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We show that the leading nonanalytic terms in the small-t expansion of the energy-momentum tensor
form factors of an electrically charged particle in QED can be correctly derived in a classical model of the
electron by Białynicki-Birula. Based on the lucidity of the employed exactly solvable model, we comment
also on the recently proposed concept of a regularized proton D-term.
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I. INTRODUCTION

Form factors of the energy-momentum tensor (EMT)
have attracted considerable attention in the recent past.
The EMT matrix elements give access to fundamental
particle properties including the mass [1], spin [2] and
D-term [3] with significant potential for new insights in
hadron structure [4–9]. In theoretical studies of hadrons, the
focus is naturally on the short-range strong forces.
Electromagnetic effects, often deemed to play no major
role for hadron structure, are rarely considered in such
studies. In systems governed by short-range forces one
finds a negative EMT form factor DðtÞ which has a regular
limit D ¼ limt→0DðtÞ known as the D-term.1

The presence of electromagnetic or other long-range
forces affects the EMT properties strongly. In particular, the
form factor DðtÞ of a charged particle develops a 1=

ffiffiffiffiffi
−t

p
singularity and theD-term is undefined as was observed for
the electron in QED [19,20], charged pions in chiral
perturbation theory [21], in computations of quantum
gravitational corrections for charged spin-0 and spin-1

2

particles [22] and protons [23,24]. The electron EMT

was recently further investigated in Refs. [25,26]. Other
systems with long-range forces were discussed in
Refs. [27–30]. The goal of this work is to present a study
of the EMT properties in the classical electron model
constructed by Białynicki-Birula in Ref. [31].
Since the discovery of the electron by Thomson in

1897 [32], numerous efforts were made to construct classical
models of extended, charged particles with contributions by
Thomson, Abraham, Lorentz, Poincaré, Einstein, Wien,
Planck, Sommerfeld, Langevin, Ehrenfest, Born, Pauli,
von Laue and others, see Ref. [31] for a review. Even after
quantum mechanics superseded classical physics in the
1920s, the formulation of consistent classical models of
finite-size charged particles remained an intellectual chal-
lenge and continues attracting interest to this day [31,33–38].
In the model of Białynicki-Birula, the electron is made

of a “perfect, charged fluid and the electromagnetic field” [31].
The model was introduced to help resolve a controversy in
literature between Boyer and Rohrlich on how to consistently
calculate the electromagnetic energy and momentum of a
classical moving charged particle [38,39]. In this work wewill
explore the model to study the EMT properties of the electron.
Several features make this model an attractive choice for our
purposes: (i) the model describes a finite-size electrically
charged particle in a theoretically consistent and relativistic
way, (ii) the cohesive forceswhichbind the systemare included
in the “internal dynamics of the system” [31], and (iii) the
simplicity of the model will allow us to compute the EMT
properties analytically and present lucid interpretations of the
results. In this model, the electron has a finite radius which in
principle canbe fixed to be smaller than the experimental upper
bounds for size of the electron, but in this work wewill refrain
from fixing parameters and focus on analytical results.
It is expected that results from classical electro-

dynamics and QED should coincide in the long-distance
limit [22]. The goal of this work is to test this expectation
based on a classical model which reproduces classical
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1The form factorDðtÞ [3] has attracted a lot of interest also due
to its appealing interpretation in terms of mechanical properties
[10], see the reviews in Refs. [11,12]. The interpretation was
elaborated in Refs. [13,14] and encountered also some criticism
in literature [15–17]. In this work we use the interpretation in a
“reversed direction” as a practical tool for our calculations and
demonstrate that we obtain correct results. This is not intended to
resolve any controversy, but it speaks for itself: when applied
responsibly within its limitation, the 3D interpretation yields
correct results for form factors. This is how Hofstadter used the
3D interpretation in his seminal work [18].
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electrodynamics results in the long-distance limit. After
introducing the model in Sec. II, we will study the spatial
distribution related to the energy density and the stress tensor
distributions in Sec. III, and compute the form factors AðtÞ
andDðtÞ in the model in Sec. IV, which will include a study
of the limits t → 0 andR → 0 to restore a pointlike electron.
As an interesting byproduct, we will explore the model in
Sec.V to shed some light on the concept of a “regularizedD-
term” proposed for the proton [23,24]. In Sec. VI we present
the conclusions.

