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Recent work [M. L. Wagman, Lanczos, the transfer matrix, and the signal-to-noise problem, Phys. Rev.
Lett. 134, 241901 (2025).] found that an analysis formalism based on the Lanczos algorithm allows energy
levels to be extracted from Euclidean correlation functions with faster ground-state convergence than
effective masses, convergent estimators for multiple states from a single correlator, and two-sided error
bounds. After filtering out spurious eigenvalues and using outlier-robust estimators within a nested
bootstrap framework, Lanczos estimators behave more like multistate fit results than effective masses—but
without involving statistical fitting. We extend this formalism to the determination of matrix elements from
three-point correlation functions and provide a physical picture of “spurious-state filtering” involving
restriction to a Hermitian subspace. We demonstrate similar advantages for matrix elements as for
spectroscopy through example applications to noiseless mock-data and (bare) forward matrix elements of
the strange scalar current between both ground and excited states with the quantum numbers of the nucleon.
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I. INTRODUCTION

By stochastically evaluating discretized path integrals,
numerical lattice QCD calculations provide a first-
principles approach to studying the dynamics of the strong
force [1-4], including hadron spectroscopy and scattering
amplitudes [5—7] and various aspects of hadron structure
[8—11]. Due to the stochastic nature of these calculations,
statistical analysis of noisy Monte Carlo “data” is neces-
sary. Although there are well-established analysis methods,
developing improved techniques is still an active topic of
research [12—18]. Better analysis tools can improve both
statistical precision by alleviating signal-to-noise issues, as
well as accuracy by providing more robust control of
systematic uncertainties.

Lattice QCD calculations often involve the extraction
of hadronic matrix elements from simultaneous analysis
of hadronic two- and three-point correlation functions
(correlators). This analysis task underlies the calculation
of many different quantities of physical interest including
form factors, parton distribution functions (PDFs), and
generalizations thereof like generalized parton distribu-
tions (GPDs) and transverse-momentum distribution PDFs
(TMDs) [8-11]. However, presently standard methods
may produce unreliable results [19-21] due to a combi-
nation of excited-state contamination (ESC) [22-26]
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and exponentially decaying signal-to-noise ratios (SNR)
[27,28]. Analysis techniques which address these issues are
a topic of active research [19-21], but obtaining full control
over all sources of uncertainty remains challenging for
many quantities of physical interest.

Spectroscopy—the extraction of finite-volume energy
levels from analysis of hadronic two-point correlation
functions—is hindered by the same issues as matrix-
element extractions, i.e., ESC and decaying SNR, and
methods to improve these issues can be useful in both
contexts. There has been extensive work to develop
improved spectroscopy methods less susceptible to ESC
and which offer bounds on systematic uncertainties—
notably approaches based on generalized eigenvalue prob-
lems (GEVP) that provide one-sided variational bounds
on energy level systematic uncertainties [29-33], which
have already been adapted to matrix-element calculations
[26,32,34-47]. Recent work has shown that a novel
formalism based on the Lanczos algorithm [48] can provide
qualitative and quantitative improvements for spectroscopy
including faster convergence and two-sided bounds on
systematic errors, even when ESC is large. After filtering
out spurious eigenvalues [49,50] and applying outlier-
robust bootstrap-median estimators in a nested bootstrap
framework, Lanczos results are more analogous to multi-
state fit results than effective masses and exhibit stability of
statistical estimates for large numbers of iterations [51].

It is appealing that the uncertainties of Lanczos results—
just like those of multistate fits—are not increased by
including additional noisy large-time data points; however,
it is worth emphasizing that Lanczos analyses cannot
extract more useful information from these large-time
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points than other methods. Large correlations appear
between Lanczos results that differ only in how many
noisy large-time data points are included [51-54], and
therefore one cannot achieve significantly higher precision
than correlator fits by attempting to fit large-time Lanczos
results. The stability of large-time Lanczos results does not
mean that Lanczos methods avoid the problem that corre-
lator SNR decays exponentially. Instead, it should be taken
as an indication that once sufficiently large-time points are
included all available statistical information has been
extracted and Lanczos spectral estimates are unchanged
by including additional large-time data points. Further, this
stability only indicates that the information available at
finite statistics is exhausted and does not formally guar-
antee that results have converged to their infinite-statistics
values within uncertainties; the application of Lanczos to
noisy data can only strictly be interpreted within an oblique
Lanczos framework in which periods of “stagnation” with
slow convergence for many iterations are possible [55-57].
The convergence of oblique Lanczos is the presence of
statistical noise is being actively investigated [58].

In this work, we present a new approach to matrix
element analyses using a simple extension of this Lanczos
formalism. The essence of the idea is to evaluate operator
matrix elements between the Ritz vectors, the eigenstate
approximations found by the Lanczos procedure of
Ref. [51]. As derived below, after constructing initial
and final-state Ritz coefficients P and P’ from the corre-
sponding two-point functions C(z) and C'(r), extracting
matrix elements from an arbitrary three-point function
amounts to matrix multiplication, taking the form'

C3pt ,
(1l 3Py~ 0D

= eweo

where 7 is the source-operator separation and o is the
operator-sink separation. As explored below, this provides
several important advantages over the previous state of the
art, namely simplicity, direct and explicit computation of
excited-state and transition matrix elements, and avoidance
of inductive biases unavoidably introduced by implicit
methods involving statistical modeling and fits of correla-
tion functions. The method involves only a few analysis
hyperparameters associated with eigenstate identification
and none specific to the operator or three-point function.
Furthermore, we find that the new method is dramatically
less susceptible to yielding deceptive results when applied
to three-point correlators with large ESC. The data required
is the same as for presently standard analyses, with the

'Note that ground-state overlap factors appearing in the
spectral representation of the three-point function are canceled
by the Ritz coefficients and do not need to be explicitly included
in this formula; see Eq. (67) for more details.

caveat that sparsely evaluated three-point functions limit
the number of Lanczos iterations that can be evaluated.

The remainder of this paper proceeds as follows.
Section II defines the analysis task, and reviews both the
transfer matrix formalism necessary to understand the
Lanczos approach as well as previously available methods
used for comparison. Section III derives the method.
Section IV applies the method to a noiseless mock-data
example and compares with previous approaches, demon-
strating its improved convergence properties. Section V
discusses how the method must be adapted in the presence
of statistical noise and presents a calculation of bare matrix
elements of the strange scalar current for the low-lying
states in the nucleon spectrum using lattice data. Section VI
subjects both the summation method and Lanczos to
adversarial attacks; the results of these experiments suggest
that Lanczos estimates are qualitatively more robust against
excited-state contamination. Finally, Sec. VII concludes
and discusses opportunities for future work.

Note that throughout this paper, repeated indices do not
imply summation and all sums are written explicitly. We
also use lattice units to simplify the notation, setting the
lattice spacing a = | throughout. In these units, physical
quantities like energies and matrix elements are dimension-
less, and Euclidean times ¢ take on integer values such
that they may be used interchangeably as arguments and
indices.

II. BACKGROUND

We are interested in computing hadronic matrix elements
of some operator J, i.e.,

Ty = (F10), (2)

where |i) and |f’) are energy eigenstates with the quantum
numbers of the initial (unprimed) and final (primed) state,
which may in general be different. For example, their
momenta will differ for off-forward matrix elements, i.e.,
when J carries some nonzero momentum. Hadronic matrix
elements are not directly calculable using numerical lattice
methods, and instead are typically extracted from simulta-
neous analysis of two- and three-point correlators.” The
ones relevant to the calculation are, in the Heisenberg
picture,3

The Feynman-Hellmann theorem and generalizations thereof
provides a distinct approach; see [59-62] for examples.

“Suppressed lattice spatial indices on each operator are
assumed to be absorbed into these quantum numbers, e.g., by
projection to a definite momentum.
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where y and v’ are interpolating operators (interpolators)
with initial- and final-state quantum numbers. Note that the
arguments of C*P' are more often defined with a different
convention, with the sink time 7y =o + 17 as the first
argument. While not explicitly notated, we generally
assume definitions such that all vacuum contributions
are subtracted out. These expectations may be evaluated
stochastically by lattice Monte Carlo methods.

A. Transfer matrices and spectral expansions

To see how these data constrain the matrix element of
interest, we use the Schrodinger-picture transfer-matrix
formalism [63] to derive their spectral expansions. This
exercise also serves to establish notation and as a review of
this formalism, used throughout this work.

We begin with the assumption4 that Euclidean time
evolution can be described by iterative application of the
transfer matrix 7 = e, such that

T|n) = 4,|n) = e &

n), (4)

where |n) are unit-normalized energy eigenstates such
that (n|m) =§,,,, 4, are transfer-matrix eigenvalues, and
E, = —log, are the energies. Note that states |-) and
operators including J and T are not directly accessible, but
rather formal objects that live in the infinite-dimensional
Hilbert space of states. Applied to the vacuum state |Q), the
adjoint interpolating operator i excites the state |y), which
may be decomposed as

PR =lw) =) (nly)ln) =) Z,n). (5

n

where Z,, = (n|y) are the overlap factors. The sum may be
assumed to be restricted to eigenstates with the quantum
numbers of y, as Z, = 0 otherwise. The transfer matrix
acts nontrivially on |y), as

T'ly) = Y Ze ). ©)

Under such Euclidean time evolution, the amplitudes of
higher-energy eigenstates decay more quickly. Taking
t — oo, the ground eigenstate |0) dominates. Importantly,
this amounts to application of the power-iteration algorithm
[66], as discussed further below.

For the initial-state correlator C(¢) from Eq. (3), trans-
lating to Schrodinger picture using O(t) = T~'OT" gives

“This holds only approximately for many lattice actions in
standard use [64,65].

C(t) = (QT Y T'TFT°|Q)
= (w|T'|y)

=Y |ZiPe (7)
i

using (Q|7 = (| in the second equality. An analogous
expression holds for the final-state correlator,

C'(1) =Y |z} e, (8)
f

where Z, = (f'|y'). Similar manipulations produce the
spectral expansion of the three-point correlator,

CP(0.7) = (W'|T°IT"|y)

= "7¢ 72 e (9)
fi

Note that these definitions assume zero temperature.5
Comparing Egs. (7) to (9), we see that C and C’' carry
the necessary information to isolate J; in c¥,

A standard approach to extracting J; is to use statistical
inference, i.e., simultaneously fitting the parameters Z;, Z},
E;, E’f and Jy; of a truncated spectral expansion to

Egs. (7)-(9). The resulting estimates converge to the
underlying values given sufficiently high statistics, large
Euclidean times, and states included in the models. This
has been used to much success, but has certain serious
disadvantages. Specifically, the black-box nature of stat-
istical inference and large number of hyperparameters to
vary (e.g., number of states modeled, data subset included,
choice of selection/averaging scheme) induce systematic
uncertainties which can only be assessed with caution and
experience.

B. Power iteration and other explicit methods

In this work, we restrict our consideration to explicit
methods that do not involve statistical modeling. Familiar
examples include effective masses’ and ratios of correlation
functions. Here, we present these as examples of the power
iteration algorithm, thereby motivating the use of Lanczos
in Sec. III. We also review the summation method [67-69],
for later comparison with Lanczos results.

As already noted, using Euclidean time evolution to
remove excited states may be thought of as applying the
power iteration algorithm [66] to extract the ground

>Thermal effects are handled automatically in applications
of Lanczos to two-point correlators as discussed in Sec. A of
Ref. [51]’s Supplemental Material. The resulting isolation of
thermal states automatically removes their effects from all matrix
element results.

®And generalizations thereof including GEVPs [29-33] and
Prony’s method [12,13,17].
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eigenstate of the transfer matrix [51]. With power iteration,
increasingly high-quality approximations of the ground

eigenstate, |b(™)) ~ |0), are obtained using the recursion
poy = TUTD) TN g
|T|ptm=)]] \/<b<m—1)|T2|b(m—1)>
starting from
1) EuE ) v (11)

wl ™ wlw)  /CO)

The resulting approximate eigenstates |[»™)) can be used to
compute ground-state matrix elements of different oper-
ators. For example, using them to extract the ground-state
eigenvalue of T yields the usual effective energy

E*(2m) = —log(b™)|T|b(™))

(12)

where the second equality fully evaluates the recursion
Eq. (10). Note that while this power-iteration version of E°ff
is defined for only even arguments 2m, we generalize and
evaluate it for all # = 2m as usual.

More relevantly to this work, power-iteration states may
also be used to compute ground-state matrix elements of
some operator J as

W T"JIT" )
VW Ty ) (| T2 )

:M (13)

V/C'2m)C(2m)’

where |b'(")) are from |y’). We thus arrive at the usual
approach of constructing ratios of three-point and two-
point functions to isolate the desired matrix element. It is
straightforward to insert the spectral expansions Egs. (7) to
(9) and verify that (&'")|J|b™) = Jy, up to excited-state
effects. Thus, in analogy to the effective energy Eq. (12),
(b'™|J|p™) may be thought of as an “effective matrix
element” expected to plateau to Jy, as m — oo. The new
method presented in Sec. III simply applies this same idea
with the improved approximations of the eigenstates
afforded by the Lanczos algorithm, with the notable
difference that approximate eigenstates are available for
excited states as well.

The ratio Eq. (13) derived by power iteration is not the
one in standard use. For easier comparison with other
works, we instead employ the standard ratio

<b/(m)|J|b(m)> =

R(o,7)

_ C¥*(0,7) \/C(G) C'(oc+1)C'(7)
C'(o+71)\C(c) Clc+7) C(7)

= Joo + (excited states). (14)

When y =y, this reduces to (b\?)|J|p(?)); additionally
taking 7 = ¢ = m reproduces Eq. (13) exactly. However,
when y # v’ the two expressions are inequivalent. We use
this standard ratio to define a power-iterationlike effective
matrix element for sink time ¢ as

(L

JPI(r) = 2

" { RESL5) +R(5L4D). v odd

similar to Eq. (13) for even ¢ and averaging the two

equivalently contaminated points for odd ¢. This quantity

is what is referred to as “Power iteration” in all plots below.
Further manipulation leads to the summation method

[67-69], presently in common use, which provides an
effective matrix element’ for sink time tr as

=~

), t even

N~

(15)

N|—
~

tr—A,
Za () = Y R(ty—7.7),
T=A,
Jooa, (17) = Za (t; + 1) =24 (1)
= Joo + (excited states), (16)

for each choice of A, the summation cut. J° is expected to
plateau to J as 7, increases and excited states decay away.
Increasing A, further removes contamination, and curve
collapse is expected as A, increases.

III. LANCZOS METHOD

The previous section discussed how standard lattice
analysis methods may be thought of as implementing
the power iteration algorithm to resolve the ground eigen-
state of the transfer matrix 7. The Lanczos algorithm
improves upon power iteration [57,70-75] by making use
of the full set of Krylov vectors o T’|y) obtained by
iterative application of 7', rather than discarding all but the
last. As explored in Ref. [51], Lanczos defines a procedure
to manipulate two-point correlators to extract eigenvalues
of T. Here, we extend that formalism to evaluate matrix
elements in the basis of transfer-matrix eigenstates.

