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Recent work [M. L. Wagman, Lanczos, the transfer matrix, and the signal-to-noise problem, Phys. Rev.
Lett. 134, 241901 (2025).] found that an analysis formalism based on the Lanczos algorithm allows energy
levels to be extracted from Euclidean correlation functions with faster ground-state convergence than
effective masses, convergent estimators for multiple states from a single correlator, and two-sided error
bounds. After filtering out spurious eigenvalues and using outlier-robust estimators within a nested
bootstrap framework, Lanczos estimators behave more like multistate fit results than effective masses—but
without involving statistical fitting. We extend this formalism to the determination of matrix elements from
three-point correlation functions and provide a physical picture of “spurious-state filtering” involving
restriction to a Hermitian subspace. We demonstrate similar advantages for matrix elements as for
spectroscopy through example applications to noiseless mock-data and (bare) forward matrix elements of
the strange scalar current between both ground and excited states with the quantum numbers of the nucleon.
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I. INTRODUCTION

By stochastically evaluating discretized path integrals,
numerical lattice QCD calculations provide a first-
principles approach to studying the dynamics of the strong
force [1–4], including hadron spectroscopy and scattering
amplitudes [5–7] and various aspects of hadron structure
[8–11]. Due to the stochastic nature of these calculations,
statistical analysis of noisy Monte Carlo “data” is neces-
sary. Although there are well-established analysis methods,
developing improved techniques is still an active topic of
research [12–18]. Better analysis tools can improve both
statistical precision by alleviating signal-to-noise issues, as
well as accuracy by providing more robust control of
systematic uncertainties.
Lattice QCD calculations often involve the extraction

of hadronic matrix elements from simultaneous analysis
of hadronic two- and three-point correlation functions
(correlators). This analysis task underlies the calculation
of many different quantities of physical interest including
form factors, parton distribution functions (PDFs), and
generalizations thereof like generalized parton distribu-
tions (GPDs) and transverse-momentum distribution PDFs
(TMDs) [8–11]. However, presently standard methods
may produce unreliable results [19–21] due to a combi-
nation of excited-state contamination (ESC) [22–26]

and exponentially decaying signal-to-noise ratios (SNR)
[27,28]. Analysis techniques which address these issues are
a topic of active research [19–21], but obtaining full control
over all sources of uncertainty remains challenging for
many quantities of physical interest.
Spectroscopy—the extraction of finite-volume energy

levels from analysis of hadronic two-point correlation
functions—is hindered by the same issues as matrix-
element extractions, i.e., ESC and decaying SNR, and
methods to improve these issues can be useful in both
contexts. There has been extensive work to develop
improved spectroscopy methods less susceptible to ESC
and which offer bounds on systematic uncertainties—
notably approaches based on generalized eigenvalue prob-
lems (GEVP) that provide one-sided variational bounds
on energy level systematic uncertainties [29–33], which
have already been adapted to matrix-element calculations
[26,32,34–47]. Recent work has shown that a novel
formalism based on the Lanczos algorithm [48] can provide
qualitative and quantitative improvements for spectroscopy
including faster convergence and two-sided bounds on
systematic errors, even when ESC is large. After filtering
out spurious eigenvalues [49,50] and applying outlier-
robust bootstrap-median estimators in a nested bootstrap
framework, Lanczos results are more analogous to multi-
state fit results than effective masses and exhibit stability of
statistical estimates for large numbers of iterations [51].
It is appealing that the uncertainties of Lanczos results—

just like those of multistate fits—are not increased by
including additional noisy large-time data points; however,
it is worth emphasizing that Lanczos analyses cannot
extract more useful information from these large-time

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 112, 054506 (2025)

2470-0010=2025=112(5)=054506(38) 054506-1 Published by the American Physical Society

https://orcid.org/0000-0001-6039-3801
https://orcid.org/0000-0001-7670-1880
https://ror.org/020hgte69
https://crossmark.crossref.org/dialog/?doi=10.1103/zjzt-rv86&domain=pdf&date_stamp=2025-09-17
https://doi.org/10.1103/pcvc-734h
https://doi.org/10.1103/pcvc-734h
https://doi.org/10.1103/zjzt-rv86
https://doi.org/10.1103/zjzt-rv86
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


points than other methods. Large correlations appear
between Lanczos results that differ only in how many
noisy large-time data points are included [51–54], and
therefore one cannot achieve significantly higher precision
than correlator fits by attempting to fit large-time Lanczos
results. The stability of large-time Lanczos results does not
mean that Lanczos methods avoid the problem that corre-
lator SNR decays exponentially. Instead, it should be taken
as an indication that once sufficiently large-time points are
included all available statistical information has been
extracted and Lanczos spectral estimates are unchanged
by including additional large-time data points. Further, this
stability only indicates that the information available at
finite statistics is exhausted and does not formally guar-
antee that results have converged to their infinite-statistics
values within uncertainties; the application of Lanczos to
noisy data can only strictly be interpreted within an oblique
Lanczos framework in which periods of “stagnation” with
slow convergence for many iterations are possible [55–57].
The convergence of oblique Lanczos is the presence of
statistical noise is being actively investigated [58].
In this work, we present a new approach to matrix

element analyses using a simple extension of this Lanczos
formalism. The essence of the idea is to evaluate operator
matrix elements between the Ritz vectors, the eigenstate
approximations found by the Lanczos procedure of
Ref. [51]. As derived below, after constructing initial
and final-state Ritz coefficients P and P0 from the corre-
sponding two-point functions CðtÞ and C0ðtÞ, extracting
matrix elements from an arbitrary three-point function
amounts to matrix multiplication, taking the form1

hf0jJjii ≈
X
στ

P0�
fσ

C3ptðσ; τÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C0ð0ÞCð0Þp Piτ; ð1Þ

where τ is the source-operator separation and σ is the
operator-sink separation. As explored below, this provides
several important advantages over the previous state of the
art, namely simplicity, direct and explicit computation of
excited-state and transition matrix elements, and avoidance
of inductive biases unavoidably introduced by implicit
methods involving statistical modeling and fits of correla-
tion functions. The method involves only a few analysis
hyperparameters associated with eigenstate identification
and none specific to the operator or three-point function.
Furthermore, we find that the new method is dramatically
less susceptible to yielding deceptive results when applied
to three-point correlators with large ESC. The data required
is the same as for presently standard analyses, with the

caveat that sparsely evaluated three-point functions limit
the number of Lanczos iterations that can be evaluated.
The remainder of this paper proceeds as follows.

Section II defines the analysis task, and reviews both the
transfer matrix formalism necessary to understand the
Lanczos approach as well as previously available methods
used for comparison. Section III derives the method.
Section IV applies the method to a noiseless mock-data
example and compares with previous approaches, demon-
strating its improved convergence properties. Section V
discusses how the method must be adapted in the presence
of statistical noise and presents a calculation of bare matrix
elements of the strange scalar current for the low-lying
states in the nucleon spectrum using lattice data. Section VI
subjects both the summation method and Lanczos to
adversarial attacks; the results of these experiments suggest
that Lanczos estimates are qualitatively more robust against
excited-state contamination. Finally, Sec. VII concludes
and discusses opportunities for future work.
Note that throughout this paper, repeated indices do not

imply summation and all sums are written explicitly. We
also use lattice units to simplify the notation, setting the
lattice spacing a ¼ 1 throughout. In these units, physical
quantities like energies and matrix elements are dimension-
less, and Euclidean times t take on integer values such
that they may be used interchangeably as arguments and
indices.

II. BACKGROUND

We are interested in computing hadronic matrix elements
of some operator J, i.e.,

Jfi ¼ hf0jJjii; ð2Þ

where jii and jf0i are energy eigenstates with the quantum
numbers of the initial (unprimed) and final (primed) state,
which may in general be different. For example, their
momenta will differ for off-forward matrix elements, i.e.,
when J carries some nonzero momentum. Hadronic matrix
elements are not directly calculable using numerical lattice
methods, and instead are typically extracted from simulta-
neous analysis of two- and three-point correlators.2 The
ones relevant to the calculation are, in the Heisenberg
picture,3

CðtÞ ¼ hψðtÞψ̄ð0Þi;
C0ðtÞ ¼ hψ 0ðtÞψ̄ 0ð0Þi;

C3ptðσ; τÞ ¼ hψ 0ðτ þ σÞJðτÞψ̄ð0Þi ð3Þ

1Note that ground-state overlap factors appearing in the
spectral representation of the three-point function are canceled
by the Ritz coefficients and do not need to be explicitly included
in this formula; see Eq. (67) for more details.

2The Feynman-Hellmann theorem and generalizations thereof
provides a distinct approach; see [59–62] for examples.

3Suppressed lattice spatial indices on each operator are
assumed to be absorbed into these quantum numbers, e.g., by
projection to a definite momentum.
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where ψ and ψ 0 are interpolating operators (interpolators)
with initial- and final-state quantum numbers. Note that the
arguments of C3pt are more often defined with a different
convention, with the sink time tf ¼ σ þ τ as the first
argument. While not explicitly notated, we generally
assume definitions such that all vacuum contributions
are subtracted out. These expectations may be evaluated
stochastically by lattice Monte Carlo methods.

A. Transfer matrices and spectral expansions

To see how these data constrain the matrix element of
interest, we use the Schrödinger-picture transfer-matrix
formalism [63] to derive their spectral expansions. This
exercise also serves to establish notation and as a review of
this formalism, used throughout this work.
We begin with the assumption4 that Euclidean time

evolution can be described by iterative application of the
transfer matrix T ¼ e−H, such that

Tjni ¼ λnjni≡ e−En jni; ð4Þ

where jni are unit-normalized energy eigenstates such
that hnjmi ¼ δnm, λn are transfer-matrix eigenvalues, and
En ¼ − log λn are the energies. Note that states j·i and
operators including J and T are not directly accessible, but
rather formal objects that live in the infinite-dimensional
Hilbert space of states. Applied to the vacuum state jΩi, the
adjoint interpolating operator ψ̄ excites the state jψi, which
may be decomposed as

ψ̄ jΩi≡ jψi ¼
X
n

hnjψijni≡X
n

Znjni; ð5Þ

where Zn ¼ hnjψi are the overlap factors. The sum may be
assumed to be restricted to eigenstates with the quantum
numbers of ψ̄ , as Zn ¼ 0 otherwise. The transfer matrix
acts nontrivially on jψi, as

Ttjψi ¼
X
n

Zne−Entjni: ð6Þ

Under such Euclidean time evolution, the amplitudes of
higher-energy eigenstates decay more quickly. Taking
t → ∞, the ground eigenstate j0i dominates. Importantly,
this amounts to application of the power-iteration algorithm
[66], as discussed further below.
For the initial-state correlator CðtÞ from Eq. (3), trans-

lating to Schrödinger picture using OðtÞ ¼ T−tOTt gives

CðtÞ ¼ hΩjT−tψTtT0ψ̄T0jΩi
¼ hψ jTtjψi
¼

X
i

jZij2e−Eit; ð7Þ

using hΩjT ¼ hΩj in the second equality. An analogous
expression holds for the final-state correlator,

C0ðtÞ ¼
X
f

jZ0
fj2e−E

0
ft; ð8Þ

where Z0
f ¼ hf0jψ 0i. Similar manipulations produce the

spectral expansion of the three-point correlator,

C3ptðσ; τÞ ¼ hψ 0jTσJTτjψi
¼

X
fi

Z0�
f ZiJfie

−E0
fσ−Eiτ: ð9Þ

Note that these definitions assume zero temperature.5

Comparing Eqs. (7) to (9), we see that C and C0 carry
the necessary information to isolate Jfi in C3pt.
A standard approach to extracting Jfi is to use statistical

inference, i.e., simultaneously fitting the parameters Zi, Z0
f,

Ei, E0
f, and Jfi of a truncated spectral expansion to

Eqs. (7)–(9). The resulting estimates converge to the
underlying values given sufficiently high statistics, large
Euclidean times, and states included in the models. This
has been used to much success, but has certain serious
disadvantages. Specifically, the black-box nature of stat-
istical inference and large number of hyperparameters to
vary (e.g., number of states modeled, data subset included,
choice of selection/averaging scheme) induce systematic
uncertainties which can only be assessed with caution and
experience.

B. Power iteration and other explicit methods

In this work, we restrict our consideration to explicit
methods that do not involve statistical modeling. Familiar
examples include effective masses6 and ratios of correlation
functions. Here, we present these as examples of the power
iteration algorithm, thereby motivating the use of Lanczos
in Sec. III. We also review the summation method [67–69],
for later comparison with Lanczos results.
As already noted, using Euclidean time evolution to

remove excited states may be thought of as applying the
power iteration algorithm [66] to extract the ground

4This holds only approximately for many lattice actions in
standard use [64,65].

5Thermal effects are handled automatically in applications
of Lanczos to two-point correlators as discussed in Sec. A of
Ref. [51]’s Supplemental Material. The resulting isolation of
thermal states automatically removes their effects from all matrix
element results.

6And generalizations thereof including GEVPs [29–33] and
Prony’s method [12,13,17].
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eigenstate of the transfer matrix [51]. With power iteration,
increasingly high-quality approximations of the ground
eigenstate, jbðmÞi ≈ j0i, are obtained using the recursion

jbðmÞi ¼ Tjbðm−1Þi
jjTjbðm−1Þijj ¼

Tjbðm−1Þiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hbðm−1ÞjT2jbðm−1Þi

q ; ð10Þ

starting from

jbð0Þi≡ jψi
jψ j ≡

jψiffiffiffiffiffiffiffiffiffiffiffiffihψ jψip ¼ jψiffiffiffiffiffiffiffiffiffiffi
Cð0Þp : ð11Þ

The resulting approximate eigenstates jbðmÞi can be used to
compute ground-state matrix elements of different oper-
ators. For example, using them to extract the ground-state
eigenvalue of T yields the usual effective energy

Eeffð2mÞ ¼ − loghbðmÞjTjbðmÞi

¼ − log
hψ jT2mþ1jψi
hψ jT2mjψi

¼ − log
Cð2mþ 1Þ
Cð2mÞ ; ð12Þ

where the second equality fully evaluates the recursion
Eq. (10). Note that while this power-iteration version of Eeff

is defined for only even arguments 2m, we generalize and
evaluate it for all t ¼ 2m as usual.
More relevantly to this work, power-iteration states may

also be used to compute ground-state matrix elements of
some operator J as

hb0ðmÞjJjbðmÞi ¼ hψ 0jTmJTmjψiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hψ 0jT2mjψ 0ihψ jT2mjψi

p
¼ C3ptðm;mÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

C0ð2mÞCð2mÞp ; ð13Þ

where jb0ðmÞi are from jψ 0i. We thus arrive at the usual
approach of constructing ratios of three-point and two-
point functions to isolate the desired matrix element. It is
straightforward to insert the spectral expansions Eqs. (7) to
(9) and verify that hb0ðmÞjJjbðmÞi ¼ J00 up to excited-state
effects. Thus, in analogy to the effective energy Eq. (12),
hb0ðmÞjJjbðmÞi may be thought of as an “effective matrix
element” expected to plateau to J00 as m → ∞. The new
method presented in Sec. III simply applies this same idea
with the improved approximations of the eigenstates
afforded by the Lanczos algorithm, with the notable
difference that approximate eigenstates are available for
excited states as well.
The ratio Eq. (13) derived by power iteration is not the

one in standard use. For easier comparison with other
works, we instead employ the standard ratio

Rðσ; τÞ ¼ C3ptðσ; τÞ
C0ðσ þ τÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CðσÞ
C0ðσÞ

C0ðσ þ τÞ
Cðσ þ τÞ

C0ðτÞ
CðτÞ

s

¼ J00 þ ðexcited statesÞ: ð14Þ

When ψ ¼ ψ 0, this reduces to hbðσÞjJjbðτÞi; additionally
taking τ ¼ σ ¼ m reproduces Eq. (13) exactly. However,
when ψ ≠ ψ 0 the two expressions are inequivalent. We use
this standard ratio to define a power-iterationlike effective
matrix element for sink time t as

JPIðtÞ ¼
(
R
�
t
2
; t
2

�
; t even

1
2

�
R
�
tþ1
2
; t−1

2

�þ R
�
t−1
2
; tþ1

2

��
; t odd;

ð15Þ

similar to Eq. (13) for even t and averaging the two
equivalently contaminated points for odd t. This quantity
is what is referred to as “Power iteration” in all plots below.
Further manipulation leads to the summation method

[67–69], presently in common use, which provides an
effective matrix element7 for sink time tf as

ΣΔτ
ðtfÞ ¼

Xtf−Δτ

τ¼Δτ

Rðtf − τ; τÞ;

Jeff00;Δτ
ðtfÞ ¼ ΣΔτ

ðtf þ 1Þ − ΣΔτ
ðtfÞ

¼ J00 þ ðexcited statesÞ; ð16Þ

for each choice ofΔτ, the summation cut. Jeff is expected to
plateau to J00 as tf increases and excited states decay away.
Increasing Δτ further removes contamination, and curve
collapse is expected as Δτ increases.

