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We consider the relative entropy between the vacuum and a coherent state in the Rindler wedge for an
interacting λϕ4 theory to first order in λ. We construct the perturbatively interacting Weyl algebra of the
wedge, and employ Tomita-Takesaki modular theory and the Araki-Uhlmann formula to compute
the relative entropy. We verify that the relative entropy reduces to the classical (interacting) boost
Noether charge, analogously to the free theory, and that the Bekenstein bound holds.
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I. INTRODUCTION

Relative entropy Srel is a powerful tool to quantify the
difference between states in quantum theory, with a precise
operational definition coming from quantum information
theory [1]. In quantum mechanics, it is defined as
SrelðρjσÞ ¼ trðρ ln ρ − ρ ln σÞ for two density matrices ρ
and σ, while the von Neumann entropy of a single state is
given by SvNðρÞ ¼ −trðρ ln ρÞ. If the density matrices ρ and
σ are obtained by starting with a global pure state and
tracing out the degrees of freedom outside of a given
region R, giving the reduced density matrices ρR and σR,
the von Neumann entropy becomes the entanglement
entropy SEEðRÞ ¼ SvNðρRÞ and the relative entropy can
be thought of as relative entanglement entropy. However,
in contrast to SEE, which is UV-divergent in quantum
field theory, relative entropy is a well-defined and UV-
finite quantity [2]. This can be seen by employing
Tomita-Takesaki theory [3,4], where it can be computed
using the Araki-Uhlmann formula [5–7]

SrelðωjϕÞ ¼ −ωðlnΔϕ;ωÞ: ð1:1Þ

In this formula, ω and ϕ are two faithful normal states
on a von Neumann algebra A, and lnΔϕ;ω is the relative

modular Hamiltonian associated to these states and the
algebra A. In quantum mechanics, writing ωðaÞ ¼ trðρaÞ
and ϕðaÞ ¼ trðσaÞ for a∈A it is easy to see that the
Araki-Uhlmann formula recovers the quantum-mechani-
cal expression, using that in this case the relative
modular operator is given by Δϕ;ω ¼ LðσÞRðρ−1Þ, with
L=R denoting multiplication from the left/right:

SrelðωjϕÞ ¼ −ωðlnΔϕ;ωÞ ¼ −tr
�
ρ

1
2 lnΔϕ;ωρ

1
2

�
¼ −tr

�
ρ
1
2

�
Lðln σÞ − Rðln ρÞ�ρ1

2

�
¼ −trðρ ln σ − ρ ln ρÞ ¼ SrelðρjσÞ: ð1:2Þ

However, in general it is very difficult to determine the
relative modular Hamiltonian. One exception is when ϕ is a
unitary excitation of a (cyclic and separating) vector state
ω ¼ hΩj · jΩi, such that ϕðaÞ ¼ hΩjU†aUjΩi with a
unitary U∈A. In this case, it is known [8–13] that

Δϕ;ω ¼ UΔωU†; ð1:3Þ
and hence,

SrelðωjϕÞ ¼ −hΩjU lnΔωU†jΩi; ð1:4Þ
where Δω is the modular operator of the state ω and its
logarithm lnΔω is the modular Hamiltonian. In turn, this
operator is known in various situations,1 with the most
famous one given by the Bisognano-Wichmann theorem
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references therein.
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[19,20]. Namely, for A the algebra of fields in the
Rindler wedge WR ¼ fx∈R1;d−1∶x1 ≥ jx0jg and ω the
Minkowski vacuum state, the modular Hamiltonian is
proportional to the generator of boosts: lnΔω ¼ 2πM01.
While this result holds for any Wightman quantum field
theory (QFT), even interacting, many other modular
Hamiltonians are only known for free theories or for
conformal field theories (CFTs) where the enhanced
symmetry simplifies computations, and hence, also relative
entropy has been mostly studied in these cases.
For (perturbatively) interacting theories, comparably few

explicit results are known. For example, for a CFT
perturbed by a relevant operator one can relate the relative
entropy between vacuum states of the free and interacting
theories to the change in entanglement entropy, which can
be explicitly computed [21,22]. Explicit perturbative
expressions are also known for the relative entropy between
thermal states of the free and interacting scalar field [23], or
for fermions perturbed by an external electromagnetic field
between equilibrium states of the unperturbed and the
perturbed theory [24]. Moreover, a perturbative series for
the relative modular Hamiltonian is known if both states
can be written as perturbative excitations of a common
state [13,25].
In this work, we consider the relative entropy between

the Minkowski vacuum and a coherent excitation thereof,
but for a perturbatively interacting theory that is not
conformal. To our knowledge, this situation has not been
considered yet, and we study λϕ4 theory in the Rindler
wedge as the simplest example. As a first step, we review
the classical theory in Sec. II, determine the solution φint

f

(2.22) of the interacting Klein-Gordon equation, which in

the free theory is given by φð0Þf ðxÞ ¼
R
Δðx; yÞfðyÞddy with

the commutator function Δ and an arbitrary compactly
supported function f, and which evolves causally in the
sense that suppφint

f ⊆ JþðsuppfÞ ∪ J−ðsuppfÞ, and finally
compute the classical Noether charges. In Sec. III, we
quantize the theory up to linear order in λ and compute
the renormalized interacting field operator ΦðfÞ (3.36),
stress tensor T μν (3.7), (3.16), and Noether charges
(3.34). We then show how to construct the interacting
von Neumann algebra A of the Rindler wedge WR, which
is composed of interacting Weyl operators WðfÞ ¼ eiΦðfÞ
(3.2) depending on a function f with compact support inside
the wedge, supp f ⊂ WR. In particular, we show that the
interacting Weyl operators WðfÞ and WðgÞ commute if f
and g are spacelike separated, even though the interacting
field ΦðfÞ involves integrations over the causal past
J−ðsupp fÞ extending all the way to past infinity (3.36),
in accordance with the general results in algebraic QFT [26].
We proceed in Sec. IV with the computation of the

relative entropy SrelðΩkWðfÞΩÞ between the (interacting)
Minkowski vacuum jΩi and the interacting coherent state
WðfÞjΩi, with f supported in the Rindler wedge. Using the

relation (1.4) and the Bisognano-Wichmann theorem, the
computation boils down to the computation of the expect-
ation value of the boost generator M01, obtained from the
interacting stress tensor T μν, in the state Wð−fÞjΩi.
Analogous to the free theory [10,27], the result is given
by the classical Noether charge associated to boosts,
evaluated on a solution of the interacting Klein-Gordon
equation, and we show that the required solution is exactly
the causal one φint

f that we computed previously. Finally, we
prove that our result fulfills a rigorous version of the
Bekenstein bound (4.33) and conclude in Sec. V.

II. CLASSICAL λφ4 THEORY

We consider the classical (minimally coupled) action of a
free scalar field with massm and coupling constant λ > 0 in
d dimensions

S ¼ −
1

2

Z �
∇μφ∇μφþm2φ2 þ λ

12
φ4

� ffiffiffiffiffiffi
−g
p

ddx; ð2:1Þ

whose variations yield the classical (minimally coupled)
stress tensor

TμνðφÞ ¼ ∇μφ∇νφ −
1

2
gμν∇ρφ∇ρφ

−
1

2
m2gμνφ2 −

λ

4!
gμνφ4 ð2:2Þ

and the classical equation of motion

EðφÞ ¼ δS
δφ
¼ 	∇2 −m2



φ −

λ

6
φ3: ð2:3Þ

As is well known, the divergence of the stress tensor
∇μTμνðφÞ ¼ EðφÞ∇νφ vanishes when the equation of the
motion is fulfilled. The assumption λ > 0 ensures that the
classical energy T00 is positive and the theory is stable.
Specializing to flat space, in the free theory there are

unique retarded and advanced Green’s functions satisfying	
∂
2 −m2



Gretðx; yÞ ¼ 	∂2 −m2



Gadvðx; yÞ ¼ δdðx − yÞ

ð2:4Þ

and, with the definitions

ðGret fÞðxÞ ¼
Z

Gretðx; yÞfðyÞddy ð2:5Þ

and analogously for Gadv f, having the support conditions

suppðGretfÞ⊆ JþðsuppfÞ; suppðGadvfÞ⊆ J−ðsuppfÞ
ð2:6Þ

with J� the causal future or past [28], see Fig. 1. Explicitly,
in Fourier space they read
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Gretðx; yÞ ¼ Gadvðy; xÞ ¼ − lim
ϵ→0þ

Z
eipðx−yÞ

−ðp0 þ iϵÞ2 þ ω2
p

ddp
ð2πÞd

¼ −Θðx0 − y0Þ
Z

sin ½ωpðx0 − y0Þ�
ωp

eipðx−yÞ

×
dd−1p
ð2πÞd−1 ð2:7Þ

with ωp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
. We also define the commutator

function (also called causal propagator)

Δðx; yÞ ¼ Gretðx; yÞ −Gadvðx; yÞ

¼ −2πi
Z

δðp2 þm2Þsgnðp0Þeipðx−yÞ ddp
ð2πÞd

¼ −
Z

sin ½ωpðx0 − y0Þ�
ωp

eipðx−yÞ
dd−1p
ð2πÞd−1 ; ð2:8Þ

which is a bisolution of the Klein-Gordon equation,
∂
2
xΔðx; yÞ ¼ ∂

2
yΔðx; yÞ ¼ 0, and the time-symmetric

Green’s function (also called Dirac propagator)

Δ̄ðx; yÞ ¼ 1

2
Gretðx; yÞ þ 1

2
Gadvðx; yÞ: ð2:9Þ

Δf and Δ̄f are defined in the same way as for the retarded
propagator (2.5).
The interacting equation of motion EðφÞ ¼ 0 (2.3) can

then be solved perturbatively: given a compactly supported
function f∈C∞

0 ðR1;d−1Þ, the field

φð0Þf ðxÞ ¼ ðΔfÞðxÞ ð2:10Þ

solves the Klein-Gordon equation since Δ is a bisolution.
The corresponding retarded and advanced solutions φret=adv

f

fulfill

φret=adv
f ðxÞ ¼ φð0Þf ðxÞ þ

λ

6

Z
Gret=advðx; yÞ

h
φret=adv
f ðyÞ

i
3
ddy;

ð2:11Þ

but we also have the time-symmetric solution that fulfills

φ̄fðxÞ ¼ φð0Þf ðxÞ þ
λ

6

Z
Δ̄ðx; yÞ�φ̄fðyÞ

�
3ddy: ð2:12Þ

In all cases, series expansions in λ are obtained by
repeatedly substituting the left-hand side into the right-
hand side:

φret
f ðxÞ ¼ φð0Þf ðxÞ þ

λ

6

Z
Gretðx; yÞ

�
φð0Þf ðyÞ þ

λ

6

Z
Gretðy; zÞφret

f ðzÞddz
�
3

ddy

¼ φð0Þf ðxÞ þ
λ

6

Z
Gretðx; yÞ

h
φð0Þf ðyÞ

i
3
ddy

þ λ2

12

ZZ
Gretðx; yÞGretðy; zÞ

h
φð0Þf ðyÞ

i
2
φð0Þf ðzÞddzddyþOðλ3Þ; ð2:13Þ

FIG. 1. The causal future and past J�ðsupp fÞ of a compactly supported function f.
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and analogously for φadv
f and φ̄fðxÞ.