II. THE CLASSICAL MODEL OF THE ELECTRON

In this section, we introduce the classical electron
model [31]. In this model, the electron is made of a perfect
charged fluid and the electromagnetic field. The energy-
momentum tensor of the system is given by [31]

Tμν ¼ ðρfluid þ pfluidÞuμuν − pfluidgμν

þ 1

4π
Fμ

λFλν − gμν
1

16π
FαβFαβ; ð1Þ

where ρfluid and pfluid are the mass-energy density and
pressure of the fluid and uμ is its four-velocity, while Fμν is
the electromagnetic field strength tensor. The flow of the
fluid is adiabatic, and ρfluid and pfluid as functions of the
scalar fluid density n obey the relation

dρfluid
dn

¼ ρfluid þ pfluid

n
: ð2Þ

The equations of motion describing the perfect charged
fluid coupled to the electromagnetic field are given by

qnFανuα þ ð∂ν − uνuμ∂μÞpfluid ¼ ðρfluid þ pfluidÞuμ∂μuν;
ð3aÞ

∂μFμν ¼ 4πqnuν; ð3bÞ

where qnuμ is the four-current density with q the
electron charge.2 In the rest frame of the system, the fluid
is described by a static configuration and uμ ¼ ð1; 0; 0; 0Þ
such that the equations of motion in Eq. (3) become

qnE⃗ − ∇⃗pfluid ¼ 0; ð4aÞ

∇⃗ · E⃗ ¼ 4πqn: ð4bÞ

In order to overcome the repulsion within the fluid and
form a stable and bound system, the following equation of
state was imposed in the model where κ is a positive
constant [31]:

pfluidðnÞ ¼ −κn6=5: ð5Þ

The negative sign in Eq. (5) indicates that this pressure is a
Poincaré stress, i.e. provides the cohesive force which is
responsible for binding the system [41]. Based on the
equation of state (5), the adiabatic flow equation (2) yields

ρfluidðrÞ ¼ mfluidnðrÞ − 5κnðrÞ6=5; ð6Þ

wheremfluid is an integration constant due to solving Eq. (2)
with the meaning of the mechanical mass of the system, i.e.
the mass the perfect fluid would have if it was not subject to
electromagnetic forces and the equation of state (5). The
solution of the static equations of motion in Eq. (4) is then
given by

E⃗ðr⃗Þ ¼ EðrÞe⃗r; EðrÞ ¼ qr

ðR2 þ r2Þ3=2 ; ð7Þ

nðrÞ ¼ 3

4π

R2

ðR2 þ r2Þ5=2 ; R2 ¼ 4π

3

�
q2

6κ

�
5

; ð8Þ

where r ¼ jr⃗j and e⃗r ¼ r⃗=r. The parameter R > 0 charac-
terizes the size of the system and can be referred to as the
“electron radius” [31]. Notice that the scalar density is
normalized as

R
d3rnðrÞ ¼ 1 and Eq. (4a) is satisfied only

for the value of R quoted in Eq. (8) while Eq. (4b) holds for
any R.

III. THE SPATIAL EMT DISTRIBUTIONS
IN THE ELECTRON MODEL

After the preparations in Sec. II, we are now in the
position to study the EMT properties of the electron in the
classical model. In the following, we evaluate the compo-
nents of the EMT in Eq. (1) in the rest frame of the system.

A. Energy density T00ðrÞ
Inserting in Eq. (1) the solutions (7) and (8), we obtain

for the energy density the result

T00ðrÞ ¼ ρfluidðrÞ þ
1

8π
EðrÞ2

¼ 1

8π

�
6mfluidR2

ðr2 þ R2Þ5=2 þ
αr2

ðr2 þ R2Þ3 −
λpαR2

ðr2 þ R2Þ3
�
;

ð9Þ

where we used the fine structure constant α ¼ q2 (see
footnote 2 on units), and eliminated κ by means of Eq. (8).
The latter step renders the model expressions elegant but

2We use Gauss units where the Coulomb force between two
static charges qi is F ¼ q1q2

r2 and natural units with c ¼ ℏ ¼ 1. In
this unit system, the fine structure constant α ¼ e2 ≃ 1

137
, i.e. the

electron charge is given by q ¼ −
ffiffiffi
α

p
. In particle and nuclear

physics literature the Heaviside-Lorentz unit system seems more
common where F ¼ 1

4π
q1q2
r2

and α ¼ e2
4π, see Ref. [40] for an

overview of unit systems.
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makes it difficult to tell apart the terms of electromagnetic
origins and those due to Poincaré stress in Eq. (5). We
therefore introduce the constant

λp ¼ 1 ð10Þ

to label the contribution due to the Poincaré stress. The
advantage of introducing λp becomes immediately apparent
when we compute the mass of the system,