III. LANCZOS METHOD

The previous section discussed how standard lattice
analysis methods may be thought of as implementing
the power iteration algorithm to resolve the ground eigen-
state of the transfer matrix T. The Lanczos algorithm
improves upon power iteration [57,70–75] by making use
of the full set of Krylov vectors ∝ Ttjψi obtained by
iterative application of T, rather than discarding all but the
last. As explored in Ref. [51], Lanczos defines a procedure
to manipulate two-point correlators to extract eigenvalues
of T. Here, we extend that formalism to evaluate matrix
elements in the basis of transfer-matrix eigenstates.
Specifically, the method proposed here is to evaluate

JðmÞ
fi ¼ hy0fðmÞjJjyðmÞ

i i; ð17Þ

7This differs superficially from the typical presentation of the
summation method, which prescribes fitting ΣðtfÞ to extract the
part linear in tf . Linear fits to ΣðtfÞ are identical to constant fits to
JeffðtfÞ if their covariance matrices are computed consistently.
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where jy0fðmÞi ≈ jf0i and jyðmÞ
i i ≈ jii are the initial- and

final-state Ritz vectors after m Lanczos iterations, the
Lanczos algorithm’s best approximation of the correspond-
ing eigenstates. The steps to do so, as worked through in the
subsections below, are as follows:
(1) Apply an oblique Lanczos recursion to compute the

transfer matrix in bases of Lanczos vectors with
appropriate quantum numbers. Diagonalize to obtain
Ritz values and the change of basis between Ritz and
Lanczos vectors. (Sec. III A)

(2) Compute the coefficients relating Lanczos and
Krylov vectors. (Sec. III C)

(3) Compute the coefficients relating Ritz and Krylov
vectors. (Sec. III C)

(4) Compute overlap factors to normalize the Ritz
vectors. (Sec. III E)

(5) Repeat the above steps on initial- and final-state two-
point functions to obtain Ritz vectors with initial-
and final-state quantum numbers.

(6) Project the three-point function onto the Ritz vectors
to obtain matrix elements. (Sec. III F)

(7) Identify and discard spurious states. (Sec. V)
We also discuss how bounds may be used to characterize
Lanczos convergence in Sec. III B. Statistical noise intro-
duces additional complications—especially, the final step
above—as discussed in Sec. V. A detailed summary of the
steps that must be explicitly carried out to execute the
algorithm in the noisy case is given in Appendix A.
We note immediately that the oblique formalism used

here formally constructs an approximation of the transfer
matrix of the form

T ≈
X
k

jk̃Riλ̃khk̃Lj; ð18Þ

with generally complex eigenvalues and distinct left and
right eigenvectors. Meanwhile, the true underlying transfer
matrix is Hermitian, i.e.,

T ¼
X
k

jkiλkhkj; ð19Þ

with real eigenvalues λk and degenerate left and right
eigenvectors. Critically, physically sensible results must
respect this underlying Hermiticity. As discussed in Sec. IV,
when the Hermiticity of the underlying transfer matrix is
manifest in the data, the Lanczos approximation of T is
Hermitian as well. However, statistical fluctuations obscure
this underlying Hermiticity in noisy data. As explored in
Sec. V, this results in a Hermitian subspace and a set of
unphysical noise-artifact states which must be discarded.

A. The oblique Lanczos algorithm

This section serves primarily as a review of Ref. [51],
especially Sec. C of its Supplemental Material. However,

the notation and some of the definitions—notably, of the
Ritz vectors—have been altered here to better accommo-
date the matrix element problem.
Oblique Lanczos is a generalization of the standard

Lanczos algorithm which uses distinct bases of right and
left Lanczos vectors, jvRi i and hvLi j [76–78]. This gener-
alization allows application to non-Hermitian operators
and, in the lattice context, off-diagonal correlators with
different initial and final interpolators. As discussed in
Ref. [51], oblique Lanczos is also formally necessary to
treat noisy correlator data even with diagonal correlators,
but naive complexification of standard Lanczos provides an
identical procedure when applied only to extracting the
spectrum. However, the matrix element problem requires
treatment with the full oblique formalism.
We caution that the left and right vectors treated by

oblique Lanczos should not be confused with initial and
final states. These are distinct labels, and left and right
spaces must be constructed for each of the initial and final
state eigensystems.
We first present oblique Lanczos in full generality, then

discuss the specific cases used in this work at the end of the
subsection. In this spirit, consider different right and left
starting states, jψi and hχj, and a non-Hermitian transfer
matrix T ≠ T†. The oblique Lanczos process begins from
the states

jvR1 i ¼
jψiffiffiffiffiffiffiffiffiffiffiffihχjψip and hvL1 j ¼

hχjffiffiffiffiffiffiffiffiffiffiffihχjψip ð20Þ

defined such that hvL1 jvR1 i ¼ 1, and after m iterations
constructs the right and left bases of Lanczos vectors,
jvRj i and hvLj j with j ¼ 1;…; m. The resulting right and left
bases are mutually orthonormal by construction, i.e.,

hvLi jvRj i ¼ δij; ð21Þ

but hvRi jvRj i ≠ hvLi jvLj i ≠ δij in general. In the process,
oblique Lanczos necessarily also computes the elements αj,
βj, and γj of the tridiagonal matrix

TðmÞ
ij ¼ hvLi jTjvRj i ¼

2
666666664

α1 β2 0

γ2 α2 β3

γ3 α3
. .
.

. .
. . .

.
βm

0 γm αm

3
777777775
ij

: ð22Þ

Beginning with α1 ¼ hvL1 jTjvR1 i and defining β1 ¼ γ1 ¼ 0

for notational convenience, the iteration proceeds via
three steps
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Step1

jrRiþ1i ¼ ðT − αiÞjvRi i − βijvRi−1i;
jrLiþ1i ¼ ðT† − α�i ÞjvLi i − γ�i jvLi−1i;

Step2

βiþ1γiþ1 ¼ hrLiþ1jrRiþ1i;
Step3

jvRiþ1i ¼
1

γiþ1

jrRiþ1i;

jvLiþ1i ¼
1

β�iþ1

jrLiþ1i;

αiþ1 ¼ hvLiþ1jTjvRiþ1i: ð23Þ

How precisely βj and γj are determined from the product
βjγj computed in step two is a matter of convention; any
choice satisfying8

γj ¼
hrLj jrRj i

βj
ð24Þ

is correct. It will be helpful to consider the symmetric

convention βj ≡ γj ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hrLj jrRj i

q
corresponding to naive

complexification of the standard Lanczos algorithm. We
have in some cases observed improved numerical behavior

with a different convention, βj ¼ j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hrLj jrRj i

q
j [51]. All

physical quantities computed with this formalism are
invariant to the choice of oblique convention, although
the Lanczos vectors are not.
The Lanczos approximation of the transfer matrix is

TðmÞ ≡ Xm
i;j¼1

jvRi ihvLi jTjvRj ihvLj j ¼
Xm
i;j¼1

jvRi iTðmÞ
ij hvLj j: ð25Þ

For any t < m it exactly replicates the action of the transfer
matrix on the starting vectors (see Appendix C)

TtjvR1 i ¼ ½TðmÞ�tjvR1 i; hvL1 jTt ¼ hvL1 j½TðmÞ�t: ð26Þ

When applied to T of rank d, Lanczos recovers the original
operator exactly after d iterations: TðdÞ ¼ T. This motivates
the identification of approximate physical eigenvalues and
eigenvectors of T with those of

TðmÞ ¼
Xm−1

k¼0

jyRðmÞ
k iλðmÞ

k hyLðmÞ
k j; ð27Þ

where λðmÞ
k are the Ritz values and jyRðmÞ

k i and jyLðmÞ
k i are

the right and left Ritz vectors, already mentioned above.
We may relate the Ritz and Lanczos vectors by consid-

ering the eigendecomposition of the tridiagonal matrix

TðmÞ
ij ¼

Xm−1

k¼0

ωðmÞ
ik λðmÞ

k ðω−1ÞðmÞ
kj ð28Þ

whereωðmÞ
ik is the ith component of the kth right eigenvector

of TðmÞ
ij and ðω−1ÞðmÞ

kj is the jth component of the kth left
eigenvector. Comparing Eqs. (28) and (27), we can write

jyRðmÞ
k i ¼ N ðmÞ

k

Xm
i¼1

jvRi iωðmÞ
ik ;

hyLðmÞ
k j ¼ 1

N ðmÞ
k

Xm
j¼1

ðω−1ÞðmÞ
kj hvLj j; ð29Þ

where N ðmÞ
k is an arbitrary constant included to set the

normalization. The Ritz values and right/left Ritz vectors
are the best Lanczos approximation to the true eigenvalues
and right/left eigenvectors, and recover them exactly in the
limit m ¼ d where d is the rank of T. By construction,

hyLðmÞ
k jyRðmÞ

l i ¼ δkl; ð30Þ

but hyLðmÞ
k jyLðmÞ

l i ≠ hyRðmÞ
k jyRðmÞ

l i ≠ δkl in general.
Eigenvectors are defined only up to an overall (complex)

constant, which must be set by convention. We use unit-
normalized right eigenvectors such that

P
i jωikj2 ¼ 1 and

set the phase by ω1k ¼ jω1kj. The left eigenvector matrix
ω−1 is fully defined by this convention via matrix inversion
of ω. The left eigenvectors are not, in general, unit-
normalized if the right eigenvectors are. This same obser-
vation applies for the Ritz vectors and in Sec. V is used to
identify and understand unphysical states which arise due
to violations of Hermiticity by statistical noise.
In lattice applications, we do not have direct access to

vectors and operators in the Hilbert space of states, only
correlator data of the form

A1ðtÞ≡ hvL1 jTtjvR1 i ¼
hχjTtjψi
hχjψi ¼ CðtÞ

Cð0Þ : ð31Þ

where here CðtÞ is off-diagonal for the general case.

However, as shown in Ref. [51], TðmÞ
ij may be computed

only in terms of these quantities using recursion relations,
which iteratively construct generalized correlators evalu-
ated between higher-order Lanczos vectors,8Recall that repeated indices are not summed over in this work.
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AjðtÞ ¼ hvLj jTtjvRj i;
GjðtÞ ¼ hvLj jTtjvRj−1i;
BjðtÞ ¼ hvLj−1jTtjvRj i: ð32Þ

These recursions may be derived by inserting Eq. (23) into the above expression, which gives

Ajþ1ðtÞ ¼ hvLjþ1jTtjvRjþ1i ¼
1

βjþ1γjþ1

h
hvLj jTtþ2 − 2αjTtþ1 þ α2jT

tjvRj i þ βjγjhvLj−1jTtjvRj−1i

− γjhvLj−1jTtþ1 − αjTtjvRj i − βjhvLj jTtþ1 − αjTtjvRj−1i
i

¼ 1

βjþ1γjþ1

h
Ajðtþ 2Þ − 2αjAjðtþ 1Þ þ α2jAjðtÞ þ βjγjAj−1ðtÞ

− γjBjðtþ 1Þ þ αjγjBjðtÞ − βjGjðtþ 1Þ þ αjβjGjðtÞ
i
; ð33Þ

Gjþ1ðtÞ ¼ hvLjþ1jTtjvRj i ¼
1

βjþ1

�hvLj jTtþ1 − αjTtjvRj i − γjhvLj−1jTtjvRj i
� ¼ 1

βjþ1

�
Ajðtþ 1Þ − αjAjðtÞ − γjBjðtÞ

�
; ð34Þ

Bjþ1ðtÞ ¼ hvLj jTtjvRjþ1i ¼
1

γjþ1

�hvLj jTtþ1 − αjTtjvRj i − βjhvLj jTtjvRj−1i
� ¼ 1

γjþ1

�
Ajðtþ 1Þ − αjAjðtÞ − βjGjðtÞ

�
; ð35Þ

with A0ðtÞ ¼ G1ðtÞ ¼ B1ðtÞ ¼ 0 defined for notational
convenience. Similarly, one may derive

βjþ1γjþ1 ¼ hrLjþ1jrRjþ1i ¼ hvLj jT2jvRj i − α2j − βjγj

¼ Ajð2Þ − α2j − βjγj: ð36Þ

Using these expressions, starting from the (normalized)
correlator data A1ðtÞ, each iteration proceeds by computing
first γjþ1 and βjþ1, then Gjþ1ðtÞ and Bjþ1ðtÞ, then Ajþ1ðtÞ,
and finally

αjþ1 ¼ hvLjþ1jTjvRjþ1i ¼ Ajþ1ð1Þ: ð37Þ

Each step incorporates two more elements of the original
correlator, i.e., the αj, βj, and γj are functions of A1ðtÞ from
t ¼ 0;…; 2j − 1. Thus, the generalized correlators grow
shorter with each iteration: AjðtÞ, GjðtÞ, and BjðtÞ are
defined for t ¼ 0;…; Nt − 2ðj − 1Þ. The recursion must
terminate after all Nt elements of the original correlator
have been incorporated, producing αj, βj, and γj for j ¼
1;…; Nt=2 afterm ¼ Nt=2 steps. Note thatGjð1Þ ¼ γj and
Bjð1Þ ¼ βj self-consistently.
The matrix element problem requires only a subcase of

this formalism. In particular, we use only diagonal two-
point correlators with χ ¼ ψ and hereafter formally assume

jvR1 i ¼ jvL1 i ¼
jψiffiffiffiffiffiffiffiffiffiffiffiffihψ jψip ; ð38Þ

such that

hvL1 jTtjvR1 i ¼ hvR1 jTtjvR1 i ¼ hvL1 jTtjvL1 i ¼
hψ jTtjψi
hψ jψi : ð39Þ

As already discussed at the top of this section, the under-
lying transfer matrix is Hermitian, i.e., T ¼ T†. For any
symmetric convention jβjj≡ jγjj, applying this to the
formalism gives jvRj i ¼ jvLj i for all j, and the oblique
Lanczos process reduces to standard Lanczos (identically,
if βj ≡ γj). In this case, all left (L) and right (R) quantities
become identical and the distinction may be dropped.9

However, when statistical noise obscures the Hermiticity
of T, the distinction jvRj i ≠ jvLj i for j > 1 remains impor-
tant as discussed in Sec. V.

B. Convergence and bounds

Explorations of the convergence properties of the
Lanczos algorithm have produced several distinct classes
of bounds on the approximation errors in its results. This
subsection reviews two, one of which can be used in
practice to assess convergence and the other of which is
useful to understand the convergence properties of the
method. Versus Ref. [51], the definitions here have been

adapted to include factors of N ðmÞ
k and accommodate

complex γj and βj.

9If jβjj ≠ jγjj, then jvRj i ≠ jvLj i even when T ¼ T† and
jvR1 i ¼ jvL1 i. However, the L and R versions of any physical
quantity will still coincide, as they are necessarily convention-
independent.
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Formally restricting to Hermitian T ¼ T†, the Lanczos
formalism allows computation of a rigorous two-sided

bound on the distance between a given Ritz value λðmÞ
k

and the nearest true eigenvalue λ [73,79,80]. Specifically, as
derived for the oblique formalism in Ref. [51], in the
special case of Hermitian T ¼ T†,

min
λ∈ fλng

��λðmÞ
k − λ

��2 ≤ ��BR=LðmÞ
k

��; ð40Þ

holds simultaneously for both

BRðmÞ
k ≡ RRðmÞ

hyRðmÞ
k jyRðmÞ

k i
; BLðmÞ

k ≡ RLðmÞ

hyLðmÞ
k jyLðmÞ

k i
; ð41Þ

defined in terms of the residuals10

RRðmÞ
k ¼ jγmþ1j2jωðmÞ

mk j2jN ðmÞ
k j2hvRmþ1jvRmþ1i;

RLðmÞ
k ¼ jβmþ1j2jðω−1ÞðmÞ

km j2 1

jN ðmÞ
k j2

hvLmþ1jvLmþ1i: ð42Þ

Regrouping terms admits a convenient simplification,

BRðmÞ
k ¼ jγmþ1j2jωðmÞ

mk j2VRðmÞ
k ;

BLðmÞ
k ¼ jβmþ1j2jðω−1ÞðmÞ

km j2VLðmÞ
k ; ð43Þ

where

VRðmÞ
k ≡ hvRmþ1jvRmþ1i

jN ðmÞ
k j2

hyRðmÞ
k jyRðmÞ

k i

¼ hvRmþ1jvRmþ1iP
ij ω

ðmÞ�
ik hvRi jvRj iωðmÞ

jk

;

VLðmÞ
k ≡ hvLmþ1jvLmþ1i

1=jN ðmÞ
k j2

hyLðmÞ
k jyLðmÞ

k i

¼ hvLmþ1jvLmþ1iP
ijðω−1ÞðmÞ

ki hvLi jvLj iðω−1ÞðmÞ�
kj

: ð44Þ

The second equation in each of the above inserts the Ritz
vector definition Eq. (29). The cancellation of factors of

N ðmÞ
k reflect independence of Ritz vector normalization

convention. The hvRi jvRj i and hvLi jvLj i factors may be
computed as discussed in Sec. III C, and factors of

hyR=LðmÞ
k jyR=LðmÞ

k i and N ðmÞ
k as in Secs. III D and III E.

These bounds are directly computable whenever Lanczos is
applied and can therefore be used to monitor convergence
in practice.

