼ Γγ
i ðTÞðμγ†μγÞij þ ΓZ

i ðTÞðμZ†μZÞij þ ΓW
i ðTÞðμW†μWÞij

þ ΓγZ
i ðTÞ
2

½ðμγ†μZÞij þ ðμZ†μγÞij�: ðH123Þ

The diagonal part of this expression gives Eq. (196) after
summing the channel contributions into γS;i.

APPENDIX I: PROJECTION OF
KADANOFF-BAYM EQUATIONS TO

DENSITY-MATRIX QKES

In this appendix we collect the technical derivation
underlying Sec. VIII. Starting from the heavy-neutrino
and lepton Wightman functions, we derive the <;>
components of the Kadanoff-Baym equations [110,111],
perform the Wigner transform [72] and leading-gradient
expansion, impose the quasiparticle ansatz, and Hermitize
the collision term. We then explain the momentum-aver-
aging step leading to the yield-level heavy-neutrino equa-
tion, record the index convention relating S<N to the heavy-
neutrino density matrix, and derive the CP-odd source and
washout terms for the flavor charges. The main text quotes
only the compact QKE system used in the numerical
analysis.

1. Kadanoff-Baym collision term

We define the Wightman functions for the right-handed
Majorana neutrinos Ni as

iS<N;ijðx; yÞ ≔ hN̄jðyÞNiðxÞi;
iS>N;ijðx; yÞ ≔ −hNiðxÞN̄jðyÞi; ðI1Þ

where i, j are matrix indices in the heavy-neutrino gen-
eration space.
Decomposing the Schwinger-Dyson equation into the

<;> components yields the KB equation

ði∂x −MÞS<Nðx; yÞ

¼
Z

d4z½ΣR
Nðx; zÞS<Nðz; yÞ þ Σ<

Nðx; zÞSANðz; yÞ�; ðI2Þ

and the analogous equation given by exchanging <↔>.
Here ΣR;A;<;>

N denotes the heavy-neutrino self-energy.

2. Wigner transform, leading-gradient expansion,
and collision term

Using the center coordinate X ¼ ðxþ yÞ=2 and the
relative coordinate r ¼ x − y, we introduce the Wigner
transform

S<NðK;XÞ ≔
Z

d4r eiK·rS<N

�
X þ r

2
; X −

r
2

�
: ðI3Þ

A convolution becomes a Moyal product A⋆B. Expanding
to first order in the gradient ∂X yields [112]

A⋆B ≃ ABþ i
2
fA;BgPB;

fA;BgPB ≔ ð∂Kμ
AÞð∂XμBÞ − ð∂XμAÞð∂Kμ

BÞ: ðI4Þ

With these definitions, the KB equation becomes
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ð=K −M − ΣH
NÞS<N þ i

2
f=K −M − ΣH

N; S
<
NgPB

¼ Σ<
NS

>
N − Σ>

NS
<
N; ðI5Þ

where ΣH
N ¼ ðΣR

N þ ΣA
NÞ=2. The right-hand side is the

collision term

CN ≔ Σ>
NS

<
N − Σ<

NS
>
N: ðI6Þ

In the following, the computations in terms of cross
sections and reaction densities are alternative representa-
tions of evaluating CN in the one-loop approximation and
under the quasiparticle approximation.

3. Quasiparticle approximation and Kadanoff-Baym
ansatz

We define the spectral function as

ρN ≔ iðS>N − S<NÞ; ðI7Þ

and adopt the quasiparticle approximation

ρNðK;XÞ ≃ 2πsgnðk0Þð=K þMÞδðK2 −M2Þ: ðI8Þ

As the Kadanoff-Baym ansatz, we express the Wightman
functions in terms of the matrix-valued distribution func-
tion fN [113]:

iS<NðK;XÞ ≃ −fNðK;XÞρNðK;XÞ;
iS>NðK;XÞ ≃ ½1 − fNðK;XÞ�ρNðK;XÞ: ðI9Þ

Here fN is a matrix-valued distribution function in gen-
eration space. Similarly, for the Wightman components of
the self-energy, in the approximation where internal lines
are kept in equilibrium (one-loop approximation with
equilibrium internal propagators), we may write

iΣ<
NðK;XÞ ≃ −fΣðKÞΠNðK;XÞ;

iΣ>
NðK;XÞ ≃ ½1 − fΣðKÞ�ΠNðK;XÞ; ðI10Þ

where

ΠN ≔ iðΣ>
N − Σ<

NÞ; ðI11Þ

and fΣ denotes the equilibrium distribution referenced by
the internal lines. If the internal lines are fixed to equilib-
rium, then fΣ ¼ feqN .

4. Collision term: From KB to QKE

a. Gain-loss structure and relaxation form

Substituting (I9) and (I10) into the collision term (I6), we
obtain

Σ>
NS

<
N ¼ ½−ið1 − fΣÞΠN �ð−ifNρNÞ ðI12Þ

¼ −ð1 − fΣÞΠNfNρN; ðI13Þ

Σ<
NS

>
N ¼ ð−ifΣΠNÞ½−ið1 − fNÞρN � ðI14Þ

¼ −fΣΠNð1 − fNÞρN: ðI15Þ

Therefore,

CN ¼ −ð1 − fΣÞΠNfNρN þ fΣΠNð1 − fNÞρN
¼ fΣΠNρN − ΠNfNρN: ðI16Þ

In the approximation where internal lines are fixed to
equilibrium, fΣ ¼ feqN 1 (proportional to the identity in
generation space), so fΣ commutes with matrices in
generation space. Moreover, after the on-shell projection
of ρN the commutativity in generation space is preserved
(the noncommuting parts can be absorbed into first-order
gradient terms). Hence,

CN ≃ ΠNρNðfeqN − fNÞ: ðI17Þ

Thus, the collision term has a relaxation form that drives
fN − feqN back to equilibrium.
Writing (I17) as

CN ≔KΔfN; K≔ΠNρN; ΔfN ≔ feqN −fN; ðI18Þ

we note that fN must be Hermitian in generation space,
hence ḟN must be Hermitian, and the collision term must
satisfy C†