Specifically, the method proposed here is to evaluate

I = (g, (17)

"This differs superficially from the typical presentation of the
summation method, which prescribes fitting (/) to extract the
part linear in 7. Linear fits to X(¢,) are identical to constant fits to
Jeff(tf) if their covariance matrices are computed consistently.
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where |y}(”’)> ~|f’') and |yl<.m>) ~ |i) are the initial- and
final-state Ritz vectors after m Lanczos iterations, the
Lanczos algorithm’s best approximation of the correspond-
ing eigenstates. The steps to do so, as worked through in the
subsections below, are as follows:
(1) Apply an oblique Lanczos recursion to compute the
transfer matrix in bases of Lanczos vectors with
appropriate quantum numbers. Diagonalize to obtain
Ritz values and the change of basis between Ritz and
Lanczos vectors. (Sec. 1II A)
(2) Compute the coefficients relating Lanczos and
Krylov vectors. (Sec. III C)
(3) Compute the coefficients relating Ritz and Krylov
vectors. (Sec. IIT C)
(4) Compute overlap factors to normalize the Ritz
vectors. (Sec. III E)
(5) Repeat the above steps on initial- and final-state two-
point functions to obtain Ritz vectors with initial-
and final-state quantum numbers.
(6) Project the three-point function onto the Ritz vectors
to obtain matrix elements. (Sec. III F)
(7) Identify and discard spurious states. (Sec. V)
We also discuss how bounds may be used to characterize
Lanczos convergence in Sec. III B. Statistical noise intro-
duces additional complications—especially, the final step
above—as discussed in Sec. V. A detailed summary of the
steps that must be explicitly carried out to execute the
algorithm in the noisy case is given in Appendix A.

We note immediately that the oblique formalism used
here formally constructs an approximation of the transfer
matrix of the form

Ta Yy [kR) (k-
k

, (18)

with generally complex eigenvalues and distinct left and
right eigenvectors. Meanwhile, the true underlying transfer
matrix is Hermitian, i.e.,

T =" [k kl, (19)
k

with real eigenvalues 4, and degenerate left and right
eigenvectors. Critically, physically sensible results must
respect this underlying Hermiticity. As discussed in Sec. IV,
when the Hermiticity of the underlying transfer matrix is
manifest in the data, the Lanczos approximation of T is
Hermitian as well. However, statistical fluctuations obscure
this underlying Hermiticity in noisy data. As explored in
Sec. V, this results in a Hermitian subspace and a set of
unphysical noise-artifact states which must be discarded.

A. The oblique Lanczos algorithm

This section serves primarily as a review of Ref. [51],
especially Sec. C of its Supplemental Material. However,

the notation and some of the definitions—notably, of the
Ritz vectors—have been altered here to better accommo-
date the matrix element problem.

Oblique Lanczos is a generalization of the standard
Lanczos algorithm which uses distinct bases of right and
left Lanczos vectors, |vR) and (vF| [76-78]. This gener-
alization allows application to non-Hermitian operators
and, in the lattice context, off-diagonal correlators with
different initial and final interpolators. As discussed in
Ref. [51], oblique Lanczos is also formally necessary to
treat noisy correlator data even with diagonal correlators,
but naive complexification of standard Lanczos provides an
identical procedure when applied only to extracting the
spectrum. However, the matrix element problem requires
treatment with the full oblique formalism.

We caution that the left and right vectors treated by
oblique Lanczos should not be confused with initial and
final states. These are distinct labels, and left and right
spaces must be constructed for each of the initial and final
state eigensystems.

We first present oblique Lanczos in full generality, then
discuss the specific cases used in this work at the end of the
subsection. In this spirit, consider different right and left
starting states, |y) and (y|, and a non-Hermitian transfer
matrix 7 # T7. The oblique Lanczos process begins from
the states

)= g k= o)

(rly) Vixlw)

defined such that (vk[vR) =1, and after m iterations
constructs the right and left bases of Lanczos vectors,
%) and (v%| with j = 1, ..., m. The resulting right and left
bases are mutually orthonormal by construction, i.e.,

<”1‘L|U§> =i}, (21)
but (vf[vf) # (vi[vh) # 8;; in general. In the process,
oblique Lanczos necessarily also computes the elements «;,
B, and y; of the tridiagonal matrix

[a; P 07
Y2 ®m B3
T = (HT) = | oy @y )
ﬁnl
_O Vm am_ij

Beginning with a; = (v|T|vR) and defining ; =y, =0
for notational convenience, the iteration proceeds via
three steps

054506-5
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Stepl
|rf+1> = (T - ai)|1}§> _ﬂi|”§—1>’

i) = (T = a))|vp) = vilviy),

Step 2
Birivip = (riL+1|”f+1>’
Step 3
1
|U§+1> = _|”ZR+1>v
Vir1
L [
|Ui+1> = riza)s
i+
Xip = (”iL+1|T|U§+1>- (23)

How precisely f3; and y; are determined from the product
Bjr; computed in step two is a matter of convention; any
choice satisfying®

(rh1r%)

B

Vi= (24)

is correct. It will be helpful to consider the symmetric

convention f§; =y; = /(rk|r¥) corresponding to naive
complexification of the standard Lanczos algorithm. We

have in some cases observed improved numerical behavior
with a different convention, f; = [, /(rk|r¥)[ [51]. All
physical quantities computed with this formalism are
invariant to the choice of oblique convention, although

the Lanczos vectors are not.
The Lanczos approximation of the transfer matrix is

T = 3" R (b TR (0F| = 37 [T (0F]. (25)
ij=1 ij=1

For any ¢t < m it exactly replicates the action of the transfer
matrix on the starting vectors (see Appendix C)

Tof) = [T of), (f|T = (of|[T]. (26)
When applied to T of rank d, Lanczos recovers the original
operator exactly after d iterations: 7@ = T This motivates

the identification of approximate physical eigenvalues and
eigenvectors of 7 with those of

m—1
T =3 ) (g™, (27)
k=0

¥Recall that repeated indices are not summed over in this work.

where /1,(:") are the Ritz values and |yf(m)> and |y£(m)> are

the right and left Ritz vectors, already mentioned above.
We may relate the Ritz and Lanczos vectors by consid-

ering the eigendecomposition of the tridiagonal matrix

AR (28)

where a)E;C") is the ith component of the kth right eigenvector

of TS;") and (a)‘l),gl> is the jth component of the kth left
eigenvector. Comparing Eqs. (28) and (27), we can write

R(m m m
Ey = NS Rl

L(m 1 a _ m
™) = (™) (5], (29)

where N ,((m) is an arbitrary constant included to set the
normalization. The Ritz values and right/left Ritz vectors
are the best Lanczos approximation to the true eigenvalues
and right/left eigenvectors, and recover them exactly in the
limit m = d where d is the rank of 7. By construction,

G yRy = 5, (30)

but (" [y7 ") # (" y[ ") # 8y in general.

Eigenvectors are defined only up to an overall (complex)
constant, which must be set by convention. We use unit-
normalized right eigenvectors such that _; |w;|?> = 1 and
set the phase by w;;, = |w,|. The left eigenvector matrix
™! is fully defined by this convention via matrix inversion
of w. The left eigenvectors are not, in general, unit-
normalized if the right eigenvectors are. This same obser-
vation applies for the Ritz vectors and in Sec. V is used to
identify and understand unphysical states which arise due
to violations of Hermiticity by statistical noise.

In lattice applications, we do not have direct access to
vectors and operators in the Hilbert space of states, only
correlator data of the form

A1) = (b |rrjoy = W)L _ €U gy

lw) — €(0)

where here C(z) is off-diagonal for the general case.

However, as shown in Ref. [51], T,(.m)

; may be computed
only in terms of these quantities using recursion relations,
which iteratively construct generalized correlators evalu-

ated between higher-order Lanczos vectors,
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A(t) =
G,(t) =

By(1) = {u

e
(o |T|oR.,),
L [T]o). (32)

These recursions may be derived by inserting Eq. (23) into the above expression, which gives

1 -
A1) = (b [ TR, ) = ——— [T = 20,71 + @T'|oR) + B, (k| [T0,)
ﬁj+17j+1 L
— 7 (0 [T = ;T oR) — B (0| T = ajT’|vf_l>}
1 -
ﬁj+17;+1 L
=Byt 1) + @ By{0) = BiGy{r + 1) + afiGy(1)] (33)
1 1
G (1) = (v, [T'[0F) = B [(OF T — o T |oR) =y (0 | T7|0)] = Bt [A;(t+1) —a;A;(1) —7;B;(1)].  (34)
J J
1 1
B (1) = (of|T"|08, ) = P~ (KT — o, T 0R) = (0| TR )] = P~ [A;(t+1) —a;A;(1) - B;G;(1)]. (35)
J J
|
with Ay(1) = G((t) = B{(t) = 0 defined for notational

convenience. Similarly, one may derive

(r /+1| j+1> (v /L'|T2|U§>_a?_ﬁj7j

=A;(2) —aj - bBjr; (36)

ﬂj+1}’j+1

Using these expressions, starting from the (normalized)
correlator data A (¢), each iteration proceeds by computing
first y;;; and B, , then G, () and B, (t), then A (?),
and finally

Ajyy = <”,L‘+1|T|”§+1> =Aja(1). (37)
Each step incorporates two more elements of the original
correlator, i.e., the @;, f3;, and y; are functions of A, (¢) from
t=0,...,2j — 1. Thus, the generalized correlators grow
shorter with each iteration: A;(¢), G;(t), and B;(t) are
defined for t =0,...,N, —2(j — 1). The recursion must
terminate after all N, elements of the original correlator
have been incorporated, producing a;, §;, and y; for j =
.,N,/2 after m = N,/2 steps. Note that G,(1) = y; and
B;(1) = p; self-consistently.

The matrix element problem requires only a subcase of
this formalism. In particular, we use only diagonal two-
point correlators with y = y and hereafter formally assume

o) = oty =L (38)

such that

w|T'y)
of|T'wf) = (Wi|T' o) =~ ———+. (39)

<U1 |Tt|Ul> = < <l//|l//>

As already discussed at the top of this section, the under-
lying transfer matrix is Hermitian, i.e., 7 = Tt. For any
symmetric convention |f;| = |y;|, applying this to the
formalism gives |0f) = [v}) for all j, and the oblique
Lanczos process reduces to standard Lanczos (identically,
if #; =y;). In this case, all left (L) and right (R) quantities
become identical and the distinction may be dropped9
However, when statistical noise obscures the Hermiticity
of T, the distinction [v%) # [v%) for j > 1 remains impor-
tant as discussed in Sec. V.

B. Convergence and bounds

Explorations of the convergence properties of the
Lanczos algorithm have produced several distinct classes
of bounds on the approximation errors in its results. This
subsection reviews two, one of which can be used in
practice to assess convergence and the other of which is
useful to understand the convergence properties of the
method. Versus Ref. [51], the definitions here have been

adapted to include factors of N ,((m>
complex y; and f3;.

and accommodate

°If \ﬂj\ # |y;l, then [vX) # [vh) even when T =T" and
[v8) = |vl). However, the L and R versions of any physical
quantity will still coincide, as they are necessarily convention-
independent.
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Formally restricting to Hermitian 7 = T, the Lanczos
formalism allows computation of a rigorous two-sided
bound on the distance between a given Ritz value /1,(:">
and the nearest true eigenvalue 4 [73,79,80]. Specifically, as
derived for the oblique formalism in Ref. [51], in the
special case of Hermitian 7 = T,

R/L(m

/1 B, 40
irelﬂgl}l - <] (40)
holds simultaneously for both
RR(m) L RL(m)
Bf(m) = ptm —=_ = (41)
R(m); R(m)\ "’ k L(m), L(m)\’
<)’k( )|}’k( )> <)’k( )|)’k( )>

defined in terms of the residuals'®

R(m)

Rk |}’m+1| |a) |2|N ") |2<U§z+1|1’§1+1>v
1
= B[P0 )P (Vhiilvhir). (42)
VPR

Regrouping terms admits a convenient simplification,

R(n
Bk< |ym+1| |a)mk |2 )’
= Bt Pl PV, (43)
where
N(m)|2
Vf(m)E<UR+1|UR+1> | k
m m R(m R(m
<)’k( )|)’k( )>
<U§1+1|U§1+1>
(m)x, Ry, R\ (m)’
ij Dik <Ui|7fj>wjk
L(m) /NP

Vk E< m+1| m+l>m
<)’k( )|)’k( )>

— (Vi1 [V (44)
S Wk o) (@)

The second equation in each of the above inserts the Ritz
vector definition Eq. (29). The cancellation of factors of
N ,({m> reflect independence of Ritz vector normalization
convention. The (vf[vf) and (v}|v}) factors may be
computed as discussed in Sec. I C, and factors of
(yI,:/L( )| R/LUm)Y and J\/ as in Secs. IIID and IIIE.
These bounds are directly computable whenever Lanczos is
applied and can therefore be used to monitor convergence
in practice.

""Recall that the first index of " and second index of
(@)™ correspond to Lanczos vectors and run from 1 to m.

Separately, Ritz values and vectors converge to true
eigenvalues and eigenvectors with a rate governed by
Kaniel-Paige-Saad (KPS) convergence theory [79,81,82]
even for infinite-dimensional systems. In the infinite-
statistics limit of the case of interest (|vf) = |vk) and
T = T"), differences between Ritz values and transfer-
matrix eigenvalues satisfy the KPS bound"’

(m) 2
(m) K, tan ¢n:|
0<i, =2 < (4, —a) |28l g5
( ) |:Tm—n—l (Fn) ( )

where the T (x) are Chebyshev polynomials of the first
kind defined by T (cos x) = cos(kx),

2()% - ﬂn+l)

—2eE=Es 1, (46
}“nJrl - j'oo ¢ ( )

fTle s, (47)

with Ké’") =1. For the ground state and infinite-
dimensional T such that 1., = 0, this simplifies to

Ao — lg") < tan arcc;)s 20 12 (48)
Ao Ty (26 - 1)
where z,= (n|v;) and S§=E, —E, For large k,

Ti(x) &% (x + Va? = 1)¥, and this further simplifies to
_ (m) _2
o~y 41 -z) o> 1

-2(m—1)8
) { e~Hm=Ve 5 1 (49)

As discussed in Ref. [51], near the continuum limit where

5 < /5 < 1 the e=4mVo ~ g=21V0 convergence of Lanczos
is exponentially faster than the e~ convergence of the
power-iteration method and standard effective mass.

An analogous KPS bound applies to the overlaps Yﬁ,m) =

ﬂo ~ Z%

(n|y{") between Ritz vectors and transfer-matrix eigen-

(m)

= arccos Y, ' between

— tan arccos Y

vectors. Defining the angle ¢\

these vectors, the KPS bound on tan ¢}(1m)
is given by [79,81,82]

(m)
m Kl‘l
tan d),(l ) <

< —————tanarccos z,,. 50
Tm—n—l (Fn) ( )

"Note that 7,,_,_;(I',) appears here and below in place of
T,—,(7,) in Ref. [82]; the Chebyshev arguments are identical
while the order differs by 1 because the largest eigenvalue is
labeled 4, here as opposed to 4, in Ref. [82].
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For the ground state this simplifies to

(m) 1
tan arccos Y, = < —————————tanarccos z, 51
" Tm—1<265 - 1) 0 ( )

which can be expanded similarly as

_ 2 —(m-1)8
tan arccos Y,(,m) < 2vi-5 x4 ¢ o> 1
20 e~2m=DVe 5«

. (52)

This demonstrates that |Y.")|> converges to 1, which

indicates that |y£lm)> is identical to |n), with the same
exponential rate that the Ritz values converge to transfer-
matrix eigenvalues.