Separately, Ritz values and vectors converge to true
eigenvalues and eigenvectors with a rate governed by
Kaniel-Paige-Saad (KPS) convergence theory [79,81,82]
even for infinite-dimensional systems. In the infinite-
statistics limit of the case of interest (jvL1 i ¼ jvR1 i and
T ¼ T†), differences between Ritz values and transfer-
matrix eigenvalues satisfy the KPS bound11

0 ≤ λn − λðmÞ
n ≤ ðλn − λ∞Þ

�
KðmÞ

n tanϕn

Tm−n−1ðΓnÞ
	2
; ð45Þ

where the TkðxÞ are Chebyshev polynomials of the first
kind defined by Tkðcos xÞ ¼ cosðkxÞ,

Γn ≡ 1þ 2ðλn − λnþ1Þ
λnþ1 − λ∞

¼ 2eEnþ1−En − 1; ð46Þ

λ∞ is the smallest eigenvalue of T, and

KðmÞ
n ≡Yn−1

l¼0

λðmÞ
l − λ∞

λðmÞ
l − λn

; n > 0: ð47Þ

with KðmÞ
0 ≡ 1. For the ground state and infinite-

dimensional T such that λ∞ ¼ 0, this simplifies to

λ0 − λðmÞ
0

λ0
≤
�
tan arccos z0
Tm−1ð2eδ − 1Þ

	
2

ð48Þ

where zn ≡ hnjv1i and δ≡ E1 − E0. For large k,
TkðxÞ ≈ 1

2
ðxþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 − 1

p
Þk, and this further simplifies to

λ0 − λðmÞ
0

λ0
≲ 4ð1 − z20Þ

z20
×



e−2ðm−1Þδ δ ≫ 1

e−4ðm−1Þ ffiffi
δ

p
δ ≪ 1

: ð49Þ

As discussed in Ref. [51], near the continuum limit where
δ ≪

ffiffiffi
δ

p
≪ 1 the e−4m

ffiffi
δ

p
∼ e−2t

ffiffi
δ

p
convergence of Lanczos

is exponentially faster than the e−tδ convergence of the
power-iteration method and standard effective mass.

An analogous KPS bound applies to the overlaps YðmÞ
n ≡

hnjyðmÞ
n i between Ritz vectors and transfer-matrix eigen-

vectors. Defining the angle ϕðmÞ
n ≡ arccosYðmÞ

n between

these vectors, the KPS bound on tanϕðmÞ
n ¼ tan arccosYðmÞ

n

is given by [79,81,82]

tanϕðmÞ
n ≤

KðmÞ
n

Tm−n−1ðΓnÞ
tan arccos zn: ð50Þ

10Recall that the first index of ωðmÞ
ik and second index of

ðω−1ÞðmÞ
ki correspond to Lanczos vectors and run from 1 to m.

11Note that Tm−n−1ðΓnÞ appears here and below in place of
Tm−nðγ̂nÞ in Ref. [82]; the Chebyshev arguments are identical
while the order differs by 1 because the largest eigenvalue is
labeled λ0 here as opposed to λ1 in Ref. [82].
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For the ground state this simplifies to

tan arccosYðmÞ
n ≤

1

Tm−1ð2eδ − 1Þ tan arccos z0; ð51Þ

which can be expanded similarly as

tan arccosYðmÞ
n ≲ 2

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − z20

p
z0

×


e−ðm−1Þδ δ ≫ 1

e−2ðm−1Þ ffiffi
δ

p
δ ≪ 1

: ð52Þ

This demonstrates that jYðmÞ
n j2 converges to 1, which

indicates that jyðmÞ
n i is identical to jni, with the same

exponential rate that the Ritz values converge to transfer-
matrix eigenvalues.

C. Krylov polynomials

The right and left Lanczos vectors jvRj i and jvLj i are
related to the right and left Krylov vectors

jkRt i≡ TtjvR1 i; jkLt i≡ ðT†ÞtjvL1 i; ð53Þ

by the Krylov coefficients KR
jt and KL

jt as

jvRj i ¼
Xj−1
t¼0

KR
jtjkRt i; jvLj i ¼

Xj−1
t¼0

KL�
jt jkLt i: ð54Þ

Equivalently, these coefficients may be thought of as the
coefficients of polynomials in T. These polynomials are
Hilbert-space operators KR=L

j which excite the Lanczos
vectors from the starting vectors jvR1 i and jvL1 i as

jvRj i ¼ KR
j jvR1 i ¼

Xj−1
t¼0

KR
jtT

tjvR1 i;

jvLj i ¼ KL†
j jvL1 i ¼

Xj−1
t¼0

KL�
jt ðT†ÞtjvL1 i: ð55Þ

It is convenient to consider these objects when relating
quantities defined in terms of Lanczos vectors to correlation
functions, including especially Ritz vectors.
The Krylov coefficients can be computed using a simple

recursion. Beginning with

KR
1t ¼ KL

1t ¼ ½1; 0 � � ��t;

KR
2t ¼

�
−
α1
γ2

;
1

γ2
; 0 � � �

	
t
;

KL
2t ¼

�
−
α1
β2

;
1

β2
; 0 � � �

	
t
; ð56Þ

the coefficients are obtained for each subsequent j from

KR
jþ1;t ¼

1

γjþ1

�
KR

j;t−1 − αjKR
jt − βjKR

j−1;t
�
;

KL
jþ1;t ¼

1

βjþ1

�
KL

j;t−1 − αjKL
jt − γjKL

j−1;t
�
; ð57Þ

using KR
j;−1 ¼ KL

j;−1 ¼ 0 for notational convenience. Note

that KR=L
jt ¼ 0 for all t > j − 1.

Once computed, KR
jt and K

L
jt provide a convenient means

to compute the Lanczos-vector matrix elements that appear
in the eigenvalue bound Eq. (44)

hvRi jvRj i ¼
Xi−1
s¼0

Xj−1
t¼0

hvR1 jðT†ÞsKR�
is K

R
jtT

tjvR1 i

¼
X
st

KR�
is

Cðsþ tÞffiffiffiffiffiffiffiffiffiffi
Cð0Þp KR

jt;

hvLi jvLj i ¼
Xi−1
s¼0

Xj−1
t¼0

hvL1 jTsKL
isK

L�
jt ðT†ÞtjvL1 i

¼
X
st

KL
is
Cðsþ tÞffiffiffiffiffiffiffiffiffiffi

Cð0Þp KL�
jt ; ð58Þ

restricting to Hermitian T ¼ T† in the second line of each
equation.
With the symmetric convention βj ≡ γj the definitions

Eqs. (56) and (57) are identical and KR
jt ¼ KL

jt always.
12 In

this case, hvRi jvRj i ¼ hvLi jvLj i� as computed by Eq. (58),
given real CðtÞ. For other conventions, these quantities may
differ nontrivially.

D. Ritz rotators

The tridiagonal matrix eigenvectors ωðmÞ and right/left
Krylov coefficients KR=L may be combined to compute the
Ritz coefficients

PRðmÞ
kt ≡N ðmÞ

k

Xm
i¼1

ωðmÞ
ik KR

it;

PLðmÞ
kt ≡ 1

N ðmÞ
k

Xm
i¼1

ðω−1ÞðmÞ
ki KL

it; ð59Þ

which directly relate the Ritz and Krylov vectors as

jyRðmÞ
k i ¼

Xm−1

t¼0

PRðmÞ
kt jkRt i;

jyLðmÞ
k i ¼

Xm−1

t¼0

PLðmÞ�
kt jkLt i: ð60Þ

12The right and left Lanczos vectors jvRj i and jvLj i are then
excited by Kj ¼

P
t KjtTt and its conjugate K†

j , respectively.
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The Ritz coefficients are independent of oblique β, γ
convention. They may equivalently be thought of as the
coefficients of a polynomial in the transfer matrix T. These
operators are the right/left Ritz rotators PR=LðmÞ, which
excite the Ritz vectors from the starting ones as

jyRðmÞ
k i ¼ PRðmÞ

k jvR1 i≡
Xm−1

t¼0

PRðmÞ
kt TtjvR1 i;

jyLðmÞ
k i ¼ PLðmÞ†

k jvL1 i≡
Xm−1

t¼0

PLðmÞ�
kt ½T†�tjvL1 i: ð61Þ

These objects allow straightforward relation of quantities
defined in terms of Ritz vectors with expressions in terms

of correlation functions. Note that the Ritz rotators PR=LðmÞ
k

are not proper projection operators. However, true Ritz
projectors may be constructed using TðmÞ in place of T with
the same coefficients; see Appendix C.
The normalization and phase of the Ritz vectors—as

encoded by N ðmÞ
k —is in principle a matter of convention,

but in this application unit normalization

hyRðmÞ
k jyRðmÞ

k i ¼ 1 ð62Þ

is required so that jyRðmÞ
k i ¼ jyLðmÞ

k i may hold for physical
states; this cannot occur if their normalizations differ.
Furthermore, as discussed further in Sec. III F, extractions
of matrix elements from off-diagonal three-point functions
depend on this convention; a physical choice is necessary.

Determining N ðmÞ
k is most straightforwardly accomplished

by computing the overlap factors, as shown in the next
section.

The Ritz coefficients PR=LðmÞ
kt afford an alternative means

of computing the hyRðmÞ
k jyRðmÞ

k i and hyLðmÞ
k jyLðmÞ

k i factors in
Eq. (44). Inserting Eq. (61) gives

hyRðmÞ
k jyRðmÞ

l i ¼
X
st

hvR1 jðT†ÞsPRðmÞ�
ks PRðmÞ

lt TtjvR1 i

¼
X
st

PRðmÞ�
ks

Cðsþ tÞ
Cð0Þ PRðmÞ

lt ;

hyLðmÞ
k jyLðmÞ

l i ¼
X
st

hvL1 jTsPLðmÞ
ks PLðmÞ�

lt ðT†ÞtjvL1 i

¼
X
st

PLðmÞ
ks

Cðsþ tÞ
Cð0Þ PLðmÞ�

lt ; ð63Þ

invoking T ¼ T† in the second equality of each. This
expression provides a useful consistency check. In the

noiseless case, when PR=LðmÞ
kt are properly normalized,

Eq. (63) should yield hyRðmÞ
k jyRðmÞ

l i ¼ hyLðmÞ
k jyLðmÞ

l i ¼ δkl.
In the noisy case of Sec. V, similar holds for the subset of
physical states.

E. Overlap factors

The overlap factors may be obtained directly from the

eigenvectors ωðmÞ
ik of the tridiagonal matrix as

½ZRðmÞ
k �� ¼ hψ jyRðmÞ

k i ¼ N ðmÞ
k

Xm
i¼1

jψ jhvL1 jvRi iωðmÞ
ik

¼ N ðmÞ
k jψ jωðmÞ

1k ;

ZLðmÞ
k ¼ hyLðmÞ

k jψi ¼ 1

N ðmÞ
k

Xm
j¼1

ðω−1ÞðmÞ
kj hvLj jvR1 ijψ j

¼ jψ j
N ðmÞ

k

ðω−1ÞðmÞ
k1 ; ð64Þ

using the definition Eq. (29). The specific choices of L
versus R in these definitions are motivated further in Sec. V,
where in the noisy case they provide useful intuition.
However, the two definitions coincide for all physical states
with degenerate left and right eigenvectors, and other
equally correct ones are possible.
The overlap factors provide a convenient means of

determining N ðmÞ
k to enforce unit normalization for the

Ritz vectors. Specifically, note that ZLðmÞ
k ¼ ZRðmÞ

k only if

jyRðmÞ
k i ¼ jyLðmÞ

k i, which in turn requires compatible nor-
malizations. Demanding that this holds gives

jN ðmÞ
k j2 ¼ ðω−1ÞðmÞ�

k1

ωðmÞ
1k

: ð65Þ

When TðmÞ is Hermitian as in the noiseless case,

ðω−1ÞðmÞ
ki ¼ ωðmÞ�

ik so that jN ðmÞ
k j2 ¼ 1 automatically.

However, in the noisy case explored in Sec. V, it must
be set manually; for unphysical noise-artifact states this will

not be possible, as ðω−1ÞðmÞ�
k1 =ωðmÞ

1k will be complex in

general when jyRðmÞ
k i =∝ jyLðmÞ

k i. The N ðmÞ
k similarly cannot

be computed in this manner for off-diagonal correlators
where jψi ≠ jχi and the R=L overlaps differ nontrivially.
As mentioned previously, some convention is also

required to set the phase of the Ritz vectors (and thus of

N ðmÞ
k ). The standard convention for the phase of the true

eigenstates is typically set to give real overlap factors, so we
adopt this for the Ritz vectors as well. From Eq. (64) we see

that the convention ωðmÞ
1k ¼ jωðmÞ

1k j is equivalent to choosing
ZRðmÞ
k real if N ðmÞ

k is. In the noiseless case where ωðmÞ is
unitary, this convention is inherited by ZLðmÞ

k . However, in

the noisy case, unphysical states with complex ZLðmÞ
k arise

as discussed in Sec. V.
Properly normalized Ritz coefficients allow a different

but equivalent computation,
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ZLðmÞ
k ¼

Xm−1

t¼0

PLðmÞ
kt hvL1 jTtjvR1 ijψ j ¼

X
t

PLðmÞ
kt

CðtÞ
jψ j ;

½ZRðmÞ
k �� ¼

Xm−1

t¼0

jψ jhvL1 jTtjvR1 iPRðmÞ
kt ¼

X
t

PRðmÞ
kt

CðtÞ
jψ j ; ð66Þ

inserting the Ritz rotators Eq. (61) into the definitions of
Eq. (64). This allows derivation of several nontrivial
identities and can be useful for cross-checks. For example,

in the noiseless case, complex values indicate ωðmÞ
1k ¼

jωðmÞ
1k j has not been enforced correctly; in the noisy case,

this may signal the appearance of unphysical states as
discussed below in Sec. V.

F. Matrix elements

With the right/left Ritz coefficients PR=LðmÞ
kt computed

and normalized, we can derive an expression to directly
compute matrix elements from three-point functions. Using
Eq. (61), the derivation proceeds as

JðmÞ
fi ¼ hy0LðmÞ

f jJjyRðmÞ
i i

¼
Xm−1

σ;τ¼0

P0LðmÞ
fσ hv0L1 jTσJTτjvR1 iPRðmÞ

iτ

¼
X
στ

P0LðmÞ
fσ

hψ 0jTσJTτjψi
jψ 0jjψ j PRðmÞ

iτ

¼
X
στ

P0LðmÞ
fσ

C3ptðσ; τÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C0ð0ÞCð0Þp PRðmÞ

iτ ; ð67Þ

where the primed P0LðmÞ
fσ are computed from the final-state

two-point function C0ðtÞ, and the unprimed PRðmÞ
iτ from the

initial-state CðtÞ. This expression is the main result of this
work. Note that for any state of physical interest Eq. (67)
will reduce to Eq. (1)—this is all states in the noiseless case
where the data is manifestly Hermitian, but only a subset in
the presence of noise as discussed in Sec. V. The gener-
alization to matrix elements of products of currents or other
temporally nonlocal operators follows immediately by
replacing J in Eq. (67) with the corresponding composite
or nonlocal operator.
The extracted value is in general sensitive to the choice

of Ritz vector normalization as JðmÞ
fi ∝ N ðmÞ

i =N 0ðmÞ
f . In the

special case of diagonal three-point correlators where
ψ 0 ¼ ψ , these factors cancel and the value is convention-
independent. However, convention dependence remains in
the off-diagonal case, emphasizing the importance of
enforcing unit normalization as noted above to obtain
physically interpretable results.
It is natural to ask why Eq. (67) should be preferred

over hy0RðmÞ
f jJjyRðmÞ

i i or hy0LðmÞ
f jJjyLðmÞ

i i. The definition

employed is privileged in that, for the other two options,
the equivalents of the last equality in Eq. (67) must invoke
T ¼ T†. However, the distinction is irrelevant in practice:
for physical states the right and left Ritz vectors are
degenerate, in which case all three definitions produce
identical results.
The Lanczos matrix-element extraction has stricter data

requirements than standard analysis methods. Specifically,

evaluating JðmÞ
fi requires C3ptðσ; τÞ for all 0 ≤ σ ≤ m − 1

and 0 ≤ τ ≤ m − 1, which includes data for all sink times
0 ≤ tf ≤ 2ðm − 1Þ for m Lanczos iterations. Formally this
is always the case, but some simple redefinitions allow
application to more general datasets. Taking the initial state
to be Tt0 jψi rather than jψi defines Lanczos applied to the
trimmed correlators Cðtþ 2t0Þ and C3ptðσ þ t0; τ þ t0Þ,
with t, σ, τ ≥ 0. Separately, defining Lanczos from an
iteration in the operator Tn with integer n > 1 rather than T
defines a method applicable to sparsely (but regularly)
evaluated correlators, CðntÞ and C3ptðnσ; nτÞ. In combi-
nation, they allow a Lanczos analysis incorporating three-
point function data evaluated with regular spacing n in tf; τ
starting from any nonzero t0.
These stricter requirements are no concern for quark-line

disconnected and gluonic operators, where three-point data
is naturally available for all 0 ≤ τ < Nt and 0 ≤ tf < Nt, or
wherever CðtfÞ is available. However, this clashes with the
typical strategy used when computing connected contribu-
tions with sequential source methods. The typical mode of
inverting through the sink requires a separate calculation
for each tf desired, each obtaining all τ at fixed tf. Thus, to
avoid computation, C3pt is often computed sparsely in tf,
typically avoiding small tf and skipping points in the
evaluated range. For standard analysis methods, this
strategy gives better confidence in control over excited-
state effects given a fixed budget. However, for a Lanczos
analysis, this restricts the number of iterations that may be
evaluated. Moreover, the requirement of regular spacing in
tf means Lanczos may not be able to fully incorporate the
entirety of existing connected three-point function datasets.
While inconvenient, these data requirements are not nec-
essarily a disadvantage. The small-tf points typically
discarded have good SNR, and Lanczos may usefully
incorporate them without the possibility of worsening ESC.
At most, the estimate Eq. (67) incorporates only 1=4 of

the computable lattice three-point function, corresponding
to slightly less than half of the useful data where operator
ordering ∼ψ 0Jψ̄ is satisfied. The useful data correspond to
all tf; τ in 0;…; Nt − 1 satisfying tf ≥ τ, but the sums in
Eq. (67) over τ and σ ¼ tf − τ run only to Nt=2 − 1 at
maximal m ¼ Nt=2, excluding all σ; τ ≥ Nt=2. While it
would be desirable to incorporate all data available in the
noisy case, the formalism does not allow it; however, we
note that all excluded points lie in the region tf ≥ Nt=2,
where thermal effects are significant or dominant.
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Remarkably, as seen in the Nt=2-dimensional example of
Sec. IV, the subset of three-point data incorporated is
sufficient to solve for all matrix elements exactly in a finite-
dimensional setting.