N ¼ CN. However, since K and ΔfN do not
commute in general,

ðKΔfNÞ† ¼ ðΔfNÞK† ≠ KΔfN; ðI19Þ

so (I17) does not guarantee Hermiticity by itself.

b. Hermitization and decomposition into
(anti)commutators

We therefore redefine the collision term by its Hermitian
part,

CN → CH
N ≔

1

2
½KΔfN þ ðKΔfNÞ†�

¼ 1

2
½KΔfN þ ðΔfNÞK†�; ðI20Þ

then CH†
N ¼ CH

N . Next, decompose K into its Hermitian and
anti-Hermitian parts:

K¼KHþKA; KH ≔
KþK†

2
; KA ≔

K−K†

2
; ðI21Þ
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where KH† ¼ KH and KA† ¼ −KA. Substituting into (I20)
yields

CH
N ¼ 1

2
½ðKH þ KAÞΔfN þ ΔfNðKH − KAÞ�

¼ 1

2
fKH;ΔfNg þ

1

2
½KA;ΔfN �; ðI22Þ

i.e., a sum of an anticommutator and a commutator. The
anticommutator corresponds to dissipation (damping),
while the commutator corresponds to a unitary rotation
(dispersion).
We define

KH ≕ΓN; KA ≕ 2iΩcoll
N ;

Γ†
N ¼ ΓN; Ωcoll†

N ¼ Ωcoll
N ; ðI23Þ

namely

ΓN ¼ K þ K†

2
; Ωcoll

N ¼ K − K†

4i
: ðI24Þ

Then, (I22) becomes

CH
N ¼ 1

2
fΓN;ΔfNg þ i½Ωcoll

N ;ΔfN �: ðI25Þ

Using ΔfN ¼ feqN − fN gives

½Ωcoll
N ;ΔfN � ¼ ½Ωcoll

N ; feqN � − ½Ωcoll
N ; fN �: ðI26Þ

Since the equilibrium distribution matrix is proportional to
1 in generation space,

½Ωcoll
N ; feqN � ¼ 0 ⇒ ½Ωcoll

N ;ΔfN � ¼ −½Ωcoll
N ; fN �: ðI27Þ

Therefore,

CH
N ½fN � ¼ −

1

2
fΓN; fN − feqN g − i½Ωcoll

N ; fN �: ðI28Þ

5. Drift term: From KB to QKE

After the Wigner transform and the leading-gradient
expansion, the KB left-hand side contains the Poisson-
bracket term

i
2
f=K −M − ΣH

N; S
<
NgPB: ðI29Þ

The part that generates transport (drift) is f=K; S<NgPB,
because =K represents free propagation and necessarily
produces ∂XS<N at first order in gradients.

a. Drift term from the Poisson bracket

Since ∂Xμ=K ¼ 0 at leading order,

i
2
f=K; S<NgPB ¼ i

2
ð∂Kμ

=KÞð∂XμS<NÞ ¼
i
2
γμ∂XμS<N: ðI30Þ

Thus, the KB left-hand side contains the time evolution
with respect to the center coordinate X.
Using the KB ansatz

iS<NðK;XÞ ≃ −fNðK;XÞρNðK;XÞ; ðI31Þ

we obtain

∂XμS<N ¼ −ið∂XμfNÞρN − ifNð∂XμρNÞ: ðI32Þ

The first term gives the transport (drift) of the distribution
function directly. The second term represents a slow
variation of the spectral function and is later collected into
the dispersive term ΩN . Thus, for the drift term we keep
only the first term:

i
2
f=K; S<NgPB →

1

2
γμð∂XμfNÞρN: ðI33Þ

b. On-shell projection

In the quasiparticle approximation,

ρNðK;XÞ ≃ 2πsgnðk0Þð=K þMÞδðK2 −M2Þ: ðI34Þ

To obtain a kinetic equation for fNðk; XÞ without Dirac
structure, we project onto the positive-energy shell k0 ¼ Ek
by a Dirac trace. We define the on-shell projection
operator by

Pk½O� ≔ 1

4Ek

Z
dk0

2π
trD½ð=K þMÞOðK;XÞ�jk0¼Ek

; ðI35Þ

with Ek ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þM2

p
. Writing (I33) as

OtrðK;XÞ ≔ γμ½∂XμfNðK;XÞ�ρNðK;XÞ; ðI36Þ

the projection gives

Pk½Otr� ¼
1

4Ek

Z
dk0

2π
ð∂XμfNÞtrD½ð=K þMÞγμ

× ð2πÞsgnðk0Þð=K þMÞδðK2 −M2Þ�k0¼Ek

¼ 1

4Ek
½∂XμfNðk; XÞ�ð8MKμÞk0¼Ek

×
1

2Ek

∝ Kμ
∂XμfNðk; XÞ: ðI37Þ

Here we used
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trD½ð=KþMÞγμð=KþMÞ� ¼ 8MKμ;

δðK2−M2Þ¼ 1

2Ek
½δðk0−EkÞþδðk0þEkÞ�:

ðI38Þ

Absorbing the overall normalization into the definition of
Pk yields

γμð∂XμfNÞρN ⟶
Pk

Kμ
∂XμfNðk; XÞ: ðI39Þ

c. Liouville operator in an FLRW background

In a Friedmann-Lemaître-Robertson-Walker (FLRW)
background, free propagation implies redshift of the
physical momentum,

k̇ ¼ −Hk: ðI40Þ

Therefore, the transport (drift) term becomes the Liouville
operator

dfN
dt

¼ ∂tfN þ k̇ · ∂kfN ¼ ð∂t −Hk ·∇kÞfNðk; XÞ: ðI41Þ

d. Final distribution-matrix QKE and definitions

Combining (I28) with (I41), we obtain the QKE [32]

ð∂t−Hk ·∇kÞfN þ i½ΩN;fN � ¼−
1

2
fΓN;fN −feqN g: ðI42Þ

Here the commutator term is moved to the left-hand side
and absorbed into an effective Hamiltonian (dispersive
term). We decompose

ΩNðkÞ ≔ Ωvac
N ðkÞ þ δΩmed

N ðkÞ þΩcoll
N ðkÞ; ðI43Þ

and define the damping term by

ΓNðkÞ ≔
1

2Ek
ΠNðk0 ¼ Ek; kÞ

¼ i
2Ek

ðΣ>
N − Σ<

NÞ
				
k0¼Ek

: ðI44Þ

The terms in Eq. (I43) correspond to the following:
(i) Ωvac

N : vacuum dispersion due to free propagation
(mass splitting);

(ii) δΩmed
N : medium-induced refractive correction, e.g.,

δΩmed
N ∝ ð2EkÞ−1ReΣR

N jk0¼Ek
; and

(iii) Ωcoll
N : collision-induced dispersive term from the

Hermitization of the collision term, defined by (I24).