Of course, also f may depend on λ in some complicated way, which is in fact useful to ensure desired support properties
of the solution. Namely, from the definition of Δ we obtain

suppðΔfÞ ⊆ suppðGret fÞ ∪ suppðGadv fÞ ¼ Jþðsupp fÞ ∪ J−ðsupp fÞ; ð2:14Þ

and thus already for the first perturbative correction

φret;ð1Þ
f ðxÞ ¼ ∂

∂λ
φret
f ðxÞ





λ¼0
¼ 1

6

Z
Gretðx; yÞ½ðΔfÞðyÞ�3ddy ð2:15Þ

we cannot say anything more than suppφret;ð1Þ
f ⊆ R1;d−1; the same applies to φadv;ð1Þ

f and φ̄ð1Þf . However, by suitably

correcting f, we can do better. Consider g∈C∞
0 ðR1;d−1Þwith supp g ∩ ½Jþðsupp fÞ ∪ J−ðsupp fÞ� ¼ ∅, i.e., the supports of

f and g are spacelike separated. Then we have

Z
gðxÞφð0Þf ðxÞddx ¼

Z
gðxÞðΔfÞðxÞddx ¼ 0 ð2:16Þ

because Δf vanishes on the support of g. We can achieve the same at least for the first perturbative correction, and compute

Z
gðxÞφret;ð1Þ

f ðxÞddx ¼ 1

6

ZZ
gðxÞGretðx; yÞ½ðΔfÞðyÞ�3ddyddx

¼ 1

6

ZZZ
gðxÞGretðx; yÞ

h
Gretðy; zÞ − Gadvðy; zÞ

i
fðzÞ½ðΔfÞðyÞ�2ddzddyddx

¼ 1

6

ZZZ
gðxÞGretðx; yÞGretðy; zÞfðzÞ½ðΔfÞðyÞ�2ddzddyddx

−
1

6

ZZZ
gðxÞGadvðx; yÞGadvðy; zÞfðzÞ½ðΔfÞðyÞ�2ddzddyddx

−
1

6

ZZZ
gðxÞΔðx; yÞGadvðy; zÞfðzÞ½ðΔfÞðyÞ�2ddzddyddx; ð2:17Þ

where we employed twice the definition (2.8) of Δ. For the first integral to be nonvanishing, we need that z∈ J−ðyÞ and
y∈ J−ðxÞ for all points for which fðzÞ ≠ 0 and gðxÞ ≠ 0. However, since the supports of f and g are spacelike separated,
this is never the case, and the first integral vanishes. Analogously, one sees that also the second integral is vanishing. On the
other hand, the last integral can be cancelled by a change of f,

fðxÞ → f̂advðxÞ ¼ fðxÞ þ λ

6
ðGadv fÞðxÞ½ðΔfÞðxÞ�2 þO

�
λ2
�
; ð2:18Þ

such that

Z
gðxÞφret

f̂adv
ðxÞddx ¼

Z
gðxÞ

h
ðΔf̂advÞðxÞ þ λφret;ð1Þ

f ðxÞ þO
	
λ2

i
ddx ¼ O

	
λ2


: ð2:19Þ

It follows that suppφret
f̂adv

⊆ Jþðsupp fÞ ∪ J−ðsupp fÞ, the same as for the free solution φð0Þf . Analogously, one shows that

suppφadv
f̂ret

⊆ Jþðsupp fÞ ∪ J−ðsupp fÞ with

f̂retðxÞ ¼ fðxÞ þ λ

6
ðGret fÞðxÞ½ðΔfÞðxÞ�2 þO

	
λ2


; ð2:20Þ

and that supp φ̄f̄ ⊆ Jþðsupp fÞ ∪ J−ðsupp fÞ with
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f̄ðxÞ ¼ fðxÞ þ λ

6
ðΔ̄fÞðxÞ½ðΔfÞðxÞ�2 þO

	
λ2


: ð2:21Þ

Therefore, by suitably choosing f one obtains a classical
interacting solution with the same support properties as the
free one.
Using that Δ ¼ Gret −Gadv (2.8) and that Δ̄ ¼ 1

2
Gret þ

1
2
Gadv (2.9), a short computation yields the explicit

expression

φret
f̂adv
ðxÞ ¼ φadv

f̂ret
ðxÞ ¼ φ̄f̄ ≡ φint

f

¼ ðΔfÞðxÞ þ λ

6
ðGret½ðGret fÞðΔfÞ2�ÞðxÞ

−
λ

6
ðGadv½ðGadv fÞðΔfÞ2�ÞðxÞ þO

	
λ2


: ð2:22Þ

That is, imposing causal evolution in the form of the
support property suppφint

f ⊆ Jþðsupp fÞ ∪ J−ðsupp fÞ, it
seems that we obtain a unique classical interacting solution
φint
f . However, that is in fact not the case: since

suppððGret fÞðGadv fÞÞ ⊆ suppðGret fÞ ∩ suppðGadv fÞ ¼
Jþðsupp fÞ ∩ J−ðsupp fÞ, it follows that

suppΔ½ðGret fÞmðGadv fÞn�
⊆ Jþ

�
Jþðsupp fÞ ∩ J−ðsupp fÞ

�
∪ J−

�
Jþðsupp fÞ ∩ J−ðsupp fÞ

�
¼ Jþðsupp fÞ ∪ J−ðsupp fÞ ð2:23Þ

for arbitrary m, n ≥ 1. Therefore, we may add
arbitrary multiples of Δ½ðGret fÞðGadv fÞ2�ðxÞ and
Δ½ðGret fÞ2ðGadv fÞ�ðxÞ to φint

f , changing neither the sup-
port properties, nor the fact that it solves the nonlinear
Klein-Gordon equation up to linear order in λ, nor the
invariance of the solution under the rescaling f → αf,
λ → α−2λ, φint

f → αφint
f .

A. Classical Noether charges

Given a Killing vector ξμ of Minkowski spacetime, the
associated classical Noether charge Qξ;x0 is given by

Qξ;x0ðφÞ ¼ −
Z
x0¼const

T0μðφÞξμdd−1x; ð2:24Þ

where Tμν is the classical stress tensor (2.2) specialized to
Minkowski spacetime. As is well known, by Stokes’
theorem one sees that Qξ;x0 is independent of x0 if φ is
space-compact and the stress tensor is conserved, which
holds if φ is a solution of the (interacting) equation of
motion EðφÞ ¼ 0. The space-compactness condition holds,
for example, for the perturbative solutions φret

f̂adv
, φadv

f̂ret
, and

φ̄f̄ constructed in the last subsection, and we make this
assumption from now on.
We are in particular interested in the translation charges

Pα for which ξμ ¼ ημα and the boost chargesMαβ for which
ξμ ¼ −2ημ½αxβ�. We choose x0 ¼ 0 and obtain

P0 ¼
Z
x0¼0

T00ðφÞdd−1x ¼
1

2

Z
x0¼0

�
∂0φ∂0φþ ∂

kφ∂kφþm2φ2 þ λ

12
φ4

�
dd−1x; ð2:25aÞ

Pi ¼ −
Z
x0¼0

T0
iðφÞdd−1x ¼ −

Z
x0¼0

∂0φ∂
iφdd−1x ð2:25bÞ

for the translation charges and

M0i ¼ −
Z
x0¼0

xiT00ðφÞdd−1x ¼ −
1

2

Z
x0¼0

xi
�
∂0φ∂0φþ ∂

kφ∂kφþm2φ2 þ λ

12
φ4

�
dd−1x; ð2:26aÞ

Mij ¼ −2
Z
x0¼0

x½iT0
j�ðφÞdd−1x ¼ −2

Z
x0¼0

x½i∂j�φ∂0φdd−1x ð2:26bÞ

for the boost charges. We note that H ¼ P0 ≥ 0, namely the classical energy is positive as long as λ ≥ 0. Moreover,
M0iðφÞ ≤ 0 if suppφjx0¼0 ⊆ WR, a solution with support inside the Rindler wedge. Defining furthermore Ki ¼ −M0i and
Ji ¼ 1

2
ϵijkMjk and using the classical Poisson bracket,

fφðxÞ; ∂0φðyÞg ¼ −f∂0φðyÞ;φðxÞg ¼ δ3ðx − yÞ; fφðxÞ;φðyÞg ¼ 0 ¼ f∂0φðxÞ; ∂0φðyÞg; ð2:27Þ

we compute that for space-compact φ the Poincaré algebra
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fH;Pig¼0; fH; Jig¼0; fH;Kig¼−Pi; ð2:28aÞ

fPi;Pjg ¼ 0; fJi;Pjg ¼ ϵijkPk; fPi;Kjg ¼ −δijH;

ð2:28bÞ

fJi;Kjg¼ ϵijkKk; fJi;Jjg¼ ϵijkJk; fKi;Kjg¼−ϵijkJk
ð2:28cÞ

is fulfilled.

III. QUANTIZATION OF λφ4 THEORY

We consider the quantized free scalar field ϕðxÞ, decom-
posed in creation and annihilation parts ϕþðxÞ and ϕ−ðxÞ.
We have the commutator ½ϕðxÞ;ϕðyÞ� ¼ iΔðx; yÞ involving
the commutator function (2.8) and the two-point function

h0jϕðxÞϕðyÞj0i ¼ iGþðx; yÞ ¼ iG−ðy; xÞ ð3:1Þ

in the free Minkowski vacuum j0i, from which it follows
that

½ϕþðxÞ;ϕ−ðyÞ� ¼ −iGþðy; xÞ;
Δðx; yÞ ¼ Gþðx; yÞ −Gþðy; xÞ: ð3:2Þ

The commutator function fulfills the identities

Δðx; yÞjx0¼y0 ¼ 0;

∂x0Δðx; yÞjx0¼y0 ¼ −∂y0Δðx; yÞjx0¼y0 ¼ −δd−1ðx − yÞ;
ð3:3Þ

which can be obtained directly from the explicit form (2.8),
and which are equivalent to the canonical equal-time
commutation relations, and the two-point function (and thus
also the commutator) satisfies the Klein-Gordon equation

ð∂2 −m2ÞGþðx; yÞ ¼ 0 ð3:4Þ

because the quantized field operator ϕ satisfies it.
The interacting quantized field Φ fulfills the normal-

ordered interacting field equation

ð∂2 −m2ÞΦ ¼ λ

6
∶Φ3∶ ; ð3:5Þ

whose solution to first order is Φ ¼ ϕþ λΦð1Þ þO
	
λ2



with

Φð1ÞðxÞ ¼ 1

6

Z
Gretðx; yÞ∶ϕ3ðyÞ∶ddy; ð3:6Þ

which corresponds to the retarded field and the Bogoliubov
formula known from the algebraic approach to QFT

[26,29]. The interacting stress tensor T μν ¼ T ð0Þμν þ
λT ð1Þμν þO

	
λ2


is also expanded in perturbation theory,

and has two contributions: one from employing the
interacting field, and one from the explicit interaction term.
The free quantized stress tensor reads

T ð0Þμν ≕ ∂μϕ∂νϕ∶ −
1

2
ημν∶ ∂

ρϕ∂ρϕ∶ −
1

2
m2ημν∶ϕ2∶; ð3:7Þ

and the first-order correction is2

T ð1Þμν ¼
n
∂ðμϕ; ∂νÞΦð1Þ

o
−
1

2
ημν
n
∂
ρϕ; ∂ρΦð1Þ

o
−
1

2
m2ημνfϕ;Φð1Þg −

1

4!
ημν∶ ϕ4∶: ð3:8Þ

While the free quantized stress tensor is already given as a well-defined operator on Fock space, to properly define the first-

order correction we need to determine the symmetrized product
n
ϕ;Φð1Þ

o
¼ ϕΦð1Þ þΦð1Þϕ and its derivatives. We

therefore compute

1

2

n
ϕðxÞ;Φð1ÞðyÞ

o
¼ 1

6

Z
Gretðy; zÞ∶ϕðxÞϕ3ðzÞ∶ddzþ i

4

Z h
Gþðx; zÞ þG−ðx; zÞ

i
Gretðy; zÞ∶ϕ2ðzÞ∶ddz; ð3:9Þ

and note that while the first integral is already a well-defined operator, the second one is divergent as y → x, and so we must
define a renormalized version of it.
In the coincidence limit y → x, we obtain for x ≠ z

�
Gþðx; zÞ þG−ðx; zÞ�Gretðx; zÞ ¼ Θðx0 − z0Þ�Gþðx; zÞ�2 − Θðx0 − z0Þ½G−ðx; zÞ�2

¼ ½GFðx; zÞ�2 − ½G−ðx; zÞ�2: ð3:10Þ

2The symmetrization is given by AðμνÞ ¼ 1
2
Aμν þ 1

2
Aνμ for any tensor A.
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While the second term is well-defined as a distribution including for coinciding points x ¼ z, the first one is divergent, and
we need to replace it by a renormalized version. Taking the limit y → x, we thus define

n
ϕ;Φð1Þ

o
ðxÞ ¼ 1

3

Z
Gretðx; zÞ∶ϕðxÞϕ3ðzÞ∶d4zþ i

2

Z h�
GFðx; zÞ�2

ren
− ½G−ðx; zÞ�2

i
∶ϕ2ðzÞ∶d4z ð3:11Þ

and

n
∂ðμϕ; ∂νÞΦð1Þ

o
ðxÞ ¼ 1

3

Z
∂ðμGretðx; zÞ∶∂νÞϕðxÞϕ3ðzÞ∶d4z

þ i
2

Z h�
∂μGFðx; zÞ∂νGFðx; zÞ�ren − ∂μG−ðx; zÞ∂νG−ðx; zÞ

i
∶ϕ2ðzÞ∶d4z; ð3:12Þ

where
h
GFðx; zÞ

i
2

ren
and

h
∂μGFðx; zÞ∂νGFðx; zÞ

i
ren

denote the renormalized distributions, which we will determine

explicitly later on. For the divergence of the so-defined stress tensor, we then obtain