IV. MANIFEST HERMITICITY
AND NOISELESS EXAMPLE

For our problems of interest, the transfer matrix T is
Hermitian, with real eigenvalues and degenerate left and right
eigenvectors. As emphasized throughout Sec. III, physical
interpretability requires that this also holds for the Lanczos
approximation of the transfer matrix, at least for states of
physical interest. As explored in this section, in the absence
of statistical noise Lanczos produces a fully Hermitian
eigensystem. We demonstrate that not only do Lanczos
matrix-element estimates converge, they do so much more
rapidly than estimates with previously available approaches.
It is straightforward to see that Lanczos respects

Hermiticity when it is manifest in the correlator data. In
this case, T ¼ T† may be applied in the formalism of
Sec. III without introducing any inconsistencies. Taking the
symmetric convention13 βj ≡ γj, oblique Lanczos reduces
identically to standard Lanczos, which produces degenerate
right/left Lanczos vectors jvRj i ¼ jvLj i ¼ jvji by construc-
tion. It follows immediately that

TðmÞ
ij ¼

X
ij

jviihvijTjvjihvjj ð68Þ

is Hermitian, thus the Ritz values λðmÞ
k are real and the right/

left Ritz vectors are degenerate jyRðmÞ
k i ¼ jyLðmÞ

k i≡ jyðmÞ
k i.

All left and right quantities coincide, and the L=R dis-
tinction may be dropped.
To verify these statements and demonstrate the Lanczos

method, we apply it to a finite-dimensional, exactly
Hermitian mock-data example. The simulated problem is
the most general one that can be treated with the procedure
defined in Sec. III: an off-diagonal three-point function and
corresponding pair of diagonal initial- and final-state two-
point functions. The two-point functions are defined as

Ei ¼ 0.1ðiþ 1Þ; E0
f ¼ ½E2

f þ 0.12�1=2;

Zi ¼
1ffiffiffiffiffiffiffi
2Ei

p ; Z0
f ¼

1ffiffiffiffiffiffiffiffi
2E0

f

q ;

CðtÞ ¼
XNt=2−1

i¼0

Z2
i e

−Eit; C0ðtÞ ¼
XNt=2−1

f¼0

Z02
f e

−E0
ft; ð69Þ

while the three-point function is defined as

Jfi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4E0

0E0

4E0
fEi

s
J̃fi;

J̃00 ¼ J00 ¼ 1;

J̃fi ∼N ð0; 1Þ; ðf þ iÞ > 0;

C3ptðσ; τÞ ¼
XNt=2−1

i;f¼0

Z0
fZiJfie

−E0
fσ−Eiτ; ð70Þ

where J̃fi ∼N ð0; 1Þ indicates that those values have been
drawn from a unit-width normal distribution centered at
zero.14 Initial- and final-state effective energies and the
standard ratio Eq. (14) are shown in Fig. 1. The energies Ei

FIG. 1. Noiseless mock-data example as defined in Eq. (70). At
top, the effective energies [Eq. (12)] for the initial- and final-state
two-point correlators, CðtÞ and C0ðtÞ. Severe excited-state con-
tamination is visible in the slow decay toward the ground-state
energies. At bottom, the standard ratio [Eq. (14)] of three- and
two-point functions to isolate the ground-state matrix element,
shown for 0 ≤ τ ≤ tf for each tf (different colors). Excited-state
contamination decreases in tf , as seen in the approach of the
value toward the true ground-state matrix element J00 (black
line), and increases in jτ − tf=2j, as seen in the curvature at fixed
tf . The curl upward at right is an indication of severe excited-state
contamination.

13As discussed in Sec. III, all physical quantities are indepen-
dent of the choice of oblique convention. The reductions
discussed in this paragraph apply for any symmetric convention
jβjj≡ jγjj, which produce identical results with manifestly
Hermitian data.

14The precise values of Jfi used are provided in the Supple-
mental Material file [83].
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and E0
f are chosen to resemble an off-forward two-point

function, with the final-state spectrum a boosted version of
the initial one. The overlap factors are flat up to the single-
particle relativistic normalization of states, simulating the
case of severe excited-state contamination.15 The excited-
state and transition matrix elements have mixed signs, with
the only structure in their magnitudes from the imposed
single-particle relativistic normalization. The value of the
ground-state matrix element is fixed to 1; this is much
larger than the typical magnitude of Jfi with f þ i > 0, so
that C3pt is ground-state dominated.
We proceed following the steps laid out at the top of

Sec. III separately to each of the initial- and final-state
correlators, CðtÞ and C0ðtÞ. It is straightforward to numeri-
cally verify the claims above. Note that all statements
made in this section should be taken to apply for exact
arithmetic.16 With any jβjj ¼ jγjj, the tridiagonal matrices

TðmÞ
ij are real and symmetric, and thus have real Ritz values

λðmÞ
k and unitary eigenvector matrices ωðmÞ. The right/left
Krylov coefficients are real and identical, KR

jt ¼ KL
jt,

such that KR
j ¼ KL†

j , implying jvRj i ¼ jvLj i. Consistently,
evaluating Eq. (58) confirms hvRi jvRj i ¼ hvLi jvLj i ¼ δij. The

right and left Ritz coefficients PR=LðmÞ are also identical,
such that the Ritz rotators are Hermitian as necessary for

jyRðmÞ
j i ¼ jyLðmÞ

j i. Similar statements apply for primed
final-state quantities. The L=R distinction is thus dropped
in the discussion of results that follows.
Figure 2 shows the spectra of Ritz values extracted

for different numbers of Lanczos iterations m. One addi-
tional Ritz value is produced after each iteration, and
the spectra are recovered increasingly accurately as m
increases. This accuracy is reflected in the decreasing
size of the eigenvalue bounds Eq. (40), represented by
the error bars in Fig. 2; Eq. (44) simplifies when
jvRj i ¼ jvLj i, so these may be computed without further
effort. Because each spectrum has only Nt=2 states,
Lanczos recovers all energies exactly at the maximal
m ¼ Nt=2 iterations.
After obtaining the initial- and final-state Ritz coeffi-

cients P0ðmÞ
ft and PðmÞ

it , the matrix elements may be com-
puted using Eq. (67), which reduces to

JðmÞ
fi ¼

X
στ

ðP0ÞðmÞ�
fσ

C3ptðσ; τÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C0ð0ÞCð0Þp PðmÞ

iτ ð71Þ

in the noiseless case, recovering the form of Eq. (1) for all
states f, i. The resulting estimates of the ground-state
matrix element J00 are shown in Fig. 3, alongside effective
matrix elements computed with power iteration [Eq. (15)]
and the summation method [Eq. (16)]. The Lanczos
estimate converges rapidly to the true value, reproducing
it exactly at maximal m ¼ Nt=2 where Lanczos solves the
system. The advantages in comparison to the other methods
are apparent, neither of which converge near to the true
value before the full Euclidean time range available is
exhausted. As a more qualitative advantage, the Lanczos
estimate does not approach the true value smoothly,
advertising that results are unstable until convergence is
achieved. The benefit is made apparent by considering the
summation curve, which appears to be asymptoting—but to

FIG. 2. Independent Lanczos extractions of the initial- (blue, at
left) and final-state (orange, at right) spectra from CðtÞ and C0ðtÞ,
respectively, for the noiseless mock-data example Eq. (70). Each
point corresponds to a Ritz value (i.e., an approximate transfer-
matrix eigenvalue). The associated uncertainties are not statis-
tical, and instead correspond to the (asymmetric, after mapping to
E) extent of the window of values of λðmÞ allowed by the bound
Eq. (40). Bolded points correspond to the largest eigenvalues at
each number of Lanczos steps m, identified as the ground state.
Points are offset slightly in t so that their uncertainties may be
distinguished. The solid gray lines correspond to the effective
ground-state energies Eq. (40), reproduced from Fig. 1 but plotted
as Eeffðt − 1Þ to align with Lanczos at t ¼ m ¼ 1. The x-axis
t ¼ 2m − 1 corresponds to the maximum t included in the
analysis after m steps. Black horizontal lines correspond to
the true energies Ei and E0

f. At the final step m ¼ Nt=2 ¼ 12,
the Nt=2-state spectra are solved exactly.

15In fact, if left untruncated, this choice of overlaps is
unphysically severe: the infinite sum Cð0Þ ¼ P

k jZkj2 ∼
P

k
1
k

does not converge, whereas Cð0Þ is always finite in practice.
16The Lanczos algorithm is notoriously susceptible to numeri-

cal instabilities due to round-off error at finite precision.
Appendix B discusses where precisely high-precision arithmetic
is required.
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an incorrect value. This susceptibility to deception is
investigated more directly in Sec. VI.
At maximalm ¼ Nt=2, applied to thisNt=2-dimensional

example, Lanczos extracts not only the true J00 exactly but

all ðNt=2Þ2 matrix elements: JðNt=2Þ
fi ¼ Jfi. As illustrated in

Fig. 4, the convergence is more rapid for lower-lying states.
Comparing with Fig. 2, this may be associated to a
combination of the faster convergence of lower-lying
eigenvalues, as expected given the relationship between
eigenvalue and eigenvector convergence discussed in
Sec. III B, and misidentification of higher-lying states with
true ones.
Finally, Fig. 5 shows the initial- and final-state overlap

factors computed using Eq. (64). As with the other

quantities estimated, the ZðmÞ
k rapidly converge to their true

values, with lower-lying states converging more quickly,
and recovers the true Zk exactly at m ¼ Nt=2 ¼ 12.

V. NOISEANDTHE STRANGE SCALARCURRENT

The previous section explored application of the Lanczos
matrix-element procedure to a noiseless example. However,
as emphasized throughout the preceding discussion, impor-
tant differences arise when introducing statistical noise.
Without noise, the underlying Hermiticity of the transfer
matrix is manifest in the correlator data, but noise obscures
this Hermiticity, resulting in unphysical states which must
be identified and discarded. This section explores these

FIG. 3. Ground-state matrix element J00 extracted using vari-
ous methods (top) and their deviations from the true value
(bottom), for the noiseless mock-data example Eq. (70). The
curves for power iteration and summation are effective matrix
elements as defined in Eqs. (15) and (16); no fits are involved.

The Lanczos estimate JðmÞ
00 is computed as defined in Eq. (67)

using Ritz rotators constructed from the initial- and final-state
two-point correlators, CðtÞ and C0ðtÞ. At the final step
m ¼ Nt=2 ¼ 12, Lanczos recovers the true ground state-matrix

element exactly for this 12-state example, i.e., Jð12Þ00 ¼ J00,
hence the error for this point is not shown in the log-scaled
bottom panel.

FIG. 4. For the noiseless example Eq. (70), absolute fractional

deviations of Lanczos matrix element estimates JðmÞ
fi from the true

values Jfi for the two lowest-lying states (blue) and increasingly
high-energy diagonal states (red). Higher states not included
in this plot have more severe deviations. At the final step
m ¼ Nt=2 ¼ 12 (dashed vertical line), Lanczos recovers the full
set of matrix elements exactly for this 12-state example, i.e.,

Jð12Þfi ¼ Jfi, which cannot be shown.

FIG. 5. Independent Lanczos extractions of the initial- (blue,

at left) and final-state (orange, at right) overlap factors ZðmÞ
k for

the noiseless mock-data example Eq. (70), using Eq. (66) from
CðtÞ and C0ðtÞ, respectively. For this noiseless example,

ZRðmÞ
k ¼ ZLðmÞ

k ≡ ZðmÞ
k . Bolded points correspond to the ground

state, identified as the state with the largest eigenvalue. Black
horizontal lines correspond to the true overlaps Zi and Z0

f. The
x-axis t ¼ 2m − 1 corresponds to the maximum t included in the
analysis after m steps. At the final step m ¼ Nt=2 ¼ 12, Lanczos
recovers the true overlap factors exactly for these 12-state

examples, i.e., Zð12Þ
k ¼ Zk and Z0ð12Þ

k ¼ Z0
k.
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issues and techniques to treat them in an application to noisy
lattice data. The discussion emphasizes modifications versus
the noiseless case; a detailed summary of the complete
algorithm for the noisy case is given in Appendix A.
We use bootstrap median estimators to reduce uncer-

tainties associated with spurious states arising from noise.
Their uncertainties are estimated using nested bootstrap
resampling as introduced in Ref. [51] and discussed in
more detail in Ref. [54]; a strategy involving fits to more
standard outlier-robust estimators without nested bootstrap
methods achieves similar uncertainties on final results is
discussed in Appendix F.

A. Problem statement and data

We apply the Lanczos method to extract the forward
matrix element of the strange scalar current

JðτÞ ¼
X
y

s̄ðy; τÞsðy; τÞ ð72Þ

in the nucleon and its first few excited states. We employ a
single ensemble of Ncfg ¼ 1381 configurations generated
by the JLab/LANL/MIT/WM groups [84], using the tad-
pole-improved Lüscher-Weisz gauge action [85] and Nf ¼
2þ 1 flavors of clover fermions [86] defined with stout
smeared [87] links on a 483 × 96 lattice volume. Action
parameters are tuned such that a ≈ 0.091 fm and Mπ ≈
170 MeV [88–90]. The data for the example are a diagonal
three-point function with zero external momentum (i.e.,
p ¼ p0 ¼ 0) and the single corresponding nucleon two-
point function projected to zero momentum, all generated
in the course of the studies published in Refs. [91,92].
Details are largely as in those references, but reproduced
here for completeness. Reference [51] used data generated
independently on configurations from the same ensemble.
Each nucleon two-point function measurement is com-

puted as

Cðt; x0Þ ¼
X
x

Tr½Γhχðx; tþ t0Þχ̄ðx0Þi�; ð73Þ

where x0 ¼ ðx0; t0Þ is the source position and with the trace
over implicit Dirac indices, including those of the spin
projector

Γ ¼ Pþð1þ γxγyÞ with Pþ ¼ 1

2
ð1þ γtÞ: ð74Þ

The interpolator employed is

χðxÞ ¼ ϵabc½uSbðxÞTCγ5dScðxÞ�uSaðxÞ; ð75Þ

where C is the charge conjugation matrix, and uSðxÞ
and dSðxÞ are up- and down-quark fields smeared using
gauge-invariant Gaussian smearing to radius 4.5 with the

smearing kernel defined using spatially stout-smeared link
fields [87]. This is evaluated at 1024 different source posi-
tions x0 on each configuration, arranged in two interleaved
43 × 8 grids with an overall random offset. Averaging over
all source positions yields the per-configuration measure-
ments of CðtÞ used in this analysis. Figure 6 shows the
effective mass computed from it.
Crucially, we invoke the underlying Hermiticity of T to

discard the measured imaginary part of the two-point
correlator CðtÞ, which is real in expectation. While the
procedure is well-defined for complex correlators, the clear
separability of physical from noise-artifact states discussed

FIG. 6. Data for the nucleon strange scalar current example. At
top, the effective energies [Eq. (12)] for the zero-momentum
(p ¼ 0) nucleon two-point correlator. The horizontal line is the
fitted value MN ¼ 0.4169ð18Þ taken from the analysis of a
superset of this data in Refs. [91,92]; its uncertainties are not
visible on the scale of the plot. At bottom, the standard ratio
[Eq. (14)] constructed from the same two-point function and the
forward three-point function with zero external momenta (i.e.,
p ¼ p0 ¼ q ¼ 0) for the s̄s operator insertion. Data are available
up to tf ¼ 96, but signal-to-noise rapidly degrades for tf > 15.
The blue band is the final Lanczos estimate (m ¼ 48) from Fig. 9,
discussed below. Uncertainties of all estimators are computed
using the nested bootstrap median approach described in the
text; see Fig. 21 for analogous results without nested bootstrap.
Uncertainties on EeffðtÞ are computed for λeff0 ðtÞ≡ Cðtþ 1Þ=
CðtÞ then propagated linearly to avoid missingness induced by
negative logarithm arguments on noisier points.
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below appears to arise as a result of manually enforcing
Hermiticity at this level.
The three-point function is computed as

C3ptðσ; τ; x0Þ ¼
X
x

Tr½Γhχðx; tf þ t0ÞJðτ þ t0Þχ̄ðx0Þi�;

ð76Þ

where tf ¼ σ þ τ. Integrating over quark fields results in a
quark-line disconnected diagram. The strange quark loops
are evaluated stochastically [93] using one shot of Z4 noise
per configuration, computing the spin-color trace exactly
and diluting in spacetime using hierarchical probing
[94,95] with a basis of 512 Hadamard vectors. These are
convolved with the grids of two-point functions and
vacuum subtracted to produce the three-point function.
As with the two-point correlator, we discard the measured
imaginary part. Figure 6 shows the standard ratio computed
from these data.
Note that the methodology assumes unit-normalized

eigenvectors and the corresponding definitions

CðtÞ ¼
X
k

jZkj2e−Ekt;

C3ptðσ; τÞ ¼
X
fi

Z0�
f ZiJfie

−E0
fσ−Eiτ: ð77Þ

This absorbs kinematic factors and relativistic normaliza-
tions into the definitions of Z and J. In general, the matrix
elements and overlaps extracted must be rescaled by
appropriate factors to isolate the quantities of interest; this
is no different than when using methods based on correlator
ratios. However, in this example, all such normalization and
kinematic factors cancel other than a factor of

ffiffiffi
2

p
absorbed

into the overlap factors (for single-particle states). The
matrix elements extracted here thus correspond directly to
the physically normalized ones, up to adjustments required
if any of the resolved states is a multiparticle one. However,
we emphasize that the quantities extracted are bare.
Accounting for renormalization and operator mixing to
obtain a physical quantity would requires secondary
calculations unrelated to the subject of this work. In this
case, treating mixing is particularly important: the strange
scalar current mixes with the light one, whose matrix
element is much larger.

