
Cogenesis by a sliding pseudo-Nambu-Goldstone boson
with symmetry nonrestoration

Eung Jin Chun,1,* Suruj Jyoti Das ,2,† Minxi He ,2,‡ Tae Hyun Jung ,2,§ and Jin Sun 2,∥
1Korea Institute for Advanced Study, Seoul 02455, South Korea

2Particle Theory and Cosmology Group, Center for Theoretical Physics of the Universe,
Institute for Basic Science (IBS), Daejeon, 34126, Korea

(Received 21 June 2024; accepted 18 October 2025; published 4 November 2025)

We demonstrate that a pseudo-Nambu-Goldstone boson (pNGB) with an initial misalignment angle can
drive successful spontaneous baryogenesis and serve as a dark matter (DM) candidate, provided the
corresponding global symmetry is nonrestored at high temperature. A key feature of this mechanism is the
presence of a slowly sliding phase in the pNGB’s motion, during which it traverses rapidly diminishing
potential barriers, generating and freezing the baryon asymmetry, while transitioning into the kination
phase and then an oscillatory phase. Just before the would-be oscillation temperature, parametric resonance
effectively fragments the homogeneous mode into fluctuations that ultimately constitute the final DM
abundance. By considering a dimension-five explicit breaking operator, we find that the predicted pNGB
mass and decay constant are approximately 5 eVand 3 × 106 GeV, respectively, while the radial mode has
a light massOð10Þ MeV and a small mixingOð10−4Þ with the Higgs boson. Applied to the Majoron in the
type-I seesaw model, this scenario requires the heaviest right-handed neutrino to be as light as 0.1 to
100 GeV. These predictions can be tested through kaon experiments, heavy neutral lepton searches, the
LHC, and future colliders.
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I. INTRODUCTION

The measured matter-antimatter asymmetry nB=s ≃
8.75 × 10−11 [1], with nB and s being the baryon number
and entropy densities, is considered as one of the most
obvious evidences for new physics beyond the Standard
Model (SM). This asymmetry can be generated dynami-
cally, fulfilling the Sakharov conditions [2], based on which
several baryogenesis scenarios are proposed [3].
Spontaneous baryogenesis is an attractive scheme where

the nonvanishing velocity of a dynamical pseudoscalar
field a [here we consider a pseudo-Nambu-Goldstone
boson (pNGB)] induces CPT violation, generating external
chemical potentials of quarks and/or leptons [4–6]. The
external chemical potentials can be fed thermodynamically

into the baryon asymmetry nB=s ∝ θ̇=T where θ≡ a=fa
with the pNGB decay constant fa.
The crucial part of successful spontaneous baryogenesis

is to generate sufficiently large θ̇ in the early Universe. For
instance, θ̇ can be generated in the conventional misalign-
ment mechanism as originally discussed in Refs. [4,5]
although it oscillates and requires some tuning of different
timescales. In the kinetic misalignment (KM) mechanism
[7,8], θ̇ is generated dynamically from an initial large radial
field value with an explicit symmetry-breaking operator,
analogously to the Affleck-Dine mechanism [9], which has
been applied to various models [7,8,10–25]. An alternative
is first-order phase transition where ∂μθ is generated across
bubbles [26–28].
In this paper, we propose a new mechanism for gen-

erating θ̇. We consider an initial misalignment angle θi
while we assume that the radial mode follows its potential
minimum point adiabatically, which seems similar to the
initial setup of the conventional misalignment mechanism.
The difference comes from the framework of the symmetry
nonrestoration [29–51], where the decay constant scales as
fa ∝ T at high temperature. This induces two effects: (i) it
reduces the Hubble friction of θ dynamics, and (ii) the
pNGB potential barrier decreases quickly as temperature
drops. Consequently, there appears a long period of pNGB
sliding during which θ̇=T becomes sizable and approx-
imately constant until the onset of oscillation. It can result
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in successful baryogenesis during sliding, while the DM
abundance is related to the zero-temperature values of ma
and fa, preventing overproduction.
Our scenario has a close resemblance with that of KM

[7], where the pNGB develops enough kinetic energy to
cross the potential barrier, gets trapped later, and oscillates.
However, unlike KM, we do not require the radial mode of
the symmetry-breaking field to be initially far away from
the potential minimum. In our case, its value follows the
minimum of the thermal effective potential. Subsequently,
we attain θ̇ ∝ T (in contrast to θ̇ ∝ T3 in KM) while sliding
across the decreasing potential barriers.
Another similar dynamics can be found in so-called

axion monodromy [52–54], where multiple periodicities
appear in the potential, which have been studied in various
contexts such as inflation [52–56], dark matter [57] or
relaxion [58]. The origin of such multiperiodic potentials
typically requires hierarchically different symmetry-break-
ing scales [52], unlike the single scale fa in our case. In
spite of the completely different setup, the solution of our
pNGB dynamics is similar to the axion monodromy, and
thus we apply the fragmentation analysis well studied in
the axion monodromy [57,59,60] and also the KM context
[61,62] to our case.

II. GLOBAL SYMMETRY NONRESTORATION

Consider a complex scalar field Φ with zero-temperature
potential

VðΦÞ ¼ λϕjΦj4 −m2
0jΦj2: ð1Þ

Its vacuum expectation value (vev) hjΦji ¼ m0=
ffiffiffiffiffiffiffi
2λϕ

p ≡
fð0Þa =

ffiffiffi
2

p
breaks the global Uð1Þ symmetry spontaneously,

resulting in a NG mode a with decay constant fa in the
decomposition Φ ¼ 1ffiffi

2
p ϕeia=fa .

The mass of a arises from explicit Uð1Þ symmetry
breaking via higher-dimensional operators

Φn

Λn−4þH:c:⇒VaðaÞ¼
fna

2
n
2
−1Λn−4

�
1− cos

�
na
fa

��
; ð2Þ

where the integer n > 4, and Λ is the cutoff scale of the
dimension n operator, treated as a free parameter traded
with ma. Here, we shifted a=fa by a constant to make
VaðaÞ minimized at a ¼ 0 and added a constant to
make Vað0Þ ¼ 0.
At high temperatures, the potential (1) receives thermal

corrections. In particular, a negative T2 mass correction to
Φ can arise, which prohibits symmetry restoration. This can
be realized whenΦ couples to the SM Higgs doubletH via
ΔV ¼ −2λhϕjHj2jΦj2 with λhϕ > 0 in the minimal setup,
while a general extension introduces Ns real scalar fields si
with ΔV ¼ −λϕsi jΦj2s2i and λϕsi > 0. In either case, we

will use λmix ≡ λhϕ þ
P

i λϕsi=4 to denote such quartic
couplings. Meanwhile, we ensure that the electroweak
symmetry gets restored at high temperatures due to gauge
and Yukawa couplings.
Then, the thermal potential for ϕ can be written as

VTðϕÞ ≃
λϕ
4
ϕ4 −

1

2
ðm2

0 þ cT2Þϕ2; ð3Þ

with a model-dependent constant c. This potential is
minimized at

hϕiT ¼ faðTÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fð0Þa

2 þ cλT2

q
; ð4Þ

with cλ ≡ c=λϕ and the pNGB mass becomes

m2
aðTÞ ¼

n2

2
n
2
−1

�
faðTÞ
Λ

�
n−4

faðTÞ2: ð5Þ

Thus, at T > Tc ≡ fð0Þa =
ffiffiffiffiffi
cλ

p
, faðTÞ and maðTÞ scale as T

and Tðn−2Þ=2, respectively. We obtain c ≃ λmix=3
and cλ ≃ λmix=3λϕ.
The parameter cλ has to be large enough to avoid

affecting the matter-radiation equality by pNGB production
through the freeze-in process ϕϕ → aa. The averaged cross
section of ϕϕ → aa in thermal equilibrium is roughly
T2=f4a ∼ 1=ðc2λT2Þ for T > Tc and gets suppressed when
T < Tc. For ma > eV, its relic abundance must be smaller
than that of DM, and we obtain the lower bound of cλ ≳ 107

which can be realized by taking λmix ≲ 10−8 with λϕ ∼ λ2mix.
In Appendix A, we show that these small couplings are not
messed up by quantum corrections.
ϕ necessarily mixes with the SM Higgs h to evade

stringent big bang nucleosynthesis (BBN) constraints
[63,64], even when negative T2 corrections arise domi-

nantly from other fields. With mass mϕ ≃
ffiffiffiffiffiffiffi
2λϕ

p
fð0Þa ≪ mh

(the scale of fð0Þa ∼ 106 GeV will be given later), the mixing

angle becomes sin θhϕ ≃ 2λhϕvhf
ð0Þ
a =m2

h with the Higgs vev
vh ¼ 246 GeV and the Higgs mass mh ¼ 125 GeV. To
make ϕ decay before BBN, ϕ has to be heavier than twice
the electron mass, with sin θhϕ ≳ 10−5. Then, the upper
bound of sin θhϕ ≳ 10−4 is given from kaon experiments
[64–75], for mϕ ≲ 100 MeV.