∂
μT ð0Þμν ≕ ð∂2 −m2Þϕ∂νϕ ≔ 0; ð3:13aÞ

∂
μT ð1Þμν ¼ 1

6

Z
∂νGretðx; zÞ∶	∂2 −m2



ϕðxÞϕ3ðzÞ∶d4z

þ 1

6

Z 	
∂
2 −m2



Gretðx; zÞ∶∂νϕðxÞϕ3ðzÞ∶d4z

−
i
2

Z 	
∂
2 −m2



G−ðx; zÞ∂νG−ðx; zÞ∶ϕ2ðzÞ∶d4z − 1

6
∶∂νϕðxÞϕ3ðxÞ∶

þ i
4

Z �
2∂μ
h
∂μGFðx; zÞ∂νGFðx; zÞ

i
ren

− ∂ν

h
∂μGFðx; zÞ∂μGFðx; zÞ

i
ren

−m2
∂ν

h
GFðx; zÞ

i
2

ren

�
∶ϕ2ðzÞ∶d4z

¼ i
4

Z �
2∂μ
h
∂μGFðx; zÞ∂νGFðx; zÞ

i
ren

− ∂ν

h
∂μGFðx; zÞ∂μGFðx; zÞ

i
ren

−m2
∂ν

h
GFðx; zÞ

i
2

ren

�
∶ϕ2ðzÞ∶d4z; ð3:13bÞ

where we used that ϕ and G− fulfill the free Klein-Gordon equation and that

	
∂
2 −m2



Gretðx; zÞ ¼ δðx; zÞ: ð3:14Þ

To obtain a conserved stress tensor also in the quantum theory, we thus need to define our renormalization in such a way that
the last line vanishes:

2∂μ
h
∂μGFðx; yÞ∂νGFðx; yÞ

i
ren

− ∂ν

h
∂μGFðx; yÞ∂μGFðx; yÞ

i
ren

−m2
∂ν

h
GFðx; yÞ

i
2

ren
¼ 0: ð3:15Þ

This can be achieved in general if one uses Hadamard normal ordering [30], but we also show it explicitly in Appendix A.
The results are given in Eqs. (A20) and (A21).
Inserting the renormalized results (3.11) and (3.12) into the stress tensor correction (3.8) and using Eqs. (A30) and (A31)

from Appendix A, we obtain the renormalized first-order correction
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T ð1Þ;renμν ¼ 1

3

�
δαμδ

β
ν −

1

2
ημνη

αβ

�Z
∂ðαGretðx; zÞ∶∂βÞϕðxÞϕ3ðzÞ∶d4z

−
1

6
m2ημν

Z
Gretðx; zÞ∶ϕðxÞϕ3ðzÞ∶d4z − 1

4!
ημν∶ ϕ4∶

þ 1

6ð4πÞ2 ð∂μ∂ν − ημν∂
2Þ
Z h

IF0ðx; zÞ − 2IF1ðx; zÞ − 2m2GF
0ðx; zÞ

− I−0 ðx; zÞ þ 2I−1 ðx; zÞ þ 6ið4πÞ2c0δ4ðx − zÞ
i
∶ϕ2ðzÞ∶d4z; ð3:16Þ

where c0 is an arbitrary constant and the integrals IFk and I−k are defined by Eqs. (A16) and (A27), the latter with the
substitution Θðp0Þ → Θð−p0Þ.

A. Quantum Noether charges

Having a well-defined quantized interacting stress tensor at hand, we proceed to define the Noether charges in the
quantum theory. For this, we first consider the commutator of the stress tensor and the interacting field Φ.
In the free theory, we compute straightforwardly that

−i
h
T ð0Þμν ðxÞ;ϕðyÞ

i
¼ 2∂ðμϕðxÞ∂νÞΔðx; yÞ − ημν∂

ρϕðxÞ∂ρΔðx; yÞ −m2ημνϕðxÞΔðx; yÞ; ð3:17Þ

where all derivatives act on x. Restricting to x0 ¼ y0 and contracting with the Killing vector ξν, we obtain

−i
h
ξνT ð0Þ0ν ðxÞ;ϕðyÞ

i
x0¼y0

¼ −2ξ½k∂0�ϕðxÞ∂kΔðx; yÞjx0¼y0 þ ξμ∂μϕðxÞ∂0Δðx; yÞjx0¼y0 þm2ξ0ϕðxÞΔðx; yÞjx0¼y0 : ð3:18Þ

We may now employ the identities (3.3) of the commutator function to obtain

i
h
ξνT ð0Þ0ν ðxÞ;ϕðyÞ

i
x0¼y0

¼ ξμ∂μϕðxÞδ3ðx − yÞ; ð3:19Þ

and integrating with any function of x that is equal to 1 in a neighborhood of y, it follows that

½Qξ;f;ϕðyÞ� ¼ iξμ∂μϕðyÞ ð3:20Þ
with the charge

Qξ;f ¼ −
Z
x0¼const

fðxÞξνT ð0Þ0ν ðxÞd3x: ð3:21Þ

Since we have ensured that ∂μT ð0Þμν ¼ 0, as in the classical case the quantum Noether charge Qξ;f is independent of x0. We
may thus also consider a function fðxÞ ¼ ftðx0ÞfsðxÞ with

R
ftðx0Þdx0 ¼ 1 and fs equal to 1 in a neighborhood of y.

Clearly the commutator (3.20) is still valid for this choice of f, and the commutator on x0 ¼ const is recovered in the
limit ftðx0Þ → δðx0Þ.
In the interacting theory, using the explicit expressions (3.11) and (3.12) we compute the commutators

h�
ϕ;Φð1Þ

�ðxÞ;ϕðyÞi ¼ 2iΔðx; yÞΦð1ÞðxÞ − i
Z

Gretðx; zÞΔðy; zÞ∶ϕðxÞϕ2ðzÞ∶d4z

þ
Z h�

GFðx; zÞ�2ren − ½G−ðx; zÞ�2
i
Δðy; zÞϕðzÞd4z ð3:22Þ

and

h�
∂ðμϕ; ∂νÞΦð1Þ

�ðxÞ;ϕðyÞi ¼ 2i∂ðμΔðx; yÞ∂νÞΦð1ÞðxÞ − i
Z

Δðy; zÞ∂ðμGretðx; zÞ∶∂νÞϕðxÞϕ2ðzÞ∶d4z

þ
Z h�

∂μGFðx; zÞ∂νGFðx; zÞ�ren − ∂μG−ðx; zÞ∂νG−ðx; zÞ
i
Δðy; zÞϕðzÞd4z; ð3:23Þ
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as well as

½Φð1ÞðxÞ;ϕðyÞ� ¼ −
i
2

Z
Gretðx; zÞΔðy; zÞ∶ϕ2ðzÞ∶d4z: ð3:24Þ

A long but straightforward computation then results in

−i½T μνðxÞ;ΦðyÞ� ¼ 2∂ðμΦðxÞ∂νÞΔðx; yÞ − ημν∂
ρΦðxÞ∂ρΔðx; yÞ −m2ημνΦðxÞΔðx; yÞ

þ λ

�Z h
Gretðy; zÞ∂ðμΔðx; zÞ − Δðy; zÞ∂ðμGretðx; zÞ

i
∶∂νÞϕðxÞϕ2ðzÞ∶d4z

−
1

2
ημν

Z h
Gretðy; zÞ∂ρΔðx; zÞ − Δðy; zÞ∂ρGretðx; zÞ

i
∶∂ρϕðxÞϕ2ðzÞ∶d4z

þ 1

2
ημνm2

Z h
Gretðx; zÞΔðy; zÞ − Δðx; zÞGretðy; zÞ

i
∶ϕðxÞϕ2ðzÞ∶d4z

−
i
2

Z h
Hþμνðx; zÞGretðy; zÞ −H−

μνðx; zÞGadvðy; zÞ
i
ϕðzÞd4z

−
1

6
ημνΔðx; yÞ∶ϕ3ðxÞ∶

�
þO

	
λ2

 ð3:25Þ

with the combination

H�μνðx; y; zÞ ¼ 2
h
∂ðμGFðx; zÞ∂νÞGFðx; zÞ

i
ren

− 2∂ðμG�ðx; zÞ∂νÞG�ðx; zÞ

− ημν

�h
∂ρGFðx; zÞ∂ρGFðx; zÞ

i
ren

− ∂ρG�ðx; zÞ∂ρG�ðx; zÞ
�
− ημνm2

h�
GFðx; zÞ�2ren − �G�ðx; zÞ�2i; ð3:26Þ

where all derivatives act on x, and where we used that

ϕðxÞ∶ϕ2ðzÞ∶þ ∶ϕ2ðzÞ∶ϕðxÞ ¼ 2∶ϕðxÞϕ2ðzÞ∶þ 2i½Gþðx; zÞ þ G−ðx; zÞ�ϕðzÞ; ð3:27Þ

and that

Δðx; yÞ
h
Gþðx; yÞ þ G−ðx; yÞ

i
¼
h
Gþðx; yÞ

i
2
− ½G−ðx; yÞ�2; ð3:28aÞ

∂ðμΔðx; yÞ∂νÞ
h
Gþðx; yÞ þG−ðx; yÞ

i
¼ ∂μGþðx; yÞ∂νGþðx; yÞ − ∂μG−ðx; yÞ∂νG−ðx; yÞ: ð3:28bÞ

As before, it follows straightforwardly that the terms in
the first line give the required result when integrated against
a function f of the form fðxÞ ¼ ftðx0ÞfsðxÞ as explained
above, and we thus have only to show that the terms
proportional to λ vanish. For the first three integrals and the
term proportional to ∶ϕ3ðxÞ∶ this follows easily, restricting
again to x0 ¼ y0 [i.e., considering the limit ftðx0Þ → δðx0Þ]
and using thath

Gretðy; zÞΔðx; zÞ − Δðy; zÞGretðx; zÞ
i
x0¼y0

¼ 0;

ð3:29aÞ
h
Gretðy; zÞ∂μΔðx; zÞ − Δðy; zÞ∂μGretðx; zÞ

i
x0¼y0

¼ 0:

ð3:29bÞ

For the integral involving H�μν, we have to work a bit more.
We first note that by our normalization condition (3.15) that
we imposed to obtain a conserved stress tensor, the terms in
∂
μH�μν involving products of the Feynman propagator
vanish, while the terms involving the two-point functions
G� vanish by direct computation, using that G� are
solutions of the free Klein-Gordon equation, such that
∂
μH�μν ¼ 0. Moreover, from the definition of the Feynman
propagator we see that H�μνðx; zÞ ¼ 0 if z ≠ J�ðxÞ; i.e.,
Hþμνðx; zÞ has the same support as the advanced propagator
Gadvðx; zÞ and H−

μνðx; zÞ has the same support as the
retarded propagator Gretðx; zÞ.
Assume now that we can decompose

fδμ0 ¼ fμ� þ ∂
μf̂�; ð3:30Þ
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where all functions are compactly supported and
supp fμ� ∩ J∓ðyÞ ¼ ∅. Integrating by parts, we obtain

Z
fðxÞξνðxÞ

Z
Hþ0νðx; zÞGretðy; zÞϕðzÞd4zd4x

¼
ZZ

fμþðxÞξνðxÞHþμνðx; zÞGretðy; zÞϕðzÞd4zd4x

−
ZZ

f̂þðxÞ∂μ
h
ξνðxÞHþμνðx; zÞ

i
Gretðy; zÞϕðzÞd4zd4x;

ð3:31Þ

and since Hþμν is conserved and symmetric and ∂
ðμξνÞ ¼ 0

since ξμ is a Killing vector, the integral in the last line
vanishes. On the other hand, to obtain a nonvanishing result
for the first integral we need z∈ J−ðyÞ by the support
properties of the retarded propagator and x∈ J−ðzÞ by the
support properties of Hþμνðx; zÞ, and hence, x∈ J−ðyÞ.
However, then fμþðxÞ vanishes, and so does the whole
integral. The analogous argument shows that also the
integral containing H−

μν vanishes, and it remains to show
the decomposition (3.30).
Since fðxÞ ¼ ftðx0ÞfsðxÞ is equal to 1 in a neighborhood

of y, it is no loss of generality to assume that supp ft is
small enough such that there exists a neighborhood of the
past light cone of y where fsðxÞ ¼ 1. Therefore, fðxÞ
restricted to this neighborhood only depends on time, and
we can clearly write this restriction as ∂x0 f̂þ for some
function f̂þ, which is compactly supported and only
depends on x0 inside this neighborhood. The remainder
fμþ ¼ fðxÞnμ − ∂

μf̂þ therefore vanishes in this neighbor-
hood, and we obtain the required decomposition. Replacing
J− by Jþ, the analogous arguments also show the decom-
position into fμ− and f̂− with the required support proper-
ties, such that (3.30) holds.
A generalization of this proof to curved spacetimes and

to arbitrary order in the interaction can be found in [31], and
we may thus define the interacting quantum Noether
charges

Qξ;f ¼ −
Z

fðxÞξνT 0νðxÞd4x; ð3:32Þ

which give the correct commutators

½Qξ;f;ΦðxÞ� ¼ iξμ∂μΦðxÞ ð3:33Þ

for all functions f with the above properties. In particular,
choosing ξρ ¼ ημρ and ξρ ¼ −2ηρ½μxν� we obtain the gen-
erators of Lorentz transformations in the quantum theory

PμðfÞ ¼
Z

fðxÞT 0μðxÞd4x; ð3:34aÞ

MμνðfÞ ¼
Z

fðxÞ
h
xμT 0νðxÞ − xνT 0μðxÞ

i
d4x; ð3:34bÞ

which satisfy the Poincaré algebra in the adiabatic limit
fðxÞ → δðx0Þ. While this limit might not exist for the
charges themselves, it always exists for their commutators
[32]. However, since the commutator is well-defined and
actually independent of f as long as f ¼ 1 in a neighbor-
hood of y, we may drop the dependence on f in the notation
of the charges, and in the following write Qξ for them.