B. Lanczos with noise

Applying Lanczos to noisy correlator data yields spu-
rious noise-artifact states which must be discarded to obtain
physically meaningful results. Reference [51] introduced
one strategy to identify them based on the Cullum-
Willoughby (CW) test [49,50]; we employ it here as well.
In addition, consideration of the Lanczos approximation of

the transfer matrix eigensystem provides a different and
complementary view of this issue.
After m iterations, it can be shown (see Appendix D)

from Eq. (26) that Lanczos reproduces the incorporated
correlator data (i.e., for t ≤ 2m − 1) exactly17

CðtÞ ¼ hψ j½TðmÞ�tjψi
¼

X
k

hψ jyRðmÞ
k iðλðmÞ

k ÞthyRðmÞ
k jψi

¼
X
k

ZRðmÞ�
k ZLðmÞ

k e−E
ðmÞ
k t; ð78Þ

where EðmÞ
k ¼ − log λðmÞ

k . For noisy CðtÞ, this requires
contributions from states with complex eigenvalues that
oscillate in t, as well as generally complex overlap products

ZRðmÞ�
k ZLðmÞ

k , which may only occur with distinct left
and right Ritz vectors. Due to the enforced reality of CðtÞ,
these states necessarily contribute in pairs with complex-
conjugate Ritz values and overlap products. However, we
find that we are able to identify a Hermitian subspace of
states H with real Ritz values and degenerate left and right
Ritz vectors

jyRðmÞ
k i ¼ jyLðmÞ

k i ¼ jyðmÞ
k i ∀k∈H; ð79Þ

such that, for that part of the approximation of T,

TðmÞ
H ≡ X

k∈H

jyðmÞ
k iλðmÞ

k hyðmÞ
k j ð80Þ

is manifestly Hermitian. These states are physically inter-
pretable, while the others are clearly associated with (or at
least contaminated by) noise. This separation may provide
a mechanistic explanation for why Lanczos estimators do
not exhibit exponential SNR degradation, as discussed in
the conclusion. Besides insight, in practice this observation
also provides a hyperparameter-free prescription for state
filtering as detailed below. While additional filtering with
the CW test remains necessary, the requirement for tuning
is reduced.
We employ bootstrap resampling to study the effects

of statistical fluctuations and to estimate uncertainties in
the next subsection. In particular, we employ a nested
bootstrap scheme to compute uncertainties of outlier-robust
median estimators. We first construct B ¼ 200 “outer”
bootstrap ensembles by randomly drawing Ncfg ¼ 1381

configurations with replacement from the original ensem-
ble. We then repeat this procedure within each outer
ensemble, to construct a set of B “inner” bootstrap
ensembles for each. Two- and three-point correlators are
then averaged within each inner ensemble, producing a

17We thank Anthony Grebe for this important insight.
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total of B × B measurements of each. On each such pair of
two- and three-point correlators, we independently apply
the steps laid out in Sec. III to compute all the various
quantities therein. Unlike in the noiseless example, high-
precision arithmetic is necessary in only a few places, none
of which are computationally expensive; see Appendix B
for details. Spurious state filtering is applied independently
for each inner bootstrap as detailed in the remainder of
this subsection, along with general observations. Median
estimators and their uncertainties are computed as
described in the next subsection.
Running the oblique Lanczos recursion of Sec. III A

produces in Nt=2 ¼ 48 iterations the elements αj, βj, γj of
the tridiagonal matrices TðmÞ. All αj and products βjγj are
real because CðtÞ is, but may be negative; which βjγj < 0

varies per bootstrap. With the symmetric convention
βj ≡ γj ≡ ffiffiffiffiffiffiffiffi

βjγj
p

, negative fluctuations produce pure
imaginary βj and γj.

Diagonalizing TðmÞ for each m yields Ritz values λðmÞ
k

and eigenvector matrices ωðmÞ. The majority of Ritz values
extracted are complex.18 The corresponding states may be
excluded from the Hermitian subset H immediately. The
number of real and complex Ritz values at fixed m varies
per bootstrap draw; for all m ≥ 3 Lanczos iterations, there
are a minimum of 3 real Ritz values in each.
Unit normalization cannot be simultaneously enforced

for states outside the Hermitian subspace while maintaining
our definitions, providing a useful means of identifying
them—the “norm trick.” Defined as they appear in the
eigendecomposition, the conventions of the left eigenvec-
tors are fully determined by those of the right. Attempting

to compute jN ðmÞ
k j2 using Eq. (65) for such states thus

yields complex-valued ðω−1ÞðmÞ�
k1 =ωðmÞ

1k , with the apparent
contradiction because hψ jyRi and hψ jyLi cannot be made
equal if jyLi ≠ jyRi. We thus identify the Hermitian sub-

space H as those states k for which ðω−1ÞðmÞ�
k1 =ωðmÞ

1k is real

and positive (and with real λðmÞ
k ). Manual normalization is

necessary for states in H after the first m where βjγj < 0,

for which jN ðmÞ
k j2 ≠ 1 in general.19 We note that the norm

trick is not applicable to off-diagonal correlators where
jψi ≠ jχi, and more generally that the Hermitian subspace
logic presented here applies specifically to the case of
diagonal correlators.
We diagnose the remaining spurious states using the CW

test [49,50] as in Ref. [51]. To do so, we define T̃ðmÞ as TðmÞ
with the first row and first column removed and diagonalize

it to obtain the m − 1 CW values λ̃ðmÞ
l . Ritz values of

spurious states will have a matching CW value λ̃ðmÞ
l ;

nonspurious states will not. Thus, we keep all states in
H which satisfy

ΔCWðmÞ
k > ϵCWðmÞ; ð81Þ

where ϵCWðmÞ is some threshold value, and

ΔCWðmÞ
k ¼ min

λ̃∈ fλ̃ðmÞ
l gR

��λðmÞ
k − λ̃

��; ð82Þ

restricting the minimum to only the real CW values; when
there are none, we accept all states. As noted in Ref. [51],
results are sensitive to the cut ϵCWðmÞ and thus the procedure
to choose it introduces the primary source of hyperparameter
dependence in these methods (studied further in Sec. VD).
In this work, we use a simple heuristic choice versus the
more extensive analysis employed in Ref. [51], taking

ϵCWðmÞ ¼ maxk½ΔCWðmÞ
k � −mink½ΔCWðmÞ

k �
ajHj þ b

; ð83Þ

where jHj is the number of states in H. We adopt the
relatively permissive a ¼ 10 and b ¼ 1 and rely on outlier-
robust estimators to compensate for mistuning, as discussed
below. The surviving subset are identified as the physi-
cal ones.
Filtering to the Hermitian subspace and with the CW test

are highly redundant. The CW test removes 100% of
complex eigenvalues. Of the real eigenvalues, demanding
normalizability—i.e., filtering to the Hermitian subspace
with the “norm trick”—removes Oð1%Þ of states admitted
by CW alone, while CW removes Oð10%Þ of states
admitted by normalizability alone. Of the surviving states,

none have λðmÞ
k > 1 (corresponding to negative EðmÞ

k , which
may be a thermal state). Due to statistical fluctuations,

Oð2%Þ have λðmÞ
k < 0 (corresponding to imaginary EðmÞ

k );
notably, the CW test removes Oð75%Þ of such states
admitted by normalizability. Note that these statistics
depend on the choice of CW cut.

C. Results

With state filtering complete, we may proceed to
computing observables and estimating their statistical
uncertainties. We note that for all states that survive
filtering, the left and right Ritz projector coefficients are
equal up to round-off error, as expected for states from the
Hermitian subspace. It follows that the L and R definitions
of all observables will coincide for these states, so we may
drop the distinction for the results in this section. For matrix
elements in particular, Eq. (1) is recovered for all states f, i.
Different numbers of states survive filtering in each

different (inner) bootstrap ensemble. To avoid dealing with

18Diagnosed as j Im λj=jλj > 10−8 numerically. This conven-
tion is used for all similar statements in this section.

19This corresponds to the iteration where the standard Lanczos
process would terminate or refresh, and oblique Lanczos is
required to proceed. Before this, oblique and standard Lanczos
coincide.
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the complications of error quantification with data miss-
ingness, we present results for only three states, which
are present in ≈99.99% of inner ensembles. However,
we note that ≈80% of ensembles have at least four states,20

and ≈7% have at least five, with the precise fraction
depending on m.
Uncertainty quantification requires associating states

between different bootstrap ensembles. There is no unique
or correct prescription for doing so, so this represents
another primary source of hyperparameter dependence. In
this analysis, we make the simple choice of associating the

states by sorting on their Ritz values λðmÞ
k and taking the

ground state as the one with the largest λðmÞ
k , the first excited

state the one with the second largest λðmÞ
k , etc. Inspection of

bootstrap distributions indicates frequent misassociations
by this procedure. Rather than tuning our filtering and
association schemes, we compensate by using the nested
bootstrap median approach of Ref. [51]. To do so, after
filtering and sorting states, we take the median over the
inner bootstraps associated with an outer bootstrap to
define the estimator for that outer bootstrap.21 Central

values and uncertainties are then obtained as the mean
and standard deviation over (outer) bootstraps as usual.
We now present the results of this analysis, beginning

with quantities computed from CðtÞ only. Fig. 7 shows the
energies of the three lowest-lying states as extracted by
Lanczos. The results are similar to those seen in Ref. [51]:
Lanczos energy estimates exhibit no exponential decay in
SNR, in contrast to the effective energy, which is mean-
ingfully resolved only up to t ≈ 30. However, it is important
to note that this absence of SNR decay is associated with
the onset of large correlations between results with largem,
as discussed further below. The ground state is resolved
with excellent signal. Noise increases moving up the
spectrum. Appendix E shows results for the nearly resolved
third excited state.
Bootstrap median Ritz value results for m≳ 12 are

highly correlated with one another as shown in Fig. 8. It
is therefore reasonable to quote the results from a single
largem as final results. Using the maximalm ¼ Nt=2 ¼ 48
for example gives Ek ¼ ½0.4179ð21Þ;0.747ð25Þ;1.343ð67Þ�
for k ¼ ½0; 1; 2�. These can be compared with the results of
constant fits to GVAR-style [96] outlier-robust estimators
instead of nested median uncertainties as described in
Appendix F, which give Ek ¼ ½0.4175ð17Þ; 0.736ð34Þ;
1.296ð83Þ� for k ¼ ½0; 1; 2�. An analysis of a superset of
this data using standard methods in Refs. [91,92] found
E0 ¼ 0.4169ð18Þ.
Stability of results at largem should not be interpreted as

indicating ground-state (or excited-state) dominance has
been achieved: this behavior is necessary, but not sufficient.

FIG. 7. Spectrum extracted by Lanczos from the zero-momentum nucleon two-point correlator (top) and noisy estimates of the

bounding values jBðmÞ
k j [Eq. (41)]. The gray band reproduces the effective energy from Fig. 6 but plotted as Eeffðt − 1Þ to align with

Lanczos at t ¼ m ¼ 1. The central values and uncertainties on the Ritz values are computed using bootstrap median estimators with
nested bootstrap uncertainties as described in the main text; see Fig. 22 for comparison of analogous results without nested bootstrap.
Note that presenting results with t ¼ 2m − 1 in this way means that both Lanczos and effective energies are plotted as a function of the
largest time t for which CðtÞ is involved in constructing the estimator. In particular, Lanczos results plotted at t use correlators with times
½0;…; t� while effective energies use correlators with ½t − 1; t�.

20This is sufficient to calculate some quantities for this state
with some reasonable but ad-hoc definitions; see Appendix E.

21For ≈10% of outer ensembles, values for the second excited
state (k ¼ 2) are not present in 100% of inner ensembles, but are
always present in at least 95% of inner ensembles. We thus define
the median as over only the values present for up to 5%
missingness, and undefined otherwise.

DANIEL C. HACKETT and MICHAEL L. WAGMAN PHYS. REV. D 112, 054506 (2025)

054506-18



As discussed in the introduction, oblique Lanczos can
exhibit a phenomenon known as stagnation, where not-yet-
converged results remain stable under additional iterations.
In application to correlator analyses, this may manifest as
partially converged results “freezing in” after reaching the
noise-dominated part of the correlator, which is dominated
by finite-sample effects arising from large phase fluctua-
tions [15]. The large-time correlations visible in Fig. 8 and

asymptotic constancy of Lanczos uncertainties together
suggest that such stagnation behavior occurs in analyses
of nucleon correlators at finite statistics. In contrast, if
Lanczos analyses could extract meaningful signals from
points in the noise region, one would expect asymptotically
vanishing SNR corresponding to improvement of signal
precision with all ranges of correlator times analyzed; this
is not what is observed.
With the statistical precision available, Lanczos does not

resolve several known intermediate states in the spectrum.
WithMπ ≈ 0.078 andMN ≈ 0.42, the Nð1Þπð−1Þ and Nππ
multiparticle states both lie near E ≈ 0.6, between the
ground and first excited state found by Lanzcos. This is
to be expected: at finite precision, Lanczos is known to miss
eigenvectors (here, states) with small overlap with the
initial vector (here, jψi) [97,98], and these states are known
to have very small overlaps with the single-hadron inter-
polating operators used here [19–26,99,100]. Their absence
in the results points immediately to several topics requiring
further study: the dynamics that determine which states
are extracted by Lanczos, and how badly such missed
intermediate states contaminate Lanczos matrix-element
estimates.
With the analysis of the two-point correlator data under-

stood, we move on to matrix-element estimates incorpo-
rating the three-point correlator. Figure 9 shows the

Lanczos estimate JðmÞ
00 of h0js̄sj0iÞb, the bare forward

matrix element of the strange scalar current in the nucleon,
as compared to effective matrix elements defined with
summation and power iteration. As immediately apparent,
Lanczos provides clear signals across the full range of m,
with no exponential SNR decay. However, bootstrap

median estimators for JðmÞ
00 show a qualitatively similar

pattern of large correlations at large m as for λðmÞ
0 as seen in

Fig. 8, although large correlations do not appear until
somewhat larger m in the matrix element case. The
summation and power-iteration estimates are less noisy
than Lanczos for small t but break down after t≳ 20.
Figure 9 shows several indications that Lanczos provides

better control over excited-state effects than either other
method, as expected from the analyses of Sec. IV and
Sec. VI. The value of Lanczos estimates stabilizes within
error after m ≈ 8, corresponding to t ≈ 15, where both
the other estimators still show clear indications of large
excited-state effects. Before losing signal, the cleaner
power iteration estimator may be read as suggesting an
asymptote at an incompatible, smaller value than the one
found by Lanczos. The analyses in the noiseless case
suggest that this behavior is most likely deceptive and that
power iteration remains contaminated by excited states.
The summation estimator loses signal before achieving
any convincing plateau, but suggests a value compatible
with Lanczos or slightly greater. It is interesting to note
that this ordering of values—power iteration, Lanczos, then

FIG. 8. For the ground state, correlations between bootstrap
median Ritz values (top) and matrix element estimators (bottom)
computed using nested bootstrap resampling.
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summation—is the same as observed in the example of
Sec. IV. The Lanczos estimate at maximalm ¼ 48 is shown
in the ratio plot of Fig. 6; the substantial extrapolation from
the data is another indication of large excited-state effects.
Unlike summation and power iteration, Lanzcos allows

direct and explicit computation of estimates for transition
and excited-state matrix elements. Figure 10 shows the
results for all combinations of the three states fully
resolved; Table I lists the values at maximal m ¼ 48.
While noisier than the ground-state matrix element, useful
signals are available at all m for all excited-state and
transition matrix elements. Matrix elements involving the
ground state are less noisy, but otherwise noise for

FIG. 9. Ground-state bare nucleon matrix element of the strange scalar current with zero momentum transfer estimated using various
methods. The curves for power iteration and summation are effective matrix elements as defined in Eqs. (15) and (16); no fits are
involved. The summation curve is computed with Δτ ¼ 1, corresponding to the ratio data shown in Fig. 6. Lanczos results show
bootstrap median estimators with nested bootstrap uncertainties; see Fig. 23 for comparison of analogous results without nested
bootstrap. Note that presenting results with t ¼ 2m − 1 in this way means that both Lanczos and effective energies are plotted as a
function of the largest time t ¼ σ þ τ for which C3ptðσ; τÞ is involved in constructing the estimator. In particular, Lanczos results plotted
at t use correlators with times ½0;…; t� while summation and power-iteration matrix elements use correlators with ½t − 1; t�.