III. DYNAMICS BEFORE OSCILLATION

Let us now discuss the dynamics of the pNGB angle
θ≡ a=faðTÞ when T ≳ Tc. With the homogeneity of θ, its
equation of motion is

θ̈ þ
�
3H þ 2

ḟa
fa

�
θ̇ ¼ −

1

n
m2

aðTÞ sinðnθÞ; ð6Þ
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where ϕ is assumed to follow its potential minimum
adiabatically which will be examined later with an explicit
model.
In the following, we focus on n ¼ 5 because the scenario

is independent of the nonadiabatic evolution of ϕ in the
initial stage when ϕ’s effective potential is developed.
Later, we will give an example UV model where the
dimension-five explicit breaking operator dominates over
other explicit breaking operators, and also provide a
qualitative sketch of how the scenario changes for n ≠ 5.
For n ¼ 5, from Eq. (5) we have maðTÞ≃3c3=4λ

ðT=ΛÞ3=2Λ∝T3=2. At high temperature when H > maðTÞ,
θ is nearly frozen at θi. Using ḟa=fa ≃ −H, we
find θ̇=T ∝ logðT=TRHÞ, where TRH is the reheating
temperature.
The logT scaling behavior lasts until HðTÞ becomes

comparable to the pNGB mass maðTÞ. Thus, it is conven-
ient to define this characteristic temperature T0 when
HðT0Þ ¼ maðT0Þ;

T0 ≃ 5 × 1011 GeV

�
100

g�

��
cλ
108

�3
2

�
mð0Þ

a

eV

�
2
�
106 GeV

fð0Þa

�
3

ð7Þ

where we used maðT0Þ ≃mð0Þ
a ðT0=TcÞ3=2.

With θi not too small, the pNGB starts sliding over
the potential below T0, instead of oscillating (see Fig. 1).
This is because the potential height of θ given by
m2

a ∝ T3 decreases faster than the redshift of the kinetic
energy, θ̇2 ∝ T2. During this period, θ̇=T is approximately
constant, since Eq. (6) can be approximated as θ̈ þHθ̇ ¼
T d

dt ðθ̇=TÞ ¼ 0. However, if θi is too small, then the
pNGB may not slide as soon as T approaches T0 since
the initial velocity θ̇ is too small to climb up the potential.
Then, it first oscillates a few periods before sliding, with
θ ≃ AðtÞ cos½R madt�, where the amplitude A follows
A2ma ∝ T. During oscillation, θ̇2 ≃m2

aA2 scales as T5=2,
so the kinetic energy can overcome the potential at some
point and the pNGB starts sliding away. We estimate this
sliding temperature as

Tslide ≃
C
4
T0ð1 − cosð5θiÞÞ2; ð8Þ

with a numerical factor C ∼Oð10Þ which depends on TRH

logarithmically with some power. In either case, θ̇=T
during the slide is constant and maximal in the history
of the pNGB dynamics. Its value is given by�

θ̇

T

�
slide

≃
2maðTslideÞ
5Tslide

≃ 7 × 10−8C
1
2ð5θiÞ2

�
100

g�

�1
2

�
cλ
108

�3
2

×

�
mð0Þ

a

eV

�
2
�
106 GeV

fð0Þa

�
3

: ð9Þ

IV. OSCILLATION ENERGY DENSITY

For T < Tc, fa and ma get saturated to the zero-
temperature values so ḟa=fa ¼ 0 leading to θ̇ ∝ T3 during
sliding motion, like the usual kination. The final oscillation

starts when θ̇ðToscÞ ≃ 2
5
mð0Þ

a from which we obtain

Tosc ≃
4 GeV

C
1
6ð5θiÞ23

�
g�
100

�1
6

�
108

cλ

�5
6

�
eV

mð0Þ
a

�1
3

�
fð0Þa

106 GeV

�5
3

:

ð10Þ
This is smaller than the typical oscillation temperature in
the standard misalignment mechanism.
The ratio of the oscillation energy density and the

entropy density is frozen as

ρosc
s

≃ 2 ×
2
25
ðmð0Þ

a fð0Þa Þ2
sðToscÞ

≃ 0.07 eVC
1
2ð5θiÞ2

�
100

g�

�3
2

�
cλ
108

�5
2

×

�
mð0Þ

a

eV

�
3
�
106 GeV

fð0Þa

�
3

; ð11Þ

where the factor ≃2 comes from our numerical checks (see
Appendix B for details). Requiring ρosc=s ¼ 0.44 eV for
the observed DM abundance [1], we obtain the relation

between mð0Þ
a and fð0Þa for a given cλ.

Note that the above estimate and the scenario of sliding
across the potential barriers, and finally getting trapped,
remains essentially the same as KM [7]. However, in our
case, the oscillation abundance is determined by the initial

misalignment angle θi and fð0Þa ; mð0Þ
a ; cλ, which set the

initial θ̇ [cf. Eq. (9)]. This is different from KM, where θ̇ is
determined crucially by a large initial value of ϕ.

V. pNGB FRAGMENTATION

Our estimation so far assumed a homogeneous θ,
but fluctuations of θ can be enhanced via parametricFIG. 1. Schematic plot of the pNGB slide.
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resonance [59–61]. A fluctuation mode k is resonantly
enhanced when the modulation frequency θ̇ matches
roughly k=R, where R is the scale factor. How precisely
the resonance condition needs to be satisfied can be
quantified by the height of the potential barrier, which
can be roughly written as

jðk=RÞ2 − θ̇2j≲m2
a; ð12Þ

called the resonance band (see Appendix C for more
precise expressions). Modes staying in the resonance band
for an extended period grow exponentially, draining energy
from the homogeneous mode and causing its fragmenta-
tion. If that happens, the sliding stops at the fragmentation
time (before Tosc), and the final DM abundance must be
modified properly.
At T > Tc, we have θ̇ ∝ T, causing some specific k

modes to be inside the resonance band for a long time
because R ∝ T−1, while the band width shrinks. This
imposes a constraint of 5θi ≳ 0.7 to prevent fragmentation,
as determined numerically (seeAppendixC). For simplicity,
we focus on 5θi ≳ 0.7 hereafter, althoughwe emphasize that
avoiding fragmentation at T > Tc is not strictly necessary,
as baryogenesis could conclude before fragmentation.
Once pNGB sliding is maintained until Tc, the dynamics

at T < Tc is exactly the same as the KM scenario [61],
where it was shown that the growth of the fluctuations due
to parametric resonance depends crucially on the ratio

mð0Þ
a =HðTÞ at the time of trapping. Since this ratio turns out

to be quite large in our scenario, we find that complete
fragmentation occurs slightly before Tosc in Eq. (10), which
should be now called would-be oscillation temperature.
Thus, DM is not a coherent oscillation, but the pNGB
fluctuations. However, the final DM abundance matches
the estimation of the unfragmented scenario, which can be
understood as follows (shown explicitly in Appendix C).
Since the fragmentation takes place slightly before Tosc, a
higher energy density is assigned to the DM component
(the pNGB fluctuation). However, the enhanced fluctua-
tions are slightly relativistic when they are generated, and
hence their energy density dilutes more rapidly than the
coherent oscillation until they become nonrelativistic. The
redshift factors from these two contributions scale exactly
in the opposite way, and cancel each other up to Oð1Þ
factors, leading to the same DM abundance as in Eq. (11).

VI. AN EXPLICIT MODEL

To discuss how successful baryogenesis arises, let us
consider the type-I seesaw model extended with the
Majoron as an example. The model Lagrangian includes

−ΔL¼
�X

i

yiΦN̄c
i Niþ

X
i;α

YD;αil̄αH̃NiþH:c:

�
þVðΦÞ;

ð13Þ

where Ni and lα denote the right-handed neutrino (RHN)
and the SM lepton doublet, respectively, with three gen-
erations each. Here, the anomaly-free Uð1ÞB−L global
symmetry is imposed by hand with Φ and Ni having
B − L charges 2 and −1, while the vev of Φ breaks it
spontaneously. After this symmetry breaking, the model fits
into the conventional type-I see-saw model [76–80] with
the Majorana masses of Ni being MNi

¼ yif
ð0Þ
a =

ffiffiffi
2

p
,

explaining small neutrino masses, given as ðmνÞαβ ∼P
i YD;αiY�

D;βiv
2
h=2MNi

. In this setup, we apply the previous
discussion to the Φ sector, and its axial mode, the Majoron,
plays the role of the pNGB. We require yi

ffiffiffiffiffi
cλ

p ≲ 4π and
y2i < 4λmix to avoid spoiling the potential of ϕwith small λϕ
since Yukawa interactions generate quantum and thermal
corrections.
Lepton asymmetry is generated via lepton-number-

violating processes, where the dominant contributions
are from the decay and inverse decay of RHNs [19].
Note that they used to be wash-out terms in thermal
leptogenesis, but now they are the ones generating lepton
asymmetry up to the equilibrated value in the presence of
θ̇ ≠ 0. The lepton number then gets transported into the
baryon number via electroweak sphaleron, and the equili-
brated value of the baryon number density is given by nB ¼
cBθ̇T2=6 with cB ≃ 7

33
.