M¼
Z

d3rT00ðrÞ¼mfluidþ
3πα

32R
−λp

5πα

32R
; ð11Þ

where we see in detail how M arises: the mechanical mass
mfluid is augmented by the electromagnetic contribution 3πα

32R
because the electric field of the charge configuration carries
energy, and is diminished by −λp 5πα

32R due to the Poincaré
stress which provides the binding effect. Inserting λp ¼ 1

we see that the system is ultimately bound, as follows:

M¼mfluidþEbind<mfluid; Ebind¼−
πα

16R
<0: ð12Þ

So far the electron appears pointlike in experiments. The
determinations of experimental upper bounds on its size are
in general model dependent, see for example Refs. [42–46].
For instance, the upper bound for the electron radius
derived from data obtained from Large Electron-Positron
collider experiments is Rexp < 3.1 × 10−19 m at a 95% con-
fidence level [45]. If we would set the model parameter
R ¼ 10−20 m within experimental limits, then the
electron mass arises from significant cancellations, as
follows:

M ¼ 28; 234.715 MeVþ 42; 351.306 MeV

− 70; 585.510 MeV ¼ 0.511 MeV; ð13Þ

with the different contributions quoted in the order of their
appearance in Eq. (11). Notice that the physical mass is
nearly negligible compared to the other numbers in Eq. (13),
and to a good approximation mfluid ≃ πα

16R ¼ jEbindj.
A realistic description of the electron substructure, if

there was any, would of course require quantum field
theoretical compositeness models. The point is that one can
choose R small enough for the model to not contradict
experimental results. For r≲ R the results are model
dependent, but in the long-distance limit r ≫ R we will
be able to use this classical framework to obtain model-
independent results and confirm QED predictions. In the
following, we will not need to fix the parameters and will
focus on analytical results.
In Fig. 1(a) we show T00ðrÞ in units of M=R3 plotted as

function of r in units of R. As can be seen in Fig. 1(a), the
electron is a diffuse object in the model: 50% of its mass is
contained within a radius of r ≤ 1.3R; and 80% within
r ≤ 2.5R. Comparing T00ðrÞ to the charge distribution
ρelðrÞ ¼ qnðrÞ, we notice that T00ðrÞ=M − nðrÞ ¼ OðαÞ.
Therefore, ρelðrÞ (plotted in units of q=R3) and T00ðrÞ
(plotted in units of M=R3) would not be distinguishable on
the scale of Fig. 1(a) due to the numerical smallness of α.
However, the long-distance behaviors of the two distribu-
tions differ with T00ðrÞ ∝ 1

r4 while ρelðrÞ ∝ 1
r5
for r ≫ R. As

a consequence the mean radii defined as

hrkEi ¼
R
d3rrkT00ðrÞ

M
; hrkchi ¼

R
d3rrkρchðrÞ

q
; ð14Þ

diverge for the energy distribution for k ≥ 1 and for the
charge distribution for k ≥ 2. Only the mean charge radius
hr1chi ¼ 2R is finite.

B. The T0k components

The evaluation of the T0k components of the EMT in
Eq. (1) for the solutions (7) and (8) yields T0kðr⃗Þ ¼ 0. The

FIG. 1. Electron model EMT distributions as functions of r in units of electron radius R. (a) Energy distribution T00ðrÞ in units of
M=R3. (b) The stress tensor distributions sðrÞ and pðrÞ in units of jp0j. (c) The distribution of r2pðrÞ in units of R2jp0j illustrating how
the von Laue condition in Eq. (16b) is satisfied. The sign patterns of the stress tensor distributions sðrÞ and pðrÞ are opposite to what has
been found in hadronic models based on short-range interactions.

ENERGY-MOMENTUM TENSOR IN A CLASSICAL MODEL OF … PHYS. REV. D 113, 116008 (2026)

116008-3



classical angular momentum Ji ¼ R
d3rϵijkrjT0k of the

system is therefore zero. Thus, in this toy model the
electron appears to be spinless, although we shall find
later an indication that the model is compatible with
describing a spin-1

2
fermion rather than a spin zero boson

(see Sec. IV). We remark that in principle one could try to
explore projection techniques known from soliton physics
[47] to assign spin quantum numbers to the classical
solution. Note that spin effects were of no importance
for the purposes of Ref. [31] and will also play no role in
our study.