B. Interacting Weyl algebra

Having defined the interacting field operator, stress
tensor, and Noether charges, we proceed to construct the
von Neumann algebra A of the Rindler wedge WR in the
interacting theory. This algebra is generated by interacting
Weyl operators

WðfÞ ¼ eiΦðfÞ; ð3:35Þ
where Φ ¼ ϕþ λΦð1Þ þO

	
λ2



is the interacting field
operator whose first-order correction is given by (3.6).
Smearing with a test function f, this explicitly reads

ΦðfÞ ¼ ϕðfÞ þ λ

6

ZZ
fðxÞGretðx; yÞ∶ϕ3ðyÞ∶d4yþO

	
λ2



¼ ϕðfÞ þ λ

6

Z
ðGadv fÞðyÞ∶ϕ3ðyÞ∶d4yþO

	
λ2


:

ð3:36Þ
Using the formula

∂teXðtÞ





t¼0
¼ eXð0Þ

1 − e−adXð0Þ

adXð0Þ
∂tXðtÞ






t¼0

ð3:37Þ

for the derivative of the exponential map at 0, we also
obtain

WðfÞ ¼ eiΦðfÞ





λ¼0
þ λ
�
∂λeiΦðfÞ

�
λ¼0 þOðλ2Þ

¼ eiϕðfÞ
�
1þ iλ

6

Z
ðGadv fÞðzÞ∶ϕ3ðzÞ∶d4z − iλ

4

Z
ðGadv fÞðzÞðΔfÞðzÞ∶ϕ2ðzÞ∶d4z

þ iλ
6

Z
ðGadv fÞðzÞ½ðΔfÞðzÞ�2ϕðzÞd4z − iλ

24

Z
ðGadv fÞðzÞ½ðΔfÞðzÞ�3d4zþO

	
λ2

�
: ð3:38Þ

FRÖB, MUCH, and PAPADOPOULOS PHYS. REV. D 114, 085001 (2026)

085001-10



Commuting fields to the left, we also have

WðfÞ ¼
�
1þ iλ

6

Z
ðGadv fÞðzÞ∶ϕ3ðzÞ∶d4zþ iλ

4

Z
ðGadv fÞðzÞðΔfÞðzÞ∶ϕ2ðzÞ∶d4z

þ iλ
6

Z
ðGadv fÞðzÞ½ðΔfÞðzÞ�2ϕðzÞd4zþ iλ

24

Z
ðGadv fÞðzÞ½ðΔfÞðzÞ�3d4zþO

	
λ2

�
eiϕðfÞ; ð3:39Þ

where we employed the commutatorsh
eiϕðfÞ;ϕðxÞ

i
¼ eiϕðfÞðΔfÞðxÞ; ð3:40aÞ

h
eiϕðfÞ; ∶ϕ2ðxÞ∶

i
¼ eiϕðfÞ

h
2ðΔfÞðxÞϕðxÞ − ½ðΔfÞðxÞ�2

i
; ð3:40bÞ

h
eiϕðfÞ; ∶ϕ3ðxÞ∶

i
¼ eiϕðfÞ

h
3ðΔfÞðxÞ∶ϕ2ðxÞ∶ − 3½ðΔfÞðxÞ�2ϕðxÞ þ ½ðΔfÞðxÞ�3

i
: ð3:40cÞ

From these formulas, it is easy to see that ½WðfÞ�† ¼ Wð−fÞ for real f, using that the free quantum field is Hermitian:
ϕ† ¼ ϕ. Since also the interacting field (3.36) is Hermitian for real f, the interacting Weyl operators are bounded, and to
define the von Neumann algebra A of the Rindler wedge WR, it only remains to verify their support properties.
For this, we first compute the product of two interacting Weyl operators

WðfÞWðgÞ ¼ Wðf þ gÞe− i
2
Δðf;gÞ

�
1 −

iλ
24

Z h
ðGadv fÞðzÞðΔgÞðzÞ − ðGadvgÞðzÞðΔfÞðzÞ

i
×
h
6∶ϕ2ðzÞ∶ − 4½ðΔfÞðzÞ þ 2ðΔgÞðzÞ�ϕðzÞ

þ ½ðΔfÞðzÞ�2 þ 3½ðΔgÞðzÞ�2 þ 3ðΔfÞðzÞðΔgÞðzÞ
i
d4zþO

	
λ2

�
; ð3:41Þ

where we used the expansion (3.38) for the interacting Weyl operators, the commutators (3.40) to bring all the fields to the
right, and the special form

eiϕðfÞeiϕðgÞ ¼ eiϕðfþgÞe− i
2
Δðf;gÞ ð3:42Þ

of the Baker-Campbell-Hausdorff formula, which is valid if the commutator is proportional to the identity. Here, we defined

Δðf; gÞ ¼
ZZ

fðxÞΔðx; yÞgðyÞd4xd4y ¼
Z

fðxÞðΔgÞðxÞd4x: ð3:43Þ

Consider then f and g whose support is spacelike separated. Since suppðΔgÞ ⊆ Jþðsupp gÞ ∪ J−ðsupp gÞ, it follows that Δg
vanishes on the support of f such that Δðf; gÞ ¼ 0. Moreover, since

ðGadv fÞðzÞðΔgÞðzÞ − ðGadvgÞðzÞðΔfÞðzÞ

¼ −
ZZ

fðxÞgðyÞΔðx; zÞΔðy; zÞ½Θðx0 − z0Þ − Θðy0 − z0Þ�d4x d4y; ð3:44Þ

we see that z∈ J−ðxÞ ∩ JþðyÞ must hold for this expres-
sion to be nonzero. However, if f and g are spacelike
separated, these cones do not intersect, and so it vanishes.
It follows that WðfÞWðgÞ ¼ Wðf þ gÞ ¼ WðgÞWðfÞ

if f and g are spacelike separated, and therefore
the interacting Weyl operators commute in this case.
The same holds for the commutator of two interacting
fields:
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½ΦðfÞ;ΦðgÞ� ¼ iΔðf; gÞ

þ iλ
2

Z h
ðGadv fÞðzÞðΔgÞðzÞ − ðGadvgÞðzÞðΔfÞðzÞ

i
∶ϕ2ðzÞ∶d4zþO

	
λ2


: ð3:45Þ

We may thus define the von Neumann algebra A
completely analogously to the free theory, namely as
the double commutant of the span of interacting Weyl
operators with functions whose support lies in the Rindler
wedge:

A ¼
nX

i
ciWðfiÞ∶ci ∈C; supp fi ⊂ WR

o00
: ð3:46Þ

Because WðfÞ and WðgÞ commute if the supports of f
and g are spacelike separated, the commutant algebra A0
is generated by interacting Weyl operators with functions
whose support lies in the left Rindler wedge
WL ¼ fx∈R1;d−1∶x1 ≤ −jx0jg. Haag duality is thus
fulfilled, and the Bisognano-Wichmann theorem is
applicable.
Exponentiating the commutator (3.33) of the interacting

quantum Noether charge and the interacting field, it follows
that

eiQξΦðxÞe−iQξ ¼ e−ξ
μ
∂μΦðxÞ; ð3:47Þ

and thus on smeared fields

eiQξΦðfÞe−iQξ ¼ΦðfξÞ with fξðxÞ¼ eξ
μ
∂μfðxÞ: ð3:48Þ

The same action then holds on the interacting Weyl
operators:

eiQξWðfÞe−iQξ ¼ WðfξÞ: ð3:49Þ

Finally, for the computation of the relative entropy we
need the vacuum expectation value of an interacting Weyl
operator and a normal-ordered product of free fields. We
recall that a free Weyl operator eiϕðfÞ has the expectation
value

h0jeiϕðfÞj0i ¼ e−
i
2
Gþðf;fÞ ð3:50Þ

in the free Minkowski vacuum j0i, which can be computed
by expanding the exponential and using Wick’s theorem
together with the two-point function (3.1). Together with a
normal-ordered product of free fields, we obtain analo-
gously

h0jeiϕðfÞ∶ ϕðx1Þ � � �ϕðxkÞ∶j0i ¼ e−
i
2
Gþðf;fÞYk

j¼1
½−ðG−fÞðxjÞ�:

ð3:51Þ

Using then the expansion (3.38) for the interacting Weyl
operators and the rule

∶AðϕÞ∶∶BðϕÞ ≔ ∶AðϕÞ exp
 
i
ZZ

δ

δϕðxÞ
 ���

Gþðx; yÞ δ

δϕðyÞ
���!

d4x d4y

!
BðϕÞ∶ ð3:52Þ

for the product of two normal-ordered operators AðϕÞ and BðϕÞ depending on the free field ϕ, a long but straightforward
computation results in

h0jWðfÞ∶ϕðx1Þ � � �ϕðxkÞ∶j0i ¼ e−
i
2
Gþðf;fÞYk

j¼1
½−ðG−fÞðxjÞ�

×

"
1 −

iλ
24

Z
ðGadv fÞðzÞ

��ðG−fÞðzÞ þ ðGþfÞðzÞ��½ðG−fÞðzÞ�2 þ ½ðGþfÞðzÞ�2�

þ 4i
h
½ðG−fÞðzÞ�2 þ ½ðGþfÞðzÞ�2 þ ðG−fÞðzÞðGþfÞðzÞ

iXk
j¼1

G−ðxj; zÞ
ðG−fÞðxjÞ

− 12½ðG−fÞðzÞ þ ðGþfÞðzÞ�
X

1≤j<j0≤k

G−ðxj; zÞG−ðxj0 ; zÞ
ðG−fÞðxjÞðG−fÞðxj0 Þ

− 24i
X

1≤j<j0<j00≤k

G−ðxj; zÞG−ðxj0 ; zÞG−ðxj00 ; zÞ
ðG−fÞðxjÞðG−fÞðxj0 ÞðG−fÞðxj00 Þ

�
d4zþO

	
λ2

#

: ð3:53Þ
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C. Interacting vacuum state

As a final step in the construction, we also need to
determine the interacting vacuum state jΩi. This also has a
perturbative expansion

jΩi ¼ j0i þ λjΩð1Þi þO
	
λ2


; ð3:54Þ

and we are interested in the first-order correction jΩð1Þi.
In both time-dependent (Feynman-Dyson) and
time-independent (Rayleigh-Schrödinger) perturbation
theory, one expands jΩð1Þi in a basis of free-theory
Fock states jn1;…; nki for k∈N0, where each label nj
describes an element in a basis of the single-particle
Hilbert space. Starting with the free Minkowski vac-
uum j0i in the free theory, the expansion coefficient of
jn1;…; nki in jΩð1Þi is proportional to the matrix
element hn1;…; nkjVj0i, where V is the perturbation
to the Hamiltonian. Therefore, choosing a basis of the
form jn1;…; nki ∼ ∶ϕðgn1Þ � � �ϕðgnkÞ∶j0i with suitable
functions gj and using Wick’s theorem, we see that
for the normal-ordered ϕ4 interaction only the coef-
ficient with k ¼ 4 is different from zero. Hence, jΩð1Þi
will be proportional to a sum of terms
∶ϕðgn1Þ � � �ϕðgnkÞ∶j0i with k ¼ 4.
For the computation of the relative entropy, we

need to compute the matrix elements h0jeiϕðfÞjΩð1Þi
and hΩð1ÞjeiϕðfÞj0i of a free Weyl operator eiϕðfÞ. Using
Wick’s theorem and the result (3.51), it thus follows
that

h0jeiϕðfÞjΩð1Þi þ hΩð1ÞjeiϕðfÞj0i

¼ e−
i
2
Gþðf;fÞ

Z
� � �
Z

Kð1Þðx1; x2; x3; x4Þ

×
Y4
j¼1
ðG−fÞðxjÞd4xj; ð3:55Þ

where Kð1Þ is an integral kernel whose explicit form
will be irrelevant for our results.