Thus, we need both electroweak sphaleron and RHNs in
the thermal bath at high temperatures. Since the masses of
RHNs are given by MNi

ðTÞ ¼ yifaðTÞ=
ffiffiffi
2

p
≃ yi

ffiffiffiffiffi
cλ

p
T=

ffiffiffi
2

p

at T > Tc, we need yi ≲ 1=
ffiffiffiffiffi
cλ

p ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3λϕ=λmix

p
. For sim-

plicity, we take a benchmark choice, yi ¼
ffiffiffiffiffiffiffiffi
λmix

p
, which

leads to MNi
ðTÞ=T ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2mix=6λϕ

q
less than one because of

the stability condition λ2mix < λϕλs < λϕ of the ϕ potential.
The following discussion is insensitive to Oð1Þ changes of
yi and YDαi

unless RHNs are nearly degenerate or some of
them are long-lived.
The baryon asymmetry is effectively frozen when either

the electroweak sphaleron is decoupled at TEW ≃ 130 GeV
[81,82] or RHNs disappear via their decay. The latter

case could happen around T ¼ Mð0Þ
N =zfo after MNðTÞ gets

saturated to Mð0Þ
N ≃ yfð0Þa =

ffiffiffi
2

p
. As will be shown later, our

allowed parameter space implies that RHNs have to be
lighter than a few hundred GeV, so the electroweak
sphaleron gets decoupled first. Then, baryon asymmetry
is frozen at TEW and we obtain

YB ¼ 45cB
2π2g�

�
θ̇

T

�
slide

×

(
1 for TEW > Tc�TEW

Tc

�
2 for TEW < Tc

ð14Þ

where the suppression factor in the TEW < Tc case comes
from T3 scaling of θ̇ during Tosc < T < Tc. We find that
TEW < Tc is indeed the case in our allowed parameter
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space, so we assume TEW < Tc in the following discussion
for simplicity. This means that baryon asymmetry is frozen
at TEW. We also check that it is sufficiently higher than the
fragmentation temperature, and the required Dirac Yukawa
coupling becomes YD ∼ 10−7, considering y2i ∼ λmix.
Using Eqs. (9), (11), and (14), we finally obtain

mð0Þ
a ¼ 5 eV

C
1
9ð5θiÞ49

�
g�
100

�1
3

�
108

cλ

�5
9

; ð15Þ

fð0Þa ¼ 3 × 106 GeVC
1
18ð5θiÞ29

�
100

g�

�1
6

�
cλ
108

� 5
18

: ð16Þ

Assuming these estimations of mð0Þ
a and fð0Þa , Fig. 2 shows

the viable parameter space in the λmix − λϕ plane with

cλ ¼ λmix=3λϕ, fixing 5θi ¼ Oð1Þ and Mð0Þ
N ¼ ffiffiffiffiffiffiffiffi

λmix
p

fð0Þa =ffiffiffi
2

p
.
Shaded regions show the relevant constraints. The region

shaded by green corresponds to λ2mix > λϕλX with X ¼ h or
s where the potential is unbounded from below due to the

large negative mixed quartic with λX being the self-
coupling of X that generates the negative mass-squared
correction. We take λX ¼ 1 to estimate this constraint while
in the minimal model, X is the SM Higgs whose self-
quartic coupling is given by λh ≃ 1=8, so the constraint
becomes as strong as the green dashed line.
The blue-shaded region is excluded by the lifetime

bound of the Majoron dark matter. It comes from analyses
of the cosmic microwave background (CMB) and the
baryon acoustic oscillation (BAO) [83–87], whereas we
take the current upper bound of neutrino massesP

m2
ν ≃ ð0.05 eVÞ2. This lifetime constraint can become

stronger in λϕ − λmix plane by future neutrino mass
measurements.
BBN also puts a strong constraint on ϕ as depicted by the

red-shaded region [63]. In this region, ϕ decays after BBN
either because mϕ is smaller than the electron threshold
2me ≃MeV, or sin θhϕ is too small. Note that sin θhϕ
cannot be fully determined in this plane because λhϕ ¼
λmix − Nsλϕsi=4 depends on λϕsi for a given λmix. Assuming
λhϕ ∼ Nsλϕsi=4 ∼ λmix, we naively estimate the mixing

angle as θ̃hϕ ∼ 2λmixf
ð0Þ
a vh=m2

h, and purple lines depict
some of its benchmark values, 10−4, 10−5, and 10−6. For the
minimal Higgs portal model, we expect θ̃hϕ ¼ θhϕ, and
therefore, the region left to sin θ̃hϕ ¼ 10−5 is excluded, but
it can be rescued by additional scalars with 10%-level
tuning between λhϕ and λϕsi . For sin θ̃hϕ ≳ 10−4, we have
chances to prove our model via kaon experiments.
Other solid lines also represent values of relevant

physical quantities. Red lines correspond to mϕ, showing
that mϕ ≲ 20 MeV in our parameter space, and gray lines
represent several values of cλ.
The allowed parameter space indicates that mϕðTÞ ∼ffiffiffiffiffiffiffiffiffi
λϕcλ

p
T for T > Tc is greater than the Hubble rate for

T ≲ ffiffiffiffiffiffiffiffiffi
λϕcλ

p
MPl. Therefore, the timescale of ϕ dynamics is

short enough, and its oscillation effects on the θ dynamics
should be averaged out, which justifies ϕ ¼ fa treatment in
Eq. (6). Moreover, the ϕ oscillation gets quickly damped
out by the thermal friction of Γ ∼ y2T with y ∼ 10−4, which
makes ϕ adiabatically follow fa.
Although it is not depicted in the figure, the Eqs. (15)

and (16) have tension with the isocurvature perturbation
constraint from CMB observation [88] with taking reheat-
ing temperature greater than T0 in Eq. (7). However, this
can be easily avoided by introducing a small negative
Hubble-induced mass [89–91] or coupling to the inflaton
[92], making fa large during inflation without changing our
scenario after reheating. As it is an independent sector, we
leave detailed studies for future work.
In conclusion, this is an explicit example model for

n ¼ 5 with testable predictions: (i) ϕ with MeV < mϕ ≲
20 MeV and 10−6 ≲ sin θhϕ ≲ 10−4, (ii) a RHN with

0.1 GeV≲Mð0Þ
N ≲ 100 GeV, and (iii) Majoron DM with

FIG. 2. Constraints (shaded region) and key quantities (solid
lines) are depicted in the plane of λmix ¼ λhϕ þ λhs=4 and λϕ for
the Majoron model. The green-shaded region is excluded
independent of the pNGB interactions due to potential instability
from negative mixed quartics. The blue-shaded region is ex-
cluded by the lower bound of the Majoron lifetime (CMB and
BAO) [83–87], taking

P
m2

ν ≲ ð0.05 eVÞ2. The red region shows
BBN constraints [63], where ϕ decays too late (mϕ < 2me or
sin θhϕ too small). Solid lines indicate benchmarks: mϕ (red), cλ
(gray), sin θ̃hϕ (purple). Arrowed regions, excluded in the
minimal Higgs portal model, become viable with additional
singlet scalars.
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mð0Þ
a ∼ eV and fð0Þa ∼ 106 GeV. In future, it is expected

to test Higgs portal mixing up to sin θhϕ ≲ 4 × 10−5 via
KOTO step-2 [64,93,94] and KLEVER [64,67], weak-scale
RHNs at future colliders [95,96], and weak-scale singlet
scalars at LHC [97–100] and future colliders [101–111].
However, the eV-scale Majoron DM evades constraints
applicable for thermally produced Majorons [112–115],
since thermal abundance remains suppressed for cλ ≳ 107.
The growth of fluctuations can have observational conse-
quences in small-scale structures [62].

VII. DISCUSSION

Now, let us discuss the model-building aspect of the
explicit breaking operator. In the following, we show how
our dimension-five (n ¼ 5) explicit breaking setup can be
realized in a technically natural setup. Then, we discuss the
generalization of our mechanism to an n ≥ 6 setup.
In our n ¼ 5 example, our working parameter space

indicates a theoretically peculiar condition; the cutoff scale

Λ≡ 25

2
ffiffi
2

p f3a
m2

a
has to be much larger than the Planck scale.

This condition looks peculiar because (i) it seems contra-
dictory to the fact that quantum gravity does not respect any
global symmetry, and (ii) higher-dimensional operators
with smaller cutoff can be more important than this five-
dimensional operator. However, this setup can easily be
realized by a spontaneously broken discrete symmetry.
For example, we can consider a discrete symmetry

Z5þ4x under which Φ is charged by 1, and introduce an
additional complex scalar field X whose charge is x. Let us
assume that Z5þ4x is exact since quantum gravity does not
necessarily break discrete symmetries. Then, the least-
dimensional explicit breaking operator of the Uð1Þ
becomes X4Φ5=M5

Pl. If hXi ≠ 0, this operator induces
the Φ5=Λ operator, where Λ ¼ M5

Pl=hXi4. Thus, a large
Λ can be realized if hXi ≪ MPl; numerically, we need
hXi ∼ 1013 GeV. The discrete symmetry enforces the
next least-dimensional operator to be Φ5þ4x=M1þ4x

Pl whose
effect is subleading in the field range of jΦj< ðMPl

Λ Þ1=4xMPl,
which is satisfied in our scenario if x ≥ 3. We also checked
that the temperature-dependent vev ofΦ does not ruin hXi.
Therefore, our setup of the dimension-five explicit
breaking operator can be realized in a technically natural
setup (where Uð1Þ is accidentally protected by Z5þ4x),
which cannot be forbidden either theoretically or
phenomenologically.
n ¼ 5 is actually not a necessary ingredient for our

mechanism, although its cosmological scenario is simpler
than the n ≥ 6 case. For n ≥ 6, maðTÞ ∝ T

n−2
2 decreases

with temperature no slower than HðTÞ ∝ T2, which may
imply the pNGB’s saturation at the potential minimum at
high temperatures, in contrast to n ¼ 5. However, this is not
true. This case requires a more careful consideration of how

the effective potential of ϕ is developed in cosmological
history.
The large global minimum faðTÞ ≃ ffiffiffiffiffi

cλ
p

T of ϕ’s effec-
tive potential requires the SM Higgs h or singlets si to be in
the background plasma. However, they are not thermalized
before the end of inflation. Depending on the production
rate, they may not be thermalized even during/after
reheating until the expansion rate becomes comparable
to the production rate. Therefore, it is natural to start with a
zero-temperature potential and assume the pNGB remains
frozen initially. Then, as the scalar particles (that have the
negative mixed quartic with Φ) are populated, the mini-
mum of the effective potential gets shifted toward faðTÞ.
After these particles are fully thermalized, the potential
minimum evolves as faðTÞ.
During the effective potential’s deformation, ϕ rolls

down toward the new minimum. The pNGB mass ma

increases as ϕðn−2Þ=2, so at some point, it becomes greater
than the Hubble rate (for n ≥ 6) and starts its dynamics.1 As
faðTÞ ∝ T decreases, the barrier height of the pNGB now
decreases even faster compared to the case with n ¼ 5.
Hence, the kinetic energy becomes higher than the potential
barrier, enabling similar sliding dynamics. Note that the
θ̇
T ¼ constant phase still exists, as long as ḟa

fa
¼ −H, leading

to θ̈ þHθ̇ ≃ 0, and the rest part of the scenario remains
unchanged. At T < Tc, the mass saturates to a constant
value, and the pNGB gets trapped at a lower temperature
and may play the role of DM.
Thus, our mechanism of pNGB sliding with symmetry

nonrestoration can extend beyond n ¼ 5 to higher-
dimensional operators with additional parameters describ-
ing thermalization details at high temperatures. We leave a
careful investigation and model building of this intriguing
possibility to future work.