6. Origin of the effective Hamiltonian: Ωvac
N ; δΩmed

N

The Poisson bracket derived above generates the trans-
port (drift) term. By contrast, the coherent dispersion term
i½ΩN; fN � in the QKE arises not from the Poisson bracket at
first order in the gradient expansion, but from the zeroth-
order (local) term of the Moyal product built from the
Hermitian part of the inverse propagator in Wigner space.
Here we make explicit how

ΩN ¼ Ωvac
N þ δΩmed

N þ Ωcoll
N ðI45Þ

emerges as a natural structural decomposition of the KB
equation.
Consider the KB equation for the lesser component

S<Nðx; yÞ inWigner space ðK;XÞwith X ¼ ðxþ yÞ=2 andK
the conjugate momentum. Using the Moyal product,

½=K −M − ΣH
NðK;XÞ�⋆iS<NðK;XÞ

− iΣ<
NðK;XÞ⋆SHNðK;XÞ ¼ CNðK;XÞ; ðI46Þ

where ΣH
N ¼ ðΣR

N þ ΣA
NÞ=2 is the Hermitian part of the self-

energy, SHN ¼ ðSRN þ SANÞ=2, and CN is the gain-loss colli-
sion term.
Expanding the Moyal product to first order,

A⋆B ¼ ABþ i
2
fA;BgPB þOð∂2XÞ;

fA;BgPB ≔ ð∂Kμ
AÞð∂XμBÞ − ð∂XμAÞð∂Kμ

BÞ; ðI47Þ

we see that (I46) splits into: (i) a zeroth-order local part
determining the on-shell dispersive structure, and (ii) a
first-order Poisson-bracket part generating transport.
Using the KB ansatz

iS<NðK;XÞ ≃ −fNðK;XÞρNðK;XÞ; ðI48Þ

and the quasiparticle form

ρNðK;XÞ ≃ 2πsgnðk0Þð=K þMÞδðK2 −M2Þ; ðI49Þ

with M ¼ diagðM1;M2Þ, we define the on-shell projection

Pk½O� ≔ 1

4Ek

Z
dk0

2π
trD½ð=K þMÞOðK;XÞ�jk0¼Ek

; ðI50Þ

where Ek ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þM2

p
may be viewed as a diagonal matrix

Ek;i in generation space.
Extract the local (zeroth-order) part of (I46):

ð=K −M − ΣH
NÞiS<N − iΣ<

NS
H
N ¼ CN þOð∂XÞ: ðI51Þ

Substitute (I48) and focus on the first term:
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ð=K −M − ΣH
NÞiS<N ≃ −ð=K −M − ΣH

NÞfNρN
¼ −fNð=K −M − ΣH

NÞρN
− ½=K −M − ΣH

N; fN �ρN: ðI52Þ

Two points are essential:
(i) Since fN is a generation-space matrix without Dirac

structure, it commutes with =K: ½=K; fN � ¼ 0.
(ii) The spectral function is determined by the constraint

equation such that ð=K −M − ΣH
NÞρN ≃ 0 on shell.

This fixes the dispersion relation and is distinct from
the kinetic equation for fN.

Therefore, the first term in (I52) vanishes on shell and
only the noncommutativity in generation space remains:

ð=K −M − ΣH
NÞiS<N ¼ ½M þ ΣH

N; fN �ρN: ðI53Þ

Projecting (I53) onto the mass shell using (I50), we obtain

Pk½ð=K −M − ΣH
NÞiS<N � ⇒ ½Pk½M� þ Pk½ΣH

N �; fNðk; XÞ�:
ðI54Þ

Indeed, with the definition

Ωvac
N ðkÞ ≔ Pk½M� ¼ Ek; δΩmed

N ðkÞ ≔ Pk½ΣH
N �; ðI55Þ

we recover the commutator term i½Ωvac
N þ δΩmed

N ; fN �.
The commutator is insensitive to identity shifts,

½ΩN þ c1; fN � ¼ ½ΩN; fN �; ðI56Þ

so only relative phases between generations are physical.
For two generations one may subtract the trace and keep
only the traceless part,

ΩN → ΩN −
trΩN

2
1: ðI57Þ

In the nonrelativistic and quasidegenerate regime (k ≪ Mi,
M1 ≃M2 ≃ M̄),

Ek;i ≃Mi þ
k2

2Mi
;

Ωvac
N −

trΩvac
N

2
1 ≃

Ek;2 − Ek;1

2
σ3 ≃

ΔM2

4M̄
σ3; ðI58Þ

where ΔM2 ¼ M2
2 −M2

1.
Next, δΩmed

N comes from the Hermitian self-energy:

δΩmed
N ðkÞ ¼ Pk½ΣH

N �: ðI59Þ

Using retarded/advanced components on the real frequency
axis,

ΣH
N ≔

ΣR
N þ ΣA

N

2
; ΣA

NðKÞ ¼ ΣR
NðKÞ†; ðI60Þ

and therefore ΣH
N ¼ ReΣR

N .
Define the spectral component

Σρ
NðKÞ ≔ i½ΣR

NðKÞ − ΣA
NðKÞ� ¼ i½Σ>

NðKÞ − Σ<
NðKÞ�: ðI61Þ

On the real axis,

Σρ
NðKÞ ¼ −2 ImΣR

NðKÞ: ðI62Þ

Since ΣR
N is analytic in the upper half plane, it admits the

spectral representation

ΣR
Nðk0; kÞ ¼

Z þ∞

−∞

dω
2π

Σρ
Nðω; kÞ

k0 − ωþ i0
: ðI63Þ

Using the Sokhotski-Plemelj formula

1

xþ i0
¼ P

�
1

x

�
− iπδðxÞ; ðI64Þ

taking the real part gives the Kramers-Kronig relation
(Hilbert transform) [114]