IV. RELATIVE ENTROPY AND
THE BEKENSTEIN BOUND

We now have all the ingredients to compute the relative
entropy between the interacting Minkowski vacuum state
jΩi and the interacting coherent state WðfÞjΩi in the
Rindler wedge with supp f ⊂ WR. By the Bisognano-
Wichmann theorem [19,20], the modular Hamiltonian of
the vacuum is proportional to the generator of boosts,
lnΔΩ ¼ 2πM01 with the explicit form given in Eq. (3.34).

Since WðfÞ is a unitary element of A, the relation (1.3)
holds for the relative modular operator ΔWðfÞΩ;Ω, and the
relative entropy is given by (1.4)

SrelðΩkWðfÞΩÞ
¼ −hΩjWðfÞ lnΔΩ½WðfÞ�†jΩi
¼ −2πhΩjWðfÞM01Wð−fÞjΩi

¼ i
∂

∂s
hΩjWðfÞe2πisM01

Wð−fÞjΩijs¼0

¼ i
∂

∂s
hΩjWðfÞe2πisM01

Wð−fÞe−2πisM01 jΩijs¼0; ð4:1Þ

where we used that T μν and thus Mμν annihilate the
vacuum.
We thus need to compute the expectation of an

interacting Weyl operator and a transformed one to
first order in the generator. Using the transformation
(3.49) of the interacting Weyl operators and the boost
Killing vector ξμ ¼ ημ1x0 − ημ0x1 corresponding to M01,
we obtain

e2πisM
01

Wð−fÞe−2πisM01 ¼ Wð−fsÞ ð4:2Þ

with (3.48)

fsðxÞ ¼ fðxÞ þ 2πsξμ∂μfðxÞ þO
	
s2



¼ fðxÞ þ 2πsLfðxÞ þO
	
s2


; ð4:3Þ

where we defined

LfðxÞ ¼ x0∂1fðxÞ þ x1∂0fðxÞ: ð4:4Þ

Using the result (3.41) for the product of interacting
Weyl operators, the expansion (3.54) of the interacting
Minkowski vacuum state, and the results (3.55) for the
matrix element and (3.53) for the expectation value of
interacting Weyl operators, a long but straightforward
computation results in

RELATIVE ENTROPY FOR λϕ4 IN THE … PHYS. REV. D 114, 085001 (2026)

085001-13



hΩjWðfÞWð−fsÞjΩi ¼ e−
i
2
Gþðf;fÞþiGþðf;fsÞ− i

2
Gþðfs;fsÞ

×

�
1−

iλ
24

Z
ðGadvðf−fsÞÞðzÞ

h
ðGþðf−fsÞÞðzÞþ ðG−ðf−fsÞÞðzÞ

i
×
h
½ðGþðf−fsÞÞðzÞ�2þ½ðG−ðf−fsÞÞðzÞ�2

i
d4z

þ iλ
24

Z h
ðGadv fÞðzÞðΔfsÞðzÞ− ðGadvfsÞðzÞðΔfÞðzÞ

ih
6½ðG−ðf−fsÞÞðzÞ�2

þ 4½ðΔfÞðzÞ− 2ðΔfsÞðzÞ�ðG−ðf−fsÞÞðzÞþ ½ðΔfÞðzÞ�2

− 3ðΔðf−fsÞÞðzÞðΔfsÞðzÞ
i
d4zþ λ

Z
� � �
Z

Kð1Þðx1; x2;x3; x4Þ
Y4
j¼1
ðG−ðf−fsÞÞðxjÞd4xjþO

	
λ2

�
;

ð4:5Þ

where we defined in analogy to (3.43)

Gþðf; gÞ ¼
ZZ

fðxÞGþðx; yÞgðyÞd4xd4y ¼
Z

fðxÞðGþgÞðxÞd4x: ð4:6Þ

Inserting this result in (4.1), it follows that

SrelðΩkWðfÞΩÞ ¼
∂

∂s

�
−Gþðf; fsÞ þ

1

2
Gþðfs; fsÞ

�
s¼0

−
λ

24

Z
∂

∂s

h
ðGadv fÞðzÞðΔfsÞðzÞ − ðGadvfsÞðzÞðΔfÞðzÞ

i
s¼0
½ðΔfÞðzÞ�2d4z

þOðλ2Þ; ð4:7Þ
and in particular we see that the correction to the free Minkowski vacuum does not contribute at first order. For the
individual terms, we compute

∂

∂s

�
−Gþðf; fsÞ þ

1

2
Gþðfs; fsÞ

�
s¼0
¼ −

1

2

ZZ
fðxÞΔðx; yÞ ∂

∂s
fsðyÞjs¼0d4xd4y

¼ −π
ZZ

fðxÞΔðx; yÞðLfÞðyÞd4xd4y

¼ π

Z
LfðxÞðΔfÞðxÞd4x; ð4:8Þ

as well as

∂

∂s

h
ðGadv fÞðzÞðΔfsÞðzÞ − ðGadvfsÞðzÞðΔfÞðzÞ

i
s¼0

¼ 2πðGadv fÞðzÞ
Z

Δðz; xÞLfðxÞd4x − 2π

Z
Gadvðz; xÞLfðxÞd4xðΔfÞðzÞ

¼ 2π
h
ðGadv fÞðzÞLðΔfÞðzÞ − LðGadv fÞðzÞðΔfÞðzÞ

i
¼ 2π

h
ðGret fÞðzÞLðΔfÞðzÞ − ðΔfÞðzÞLðGret fÞðzÞ

i
; ð4:9Þ

where we used that (B4), (B5)

ðΔLfÞðxÞ ¼ LðΔfÞðxÞ; ðGadvLfÞðxÞ ¼ LðGadv fÞðxÞ ð4:10Þ

for compactly supported f, as well as the definition Δðx; yÞ ¼ Gretðx; yÞ −Gadvðx; yÞ (2.8) of the commutator function. We
therefore obtain
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SrelðΩkWðfÞΩÞ ¼ π

Z
LfðxÞðΔfÞðxÞd4x

−
πλ

12

Z h
ðGret fÞðzÞLðΔfÞðzÞ − ðΔfÞðzÞLðGret fÞðzÞ

i
½ðΔfÞðzÞ�2d4zþO

	
λ2



¼ π

Z
LfðxÞðΔfÞðxÞd4x − πλ

3

Z
ðGret fÞðxÞ½ðΔfÞðxÞ�2LðΔfÞðxÞd4x

þ πλ

12

Z
L
h
ðGret fÞðxÞ½ðΔfÞðxÞ�3

i
d4xþO

	
λ2


: ð4:11Þ

We now would like to bring this into a form where positivity is manifest, analogously to the case of free fields
[10,11,27,33]. For this, we first note that the last term in (4.11) simplifies to

Z
L
h
ðGret fÞðxÞ½ðΔfÞðxÞ�3

i
d4x ¼

Z
x0∂1

h
ðGret fÞðxÞ½ðΔfÞðxÞ�3

i
d4x

þ
Z

x1∂0
h
ðGret fÞðxÞ½ðΔfÞðxÞ�3

i
d4x

¼ lim
t→∞

Z
x0¼t

x1ðGret fÞðxÞ½ðΔfÞðxÞ�3d3x

¼ lim
t→∞

Z
x0¼t

x1½ðΔfÞðxÞ�4d3x; ð4:12Þ

because Gret=advf and thus also Δf are spatially compact for compactly supported f, i.e., for any fixed time x0 ¼ t the
spatial support is compact, and where the last equality follows because ðGadv fÞðxÞ ¼ ðGret fÞðxÞ − ðΔfÞðxÞ vanishes for all
x ∉ J−ðsupp fÞ for compactly supported f, in particular in the limit t → ∞. On the other hand, for the first term in (4.11) we
employ the classical Green’s identity (C5)

Z
fðxÞðΔgÞðxÞd4x ¼

Z
x0¼t

�ðΔfÞðxÞ∂0ðΔgÞðxÞ − ðΔgÞðxÞ∂0ðΔfÞðxÞ�d3x; ð4:13Þ

valid for compactly supported f and arbitrary t. Choosing t ¼ 0, this yields

Z
LfðxÞðΔfÞðxÞd4x ¼

Z
x0¼0

h
ðΔLfÞðxÞ∂0ðΔfÞðxÞ − ðΔfÞðxÞ∂0ðΔLfÞðxÞ

i
d3x

¼
Z
x0¼0

h
x1∂0ðΔfÞðxÞ∂0ðΔfÞðxÞ − ðΔfÞðxÞ∂1ðΔfÞðxÞ − ðΔfÞðxÞx1∂20ðΔfÞðxÞ

i
d3x

¼
Z
x0¼0

h
x1∂0ðΔfÞðxÞ∂0ðΔfÞðxÞ − ðΔfÞðxÞ∂1ðΔfÞðxÞ

− x1ðΔfÞðxÞ∂k∂kðΔfÞðxÞ þ x1m2ðΔfÞðxÞðΔfÞðxÞ
i
d3x

¼
Z
x0¼0

x1
h
∂0ðΔfÞðxÞ∂0ðΔfÞðxÞ þ ∂

kðΔfÞðxÞ∂kðΔfÞðxÞ þm2ðΔfÞðxÞðΔfÞðxÞ
i
d3x; ð4:14Þ

using that (B4) ðΔLfÞðxÞ ¼ LðΔfÞðxÞ, computing the derivatives explicitly, and finally using that the commutator function
Δ is a bisolution of the Klein-Gordon equation and integrating spatial derivatives by parts (where no boundary terms arise
because Δf is space-compact).
For the remaining second term in (4.11), we cannot use the identity (4.13) sinceGret f andΔf are only space-compact for

compactly supported f, but have to use the extended identity (C4)
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Z
fðxÞðΔgÞðxÞd4x ¼

Z
x0¼0

h
ðΔfÞðxÞ∂0ðΔgÞðxÞ − ∂0ðΔfÞðxÞðΔgÞðxÞ

i
d3x

þ lim
t→∞

Z
x0¼t

h
ðGadv fÞðxÞ∂0ðΔgÞðxÞ − ∂0ðGadv fÞðxÞðΔgÞðxÞ

i
d3x

− lim
t→−∞

Z
x0¼t

h
ðGret fÞðxÞ∂0ðΔgÞðxÞ − ∂0ðGret fÞðxÞðΔgÞðxÞ

i
d3x; ð4:15Þ

which we derive in Appendix C. Choosing hðxÞ ¼ ðGret fÞðxÞ½ðΔfÞðxÞ�2 instead of fðxÞ and gðxÞ ¼ LfðxÞ, this gives
Z
ðGret fÞðxÞ½ðΔfÞðxÞ�2ðΔLfÞðxÞd4x

¼
Z
x0¼0

h
ðΔhÞðxÞ∂0ðΔLfÞðxÞ − ∂0ðΔhÞðxÞðΔLfÞðxÞ

i
d3x

þ lim
t→∞

Z
x0¼t

h
ðGadvhÞðxÞ∂0ðΔLfÞðxÞ − ∂0ðGadvhÞðxÞðΔLfÞðxÞ

i
d3x

− lim
t→−∞

Z
x0¼t

h
ðGrethÞðxÞ∂0ðΔLfÞðxÞ − ∂0ðGrethÞðxÞðΔLfÞðxÞ

i
d3x; ð4:16Þ

and manipulations analogous to the ones performed in (4.14) show that the first integral reduces to