C. Krylov polynomials

The right and left Lanczos vectors [vX) and [v%) are
related to the right and left Krylov vectors
k&) =T'of), ki) = (T") o), (53)

by the Krylov coefficients K% and K¥, as

Z k).

Equivalently, these coefficients may be thought of as the
coefficients of polynomials in 7. These polynomials are

Z KLe|kE).  (54)

Hilbert-space operators Kf/ L which excite the Lanczos
vectors from the starting vectors [vf) and |vf) as

Z KRT'|v

Z KL(Th)! (55)

[v%) = KE[vf)
‘ ! > KLq

It is convenient to consider these objects when relating
quantities defined in terms of Lanczos vectors to correlation
functions, including especially Ritz vectors.

The Krylov coefficients can be computed using a simple
recursion. Beginning with

KR =KL =1[1,0--],

— 0..}/ (56)

the coefficients are obtained for each subsequent j from

1
Kﬁl,t [Kft 1 ajKR BiKi_ 1J
Vi+1
1
K/L+1t [KJL,I—I - “jKjL‘z - yjKjL—l,J’ (57)
B

using K¥ | = K%_; = 0 for notational convenience. Note
that K/* =0 for all £ > j— 1.

Once computed, KR and KL j: provide a convenient means
to compute the Lanczos vector matrix elements that appear
in the eigenvalue bound Eq. (44)

i-1 j-1
(Wf|of) = > (T KEKET|vF)
s=0 =0
DI
\/—" ]l’
i-1 j-1
(vflvf) = (of [T KEK(T7) o)
s=0 =0
C t
= KstMK]L't*a (58)
7 c(0)

restricting to Hermitian 7 = T in the second line of each
equation.

With the symmetric convention f; = y; the definitions
Egs. (56) and (57) are identical and K% = K%, always.'? In
this case, (vf[vf) = (vf|v})* as computed by Eq. (58),
given real C(¢). For other conventions, these quantities may
differ nontrivially.

D. Ritz rotators

The tridiagonal matrix eigenvectors @™ and right/left

Krylov coefficients K®/% may be combined to compute the
Ritz coefficients

(m) R
g ;. K,

L(m 1 . m
P = > (@i K (59)
ko i=1

which directly relate the Ritz and Krylov vectors as

m—1

ey = Z PE KRy,
ZP,“ *|KE). (60)

"The right and left Lanczos vectors |vK) and |v%) are then
excited by K; = 3, K;T" and its conjugate K}L-, respectively.
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The Ritz coefficients are independent of oblique f, y
convention. They may equivalently be thought of as the
coefficients of a polynomial in the transfer matrix 7. These
operators are the right/left Ritz rotators PR/L(") which
excite the Ritz vectors from the starting ones as

m—1
R(m R(m R(m
Ry = PR LRy = §7 PRIT k),
=0
m—1
L(m L(m)t _ L(m)x
ey = Pk = N7 PR T k). (61)
=0

These objects allow straightforward relation of quantities
defined in terms of Ritz vectors with expressions in terms
of correlation functions. Note that the Ritz rotators Pf/ L(m)
are not proper projection operators. However, true Ritz
projectors may be constructed using 7" in place of T with
the same coefficients; see Appendix C.

The normalization and phase of the Ritz vectors—as
encoded by N/ E{m)—is in principle a matter of convention,
but in this application unit normalization

R(m R(m
™) =1 (62)

is required so that | yf(m)> = | yi(m)> may hold for physical
states; this cannot occur if their normalizations differ.
Furthermore, as discussed further in Sec. III F, extractions
of matrix elements from off-diagonal three-point functions
depend on this convention; a physical choice is necessary.
Determining A/ ,(Cm) is most straightforwardly accomplished
by computing the overlap factors, as shown in the next
section.

The Ritz coefficients P

of computing the (y} " ka ) and (yg" [y,
Eq. (44). Inserting Eq. (61) gives

R(m), R(m s pR(m)* pR(m
<yk( )|yl( )> :Z< R (TT)'PkY( )Plt( )

S+t R(m)

m)
_E:ks Plt ’

L(m), L(m s m)x
™y = Z< LT Py )Pz, (770}

m) C(s +1)
_Zpks 7})1:()’ (63)

R/ Lm) afford an alternative means

) factors in

T'|vf)

invoking 7 = T" in the second equality of each. This
expression provides a useful consistency check. In the

noiseless case, when P,’ft/ Lm) are properly normalized,
Eq. (63) should yield (y¢ " |y;") = (" |y; ™) = 6.
In the noisy case of Sec. V, similar holds for the subset of
physical states.

E. Overlap factors

The overlap factors may be obtained directly from the

(m)

eigenvectors ;;,~ of the tridiagonal matrix as

R(m)q 4 R(m
Z8" = (plyfy =

NSyl (v of
i=1

_ ./\/(m)

|w|w5';:>,

Zé(m) = <)’k Z

RCATI

A'/‘{,L) @, (64
k

using the definition Eq. (29). The specific choices of L
versus R in these definitions are motivated further in Sec. V,
where in the noisy case they provide useful intuition.
However, the two definitions coincide for all physical states
with degenerate left and right eigenvectors, and other
equally correct ones are possible.

The overlap factors provide a convenient means of

to enforce unit normalization for the

Ritz vectors. Specifically, note that Zé(m) = Zf(m)

yR0my = |yt which in turn requires compatible nor-
malizations. Demanding that this holds gives

determining A\ ,im)
only if

. (a)—1)<m)*
WP == (65)
@

1k

When 70" is Hermitian as in the noiseless case,
(w _1>1(a) = a)g;{”)* so that |./\/,(:”>|2 =1 automatically.
However, in the noisy case explored in Sec. V, it must
be set manually; for unphysical noise-artifact states this will

not be possible as (co‘l)k1 /a)lk w111 be complex in

general when [yX yk );af| (™). The N ) similarly cannot
be computed in this manner for off- dlagonal correlators
where |y) # [y) and the R/L overlaps differ nontrivially.

As mentioned previously, some convention is also
required to set the phase of the Ritz vectors (and thus of

N ,((m)). The standard convention for the phase of the true

eigenstates is typically set to give real overlap factors, so we

adopt this for the Ritz vectors as well. From Eq. (64) we see
(m)

that the convention @}
Zl,f('m real if N ,im) is. In the noiseless case where @™ is
L(m)

unitary, this convention is inherited by Z;

= |a)g';:)| is equivalent to choosing

. However, in

the noisy case, unphysical states with complex wa’)

as discussed in Sec. V.
Properly normalized Ritz coefficients allow a different
but equivalent computation,

arise
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m—1
L(m C
z;" =37 P (k| TR | = Z o —|

m—1
m)14 C
ZE) =3 (kT oR) P ZPk, —| (66)
=0

inserting the Ritz rotators Eq. (61) into the definitions of
Eq. (64). This allows derivation of several nontrivial

identities and can be useful for cross-checks. For example,

in the noiseless case, complex values indicate a)E',':) =

|a)(1',1:)| has not been enforced correctly; in the noisy case,
this may signal the appearance of unphysical states as
discussed below in Sec. V.

F. Matrix elements

With the right/left Ritz coefficients Pfl/ Lim) computed
and normalized, we can derive an expression to directly
compute matrix elements from three-point functions. Using

Eq. (61), the derivation proceeds as

m L(m R(m
I = ()
m—1

_Zp’L

/L|TGJT1|1)1> R(m)

_ ZP/L m) |T6JTT|W> P (m)
ly'l[wl N

_Npittn _CM0 D) prim) (67)
= 17 J/eco "

L(m)

where the primed P’ 7o are computed from the final-state

two-point function C'(¢), and the unprimed PX" from the

initial-state C(f). This expression is the main result of this
work. Note that for any state of physical interest Eq. (67)
will reduce to Eq. (1)—this is all states in the noiseless case
where the data is manifestly Hermitian, but only a subset in
the presence of noise as discussed in Sec. V. The gener-
alization to matrix elements of products of currents or other
temporally nonlocal operators follows immediately by
replacing J in Eq. (67) with the corresponding composite
or nonlocal operator.

The extracted value is in general sensitive to the choice

of Ritz vector normalization as JJ(‘:-") x N Em)/N /f(m). In the

special case of diagonal three-point correlators where
y' =y, these factors cancel and the value is convention-
independent. However, convention dependence remains in
the off-diagonal case, emphasizing the importance of
enforcing unit normalization as noted above to obtain
physically interpretable results.

It is natural to ask why Eq. (67) should be preferred

over (y'y R (m |J|yl ) or (y's L (m |J| ) The definition

employed is privileged in that, for the other two options,
the equivalents of the last equality in Eq. (67) must invoke
T = T'. However, the distinction is irrelevant in practice:
for physical states the right and left Ritz vectors are
degenerate, in which case all three definitions produce
identical results.

The Lanczos matrix-element extraction has stricter data
requirements than standard analysis methods. Specifically,
evaluating J (T) requires C%P'(c,7) for all 0 <o <m—1
and 0 <7 < m — 1, which includes data for all sink times
0<1t,< 2(m — 1) for m Lanczos iterations. Formally this
is always the case, but some simple redefinitions allow
application to more general datasets. Taking the initial state
to be T'|y) rather than |y) defines Lanczos applied to the
trimmed correlators C(t + 2t;) and C**(o + ty, 7 + ty),
with ¢, o, 7 > 0. Separately, defining Lanczos from an
iteration in the operator 7" with integer n > 1 rather than T
defines a method applicable to sparsely (but regularly)
evaluated correlators, C(nt) and C**(no,nt). In combi-
nation, they allow a Lanczos analysis incorporating three-
point function data evaluated with regular spacing n in 7, 7
starting from any nonzero f.

These stricter requirements are no concern for quark-line
disconnected and gluonic operators, where three-point data
is naturally available forall0 <z < N,and0 <7 < N, or
wherever C(t;) is available. However, this clashes with the
typical strategy used when computing connected contribu-
tions with sequential source methods. The typical mode of
inverting through the sink requires a separate calculation
for each 7, desired, each obtaining all 7 at fixed ;. Thus, to
avoid computation, C3' is often computed sparsely in ts,
typically avoiding small 7, and skipping points in the
evaluated range. For standard analysis methods, this
strategy gives better confidence in control over excited-
state effects given a fixed budget. However, for a Lanczos
analysis, this restricts the number of iterations that may be
evaluated. Moreover, the requirement of regular spacing in
t; means Lanczos may not be able to fully incorporate the
entirety of existing connected three-point function datasets.
While inconvenient, these data requirements are not nec-
essarily a disadvantage. The small-7; points typically
discarded have good SNR, and Lanczos may usefully
incorporate them without the possibility of worsening ESC.

At most, the estimate Eq. (67) incorporates only 1/4 of
the computable lattice three-point function, corresponding
to slightly less than half of the useful data where operator
ordering ~y'J is satisfied. The useful data correspond to
all t5,7in 0,..., N, — 1 satisfying 7, > 7, but the sums in
Eq. (67) over 7 and 6 = t; — 7 run only to N,/2—1 at
maximal m = N,/2, excluding all ¢,z > N,/2. While it
would be desirable to incorporate all data available in the
noisy case, the formalism does not allow it; however, we
note that all excluded points lie in the region 7, > N,/2,
where thermal effects are significant or dominant.
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Remarkably, as seen in the N,/2-dimensional example of
Sec. 1V, the subset of three-point data incorporated is
sufficient to solve for all matrix elements exactly in a finite-
dimensional setting.

IV. MANIFEST HERMITICITY
AND NOISELESS EXAMPLE

For our problems of interest, the transfer matrix 7 is
Hermitian, with real eigenvalues and degenerate left and right
eigenvectors. As emphasized throughout Sec. III, physical
interpretability requires that this also holds for the Lanczos
approximation of the transfer matrix, at least for states of
physical interest. As explored in this section, in the absence
of statistical noise Lanczos produces a fully Hermitian
eigensystem. We demonstrate that not only do Lanczos
matrix-element estimates converge, they do so much more
rapidly than estimates with previously available approaches.

It is straightforward to see that Lanczos respects
Hermiticity when it is manifest in the correlator data. In
this case, T = T" may be applied in the formalism of
Sec. III without introducing any inconsistencies. Taking the
symmetric convention'® j ; =7, oblique Lanczos reduces
identically to standard Lanczos, which produces degenerate
right/left Lanczos vectors [v%) = [v}) = |v;) by construc-
tion. It follows immediately that

T = > o) (il Tlo) () (68)

is Hermitian, thus the Ritz values ﬂ,(cm) are real and the right/

left Ritz vectors are degenerate |yf(m)> = |y,€<m)) = |y,(€m)).
All left and right quantities coincide, and the L/R dis-
tinction may be dropped.

To verify these statements and demonstrate the Lanczos
method, we apply it to a finite-dimensional, exactly
Hermitian mock-data example. The simulated problem is
the most general one that can be treated with the procedure
defined in Sec. III: an off-diagonal three-point function and
corresponding pair of diagonal initial- and final-state two-
point functions. The two-point functions are defined as

E; =0.1(i+1), E} = [E} +0.17]'/2,

4 ] s ]

L V2ES BNTA
N,/2-1 N,/2—1

Ciy= Y 2zt C(t)= > Z2%. (69)

i=0 =0

BAs discussed in Sec. III, all physical quantities are indepen-
dent of the choice of oblique convention. The reductions
discussed in this paragraph apply for any symmetric convention
|#;] = |r;|, which produce identical results with manifestly
Hermitian data.

=

R

|

*4:\ »
= 2

0.0
- Jo() - 1
-20 —-10 0 10 20

T*tf/2

FIG. 1. Noiseless mock-data example as defined in Eq. (70). At
top, the effective energies [Eq. (12)] for the initial- and final-state
two-point correlators, C(¢) and C'(z). Severe excited-state con-
tamination is visible in the slow decay toward the ground-state
energies. At bottom, the standard ratio [Eq. (14)] of three- and
two-point functions to isolate the ground-state matrix element,
shown for 0 < = < 1, for each ¢, (different colors). Excited-state
contamination decreases in f7, as seen in the approach of the
value toward the true ground-state matrix element Jy, (black
line), and increases in |z — #,/2|, as seen in the curvature at fixed
t. The curl upward at right is an indication of severe excited-state
contamination.

while the three-point function is defined as

;o _ [AEoEos
To\aEETT

'700 = JOO = 19
Ji~N(0.1), (f +i) >0,
N,/2-1 /
CSpl(G, ’L’) — Z Z}Zj]fie_EfG_EiT, (70)
i.f=0

where J #i ~N(0,1) indicates that those values have been
drawn from a unit-width normal distribution centered at
zero.'* Initial- and final-state effective energies and the
standard ratio Eq. (14) are shown in Fig. 1. The energies E;

“The precise values of J; used are provided in the Supple-
mental Material file [83].
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and E} are chosen to resemble an off-forward two-point

function, with the final-state spectrum a boosted version of
the initial one. The overlap factors are flat up to the single-
particle relativistic normalization of states, simulating the
case of severe excited-state contamination."> The excited-
state and transition matrix elements have mixed signs, with
the only structure in their magnitudes from the imposed
single-particle relativistic normalization. The value of the
ground-state matrix element is fixed to 1; this is much
larger than the typical magnitude of J; with f +i > 0, so
that C3?' is ground-state dominated.