ReΣR
Nðk0; kÞ ¼ P

Z þ∞

−∞

dω
2π

Σρ
Nðω; kÞ
k0 − ω

: ðI65Þ

Therefore,

δΩmed
N ðkÞ ¼ Pk½ReΣR

N �

¼ Pk

�
P
Z þ∞

−∞

dω
2π

Σρ
Nðω; kÞ
k0 − ω

�
k0¼Ek

: ðI66Þ

Finally, the collision kernel can be represented as a
complex matrix KN in generation space, with the
Hermitian/anti-Hermitian decomposition

ΓN ≔
KN þ K†

N

2
; Ωcoll

N ≔
KN − K†

N

4i
⇔ KN ¼ ΓN þ 2iΩcoll

N : ðI67Þ

This separates damping ΓN from collision-induced
dispersion Ωcoll

N .
For the effective Hamiltonian ΩN defined in Eq. (I45), if

the equilibrium distribution matrix commutes with ΩN ,

½ΩN; f
eq
N � ¼ 0; ðI68Þ

it is convenient to introduce the deviation from equilibrium

δfN ≔ fN − feqN : ðI69Þ
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With the gain-loss definition of the collision term, one finds
CN ∝ ðfeqN − fNÞ ¼ −δfN , and the right-handed neutrinos
satisfy

ð∂t −Hk ·∇kÞfN ¼ −
1

2
fΓN; δfNg − i½ΩN; fN �: ðI70Þ

Equivalently,

ð∂t−Hk ·∇kÞfNþ i½ΩN;fN �¼−
1

2
fΓN;fN−feqN g: ðI71Þ

Using Eq. (I68), the commutator may be written as
½ΩN; fN � ¼ ½ΩN; δfN �, while the anticommutator must
retain the deviation from equilibrium, fN − feqN . The
commutativity condition (I68) is guaranteed in exact
thermal equilibrium by the KMS condition [115,116],
but it should be kept in mind when feqN is prescribed in
a particular basis.

7. Density-matrix QKE for YN

We start from the momentum-dependent density-matrix
QKE for heavy neutrinos (on shell, in an FLRW back-
ground),

ð∂t −Hk ·∇kÞfNðk; tÞ þ i½ΩNðk; tÞ; fNðk; tÞ�

¼ −
1

2
fΓNðk; tÞ; fNðk; tÞ − feqN ðk; tÞg: ðI72Þ

We define the matrix-valued number density and yield by

nNðtÞ ≔ gN

Z
d3k
ð2πÞ3 fNðk; tÞ;

YNðtÞ ≔
nNðtÞ
sðtÞ ; Yeq

N ðtÞ ≔
neqN ðtÞ
sðtÞ : ðI73Þ

Assuming fN falls off sufficiently fast as kkk → ∞, an
integration by parts yields

gN

Z
d3k
ð2πÞ3 ð∂t −Hk ·∇kÞfN ¼ ṅN þ 3HnN: ðI74Þ

Using entropy conservation ṡ ¼ −3Hs, we obtain

ẎN ¼ 1

s
ðṅN þ 3HnNÞ: ðI75Þ

We now switch to the dimensionless temperature variable
z ≔ Mi=T. For approximately constant g⋆s one has
dz=dt ¼ zH, so that

dYN

dz
¼ 1

zH
ẎN ¼ 1

zHs
ðṅN þ 3HnNÞ

¼ gN
zHs

Z
d3k
ð2πÞ3 ð∂t −Hk ·∇kÞfN: ðI76Þ

Multiplying Eq. (I72) by gN=ðzHsÞ and integrating over k
gives

dYN

dz
þ igN
zHs

Z
d3k
ð2πÞ3 ½ΩNðkÞ; fNðkÞ�

¼ −
gN

2zHs

Z
d3k
ð2πÞ3 fΓNðkÞ; fNðkÞ − feqN ðkÞg: ðI77Þ

To close the yield equation, we adopt the kinetic-
equilibrium (momentum-averaging) ansatz

fNðk; zÞ − feqN ðk; zÞ ≃ feqN ðk; zÞ
YNðzÞ − Yeq

N ðzÞ
Yeq
N ðzÞ

; ðI78Þ

where feqN ðk; TÞ ¼ e−Ek=T1N (Ek ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þM2

p
) is propor-

tional to the identity matrix in heavy-neutrino flavor space.
Then the anticommutator term factorizes as

gN
s

Z
d3k
ð2πÞ3 fΓNðk; TÞ; fNðk; zÞ − feqN ðk; zÞg

≃ fΓ̄NðTÞ; YNðzÞ − Yeq
N ðzÞg;

Γ̄NðTÞ ≔
gN

neqN ðTÞ
Z

d3k
ð2πÞ3 f

eq
N ðk; TÞΓNðk; TÞ; ðI79Þ

where the overbar denotes a thermal (momentum) average
over the equilibrium distribution. We further decompose
ΓN ¼ ΓN;pole þ ΓN;LD and define

Γ̄dec
N ðTÞ ≔ gN

neqN ðTÞ
Z

d3k
ð2πÞ3 f

eq
N ðk; TÞΓN;poleðk; TÞ;

Γ̄scatt
N ðTÞ ≔ gN

neqN ðTÞ
Z

d3k
ð2πÞ3 f

eq
N ðk; TÞΓN;LDðk; TÞ; ðI80Þ

so that Γ̄NðTÞ ¼ Γ̄dec
N ðTÞ þ Γ̄scatt

N ðTÞ. We also introduce the
dimensionless rate matrices

DðzÞ ≔ Γ̄dec
N ðTÞ
zHðzÞ ; SðzÞ ≔ Γ̄scatt

N ðTÞ
zHðzÞ : ðI81Þ

Here the overbar denotes a thermal (momentum) average
over the equilibrium distribution. In particular, in the
Maxwell-Boltzmann approximation one finds
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Γ̄dec
N ðTÞ ¼ Γdec