Z
x0¼0

h
ðΔhÞðxÞ∂0ðΔLfÞðxÞ − ∂0ðΔhÞðxÞðΔLfÞðxÞ

i
d3x

¼ −
Z
x0¼0

x1
h
∂0ðΔhÞðxÞ∂0ðΔfÞðxÞ þ ∂

kðΔhÞðxÞ∂kðΔfÞðxÞ þm2ðΔhÞðxÞðΔfÞðxÞ
i
d3x: ð4:17Þ

Moreover, we have

ðGadvhÞðxÞ ¼ ðGadv½ðGret fÞðΔfÞ2�ÞðxÞ ¼ ðGadv½ðΔfÞ3�ÞðxÞ þ ðGadv½ðGadv fÞðΔfÞ2�ÞðxÞ ð4:18Þ

and

ðGadv½ðGadv fÞðΔfÞ2�ÞðxÞ ¼
ZZ

Gadvðx; yÞGadvðy; zÞfðzÞ½ðΔfÞðyÞ�2d4xd4y; ð4:19Þ

and since suppðGadvgÞ ⊆ J−ðsupp gÞ and f is compactly supported, it follows that limx0→∞ðGadv½ðGadv fÞðΔfÞ2�ÞðxÞ ¼ 0.
Analogously, one shows that

lim
x0→−∞

ðGrethÞðxÞ ¼ lim
x0→−∞

ZZ
Gretðx; yÞGretðy; zÞfðzÞ½ðΔfÞðyÞ�2d4x d4y ¼ 0; ð4:20Þ

such that

Z
ðGret fÞðxÞ½ðΔfÞðxÞ�2ðΔLfÞðxÞd4x

¼ −
Z
x0¼0

x1
h
∂0ðΔhÞðxÞ∂0ðΔfÞðxÞ þ ∂

kðΔhÞðxÞ∂kðΔfÞðxÞ þm2ðΔhÞðxÞðΔfÞðxÞ
i
d3x

þ lim
t→∞

Z
x0¼t

h
ðGadv½ðΔfÞ3�ÞðxÞ∂0ðΔLfÞðxÞ − ∂0ðGadv½ðΔfÞ3�ÞðxÞðΔLfÞðxÞ

i
d3x: ð4:21Þ

Using that Δ is a bisolution and Gadv is a Green’s function for the free Klein-Gordon equation, a short computation then
yields
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∂0

h
ðGadv½ðΔfÞ3�ÞðxÞ∂0ðΔLfÞðxÞ − ∂0ðGadv½ðΔfÞ3�ÞðxÞðΔLfÞðxÞ

i
¼ ∂

k
h
ðGadv½ðΔfÞ3�ÞðxÞ∂kLðΔfÞðxÞ − ∂kðGadv½ðΔfÞ3�ÞðxÞLðΔfÞðxÞ

i
þ 1

4
L½ðΔfÞðxÞ�4: ð4:22Þ

Since Δf is space-compact, the first term on the right-hand side vanishes after integration over a surface of constant time,
and integrating the result between x0 ¼ 0 and x0 ¼ t we obtain

Z
x0¼t

h
ðGadv½ðΔfÞ3�ÞðxÞ∂0ðΔLfÞðxÞ − ∂0ðGadv½ðΔfÞ3�ÞðxÞðΔLfÞðxÞ

i
d3x

¼
Z
x0¼0

h
ðGadv½ðΔfÞ3�ÞðxÞ∂0ðΔLfÞðxÞ − ∂0ðGadv½ðΔfÞ3�ÞðxÞðΔLfÞðxÞ

i
d3xþ 1

4

Z
x0 ∈ ½0;t�

L½ðΔfÞðxÞ�4d4x; ð4:23Þ

such that (4.21) reduces to

Z
ðGret fÞðxÞ½ðΔfÞðxÞ�2ðΔLfÞðxÞd4x

¼ −
Z
x0¼0

x1
h
∂0ðΔhÞðxÞ∂0ðΔfÞðxÞ þ ∂

kðΔhÞðxÞ∂kðΔfÞðxÞ þm2ðΔhÞðxÞðΔfÞðxÞ
i
d3x

þ
Z
x0¼0

h
ðGadv½ðΔfÞ3�ÞðxÞ∂0ðΔLfÞðxÞ − ∂0ðGadv½ðΔfÞ3�ÞðxÞðΔLfÞðxÞ

i
d3xþ 1

4

Z
x0 ∈ ½0;∞Þ

L½ðΔfÞðxÞ�4d4x: ð4:24Þ

Performing now manipulations analogous to the ones in (4.14), and using the definition Δðx; yÞ ¼ Gretðx; yÞ − Gadvðx; yÞ
(2.8) of the commutator function to combine terms

ðΔhÞðxÞ þ ðGadv½ðΔfÞ3�ÞðxÞ ¼ ðGret½ðGret fÞðΔfÞ2�ÞðxÞ − ðGadv½ðGadv fÞðΔfÞ2�ÞðxÞ≡ gðxÞ; ð4:25Þ

this reduces to

Z
ðGret fÞðxÞ½ðΔfÞðxÞ�2ðΔLfÞðxÞd4x

¼ −
Z
x0¼0

x1
h
∂0gðxÞ∂0ðΔfÞðxÞ þ ∂

kgðxÞ∂kðΔfÞðxÞ þm2gðxÞðΔfÞðxÞ
i
d3x

−
1

4

Z
x0 ∈ ½0;∞Þ

L½ðΔfÞðxÞ�4d4x: ð4:26Þ

Inserting the results (4.12), (4.14), and (4.26), it follows that the relative entropy (4.11) can be written as

SrelðΩkWðfÞΩÞ ¼ π

Z
x0¼0

x1
h
∂0ðΔfÞðxÞ∂0ðΔfÞðxÞ þ ∂

kðΔfÞðxÞ∂kðΔfÞðxÞ þm2ðΔfÞðxÞðΔfÞðxÞ
i
d3x

þ πλ

3

Z
x0¼0

x1
h
∂0gðxÞ∂0ðΔfÞðxÞ þ ∂

kgðxÞ∂kðΔfÞðxÞ þm2gðxÞðΔfÞðxÞ
i
d3x

−
πλ

12

Z
x0 ∈ ½0;∞Þ

L½ðΔfÞðxÞ�4d4xþ πλ

12
lim
t→∞

Z
x0¼t

x1½ðΔfÞðxÞ�4d3xþO
	
λ2


: ð4:27Þ

Using that Δf is spatially compact, we obtain that the last two terms combine to

−
Z
x0 ∈ ½0;∞Þ

L½ðΔfÞðxÞ�4d4xþ lim
t→∞

Z
x0¼t

x1½ðΔfÞðxÞ�4d3x ¼
Z
x0¼0

x1½ðΔfÞðxÞ�4d4x; ð4:28Þ

and it follows that the relative entropy (4.27) reads
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SrelðΩkWðfÞΩÞ ¼ 2π

Z
x0¼0

x1T00

�
φint
f

�
d3xþO

	
λ2


;

ð4:29Þ

where

T00ðφÞ ¼
1

2
ð∂0φÞ2 þ

1

2
∂
kφ∂kφþ

1

2
m2φ2 þ λ

4!
φ4 ð4:30Þ

is the classical energy density of the interacting theory, and

φint
f ðxÞ ¼ ðΔfÞðxÞ þ

λ

6
gðxÞ þO

	
λ2



¼ ðΔfÞðxÞ þ λ

6
ðGret½ðGret fÞðΔfÞ2�ÞðxÞ

−
λ

6
ðGadv½ðGadv fÞðΔfÞ2�ÞðxÞ þO

	
λ2

 ð4:31Þ

is the classical causal interacting solution (2.22) of the
Klein-Gordon equation, which satisfies the support prop-
erty suppφint

f ⊆ Jþðsupp fÞ ∪ J−ðsupp fÞ. In particular,
since we chose f such that supp f ⊂ WR, we have
suppφint

f jx0¼0 ⊂ WRjx0¼0 ¼ fx∈R1;d−1∶x0 ¼ 0; x1 ≥ 0g,
and the integral in the result (4.29) for the relative entropy
only ranges over x1 ≥ 0, such that the relative entropy is
manifestly positive: SrelðΩkWðfÞΩÞ ≥ 0.

A. Bekenstein bound

According to Bekenstein [34], the entropy S of any
system of finite extent R is bounded by 2πRE, where E is its
energy. While this bound was derived using a gedanken
experiment involving black holes, it applies to nongravita-
tional systems in flat space; a covariant generalization was
given by Bousso [35]. However, since the local algebras of
quantum field theory are of type III [36,37], the entangle-
ment entropy between the system and its environment,
given as the von Neumann entropy of the reduced density
matrix of the system, is UV-divergent [38], and only
relative entropy remains finite. Therefore, a rigorous
formulation of the Bekenstein bound can be stated as
follows3: the relative entropy between the vacuum and an
excited state is bounded by 2πRE, when the excitation is
confined to a region of diameter 2R. Using nontrivial
estimates for the relative modular Hamiltonian for a general
excited state [42,43], this bound has been proven by Longo
[44], and analogous but weaker bounds have been proven
by Hollands and Longo for excitations that are only
approximately localized in the given region [45].
Remarkably, in the case that we consider in this paper the

bound is much easier to obtain. Namely, by a computation

fully analogous to the one for relative entropy in the last
subsection, we obtain

EðWðfÞΩÞ ¼ hΩjWð−fÞP0WðfÞjΩi

¼
Z
x0¼0

T00

�
φint
f

�
d3xþO

	
λ2


; ð4:32Þ

where P0 is the Hamiltonian (3.34), T00 is the classical
energy density (4.30), and φint

f is the classical causal
interacting solution (2.22) of the Klein-Gordon equation.
Since the computation is identical to the one for relative
entropy, with the only change being the replacement of L
(4.4) by ∂0, we refrain from giving any details. Assuming
now that supp fjx0¼0 ⊆ fx∶x0 ¼ 0; x1 ∈ ½0; R�g, by the
support property suppφint

f ⊆ Jþðsupp fÞ ∪ J−ðsupp fÞ of
the classical causal interaction solution we also have
suppφint

f jx0¼0 ⊆ fx∶x0 ¼ 0; x1 ∈ ½0; R�g. Since the classical
energy density T00 is positive, we obtain from the result
(4.29)

SrelðΩkWðfÞΩÞ¼ 2π

Z
x0¼0; x1∈ ½0;R�

x1T00ðφint
f Þd3x þO

	
λ2



≤ 2πR
Z
x0¼0;x1∈ ½0;R�

T00ðφint
f Þd3x þO

	
λ2



¼ 2πREðWðfÞΩÞ; ð4:33Þ

which is exactly the Bekenstein bound for relative entropy.

V. CONCLUSION AND OUTLOOK

We have considered the relative entropy SrelðΩkWðfÞΩÞ
between the Minkowski vacuum state jΩi and the interact-
ing coherent state WðfÞjΩi in the Rindler wedge with
supp f ⊂ WR. For this, we have constructed the interacting
Weyl algebra generated by the interacting Weyl operators
WðfÞ ¼ eiΦðfÞ, obtained in turn from the interacting field
operators ΦðfÞ. We proved that its restriction to the right
Rindler wedge, choosing supp f ⊂ WR, respects Haag
duality such that the commutant of the right-wedge algebra
is the left-wedge algebra, which is generated by interacting
Weyl operators WðfÞ with supp f ⊂ WL. Therefore, the
Bisognano-Wichmann theorem is applicable, and the rel-
ative entropy SrelðΩkWðfÞΩÞ can be computed using the
modular Hamiltonian lnΔω ¼ 2πM01 with the interacting
boost generator M01 defined using the interacting stress
tensor T μν. We have then shown that to first order in the
coupling λ, the relative entropy is given by (4.29)

SrelðΩkWðfÞΩÞ ¼ 2π

Z
x0¼0

x1T00

�
φint
f

�
d3xþO

	
λ2


;

ð5:1Þ
3A different formulation of the Bekenstein bound was given by

Casini [39], which reduces to the positivity of relative entropy
and thus holds always [40,41].
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and is equal to the classical interacting Noether charge
−M01 ¼ M10 (2.26) (up to a factor of 2π) associated to the
boosts, evaluated on the classical interacting solution φint

f

(2.22). This generalizes the corresponding result in the free
theory [10,27], and maybe was to be expected, but as we
have seen, the computation is quite nontrivial. Moreover,
we have shown that the classical solution on which the
charge is evaluated is causally evolving, i.e., with
suppφint

f ⊆ Jþðsupp fÞ ∪ J−ðsupp fÞ, which was not clear
a priori. In fact, since this solution is not uniquely
determined by this support property (unlike the retarded
or advanced solutions), it is necessary to determine it by the
explicit computation. We can thus conjecture in good
conscience that

SrelðΩkWðfÞΩÞ ¼ 2π

Z
x0¼0

x1T00

�
φint
f

�
d3x ð5:2Þ

holds to all orders in λ, where φint
f is a causal interaction

solution of the interacting Klein-Gordon equation.
However, without further computation, we cannot deter-
mine φint

f exactly, since it is not unique. Because the
classical energy density T00 is positive, for a function f
supported in a strip of width R, namely
supp fjx0¼0 ⊆ fx∶x0 ¼ 0; x1 ∈ ½0; R�g, we can simply esti-
mate x1 by R and obtain the Bekenstein bound (4.33)