C. The stress tensor Tij

The static stress tensor Tij of a spin-0 or spin-1
2
particle

can be decomposed on general grounds into a traceless part
and a trace described, respectively, in terms of the shear
force sðrÞ and pressure pðrÞ distributions, as follows:

Tijðr⃗Þ ¼
�
eire

j
r −

1

3
δij

�
sðrÞ þ δijpðrÞ: ð15Þ

EMT conservation implies the following two relations [11]:

2

3
s0ðrÞ þ 2

r
sðrÞ þ p0ðrÞ ¼ 0; ð16aÞ

Z
∞

0

drr2pðrÞ ¼ 0: ð16bÞ

The latter is known as the von Laue condition and is a
necessary (but not sufficient) condition for stability [48].
The computation of sðrÞ and pðrÞ in the model yields

sðrÞ ¼ −
1

4π
EðrÞ2 ¼ −

α

4π

r2

ðr2 þ R2Þ3 ; ð17Þ

pðrÞ ¼ 1

24π
EðrÞ2 − λpκnðrÞ6=5

¼ α

24π

r2

ðr2 þ R2Þ3 − λp
α

8π

R2

ðr2 þ R2Þ3 : ð18Þ

It can be readily checked analytically that the model results
for sðrÞ and pðrÞ in Eqs. (17) and (18) comply with the
conditions in Eq. (16), which is an important internal
consistency check for the model. The model results for the
shear and pressure distributions are shown in Fig. 1(b) with
sðrÞ and pðrÞ plotted in units of the modulus of p0 ¼ pð0Þ.
Notice that p0 ¼ − α

8πR4 is negative and therefore can be
expressed as p0 ¼ 2Ebind

π2R3 with the (negative) binding energy
Ebind in Eq. (12). Recall that pressure has the dimension of
force/area or energy/volume, and the characteristic energy
for stress tensor properties is the (in our case) negative
binding energy. This is interesting. Another interesting
observation is that sðrÞ and pðrÞ inside electron exhibit

opposite signs to what have been observed in the interiors
of hadrons in hadronic models based on short-range strong
forces only (see the reviews in Refs. [11,12]). All patterns
are the same as in hadronic models, except for the overall
sign reversal. For instance, the shear force distribution is
sðrÞ > 0 for 0 < r < ∞ in hadronic models, but has the
opposite sign in the electron model. Similarly, in hadronic
models pðrÞ > 0 is positive in the center of the particle and
negative in the outer region, while in the electron model it is
vice versa. In the electron model and other models, the
pressure exhibits a single node as is typical for ground state
solutions and necessary to comply with the von Laue
condition in Eq. (16b). The node of pðrÞ is located at r ¼ffiffiffi
3

p
R and difficult to see in Fig. 1(b). We illustrate this

feature and the compliance with the von Laue condition
with more clarity by plotting r2pðrÞ in Fig. 1(c).
At this point, we have no definite explanation for the

reversed sign pattern of sðrÞ and pðrÞ in the electron model
as compared to hadronic models. It is important to stress
that the model describes the electron as a perfectly stable
bound state as proven in Ref. [31]. However, the cohesive
forces are introduced in this model by imposing the
equation of state in Eq. (5) in an ad hoc way, as has been
criticized (by the same author!) in Ref. [36]. A possible
explanation could therefore be that this is a too simplistic
model with ad hoc Poincaré stresses. Another possible
explanation might be that this effect is due to the long-range
nature of electric forces. EMT properties different from
those in hadrons have been observed also in other systems
governed by long-range forces [27–30]. Last not least, it
might be just natural for some systems to experience
predominantly tensile stresses (pðrÞ < 0) near their center
and compressive stresses (pðrÞ > 0) in their periphery [49].
However, our goal is not to investigate the “inner

structure of the electron” in the experimentally unexplored
region r≲ 10−20 m. Rather, our primary scope is to study
long-distance effects at r ≫ R ¼ 10−20 m. From the results
in Eqs. (9), (17), and (18) we read off the long-distance
behavior of the EMT distributions as follows:

T00ðrÞ ¼
α

8π

1

r4
þ…; sðrÞ ¼ −

α

4π

1

r4
þ…;

pðrÞ ¼ α

24π

1

r4
þ…; ð19Þ

where the dots indicate subleading terms decaying at large
distances such as 1

r5
or faster. The results in Eq. (19) agree

with Refs. [22–26] and offer the following “mathematical”
explanation of the reversed sign pattern. For r ≫ R,
the model must (and does) reproduce the electric field of
a pointlike charge with the electrostatic energy density
T00ðrÞ ¼ 1