N ðTÞ
�
M
E



ðzÞ;

�
M
E



ðzÞ ≔

R
d3k
ð2πÞ3 f

eq
N ðk; TÞ M

EkR
d3k
ð2πÞ3 f

eq
N ðk; TÞ

¼ K1ðzÞ
K2ðzÞ

; ðI82Þ

where the factor M=Ek accounts for time dilation [17] and
z ≔ M=T. For scatterings we introduce the reaction
density γscattðTÞ in the standard way and set
Γ̄scatt
N ðTÞ ≔ γscattðTÞ=neqN ðTÞ. Since z and HðzÞ depend only

on the background temperature, not on the particle momen-
tum, they are not part of the thermal averaging.
We define the momentum-averaged effective Hamiltonian

by

ΩNðzÞ ≔
gN

neqN ðTÞ
Z

d3k
ð2πÞ3 f

eq
N ðk; TÞΩNðk; TÞ; ðI83Þ

so that, within the same kinetic-equilibrium (momentum-
averaging) approximation used above, we neglect the
residual term

R
d3k½ΩNðk; TÞ − ΩNðzÞ; fNðk; zÞ� and

approximate

gN
zHðzÞs

Z
d3k
ð2πÞ3 ½ΩNðk; TÞ; fNðk; zÞ� ≃ ½ΩNðzÞ; YNðzÞ�:

ðI84Þ

Substituting these averaged forms into Eq. (I77), we finally
obtain

dYN

dz
þ i½ΩNðzÞ; YNðzÞ�

¼ −
1

2
fDðzÞ þ SðzÞ; YNðzÞ − Yeq

N ðzÞg: ðI85Þ

8. Derivation of density-matrix QKE for flavor
charges I: Source term

a. Matching of indices between the density matrix
and Wightman functions

We define the density matrix using creation and anni-
hilation operators of heavy neutrinos. For the positive-
energy modes,

ðfNðkÞÞij ≔ ha†i ðkÞajðkÞi: ðI86Þ

On the other hand, by definition

iS<N;ijðx; yÞ ≔ hN̄jðyÞNiðxÞi: ðI87Þ

Using the mode expansion

NiðxÞ ¼
Z

d3k
ð2πÞ3

1ffiffiffiffiffiffiffiffi
2Ek

p

× ½aiðkÞuðkÞe−ik·x þ a†i ðkÞvðkÞeik·x�; ðI88Þ

the positive-energy contribution to iS<N;ij necessarily con-

tains ha†jaii. Thus, after projecting to k0 ¼ Ek under the
quasiparticle approximation,

iS<N;ijðKÞ≃−2πδðk0−EkÞð=KþMÞðfNðkÞÞjiþ��� : ðI89Þ

The crucial point is that the density-matrix element
appearing in S<N;ij is ðfNÞji, i.e., the transpose,
which follows directly from the index order
iS<N;ij ∼ hN̄jNii ∼ ha†jaii.

b. KB collision term for the lepton-doublet asymmetry

The lepton-doublet asymmetry is defined by

nΔlα ≔ nlα − nlα : ðI90Þ

From the KB equation,

ṅΔlα þ 3HnΔlα

¼ −
Z

d4P
ð2πÞ4 trfPL½Σ>

lα
ðPÞS<lαðPÞ − Σ<

lα
ðPÞS>lαðPÞ�g

− ðl → lÞ; ðI91Þ

where the bracket on the right-hand side is the lepton
collision term. The goal of this subsection is to extract only
the CP-odd source term from the right-hand side.

c. Inserting the one-loop self-energy into
the collision term

With the electromagnetic dipole interaction, the one-loop
lepton self-energy is

Σ<;>
l;αβðPÞ ¼ −

X
i;j

X
V

Z
d4Q
ð2πÞ4 ðΓ̄

VÞμαiðQÞS<;>
N;ijðPþQÞ

× ðΓVÞνβjðQÞD>;<
V;μνðQÞ: ðI92Þ

The essential point is that Σ<;>
l;αβ contains S

<;>
N;ij carrying the

heavy-neutrino indices ði; jÞ. Therefore, substituting (I92)
into (I91) necessarily produces a sum over i, j, and S<;>

N;ij

contains ðfNÞji as in (I89).

d. Collision term in terms of distribution matrices
(quasiparticle+KB ansatz)

Under the quasiparticle approximation and the KB
ansatz,
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iS<NðKÞ ≃ −fNρN;

iS>NðKÞ ≃ ð1 − fNÞρN; ðI93Þ

iS<lαðPÞ ≃ −feql ðPÞρlðPÞ;
iS>lαðPÞ ≃ ½1 − feql ðPÞ�ρlðPÞ: ðI94Þ

Since our purpose here is to extract the source term, we set
the lepton chemical potential to zero, μlα ¼ 0, and keep the
lepton lines in equilibrium. We similarly keep the gauge
lines in equilibrium, so the statistical factors in D<;>

V are
given by equilibrium distributions. Then, the right-hand
side of (I91) becomes linear in fN with equilibrium
weights.

e. Vanishing in equilibrium (KMS) and linear
expansion

If all distributions are in equilibrium, the Kubo-Martin-
Schwinger (KMS) condition ensures that (I91) vanishes:

ðṅΔlα þ 3HnΔlαÞfN¼feqN ;μl¼0 ¼ 0: ðI95Þ

Therefore, we expand

fN ¼ feqN þ δfN; ðI96Þ

so that the leading contribution is linear in δfN . This is the
source term, which has the structure

ṅΔlα jsource ¼
X
i;j

Z
d3k
ð2πÞ3ϒα;ijðkÞðδfNðkÞÞji: ðI97Þ

Here ϒα;ijðkÞ is a phase-space kernel weighted by equi-
librium distributions (leptons, gauge bosons, scattering
targets) and contains the CP-odd amplitude difference
between lα and lα production. The index pairing
ðijÞðjiÞ is already fixed by (I89).