We proceed following the steps laid out at the top of
Sec. III separately to each of the initial- and final-state
correlators, C(t) and C'(¢). It is straightforward to numeri-
cally verify the claims above. Note that all statements
made in this section should be taken to apply for exact
arithmetic.'® With any | ;| = |y;l, the tridiagonal matrices

Tf ; ") are real and symmetric, and thus have real Ritz values

/l,({m and unitary eigenvector matrices ™). The right/left
Krylov coefficients are real and identical, K% = K%,

jt
such that K R —

|v%). Cons1stently,
evaluating Eq. (58) confirms (vf[0%) = (v le ) = 6,;. The
right and left Ritz coefficients PR/ Lm) are also identical,

such that the Ritz rotators are Hermitian as necessary for

7 = ™).
final-state quantities. The L/R distinction is thus dropped
in the discussion of results that follows.

Figure 2 shows the spectra of Ritz values extracted
for different numbers of Lanczos iterations m. One addi-
tional Ritz value is produced after each iteration, and
the spectra are recovered increasingly accurately as m
increases. This accuracy is reflected in the decreasing
size of the eigenvalue bounds Eq. (40), represented by
the error bars in Fig. 2; Eq. (44) simplifies when
[0%) = [v%), so these may be computed without further
effort. Because each spectrum has only N,/2 states,
Lanczos recovers all energies exactly at the maximal
m = N,/2 iterations.

After obtaining the initial- and final-state Ritz coeffi-

cients P’J(,,) and P

i

puted using Eq. (67), which reduces to

KLT implying [vf) =

Similar statements apply for primed

the matrix elements may be com-

3pt
e CP(o,7) PS;,,)
C'(0)C(0)

sz Z(

(71)

Bn fact, if left untruncated, this choice of overlaps 1s
unphysically severe: the infinite sum C(0) = >, |Zi > ~ >kt
does not converge, whereas C(0) is always finite in practice.

The Lanczos algorithm is notoriously susceptible to numeri-
cal instabilities due to round-off error at finite precision.
Appendix B discusses where precisely high-precision arithmetic
is required.

iR TN
1.2 — ,.
u“TTT‘L "“TT [,
1.0 RSN it
[ ] T - P *® T
[d ° -
E ® * ® ® L ?
~< 0.8 ? J * i ®

%0 [ ] ® T 4 ¢ ® ®
— @

l * ° | e?

I 0.6 tirily. i ‘e
£ o 1/ i 4o b + $
= ° 1 ] e ? ?

0.4 ‘i T e
* L, ol 1 Tdly,
IR ° l I
[} i 4 4lceee
0.2  EPAPN [
u\&ﬁ e dooes
deos e
LI
0.0
0 8 16 0 8 16
t=2m—1 t=2m-—1
FIG. 2. Independent Lanczos extractions of the initial- (blue, at

left) and final-state (orange, at right) spectra from C(r) and C'(1),
respectively, for the noiseless mock-data example Eq. (70). Each
point corresponds to a Ritz value (i.e., an approximate transfer-
matrix eigenvalue). The associated uncertainties are not statis-
tical, and instead correspond to the (asymmetric, after mapping to
E) extent of the window of values of 1" allowed by the bound
Eq. (40). Bolded points correspond to the largest eigenvalues at
each number of Lanczos steps m, identified as the ground state.
Points are offset slightly in ¢ so that their uncertainties may be
distinguished. The solid gray lines correspond to the effective
ground-state energies Eq. (40), reproduced from Fig. 1 but plotted
as E(t—1) to align with Lanczos at t = m = 1. The x-axis
t =2m —1 corresponds to the maximum ¢ included in the
analysis after m steps. Black horizontal lines correspond to
the true energies E; and E} At the final step m = N,/2 = 12,

the N,/2-state spectra are solved exactly.

in the noiseless case, recovering the form of Eq. (1) for all
states f, i. The resulting estimates of the ground-state
matrix element Joo are shown in Fig. 3, alongside effective
matrix elements computed with power iteration [Eq. (15)]
and the summation method [Eq. (16)]. The Lanczos
estimate converges rapidly to the true value, reproducing
it exactly at maximal m = N,/2 where Lanczos solves the
system. The advantages in comparison to the other methods
are apparent, neither of which converge near to the true
value before the full Euclidean time range available is
exhausted. As a more qualitative advantage, the Lanczos
estimate does not approach the true value smoothly,
advertising that results are unstable until convergence is
achieved. The benefit is made apparent by considering the
summation curve, which appears to be asymptoting—but to
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hg 0.5 True value
=e= [ anczos
0.0 —— Summation
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FIG. 3. Ground-state matrix element J,, extracted using vari-

ous methods (top) and their deviations from the true value
(bottom), for the noiseless mock-data example Eq. (70). The
curves for power iteration and summation are effective matrix
elements as defined in Egs. (15) and (16); no fits are involved.
The Lanczos estimate J&:) is computed as defined in Eq. (67)
using Ritz rotators constructed from the initial- and final-state
two-point correlators, C(r) and C'(z). At the final step
m = N,/2 = 12, Lanczos recovers the true ground state-matrix

element exactly for this 12-state example, i.e., J(()z)z) = Joo
hence the error for this point is not shown in the log-scaled
bottom panel.
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FIG. 4. For the noiseless example Eq. (70), absolute fractional

deviations of Lanczos matrix element estimates J}’;’) from the true

values J ; for the two lowest-lying states (blue) and increasingly
high-energy diagonal states (red). Higher states not included
in this plot have more severe deviations. At the final step
m = N,/2 = 12 (dashed vertical line), Lanczos recovers the full
set of matrix elements exactly for this 12-state example, i.e.,

J}liz) =Jy which cannot be shown.
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FIG. 5. Independent Lanczos extractions of the initial- (blue,
(m

at left) and final-state (orange, at right) overlap factors Z; ) for
the noiseless mock-data example Eq. (70), using Eq. (66) from
C(tr) and C'(t), respectively. For this noiseless example,
ZRm — zHm = 7" Bolded points correspond to the ground
state, identified as the state with the largest eigenvalue. Black
horizontal lines correspond to the true overlaps Z; and Z}. The
x-axis t = 2m — 1 corresponds to the maximum ¢ included in the
analysis after m steps. At the final step m = N,/2 = 12, Lanczos
recovers the true overlap factors exactly for these 12-state

examples, i.e., Z;{lz) =7, and Z;((lz) =Z,.

an incorrect value. This susceptibility to deception is
investigated more directly in Sec. VI.

At maximal m = N, /2, applied to this N,/2-dimensional
example, Lanczos extracts not only the true Jy, exactly but

all (N,/2)* matrix elements: J;Ily’/ D=y i+ As illustrated in

Fig. 4, the convergence is more rapid for lower-lying states.
Comparing with Fig. 2, this may be associated to a
combination of the faster convergence of lower-lying
eigenvalues, as expected given the relationship between
eigenvalue and eigenvector convergence discussed in
Sec. III B, and misidentification of higher-lying states with
true ones.

Finally, Fig. 5 shows the initial- and final-state overlap
factors computed using Eq. (64). As with the other

quantities estimated, the Z,({m) rapidly converge to their true

values, with lower-lying states converging more quickly,
and recovers the true Z; exactly at m = N,/2 = 12.

V.NOISE AND THE STRANGE SCALAR CURRENT

The previous section explored application of the Lanczos
matrix-element procedure to a noiseless example. However,
as emphasized throughout the preceding discussion, impor-
tant differences arise when introducing statistical noise.
Without noise, the underlying Hermiticity of the transfer
matrix is manifest in the correlator data, but noise obscures
this Hermiticity, resulting in unphysical states which must
be identified and discarded. This section explores these
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issues and techniques to treat them in an application to noisy
lattice data. The discussion emphasizes modifications versus
the noiseless case; a detailed summary of the complete
algorithm for the noisy case is given in Appendix A.

We use bootstrap median estimators to reduce uncer-
tainties associated with spurious states arising from noise.
Their uncertainties are estimated using nested bootstrap
resampling as introduced in Ref. [51] and discussed in
more detail in Ref. [54]; a strategy involving fits to more
standard outlier-robust estimators without nested bootstrap
methods achieves similar uncertainties on final results is
discussed in Appendix F.

A. Problem statement and data

We apply the Lanczos method to extract the forward
matrix element of the strange scalar current

I = Y 5(v.7)s(v.7) (72)

y

in the nucleon and its first few excited states. We employ a
single ensemble of N, = 1381 configurations generated
by the JLab/LANL/MIT/WM groups [84], using the tad-
pole-improved Liischer-Weisz gauge action [85] and N =
2 + 1 flavors of clover fermions [86] defined with stout
smeared [87] links on a 483 x 96 lattice volume. Action
parameters are tuned such that a ~0.091 fm and M, =
170 MeV [88-90]. The data for the example are a diagonal
three-point function with zero external momentum (i.e.,
p =p’ =0) and the single corresponding nucleon two-
point function projected to zero momentum, all generated
in the course of the studies published in Refs. [91,92].
Details are largely as in those references, but reproduced
here for completeness. Reference [51] used data generated
independently on configurations from the same ensemble.

Each nucleon two-point function measurement is com-
puted as

Ct;x0) = > _TrC(x. 1+ 1o)7(x0))],  (73)

where xq = (X, t() is the source position and with the trace
over implicit Dirac indices, including those of the spin
projector

(I+7). (74)

N[ =

I'=P,(1+yy,) with P, =

The interpolator employed is
x(x) = e[ (x)" Cysd? (x)]uz(x), (75)
where C is the charge conjugation matrix, and u’(x)

and d%(x) are up- and down-quark fields smeared using
gauge-invariant Gaussian smearing to radius 4.5 with the

0.8
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FIG. 6. Data for the nucleon strange scalar current example. At
top, the effective energies [Eq. (12)] for the zero-momentum
(p = 0) nucleon two-point correlator. The horizontal line is the
fitted value My = 0.4169(18) taken from the analysis of a
superset of this data in Refs. [91,92]; its uncertainties are not
visible on the scale of the plot. At bottom, the standard ratio
[Eq. (14)] constructed from the same two-point function and the
forward three-point function with zero external momenta (i.e.,
p = p’ = q = 0) for the 55 operator insertion. Data are available
up to ¢y = 96, but signal-to-noise rapidly degrades for 7, > 15.
The blue band is the final Lanczos estimate (m = 48) from Fig. 9,
discussed below. Uncertainties of all estimators are computed
using the nested bootstrap median approach described in the
text; see Fig. 21 for analogous results without nested bootstrap.
Uncertainties on E°T(7) are computed for AST(r) = C(1+1)/
C(¢) then propagated linearly to avoid missingness induced by
negative logarithm arguments on noisier points.

smearing kernel defined using spatially stout-smeared link
fields [87]. This is evaluated at 1024 different source posi-
tions x, on each configuration, arranged in two interleaved
43 x 8 grids with an overall random offset. Averaging over
all source positions yields the per-configuration measure-
ments of C(r) used in this analysis. Figure 6 shows the
effective mass computed from it.

Crucially, we invoke the underlying Hermiticity of 7 to
discard the measured imaginary part of the two-point
correlator C(f), which is real in expectation. While the
procedure is well-defined for complex correlators, the clear
separability of physical from noise-artifact states discussed
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below appears to arise as a result of manually enforcing
Hermiticity at this level.
The three-point function is computed as

C* (o, 71x) = ZTY[FO((& ty+ t0)J (7 + 1) (x0))],
(76)

where 7, = o + 7. Integrating over quark fields results in a
quark-line disconnected diagram. The strange quark loops
are evaluated stochastically [93] using one shot of Z, noise
per configuration, computing the spin-color trace exactly
and diluting in spacetime using hierarchical probing
[94,95] with a basis of 512 Hadamard vectors. These are
convolved with the grids of two-point functions and
vacuum subtracted to produce the three-point function.
As with the two-point correlator, we discard the measured
imaginary part. Figure 6 shows the standard ratio computed
from these data.

Note that the methodology assumes unit-normalized
eigenvectors and the corresponding definitions

Cr) =) |z e,
k

C3pl(6, T) = ZZ?ZI'ine_E}”_EiT- (77)
fi

This absorbs kinematic factors and relativistic normaliza-
tions into the definitions of Z and J. In general, the matrix
elements and overlaps extracted must be rescaled by
appropriate factors to isolate the quantities of interest; this
is no different than when using methods based on correlator
ratios. However, in this example, all such normalization and

kinematic factors cancel other than a factor of v/2 absorbed
into the overlap factors (for single-particle states). The
matrix elements extracted here thus correspond directly to
the physically normalized ones, up to adjustments required
if any of the resolved states is a multiparticle one. However,
we emphasize that the quantities extracted are bare.
Accounting for renormalization and operator mixing to
obtain a physical quantity would requires secondary
calculations unrelated to the subject of this work. In this
case, treating mixing is particularly important: the strange
scalar current mixes with the light one, whose matrix
element is much larger.

B. Lanczos with noise

Applying Lanczos to noisy correlator data yields spu-
rious noise-artifact states which must be discarded to obtain
physically meaningful results. Reference [51] introduced
one strategy to identify them based on the Cullum-
Willoughby (CW) test [49,50]; we employ it here as well.
In addition, consideration of the Lanczos approximation of

the transfer matrix eigensystem provides a different and
complementary view of this issue.

After m iterations, it can be shown (see Appendix D)
from Eq. (26) that Lanczos reproduces the incorporated
correlator data (i.e., for t <2m — 1) exactly17

C(1) = [T |w)

R R
=3 G o )
k
=Dz e (78)
k
where E,i'") = —log /1,(:"). For noisy C(t), this requires
contributions from states with complex eigenvalues that
oscillate in 7, as well as generally complex overlap products
Zf(m)*Zi(m, which may only occur with distinct left
and right Ritz vectors. Due to the enforced reality of C(¢),
these states necessarily contribute in pairs with complex-
conjugate Ritz values and overlap products. However, we
find that we are able to identify a Hermitian subspace of
states H with real Ritz values and degenerate left and right
Ritz vectors

R(m L(m m
ey = "y = ") vkeH.  (79)

such that, for that part of the approximation of 7,

Ty = > A o) (80)

keH

is manifestly Hermitian. These states are physically inter-
pretable, while the others are clearly associated with (or at
least contaminated by) noise. This separation may provide
a mechanistic explanation for why Lanczos estimators do
not exhibit exponential SNR degradation, as discussed in
the conclusion. Besides insight, in practice this observation
also provides a hyperparameter-free prescription for state
filtering as detailed below. While additional filtering with
the CW test remains necessary, the requirement for tuning
is reduced.

We employ bootstrap resampling to study the effects
of statistical fluctuations and to estimate uncertainties in
the next subsection. In particular, we employ a nested
bootstrap scheme to compute uncertainties of outlier-robust
median estimators. We first construct B = 200 “outer”
bootstrap ensembles by randomly drawing N, = 1381
configurations with replacement from the original ensem-
ble. We then repeat this procedure within each outer
ensemble, to construct a set of B “inner” bootstrap
ensembles for each. Two- and three-point correlators are
then averaged within each inner ensemble, producing a

""We thank Anthony Grebe for this important insight.