8π E⃗
2 and Maxwell stress tensor TijðrÞ ¼

− 1
4π ðEiEj − 1

2
δijE⃗

2Þ which also yields Eq. (19). Thus,
the signs at asymptotically large distances are dictated
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by Maxwell’s theory of electromagnetism and there must
be no modification to the model in the far region.
Modifications can occur only in the model-dependent near
region, and since pðrÞmust have a node somewhere (in the
near region) to comply with the von Laue condition (16b),
one is inevitably lead to the sign pattern of pðrÞ in Fig. 1.
The sign pattern of sðrÞ then follows from Eq. (16a). In the
next section, we will discuss the consequences for the EMT

form factors due to the long-distance behavior of the EMT
distributions in Eq. (19).

IV. THE EMT FORM FACTORS AðtÞ AND DðtÞ
The matrix elements of the total symmetric EMT

operator T̂μν of a quantum particle (in the absence of
parity violating interactions) define the EMT form factors
as [2,50]

hp0jT̂μνjpi ¼ ūðp0; s0Þ
�
AðtÞP

μγν þ Pνγμ

2
þ BðtÞ iðP

μσνρ þ PνσμρÞΔρ

4M
þDðtÞΔ

μΔν − gμνΔ2

4M

�
uðp; sÞ; ð20Þ

where P ¼ 1
2
ðpþ p0Þ and Δ ¼ p0 − p. The spinor nor-

malization is ūðp; s0Þuðp; sÞ ¼ 2Mδss0 and the general
constraints Að0Þ ¼ 1 and Bð0Þ ¼ 0 hold due to Lorentz
invariance. The Fourier transform of EMT matrix elements
in the Breit frame where pμ ¼ ðE;− 1

2
Δ⃗Þ and p0μ ¼

ðE; 1
2
Δ⃗Þ gives rise to spatial distributions according to

the interpretation [10]

Tμνðr⃗Þ ¼
Z

d3Δ
2Eð2πÞ3 hp

0; s0jT̂μνjp; sie−iΔ⃗·r⃗: ð21Þ

The Breit frame interpretation in terms of 3D spatial
distributions is valid for particles whose size R is much
larger than their Compton wavelength, i.e. R ≫ 1=M or
RM ≫ 1. Recently an alternative interpretation applicable
to systems with arbitrary Compton wavelengths has been
developed based on spherically symmetric, sharply local-
ized wave packets in the so-called zero average momentum
frame and moving frames [51–53].
In classical models, the spatial distributions can be

exactly computed, and form factors are obtained from
inverting the Fourier transforms [23,24]. DðtÞ can be
obtained in two different ways: from sðrÞ and pðrÞ, which
we denote as DsðtÞ and DpðtÞ and which must coincide.
AðtÞ is determined in a unique way. The expressions are
given by [54–56]

DsðtÞ ¼ 4M
Z

d3r
j2ðr

ffiffiffiffiffi
−t

p Þ
t

sðrÞ;

DpðtÞ ¼ 6M
Z

d3r
j0ðr

ffiffiffiffiffi
−t

p Þ
t

pðrÞ; ð22Þ

AðtÞ ¼ 1

M

Z
d3rj0ðr

ffiffiffiffiffi
−t

p ÞT00ðrÞ −
t

4M2
ðBðtÞ −DðtÞÞ;

ð23Þ

where jiðxÞ are spherical Bessel functions.
The Compton wavelength of the electron is much larger

than its experimentally known upper bound for its size, and

the condition RM ≫ 1 is not satisfied. In such a situation,
one could argue that one may assume RM ≫ 1 during the
calculation before taking the limit to realistic values.
However, with our focus remaining on analytical results,
we are not going to insert the numerical values anyway.
Evaluating the expressions forDðtÞ in the model, we obtain

DsðtÞ ¼
απM
4

e−R
ffiffiffiffi
−t

p 1ffiffiffiffiffi
−t

p

DpðtÞ ¼
απM
4

e−R
ffiffiffiffi
−t

p �
3ð1 − λpÞ

4Rt
þ ð3λp þ 1Þ

4
ffiffiffiffiffi
−t

p
�
: ð24Þ

DsðtÞ arises solely from the electric contribution, while
DpðtÞ arises from both electric forces and Poincaré stresses.
Recalling that λp is unity [see Eq. (10)], we obtain the same
expression DðtÞ ¼ DsðtÞ ¼ DpðtÞ from either method as
expected, which constitutes another theoretical consistency
test of the model. Expanding DðtÞ around t ¼ 0 yields