FIG. 10. Lanczos extractions of bare forward matrix elements hf0jJjiib of the strange scalar current for three low-lying states in the
nucleon spectrum. Note that eigenvectors are unit-normalized, not relativistically normalized. Rows are indexed as the final state f,
while columns are indexed as the initial state i. h0js̄sj0i is reproduced from Fig. 9. Lanczos results show bootstrap median estimators
with nested bootstrap uncertainties; see Fig. 24 for comparison of analogous results without nested bootstrap.

TABLE I. Results for Lanczos estimates JðmÞ
fi for m ¼ Nt ¼

2 ¼ 48 for bare matrix elements hfjs̄sjiib of the strange scalar
current. f indexes rows and i indexes columns. Values are as
shown in corresponding panels of Fig. 10 and computed as
described there. Results of constant fits to GVAR-style [96] outlier-
robust estimators without nested median uncertainties described
in Appendix F as shown in Table II and for the ground state
give 3.03(24).

hfjs̄sjiib ¼

2
64

3.14ð33Þ −3.67ð64Þ 2.34ð63Þ
−3.03ð59Þ 3.2ð1.4Þ −2.6ð1.3Þ
1.57ð54Þ −2.0ð1.2Þ 1.8ð1.2Þ

3
75
fi
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estimates involving either excited state is similar. The data
in Fig. 10 and listed in Table I all satisfy the expected
symmetry hfjs̄sjii ¼ hijs̄sjfi within error.
Finally, Fig. 11 shows the overlap factors for the

three states fully resolved. Similar correlations between

bootstrap median results for ZðmÞ
k are found as for λðmÞ

k .
Results using m ¼ Nt=2 ¼ 48 give Zk ¼ ½2.369ð37Þ;
3.12ð13Þ; 3.672ð54Þ� × 10−4. For comparison,

ffiffiffiffiffiffiffiffiffiffi
Cð0Þp ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

k jZkj2
p

¼6.2802ð13Þ×10−4. Results of constant fits to
GVAR-style [96] outlier-robust estimators without nested
median uncertainties described in Appendix F give Zk ¼
½2.360ð41Þ; 3.03ð18Þ; 3.670ð66Þ� × 10−4 for k ¼ ½0; 1; 2�.
Fits of a three-state model to the same correlator data find
compatible values. These are not required for the matrix
element calculation and do not correspond to any quantity
of physical interest in this calculation. However, in other
settings, overlap factors are extracted to determine quan-
tities like decay constants and quark masses. These results
suggest that Lanczos can provide an advantage in these
calculations as well.

D. Cross-checks

Here, we provide some cross-checks of the results of the
previous section which assess stability under different
variations. The parameters whose specification uniquely
defines Lanczos results are the minimum and maximum t
entering the analysis and the choice of εCW used for
spurious-state filtering. As discussed below, the results
demonstrate useful insensitivity to analysis hyperparameter
choices, and provide further guidance on the interpretation
of our results.

As discussed in Sec. III F, the minimum t incorporated
in the Lanczos analysis can be varied by redefining the
initial vector as jψi → Tm0 jψi. Following through the
formalism,22 this prescribes applying the same steps to
CðtÞ with the first 2m0 points removed and to C3ptðσ; τÞ
with the first m0 points removed in both σ and τ. Figure 12
shows the effects of varying tmin ¼ 2m0 on estimators of

the ground-state energy EðmmaxÞ
0 and ground-state matrix-

element JðmmaxÞ
00 evaluated at the final iteration mmax ¼

Nt=2 −m0. Several features are worth noting.
The ground-state energy E0 is fully stable within errors

for all tmin considered. The same is true for J00 at earlier
tmin, although it fluctuates outside errors beyond tmin ¼ 10.
Stability against removing early time points contradicts two
conflicting pieces of intuition. The usual “power iteration”
logic applied as for multistate fits suggests that removing
early, highly contaminated data will decrease excited-state
effects resulting from incomplete modeling of exited states.
Meanwhile, Lanczos logic suggests that removing vectors
from the Krylov space will increase excited-state effects
due to reduced convergence/information. Neither effect
is observed; instead, varying tmin provides a consistent

FIG. 11. Overlap factors ZðmÞ extracted by Lanczos from the
zero-momentum nucleon two-point correlator. Blue, orange,
and green markers correspond to the ground, first excited, and
second excited state respectively. Note that eigenvectors are unit-
normalized, not relativistically normalized. Lanczos results show
bootstrap median estimators with nested bootstrap uncertainties;
see Fig. 25 for comparison of analogous results without nested
bootstrap.

FIG. 12. Ground-state energies (top) and bare nucleon matrix
elements (middle) as a function of the minimum time tmin
incorporated. For Lanczos estimators, tmax ¼ 95, while for
effective estimators tmax ¼ tmin þ 1. The bottom panel shows
the number of nonspurious states after Hermitian subspace and
Cullum-Willoughby filtering.

22Note that this also involves formally assuming
Tm0 jψi≡ ½T†�m0 jψi.
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estimate, suggesting that tmin ¼ 0 can be taken without
concern (apart from the possibility of contact terms, see,
e.g., Ref. [101]).
Although the tmin dependence is not smooth, noise

generally increases progressively as better-resolved early
time points are trimmed away. Generally, Lanczos results
have larger uncertainties than power-iteration results,
which can be understood from the fact that power-iteration
results only involve CðtÞ with t∈ ½tmin; tmin þ 1�, while
Lanczos results involve noisier CðtÞ with larger t. Fewer
nonspurious states are resolved as tmin is increased, and the
relatively large fluctuations in Lanczos results around
tmin ∼ 12 are coincident with the point where the first
excited state becomes poorly resolved.
The dependence of Lanczos ground-state energy and

matrix element estimators on the size of the statistical
ensemble of gauge-field configuration is shown in Fig. 13.
We study this dependence by first randomizing the order
of the 1381 configurations included, then taking the first
Nsamp; results for larger Nsamp thus include a superset of
those for smaller Nsamp. The expected 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Nsamps

p
decrease

of uncertainties can be observed. There are also hints of a

decrease in EðmmaxÞ
0 and increase in JðmmaxÞ

00 with increasing
Nsamps that could point toward finite-sample bias, as would
be expected from a result which converges until stagnating
at the noise-dominated part of the correlator. The number of
nonspurious states is only very weakly dependent on

Nsamps, varying between 3.6 and 3.8 as statistics are varied
by more than an order of magnitude.
The main results of this work and those of Ref. [51]

considered adaptive choices of CW cut ϵCW using different
schemes. However, one can also simply consider choosing
some fixed cut, taken commonly across all bootstraps. In

Fig. 14, we consider sensitivity of the estimators EðmmaxÞ
0

and JðmmaxÞ
00 to this choice. We observe very weak sensitivity

to ϵCW across several orders of magnitude. At low values,
ϵCW ∼ 10−5, the errors begin to increase; this corresponds
to too-small cuts admitting more and more spurious
eigenvalues. After several decades of stability, the result
rapidly destabilizes just before ϵCW ∼ 0.1; this corresponds
to an overly aggressive cut which removes all useful
information. The adaptively chosen cut lies within the
stable region; the fixed choice of ϵCW produces values and
uncertainties closely compatible with the adaptive choice.
The number of states labeled nonspurious varies smoothly
with ln ϵCW over many orders of magnitude but drops
sharply at the last point.
Typical analyses involve statistical fits, either to three-

and two-point correlation functions or directly to the ratios
entering power-iteration estimators. In contrast to the
summation and power-iteration estimators shown in
Fig. 9, fit results have uncertainties that do not increase
as the maximum tf analyzed is increased. In this way,

FIG. 13. Ground-state energies (top) and bare nucleon matrix
element (middle) estimators as in Fig. 9 with maximum t ¼ 95
and tmin ¼ 0 plotted as a function of the size of the statistical
ensemble of gauge-field configurations used to compute corre-
lation functions. The bottom panel shows the number of non-
spurious states.

FIG. 14. Ground-state energies (top) and bare nucleon matrix
elements (middle) estimators as in Fig. 9 with maximum t ¼ 95
and tmin ¼ 0 plotted as a function of the threshold entering
Cullum-Willoughby test for spurious eigenvalues. The bottom
panel shows the number of nonspurious states. The vertical gray
band in each panel indicates the values of ϵCW chosen adaptively.
The horizontal blue bands indicate estimates of each observable
made with the adaptive choice. The horizontal black line in the
bottom panel is the average number of states retained with the
adaptive choice.
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fit results are qualitatively more analogous to Lanczos
than power-iteration estimators. Quantitative comparison of
Lanczos and fit results is complicated by the large space of
fit possibilities and number of hyperparameters needed
to define a fitting methodology. Many choices of two-state
fits achieve results consistent with Lanczos with some-
what larger uncertainties, e.g., 3.00(59) and 2.79(43) with
tf;min ¼ 15 and tf;min ¼ 17, respectively, and τmin ¼ 3 and
tf;max ¼ 20 in both cases. On the other hand, one-state fits
restricted to larger imaginary times give somewhat smaller
matrix element values, e.g., 2.35(12) and 2.49(17) with
tf;min ¼ 16=τmin ¼ 5 and tf;min ¼ 17=τmin ¼ 6, respec-
tively. All four of these examples give acceptable fits, with
χ2=dof of 0.38, 0.34, 0.47, and 0.32, respectively. There are
multiple reasonable choices for how to combine these and
other acceptable fits including model selection based,
e.g., on the Akaike information criterion (AIC) [102]
and weighted averaging based of Bayesian model averag-
ing [103] or other criteria [104–106]. Using the same model
selection and averaging procedure detailed in Ref. [107]
with hyperparameter tolAIC ¼ −2, linear shrinkage [108]
parameter 0.1, conjugate-gradient optimization, and other
default hyperparameter choices specified in that work,
a weighted average over tf;min and τmin gives 2.19(14),
while with tolAIC ¼ 0, an analogous weighted average
gives 2.52(43). A weighted average over two-state fits
only gives 3.3(1.2). Different procedures for combining
one- and two-state fits therefore lead to qualitatively
different answers for, e.g., whether Lanczos results are
more or less precise than fit results.
These results suggest that the outputs of a Lanczos

analysis depend less on analyzer choices than a fitting
analysis. For fixed data, fits are sensitive to the number of
states included in the fit model and other choices regarding
covariance matrix regularization and numerical optimiza-
tion needed to define a statistical inference scheme, while
Lanczos results depend on the scheme used for spurious
eigenvalue filtering and the choice of iteration presented as
final results. In this noisy data example, the results shown
in Fig. 9, 12, and 14 indicate that both the central values
and uncertainties of Lanczos ground-state matrix element
results have weaker sensitivity to tmin, tmax, and the order of
magnitude of ϵCW than the sensitivity of fits to tmin and the
number of states included in the truncated spectral expan-
sion used as a fit model.

VI. ADVERSARIAL TESTING

Absent a framework of rigorous bounds as is available
for energy levels, it is worthwhile to develop more
qualitative intuition about the practical reliability of
Lanczos extractions. In this section, we construct adversa-
rial attacks to test both Lanczos and previous methods
for ground-state matrix element estimation. Specifically,
in a noiseless finite-dimensional setting, we attempt to

construct pathological examples which lead the different
methods to report deceptive results which confidently
suggest an incorrect answer. We find that Lanczos appears
to be qualitatively more robust than the other methods
considered.
To construct the attacks, we fix the value of the ground

state matrix element to the “true” value J00 ¼ J̃00 ¼ 1 and
attempt to construct examples where the methods report the
“fake” value J̆00 ¼ 0.5, and restrict all parameters varied to
physically reasonable values to avoid unrealistic fine-
tuning. For simplicity, we consider a diagonal example
where ψ ¼ ψ 0. We take Nt ¼ 32 and Nt=2 ¼ 16 states with
energies and overlaps fixed to

Ek ¼ 0.1ðkþ 1Þ; Zk ¼
1ffiffiffiffiffiffiffiffi
2Ek

p ; ð84Þ

for both the initial- and final-state spectrum. These choices
are as employed for the initial-state spectrum in the
example of Sec. IV; as observed there, this provides an
example with severe excited state contamination.
In the attacks, we vary only the matrix elements,

adversarially optimizing them based on criteria described
below. For this diagonal example, we enforce a symmetric
matrix element Jij ¼ Jji. This also serves to make the
attack more difficult by preventing fine-tuned near-
cancellations between contributions with similar energies
and opposite signs. We also put in that Jij scales with
energy as the single-particle normalization of states by
defining

Jij ¼
2E0ffiffiffiffiffiffiffiffiffiffiffiffi
4EiEj

p J̃ij; ð85Þ

as in Sec. IV and optimizing the variables J̃ij (up to
symmetrization and fixing Jij ¼ 1). For all of the methods
considered, matrix-element estimates are linear in the three-
point function and thus linear in J̃ij. Fixing Zk and Ek and
using the χ2 functions defined in the subsections below
provides a quadratic optimization problem that may be
minimized analytically.

A. Attack on the summation method

As defined in Sec. II, the summation method may be
used to define an effective matrix element Jeff00;Δτ

ðtÞ. Their
interpretation is similar to effective energies: we expect
Jeff00;Δτ

ðtÞ to asymptote to the true value J00 ¼ 1 as t
increases and excited states decay away. Increasing the
summation cutΔτ is also expected to reduce contamination.
With this usage in mind, we construct the minimization
objective χ2 ¼ χ2SM þ χ2σ . The first term
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χ2SM ¼
XNt=2−1

Δτ¼2

XNt−1

t¼2Δτþ2

�
Jeff00;Δτ

ðtÞ − J̆00
�
2; ð86Þ

where Jeff00;Δτ
ðtÞ is a function of the optimized J̃ij, attempts

to induce a deceptive “pseudoplateau” at J̆00 ¼ 0.5, with
estimates for early t and small Δτ unconstrained. Note that
Jeff00;Δτ

ðtÞ is only defined for t ≥ 2Δτ and the maximal
Δτ ¼ Nt=2 − 1. The second term

χ2σ ¼
X
i≤j

ðJ̃ijÞ2
σ2

; ð87Þ

serves to keep the values of J̃ij reasonably physical; we take
σ ¼ 10 to enforce ∼Oð1Þ matrix elements, up to scaling
with energy. This term is also necessary to regulate the
otherwise underconstrained fit.
Optimizing yields the example shown in Figs. 15 and 16.

While we have directly attacked the summation method, we
also examine the ratio Eq. (14) and the power iteration
effective matrix element defined in Sec. II, as might be
done for cross-checks in an analysis. The ratio, Fig. 15,
is exactly as expected if the ground state matrix element
were J̆00 ¼ 0.5; its behavior is visually indistinguishable
from a well-behaved decay of excited states as tf increases.
Fig. 16 shows effective matrix elements for both power
iteration and summation for all possible Δτ; all appear to
asymptote near J̆00. While some noticeable curvature
remains for the summation curves, it is subtle enough to
be concealed by even a small amount of noise. Taking these
points together, a naive analysis of this example with these
methods would likely conclude with high confidence that
J00 ¼ 0.5, a factor of 2 off from the true value.
Analyzing the examples found by an adversarial attack

can provide insight into what mechanisms may cause a
method to fail. Inspection of the fitted matrix

J̃ð�Þfi ¼

0
BBBBBBBBB@

1.000 −4.137 9.047 −4.979 −3.467
−4.137 17.344 −9.85 −6.139 −1.884
9.047 −9.850 −3.635 −1.297 0.683 � � �
−4.979 −6.139 −1.297 0.547 1.317

−3.467 −1.884 0.683 1.317 0.518

..

. . .
.

1
CCCCCCCCCA

reveals that the pathological behavior may be attributed to a
small cluster of low-lying states with larger-magnitude
matrix elements than the ground state. Such a scenario may
easily arise in nature if the ground-state matrix element
happens to be small. This situation resembles closely the
situation with Nπ and Nππ contamination speculated
to cause problems in lattice calculations of axial form
factors [22–26].
Also shown in Fig. 16 is the Lanczos estimate JðmÞ

00 for
the same example. After an initial period of violent
reconfiguration with no pseudoplateau, the estimate
quickly converges to the true value. This convergence
occurs long before the maximal m ¼ Nt=2 where the
system is solved exactly. This represents a qualitative
improvement in treatment of this example, and suggests
immediately that Lanczos is more robust against such
pathological scenarios.