SrelðΩkWðfÞΩÞ ≤ 2πR
Z
x0¼0;x1 ∈ ½0;R�

T00

�
φint
f

�
d3xþO

	
λ2



¼ 2πREðWðfÞΩÞ; ð5:3Þ

which we again conjecture to hold to all orders in λ.
Apart from explicitly computing the relative entropy and

verifying the Bekenstein bound, our results can now be
used for further studies in perturbatively interacting λϕ4

theory. A relatively straightforward extension would be the
computation of Petz-Rényi entropies [12,46,47], or f-
divergences that can be defined for an arbitrary convex
function f in terms of the relative modular Hamiltonian
[46,48,49]. Other directions include the determination of
the capacity of entanglement, the analog of heat capacity in
thermodynamics, which is the variance of the modular
Hamiltonian. In statistical physics, this quantity can be used
to distinguish states with and without topologically pro-
tected gapless entanglement spectrum [50], and in quantum
field theory it has been studied only quite recently (see, for
example, [51–59]). In particular, in some cases it is possible
to relate capacity of entanglement to the entanglement
entropy itself [60], and possible to obtain bounds reminis-
cent of the Bekenstein bound. Moreover, considering
higher moments of the modular Hamiltonian, it is possible
to construct infinite sequences of so-called entanglement
monotones [61], functions that like the relative entropy
decrease under the application of quantum channels. Also

extensions to other theories should be relatively straight-
forward, for example, a Yukawa model also involving
fermions; the relative entropy for free fermions is also
known in various situations (see, for example, [62–66] and
references therein).
Another extension concerns regions different from the

Rindler wedge in Minkowski spacetime, for example, the
exterior of a Schwarzschild black hole where the modular
Hamiltonian of the Hartle-Hawking state is also known
[67–70]. In fact, the modular Hamiltonian is known for the
generalized Unruh state on any bifurcate Killing horizon
[71] (see also [72]), where it acts by dilations along the
horizon. One can thus use modular theory to compute the
relative entropy between this state and a coherent excitation
thereof, and furthermore study the classical backreaction that
is exerted by the classical solution corresponding to the
expectation value of the field operator in the coherent state
on the background geometry, leading to rigorous entropy-
area laws that relate relative entropy with a change in horizon
area [73–75] (see also [76] for a similar computation in de
Sitter spacetime).4 Relative entropy has been further used in
these settings to derive the semiclassical Einstein equations
[78] and the quantum null energy condition [79–81],5 as well
as c, f, and a theorems [84,85]. While many of these results
follow from general properties of the relative entropy and are
independent of the concrete form of the modular
Hamiltonian, it would be interesting to see, e.g., if bounds
become tighter as one includes interactions.
Finally, we note that so far we have been considering

only static situations, in the sense that both states are fixed.
It is, of course, interesting to see how relative entropy
changes when one state is evolved in time, and in particular
study the rate of entropy production. A general formula for
entropy production has been given for quantum statistical
mechanics and related to relative entropy in [86–88] under
the assumption that one state is invariant under the
evolution, and an analogous formula was given for pertur-
batively interacting field theories in [23]. A vanishing
entropy production characterizes steady states, which,
however, do not need to be equilibrium states; nevertheless,
in many cases perturbed states return to an equilibrium state
at late times [89,90]. An interesting application of this
formalism to gravitational algebras was given recently [91],
which might make it possible to study black hole evapo-
ration in a rigorous way.
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APPENDIX A: RENORMALIZATION OF A
PRODUCT OF PROPAGATORS

We need to define renormalized versions of a product of
two Feynman propagators and their derivatives, fulfilling
the condition (3.15)

2∂μ
h
∂μGFðx;yÞ∂νGFðx;yÞ

i
ren

−∂ν

h
∂μGFðx;yÞ∂μGFðx;yÞ

i
ren

−m2
∂ν

h
GFðx;yÞ

i
2

ren
¼ 0 ðA1Þ

to obtain a conserved renormalized stress tensor. This is
most easily done in Fourier space, where we have

GFðx; yÞ ¼ −
Z

eipðx−yÞ

p2 þm2 − iϵ
ddp
ð2πÞd ; ðA2Þ

and thus formally

h
GFðx; yÞ

i
2 ¼

ZZ
eiðpþqÞðx−yÞ

ðp2 þm2 − iϵÞðq2 þm2 − iϵÞ
ddp
ð2πÞd

ddq
ð2πÞd

¼
Z

eipðx−yÞ
"Z

1

½ðp − qÞ2 þm2 − iϵ�ðq2 þm2 − iϵÞ
ddq
ð2πÞd

#
ddp
ð2πÞd ; ðA3Þ

where the inner integral over q is logarithmically divergent for d ¼ 4. We use the Feynman parameter formula

1

AB
¼
Z

1

0

1

½ξAþ ð1 − ξÞB�2 dξ ðA4Þ

and obtain

Z
1

½ðp − qÞ2 þm2 − iϵ�ðq2 þm2 − iϵÞ
ddq
ð2πÞd

¼
Z

1

0

Z
1

½ξðp − qÞ2 þ ð1 − ξÞq2 þm2 − iϵ�2
ddq
ð2πÞd dξ

¼
Z

1

0

Z
1

½q2 þ ξð1 − ξÞp2 þm2 − iϵ�2
ddq
ð2πÞd dξ

¼
Z

1

0

Z �
1

½q2 þ ξð1 − ξÞp2 þm2 − iϵ�2 −
1

ðq2 þm2 − iϵÞ2
�

ddq
ð2πÞd dξþ

Z
1

ðq2 þm2 − iϵÞ2
ddq
ð2πÞd : ðA5Þ

Replacing the last (divergent) term by a finite constant c, we define

h
GFðx; yÞ

i
2

ren
¼ lim

d→4

Z
eipðx−yÞ

Z
1

0

Z �
1

½q2 þ ξð1 − ξÞp2 þm2 − iϵ�2 −
1

ðq2 þm2 − iϵÞ2
�

ddq
ð2πÞd dξ

ddp
ð2πÞd þ cδ4ðx − yÞ:

ðA6Þ

Analogously, we obtain
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h
∂μGFðx; yÞ∂νGFðx; yÞ

i
ren
¼ 1

4
ημνlim

d→4

Z
eipðx−yÞ

Z
1

0

Z
q2
�

1

½q2 þ ξð1 − ξÞp2 þm2 − iϵ�2 −
1

ðq2 þm2 − iϵÞ2

þ 2
ξð1 − ξÞp2

ðq2 þm2 − iϵÞ3
�

ddq
ð2πÞd dξ

ddp
ð2πÞd − lim

d→4

Z
eipðx−yÞ

Z
1

0

ξð1 − ξÞpμpν

×
Z �

1

½q2 þ ξð1 − ξÞp2 þm2 − iϵ�2 −
1

ðq2 þm2 − iϵÞ2
�

ddq
ð2πÞd dξ

ddp
ð2πÞd

þ c1∂μ∂νδ4ðx − yÞ þ c2ημνδ4ðx − yÞ þ c3ημν∂2δ4ðx − yÞ; ðA7Þ

where we also used rotational symmetry of the q integral to simplify the result.
We evaluate the integrals explicitly, using thatZ ðq2Þa

ðq2 þM − iϵÞb
ddq
ð2πÞd ¼

i

ð4πÞd2
Γðaþ d

2
ÞΓðb − a − d

2
Þ

Γðd
2
ÞΓðbÞ ðM − iϵÞd2−bþa; ðA8Þ

and taking the limit d → 4 in the result. That is, we have

lim
d→4

Z �
1

ðq2 þM1 − iϵÞ2 −
1

ðq2 þM2 − iϵÞ2
�

ddq
ð2πÞd

¼ i
ð4πÞ2 ½ln ðM2 − iϵÞ − ln ðM1 − iϵÞ� ðA9Þ

and

lim
d→4

Z
q2
�

1

ðq2 þM1 − iϵÞ2 −
1

ðq2 þM2 − iϵÞ2 −
2ðM2 −M1Þ
ðq2 þM2 − iϵÞ3

�
ddq
ð2πÞd

¼ 2
i
ð4πÞ2

h
M2 −M1 þM1 ln ðM1 − iϵÞ −M1 ln ðM2 − iϵÞ

i
: ðA10Þ

Afterwards, the ξ integrals can also be computed, and we obtainZ
1

0

ln

�
1þ ξð1 − ξÞ p

2

m2
− iϵ

�
dξ

¼
�
2ξ − 1

2
ln

�
1þ ξð1 − ξÞ 4

σ − 1

�
− 2ξþ

ffiffiffi
σ
p
2

ln

�
2ξ − 1þ ffiffiffi

σ
p

2ξ − 1 −
ffiffiffi
σ
p
��

1

0

¼ −2þ ffiffiffi
σ
p

ln

�
1þ ffiffiffi

σ
p

1 −
ffiffiffi
σ
p
�
¼ −2þ 2

ffiffiffi
σ
p

artanh
ffiffiffi
σ
p

; ðA11Þ

where we defined

σ ¼ 1þ 4
m2

p2 − iϵ
ðA12Þ

and

Z
1

0

ξð1 − ξÞ ln
�
1þ ξð1 − ξÞ p

2

m2
− iϵ

�
dξ

¼
"
ð2ξ − 1Þð1þ 2ξ − 2ξ2Þ

12

�
ln

�
1þ ξð1 − ξÞ 4

σ − 1

�
−
2

3

�
þ σ − 2

6
ξþ ð3 − σÞ ffiffiffiσp

24
ln

�
2ξ − 1þ ffiffiffi

σ
p

2ξ − 1 −
ffiffiffi
σ
p
�#1

0

¼ σ

6
−
4

9
þ ð3 − σÞ ffiffiffiσp

6
artanh

ffiffiffi
σ
p

: ðA13Þ
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This then results in

h
GFðx; yÞ

i
2

ren
¼ −

i
8π2

IF0ðx; yÞ þ c0δ4ðx − yÞ ðA14Þ

and

h
∂μGFðx; yÞ∂νGFðx; yÞ

i
ren
¼ 1

6

i
ð4πÞ2 ημνm

2
h
IF−1ðx; yÞ þ 4IF0ðx; yÞ

i
−
1

3

i
ð4πÞ2 ∂μ∂ν

h
IF0ðx; yÞ − 2IF1ðx; yÞ − 2m2GF

0ðx; yÞ
i

þ c01∂μ∂νδ
4ðx − yÞ þ c02ημνδ

4ðx − yÞ þ c03ημν∂
2δ4ðx − yÞ; ðA15Þ

where we defined the basic integral

IFkðx; yÞ ¼
Z

eipðx−yÞ
�

m2

p2 − iϵ

�
k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4

m2

p2 − iϵ

s
artanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4

m2

p2 − iϵ

s
d4p
ð2πÞ4 ; ðA16Þ

set GF
0ðx; yÞ ¼ GFðx; yÞjm2¼0, and absorbed the local term

in the constants c and ci, defining

c0 ¼ cþ i
8π2

; ðA17aÞ

c10 ¼ c1 þ
5

18

i
ð4πÞ2 ; ðA17bÞ

c20 ¼ c2 −
2

3

i
ð4πÞ2m

2; ðA17cÞ

c30 ¼ c3 þ
2

9

i
ð4πÞ2 : ðA17dÞ

Note that the basic integral IFk (A16) satisfies the recursion
relation

∂
2IFkðx; yÞ ¼ −m2IFk−1ðx; yÞ: ðA18Þ

Taking everything together, it follows that

2∂μ
h
∂μGFðx; yÞ∂νGFðx; yÞ

i
ren

− ∂ν

h
∂μGFðx; yÞ∂μGFðx; yÞ

i
ren

−m2
∂ν

h
GFðx; yÞ

i
2

ren

¼ ∂ν

�
ðc01 − 2c03Þ∂2δ4ðx − yÞ −

�
2c02 þ c0m2 −

2

3

i
ð4πÞ2m

2

�
δ4ðx − yÞ

�
; ðA19Þ

and to fulfill the condition (A1) we need to choose c01 ¼ 2c03 and c02 ¼ 1
3

i
ð4πÞ2 m

2 − c0
2
m2. This means that we define

h
GFðx; yÞ

i
2

ren
¼ −

i
8π2

IF0ðx; yÞ þ cδ4ðx − yÞ ðA20Þ

and

h
∂μGFðx; yÞ∂νGFðx; yÞ

i
ren
¼ 1

6

i
ð4πÞ2 ημνm

2
h
IF−1ðx; yÞ þ 4IF0ðx; yÞ þ 2δ4ðx − yÞ

i
−
1

3

i
ð4πÞ2 ∂μ∂ν

h
IF0ðx; yÞ − 2IF1ðx; yÞ − 2m2GF

0ðx; yÞ
i

−
c
2
m2ημνδ

4ðx − yÞ þ c0ð2∂μ∂ν þ ημν∂
2Þδ4ðx − yÞ; ðA21Þ

where now c and c0 are (new) constants that are ultimately fixed by mass and field strength renormalization. Similarly, using
that
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Gþðx; yÞ ¼ −2πi
Z