DðtÞ ¼ απ

4

Mffiffiffiffiffi
−t

p −
απ

4
RM þ… ð25Þ

The leading term in Eq. (25) is model independent and
agrees with the QED result [26]. The subleading terms are
model dependent as can be seen from the appearance of the
model parameter R. The dots in Eq. (25) indicate terms
proportional to

ffiffiffiffiffi
−t

p
and higher powers thereof. In small-t

expansion of DðtÞ in QED a term ln
ffiffiffiffiffi
−t

p
appears at

subleading order [26], which does not appear in the model.
In order to compute AðtÞ in Eq. (23) we need, in addition

to T00ðrÞ and DðtÞ (which are known in the model), the
form factor BðtÞ ¼ AðtÞ − 2JðtÞ where JðtÞ is the EMT
form factor associated with total angular momentum
(which is not known in the model, see Sec. III B). Since
BðtÞ vanishes at t ¼ 0 and moreover enters in Eq. (23) with
a prefactor of t, this contribution becomes relevant for AðtÞ
in Eq. (23) only beyondOðtÞ and can be safely neglected if
we study AðtÞ in the small-t region. The computation of
BðtÞ is beyond the capability of the present model.
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Evaluating the Fourier transform of T00ðrÞ in Eq. (23)
and combining with the result for DðtÞ from sðrÞ in
Eq. (24) (where no λp appears) yields the following result:

AðtÞ ¼ απ

"
3 − 5λp
32MR

−
ð3þ 5λpÞ

ffiffiffiffiffi
−t

p

32M

#
e−R

ffiffiffiffi
−t

p

þmfluid

M

�
R

ffiffiffiffiffi
−t

p
K1ðR

ffiffiffiffiffi
−t

p Þ�þ tBðtÞ
4M2

; ð26Þ

where KnðzÞ is the modified Bessel function of the second
kind for n ¼ 1. Expanding this result around t ¼ 0 withffiffiffi
z

p
K1ð

ffiffiffi
z

p Þ ¼ 1þ 1
4
zðln zþ 2γ − 1 − 2 ln 2Þ þOðz3=2Þ,

where γ is the Euler-Mascheroni constant, yields

AðtÞ ¼ 1 −
3πα

16

ffiffiffiffiffi
−t

p
M

−
mfluid

2M
R2t ln

�
1

2
R

ffiffiffiffiffi
−t

p �
þ…;

ð27Þ

where the dots indicate terms of OðtÞ. We made use of
Eq. (11) to simplify the coefficients of the first two terms.
The model complies with the general constraint Að0Þ ¼ 1.
The first nontrivial term in Eq. (25) proportional to

ffiffiffiffiffi
−t

p
corresponds exactly to the QED result [26]. We see that the
model generates a subleading logarithmic term in AðtÞ as in
QED [26] but with a different, model-dependent coeffi-
cient. Higher order terms are also model dependent.
It is also instructive to consider the small R limit.

Expanding the model expressions in Eqs. (24) and (26)
at fixed t for small R yields the results

AðtÞ ¼ 1 −
3πα

16

ffiffiffiffiffi
−t

p
M

f1þOðϵ ln ϵÞg;

DðtÞ ¼ απ

4

Mffiffiffiffiffi
−t

p f1þOðϵÞg; ϵ ¼ R
ffiffiffiffiffi
−t

p
: ð28Þ

For AðtÞ, we used Eq. (11) andmfluid ¼ OðαRÞwhich follows
from the discussion below Eq. (13). In the limit R → 0 the 1

R
singularity in the electron mass M is compensated by the
“counterterm” mfluid, which reflects the renormalization of
the electron mass due to short-distance (UV) effects in
QED. The small-R limit mimics the restoration of a
pointlike particle in the model. The results in Eq. (28)
demonstrate that we can derive model independently the
leading terms in Eqs. (25) and (27), but not higher
order terms.
Next we consider the limit of a pointlike free particle,

which can be carried out by taking in Eq. (28) the limit
R → 0 followed by taking the electromagnetic coupling
constant α → 0. In this limit, the electron can per se retain a

charge associated with fermion number conservation, and
we merely remove the coupling to the electromagnetic field
by taking α → 0. The result is trivial:

AðtÞ ¼ 1; DðtÞ ¼ 0: ð29Þ

For pointlike free particles one expects constant form
factors [57,58]. Since Að0Þ ¼ 1 must hold in any (free
or interacting) theory, one must expect AðtÞ ¼ 1 for point-
like noninteracting particles of all types which we obtain.
For DðtÞ the situation is different because the result
depends on particle type, e.g., one has DðtÞ ¼ 1 for a
free spin-0 boson [57], and DðtÞ ¼ 0 for a free spin-1