f. Definition of ΔΓðlÞ
α;ij and trace form

Define the yield density matrix

ðYNÞij≔
1

s

Z
d3k
ð2πÞ3gNðfNðkÞÞij; ðYeq

N Þij≔δijY
eq
Ni
: ðI98Þ

Then,

ðYN − Yeq
N Þji ¼

1

s

Z
d3k
ð2πÞ3 gNðδfNðkÞÞji: ðI99Þ

As in the derivation of DiðzÞ and SiðzÞ, we introduce a
momentum average (kinetic equilibrium) and reduce the
kernel to a thermally averaged coefficient,

ϒα;ijðkÞ ⟶ ϒavg
α;ijðTÞ: ðI100Þ

Then, (I97) becomes

ṅΔlα jsource ¼ s
X
i;j

ϒavg
α;ijðTÞðYN − Yeq

N Þji: ðI101Þ

Using dz=dt ¼ zH and YΔlα ¼ nΔlα=s, we write

dYΔlα
dz

				
source

¼ 1

zHs
ṅΔlα

				
source

¼
X
i;j

ΔΓðlÞ
α;ijðzÞðYN − Yeq

N Þji; ðI102Þ

where

ΔΓðlÞ
α;ijðzÞ ≔

1

zH
ϒavg

α;ijðTÞ: ðI103Þ

By definition, ΔΓðlÞ
α;ij is the CP-odd source kernel (the

difference between lα and lα production rates), and in
practice it contains the CP asymmetry computed in Sec. V.
To make the interpretation explicit, define

ṅΔlα ≔ ṅlα − ṅlα : ðI104Þ

Evaluating the collision term at one loop gives

ṅΔlα jsource ¼
X
i;j

Z
d3k
ð2πÞ3ϒ

ðlÞ
α;ijðkÞðfN − feqN Þji

−
X
i;j

Z
d3k
ð2πÞ3ϒ

ðlÞ
α;ijðkÞðfN − feqN Þji; ðI105Þ

so defining

ϒα;ijðkÞ ≔ ϒðlÞ
α;ijðkÞ −ϒðlÞ

α;ijðkÞ ðI106Þ

gives

ṅΔlα
jsource ¼

X
i;j

Z
d3k
ð2πÞ3 ϒα;ijðkÞðfN − feqN Þji: ðI107Þ

The index ji arises because S<N;ij ∝ ðfNÞji on shell,
cf. Eq. (I89).
Define the thermal average

ϒavg
α;ijðTÞ ≔

R
d3k
ð2πÞ3 ϒα;ijðkÞðfN − feqN ÞjiR

d3k
ð2πÞ3 ðfN − feqN Þji

; ðI108Þ

so that
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ΔΓðlÞ
α;ijðzÞ ≔

1

zH
ϒavg

α;ijðTÞ ðI109Þ

is manifestly the difference between lα and lα production.

If CP is conserved, ϒðlÞ
α;ij ¼ ϒ̄ðlÞ

α;ij holds, and hence

ΔΓðlÞ
α;ij ¼ 0.
Using the trace identity

trðABÞ ¼
X
i

ðABÞii ¼
X
i;j

AijBji; ðI110Þ

the source term (I102) can be written as

dYΔlα
dz

				
source

¼ tr½ΔΓðlÞ
α ðzÞðYN − Yeq

N Þ�: ðI111Þ

g. Mapping the source term from YΔlα
to YΔα

The quantity directly derived above is the source term for
the lepton-doublet asymmetry YΔlα ¼ ðnlα − nlαÞ=s. In the
density-matrix QKE we instead use

YΔα ≔
1

3
YB − YLα

; ðI112Þ

where YLα
is the total lepton asymmetry in flavor α. For the

source term the mapping is simple.
Since the dipole interactions do not change baryon

number,

dYB

dz

				
source

¼ 0; ðI113Þ

and thus,

dYΔα

dz

				
source

¼ −
dYLα

dz

				
source

: ðI114Þ

Moreover, the source processes inject one left-handed
lepton doublet, so for the source term

dYLα

dz

				
source

¼ dYΔlα
dz

				
source

: ðI115Þ

Combining,

dYΔα

dz

				
source

¼ −
dYΔlα
dz

				
source

: ðI116Þ

If (I111) holds, then

dYΔα

dz

				
source

¼ −tr½ΔΓðlÞ
α ðzÞðYN − Yeq

N Þ�: ðI117Þ

Defining

ΔΓαðzÞ ≔ −ΔΓðlÞ
α ðzÞ; ðI118Þ

we obtain

dYΔα

dz

				
source

¼ tr½ΔΓαðzÞðYN − Yeq
N Þ�: ðI119Þ

This is merely a convention choice: the minus sign is
absorbed into the definition of the kernel.

h. Rewriting the source kernel in terms of the CP
asymmetry

In the present setup the flavored CP asymmetries εαi are
taken to be temperature independent. The dimensionless
decay kernel that enters the QKE is defined from the
thermally averaged total decay rate of Ni. We first write

Γdec
i ≔

X
α¼e;μ;τ

X
V¼γ;Z;W

Γð0Þ
V;αi; ðI120Þ

where the channel widths Γð0Þ
V;αi are given in Secs. IVand V.

In the Maxwell-Boltzmann approximation, the thermally
averaged decay rate is

Γ̄D;iðTÞ ¼
K1ðziÞ
K2ðziÞ

Γdec
i ; zi ≔

Mi

T
: ðI121Þ

We then define

DiðziÞ ≔
Γ̄D;iðTÞ
ziHðTÞ ¼

Γdec
i

ziHðTÞ
K1ðziÞ
K2ðziÞ

: ðI122Þ

We collect these kernels into the diagonal matrix

DðzÞ ≔ diagðDiðziÞÞ: ðI123Þ

It is then convenient to factor out this purely kinematic
kernel from the source matrix by defining a CP-asymmetry
matrix εα through