VIII. SUMMARY

In this work, we have proposed a new mechanism of
generating sliding pNGB dynamics by using the symmetry
nonrestoration setup. Focusing on the case that the pNGB
mass originates from an explicitly broken global U(1)
symmetry by a five-dimensional operator, we have shown
that an initial misalignment of a pNGB can successfully
generate the observed baryon asymmetry as well as dark
matter abundance.
The symmetry nonrestoration is realized by additional

scalar fields that have negative mixed quartic coupling to
the global symmetry-breaking field, generating a negative
thermal mass-squared correction, which in turn makes the
symmetry-breaking scale larger at high temperatures.

1For n ¼ 5, at high temperatures, the pNGB mass is still
smaller than the Hubble rate even after the complete thermal-
ization. This was the reason why we could separate the thermal-
ization process from the evolution of pNGB.
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Consequently, the mass of the pNGB is also enhanced at
high temperatures. As the temperature drops, the height of
the pNGB potential, which is determined by the pNGB
mass, also decreases. When the Hubble friction becomes
comparable to the potential barrier, the pNGB starts its
dynamics while the height of the barrier decreases faster
than the redshift of the kinetic energy of the pNGB. So, the
pNGB begins sliding along the potential.
The pNGB sliding serves as an external chemical

potential for lepton number, enabling the spontaneous
leptogenesis mechanism. The generated lepton asymmetry
is converted to the baryon asymmetry via electroweak
sphaleron, and the baryon asymmetry is frozen after the
electroweak sphaleron is decoupled. After the potential
height gets saturated below Tc, the kinetic energy starts to
redshift in the exactly sameway as the usual kination mode.
Before getting eventually trapped at the would-be oscil-
lation temperature, the fluctuations of the pNGB get
significantly enhanced due to parametric resonance, lead-
ing to a complete fragmentation of the homogeneous mode.
The final DM abundance thus exists in the form of pNGB
fluctuations.
We have shown that this scenario can be realized in the

extended type-I seesaw model where the right-handed
neutrino masses are generated by the spontaneous breaking
of the global Uð1ÞB−L. Phenomenologically allowed
parameter range is summarized in Fig. 2 and Eqs. (15)
and (16).
Although we have focused on the dimension-five explicit

breaking operator, we also show that our mechanism can be
extended beyond n ¼ 5 to higher-dimensional operators,
which requires a careful study of the full thermalization
history. A detailed exploration of such scenarios is left for
future work.
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APPENDIX A: REALIZING A LARGE cλ

1. Model

For simplicity, let us consider a scalar model

VðΦ; SÞ ¼ λϕjΦj4 − 2λϕsjΦj2jSj2 þ λsjSj4
−m2

0jΦj2 þm2
s jSj2; ðA1Þ

where S is an additional complex scalar with λϕ; λϕs;
λs; m2

0; m
2
s > 0. One can trivially replace S by the SM

Higgs doublet H with proper treatments of Higgs vev and
mass conditions and degrees of freedom.
Let us denote the radial modes of Φ and S by ϕ and s,

respectively. Their potential is given by

V ¼ 1

4
λϕϕ

4 −
1

2
ðm2

0 þ λϕss2Þϕ2 þ 1

4
λss4 þ

1

2
m2

ss2: ðA2Þ

At each slice of constant s, V is minimized at
ϕ2 ¼ ðm2

0 þ λϕss2Þ=λϕ. Putting this back to the potential
gives the potential along this trajectory,

V → −
ðm2

0 þ λϕss2Þ2
4λϕ

þ 1

4
λss4 þ

1

2
m2

ss2: ðA3Þ

For the stability of the potential at large s, we need the
effective quartic term to be positive, which can be written as

λϕλs − λ2ϕs > 0: ðA4Þ

In addition, to make hsi ¼ 0 (although it is not necessary),
we require the quadratic term to be positive, so

m2
s >

λϕs
λϕ

m2
0 ∼ λϕsf

ð0Þ
a

2: ðA5Þ

For the Higgs case, one needs to solve the conditions of
vh ¼ 246 GeV and mh ¼ 125 GeV, which fixes the quad-

ratic and quartic couplings as functions of fð0Þa and λhϕ.
However, these conditions may not be sufficient, since the
potential can be spoiled by radiative corrections. In the
next subsection, we will check self-consistency numeri-
cally by including the Coleman-Weinberg potential, which
is given by

VCW¼ 1

64π2

�
ð3λϕϕ2−λϕss2−m2

0Þ2

×

�
log

3λϕϕ
2−λϕss2−m2

0

μ2
−
3

2

�

þðλϕϕ2−λϕss2−m2
0Þ2

�
log

λϕϕ
2−λϕss2−m2

0

μ2
−
3

2

�

þð3λss2−λϕsϕ
2þm2

sÞ2
�
log

3λss2−λϕsϕ
2þm2

s

μ2
−
3

2

�

þðλss2−λϕsϕ
2þm2

sÞ2
�
log

λss2−λϕsϕ
2þm2

s

μ2
−
3

2

��
:

ðA6Þ

In order to keep our analysis determined by the tree-level
potential, we need VCW to be small compared to the tree-
level. For this, we need λ ≫ λ0λ00=16π2 (with λ; λ0; λ00 ¼
λϕ; λϕs or λs). Once it is satisfied, one-loop contributions
become sufficiently small compared to the tree-level
potential except for the λϕsm2

sϕ
2 term from the third

and fourth lines of (A6). Therefore, the vev of ϕ should
be estimated with

COGENESIS BY A SLIDING PSEUDO-NAMBU-GOLDSTONE … PHYS. REV. D 112, 095002 (2025)

095002-7



m2
ϕ ¼ m2

0 þ
λϕs
16π2

m2
s log

m2
s

μ2
ðA7Þ

hϕi≡ fð0Þa ≃
mϕffiffiffiffiffi
λϕ

p ; ðA8Þ

which brings ms to be as small as possible unless we finely
tune the parameters m2

0 and m2
s (this tuning may be

acceptable since we anyway ignore all the UV corrections
to scalar masses). When we take the smallest value of (A5),
the correction to m2

ϕ is roughly δm2
ϕ=m

2
ϕ ∼Oðλ2ϕs=

ð16π2λϕÞÞ≲Oð1Þ.
With hsi ¼ 0, we have the temperature-dependent

potential

VTðϕÞ ¼
λϕ
4
ϕ4 −

m2
0

2
ϕ2 þ VCWjs¼0

þ T4

2π2
JB

�
3λϕϕ

2 −m2
0

T2

�
þ T4

2π2
JB

�
λϕϕ

2 −m2
0

T2

�

þ 2 ·
T4

2π2
JB

�
m2

s − λϕsϕ
2

T2

�
; ðA9Þ

where JB is the thermal correction from a bosonic degree,
defined as

JBðm2=T2Þ ¼
Z

∞

0

dx x2 log
	
1 − e−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þm2=T2

p 

; ðA10Þ

and its high-T expansion can be written as

JBðm2=T2Þ ≃ −
π4

45
þ π2

12

m2

T2
þ � � � : ðA11Þ

Therefore, at a high temperature with T ≫ ms and
T ≫

ffiffiffiffiffiffi
λϕs

p
ϕ, we can expand Eq. (A10) as

VTðϕÞ ≃
λϕ
4
ϕ4 −

m2

2
ϕ2 þ VCW ðA12Þ

− 4 ·
π2

90
T4 þ T2

24
ðð3λϕϕ2 −m2Þ

þ ðλϕϕ2 −m2Þ þ 2ðm2
s − λϕsϕ

2ÞÞ

≃
λϕ
4
ϕ4 −

1

2

�
m2

ϕ þ
λϕs − 2λϕ

6
T2

�
ϕ2 þ � � � : ðA13Þ

In the final expression, we have ignored constant terms and
the Coleman-Weinberg potential except for the quadratic
correction. Therefore, we obtain

cλ ¼
Nsλϕs − 4λϕ

12λϕ
; ðA14Þ

where Ns is the degree of freedom of S. When S is a
complex scalar field as we set here, Ns ¼ 2 while Ns ¼ 4

should be taken if one replaces S by the SM Higgs doublet
H. Note that, to have cλ > 0, we need λϕs > 2λϕ.
On the other hand, S has to be in the thermal bath to

provide thermal corrections. If S were the Higgs boson, we
do not need to introduce additional interactions, but for S,
this can be realized by a mixed quartic coupling between S
and the SM Higgs doublet H,

λhsjHj2jSj2; ðA15Þ

from which the production rate of S is given by Γ ∼ λ2hsT.
Having it to be greater than the Hubble rate at T ≃ TEW (T0)
provides a lower bound of λhs ≳ 10−8 (10−3). Of course,
one can introduce other interactions instead of (A15).