2

fermion [58]. Our result in Eq. (28) is compatible with the
DðtÞ of a free spin-1

2
fermion which indicates that this

model may describe an electron, even though the explicit
description of spin degrees of freedom would require
additional effort (see Sec. III B).
For completeness, we note that for large (−t), the model

form factors in Eqs. (24) and (26) decay exponentially and
limt→−∞ AðtÞ=DðtÞ ¼ −1. This differs from QED [26] and
is expected as this limit is beyond the reach of classical
models. Notice that with increasing (−t) QED is eventually
superseded by the electroweak theory. For discussions of
EMT properties in electroweak theory for Higgs and Z-
bosons, we refer to Ref. [59].

V. COMMENTS ON PROTON D-TERM
REGULARIZATION OF REFS. [23,24]

The leading 1=
ffiffi
t

p
-term in Eqs. (25) and (28) is a

universal QED effect which implies that D-terms of
charged particles are divergent and undefined. In
Refs. [23,24] it was proposed that for the proton it makes
sense to introduce a “regularization” to define a finite,
regularized value Dreg of the D-term for the following
reason. The proton is an extended particle and the shape of
its DðtÞ is strongly dominated by the strong forces in the
experimentally accessible t-region, and QED effects
become noticeable only for ð−tÞ ≪ 10−4 GeV2 which
cannot be accessed in experiments in the foreseeable future
[23,24]. In contrast to the proton, in the case of the electron
the concept of a regularized D-term is not physically
justified. However, it is interesting to explore the exactly
solvable electron model to give insights on how this
regularization method works.
The regularization method [24] works as follows: let

FðrÞ be a 3D distribution related to the stress tensor, and let
the integral In ¼

R
d3rnFðrÞ be divergent due to the long-

range electromagnetic forces. We define a regularized
integral by
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In;reg ¼
Z

d3rrnFðrÞreg ¼
Z

d3rrn
�
FðrÞ þ ZF

	
2

3
nsðrÞ þ ðnþ 3ÞpðrÞ


�
; ZF ¼ lim

r→∞

r4FðrÞ
1
2
ðn − 1Þ α

4π

; ð30Þ

where the added term in the curly brackets originates from
the identity 2

3
s0ðrÞ þ 2

r sðrÞ þ p0ðrÞ ¼ 0 with the quoted
expression following after an integration by parts. The
coefficient ZF in Eq. (30) is defined in such a way that the
integral In becomes finite. Let us apply this method first to
the D-term.
Taking the limit t → 0 in Eq. (22) yields the expressions

Ds ¼ − 4
15
M

R
d3rr2sðrÞ and Dp ¼ M

R
d3rr2pðrÞ which

are both divergent due to the long-distance behavior of the
distributions in Eq. (19). Applying the regularization
method in Eq. (30) we obtain from Ds and Dp the
unambiguous result

Dreg ¼ −λp
απ

4
MR: ð31Þ

Several comments are in order. First, the regularization
works and removes the divergence due to electromagnetic
effects leaving behind a finite, and negative value for the
regularized D-term. Second, the appearance of λp signals
that the result is due to the Poincaré stresses. This is in line
with results from models based on short-range forces where
theD-terms are finite, negative, and their negative signs can
be traced back to the forces binding the system. Third,
comparing the small-t expansion of DðtÞ in the model in
Eq. (25) and the result in Eq. (31) and recalling that λp ¼ 1,
we see what the regularization method did: it removed the
first, divergent term in Eq. (25) which is of electromagnetic
origin and retained the second, finite term which originates
from the Poincaré stresses.
As a second example we consider the mechanical radius

which is defined in terms of the normal force per unit area
pnðrÞ ¼ 2

3
sðrÞ þ pðrÞ, as follows:

hr2mechi ¼
R
d3rr2pnðrÞR
d3rpnðrÞ

: ð32Þ

In models based on short-range forces the distribution
pnðrÞ is positive definite, making the definition (32) a
meaningful proxy for particle size. In the electron model,
the pnðrÞ is negative and the numerator in Eq. (32) is
divergent at large-r due to the long-distance asymptotics in
Eq. (19). Remarkably, the regularization prescription fixes
both issues since

½pnðrÞ�reg ¼
α

2π

λpR2

ðr2 þ R2Þ3 ≥ 0;

hr2mechi ¼
R
d3rr2½pnðrÞ�regR
d3r½pnðrÞ�reg

¼ 3λpR2: ð33Þ

Note that both the numerator and denominator in Eq. (33)
explicitly depend on λp. Thus, it is the Poincaré stress that
gives the electron in this model a mechanical radius within
the regularization procedure of Eq. (30).
We stress that it is not our intention to define a

regularized D-term for the electron. But for the proton it
arguably makes sense to introduce a Dreg for practical
purposes [23,24], and our investigation shows how this
regularization method works: it removes the electromag-
netic contribution from D and leaves behind a negative
contribution from internal binding forces.