ðΔΓαÞijðzÞ ≔ ðεαÞijDjðzÞ; ðεαÞii ¼ εαi: ðI124Þ

With this definition, Eq. (I119) becomes

dYΔα

dz

				
source

¼ tr½εαDðzÞðYN − Yeq
N Þ�; ðI125Þ

which reduces, for diagonal YN , to the familiar Boltzmann
form
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dYΔα

dz

				
source

¼
X
i

εαiDiðzÞðYNi
− Yeq

Ni
Þ: ðI126Þ

9. Derivation of density-matrix QKE for flavor
charges II: Washout term

In this subsection, we show that the washout matrices
WID

αβðzÞ and Wscatt
αβ ðzÞ in the YΔα equation follow from the

lepton KB collision term

Clα ¼ Σ>
lα
S<lα − Σ<

lα
S>lα : ðI127Þ

The conclusion is that the pole part generates inverse-decay
washout and the Landau damping part generates scattering
washout. Since they are defined on disjoint spectral
domains, no RIS subtraction is needed [67–69,73].
We define nΔlα

≔ nlα − nlα . Taking the equal-time limit
yields

ṅΔlα þ 3HnΔlα

¼ −
Z

d4P
ð2πÞ4 trfPL½Σ>

lα
ðPÞS<lαðPÞ − Σ<

lα
ðPÞS>lαðPÞ�g

− ðl → lÞ: ðI128Þ

Using (177), the one-loop lepton self-energy is

Σ<;>
l;αβðPÞ ¼ −

X
i;j

X
V

Z
d4Q
ð2πÞ4 ðΓ̄

VÞμαiðQÞS<;>N;ijðPþQÞ

× ðΓVÞνβjðQÞD>;<
V;μνðQÞ; ðI129Þ

with V ¼ γ, Z, W.
In a thermal medium the gauge Wightman function

admits the split

D<;>
V ðQÞ ¼ D<;>

V;poleðQÞ þD<;>
V;LDðQÞ: ðI130Þ

Substituting into (I129) defines

Σ<;>
l ðPÞ ¼ Σ<;>

l;poleðPÞ þ Σ<;>
l;scattðPÞ;

Σ<;>
l;scatt ≔ Σ<;>

l jD<;>
V →D<;>

V;LD
: ðI131Þ

Accordingly, the collision term separates into a pole
contribution and a Landau-damping contribution. The pole
part is supported on timelike momenta and reproduces the
1 ↔ 2 decay and inverse-decay processes, whereas the
Landau-damping cut is supported on spacelike momenta
and yields the genuine 2 ↔ 2 scattering contribution
[105,109]. Because these kinematic domains do not over-
lap, the separation is free of double counting at this order; in
particular, no real-intermediate-state subtraction is required
in the effective kinetic equations [67–69,73].

a. Linearization near equilibrium

With Maxwell-Boltzmann distributions, the lepton dis-
tributions including chemical potentials are

flα
ðE; μlαÞ ¼ e−ðE−μlα Þ=T ¼ feql ðEÞeμlα=T;

flα
ðE; μlαÞ ¼ e−ðEþμlα Þ=T ¼ feql ðEÞe−μlα=T: ðI132Þ

Thus,

nlα ¼ neql e
μlα=T; nlα

¼ neql e
−μlα=T; ðI133Þ

and therefore

nΔlα ¼ neql ðeμlα=T − e−μlα=TÞ ≃ 2neql
μlα

T
: ðI134Þ

Equivalently,

μlα
T

≃
nΔlα
2neql

¼YΔlα
2Yeq

l
; YΔlα ≔

nΔlα
s

; Yeq
l ≔

neql
s
: ðI135Þ

Since the collision term vanishes in equilibrium (KMS), the
linearized form is

dnΔlα
dt

				
ID

¼ −
X
β

WID
αβðTÞ

μlβ
T

þ � � � ;

dnΔlα
dt

				
scatt

¼ −
X
β

Wscatt
αβ ðTÞ μlβ

T
þ � � � : ðI136Þ

b. Definition of the dimensionless washout
matrix WID;scatt

αβ ðzÞ
Rewriting Eq. (I136) in terms of YΔlα ¼ nΔlα=s and

using dz=dt ¼ zH, we obtain

dYΔlα
dz

				
ID

¼ −
X
β

1

zHs
WID

αβðTÞ
μlβ
T

þ � � � ;

dYΔlα
dz

				
scatt

¼ −
X
β

1

zHs
Wscatt

αβ ðTÞ μlβ
T

þ � � � : ðI137Þ

Using Eq. (I135) to replace μlβ=T by YΔlβ, we find

dYΔlα
dz

				
ID

¼ −
X
β

1

2Yeq
l

WID
αβðTÞ
zHs

YΔlβ ;

dYΔlα
dz

				
scatt

¼ −
X
β

1

2Yeq
l

Wscatt
αβ ðTÞ
zHs

YΔlβ : ðI138Þ

The lepton-doublet asymmetry YΔlα is mapped to YΔα by
the susceptibility matrix AlðTÞ [cf. Table II] [117]:
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RETRACTEDYΔlα ¼ −
X
β

½AlðTÞ�αβYΔβ;

½AlðTÞ�αβ ¼

8>>><
>>>:

963xðTÞ2 þ 2827

9½333xðTÞ2 þ 869� ; α ¼ β;

4½55 − 9xðTÞ2�
9½333xðTÞ2 þ 869� ; α ≠ β;

ðI139Þ

with xðTÞ ≔ vðTÞ=T, where vðTÞ denotes the Higgs
expectation value across the electroweak crossover. For
simplicity in our numerical implementation we approxi-
mate vðTÞ by its zero-temperature value v ¼ 246 GeV over
the narrow window T ≃ 130–160 GeV, so that xðTÞ ≃ v=T
in Table II.
Substituting the above relation into Eq. (I138), we define

the washout matrices for YΔβ by

dYΔα

dz

				
washout

≕ −
X
β

½WID
αβðzÞ þWscatt

αβ ðzÞ�YΔβ: ðI140Þ

We make this general expression explicit by using the
reaction densities already obtained (inverse decays plus
scatterings) together with the branching ratios Bαi, and
derive the density-matrix QKE for YΔα.

c. Definition of the inverse-decay washout
matrix WID

αβ ðzÞ
We now make the inverse-decay contribution in

Eq. (I140) explicit. For each heavy neutrino Ni, we first
isolate a scalar factor that depends only on the heavy-
neutrino index i, and then separate the flavor projector. We
therefore define the scalar inverse-decay kernel, normalized
to the equilibrium lepton density, by

WID
i ðzÞ ≔ 1

2

neqNi
ðzÞ

neql ðzÞ
DiðzÞ ¼

1

4

Γdec
i

HðzÞ zK1ðzÞ: ðI141Þ

Here DiðzÞ is the decay kernel defined above. The second
equality follows from detailed balance [17], together with
the Maxwell-Boltzmann expressions

neqNi
ðzÞ ¼ gNM3

i

2π2
K2ðzÞ
z

; neql ðzÞ ¼
gl
π2

M3
i

z3
; ðI142Þ

with gN ¼ 2 and gl ¼ 2. We define

neql ðTÞ ≔
X
d.o.f.