054506-16



LANCZOS ALGORITHM FOR LATTICE QCD MATRIX ELEMENTS

PHYS. REV. D 112, 054506 (2025)

total of B x B measurements of each. On each such pair of
two- and three-point correlators, we independently apply
the steps laid out in Sec. III to compute all the various
quantities therein. Unlike in the noiseless example, high-
precision arithmetic is necessary in only a few places, none
of which are computationally expensive; see Appendix B
for details. Spurious state filtering is applied independently
for each inner bootstrap as detailed in the remainder of
this subsection, along with general observations. Median
estimators and their uncertainties are computed as
described in the next subsection.

Running the oblique Lanczos recursion of Sec. III A
produces in N,/2 = 48 iterations the elements a;, 3;, y; of

the tridiagonal matrices 7("). All a; and products f3y; are
real because C(¢) is, but may be negative; which gy, <0
varies per bootstrap. With the symmetric convention
Bi=v;=/Bjv;» negative fluctuations produce pure
imaginary f; and y;.

Diagonalizing 7(") for each m yields Ritz values /15{'")

and eigenvector matrices »"). The majority of Ritz values
extracted are complex.18 The corresponding states may be
excluded from the Hermitian subset H immediately. The
number of real and complex Ritz values at fixed m varies
per bootstrap draw; for all m > 3 Lanczos iterations, there
are a minimum of 3 real Ritz values in each.

Unit normalization cannot be simultaneously enforced
for states outside the Hermitian subspace while maintaining
our definitions, providing a useful means of identifying
them—the “norm trick.” Defined as they appear in the
eigendecomposition, the conventions of the left eigenvec-
tors are fully determined by those of the right. Attempting
)2

|

to compute |\ ,(cm using Eq. (65) for such states thus

yields complex-valued (w~){"* /", with the apparent
contradiction because (y|y®) and (y|y") cannot be made
equal if [yL) # [yX). We thus identify the Hermitian sub-

space H as those states k for which (w™){"* /" is real

and positive (and with real /15:">). Manual normalization is
necessary for states in H after the first m where f;y; <0,

for which |V ,((m) | # 1 in general."” We note that the norm
trick is not applicable to off-diagonal correlators where
lw) # |y), and more generally that the Hermitian subspace
logic presented here applies specifically to the case of
diagonal correlators.

We diagnose the remaining spurious states using the CW
test [49,50] as in Ref. [51]. To do so, we define 7" as T(™)
with the first row and first column removed and diagonalize

"®Diagnosed as |ImA|/|4| > 10~ numerically. This conven-
tion is used for all similar statements in this section.

This corresponds to the iteration where the standard Lanczos
process would terminate or refresh, and oblique Lanczos is
required to proceed. Before this, oblique and standard Lanczos
coincide.

it to obtain the m —1 CW values ;15'"). Ritz values of

spurious states will have a matching CW value ng);

nonspurious states will not. Thus, we keep all states in
H which satisfy

Afw(m) > eCW(m)’ (81)
where ¢V is some threshold value, and
A = min |20 -1, (82)

Te (i }q

restricting the minimum to only the real CW values; when
there are none, we accept all states. As noted in Ref. [51],
results are sensitive to the cut ¢€“V(") and thus the procedure
to choose it introduces the primary source of hyperparameter
dependence in these methods (studied further in Sec. V D).
In this work, we use a simple heuristic choice versus the
more extensive analysis employed in Ref. [51], taking

CW(m)]

) maxi[Ag Wim))

—mink[Af
alH|+ b '

CW(m

€

(83)

where |H| is the number of states in H. We adopt the
relatively permissive a = 10 and b = 1 and rely on outlier-
robust estimators to compensate for mistuning, as discussed
below. The surviving subset are identified as the physi-
cal ones.

Filtering to the Hermitian subspace and with the CW test
are highly redundant. The CW test removes 100% of
complex eigenvalues. Of the real eigenvalues, demanding
normalizability—i.e., filtering to the Hermitian subspace
with the “norm trick”—removes O(1%) of states admitted
by CW alone, while CW removes O(10%) of states
admitted by normalizability alone. Of the surviving states,
none have /1,(('"> > 1 (corresponding to negative E,((m), which
may be a thermal state). Due to statistical fluctuations,
0(2%) have A,((m) < 0 (corresponding to imaginary E,i'”));
notably, the CW test removes O(75%) of such states
admitted by normalizability. Note that these statistics
depend on the choice of CW cut.

C. Results

With state filtering complete, we may proceed to
computing observables and estimating their statistical
uncertainties. We note that for all states that survive
filtering, the left and right Ritz projector coefficients are
equal up to round-off error, as expected for states from the
Hermitian subspace. It follows that the L and R definitions
of all observables will coincide for these states, so we may
drop the distinction for the results in this section. For matrix
elements in particular, Eq. (1) is recovered for all states f, i.

Different numbers of states survive filtering in each
different (inner) bootstrap ensemble. To avoid dealing with
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Spectrum extracted by Lanczos from the zero-momentum nucleon two-point correlator (top) and noisy estimates of the

bounding values |B,<(m)| [Eq. (41)]. The gray band reproduces the effective energy from Fig. 6 but plotted as EST (¢ — 1) to align with
Lanczos at t = m = 1. The central values and uncertainties on the Ritz values are computed using bootstrap median estimators with
nested bootstrap uncertainties as described in the main text; see Fig. 22 for comparison of analogous results without nested bootstrap.
Note that presenting results with # = 2m — 1 in this way means that both Lanczos and effective energies are plotted as a function of the
largest time 7 for which C(z) is involved in constructing the estimator. In particular, Lanczos results plotted at  use correlators with times

[0, ..., 7] while effective energies use correlators with [r — 1, 7].

the complications of error quantification with data miss-
ingness, we present results for only three states, which
are present in x99.99% of inner ensembles. However,
we note that ~80% of ensembles have at least four states,20
and ~7% have at least five, with the precise fraction
depending on m.

Uncertainty quantification requires associating states
between different bootstrap ensembles. There is no unique
or correct prescription for doing so, so this represents
another primary source of hyperparameter dependence. In
this analysis, we make the simple choice of associating the

(m)

states by sorting on their Ritz values 4, and taking the
)

ground state as the one with the largest /1,(:" , the first excited

state the one with the second largest /I,({m), etc. Inspection of

bootstrap distributions indicates frequent misassociations
by this procedure. Rather than tuning our filtering and
association schemes, we compensate by using the nested
bootstrap median approach of Ref. [51]. To do so, after
filtering and sorting states, we take the median over the
inner bootstraps associated with an outer bootstrap to
define the estimator for that outer bootstrap.21 Central

“'This is sufficient to calculate some quantities for this state
with some reasonable but ad-hoc definitions; see Appendix E.
For ~10% of outer ensembles, values for the second excited
state (k = 2) are not present in 100% of inner ensembles, but are
always present in at least 95% of inner ensembles. We thus define
the median as over only the values present for up to 5%
missingness, and undefined otherwise.

values and uncertainties are then obtained as the mean
and standard deviation over (outer) bootstraps as usual.

We now present the results of this analysis, beginning
with quantities computed from C(¢) only. Fig. 7 shows the
energies of the three lowest-lying states as extracted by
Lanczos. The results are similar to those seen in Ref. [51]:
Lanczos energy estimates exhibit no exponential decay in
SNR, in contrast to the effective energy, which is mean-
ingfully resolved only up to ¢ & 30. However, it is important
to note that this absence of SNR decay is associated with
the onset of large correlations between results with large m,
as discussed further below. The ground state is resolved
with excellent signal. Noise increases moving up the
spectrum. Appendix E shows results for the nearly resolved
third excited state.

Bootstrap median Ritz value results for m = 12 are
highly correlated with one another as shown in Fig. 8. It
is therefore reasonable to quote the results from a single
large m as final results. Using the maximal m = N,/2 = 48
for example gives E; = [0.4179(21),0.747(25),1.343(67)]
for k = [0, 1,2]. These can be compared with the results of
constant fits to GVAR-style [96] outlier-robust estimators
instead of nested median uncertainties as described in
Appendix F, which give E; = [0.4175(17),0.736(34),
1.296(83)] for k = [0, 1,2]. An analysis of a superset of
this data using standard methods in Refs. [91,92] found
Ey = 0.4169(18).

Stability of results at large m should not be interpreted as
indicating ground-state (or excited-state) dominance has
been achieved: this behavior is necessary, but not sufficient.
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FIG. 8. For the ground state, correlations between bootstrap
median Ritz values (top) and matrix element estimators (bottom)
computed using nested bootstrap resampling.

As discussed in the introduction, oblique Lanczos can
exhibit a phenomenon known as stagnation, where not-yet-
converged results remain stable under additional iterations.
In application to correlator analyses, this may manifest as
partially converged results “freezing in” after reaching the
noise-dominated part of the correlator, which is dominated
by finite-sample effects arising from large phase fluctua-
tions [15]. The large-time correlations visible in Fig. 8 and

asymptotic constancy of Lanczos uncertainties together
suggest that such stagnation behavior occurs in analyses
of nucleon correlators at finite statistics. In contrast, if
Lanczos analyses could extract meaningful signals from
points in the noise region, one would expect asymptotically
vanishing SNR corresponding to improvement of signal
precision with all ranges of correlator times analyzed; this
is not what is observed.

With the statistical precision available, Lanczos does not
resolve several known intermediate states in the spectrum.
With M, ~0.078 and My ~ 0.42, the N(1)z(—1) and Nzx
multiparticle states both lie near E =~ 0.6, between the
ground and first excited state found by Lanzcos. This is
to be expected: at finite precision, Lanczos is known to miss
eigenvectors (here, states) with small overlap with the
initial vector (here, |w)) [97,98], and these states are known
to have very small overlaps with the single-hadron inter-
polating operators used here [19-26,99,100]. Their absence
in the results points immediately to several topics requiring
further study: the dynamics that determine which states
are extracted by Lanczos, and how badly such missed
intermediate states contaminate Lanczos matrix-element
estimates.

With the analysis of the two-point correlator data under-
stood, we move on to matrix-element estimates incorpo-
rating the three-point correlator. Figure 9 shows the

Lanczos estimate J(()rg) of (0[5s]0)),, the bare forward
matrix element of the strange scalar current in the nucleon,
as compared to effective matrix elements defined with
summation and power iteration. As immediately apparent,
Lanczos provides clear signals across the full range of m,

with no exponential SNR decay. However, bootstrap

(m)

median estimators for J,” show a qualitatively similar

pattern of large correlations at large m as for /18'") as seen in
Fig. 8, although large correlations do not appear until
somewhat larger m in the matrix element case. The
summation and power-iteration estimates are less noisy
than Lanczos for small ¢ but break down after ¢ = 20.
Figure 9 shows several indications that Lanczos provides
better control over excited-state effects than either other
method, as expected from the analyses of Sec. IV and
Sec. VI. The value of Lanczos estimates stabilizes within
error after m = 8, corresponding to #= 15, where both
the other estimators still show clear indications of large
excited-state effects. Before losing signal, the cleaner
power iteration estimator may be read as suggesting an
asymptote at an incompatible, smaller value than the one
found by Lanczos. The analyses in the noiseless case
suggest that this behavior is most likely deceptive and that
power iteration remains contaminated by excited states.
The summation estimator loses signal before achieving
any convincing plateau, but suggests a value compatible
with Lanczos or slightly greater. It is interesting to note
that this ordering of values—power iteration, Lanczos, then
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FIG. 9. Ground-state bare nucleon matrix element of the strange scalar current with zero momentum transfer estimated using various
methods. The curves for power iteration and summation are effective matrix elements as defined in Eqgs. (15) and (16); no fits are
involved. The summation curve is computed with A, = 1, corresponding to the ratio data shown in Fig. 6. Lanczos results show
bootstrap median estimators with nested bootstrap uncertainties; see Fig. 23 for comparison of analogous results without nested
bootstrap. Note that presenting results with # = 2m — 1 in this way means that both Lanczos and effective energies are plotted as a
function of the largest time ¢ = ¢ + 7 for which C*(s, 7) is involved in constructing the estimator. In particular, Lanczos results plotted

at 7 use correlators with times [0, ..., ] while summation and power-iteration matrix elements use correlators with [t — 1, 1].
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FIG. 10. Lanczos extractions of bare forward matrix elements (f’|J|i), of the strange scalar current for three low-lying states in the
nucleon spectrum. Note that eigenvectors are unit-normalized, not relativistically normalized. Rows are indexed as the final state f,
while columns are indexed as the initial state i. (0[5s|0) is reproduced from Fig. 9. Lanczos results show bootstrap median estimators
with nested bootstrap uncertainties; see Fig. 24 for comparison of analogous results without nested bootstrap.

summation—is the same as observed in the example of  TABLE I. Results for Lanczos estimates J(’?) for m=N, =
Sec. IV. The Lanczos estimate at maximal m = 48 is shown 2 = 48 for bare matrix elements (f|3s|i), of the strange scalar
in the ratio plot of Fig. 6; the substantial extrapolation from  current. f indexes rows and i indexes columns. Values are as
the data is another indication of large excited-state effects. shown in corresponding panels of Fig. 10 and computed as
Unlike summation and power iteration, Lanzcos allows described there. Results of constant fits to GVAR-style [96] outlier-
direct and explicit computation of estimates for transition 'robust estir'nators without qested median uncertainties described
and excited-state matrix elements. Figure 10 shows the  in Appendix F as shown in Table IT and for the ground state
results for all combinations of the three states fully — EYC 3.0304).
reso.lved;.Table I lists the values at Ipaximal m = 48. 314(33)  —3.67(64) 2.34(63)
While noisier than the ground-state matrix element, useful
signals are available at all m for all excited-state and (flssli), = | =3.03(59)  3.2(1.4) -2.6(1.3)
transition matrix elements. Matrix elements involving the 1.57(54) -2.0(1.2) 1.8(1.2) Jp
ground state are less noisy, but otherwise noise for
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FIG. 11. Overlap factors Z") extracted by Lanczos from the

zero-momentum nucleon two-point correlator. Blue, orange,
and green markers correspond to the ground, first excited, and
second excited state respectively. Note that eigenvectors are unit-
normalized, not relativistically normalized. Lanczos results show
bootstrap median estimators with nested bootstrap uncertainties;
see Fig. 25 for comparison of analogous results without nested
bootstrap.

estimates involving either excited state is similar. The data
in Fig. 10 and listed in Table I all satisfy the expected
symmetry (f|3s|i) = (i|ss|f) within error.

Finally, Fig. 11 shows the overlap factors for the
three states fully resolved. Similar correlations between

bootstrap median results for Zim) are found as for /1,(;").

Results using m = N,/2 =48 give Z, = [2.369(37),
3.12(13), 3.672(54)] x 107*. For comparison, /C(0) =

> i 1Zi[? =6.2802(13) x 107, Results of constant fits to
GVAR-style [96] outlier-robust estimators without nested
median uncertainties described in Appendix F give Z; =
[2.360(41),3.03(18),3.670(66)] x 10~* for k = [0, 1,2].
Fits of a three-state model to the same correlator data find
compatible values. These are not required for the matrix
element calculation and do not correspond to any quantity
of physical interest in this calculation. However, in other
settings, overlap factors are extracted to determine quan-
tities like decay constants and quark masses. These results
suggest that Lanczos can provide an advantage in these
calculations as well.