VI. CONCLUSIONS

We have carried out a study of the EMT properties
of the electron in a lucid classical model by Białynicki-
Birula [31]. In this model, the electron is made of a charged
ideal fluid, electric forces and imposed Poincaré stresses
designed to overcome the electrostatic repulsion in the fluid
and yield a stable bound state. The parameters in the model
can in principle be fixed such that the system has the mass
M of the electron and the size R ¼ 10−20 m within
experimental limits of the electron radius. However, the
model can be solved exactly and the parameters M and R
can be left general in all steps. The description of spin
degrees of freedom is beyond the scope of this model.
In classical frameworks, one can compute exactly the

EMT 3D spatial distributions. The obtained model results
are very interesting. The positive definite energy distribu-
tion T00ðrÞ does not indicate anything unusual, but the
distributions associated with the stress tensor exhibit
exactly the opposite sign patterns to what is found in
hadronic models governed by short-range strong forces
only. We have shown that from a mathematical point of
view, this is an inevitable consequence of the fact that at
large distances r ≫ R the model must reproduce the results
from (classical or quantized) Maxwell theory of electro-
magnetism, which is the case. More work may be needed to
understand the underlying physical reasons. Ultimately, the
reversed sign pattern is related to the masslessness of the
photon and the long-range character of the electromagnetic
interaction.
In quantum frameworks, one may compute form factors

and interpret them in terms of 3D spatial densities in
systems where the particle’s size is large compared to the
particle’s Compton wavelength which requires MR ≫ 1.
For the electron this condition is not met. However, in our
analytically carried out calculation we may, for instance,
assume that MR is kept large throughout the calculation,
and invert the Fourier transforms in the quantum interpre-
tation to compute form factors from exactly known,
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classical 3D distributions. The results are insightful.
The model reproduces the leading nonanalytic terms of
AðtÞ and DðtÞ, which are proportional to respectively

ffiffiffiffiffi
−t

p
and 1=

ffiffiffiffiffi
−t

p
with correct coefficients that coincide with

QED [25,26]. This supports the validity of the model
results obtained for the EMT form factors in the small-(−t)
region. One remarkable result is that in the limit of a
pointlike noninteracting particle one obtains in the model
DðtÞ ¼ 0 which corresponds to a free spin 1

2
-fermion.

As an application of this lucid model, we presented
the investigation of the concept of a regularized proton
D-term [23]. This concept is motivated by the fact that for
the proton the QED divergence in DðtÞ ∼ 1=

ffiffiffiffiffi
−t

p
is

noticeable only for ð−tÞ ≪ 10−4 GeV2 beyond the reach
of experiments [24], and one will see DðtÞprot ≈
Dprot;reg=ð1 − t=m2

DÞnD with some parameters mD and nD
in the experimentally accessible region. In the proton case,
the regularization is designed to remove the electromag-
netic contribution to DðtÞ without affecting the strong
interaction contributions responsible for the binding effects
as can be inferred from a comparison to the neutron [24].
In the electron case, the concept of a regularized D-term

is not justified. However, it is interesting to use the model to
see how this regularization works. In fact, in the model the
stress tensor distributions defining the D-term receive
contributions from electric forces and Poincaré stresses,
and the regularization removes only the former leaving

behind a result which is (i) finite, (ii) negative, and (iii) due
to the Poincaré stresses which bind the system. This is in
line with results from hadronic models based on short-
range forces only where one also finds a D-term which is
(i) finite, (ii) negative, and (iii) the sign of the D-term is
ultimately due to the forces which bind the system [54].
It would be interesting to investigate whether a classical

model can be constructed which is also capable of
reproducing subleading terms in the small-t expansion of
the EMT form factors in QED. Another interesting question
is whether there is a way to include spin degrees of
freedom. These topics will be left to future studies.

ACKNOWLEDGMENTS

The authors wish to thank Adam Freese, Cédric Lorcé,
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