2. Numerical study

To realize a large cλ, we need λϕs ≫ λϕ, but we have
to satisfy the stability condition (A4), which can be
rewritten as

cλ ≃
λϕs
6λϕ

<
λs
6λϕs

; ðA16Þ

so we have to take a large λs and a small λϕs. At the same
time, λϕ must be Oðλ2ϕsÞ to maximize cλ.
Here, we chose benchmark parameters to provide

cλ ≃ 108;

λϕs¼
1

6
×10−9; λϕ ¼ 10λ2ϕs; λs¼ 1;

ms¼
ffiffiffiffiffiffiffiffiffi
2λϕs

q
fð0Þa ; m0 ¼

ffiffiffiffiffi
λϕ

q
fð0Þa ðA17Þ

Note that changing these parameters to make cλ > 108 is

not difficult at all. We take μ ¼ fð0Þa in the following
analysis.
First, we check that hsi ¼ 0, and the zero-temperature

potential is not spoiled by quantum corrections. We include
the full expression of the Colemann-Weinberg correction
given in Eq. (A6) and depict it in Fig. 3. V1=4 is depicted in
ϕ − s space in the left panel, and the potential in the ϕ

direction is depicted for fixed s=fð0Þa ¼ 10−3; 10−2; 10−1; 1,
and 10. As shown in the figures, the potential is minimized

at hϕi ≃ fð0Þa , and there is no minimum at nonzero s.
With taking s ¼ 0, the temperature-dependent potential

VTðϕÞ is depicted in the left panel of Fig. 4. In the figure,
we fix Vð0Þ ¼ 0 by a constant shift to make a comparison
among different temperatures. We scan temperatures
and find hϕiT at each temperature. Our numerical finding
is shown by black dots in the right panel of Fig. 4,
which make good agreement with our analytic expression

faðTÞ ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðfð0Þa Þ2 þ cλT2

q
with taking cλ ¼ 108 as depicted

by the solid blue line.
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APPENDIX B: NUMERICAL
STUDY OF PNGB DYNAMICS

Here, we demonstrate the dynamics of θ in the different
regimes by numerically solving its equation of motion
[cf. Eq. (6)] and check the consistency of our analytical
estimates derived in the main text. We present our numeri-
cal results in Figs. 5–7, choosing some benchmark param-
eters. In Fig. 5, we consider 5θi ¼ 1. In this case, after the
Hubble friction term becomes small enough compared to
the mass term, the pNGB goes to the minimum of the
potential and subsequently crosses the barrier when the
kinetic energy becomes equal to the potential barrier, i.e.,
1
2
θ̇2ðTÞ ¼ 2m2

aðTÞ
25

. It then starts to slide across the rapidly
decreasing potential barriers (cf., Fig. 1). The left panel

shows the evolution of the Hubble rate H, the temperature-
dependent mass maðTÞ × 2

5
, the velocity jθ̇j and the comov-

ing energy density of the oscillation ρosc=s. The scaling of
jθ̇j (magenta contour) changes from T to T3 after Tc, and
finally the pNGB starts to oscillate when the velocity

becomes comparable to the mass mð0Þ
a (blue contour). On

the other hand, the oscillation energy density (black
contour) keeps on diluting until it becomes constant after
Tosc. The right panel shows the evolution of θ, which is
frozen initially at the value θi. It increases after the
temperature reaches Tslide, since it continues to cross the
potential barriers as discussed above. The oscillation of
the pNGB after Tosc, can be seen clearly in the magnified
inset plot. The different dashed lines in the figures indicate

FIG. 4. Left: VðϕÞ with s ¼ 0 is depicted for different temperatures, T ¼ 0; 2Tc, and 3Tc. Right: faðTÞ ¼ hϕiT is depicted as a
function of temperature. Black dots indicate the values we obtained by minimizing the full one-loop temperature-dependent effective
potential while the blue line corresponds to the expected line from the approximated effective potential.

FIG. 3. Left: one-quarter power of the zero temperature potential is depicted in ϕ − s space. As it is shown, there is no unstable

direction. Right: the potential in the ϕ direction is depicted for fixed s=fð0Þa ¼ 10−3; 10−2; 10−1; 1, and 10.
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FIG. 5. Left panel: Evolution ofH, 2
5
maðTÞ, jθ̇j and ρosc=s with temperature considering fð0Þa ¼ 106 GeV, mð0Þ

a ¼ 1 eV, cλ ¼ 106 and
5θi ¼ 1. Right panel: Evolution of jθj for the same parameters.

FIG. 7. Evolution of jθ̇j=T for different benchmark parameters considering 5θi ¼ 1 (left panel) and 5θi ¼ 0.5 (right panel). The solid
lines indicate the results from our numerical solutions while the dashed lines represent our analytical estimates.

FIG. 6. Same as in Fig. 5, but for 5θi ¼ 0.5.
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our analytical estimates of T0, Tslide, Tosc and ρosc=s, given
by Eq. (7), (8), (10), and (11) respectively, and we consider
Tc ¼ f0a=

ffiffiffiffiffi
cλ

p
. Starting from a reheating temperature

TRH ≃ 10T0, we find that C ≃ 3 in the determination of
Tslide [cf., Eq. (8)] provides a good estimate in order to
match with our numerical results.
In Fig. 6, we show the behavior for a smaller value of the

initial angle, considering 5θi ¼ 0.5. Consequently, our
pNGB cannot cross the barrier after reaching the minimum
from the initial displaced value. Rather, it oscillates until
the kinetic energy equals the potential barrier, after which it
starts to slide, following the same behavior as in Fig. 5, but
with a relatively smaller oscillation energy density. Note
that our predictions of the physical behavior of the pNGB,
including its energy density given by Eq. (11), match
adequately with our numerical solution.
Finally, to verify our results further, we show the

behavior of jθ̇j=T for a wide range of our parameters
and compare it with our analytical formula [cf., Eq. (9)] at

Tslide. For instance, we vary the pNGB mass mð0Þ
a from eV

to the GeV scale. The results are shown in Fig. 7, for 5θi ¼
1 (left panel) and 5θi ¼ 0.5 (right panel). The solid lines
indicate the evolution of the jθ̇j=T obtained numerically for
different choices of benchmark values covering a wide
range. The dashed horizontal line represents the analytical
estimate, given by Eq. (9). We again find that C ≃ 3,
considering TRH ≃ 10T0. The vertical dashed lines re-
present our analytical estimates of the temperatures at
the boundaries of the different regimes, which again, we
find to agree reasonably well with our numerical results.

APPENDIX C: GROWTH OF PNGB
FLUCTUATIONS

In this section, we explore the evolution of the fluctua-
tions of the pNGB field. The growth of these fluctuations
might lead to a loss of energy in the homogeneous mode,
eventually stopping the motion of the pNGB. Such a
phenomenon known as axion fragmentation was first
explored in Ref. [116] when the pNGB oscillates around
the potential minimum, finding that the fragmentation is
important for largemisalignment angle that can bemotivated
by some inflation dynamics [117] or anthropic argument
[118]. The application on structure formation enhancement is
further studied in Ref. [119]. References [57,59,120] studied
fragmentation in the context of relaxion and axion mono-
dromy models. Fragmentation in more general situations
including pNGBoscillating around theminimum and sliding
over multiple potential barriers is comprehensively inves-
tigated in Refs. [60–62]. In both cases, parametric resonance
[121,122] can play an essential role in the growth of pNGB
fluctuations if certain conditions are satisfied, e.g., the ratio
between the pNGB mass and the Hubble parameter being
large enough.Aswill be shown in the following, thepNGB in
our scenario also experiences sliding and oscillating stages,

and can experience significant fragmentation. Therefore, we
use semianalytical method, following Refs. [60,61], and
numerical calculation to investigate the effects of fragmen-
tation on our main results.
We start by decomposing the pNGB field into the

homogeneous mode and the fluctuation part as

Θðt;xÞ ¼ θðtÞ þ δθðt;xÞ; ðC1Þ

which is valid for jδθðt;xÞ=θðtÞj ≪ 1. By definition, this
means that fragmentation is not sufficient so we can still
distinguish the background and the fluctuations. This
condition is violated when the energy density of the
produced fluctuations is comparable to that of the homo-
geneous mode, which implies that the backreaction from
the fragmentation is non-negligible. The following analysis
is based on the validity of this decomposition, so it breaks
down at the point of significant fragmentation which should
be studied with sophisticated numerical methods such
as lattice simulation [61,62]. Fortunately, for our purpose,
it is sufficient to just identify the occurrence of strong
fragmentation, which can be done by finding out whether
the energy densities of the homogeneous mode and that
of the fluctuations become comparable, without consider-
ing the evolution after backreaction becoming important.
The fluctuation δθðt;xÞ is decomposed into the Fourier

modes as

δθðt;xÞ ¼
Z

d3k
ð2πÞ3 δθkðtÞe

−ik:x; ðC2Þ

where δθkðtÞ¼ δθkδθ̂k with hδθ̂kδθ̂�k0 i ¼ ð2πÞ3δð3Þðk−k0Þ.
The equation of motion for δθk is given by

δθ̈kþ
�
3Hþ2

ḟa
fa

�
δθ̇kþ

�
k2

R2
þm2

aðTÞcosðnθÞ
�
δθk ¼ 0;