D. Cross-checks

Here, we provide some cross-checks of the results of the
previous section which assess stability under different
variations. The parameters whose specification uniquely
defines Lanczos results are the minimum and maximum ¢
entering the analysis and the choice of ecy used for
spurious-state filtering. As discussed below, the results
demonstrate useful insensitivity to analysis hyperparameter
choices, and provide further guidance on the interpretation
of our results.

0.43
50.42@@§§%{>§
T 041

® Lanczos
0.40 Effective energy
Summation
Power iteration
2 4
T bags?
2
4

g3

jg

= 2

1
tmin:2m0

FIG. 12. Ground-state energies (top) and bare nucleon matrix
elements (middle) as a function of the minimum time f,;,
incorporated. For Lanczos estimators, f,, = 95, while for
effective estimators 7., = f;in + 1. The bottom panel shows
the number of nonspurious states after Hermitian subspace and
Cullum-Willoughby filtering.

As discussed in Sec. III F, the minimum ¢ incorporated
in the Lanczos analysis can be varied by redefining the
initial vector as |y) = T™|w). Following through the
formalism,”*  this prescribes applying the same steps to
C(t) with the first 2m, points removed and to C**'(s, 1)
with the first m, points removed in both ¢ and 7. Figure 12
shows the effects of varying t,.;, = 2m, on estimators of

the ground-state energy Eémmax)

element Jé'gm“) evaluated at the final iteration my,,, =

N,/2 — my. Several features are worth noting.

The ground-state energy E is fully stable within errors
for all t,,, considered. The same is true for J, at earlier
tmin» although it fluctuates outside errors beyond #,,;, = 10.
Stability against removing early time points contradicts two
conflicting pieces of intuition. The usual “power iteration”
logic applied as for multistate fits suggests that removing
early, highly contaminated data will decrease excited-state
effects resulting from incomplete modeling of exited states.
Meanwhile, Lanczos logic suggests that removing vectors
from the Krylov space will increase excited-state effects
due to reduced convergence/information. Neither effect
is observed; instead, varying f.;, provides a consistent

and ground-state matrix-

2Note that this also involves

T ly) = [TF]™ ).

formally assuming
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FIG. 13. Ground-state energies (top) and bare nucleon matrix

element (middle) estimators as in Fig. 9 with maximum ¢ = 95
and t,;, = O plotted as a function of the size of the statistical
ensemble of gauge-field configurations used to compute corre-
lation functions. The bottom panel shows the number of non-
spurious states.

estimate, suggesting that 7,;, = 0 can be taken without
concern (apart from the possibility of contact terms, see,
e.g., Ref. [101]).

Although the t,;, dependence is not smooth, noise
generally increases progressively as better-resolved early
time points are trimmed away. Generally, Lanczos results
have larger uncertainties than power-iteration results,
which can be understood from the fact that power-iteration
results only involve C(7) with ¢ € [tyin, tmin + 1], While
Lanczos results involve noisier C(¢) with larger ¢. Fewer
nonspurious states are resolved as #,,,;, is increased, and the
relatively large fluctuations in Lanczos results around
fmin ~ 12 are coincident with the point where the first
excited state becomes poorly resolved.

The dependence of Lanczos ground-state energy and
matrix element estimators on the size of the statistical
ensemble of gauge-field configuration is shown in Fig. 13.
We study this dependence by first randomizing the order
of the 1381 configurations included, then taking the first
Namps results for larger N, thus include a superset of

those for smaller Ng,. The expected 1/ /N gmps decrease
of uncertainties can be observed. There are also hints of a

decrease in E(()m‘"“*) and increase in Jgonm‘“) with increasing

N gamps that could point toward finite-sample bias, as would
be expected from a result which converges until stagnating
at the noise-dominated part of the correlator. The number of
nonspurious states is only very weakly dependent on

0.43 - }
0.42 ]

%o THHHIHIH‘I.HH

Lot

75 — \
10°% 107 1074 1073 1072

6CW

FIG. 14. Ground-state energies (top) and bare nucleon matrix
elements (middle) estimators as in Fig. 9 with maximum ¢ = 95
and 7, =0 plotted as a function of the threshold entering
Cullum-Willoughby test for spurious eigenvalues. The bottom
panel shows the number of nonspurious states. The vertical gray
band in each panel indicates the values of €V chosen adaptively.
The horizontal blue bands indicate estimates of each observable
made with the adaptive choice. The horizontal black line in the
bottom panel is the average number of states retained with the
adaptive choice.

Ngamps> varying between 3.6 and 3.8 as statistics are varied
by more than an order of magnitude.

The main results of this work and those of Ref. [51]
considered adaptive choices of CW cut €V using different
schemes. However, one can also simply consider choosing
some fixed cut, taken commonly across all bootstraps. In

Fig. 14, we consider sensitivity of the estimators E(()m‘"“*)

and Jf)'g'"“‘) to this choice. We observe very weak sensitivity
to €V across several orders of magnitude. At low values,
€W ~ 1072, the errors begin to increase; this corresponds
to too-small cuts admitting more and more spurious
eigenvalues. After several decades of stability, the result
rapidly destabilizes just before e“V ~ 0.1; this corresponds
to an overly aggressive cut which removes all useful
information. The adaptively chosen cut lies within the
stable region; the fixed choice of €“V produces values and
uncertainties closely compatible with the adaptive choice.
The number of states labeled nonspurious varies smoothly
with Ine®V over many orders of magnitude but drops
sharply at the last point.

Typical analyses involve statistical fits, either to three-
and two-point correlation functions or directly to the ratios
entering power-iteration estimators. In contrast to the
summation and power-iteration estimators shown in
Fig. 9, fit results have uncertainties that do not increase
as the maximum ¢, analyzed is increased. In this way,
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fit results are qualitatively more analogous to Lanczos
than power-iteration estimators. Quantitative comparison of
Lanczos and fit results is complicated by the large space of
fit possibilities and number of hyperparameters needed
to define a fitting methodology. Many choices of two-state
fits achieve results consistent with Lanczos with some-
what larger uncertainties, e.g., 3.00(59) and 2.79(43) with
trmin = 15 and 7, = 17, respectively, and 7, = 3 and
Irmax = 20 in both cases. On the other hand, one-state fits
restricted to larger imaginary times give somewhat smaller
matrix element values, e.g., 2.35(12) and 2.49(17) with
trmin = 16/Tin =5 and 7 iy = 17/7, = 6, respec-
tively. All four of these examples give acceptable fits, with
x%/dof of 0.38,0.34, 0.47, and 0.32, respectively. There are
multiple reasonable choices for how to combine these and
other acceptable fits including model selection based,
e.g., on the Akaike information criterion (AIC) [102]
and weighted averaging based of Bayesian model averag-
ing [103] or other criteria [104—106]. Using the same model
selection and averaging procedure detailed in Ref. [107]
with hyperparameter toly;c = —2, linear shrinkage [108]
parameter 0.1, conjugate-gradient optimization, and other
default hyperparameter choices specified in that work,
a weighted average over f; i, and 7., gives 2.19(14),
while with toly;c =0, an analogous weighted average
gives 2.52(43). A weighted average over two-state fits
only gives 3.3(1.2). Different procedures for combining
one- and two-state fits therefore lead to qualitatively
different answers for, e.g., whether Lanczos results are
more or less precise than fit results.

These results suggest that the outputs of a Lanczos
analysis depend less on analyzer choices than a fitting
analysis. For fixed data, fits are sensitive to the number of
states included in the fit model and other choices regarding
covariance matrix regularization and numerical optimiza-
tion needed to define a statistical inference scheme, while
Lanczos results depend on the scheme used for spurious
eigenvalue filtering and the choice of iteration presented as
final results. In this noisy data example, the results shown
in Fig. 9, 12, and 14 indicate that both the central values
and uncertainties of Lanczos ground-state matrix element
results have weaker sensitivity to ., fmax, and the order of
magnitude of ¢V than the sensitivity of fits to #,;, and the
number of states included in the truncated spectral expan-
sion used as a fit model.

VI. ADVERSARIAL TESTING

Absent a framework of rigorous bounds as is available
for energy levels, it is worthwhile to develop more
qualitative intuition about the practical reliability of
Lanczos extractions. In this section, we construct adversa-
rial attacks to test both Lanczos and previous methods
for ground-state matrix element estimation. Specifically,
in a noiseless finite-dimensional setting, we attempt to

construct pathological examples which lead the different
methods to report deceptive results which confidently
suggest an incorrect answer. We find that Lanczos appears
to be qualitatively more robust than the other methods
considered.

To construct the attacks, we fix the value of the ground
state matrix element to the “true” value Jo, = Joo = 1 and
attempt to construct examples where the methods report the
“fake” value J, = 0.5, and restrict all parameters varied to
physically reasonable values to avoid unrealistic fine-
tuning. For simplicity, we consider a diagonal example
where y = y'. We take N, = 32 and N,/2 = 16 states with
energies and overlaps fixed to

1
k

for both the initial- and final-state spectrum. These choices
are as employed for the initial-state spectrum in the
example of Sec. IV; as observed there, this provides an
example with severe excited state contamination.

In the attacks, we vary only the matrix elements,
adversarially optimizing them based on criteria described
below. For this diagonal example, we enforce a symmetric
matrix element J;; = J;;. This also serves to make the
attack more difficult by preventing fine-tuned near-
cancellations between contributions with similar energies
and opposite signs. We also put in that J;; scales with
energy as the single-particle normalization of states by
defining

2E, -

=,
Y \JAEE;

J (85)

as in Sec. IV and optimizing the variables ],-j (up to
symmetrization and fixing J;; = 1). For all of the methods
considered, matrix-element estimates are linear in the three-
point function and thus linear in J; j- Fixing Z; and E; and
using the y? functions defined in the subsections below
provides a quadratic optimization problem that may be
minimized analytically.

A. Attack on the summation method

As defined in Sec. II, the summation method may be
used to define an effective matrix element J§g , (7). Their
interpretation is similar to effective energies: we expect
J8§A,(t) to asymptote to the true value Jyo =1 as ¢
increases and excited states decay away. Increasing the
summation cut A_ is also expected to reduce contamination.
With this usage in mind, we construct the minimization
objective y? = )(éM + y2. The first term
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FIG. 15. Standard ratio Eq. (14) for the example constructed to
deceive the summation method. The ratio appears to approach 0.5
(dashed red line), but the true ground-state matrix element Jo, =
1 (black line).

N,J2-1 N,—1

Z [J50.4, (1) — Joo]?. (86)

A =2 1=2A_+2

2
Asm =

where Jgg A () is a function of the optimized J;, attempts

j°
to induce a deceptive “pseudoplateau” at Joo = 0.5, with
estimates for early ¢ and small A, unconstrained. Note that
J§0.4 (1) is only defined for #>2A, and the maximal

A, = N,/2 — 1. The second term

=y (57)

i ©

serves to keep the values of J; j reasonably physical; we take
o = 10 to enforce ~O(1) matrix elements, up to scaling
with energy. This term is also necessary to regulate the
otherwise underconstrained fit.

Optimizing yields the example shown in Figs. 15 and 16.
While we have directly attacked the summation method, we
also examine the ratio Eq. (14) and the power iteration
effective matrix element defined in Sec. II, as might be
done for cross-checks in an analysis. The ratio, Fig. 15,
is exactly as expected if the ground state matrix element
were Jo, = 0.5; its behavior is visually indistinguishable
from a well-behaved decay of excited states as ¢ increases.
Fig. 16 shows effective matrix elements for both power
iteration and summation for all possible A_; all appear to
asymptote near J,,. While some noticeable curvature
remains for the summation curves, it is subtle enough to
be concealed by even a small amount of noise. Taking these
points together, a naive analysis of this example with these
methods would likely conclude with high confidence that
Joo = 0.5, a factor of 2 off from the true value.

Analyzing the examples found by an adversarial attack
can provide insight into what mechanisms may cause a
method to fail. Inspection of the fitted matrix

1.0
0.5 -------- "
= - Lanczos
0.0 . .
- Power iteration
Summation
0 8 16 24 31
ty

FIG. 16. Ground-state matrix element Jy, extracted using
various methods for the example constructed to deceive the
summation method. The curves for Power iteration and Summa-
tion are effective matrix elements as defined in Eqs. (15) and (16);
no fits are involved. Different summation curves correspond to
different choices of the summation cut A,. The black horizontal
line indicates the true ground-state matrix element Jy, = 1. The
dashed red line indicates the faked value. The Lanczos estimate

J(()'g) is computed as defined in Eq. (67). At the final step
m = N,/2 = 16, Lanczos recovers the true ground state-matrix

element exactly for this 16-state example, i.e., J(()i)z) = Joo-
1.000 —4.137 9.047 -4.979 -3.467
—4.137 17344 -9.85 -6.139 —1.884

769 _ 9.047 -9.850 —3.635 —1.297 0.683

fio 7 -4.979 —-6.139 —-1.297 0.547 1.317
-3.467 —-1.884 0.683 1.317 0.518

reveals that the pathological behavior may be attributed to a
small cluster of low-lying states with larger-magnitude
matrix elements than the ground state. Such a scenario may
easily arise in nature if the ground-state matrix element
happens to be small. This situation resembles closely the
situation with Nz and Nzz contamination speculated
to cause problems in lattice calculations of axial form
factors [22-26].

Also shown in Fig. 16 is the Lanczos estimate J(()'g) for
the same example. After an initial period of violent
reconfiguration with no pseudoplateau, the estimate
quickly converges to the true value. This convergence
occurs long before the maximal m = N,/2 where the
system is solved exactly. This represents a qualitative
improvement in treatment of this example, and suggests
immediately that Lanczos is more robust against such
pathological scenarios.
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B. Attack on Lanczos

Applying the same adversarial strategy against the
Lanczos method allows its improved robustness to be
assessed more directly. We use the optimization objective
22 = y2y + 1% where y2 is as in Eq. (87) and

m v 2
2w = > W =Tl (88)

meM

with M some set of m to target. Note that high-precision
arithmetic is especially important in the inversion involved
in computing the solution to the optimization.

We were unable to produce a similarly pathological
example as in the previous subsection. Minimal attacks on

J(()'g) for single values of m provide a clear picture of the
difficulty. Note this is less difficult than attempting to shift
multiple points. Figure 17 shows the results of a set of
experiments with the regulator ¢ = 10 as in the previous
example. In Fig. 17, each curve corresponds to a different
example, each attempting to shift Jgg) to the fake value
Joo = 0.5 at the indicated value of m. Attacks on single
estimates at small m are successful. However, starting at
m ~5, the values begin visibly drifting from Jy,. By
m ~ 10, Lanczos converges to the true value and the attacks
fail completely.