Z
d3p
ð2πÞ3 e

−E=T; ðI143Þ

which is the Maxwell-Boltzmann equilibrium number
density of leptons, and Yeq

l ¼ neql =s.
To keep the flavor structure explicit, we next introduce

the inverse-decay branching ratio, or equivalently the flavor
projector,

BID
αi ðTÞ ≔

Γdec
αiP
ρΓdec

ρi
: ðI144Þ

The inverse-decay contribution to the washout matrix is
then defined by

WID
αβðzÞ ≔

X
i

BID
αi ðTÞWID

i ðzÞ½AlðTÞ�αβ: ðI145Þ

Thus, WID
i ðzÞ depends only on the heavy-neutrino index i,

whereas the lepton-flavor dependence is incorporated
through BID

αi and the conversion matrix AlðTÞ.

d. Definition of the scattering washout matrix Wscatt
αβ ðzÞ

We define the flavor branching ratio for scatterings from
the scattering reaction densities. Removing the sum over α
from Eqs. (H114) and (H121), we define

γNCS;αiðTÞ ≔
X
f

gNgf
T

32π4

Z
∞

M2
i

ds
Δ2ffiffiffi
s

p K1

� ffiffiffi
s

p
T

�

× ½σγðs;TÞ þ σZðsÞ þ σγZðsÞ�; ðI146Þ

γCCS;αiðTÞ ≔
X
f

gNgf
T

32π4

Z
∞

M2
i

ds
Δ2ffiffiffi
s

p K1

� ffiffiffi
s

p
T

�
σWðsÞ:

ðI147Þ

We further define

γscattαi ðTÞ ≔ γNCS;αiðTÞ þ γCCS;αiðTÞ;
γS;iðTÞ ≔

X
ρ

γscattρi ðTÞ; ðI148Þ

and the scattering branching ratio as

TABLE II. Representative numerical values of the sphaleron
conversion factor csphðTÞ and the electroweak-crossover suscep-
tibility matrix AlðTÞ across the electroweak crossover. In the
numerical implementation we approximate vðTÞ by its zero-
temperature value v ¼ 246 GeV when evaluating xðTÞ ≔
vðTÞ=T in the electroweak window.

T [GeV] xðTÞ csphðTÞ ½Al�αα ½Al�α≠β
T → ∞ 0 28=79 257=711 20=711
160 1.5375 0.34012 0.34238 0.00905
155 1.5871 0.33964 0.34175 0.00841
150 1.6400 0.33915 0.34109 0.00776
145 1.6966 0.33864 0.34041 0.00708
140 1.7571 0.33811 0.33971 0.00637
135 1.8222 0.33757 0.33899 0.00565
130 1.8923 0.33702 0.33824 0.00491
T → 0 ∞ 12=37 107=333 −4=333

RIN TAKADA PHYS. REV. D 113, 123544 (2026)

123544-82



RETRACTED

Bscatt
αi ðTÞ ≔ γscattαi ðTÞP

ργ
scatt
ρi ðTÞ ¼

γscattαi ðTÞ
γS;iðTÞ

: ðI149Þ

Next, following the linearization of the lepton collision
term in Eq. (I138), we define the scalar scattering washout
kernel by

Wscatt
i ðzÞ ≔ 1

2

γS;iðTÞ
zHðzÞneql ðTÞ

¼ 1

2

γS;iðTÞ
zHðzÞsYeq

l ðTÞ
: ðI150Þ

The normalization differs from the heavy-neutrino
equilibration function SiðzÞ ¼ γS;i=ðzHneqNi

Þ; the two are
related by

Wscatt
i ðzÞ ¼ 1

2

neqNi
ðzÞ

neql ðzÞ
SiðzÞ: ðI151Þ

This difference arises because the YN equation is normal-
ized by the N number density, while the YΔl equation is
normalized by the l number density.
Finally, we define the scattering washout matrix as

Wscatt
αβ ðzÞ ≔

X
i

Bscatt
αi ðTÞWscatt

i ðzÞ½AlðTÞ�αβ: ðI152Þ

Combining Eqs. (I125) and (I140), we find that YΔα
satisfies

dYΔα

dz
¼ tr½εαðzÞDðzÞðYN − Yeq

N Þ�

−
X
β

h
WID

αβðzÞ þWscatt
αβ ðzÞ

i
YΔβ: ðI153Þ

Together with Eq. (I85), the density-matrix QKE system
reads

dYN

dz
¼ −i½ΩNðzÞ; YN �

−
1

2
fDðzÞ þ SðzÞ; YN − Yeq

N g; ðI154Þ

dYΔα

dz
¼ tr½εαðzÞDðzÞðYN − Yeq

N Þ�

−
X
β

h
WID

αβðzÞ þWscatt
αβ ðzÞ

i
YΔβ: ðI155Þ

e. Time evolution of the density-matrix QKE

In the broken electroweak phase, sphaleron processes
convert B − L into B as long as they remain in thermal
equilibrium; after sphaleron freeze-out, B is conserved.
Therefore, the frozen-out baryon asymmetry is evaluated at
the sphaleron freeze-out temperature Tsph as

YFO
B ¼ csphðTsphÞYB−LðTsphÞ; YB−L¼

X
α

YΔα; ðI156Þ

where the sphaleron conversion factor is [117]

csphðTÞ ¼
4½27xðTÞ2 þ 77�
333xðTÞ2 þ 869

; xðTÞ ≃ v
T
: ðI157Þ

Here we use the numerical value of csphðTsphÞ listed in
Table II.
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