ðC3Þ

where RðtÞ denotes the scale factor in the flat FLRWmetric
and n ¼ 5 in our case.
As previously mentioned, the evolution of the pNGB in

our scenario experiences both sliding and oscillating
phases. To unify the discussion on these stages, it is
convenient to define the dimensionless parameter ϱ which
is the ratio between the total pNGB energy density ρθ and
the height of its potential barrier as

ϱðtÞ≡ ρθ
2m2

af2a=n2
¼ n2

4

θ̇2

m2
a
þ sin2

�
n
2
θ

�
: ðC4Þ

By definition, ϱ > 1 means the pNGB can overcome the
potential barrier, which indicates the pNGB sliding phase,
whereas, for ϱ < 1, the pNGB gets trapped and oscillates
around the potential minimum. At the time of trapping at
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Tosc, we have ϱðToscÞ ≃ 1. For small nθ ≪ 1 (i.e. ϱ < 1)
and when the Hubble expansion is negligible, Eq. (C3) can
be approximated as the Mathieu equation, so δθk may
experience parametric resonance if k falls within the
instability band (or resonance band). For more general
cases such as large nθ or the sliding phase (ϱ > 1) we are
interested in, the Mathieu equation approximation easily
breaks down, so we need to employ the techniques
developed in Refs. [61,116]. Since we are mostly interested
in the fragmentation effect on the sliding pNGB, we will
implicitly assume ϱ > 1 in the following.
It is found that parametric resonance can also happen

during the sliding phase for which the instability band is
given by [61]

ϱ − 1 ≤ κ2 ≤ ϱ; ðC5Þ

with the dimensionless physical momentum κ ≡ k=ðmaRÞ
and Hubble expansion neglected. The normalization of R
does not change the physics while it appears in the form of
k=R for a given k mode. Thus, it is useful to define the size
of the physical momentum scale for a given reference point,
normalized by the pNGB mass as

κ� ¼
k

ma�R�
; ðC6Þ

with ‘�’ indicating quantities evaluated at a reference time
which can be arbitrary. In the following, we take this
reference time to be the “would-be” trapping temperature
Tosc given in Eq. (10) (the “actual” trapping temperature
will be shifted from Tosc because of the fragmentation as we
discuss in this section). Because the kinetic energy of θðtÞ
is much larger than its potential energy, θðtÞ can cross
multiple potential barriers, during which the velocity (or
kinetic energy) rapidly oscillates with small amplitude
(besides decreasing due to Hubble expansion in a more
realistic setup). To remove the unimportant small oscil-
lations and grasp the essence of the resonance band, we
take a time average of the condition (C5) which becomes

n2hθ̇2i
4m2

a
−
1

2
≲ κ2 ≲ n2hθ̇2i

4m2
a

þ 1

2
: ðC7Þ

It can be rewritten into a useful form by expanding the
square root as

jκ− κcrj≲δκcr; κcr≡nhθ̇2i1=2
2ma

; δκcr≡ ma

2nhθ̇2i1=2 ;

ðC8Þ

where hi denotes the time average. For notation simplifi-
cation, wewill omit hi in the following and the time average
is automatically implied. When Hubble expansion is
taken into account, the upper and lower edges of the band

is time-dependent because of the temperature-dependence
of maðTÞ and θ̇ðTÞ. However, this analysis remains a good
approximation as long as maðTÞ and θ̇ðTÞ vary with time
adiabatically within the typical timescale of the system, in
other words, H ≪ ma; jθ̇j which is satisfied in our case.
As will be shown later, the analytical results based on
this approximation are consistent with the numerical
results where we directly solve Eq. (C3) without any
approximation.
Under the aforementioned conditions, the effective mass

of δθk given in Eq. (C3) is a periodic function (up to the
small oscillations in θ̇), so the solution for δθk can be given
in the Floquet form where the dominant (or exponentially
growing part) is written as

δθk ∼ δθikAkðtÞNkðtÞ; NkðtÞ ¼ eμkt; ðC9Þ

where δθik is the initial value for δθk, AkðtÞ is a periodic
function of time, and μk is the Floquet exponent describing
the possible enhancement due to parametric resonance if
Refμkg > 0. We will focus on the case where μk is real and
positive because we are interested in the fragmentation
regime. Before going into the calculation of μk, the
discussions for the other two factors are in order. In the
presence of (adiabatic) Hubble expansion, the amplitude of
AkðtÞ decreases in time with the damping factor AkðtÞ ∝
ωkðtÞ−1=2R−y=2 where ω2

k ≡ k2=R2 þm2
a cosðnθÞ. The

value of y on the scaling in terms of R depends on the
effective form of the friction term, i.e., yHδθ̇k in Eq. (C3) at
different stages of evolution. Interestingly, during the initial
sliding, i.e., y ¼ 1, Ak ∝ ω−1=2

k R−1=2 ∼ ðk=RÞ−1=2R−1=2

remains constant, which is consistent with our numerical
results as we will shortly see. On the other hand, the
determination of the initial condition δθik is rather compli-
cated because it is affected by the curvature perturbation
generated during inflation as a source term. Assuming any
isocurvature perturbations are negligible, we simply take
δθk ¼ 0, δθ̇k ¼ 0 as the initial conditions in our numerical
calculation. These will not result in trivial solutions
because, on the right-hand side of the equation of motion
for δθk, we have the source term, with the dominant
contribution given by [61,62]

Sk ¼ 2Φkm2
a sinðnθÞ − 4Φ̇kθ̇; ðC10Þ

where Φk is the Fourier mode of the curvature perturbation
in the Newtonian gauge. During the radiation-dominated
epoch, it evolves as

ΦkðtÞ ¼ 3Φkð0Þ
�
sin tk − tk cos tk

t3k

�
; ðC11Þ

where tk ¼ k=ð ffiffiffi
3

p
RHÞ. It is related to the comoving

curvature perturbation as Φkð0Þ ¼ 2Rkð0Þ=3 during
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inflation, so we can determine it by the CMB measurement
of power spectrum of Rk as

hjΦkð0Þj2i ¼
�
2

3

�
2
�
2π2

k3

�
Δ2

RðkÞ

¼
�
2

3

�
2
�
2π2

k3

�
As

�
k

kpivot

�
ns−1

; ðC12Þ

where As ¼ 2.1 × 10−9 and ns ¼ 0.9649 at kpivot ¼
0.05 Mpc−1 [1]. In our calculation, we simply take
ns ¼ 1. To compare the analytical results with the numeri-
cal ones, we set δθik ¼ δθk;numðtk;ampÞ for our analytical
formula, where δθk;numðtk;ampÞ is the numerical solution for
δθk at the time tk;amp when the given k mode begins to be
amplified due to parametric resonance.
The last piece of our analytical calculation is the Floquet

exponent. Generally, μk is time-dependent, so the total
enhancement should be integrated with respect to time
Nk ¼ expðR μkdtÞ. But within each typical timescale of the
system, i.e., the time for the background θ to cross one
potential barrier, μk changes only adiabatically, so we can
approximate it as a constant and the integration as ∼μkΔt
with Δt being one period. Focusing on each period and
ϱ ≫ 1, the Floquet exponent is given by [60,61]

μk ≈ ½δκ2cr − ðκ − κcrÞ2�1=2ma ≃
κ¼κcr m2

a

2nθ̇
; ðC13Þ

where the second equation is for the most enhanced mode.
Before going into detailed calculation for different stages

of pNGB evolution, we quantitatively set the criterion for
efficient fragmentation at which our calculation breaks
down and the backreaction has to be taken into account.
This is convenient for our subsequent discussion, although
the full nonlinear calculation is beyond the scope of this
work. We define the moment of efficient fragmentation as
the time when the energy density of the produced fluctua-
tions equals that of the homogeneous pNGB background.
The energy density of the fluctuations is calculated as

ρflðtÞ ¼
Z

d3k
ð2πÞ3 ρδθk ; ðC14Þ

where for each k mode

ρδθk ¼
f2aðtÞ
2

�
jδθ̇kj2 þ

�
k2

R2
þm2

aðTÞ cos ðnθÞ
�
jδθkj2

�
:

ðC15Þ

The maximum contribution to the energy density comes
from the modes around kcr, so we can further estimate the
total energy density approximately as

ρflðtÞ ∼
1

2π2
k2crΔkcr × ρδθkðkcr; tÞ: ðC16Þ

where Δkcr is the full-width at half-maximum (FWHM) of
the spectrum of ρδθk . The expression above will be useful
later to demonstrate the evolution of the energy density of
the fluctuations, as we will see shortly.
Once ρfl ¼ ρθ is satisfied, the fragmentation due to

parametric resonance is sufficient to stop the sliding. In
the following, we will discuss the fragmentation in our
scenario and take n ¼ 5. Specifically, there are two regimes
wherema and θ̇ scale differently, depending on whether the
temperature is above or below Tc, which can lead to
different behaviors for the fluctuations. Hence, we discuss
these two cases separately below.
Initial sliding (θ̇ ∝ T, ma ∝ T3=2):
During the initial phase of sliding, θ̇ ∝ R−1 and

ma ∝ R−3=2, so κ=κcr stays constant, or in other words,
the physical momentum redshifts in approximately the
same manner as the edge of the band. This implies that the
most enhanced mode, k ¼ R�ma�κcr�, which corresponds
to the center of the instability band can be “trapped” inside
the band as the Universe expands until T ¼ Tc. However,
the width of the band is very narrow since ϱ ≫ 1, and
decreases following δκcr ∝ R−1=2. Thus, the momentum
mode escapes the band slightly before reaching T ¼ Tc,
when the scaling of θ̇ and ma starts to change slightly
from R−1 to R−3, and R−3=2 to constant, respectively.
In the left panel of Fig. 8, we show the evolution of the
resonance band during this initial sliding phase where θ̇ and
ma are obtained numerically for the model parameters