Increasing o allows more extreme values of J;; and thus
greater freedom for fine-tuning. Figure 18 shows the results
of further experiments varying ¢. The data shown are now
only the attacked values of m; the curve for ¢ = 10 corres-
ponds to the dashed black line in Fig. 17. As expected,

1.0

0.8

)
‘]00

0.6

0.4

0 8
t=2m-—1

FIG. 17. Ground-state matrix elements J(%') extracted using
Lanczos for different examples constructed to deceive Lanczos
(different color curves). The black horizontal line indicates the
true Joy = 1. Each example attempts to shift J (()go to the fake value
0.5 (dashed red line) at only a single point (indicated by the same-
color marker), with regulator ¢ = 10. The dashed black line
through the targeted points suggests the increasingly difficulty of
shifting points at greater m.
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FIG. 18. Efficacy of attacking the Lanczos estimate of the

ground-state matrix element J(()'g) at different values of m, given

different regulators o. Larger values of ¢ allow increasingly large
and unnatural values of the true matrix elements. The black
horizontal line indicates the true Jy, = 1; the dashed red line
indicates the fake value 0.5. The orange ¢ = 10! curve corre-
sponds to the dashed black line in Fig. 17.

we find that allowing more unnatural values allows
deception of Lanczos at later m. Increasing ¢ to 10* is
sufficient to push convergence to nearly the maximal m
where Lanczos solves the finite-dimensional system
exactly. However, large hierarchies are unlikely to arise
in QCD matrix elements.

We conclude this exercise by noting that it is neither
robust nor exhaustive, and it is important not to over-
interpret its specific results, which depend on the precise
details of our problem setup and strategy. These results
should not, for example, be taken to mean that a Lanczos
matrix-element extraction will always converge within 10
iterations so long as QCD matrix elements have natural
values. However, they provide strong suggestive evidence
that the Lanczos method is qualitatively more robust than
the methods presently in common use.

VII. CONCLUSIONS

The Lanczos formalism is a promising new approach to
analyzing lattice correlation functions. This work demon-
strates that the successes of Ref. [51] in spectroscopy
extend to the task of extracting matrix elements as well.
Lanczos matrix element estimators provide useful signals
for not only ground-state matrix elements but low-lying
excited states as well, analogous to multistate fits but
without involving statistical fitting. Testing in the noiseless
case provides strong suggestive evidence that Lanczos esti-
mates provide qualitatively better treatment of excited-state
contamination than presently preferred methods. In prac-
tice, the Lanczos method is also simpler to apply: matrix
elements are obtained from three-point functions by simply
applying change-of-basis matrices computed from two-
point functions. This requires no statistical modeling or
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numerical optimization and has few analysis hyperpara-
meters to vary. Lanczos methods may therefore permit
more reliable determinations of observables whose uncer-
tainties are dominated by excited-state systematics as well
as enable applications previously out of reach of the lattice
toolkit; it is imperative to deploy them immediately so that
their full capabilities may be assessed.

As discussed in Refs. [51-53,58], the unfiltered Ritz
values obtained by the Lanczos algorithm are identical to
the polynomial roots obtained by Prony’s method [109].
LQCD applications of Prony’s method used a “sliding
window” approach with a fixed iteration count <4 and
variable starting time [13,17,110,111], noting that the
appearance of unphysical solutions obstructs straight-
forward applications with more iterations [111]. Through
the Lanczos correspondence, unphysical solutions can be
identified as eigenvalues associated with spurious states,
and the Hermitan subspace and CW test can be used to
remove them. These mathematically well-understood spu-
rious-state filtering techniques are a primary advantage of
the Lanczos perspective. Other advantages are the ability to
quantify convergence rates using KPS theory and the two-
sided bounds on finite-iteration approximation errors pro-
vided by the residual bound. A further important advantage
is provided by the results of this work: matrix-element
estimators with analogous convergence guarantees. We are
not aware of a direct construction of analogous matrix-
element estimators using Prony’s method, and we note that
direct application of Prony’s method to one or the other
time argument of a three-point function is inequivalent to
the Ritz vector matrix element approach introduced here.

Importantly, many possibilities remain for improvements
and extensions. As noted in Sec. V, the primary sources
of analysis hyperparameter dependence in the Lanczos-
based method are involved in filtering spurious states and
associating states between bootstrap ensembles. Better
approaches to these tasks will help improve both the
reliability and precision of Lanczos spectroscopy and
matrix element results.

The methodology presented here applies straight-
forwardly to lattice four-point functions or higher-point
functions. Such cases may be treated simply by considering
the higher-point functions as three-point functions of a
composite operator involving powers of transfer matrices,
e.g., J,T°J, with § the operator-operator separation.

As discussed in Sec. IIT'F, the Lanczos method requires
three-point functions evaluated with regular spacing in sink
and operator times. This means that while existing dis-
connected three-point function datasets can be analyzed
with Lanczos immediately, the standard strategy of gen-
erating data at only some sink times when using sequential
source methods means that Lanczos will be awkward to
apply to existing connected three-point datasets. If the
method proves as effective as our results suggest, data
generation strategies should be adjusted to take advantage.

As noted in Sec. V, the approximate eigenstates resolved
by Lanczos can be separated into states admitting a
physical interpretation and states which are clearly noise
artifacts. The Lanczos transfer matrix approximation acts
as a Hermitian operator on the physical subspace but acts
with complex eigenvalues and distinct left- and right-
eigenvectors on the noise artifact subspace. This provides
an exact representation of a noisy correlation function as a
sum of purely decaying exponentials plus terms which
oscillate to capture the effects of noise. The ability to
distinguish spurious and nonspurious states—through iden-
tification of the Hermitian subspace and the Cullum-
Willoughby test—then provides a mechanism for isolating
and removing unphysical noise effects. This provides a
mechanistic explanation, complementary to the formal
projection operation description discussed in Ref. [51],
for the noise properties of Lanczos estimators with large
iteration counts. The apparent convergence of Lanczos
results for physical states even in the presence of statistical
noise may be a manifestation of the so-called “Lanczos
phenomenon” [49,50,73,112]: the accurate convergence of
an identifiable subset of Lanczos results in the face of
numerical errors that might be expected to spoil the results
entirely.

Numerical analysis was performed using Numpy [113],
SciPy [114], PANDAS [115,116], LSQFIT [117], GVAR [96],
and MpMATH [118]. Figures were produced using
MATPLOTLIB [119] and SEABORN [120].
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DATA AVAILABILITY

All information necessary to reproduce noiseless exam-
ples are available within the article. Two- and three-point
correlation function data used in lattice QCD examples are
not publicly available upon publication because it is not
technically feasible and/or the cost of preparing, depositing,
and hosting the data would be prohibitive within the terms
of this research project. The data are available from the
authors upon reasonable request.

APPENDIX A: ALGORITHM SUMMARY

In this appendix, we detail the precise sequence of
operations used to compute the results presented in the
application to noisy lattice data of Sec. V. However, we
emphasize that this does not represent the unique or best
possible implementation of a Lanczos analysis. For exam-
ple, as discussed in Sec. III, different choices of oblique
Lanczos convention are possible and may provide better or
worse sensitivity to numerical precision issues. Separately,
different implementations of the CW test are possible; for
example, Ref. [51] provides a different procedure to choose
the CW cut. Uncertainty quantification in the presence of
outliers is not uniquely defined, and different approaches
than the nested bootstrap median estimators employed
in the main text and the outlier robust estimators of
Appendix F are possible. These methods are new and their
usage is still being explored; the version presented herein
should not be considered the ultimate implementation.
With that understood, we may proceed with the description
of the algorithm.

The algorithm as defined here is executed separately for
each (inner) bootstrap draw and for each fixed number of
Lanczos iterations m. To compute the input data for a given
bootstrap draw and m:

(i) Take the ensemble average over all configurations in
the bootstrap draw to obtain the three-point corre-
lator C3?'(¢) and its corresponding initial-state and
final-state two-point correlators, C(¢) and C'(1),
respectively.

(i) Take the real part of each two-point correlator.

(iii) Trim to take the first 2m points of each two-point
correlator C(¢) and C'(t), and the leading m x m part
of C3*(s,17) (i.e., restrict to t€0,...,2m — 1 and
c,7€0,....m—1.

With the input data computed, the algorithm proceeds by
first analyzing each of C(f) and C'(r) separately. We
consider first an analysis of the initial-state correlator
C(t). The steps are as follows:

(i) Evaluate the Lanczos recursion defined by Egs. (33)

to (37) to obtain a;, f;, and y; for all i€, ..., m,

(rF1r).
(i) Use a;, B;, and y; to construct the tridiagonal matrix
T\ as defined in Eq. (22).

using the oblique convention f; =y; =

(iii) Diagonalize Tg}m per Eq. (22) to obtain the (unfil-

tered) Ritz values /1,(:") for k€0, ...,m — 1 and the
(m)

eigenvector matrix @, .

(iv) Obtain (w~")™ by inverting &™),

(v) Evaluate the auxiliary recursion defined by Egs. (56)
and (57) to obtain the right/left (R/L) Krylov

coefficient matrices, KR/ L, defined for all
JEL,. mandte[Om—l} .
(vi) Compute the Ritz vector norms [N 2 = %

note that the value computed will be complex,
negative, or zero for non-Hermitian states (see
below).

(vii) Combine K®/L, N'™ and @ to obtain the Ritz
coefficients PR/ L per Eq. (59).

Spurious state ﬁltermg requires additional steps, which
defines a filtered “nonspurious” subset {k} 3 of the indices
ke [0,m —1] to retain. The methods prescribed in this
work are Hermitian subspace filtering and the CW test. To
apply the CW test, some precomgutation is necessary:

(1) Construct the matrix T by knocking out the

first row and column of T< ,i.e., by taking T f;") =

TV ., forall i, je[lm—1].

(m) , defined for all

(ii) Diagonalize T to obtain /1
le[0,m—2].
(iii) Construct for each k the CW distance A (m) _
min, |4 — /11 |
(iv) Choose a CW cut V(™ using Eq. (83) with a = 10
and b = 1.
The full filtering prescription is then to retain any k for
which all of the following conditions hold:
(1) Hermitian subspace (1): /1,(:") is real within
numerical precision as diagnosed by, e.g,
| Tm[4,]/A"| < 1078,
(i) Hermitian subspace (2;

. (7! )(m)* .
“norm trick”): 18
w

1k
similarly real within numerical precision, and its real

part is positive.
(i) CW test: ACW(m)
The subset of 1ndlces {k}5 surviving filtering are then
identified with different states by simply sorting on 4;. The
surviving k with the largest 4, is identified as the ground
state, the next-largest with the first excited state, etc. The
energy estimators for this bootstrap draw and iteration m

are defined as E\") = —log A\"".

In the general case when C3?' is evaluated with distinct
initial and final interpolators, the steps above must be
repeated independently for the final-state correlator C'(¢) to
obtain primed quantities most importantly the (left) Ritz

€CW(m) .

coefficients P’ Spunous state filtering similarly defines
a subset of the f1nal state indices to retain, {k'}z, appro-
priately sorted to identify each k' with physical states.
This selection is entirely independent of the initial-state
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subset {k}s. A different number of initial- and final-state
indices may survive filtering. In the subcase of a symmetric
C*' with identical initial and final interpolators, the
corresponding initial- and final-state correlators coincide,
i.e., C(t) = C'(1), and thus so do all other unprimed and
primed quantities—only a single two-point analysis is
necessary.

Once initial and final state Ritz coefficients are evaluated
—specifically, P’ and P{")—then matrix elements can
be computed by simply evaluating Eq. (67), i.e.,

C*(0,7) R(m)

g =N ) P (A1)

Kk £ ke /0(0)C(0)

The result is a separate estimator for each of the matrix
elements (k'|J|k) for all nonspurious states {k}z and {k'}3.

To estimate uncertainties via bootstrapping, the algo-
rithm must be executed over many different bootstrap
draws. The resulting set of bootstrapped estimates of
Egcm>, E' ,(;"), and Jif';() are then combined to produce
estimates of the values and uncertainties. Their central
values and uncertainties as presented in Sec. V are
computed using the nested bootstrap median approach of
Ref. [51] discussed therein. Appendix F instead uses the
standard outlier-robust estimators defined therein—i.e., the
median along with the confidence-interval construction
defined in Eq. (F1). This entire procedure may similarly be
repeated for different m to obtain a sequence of estimates at
different numbers of Lanczos iterations. We note that in
practice, computing results for all different m € [1,N,/2]
simultaneously allows substantial reduction of repeated
computation; the procedure is defined here independently
for each m only for clarity.

APPENDIX B: WHERE TO USE
HIGH-PRECISION ARITHMETIC

Applying the Lanczos methods described here some-
times requires high-precision arithmetic to avoid numerical
instabilities. This appendix discusses where this is neces-
sary to obtain the results presented above. We implement
this using the MPMATH Python library for multiple-precision
arithmetic [118]. We find 100 decimal digits of precision is
sufficient to produce the results of this paper, but have made
no effort to determine the minimum required. We otherwise
work in double precision.

In practice, higher-than-double precision is required
primarily for the noiseless examples in Secs. IV and VI.
In particular, it is necessary in

(i) The sums over states when constructing the example

two- and three-point functions;

(i) The recursions to construct the tridiagonal matrix

coefficents a s s s ¥ from the two-point correlator;
(iii) The recursions to compute the Krylov coeffi-
cients KR/L:

(iv) Computing the eigenvalues and eigenvectors of
7 and
(v) Matrix multiplications to construct the Ritz coef-
ficients P, compute observables like Z(m)
and J("),
This amounts to everything except for the inversion of the
eigenvector matrix ™, which may be carried out in
double precision.

In the lattice example of Sec. V, we find that high-
precision arithmetic is only important for the initial recur-
sion to construct a;, 3;, yj, which is relatively inexpensive.
Crucially, the tasks which dominate the computationally
cost may be carried out in only double precision: comput-
ing the eigenvalues/vectors of T"), inverting the eigen-
vector matrix "), and the various matrix multiplications.
As implemented for this work, running the full procedure
200 times for each bootstrap ensemble to produce the
results of Sec. V takes ~2 minutes on a c. 2019 Intel
MacBook Pro. We caution that high-precision arithmetic
may become more necessary for larger lattices and/or
different parameters.