FIG. 15. Standard ratio Eq. (14) for the example constructed to
deceive the summation method. The ratio appears to approach 0.5
(dashed red line), but the true ground-state matrix element J00 ¼
1 (black line). FIG. 16. Ground-state matrix element J00 extracted using

various methods for the example constructed to deceive the
summation method. The curves for Power iteration and Summa-
tion are effective matrix elements as defined in Eqs. (15) and (16);
no fits are involved. Different summation curves correspond to
different choices of the summation cut Δτ. The black horizontal
line indicates the true ground-state matrix element J00 ¼ 1. The
dashed red line indicates the faked value. The Lanczos estimate

JðmÞ
00 is computed as defined in Eq. (67). At the final step

m ¼ Nt=2 ¼ 16, Lanczos recovers the true ground state-matrix

element exactly for this 16-state example, i.e., Jð12Þ00 ¼ J00.
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B. Attack on Lanczos

Applying the same adversarial strategy against the
Lanczos method allows its improved robustness to be
assessed more directly. We use the optimization objective
χ2 ¼ χ2LM þ χ2σ where χ2σ is as in Eq. (87) and

χ2LM ¼
X
m∈M

½JðmÞ
00 − J̆00�2; ð88Þ

with M some set of m to target. Note that high-precision
arithmetic is especially important in the inversion involved
in computing the solution to the optimization.
We were unable to produce a similarly pathological

example as in the previous subsection. Minimal attacks on

JðmÞ
00 for single values of m provide a clear picture of the

difficulty. Note this is less difficult than attempting to shift
multiple points. Figure 17 shows the results of a set of
experiments with the regulator σ ¼ 10 as in the previous
example. In Fig. 17, each curve corresponds to a different

example, each attempting to shift JðmÞ
00 to the fake value

J̆00 ¼ 0.5 at the indicated value of m. Attacks on single
estimates at small m are successful. However, starting at
m ∼ 5, the values begin visibly drifting from J̆00. By
m ∼ 10, Lanczos converges to the true value and the attacks
fail completely.
Increasing σ allows more extreme values of Jji and thus

greater freedom for fine-tuning. Figure 18 shows the results
of further experiments varying σ. The data shown are now
only the attacked values of m; the curve for σ ¼ 10 corres-
ponds to the dashed black line in Fig. 17. As expected,

we find that allowing more unnatural values allows
deception of Lanczos at later m. Increasing σ to 104 is
sufficient to push convergence to nearly the maximal m
where Lanczos solves the finite-dimensional system
exactly. However, large hierarchies are unlikely to arise
in QCD matrix elements.
We conclude this exercise by noting that it is neither

robust nor exhaustive, and it is important not to over-
interpret its specific results, which depend on the precise
details of our problem setup and strategy. These results
should not, for example, be taken to mean that a Lanczos
matrix-element extraction will always converge within 10
iterations so long as QCD matrix elements have natural
values. However, they provide strong suggestive evidence
that the Lanczos method is qualitatively more robust than
the methods presently in common use.

VII. CONCLUSIONS

The Lanczos formalism is a promising new approach to
analyzing lattice correlation functions. This work demon-
strates that the successes of Ref. [51] in spectroscopy
extend to the task of extracting matrix elements as well.
Lanczos matrix element estimators provide useful signals
for not only ground-state matrix elements but low-lying
excited states as well, analogous to multistate fits but
without involving statistical fitting. Testing in the noiseless
case provides strong suggestive evidence that Lanczos esti-
mates provide qualitatively better treatment of excited-state
contamination than presently preferred methods. In prac-
tice, the Lanczos method is also simpler to apply: matrix
elements are obtained from three-point functions by simply
applying change-of-basis matrices computed from two-
point functions. This requires no statistical modeling or

FIG. 17. Ground-state matrix elements JðmÞ
00 extracted using

Lanczos for different examples constructed to deceive Lanczos
(different color curves). The black horizontal line indicates the

true J00 ¼ 1. Each example attempts to shift JðmÞ
00 to the fake value

0.5 (dashed red line) at only a single point (indicated by the same-
color marker), with regulator σ ¼ 10. The dashed black line
through the targeted points suggests the increasingly difficulty of
shifting points at greater m.

FIG. 18. Efficacy of attacking the Lanczos estimate of the

ground-state matrix element JðmÞ
00 at different values of m, given

different regulators σ. Larger values of σ allow increasingly large
and unnatural values of the true matrix elements. The black
horizontal line indicates the true J00 ¼ 1; the dashed red line
indicates the fake value 0.5. The orange σ ¼ 101 curve corre-
sponds to the dashed black line in Fig. 17.
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numerical optimization and has few analysis hyperpara-
meters to vary. Lanczos methods may therefore permit
more reliable determinations of observables whose uncer-
tainties are dominated by excited-state systematics as well
as enable applications previously out of reach of the lattice
toolkit; it is imperative to deploy them immediately so that
their full capabilities may be assessed.
As discussed in Refs. [51–53,58], the unfiltered Ritz

values obtained by the Lanczos algorithm are identical to
the polynomial roots obtained by Prony’s method [109].
LQCD applications of Prony’s method used a “sliding
window” approach with a fixed iteration count ≤ 4 and
variable starting time [13,17,110,111], noting that the
appearance of unphysical solutions obstructs straight-
forward applications with more iterations [111]. Through
the Lanczos correspondence, unphysical solutions can be
identified as eigenvalues associated with spurious states,
and the Hermitan subspace and CW test can be used to
remove them. These mathematically well-understood spu-
rious-state filtering techniques are a primary advantage of
the Lanczos perspective. Other advantages are the ability to
quantify convergence rates using KPS theory and the two-
sided bounds on finite-iteration approximation errors pro-
vided by the residual bound. A further important advantage
is provided by the results of this work: matrix-element
estimators with analogous convergence guarantees. We are
not aware of a direct construction of analogous matrix-
element estimators using Prony’s method, and we note that
direct application of Prony’s method to one or the other
time argument of a three-point function is inequivalent to
the Ritz vector matrix element approach introduced here.
Importantly, many possibilities remain for improvements

and extensions. As noted in Sec. V, the primary sources
of analysis hyperparameter dependence in the Lanczos-
based method are involved in filtering spurious states and
associating states between bootstrap ensembles. Better
approaches to these tasks will help improve both the
reliability and precision of Lanczos spectroscopy and
matrix element results.
The methodology presented here applies straight-

forwardly to lattice four-point functions or higher-point
functions. Such cases may be treated simply by considering
the higher-point functions as three-point functions of a
composite operator involving powers of transfer matrices,
e.g., J1TδJ2 with δ the operator-operator separation.
As discussed in Sec. III F, the Lanczos method requires

three-point functions evaluated with regular spacing in sink
and operator times. This means that while existing dis-
connected three-point function datasets can be analyzed
with Lanczos immediately, the standard strategy of gen-
erating data at only some sink times when using sequential
source methods means that Lanczos will be awkward to
apply to existing connected three-point datasets. If the
method proves as effective as our results suggest, data
generation strategies should be adjusted to take advantage.

As noted in Sec. V, the approximate eigenstates resolved
by Lanczos can be separated into states admitting a
physical interpretation and states which are clearly noise
artifacts. The Lanczos transfer matrix approximation acts
as a Hermitian operator on the physical subspace but acts
with complex eigenvalues and distinct left- and right-
eigenvectors on the noise artifact subspace. This provides
an exact representation of a noisy correlation function as a
sum of purely decaying exponentials plus terms which
oscillate to capture the effects of noise. The ability to
distinguish spurious and nonspurious states—through iden-
tification of the Hermitian subspace and the Cullum-
Willoughby test—then provides a mechanism for isolating
and removing unphysical noise effects. This provides a
mechanistic explanation, complementary to the formal
projection operation description discussed in Ref. [51],
for the noise properties of Lanczos estimators with large
iteration counts. The apparent convergence of Lanczos
results for physical states even in the presence of statistical
noise may be a manifestation of the so-called “Lanczos
phenomenon” [49,50,73,112]: the accurate convergence of
an identifiable subset of Lanczos results in the face of
numerical errors that might be expected to spoil the results
entirely.
Numerical analysis was performed using NumPy [113],

SciPy [114], PANDAS [115,116], LSQFIT [117], GVAR [96],
and MPMATH [118]. Figures were produced using
MATPLOTLIB [119] and SEABORN [120].
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DATA AVAILABILITY

All information necessary to reproduce noiseless exam-
ples are available within the article. Two- and three-point
correlation function data used in lattice QCD examples are
not publicly available upon publication because it is not
technically feasible and/or the cost of preparing, depositing,
and hosting the data would be prohibitive within the terms
of this research project. The data are available from the
authors upon reasonable request.

APPENDIX A: ALGORITHM SUMMARY

In this appendix, we detail the precise sequence of
operations used to compute the results presented in the
application to noisy lattice data of Sec. V. However, we
emphasize that this does not represent the unique or best
possible implementation of a Lanczos analysis. For exam-
ple, as discussed in Sec. III, different choices of oblique
Lanczos convention are possible and may provide better or
worse sensitivity to numerical precision issues. Separately,
different implementations of the CW test are possible; for
example, Ref. [51] provides a different procedure to choose
the CW cut. Uncertainty quantification in the presence of
outliers is not uniquely defined, and different approaches
than the nested bootstrap median estimators employed
in the main text and the outlier robust estimators of
Appendix F are possible. These methods are new and their
usage is still being explored; the version presented herein
should not be considered the ultimate implementation.
With that understood, we may proceed with the description
of the algorithm.
The algorithm as defined here is executed separately for

each (inner) bootstrap draw and for each fixed number of
Lanczos iterationsm. To compute the input data for a given
bootstrap draw and m:

(i) Take the ensemble average over all configurations in
the bootstrap draw to obtain the three-point corre-
lator C3ptðtÞ and its corresponding initial-state and
final-state two-point correlators, CðtÞ and C0ðtÞ,
respectively.

(ii) Take the real part of each two-point correlator.
(iii) Trim to take the first 2m points of each two-point

correlatorCðtÞ andC0ðtÞ, and the leadingm ×m part
of C3ptðσ; τÞ (i.e., restrict to t∈ 0;…; 2m − 1 and
σ; τ∈ 0;…; m − 1.

With the input data computed, the algorithm proceeds by
first analyzing each of CðtÞ and C0ðtÞ separately. We
consider first an analysis of the initial-state correlator
CðtÞ. The steps are as follows:

(i) Evaluate the Lanczos recursion defined by Eqs. (33)
to (37) to obtain αi, βi, and γi for all i∈ 1;…; m,

using the oblique convention βj ≡ γj ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hrLj jrRj i

q
.

(ii) Use αi, βi, and γi to construct the tridiagonal matrix

TðmÞ
ij as defined in Eq. (22).

(iii) Diagonalize TðmÞ
ij per Eq. (22) to obtain the (unfil-

tered) Ritz values λðmÞ
k for k∈ 0;…; m − 1 and the

eigenvector matrix ωðmÞ
jk .

(iv) Obtain ðω−1ÞðmÞ by inverting ωðmÞ.
(v) Evaluate the auxiliary recursion defined by Eqs. (56)

and (57) to obtain the right/left (R=L) Krylov
coefficient matrices, KR=L

jt , defined for all
j∈ 1;…; m and t∈ ½0; m − 1�.

(vi) Compute the Ritz vector norms jN ðmÞ
k j2 ¼ ðω−1ÞðmÞ�

k1

ωðmÞ
1k

;

note that the value computed will be complex,
negative, or zero for non-Hermitian states (see
below).

(vii) Combine KR=L, N ðmÞ
k , and ω to obtain the Ritz

coefficients PR=L
kt per Eq. (59).

Spurious state filtering requires additional steps, which
defines a filtered “nonspurious” subset fkgS̄ of the indices
k∈ ½0; m − 1� to retain. The methods prescribed in this
work are Hermitian subspace filtering and the CW test. To
apply the CW test, some precomputation is necessary:

(i) Construct the matrix T̃ðmÞ
ij by knocking out the

first row and column of TðmÞ
ij , i.e., by taking T̃ðmÞ

ij ≡
TðmÞ
iþ1;jþ1 for all i; j∈ ½1; m − 1�.

(ii) Diagonalize T̃ðmÞ
ij to obtain λ̃ðmÞ

l , defined for all
l∈ ½0; m − 2�.

(iii) Construct for each k the CW distance ΔCWðmÞ
k ¼

minljλk − λ̃lj.
(iv) Choose a CW cut ϵCWðmÞ using Eq. (83) with a ¼ 10

and b ¼ 1.
The full filtering prescription is then to retain any k for
which all of the following conditions hold:

(i) Hermitian subspace (1): λðmÞ
k is real within

numerical precision as diagnosed by, e.g.,

j Im½λk�=λðmÞ
k j < 10−8.

(ii) Hermitian subspace (2; “norm trick”):
ðω−1ÞðmÞ�

k1

ωðmÞ
1k

is

similarly real within numerical precision, and its real
part is positive.

(iii) CW test: ΔCWðmÞ
k > ϵCWðmÞ.

The subset of indices fkgS̄ surviving filtering are then
identified with different states by simply sorting on λk. The
surviving k with the largest λk is identified as the ground
state, the next-largest with the first excited state, etc. The
energy estimators for this bootstrap draw and iteration m

are defined as EðmÞ
k ¼ − log λðmÞ

k .
In the general case when C3pt is evaluated with distinct

initial and final interpolators, the steps above must be
repeated independently for the final-state correlator C0ðtÞ to
obtain primed quantities, most importantly the (left) Ritz

coefficients P0LðmÞ
k0t . Spurious state filtering similarly defines

a subset of the final-state indices to retain, fk0gS̄, appro-
priately sorted to identify each k0 with physical states.
This selection is entirely independent of the initial-state
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subset fkgS̄ . A different number of initial- and final-state
indices may survive filtering. In the subcase of a symmetric
C3pt with identical initial and final interpolators, the
corresponding initial- and final-state correlators coincide,
i.e., CðtÞ ¼ C0ðtÞ, and thus so do all other unprimed and
primed quantities—only a single two-point analysis is
necessary.
Once initial and final state Ritz coefficients are evaluated

—specifically, P0LðmÞ
k0t and PRðmÞ

kt —then matrix elements can
be computed by simply evaluating Eq. (67), i.e.,

JðmÞ
k0k ¼

X
στ

P0LðmÞ
k0σ

C3ptðσ; τÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C0ð0ÞCð0Þp PRðmÞ

kτ : ðA1Þ

The result is a separate estimator for each of the matrix
elements hk0jJjki for all nonspurious states fkgS̄ and fk0gS̄.
To estimate uncertainties via bootstrapping, the algo-

rithm must be executed over many different bootstrap
draws. The resulting set of bootstrapped estimates of

EðmÞ
k , E0ðmÞ

k0 , and JðmÞ
k0k are then combined to produce

estimates of the values and uncertainties. Their central
values and uncertainties as presented in Sec. V are
computed using the nested bootstrap median approach of
Ref. [51] discussed therein. Appendix F instead uses the
standard outlier-robust estimators defined therein—i.e., the
median along with the confidence-interval construction
defined in Eq. (F1). This entire procedure may similarly be
repeated for differentm to obtain a sequence of estimates at
different numbers of Lanczos iterations. We note that in
practice, computing results for all different m∈ ½1; Nt=2�
simultaneously allows substantial reduction of repeated
computation; the procedure is defined here independently
for each m only for clarity.

APPENDIX B: WHERE TO USE
HIGH-PRECISION ARITHMETIC

Applying the Lanczos methods described here some-
times requires high-precision arithmetic to avoid numerical
instabilities. This appendix discusses where this is neces-
sary to obtain the results presented above. We implement
this using the MPMATH Python library for multiple-precision
arithmetic [118]. We find 100 decimal digits of precision is
sufficient to produce the results of this paper, but have made
no effort to determine the minimum required. We otherwise
work in double precision.
In practice, higher-than-double precision is required

primarily for the noiseless examples in Secs. IV and VI.
In particular, it is necessary in

(i) The sums over states when constructing the example
two- and three-point functions;

(ii) The recursions to construct the tridiagonal matrix
coefficents αj, βj, γj from the two-point correlator;

(iii) The recursions to compute the Krylov coeffi-
cients KR=L;

(iv) Computing the eigenvalues and eigenvectors of
TðmÞ; and

(v) Matrix multiplications to construct the Ritz coef-
ficients PðmÞ, compute observables like ZðmÞ

and JðmÞ.
This amounts to everything except for the inversion of the
eigenvector matrix ωðmÞ, which may be carried out in
double precision.
In the lattice example of Sec. V, we find that high-

precision arithmetic is only important for the initial recur-
sion to construct αj, βj, γj, which is relatively inexpensive.
Crucially, the tasks which dominate the computationally
cost may be carried out in only double precision: comput-
ing the eigenvalues/vectors of TðmÞ, inverting the eigen-
vector matrix ωðmÞ, and the various matrix multiplications.
As implemented for this work, running the full procedure
200 times for each bootstrap ensemble to produce the
results of Sec. V takes ≈2 minutes on a c. 2019 Intel
MacBook Pro. We caution that high-precision arithmetic
may become more necessary for larger lattices and/or
different parameters.

APPENDIX C: RITZ PROJECTORS

Although the right Ritz rotator

PRðmÞ
k ¼

Xm−1

t¼0

PRðmÞ
kt Tt; ðC1Þ

allows construction of the right Ritz vectors as

PRðmÞ
k jvR1 i ¼ jyRðmÞ

k i; ðC2Þ

it is not a projection operator of the form jyRðmÞ
k ihyLðmÞ

k j.
This is straightforward to see: it is a finite polynomial in T,
which has support outside the Krylov subspace spanned by
the Ritz vectors. However, as we show in this appendix, the
equivalent operator constructed with

TðmÞ ¼
Xm
i;j¼1

jvRi iTðmÞ
ij hvLj j ðC3Þ

in place of T is an unnormalized projector, i.e.,

PRðmÞ
k ¼

Xm−1

t¼0

PRðmÞ
kt ½TðmÞ�t ¼ jyRðmÞ

k ihyLðmÞ
k j

hyLðmÞ
k jvR1 i

: ðC4Þ

Similar arguments apply for the left Ritz rotator PLðmÞ
k .