(fð0Þa ¼ 106 GeV, mð0Þ
a ¼ 1 eV, cλ ¼ 106) which corre-

spond to those taken in Fig. 5 in the previous section.
Here, we take 5θi ¼ 1, but we will later discuss what
happens when 5θi is smaller. The three colored dashed lines
correspond to three examples of momentum modes whose
κ� values are around 45.15 which satisfies κ ≃ κcr. For a
better visualization of this very narrow band, we remove the
scaling of κ, by multiplying all the relevant quantities, i.e.,
the wave numbers as well as the resonance bands by
ðT=TslideÞ1=2, since κ scales as ðRmaÞ−1 ∝ T−1=2.
With Eq. (C13), the growth of the modes at the central

position of the band which amplify the most (for instance
κ� ¼ 45.15 in Fig. 8) is estimated as

Nk ≃ exp

�Z
t

ts

m2
a

10θ̇
dt

�

≃ exp

�
1

2
ffiffiffi
C

p 1

1 − cosð5θiÞ
ln

�
Tslide

T

��
ðC17Þ

where we have used Eqs. (8) and (9). Note that the
above slightly overestimates the growth since it is
obtained by integrating over many periods over which
θ̇ changes considerably, while the Floquet analysis
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[Nk ∼ expðR μkdtÞ] holds for constant θ̇ or a small nonzero
θ̈. Nonetheless, the result agrees substantially with the
numerical results as shown in the right panel of Fig. 8
which exhibits the evolution of δθk (multiplied by k3=2 to
make it dimensionless), for different values of κ�, chosen to

be the same as in the left panel plot. The dashed black line
shows our analytical ansatz for the mode with maximum
amplification. Comparing with the plot in the left panel, we
can see that the modes are amplified until they leave the
instability band.

FIG. 8. Left panel: evolution of the instability band with upper and lower boundaries given by
ffiffiffi
ϱ

p
and

ffiffiffiffiffiffiffiffiffiffiffi
ϱ − 1

p
during the initial sliding

phase (θ̇ ∝ T) along with different modes κ. For a better visualization of this very narrow band, we multiply the wave numbers as well as
the resonance bands by ðT=TslideÞ1=2, since κ scales as ðRmaÞ−1 ∝ T−1=2 (see text). Right panel: evolution of the fluctuation δθk
considering the same values of κ� as in the left panel plot. The black dashed line indicates our analytical result [Eq. (C17)] for the mode
with maximum amplification.

FIG. 9. Left panel: the energy spectrum of the fluctuations at the end of amplification found numerically through Eq. (C15). It is found
to peak around k� ≃ 45.15, in agreement with Fig. 8. Right panel: evolution of the energy density of the homogeneous mode and that of
the fluctuations, the latter calculated using Eq. (C16).
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The growth during this stage is moderate in the sense that
it is not enough to generate non-negligible backreaction to
the background dynamics, which can be seen by comparing
the energy densities ρfl and ρθ. In the left panel of Fig. 9, we
show the energy density spectrum of the produced fluctua-
tions whose peak position agrees with the result in Fig. 8.
The evolution of the energy densities of both the homo-
geneous background and the fluctuations are shown in the
right panel, with the latter calculated using our approxi-
mation given by Eq. (C16), where we take the FWHM from
the spectrum in the left panel. The total energy density of
the fluctuations at the exit of the most amplified mode is
found to be significantly smaller than that of the homo-
geneous mode, ρfl ∼Oð10−8Þρθ. Using the full numerical
results calculated from Eq. (C14) by integrating over the
relevant range of κ� shown in the left panel of Fig. 9 gives
us ρfl ¼ 4.5 × 10−8ρθ at the end of the amplification, which
agrees with the approximation in Eq. (C16) up to a factor of
less than Oð1Þ. Note that after the end of amplification, the
energy density of fluctuations [cf., Eq. (C14)] redshifts as
ρfl ∝ f2aR−2δθ2k ∼ R−4, while that of the background red-
shifts in the same manner, since ρθ ∝ f2aθ̇

2 ∼ R−4.
However, below T ¼ Tc, the background redshifts faster
ρθ ∝ R−6, while the fluctuations still behave as radiation
(ρfl ∝ R−2ω−1

k R−3 ∼ R−4). Despite this, we find that the
background energy density is not diluted enough to become
comparable to that of the fluctuations.
Thus, for 5θi ≳Oð1Þ initial angle, we conclude that

there is no significant enhancement of perturbations for the
early stage of sliding, or no fragmentation. This is because
the Hubble rate is not small enough compared to the growth

rate, which can seen easily from Eq. (C17) by translating
the integration over temperature into e-fold number
−d lnT ¼ dNe. This means that the enhancement exponent
is the product of Ne and m2

a=ð10θ̇HÞ where the latter
solely depends on θi and C. For moderate Ne ∼Oð1Þ as
in our case, the enhancement is important only when
m2

a=ð10θ̇HÞ ≳ 1 (similar condition in Ref. [60]) which is
not satisfied for 5θi ≳Oð1Þ. In Fig. 10, we show the
variation of this ratio with temperature, considering differ-
ent values of the initial angle θi. The constant values of this
ratio agree considerably with our analytical estimate given
as ð2 ffiffiffi

C
p ð1 − cos 5θiÞÞ−1. For 5θi ≳ 1, the ratio is less than

one, until around T ≃ Tc. Hence, the growth does not turn
out to be significant as we saw from our numerical results
earlier. However, for smaller values of 5θi (for instance
5θi ¼ 0.7), the Hubble rate becomes small enough during
the amplification, such that this ratio gets enhanced.
Calculating the energy density of the fluctuations in such
a case, we find that it becomes comparable to that of the
background. The right panel of Fig. 10 shows the energy
density evolution using our approximation given by
Eq. (C16), for two values of initial angle: 5θi ¼ 0.6 and
0.67. While for the former, the energy density becomes
equal to that of the background even before the end of
amplification, the latter catches up the background energy
density below T ¼ Tc because of the faster dilution of the
background as discussed earlier. Thus, for our dynamics to
remain unaffected, we restrict ourselves to 5θi ≳ 1. In
addition, after the mass saturates at Tc, the condition
m2

a=ð10θ̇HÞ ≲Oð1Þ is found to be strictly violated, even
for large initial misalignment angle 5θi ≳ 1. This indicates

FIG. 10. Left panel: variation of the ratio m2
a=ð10θ̇HÞ, considering different values of 5θi. During the initial sliding, it remains

constant. The ratio becomes greater than unity once we approach the constant mass regime around T ¼ Tc and also for 5θi ≲ 1 (see
text). Right panel: evolution of the energy density of the fluctuations for 5θi ¼ 0.6 and 0.67 [using Eq. (C16)] along with that of the
background.
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that the enhancement after T ¼ Tc can be significant even
when the enhanced modes stay within the instability band
for a short time, which we discuss below.
Sliding during constant mass (θ̇ ∝ T3):

In the calculation during this phase, ma ¼ mð0Þ
a ¼ const.

This phase is qualitatively the same as that studied in
Refs. [61,62] for the case of kinetic misalignment.
Note that in the earlier phase, there was a mode

corresponding to the specific κ� ≃ 5
2
Tosc

mð0Þ
a
ðθ̇TÞslide which stays

in the resonance band for a long time. However, unlike the
previous situation, each mode with κ� > 1 now has a short
time period inside the resonance band. Let us estimate this
time period. The temperature when the mode for a given κ�
satisfies the critical resonance condition κ ¼ κcr can be
estimated as

Tκ� ¼
ffiffiffiffiffi
κ�

p
Tosc: ðC18Þ

This can be derived by solving κ ¼ κcr ≡ 5θ̇
2ma

[see Eq. (C8)]

with κ ≡ κ�
ma�R�

maðTÞRðTÞ ¼ κ� T
Tosc

and θ̇ðTÞ ¼ 2
5
mð0Þ

a ð T
Tosc

Þ3. The
temperature T in when the mode enters the resonance band
can be obtained by solving κ ¼ κcr − δκcr [with δκcr ¼
ma

10θ̇
¼ 1

4
ðTosc

T Þ3 from Eq. (C8)] and we find

HðTκ� ÞΔt ¼
1

8κ3�
þOðκ−4� Þ: ðC19Þ

Then, the timescale defined by 2ðΔtÞ gives us the time
period of being inside the resonance band for a given mode
defined by a given κ�. On the other hand, to evaluate
HðTκ� Þ, we need to trace back to our starting point T0 when
maðT0Þ ¼ HðT0Þ, and reexpress Tosc in terms of T0. After
that, we find

mð0Þ
a

HðToscÞ
≃
�
C1=2

2
ð1 − cos 5θiÞ

�
2=3�T0

Tc

�
5=6

; ðC20Þ

and HðTκ� Þ ¼ κ�HðToscÞ. Finally, since μk ¼ m2
a

2nθ̇
¼

mð0Þ
a

2

10·ð2
5
mð0Þ

a κ3=2� Þ ¼
mð0Þ

a

4κ3=2�
, the amplification factor can be written as

Nk ¼ expðμk × 2jΔtjÞ ¼ exp

�
mð0Þ

a

16Hðtκ�Þκ9=2�

�

¼ exp

�ðC1=2
2
ð1 − cos 5θiÞÞ2=3
16κ11=2�

�
T0

Tc

�
5=6

�
: ðC21Þ

Note that the subscript k indicates that this is the ampli-
fication factor for a given k mode, which has a one-to-one
mapping with κ�. We define its critical value κ̃� by the
condition logNk ¼ 1, and obtain