APPENDIX C: RITZ PROJECTORS
Although the right Ritz rotator

m—1
R(m R(m
P = PT (&)
1=0
allows construction of the right Ritz vectors as
R(m R(m
PEf) = ™). (C2)

it is not a projection operator of the form |yf(m)><yi<'")|_

This is straightforward to see: it is a finite polynomial in 7',
which has support outside the Krylov subspace spanned by
the Ritz vectors. However, as we show in this appendix, the
equivalent operator constructed with

T =3 [Ty (k| (C3)
ij=1
in place of T is an unnormalized projector, i.e.,
m—1 R(m)\ , L(m)
R(m R(m m |y ><y |
Pk( ) — Zpkt( )[T( )]t _ Yk T kR (C4)
=0 v vr)

.. . L(m
Similar arguments apply for the left Ritz rotator P, ),

To prove Eq. (C4), first note that by the definition of
matrix exponentiation,
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P Y )
t
= Zb’z Zsz 1( )|
= Z'yl C]kl )l-

(C5)

What remains is to show that the symbol q,(:,"> defined in the
last line is diagonal in k, / and normalized as claimed.
To proceed, note that by construction,

[T = TU)F) = Smrmii Vi) (Co)
for all j < m, from which follows
T'|of) = [T™]|oF). (C7)
for all + < m. To see this, note that we can write
r+1
(C8)

T'|of) =) " [vf)ey,
=1

for some coefficients c¢j,. In principle these coefficients—
related to the matrix inverse of the right Krylov coefficients
K ﬁ—could be computed, but their values are irrelevant for
the proof. Each application of 7 populates one higher
Lanczos vector in the sum, i.e.,

t+1 142

= ZT|1)§ cjr = Z|v
=

TT'|oR) iy (C9)

The action of 7(™) on this sum is identical to that of T as
longas t<m—2

+1 +1

T(’") Z |U§>Cjt — Z | > jmmerl |Um+1>)
j=1 J=1
t+1

cjp =T f), (C10)

= Tl
=1

where in the first equality we use Eq. (C6), in the second
uses that §;,, = O forall j <7+ 1 < m — 1 in the sum, and

the third uses Eq. (C9). Together with T|v¥) = T("|pk),
Eq. (C7) follows by induction.
We can see from Eq. (C7) that Pk ) and PR have

identical action on |v ), i.e.,

R(m R(m m
ey = > PR o)
=0
m—1 Rm)
:ZPkt T| f>
=0
R(m
= PRy = ), (C11)

because the sum over ¢ runs only to m — 1. Inserting
Eq. (C5), we see that

m R(m
Z\yl Y o) = )
R(m
= Zaklb’z > = |yk( )>-
1

(C12)

Because the right Ritz vectors are linearly independent, it
must be that
(m)|Uf> = i3

Ay = q](:ln) <)’1L (C13)

no superposition of |yf(m)> with [ # k has extent along
|yf(m)), so the term with [ =k must saturate the sum.

Because the factor <ylL<m>\vlf> has no dependence on k, it

(m)

must be that g,;,” o« ;. Separately, the factor (ylL(m) |of) =

ZlL(m) /|w| (see Sec. I E) and is generically nonzero for all
[. Given these constraints, it can only be that

m) p,(m) 5kl
aii’ ZP ki =

Cl4
v et) ( )

and Eq. (C4) holds as claimed.

APPENDIX D: CORRELATOR DECOMPOSITION

This appendix proves Eq. (78) from the main text, i.e.,
that Lanczos quantities provide an exact decomposition of
any correlator C(z) of the form

R(m)* —L(m m
= S ZE e
k

which holds for all ¢t < 2m — 1, i.e., the full extent of the
correlator incorporated after m steps. While the discussion
in the main text primarily addressed diagonal correlators,
the proof is equally straightforward for the more general
case of an off-diagonal correlator,

(D1)

C(1) = X" y), (D2)

recovering the diagonal case when |y) = |y).
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Under exponentiation,

[T =3 Ay ™, (D3)
%
because <yf<m) \ ylL('">> = &y by construction, so
= ;o(|yf<’">>u<m>>f<yi<””’|w>
= > 7y z ™, (D4)
k

where Zf(m) = <Yf(m) ly) and Zf(m) = <)’£(m)|l//>. Recall

also that

Ul and |1jf>£ lv) , (D5)

Virlw) (lw)

i.e., that |) and |y) are simply related to |v¥/*) by a known
constant (y|y) = C(0). These results immediately estab-
lish that (of|[TU"]'|oR) is proportional to the desired
decomposition. The nontrivial part of proving Eq. (D1)
is to show that

(vil=

(of|T"|vf) = (o} [[T]']of), (Do)
for all < 2m — 1, to which we turn next.
The previous appendix proved Eq. (C7), i.e., that
T'|vf) = [T™]|oF). (D7)
for all + < m — 1, and identical arguments give
(ohT* = (of | [T (D8)

as well. We see immediately that Eq. (D6) holds for all
t < 2m — 2, because T’ can be factored as T* = T*0T" with
both s <m—1 and f) <m—1. In more detail, the
derivation proceeds as

(VP T"of) = (WF [T T |vf)

= (vp|[T]o [T
= (o |[T]]of).

where t = 5o + #( in the first equality, we choose some
So, 1o < m — 1 and apply Egs. (D7) and (D8) in the second,
and combine terms in the third.

All that remains is to show that Eq. (D6) holds in the
edge case t = 2m — 1. Given the arguments of the previous
paragraph, it is sufficient to show that

"] of)
(D9)

(of [T [T =TT |of) = (D10)

First, note that we can rewrite the left-hand side (lhs) as

Sk,

J.l=1

L| T — 7)ok )cl (D11)

-1y

ﬁ are the same coefficients as in Eq. (C8) and c . are

their left equivalents. Following similar reasoning as used
to prove Eq. (C7) gives

[T — T(m)] Z|v

where ¢

E imY m+1 |vm+l

= |”m+1>7m+lcﬁm (D12)

evaluating the sum with the delta function in the last
equality. We thus find, as desired,

ic(Lm_l)< LT -1t ]|U1> I(m—1)

= Z C(Lm_l)j<UjL‘|U§z+1>7m+lcf1(m_1) =0, (D13)
=1
where the final equality is simply because (v’ LR ) =

0j(m+1) and the sum runs only to j = m. This completes the
proof that Eq. (D1) holds for all  <2m — 1.

APPENDIX E: RESULTS FOR THIRD
EXCITED STATE

The analysis presented in the main text fully resolves
three states, meaning specifically that at least three states
survive filtering in each bootstrap ensemble. However,
values are available for a fourth state in ~#80% of inner
bootstraps. To construct median estimators, we relax the
definition of the median over inner bootstraps to allow up to
32% (i.e., 1o) of values to be missing, taking the median
over values present. This produces estimates for the third
excited state in ~90% of outer bootstrap ensembles
(m-dependently). While insufficient to compute like-in-
kind estimates to compare with those for the other three
states, it is interesting to look at the results using some
reasonable assumptions. Note that the number of states
resolved and present in each bootstrap will vary for
different schemes to filter states and associate them
between bootstraps.

It is not generally possible to do rigorous statistics with
missing data if the mechanism which causes missingness is
not understood. This is the case here. However, we may
make a reasonable choice: we assume all missing data are
outliers and also equally likely to be high- or low-valued.
In this case, the median and 1o confidence interval
definitions of values and errors as used in Appendix F
remain well-defined, as long as measurements are available
for Z268% of outer bootstraps. Note that these assumptions
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FIG. 19. Spectrum extracted by Lanczos from the zero-momentum nucleon two-point correlator including the partially resolved third
excited state (cf. Fig. 7). Blue, orange, green, and pale purple markers correspond to the ground state and first three excited states. For the
third excited state, outer bootstrap estimates are computed as medians over whatever inner bootstrap values are present, allowing up to
32% missingness and undefined otherwise. Uncertainties on the third excited state then correspond to ~68% confidence intervals
computed after symmetrically setting missing outer bootstrap values to +oco. Uncertainties are computed as in Fig. 7 otherwise.
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FIG. 20. Lanczos extractions of forward matrix elements of the strange scalar current involving the partially resolved third excited
state in the nucleon spectrum (cf. Fig. 10). Note that eigenvectors are unit-normalized, not relativistically normalized. For the third
excited state, outer bootstrap estimates are computed as medians over whatever inner bootstrap values are present, allowing up to 32%
missingness and undefined otherwise. Uncertainties on the third excited state then correspond to ~68% confidence intervals computed
after symmetrically setting missing outer bootstrap values to +co. Uncertainties are computed as in Fig. 7 otherwise.

are inequivalent to and more conservative than the
assumption that missingness is uncorrelated with value.
This prescribes computing whatever estimators only on the
nonmissing subset of data, which will compress the width
of the uncertainties.

Under these assumptions, we may compute various
observables involving the third excited state as well.
Figure 19 shows the spectrum including its energy. It is
not clear that this state is physical, as its mass is near the
expected second layer of doublers [ [128], Ch. 5]. Figure 20

shows matrix elements involving the third excited state.
These are not substantially noisier than those for the lower
three states in Fig. 10, but we emphasize that this
comparison is not between quantities defined equivalently.

APPENDIX F: ANALYSIS WITH STANDARD
ESTIMATORS

Results in the main text use bootstrap median estimators
with nested bootstrap uncertainties. For effective masses
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FIG. 21. Data for the nucleon strange scalar current example as
in Fig. 6 but using the outlier-robust uncertainty estimators
described in this appendix instead of nested bootstrap uncertain-
ties. The “Lanczos” band is the same fit to Lanczos estimates as
shown in Fig. 23.

and other PI estimators, this leads to negligible differences
compared to values and uncertainties computed with the
sample-mean or with standard outlier-robust median/
confidence interval estimators. Conversely, for Lanczos
results this leads to qualitatively different uncertainties and
correlations for large m. To illustrate these differences, this
appendix shows alternative versions of all figures without
nested bootstrap uncertainty estimates, instead computed
using standard GVAR-style outlier-robust estimators as
described below. In particular,

(1) Fig. 21 shows effective mass and matrix elements
results analogous to Fig. 6. The “Lanczos” band in
the second subplot corresponds to a fit of Lanczos
matrix element estimates in Fig. 23.

(i1) Figure 22 shows Lanczos energy estimators analo-
gous to Fig. 7.

(iii) Figure 23 shows ground-state matrix element results

analogous to Fig. 9.
(iv) Figure 24 shows ground- and excited-state matrix
element results analogous to Fig. 10.

(v) Table II tabulates matrix element results analogous
to Table I.

(vi) Figure 25 shows overlap factor results analogous

to Fig. 11.

Throughout this appendix, we use the de-facto lattice
community standard for outlier-robust estimators as imple-
mented in the GVAR software package [96]: we take the
median rather than the mean, an estimator based on
the width of the 1o confidence interval (CI) rather than

ﬁﬂiﬁﬂﬁlﬁ{lﬂIHIHIHIHIHIHIHIHﬁﬁﬁlﬂﬂ{ﬁﬁlﬂwﬂlﬂﬂﬁlﬂﬁﬂﬁ

t—2m—1

FIG. 22. Spectrum extracted by Lanczos from the zero-momentum nucleon two-point correlator (top) and noisy estimates of the

bounding values |B§(m>| [Eq. (41)] as in Fig. 7 but using the outlier-robust uncertainty estimators described in this appendix instead of
nested bootstrap uncertainties. Blue, orange, and green markers correspond to the ground, first excited, and second excited state
respectively. The blue, orange, and green bands indicate fits of a constant to the values they cover, finding E;, =
[0.4175(17),0.736(34), 1.296(83)] for k = [0, 1,2]. Uncertainties on the fitted values are linearly propagated from the covariance
matrix of the A", The fact that the central values fluctuate less than their error bars arises from the use of outlier-robust estimators
without nested bootstrap uncertainties. Uncertainties on energies are propagated linearly through E,im)
artificial missingness due to negative arguments of logarithms for noisier points.

= —log /1,(('") to avoid issues with
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FIG. 23. Ground-state bare nucleon matrix element of the strange scalar current with zero momentum transfer as in Fig. 9 but using the
outlier-robust uncertainty estimators described in this appendix instead of nested bootstrap uncertainties. The blue band corresponds to a
fit of a constant to the Lanczos estimates it covers, finding Jo, = 3.03(24). Uncertainties on the fit to Lanczos values, are linearly

propagated from the covariance matrix of the J, gg).
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FIG. 24. Lanczos extractions of bare forward matrix elements (f’|J|i), of the strange scalar current for three low-lying states in the

nucleon spectrum as in Fig. 10 but using the outlier-robust uncertainty estimators described in this appendix instead of nested bootstrap
(m)

uncertainties. The bands corresponds to fits of a constant to the J;” that they cover, with values listed in Table II. Fit uncertainties are

linearly propagated from the data covariance matrix.

the standard deviation,” and the usual Pearson correlation presented here, this gives estimates that fluctuate less than

matrix to construct covariance matrices. We observe that
the median over bootstraps appears to have a regulating
effect versus simply carrying out the analysis on the central
value correlator (i.e., the mean of C(#) over bootstraps).
However, we note immediately that, across all results

23Speciﬁcally, we use o = max(At, A7) where

§ = Median, [y,]
A~ = § — Percentile, [y;, 100s]

A" = Percentile,[y,. 100(1 — 5)] — § (F1)

with b indexing bootstrap samples and s = [~ ﬁe"‘z/ 2x0.16
is the CDF of the unit normal distribution evaluated at —1.

their errors and measured correlations would suggest. This
reflects an inconsistency between these definitions for the
estimator (here, the median) and its uncertainties (here, the

TABLE II. Results of fits of a constant to Lanczos estimates
J}'?) for all m > 8 of bare matrix elements (f|3s|i),, of the strange

scalar current. f indexes rows and i indexes columns. Values are
as shown in corresponding panels of Fig. 24 and computed as
described there.

3.03(24) —3.51(84) 2.06(81)
(flssi), = | —2.93(72)  2.7(2.0) —1.8(2.0)
134(67)  -12(20) LI1(17) |,
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FIG. 25. Overlap factors Z(") extracted by Lanczos from the

zero-momentum nucleon two-point correlator as in Fig. 11 but
using the outlier-robust uncertainty estimators described in this
appendix instead of nested bootstrap uncertainties. Blue, orange,
and green markers correspond to the ground, first excited, and
second excited state respectively. The blue, orange, and green
bands indicate fits of a constant to the values they cover, finding
Z, = [2.360(41),3.03(18),3.670(66)] x 10+ for k=[0,1,2]
Uncertainties on the fitted values are linearly propagated from
the covariance matrix of the Z(").

CI construction). This is resolved by the nested bootstrap
procedure introduced in Ref. [51] and employed in the
main text, which provides a self-consistent approach to
employing median estimators. Versus this more principled
treatment of the median, the CI construction employed here
drastically overestimates uncertainties but underestimates
correlations.

When employing the more traditional approach to
estimator construction and uncertainty quantification used

in this appendix, Lanczos estimates at different m carry
independent information that can be combined to obtain
a more precise estimate. To demonstrate, for all estimates
in this section, we fit a constant to all m > 8, with the
range chosen to exclude the less-noisy points at early m.
For simplicity, uncertainties on fitted values are estimated
by linear propagation from the data covariance matrix.
The reduction in uncertainty versus the average uncertainty
of the data gives a notion of the amount of independent
measurements in the 41 points included in each fit. For the
energies E;, the fitted values are ~9, 4, 4 times more
precise than the data for k = 0, 1, 2, respectively. Reduction

by a factor v/41 ~ 6.4 corresponds to the expected reduc-
tion for 41 statistically independent points, but fluctuations
about this value are expected due to noise. Systematic
deviations from this value arising from correlations
between data points are not observed.

For the ground-state matrix elements, the fit of the
Lanczos estimate is &7 times more precise than the estimates
with particular m (on average). The fit of the Lanczos
estimate is ~4-5 times more precise than the data for all
excited matrix elements. Fits to the overlap factors Z; are
~2, 8, 3 times more precise than the data for k =0, 1, 2,
respectively.

It is important to note that this reduction is a conse-
quence of the already-noted overestimation of uncertainties
and underestimation of correlations by the CI construction.
As observed in Refs. [51,54] and the main text, proper
treatment of the median estimator with nested bootstrap-
ping reveals precise and highly correlated estimates at late
m, such that the final output of the analysis can simply be
taken as the single estimate at maximal m without further
postprocessing.
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