To prove Eq. (C4), first note that by the definition of
matrix exponentiation,
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PRðmÞ
k ¼

X
t

PðmÞ
kt ½TðmÞ�t

¼
X
l

jyRðmÞ
l i

X
t

PRðmÞ
kt ½λðmÞ

l �thyLðmÞ
l j

≡X
l

jyRðmÞ
l iqðmÞ

kl hyLðmÞ
l j: ðC5Þ

What remains is to show that the symbol qðmÞ
kl defined in the

last line is diagonal in k, l and normalized as claimed.
To proceed, note that by construction,

½T − TðmÞ�jvRj i ¼ δjmγmþ1jvRmþ1i; ðC6Þ

for all j ≤ m, from which follows

TtjvR1 i ¼ ½TðmÞ�tjvR1 i; ðC7Þ

for all t < m. To see this, note that we can write

TtjvR1 i ¼
Xtþ1

j¼1

jvRj icjt ðC8Þ

for some coefficients cjt. In principle these coefficients—
related to the matrix inverse of the right Krylov coefficients
KR

jt—could be computed, but their values are irrelevant for
the proof. Each application of T populates one higher
Lanczos vector in the sum, i.e.,

TTtjvR1 i ¼
Xtþ1

j¼1

TjvRj icjt ¼
Xtþ2

j¼1

jvRj icjðtþ1Þ: ðC9Þ

The action of TðmÞ on this sum is identical to that of T as
long as t ≤ m − 2

TðmÞXtþ1

j¼1

jvRj icjt ¼
Xtþ1

j¼1

ðTjvRj i − δjmγmþ1jvRmþ1iÞcjt

¼
Xtþ1

j¼1

TjvRj icjt ¼ Ttþ1jvR1 i; ðC10Þ

where in the first equality we use Eq. (C6), in the second
uses that δjm ¼ 0 for all j ≤ tþ 1 ≤ m − 1 in the sum, and
the third uses Eq. (C9). Together with TjvR1 i ¼ TðmÞjvL1 i,
Eq. (C7) follows by induction.

We can see from Eq. (C7) that PRðmÞ
k and PRðmÞ

k have
identical action on jvR1 i, i.e.,

PRðmÞ
k jvR1 i ¼

Xm−1

t¼0

PRðmÞ
kt ½TðmÞ�tjvR1 i

¼
Xm−1

t¼0

PRðmÞ
kt TtjvR1 i

¼ PRðmÞ
k jvR1 i ¼ jyRðmÞ

k i; ðC11Þ

because the sum over t runs only to m − 1. Inserting
Eq. (C5), we see that

PRðmÞ
k jvR1 i ¼

X
l

jyRðmÞ
l iqðmÞ

kl hyLðmÞ
l jvR1 i ¼ jyRðmÞ

k i

≡X
l

αkljyRðmÞ
l i ¼ jyRðmÞ

k i: ðC12Þ

Because the right Ritz vectors are linearly independent, it
must be that

αkl ≡ qðmÞ
kl hyLðmÞ

l jvR1 i ¼ δkl; ðC13Þ

no superposition of jyRðmÞ
l i with l ≠ k has extent along

jyRðmÞ
k i, so the term with l ¼ k must saturate the sum.

Because the factor hyLðmÞ
l jvR1 i has no dependence on k, it

must be that qðmÞ
kl ∝ δkl. Separately, the factor hyLðmÞ

l jvR1 i ¼
ZLðmÞ
l =jψ j (see Sec. III E) and is generically nonzero for all

l. Given these constraints, it can only be that

qðmÞ
kl ¼

X
t

PRðmÞ
kt ½λðmÞ

l �t ¼ δkl

hyLðmÞ
l jvR1 i

; ðC14Þ

and Eq. (C4) holds as claimed.

APPENDIX D: CORRELATOR DECOMPOSITION

This appendix proves Eq. (78) from the main text, i.e.,
that Lanczos quantities provide an exact decomposition of
any correlator CðtÞ of the form

CðtÞ ¼
X
k

ZRðmÞ�
k ZLðmÞ

k ðλðmÞ
k Þt; ðD1Þ

which holds for all t ≤ 2m − 1, i.e., the full extent of the
correlator incorporated after m steps. While the discussion
in the main text primarily addressed diagonal correlators,
the proof is equally straightforward for the more general
case of an off-diagonal correlator,

CðtÞ ¼ hχjTtjψi; ðD2Þ

recovering the diagonal case when jχi ¼ jψi.
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Under exponentiation,

½TðmÞ�t ¼
X
k

jyRðmÞ
k iðλðmÞÞthyLðmÞ

k j; ðD3Þ

because hyRðmÞ
k jyLðmÞ

l i ¼ δkl by construction, so

hχj½TðmÞ�tjψi ¼
X
k

hχjyRðmÞ
k iðλðmÞÞthyLðmÞ

k jψi

¼
X
k

ZRðmÞ�
k ðλðmÞÞtZLðmÞ

k ; ðD4Þ

where ZRðmÞ
k ¼ hyRðmÞ

k jχi and ZLðmÞ
k ¼ hyLðmÞ

k jψi. Recall
also that

hvL1 j≡ hχjffiffiffiffiffiffiffiffiffiffiffihχjψip and jvR1 i≡ jψiffiffiffiffiffiffiffiffiffiffiffihχjψip ; ðD5Þ

i.e., that jψi and jχi are simply related to jvR=L1 i by a known
constant hχjψi ¼ Cð0Þ. These results immediately estab-
lish that hvL1 j½TðmÞ�tjvR1 i is proportional to the desired
decomposition. The nontrivial part of proving Eq. (D1)
is to show that

hvL1 jTtjvR1 i ¼ hvL1 j½TðmÞ�tjvR1 i; ðD6Þ

for all t ≤ 2m − 1, to which we turn next.
The previous appendix proved Eq. (C7), i.e., that

TtjvR1 i ¼ ½TðmÞ�tjvR1 i; ðD7Þ

for all t ≤ m − 1, and identical arguments give

hvL1 jTt ¼ hvL1 j½TðmÞ�t; ðD8Þ

as well. We see immediately that Eq. (D6) holds for all
t ≤ 2m − 2, because Tt can be factored as Tt ¼ Ts0Tt0 with
both s0 ≤ m − 1 and t0 ≤ m − 1. In more detail, the
derivation proceeds as

hvL1 jTtjvR1 i ¼ hvL1 jTs0Tt0 jvR1 i
¼ hvL1 j½TðmÞ�s0 ½TðmÞ�t0 jvR1 i
¼ hvL1 j½TðmÞ�tjvR1 i; ðD9Þ

where t ¼ s0 þ t0 in the first equality, we choose some
s0; t0 ≤ m − 1 and apply Eqs. (D7) and (D8) in the second,
and combine terms in the third.
All that remains is to show that Eq. (D6) holds in the

edge case t ¼ 2m − 1. Given the arguments of the previous
paragraph, it is sufficient to show that

hvL1 jTm−1½T − TðmÞ�Tm−1jvR1 i ¼ 0: ðD10Þ

First, note that we can rewrite the left-hand side (lhs) as

Xm
j;l¼1

cLðm−1ÞjhvLj j½T − TðmÞ�jvRl icRlðm−1Þ; ðD11Þ

where cRjt are the same coefficients as in Eq. (C8) and cLtj are
their left equivalents. Following similar reasoning as used
to prove Eq. (C7) gives

½T − TðmÞ�
Xm
j¼1

jvRj icRjt ¼
Xm
j¼1

δjmγmþ1jvRmþ1icRjt

¼ jvRmþ1iγmþ1cRmt; ðD12Þ

evaluating the sum with the delta function in the last
equality. We thus find, as desired,

Xm
j;l¼1

cLðm−1ÞjhvLj j½T − TðmÞ�jvRl icRlðm−1Þ

¼
Xm
j¼1

cLðm−1ÞjhvLj jvRmþ1iγmþ1cRmðm−1Þ ¼ 0; ðD13Þ

where the final equality is simply because hvLj jvRmþ1i ¼
δjðmþ1Þ and the sum runs only to j ¼ m. This completes the
proof that Eq. (D1) holds for all t ≤ 2m − 1.

APPENDIX E: RESULTS FOR THIRD
EXCITED STATE

The analysis presented in the main text fully resolves
three states, meaning specifically that at least three states
survive filtering in each bootstrap ensemble. However,
values are available for a fourth state in ≈80% of inner
bootstraps. To construct median estimators, we relax the
definition of the median over inner bootstraps to allow up to
32% (i.e., 1σ) of values to be missing, taking the median
over values present. This produces estimates for the third
excited state in ≈90% of outer bootstrap ensembles
(m-dependently). While insufficient to compute like-in-
kind estimates to compare with those for the other three
states, it is interesting to look at the results using some
reasonable assumptions. Note that the number of states
resolved and present in each bootstrap will vary for
different schemes to filter states and associate them
between bootstraps.
It is not generally possible to do rigorous statistics with

missing data if the mechanism which causes missingness is
not understood. This is the case here. However, we may
make a reasonable choice: we assume all missing data are
outliers and also equally likely to be high- or low-valued.
In this case, the median and 1σ confidence interval
definitions of values and errors as used in Appendix F
remain well-defined, as long as measurements are available
for ≳68% of outer bootstraps. Note that these assumptions
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are inequivalent to and more conservative than the
assumption that missingness is uncorrelated with value.
This prescribes computing whatever estimators only on the
nonmissing subset of data, which will compress the width
of the uncertainties.
Under these assumptions, we may compute various

observables involving the third excited state as well.
Figure 19 shows the spectrum including its energy. It is
not clear that this state is physical, as its mass is near the
expected second layer of doublers [ [128], Ch. 5]. Figure 20

shows matrix elements involving the third excited state.
These are not substantially noisier than those for the lower
three states in Fig. 10, but we emphasize that this
comparison is not between quantities defined equivalently.

APPENDIX F: ANALYSIS WITH STANDARD
ESTIMATORS

Results in the main text use bootstrap median estimators
with nested bootstrap uncertainties. For effective masses

FIG. 19. Spectrum extracted by Lanczos from the zero-momentum nucleon two-point correlator including the partially resolved third
excited state (cf. Fig. 7). Blue, orange, green, and pale purple markers correspond to the ground state and first three excited states. For the
third excited state, outer bootstrap estimates are computed as medians over whatever inner bootstrap values are present, allowing up to
32% missingness and undefined otherwise. Uncertainties on the third excited state then correspond to ≈68% confidence intervals
computed after symmetrically setting missing outer bootstrap values to �∞. Uncertainties are computed as in Fig. 7 otherwise.

FIG. 20. Lanczos extractions of forward matrix elements of the strange scalar current involving the partially resolved third excited
state in the nucleon spectrum (cf. Fig. 10). Note that eigenvectors are unit-normalized, not relativistically normalized. For the third
excited state, outer bootstrap estimates are computed as medians over whatever inner bootstrap values are present, allowing up to 32%
missingness and undefined otherwise. Uncertainties on the third excited state then correspond to ≈68% confidence intervals computed
after symmetrically setting missing outer bootstrap values to �∞. Uncertainties are computed as in Fig. 7 otherwise.
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and other PI estimators, this leads to negligible differences
compared to values and uncertainties computed with the
sample-mean or with standard outlier-robust median/
confidence interval estimators. Conversely, for Lanczos
results this leads to qualitatively different uncertainties and
correlations for large m. To illustrate these differences, this
appendix shows alternative versions of all figures without
nested bootstrap uncertainty estimates, instead computed
using standard GVAR-style outlier-robust estimators as
described below. In particular,

(i) Fig. 21 shows effective mass and matrix elements
results analogous to Fig. 6. The “Lanczos” band in
the second subplot corresponds to a fit of Lanczos
matrix element estimates in Fig. 23.

(ii) Figure 22 shows Lanczos energy estimators analo-
gous to Fig. 7.

(iii) Figure 23 shows ground-state matrix element results
analogous to Fig. 9.

(iv) Figure 24 shows ground- and excited-state matrix
element results analogous to Fig. 10.

(v) Table II tabulates matrix element results analogous
to Table I.

(vi) Figure 25 shows overlap factor results analogous
to Fig. 11.

Throughout this appendix, we use the de-facto lattice
community standard for outlier-robust estimators as imple-
mented in the GVAR software package [96]: we take the
median rather than the mean, an estimator based on
the width of the 1σ confidence interval (CI) rather than

FIG. 22. Spectrum extracted by Lanczos from the zero-momentum nucleon two-point correlator (top) and noisy estimates of the

bounding values jBðmÞ
k j [Eq. (41)] as in Fig. 7 but using the outlier-robust uncertainty estimators described in this appendix instead of

nested bootstrap uncertainties. Blue, orange, and green markers correspond to the ground, first excited, and second excited state
respectively. The blue, orange, and green bands indicate fits of a constant to the values they cover, finding Ek ¼
½0.4175ð17Þ; 0.736ð34Þ; 1.296ð83Þ� for k ¼ ½0; 1; 2�. Uncertainties on the fitted values are linearly propagated from the covariance
matrix of the λðmÞ. The fact that the central values fluctuate less than their error bars arises from the use of outlier-robust estimators

without nested bootstrap uncertainties. Uncertainties on energies are propagated linearly through EðmÞ
k ¼ − log λðmÞ

k to avoid issues with
artificial missingness due to negative arguments of logarithms for noisier points.

FIG. 21. Data for the nucleon strange scalar current example as
in Fig. 6 but using the outlier-robust uncertainty estimators
described in this appendix instead of nested bootstrap uncertain-
ties. The “Lanczos” band is the same fit to Lanczos estimates as
shown in Fig. 23.
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the standard deviation,23 and the usual Pearson correlation
matrix to construct covariance matrices. We observe that
the median over bootstraps appears to have a regulating
effect versus simply carrying out the analysis on the central
value correlator (i.e., the mean of CðtÞ over bootstraps).
However, we note immediately that, across all results

presented here, this gives estimates that fluctuate less than
their errors and measured correlations would suggest. This
reflects an inconsistency between these definitions for the
estimator (here, the median) and its uncertainties (here, the

FIG. 23. Ground-state bare nucleon matrix element of the strange scalar current with zero momentum transfer as in Fig. 9 but using the
outlier-robust uncertainty estimators described in this appendix instead of nested bootstrap uncertainties. The blue band corresponds to a
fit of a constant to the Lanczos estimates it covers, finding J00 ¼ 3.03ð24Þ. Uncertainties on the fit to Lanczos values, are linearly

propagated from the covariance matrix of the JðmÞ
00 .

FIG. 24. Lanczos extractions of bare forward matrix elements hf0jJjiib of the strange scalar current for three low-lying states in the
nucleon spectrum as in Fig. 10 but using the outlier-robust uncertainty estimators described in this appendix instead of nested bootstrap

uncertainties. The bands corresponds to fits of a constant to the JðmÞ
fi that they cover, with values listed in Table II. Fit uncertainties are

linearly propagated from the data covariance matrix.

TABLE II. Results of fits of a constant to Lanczos estimates

JðmÞ
fi for allm ≥ 8 of bare matrix elements hfjs̄sjiib of the strange

scalar current. f indexes rows and i indexes columns. Values are
as shown in corresponding panels of Fig. 24 and computed as
described there.

hfjs̄sjiib ¼

2
64

3.03ð24Þ −3.51ð84Þ 2.06ð81Þ
−2.93ð72Þ 2.7ð2.0Þ −1.8ð2.0Þ
1.34ð67Þ −1.2ð2.0Þ 1.1ð1.7Þ

3
75
fi

23Specifically, we use σ ¼ maxðΔþ;Δ−Þ where
ŷ ¼ Medianb½yb�

Δ− ¼ ŷ − Percentileb½yb; 100s�
Δþ ¼ Percentileb½yb; 100ð1 − sÞ� − ŷ ðF1Þ

with b indexing bootstrap samples and s ¼ R
−1
−∞

1ffiffiffiffi
2π

p e−x
2=2 ≈ 0.16

is the CDF of the unit normal distribution evaluated at −1.
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CI construction). This is resolved by the nested bootstrap
procedure introduced in Ref. [51] and employed in the
main text, which provides a self-consistent approach to
employing median estimators. Versus this more principled
treatment of the median, the CI construction employed here
drastically overestimates uncertainties but underestimates
correlations.
When employing the more traditional approach to

estimator construction and uncertainty quantification used

in this appendix, Lanczos estimates at different m carry
independent information that can be combined to obtain
a more precise estimate. To demonstrate, for all estimates
in this section, we fit a constant to all m ≥ 8, with the
range chosen to exclude the less-noisy points at early m.
For simplicity, uncertainties on fitted values are estimated
by linear propagation from the data covariance matrix.
The reduction in uncertainty versus the average uncertainty
of the data gives a notion of the amount of independent
measurements in the 41 points included in each fit. For the
energies Ek, the fitted values are ≈9, 4, 4 times more
precise than the data for k ¼ 0, 1, 2, respectively. Reduction
by a factor

ffiffiffiffiffi
41

p
≈ 6.4 corresponds to the expected reduc-

tion for 41 statistically independent points, but fluctuations
about this value are expected due to noise. Systematic
deviations from this value arising from correlations
between data points are not observed.
For the ground-state matrix elements, the fit of the

Lanczos estimate is ≈7 times more precise than the estimates
with particular m (on average). The fit of the Lanczos
estimate is ≈4–5 times more precise than the data for all
excited matrix elements. Fits to the overlap factors Zk are
≈2, 8, 3 times more precise than the data for k ¼ 0, 1, 2,
respectively.
It is important to note that this reduction is a conse-

quence of the already-noted overestimation of uncertainties
and underestimation of correlations by the CI construction.
As observed in Refs. [51,54] and the main text, proper
treatment of the median estimator with nested bootstrap-
ping reveals precise and highly correlated estimates at late
m, such that the final output of the analysis can simply be
taken as the single estimate at maximal m without further
postprocessing.
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