eipðx−yÞδðp2 þm2ÞΘðp0Þ ddp
ð2πÞd ; ðA22Þ

we obtain

½Gþðx; yÞ�2 ¼ −ð2πÞ2
Z

eipðx−yÞ
�Z

δ½p2 − 2ðpqÞ�Θðp0 − q0Þδðq2 þm2ÞΘðq0Þ d4q
ð2πÞ4

�
d4p
ð2πÞ4 ; ðA23Þ

which is already a well-defined distribution in four dimensions, and we compute

Z
δ½p2 − 2ðpqÞ�Θðp0 − q0Þδðq2 þm2ÞΘðq0Þ d4q

ð2πÞ4

¼ 1

4π

Z
δ

�
p2 þ 2p0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

q
− 2ðpqÞ

�
Θðp0 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2 þm2
p d3q

ð2πÞ3

¼ 1

16π3

Z
∞

0

Z
π

0

δ
�
p2 þ 2p0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

q
− 2jpjq cos θ

�Θ�p0 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p sin θq2 dθ dq

¼ 1

16π3

Z
∞

0

Z
Θð1 − x2Þ

2jpj δ

�
p2 þ 2p0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p
2jpjq − x

�
dx

Θðp0 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2 þm2
p qdq

¼ 1

16π3

Z
∞

0

Θ
�
4p2ðq2 þm2Þ − ðp2Þ2 − 4p2m2 − 4p2p0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p �
2jpj

Θ
�
p0 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p qdq

¼ 1

16π3
Θðp0 −mÞ

Z
p0

m

Θ½4p2k2 − 4p2m2 − ðp2Þ2 − 4ðp0Þ2m2 − 4p2p0k�
2jpj dk

¼ 1

64π3
Θðp0 −mÞ

Z p0−2m
jpj

−p0

jpj

Θ½p2l2 − ðp2 þ 4m2Þ�dl: ðA24Þ

If p2 ≥ 0, so in particular jpj ≥ p0, we have l2 ≤ 1 and the Heaviside Θ function vanishes. If p2 ≤ 0 but p2 þ 4m2 ≥ 0, the
Heaviside Θ function vanishes as well. We thus obtain a Θð−p2 − 4m2Þ and can divide the argument of the Heaviside Θ
function by −p2. It follows that l2 ≤ 1þ 4m2

p2 , which implies in particular that − p0

jpj ≤ l ≤ p0−2m
jpj , and thus we obtain

Z
δ½p2 − 2ðpqÞ�Θðp0 − q0Þδðq2 þm2ÞΘðq0Þ d4q

ð2πÞ4 ¼
1

32π3
Θðp0ÞΘð−p2 − 4m2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2

p2

s
ðA25Þ

and

½Gþðx; yÞ�2 ¼ −
i

8π2
Iþ0 ðx; yÞ; ðA26Þ

where we defined the basic integral

Iþk ðx; yÞ ¼ −iπ
Z

eipðx−yÞ
�
m2

p2

�
k

Θðp0ÞΘð−p2 − 4m2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2

p2

s
d4p
ð2πÞ4 : ðA27Þ

This agrees (up to the sign of p0) with the results in [ [92], Appendix C], and the basic integral satisfies the recursion relation

∂
2Iþk ðx; yÞ ¼ −m2Iþk−1ðx; yÞ: ðA28Þ
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Analogously, it follows that

∂μGþðx; yÞ∂νGþðx; yÞ

¼ ð2πÞ2
Z

eipðx−yÞ
�Z
ðp − qÞμqνδ½p2 − 2ðpqÞ�Θðp0 − q0Þδðq2 þm2ÞΘðq0Þ d4q

ð2πÞ4
�

d4p
ð2πÞ4

¼ π2

3

Z
eipðx−yÞ

�
2
pμpν

p2
ðp2 − 2m2Þ þ ημνðp2 þ 4m2Þ

�
×
Z

δ½p2 − 2ðpqÞ�Θðp0 − q0Þδðq2 þm2ÞΘðq0Þ d4q
ð2πÞ4

d4p
ð2πÞ4

¼ 1

96π

Z
eipðx−yÞ

�
2
pμpν

p2
ðp2 − 2m2Þ þ ημνðp2 þ 4m2Þ

�
× Θðp0ÞΘð−p2 − 4m2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2

p2

s
d4p
ð2πÞ4

¼ 1

6

i
ð4πÞ2 ημνm

2½Iþ−1ðx; yÞ þ 4Iþ0 ðx; yÞ� −
1

3

i
ð4πÞ2 ∂μ∂ν½I

þ
0 ðx; yÞ − 2Iþ1 ðx; yÞ�: ðA29Þ

The analogous equations hold with G−, where I−k contains Θð−p0Þ instead of Θðp0Þ.
For the combination relevant to the stress tensor, we then obtain

h
∂μGFðx; yÞ∂νGFðx; yÞ

i
ren

−
1

2
ημν
h
∂ρGFðx; yÞ∂ρGFðx; yÞ

i
ren

−
1

2
ημνm2

h
GFðx; yÞ

i
2

ren

¼ −
1

3

i
ð4πÞ2 ð∂μ∂ν − ημν∂

2Þ
h
IF0ðx; yÞ − 2IF1ðx; yÞ − 2m2GF

0ðx; yÞ
i
þ 2c0ð∂μ∂ν − ημν∂

2Þδ4ðx − yÞ ðA30Þ

and

∂μG�ðx; yÞ∂νG�ðx; yÞ −
1

2
ημν∂ρG�ðx; yÞ∂ρG�ðx; yÞ −

1

2
ημνm2½G�ðx; yÞ�2

¼ −
1

3

i
ð4πÞ2 ð∂μ∂ν − ημν∂

2Þ
h
I�0 ðx; yÞ − 2I�1 ðx; yÞ

i
: ðA31Þ

APPENDIX B: COVARIANCE OF THE COMMUTATOR AND RETARDED GREEN’S FUNCTION

Here, we show that the commutator function and the retarded and advanced propagators are covariant under the action of
the differential operator (4.4)

LfðxÞ ¼ x0∂1fðxÞ þ x1∂0fðxÞ: ðB1Þ

For this, we employ the explicit expression (2.7) and compute

ðLx þ LyÞΔðx; yÞ ¼
�
x0

∂

∂x1
þ x1

∂

∂x0

�
Δðx; yÞ þ

�
y0

∂

∂y1
þ y1

∂

∂y0

�
Δðx; yÞ

¼ −2πi
Z

δðp2 þm2Þsgnðp0Þ
h
ðx0 − y0Þip1 − ðx1 − y1Þip0

i
eipðx−yÞ

ddp
ð2πÞd

¼ −2πi
Z

δðp2 þm2Þsgnðp0Þ
�
−p1

∂

∂p0
− p0

∂

∂p1

�
eipðx−yÞ

ddp
ð2πÞd

¼ −2πi
Z

eipðx−yÞ
�
p1

∂

∂p0
þ p0

∂

∂p1

�h
δðp2 þm2Þsgnðp0Þ

i ddp
ð2πÞd

¼ −2πi
Z

eipðx−yÞ2p1δðω2
pÞδðp0Þ ddp

ð2πÞd ¼ 0; ðB2Þ

since ω2
p ≥ m2 > 0 in the massive case, and p1δðp2Þ ¼ 0 in the massless case.
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Using that Gretðx; yÞ ¼ Θðx0 − y0ÞΔðx; yÞ, we also com-
pute

ðLxþLyÞGretðx; yÞ ¼
�
x1

∂

∂x0
þ y1

∂

∂y0

�
Θðx0 − y0ÞΔðx; yÞ

¼ ðx1 − y1Þδðx0 − y0ÞΔðx; yÞ ¼ 0;

ðB3Þ

where the last equality follows from (3.3), and analogously
ðLx þ LyÞGadvðx; yÞ ¼ 0. It follows that for any compactly
supported function f we have

ðΔLfÞðxÞ ¼
Z

Δðx;yÞLfðyÞd4y¼−
Z

LyΔðx;yÞfðyÞd4y

¼
Z

LxΔðx;yÞfðyÞd4y¼LðΔfÞðxÞ; ðB4Þ

and analogously

ðGret=advLfÞðxÞ ¼ LðGret=advfÞðxÞ: ðB5Þ

APPENDIX C: EXTENDED GREEN’S IDENTITY

Consider two smooth functions f and g, where g has
compact support but f not. In this constellation, we first
splitZ

fðxÞðΔgÞðxÞd4x ¼
Z
x0≤t

fðxÞðΔgÞðxÞd4x

þ
Z
x0≥t

fðxÞðΔgÞðxÞd4x; ðC1Þ

and then use that Gret=advðx; yÞ are fundamental solutions of
the Klein-Gordon equation (2.4) to obtain

Z
x0≤t

fðxÞðΔgÞðxÞd4x

¼
Z
x0≤t
ð∂2 −m2ÞðGret fÞðxÞðΔgÞðxÞd4x

¼ −
Z
x0≤t

∂0½∂0ðGret fÞðxÞðΔgÞðxÞ�d4xþ
Z
x0≤t

∂0ðGret fÞðxÞ∂0ðΔgÞðxÞd4x

þ
Z
x0≤t
ð∂k∂k −m2ÞðGret fÞðxÞðΔgÞðxÞd4x

¼
�

lim
T→−∞

Z
x0¼T

−
Z
x0¼t

�
∂0ðGret fÞðxÞðΔgÞðxÞd3x

þ
Z
x0≤t

∂0ðGret fÞðxÞ∂0ðΔgÞðxÞd4xþ
Z
x0≤t
ðGret fÞðxÞð∂k∂k −m2ÞðΔgÞðxÞd4x

¼
�

lim
T→−∞

Z
x0¼T

−
Z
x0¼t

�
∂0ðGret fÞðxÞðΔgÞðxÞd3x

þ
Z
x0≤t

∂0½ðGret fÞðxÞ∂0ðΔgÞðxÞ�d4x

¼
�

lim
T→−∞

Z
x0¼T

−
Z
x0¼t

�
½∂0ðGret fÞðxÞðΔgÞðxÞ − ðGret fÞðxÞ∂0ðΔgÞðxÞ�d3x; ðC2Þ

where in the third equality we used thatΔg is spatially compact to integrate spatial derivatives by parts, and the fourth thatΔ
is a bisolution of the Klein-Gordon equation. Analogously, one obtains

Z
x0≥t

fðxÞðΔgÞðxÞd4x ¼ −
�
lim
T→∞

Z
x0¼T

−
Z
x0¼t

�
½∂0ðGadv fÞðxÞðΔgÞðxÞ − ðGadv fÞðxÞ∂0ðΔgÞðxÞ�d3x; ðC3Þ

and using that Δ ¼ Gret −Gadv the extended Green’s identity
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Z
fðxÞðΔgÞðxÞd4x ¼

Z
x0¼t

h
ðΔfÞðxÞ∂0ðΔgÞðxÞ − ∂0ðΔfÞðxÞðΔgÞðxÞ

i
d3x

þ lim
T→∞

Z
x0¼T

h
ðGadv fÞðxÞ∂0ðΔgÞðxÞ − ∂0ðGadv fÞðxÞðΔgÞðxÞ

i
d3x

− lim
T→−∞

Z
x0¼T

h
ðGret fÞðxÞ∂0ðΔgÞðxÞ − ∂0ðGret fÞðxÞðΔgÞðxÞ

i
d3x ðC4Þ

for some arbitrary t∈R.
If f has compact support, ðGret fÞðxÞ vanishes for all x ∉ Jþðsupp fÞ, and in particular in the limit t → −∞. Analogously,
ðGadv fÞðxÞ vanishes for all x ∉ J−ðsupp fÞ, and in particular in the limit t → ∞. Therefore, the last two integrals in (C4)
vanish, and we obtain the classical Green’s identityZ

fðxÞðΔgÞðxÞd4x ¼
Z
x0¼t
½ðΔfÞðxÞ∂0ðΔgÞðxÞ − ðΔgÞðxÞ∂0ðΔfÞðxÞ�d3x: ðC5Þ
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