κ̃� ≃
ðC1=2

2
ð1 − cos 5θiÞÞ4=33

162=11

�
T0

Tc

�
5=33

: ðC22Þ

As shown in Eq. (C21), the exponent has a large depend-
ence on κ�, and Nk becomes exponentially huge as soon as
κ� < κ̃�, i.e. Nk ¼ exp½ðκ̃�=κ�Þ11=2�. Therefore, the criterion
for having a complete fragmentation is given by κ̃�

κ�
≳ 1,

which depends on our parameter choices. In Fig. 11,
we show the variation of this amplification factor with
κ�, which can be related to the temperature as κ� ¼
ðTκ�=ToscÞ2. As we can see, it reaches unity around κ̃�
[given by Eq. (C22)], which is shown by the magenta-
dashed line.
This implies that as soon as the mode corresponding to

κ̃� satisfies the resonance condition, the homogeneous
mode gets fragmented, and the fluctuation with κ� ≲ κ̃�
dominates the total pNGB energy density. The temperature
Tgrw when this happens can be simply estimated by
T κ̃� ¼

ffiffiffiffiffi
κ̃�

p
Tosc, and it can be written as

Tgrw

Tosc
≃
ðC1=2

2
ð1 − cos 5θiÞÞ2=33

161=11

�
T0

Tc

�
5=66

: ðC23Þ

For a numerical check, let us replace T0 by using its
definition from the main text;

T0

Tc
≃ 3c2λ

mð0Þ
a

2M2
Pl

g�f
ð0Þ
a

4
: ðC24Þ

Then, we obtain the ratio Tgrw=Tosc as

FIG. 11. Variation of the amplification factor [Eq. (C21)] with
κ� ¼ ðTκ�=ToscÞ2. It crosses unity at a temperature close to 2Tosc,
when κ� ¼ κ̃�, where the magenta dashed line indicates our
analytical estimate given in Eq. (C22) or the square of Eq. (C25).
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Tgrw

Tosc
≃ 4C1=33½1 − cos 5θi�2=33

�
g�
100

�
−5=66

�
cλ
108

�
5=33

×

�
mð0Þ

a

eV

�5=33� fð0Þa

106 GeV

�−10=33

; ðC25Þ

while κ̃� can be estimated by the square of it, i.e.,
κ̃� ¼ ðTgrw=ToscÞ2. This indicates that in our parameter
space given by Eqs. (15), and (16), the fragmentation
occurs slightly before the would-be oscillation temperature
Tosc. Thus, we can expect the effect to be small at this stage.
Now, let us check our above analytical estimates with our

numerical results. In Fig. 12, we show the behavior of the
modes corresponding to some benchmark values of κ�. In
the left panel, we show the evolution of κ along with the
resonance band depicted by the black solid line. As
expected from Eq. (C8) with constant ma, we can see that
the band widens over time. Here, we choose the same
benchmark parameters for the homogeneous mode as
earlier. For these parameters, the moment when the
amplification factor becomes larger than unity is shown
by the vertical dashed line, with corresponding κ̃� ¼ 3.78.
The plot in the right panel shows the evolution of the
fluctuations, for some values of κ�. As we expect, the
growth of the fluctuations becomes large when the mode
spends a sufficiently long time within the resonance band.
We can see that the modes with κ� ≲ κ̃� indeed start to grow
exponentially. Our estimate of this growth temperature
(vertical dashed line), given by Eq. (C25), is found to agree
quite well with our numerical results.

Thus, because of this huge exponential growth, the energy
of the fluctuations is expected to increase exponentially,
soon after the temperature reaches Tgrw (or equivalently
κ� ≲ κ̃�), leading to fragmentation of the homogeneous
mode at a temperature Tfrag ≃ Tgrw. Note that, considering
T > Tosc, the time spent inside the resonance band is
maximized for modes entering the band close to Tosc (see
for instance κ� ¼ 1.3 in the left panel of Fig. 12). In the left
panel of Fig. 13, we show the energy density spectrum at
T ≃ Tosc, which is found to peak at κ� ¼ 1.36. In the right
panel, we show the evolution of the energy density until
T ≃ Tosc, using the semianalytic approximation given by
Eq. (C16), where we only take the contribution from the
maximally growing mode and consider the FWHM esti-
mated numerically from the spectrum in the left panel.
Clearly, because of the exponential growth, the energy is
found to increase enormously. From our full numerical
results calculated by integrating Eq. (C14) over the relevant
k range, we find ρfl ¼ 4.5 × 10304ρθ at T ≃ Tosc which
again, agrees considerably well with our approximation
in Eq. (C16), up to a factor of less thanOð1Þ. Undoubtedly,
our analysis breaks down much before this point, once the
fluctuation energy density dominates over that of the back-
ground, which takes place just after Tgrw because of the
exponential growth (see Fig. 12), as discussed above.Hence,
we take the temperature at the moment of fragmentation as
Tfrag ¼ Tgrw.Note that the fragmentationwhich occurs close
to the would-be oscillation temperature, does not affect our
generated baryon asymmetry, which for our working
parameter space, gets frozen during sliding, at temperatures

FIG. 12. Left panel: evolution of the instability band, given by
ffiffiffi
ϱ

p
;

ffiffiffiffiffiffiffiffiffiffiffi
ϱ − 1

p
[Eq. (C8)] during the sliding phase after T ¼ Tc (θ̇ ∝ T3)

along with the dimensionless wave number κ, considering some benchmark values of κ�. Right panel: evolution of the fluctuations δθk
for some κ� values of the left panel plot. As demonstrated in Fig. 11, and also by our estimate in Eq. (C25), the moment when the modes
start to grow is shown by the vertical dashed line, which is in good agreement with our numerical results.
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higher than Tfrag. Below, we estimate the possible modifi-
cation to the relic density of pNGB.
pNGB relic density modified by the fragmentation:
In the presence of complete fragmentation, the energy

density of the pNGB can get modified because the

fluctuation is relativistic as κ� > 1 obviously indicates.
Thus, the energy density of the fluctuation scales as ρfl ∝
R−4 after fragmentation, until it becomes nonrelativistic.
On the other hand, the homogeneous mode redshifts as
ρθ ∝ R−6 in our estimation without considering the frag-
mentation. Thus, whether the fragmentation actually
enhances or decreases the relic density is determined by
how large κ̃� is (assuming the dominant mode is not too far
from κ̃�).
We define the total “modification” factor as

Z ≡ ρfl
ρosc

; ðC26Þ

where ρfl and ρosc denote the energy densities of the pNGB
estimated with and without considering the fragmentation
effects. The fluctuation becomes nonrelativistic at a temper-
ature, say Tnr, which can be estimated as

k
R
¼ ma ⇒

κ̃�Tnr

Tosc
¼ 1 ⇒ Tnr ¼

Tosc

κ̃�
: ðC27Þ

Note that we have κ̃� > 1 from Eq. (C25), and hence Tnr is
lower than the would-be oscillation temperature Tosc with-
out fragmentation. The energy density of the fluctuations at
any temperature below Tnr, say Tf, is given by

FIG. 13. Left panel: the energy spectrum of the fluctuations at T ≃ Tosc found numerically through Eq. (C15). It is found to peak at
κ� ¼ 1.36, as also anticipated from the left panel of Fig. 12. Right panel: evolution of the energy density of the homogeneousmode and that
of the fluctuations, the latter calculated using Eq. (C16). The huge exponential growth indicates breakdown of our analysis at T ≲ Tgrw.

FIG. 14. Schematic showing the energy density evolution of the
homogeneous pNGB and the fluctuations. Note that ρflðTnrÞ turns
out to be equal to ρθðTnrÞ [see Eq. (C28)] and thus leading to
unchanged relic abundance.
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ρflðTfÞ ≃ ρflðTnrÞ
�
Tf

Tnr

�
3

≃ ρflðTgrwÞ
�
Tnr

Tgrw

�
4
�
Tf

Tnr

�
3

≃ ρoscðToscÞ
�
Tgrw

Tosc

�
6
�
Tnr

Tgrw

�
4
�
Tf

Tnr

�
3

≃ ρoscðTnrÞ
�
Tosc

Tnr

�
3
�
Tgrw

Tosc

�
6
�
Tnr

Tgrw

�
4
�
Tf

Tnr

�
3

≃ ρoscðTfÞ; ðC28Þ

where we have used Tfrag ≃
ffiffiffiffiffi
κ̃�

p
Tosc, Eq. (C27), and the

relation ρflðTgrwÞ ¼ ρθðTgrwÞ ¼ ρoscðToscÞðTgrw

Tosc
Þ6. Thus, we

arrive at the following relation for the correction factor

Z ≃ 1: ðC29Þ

From this, we conclude that the modification factor in the
DM relic density is order one, and we thus neglect its effect
on our final parameter space. Note that this conclusion is in
agreement with Ref. [61], where the modification factor to
the DM relic density was also found to be Oð1Þ. To
demonstrate this almost unchanged relic abundance, in
Fig. 14, we show a schematic of the energy evolution of the
pNGB with and without fragmentation (red and black lines,
respectively). At T ≃ Tgrw ≃ Tfrag, the energy density is
transferred to the fluctuations, which scale relativistically
until Tnr, after which they scale nonrelativistically. As we
saw from our calculation above, at Tnr, the energy density
of the fluctuations turns out to be the same as that of
the background without fragmentation, thus following
the background after Tnr and leading to unchanged relic
abundance. The precise calculation of the modification
factor involves nonlinear lattice simulation, which we leave
for future exploration.
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