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We consider the relative entropy between the vacuum and a coherent state in the Rindler wedge for an
interacting A¢* theory to first order in A. We construct the perturbatively interacting Weyl algebra of the
wedge, and employ Tomita-Takesaki modular theory and the Araki-Uhlmann formula to compute
the relative entropy. We verify that the relative entropy reduces to the classical (interacting) boost
Noether charge, analogously to the free theory, and that the Bekenstein bound holds.
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I. INTRODUCTION

Relative entropy S, is a powerful tool to quantify the
difference between states in quantum theory, with a precise
operational definition coming from quantum information
theory [I]. In quantum mechanics, it is defined as
Swi(plo) =tr(plnp — plno) for two density matrices p
and o, while the von Neumann entropy of a single state is
given by S,x(p) = —tr(p In p). If the density matrices p and
o are obtained by starting with a global pure state and
tracing out the degrees of freedom outside of a given
region R, giving the reduced density matrices pp and o,
the von Neumann entropy becomes the entanglement
entropy Sgg(R) = Syn(pr) and the relative entropy can
be thought of as relative entanglement entropy. However,
in contrast to Sgg, which is UV-divergent in quantum
field theory, relative entropy is a well-defined and UV-
finite quantity [2]. This can be seen by employing
Tomita-Takesaki theory [3,4], where it can be computed
using the Araki-Uhlmann formula [5-7]

Srel(w|¢) = _w(ln A¢,w)' (11)

In this formula, @ and ¢ are two faithful normal states
on a von Neumann algebra A, and In A, is the relative
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modular Hamiltonian associated to these states and the
algebra A. In quantum mechanics, writing w(a) = tr(pa)
and ¢(a) =tr(ca) for ac€ A it is easy to see that the
Araki-Uhlmann formula recovers the quantum-mechani-
cal expression, using that in this case the relative
modular operator is given by A,, = L(c)R(p™"), with
L/R denoting multiplication from the left/right:

Si(@lp) = —o(ina,,) = —tr(pin Ay 0t

_ —tr<p% [L(Ino) — R(lnp)]ﬁ)

= —tr(pll’ld _plnp) = Srel(p|6)' (12)

However, in general it is very difficult to determine the
relative modular Hamiltonian. One exception is when ¢ is a
unitary excitation of a (cyclic and separating) vector state
o= (Q|-]|Q), such that ¢(a) = (QUTaU|Q) with a
unitary U € A. In this case, it is known [8—13] that

Ay, =UA,U, (1.3)

and hence,

Sri(@l¢p) = —(QUInA,UIQ), (1.4)

where A, is the modular operator of the state @ and its
logarithm In A, is the modular Hamiltonian. In turn, this
operator is known in various situations,1 with the most
famous one given by the Bisognano-Wichmann theorem

'"We refer to Ref. [14] for a list of analytically known modular
Hamiltonians, as well as the more recent [15—-18] and further
references therein.
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[19,20]. Namely, for A the algebra of fields in the
Rindler wedge Wy = {xeRM1:x! > x|} and o the
Minkowski vacuum state, the modular Hamiltonian is
proportional to the generator of boosts: In A, = 27 MO!.
While this result holds for any Wightman quantum field
theory (QFT), even interacting, many other modular
Hamiltonians are only known for free theories or for
conformal field theories (CFTs) where the enhanced
symmetry simplifies computations, and hence, also relative
entropy has been mostly studied in these cases.

For (perturbatively) interacting theories, comparably few
explicit results are known. For example, for a CFT
perturbed by a relevant operator one can relate the relative
entropy between vacuum states of the free and interacting
theories to the change in entanglement entropy, which can
be explicitly computed [21,22]. Explicit perturbative
expressions are also known for the relative entropy between
thermal states of the free and interacting scalar field [23], or
for fermions perturbed by an external electromagnetic field
between equilibrium states of the unperturbed and the
perturbed theory [24]. Moreover, a perturbative series for
the relative modular Hamiltonian is known if both states
can be written as perturbative excitations of a common
state [13,25].

In this work, we consider the relative entropy between
the Minkowski vacuum and a coherent excitation thereof,
but for a perturbatively interacting theory that is not
conformal. To our knowledge, this situation has not been
considered yet, and we study A¢* theory in the Rindler
wedge as the simplest example. As a first step, we review
the classical theory in Sec. II, determine the solution (pifm
(2.22) of the interacting Klein-Gordon equation, which in
the free theory is given by gojp (x) = [A(x,y)f(y)d%y with
the commutator function A and an arbitrary compactly
supported function f, and which evolves causally in the
sense that supp (p;?‘ C J*(supp f) U J~(supp f), and finally
compute the classical Noether charges. In Sec. III, we
quantize the theory up to linear order in 4 and compute
the renormalized interacting field operator ®(f) (3.36),
stress tensor 7, (3.7), (3.16), and Noether charges
(3.34). We then show how to construct the interacting
von Neumann algebra A of the Rindler wedge Wy, which
is composed of interacting Weyl operators W(f) = e'®()
(3.2) depending on a function f with compact support inside
the wedge, supp f C Wkg. In particular, we show that the
interacting Weyl operators W(f) and W(g) commute if f
and ¢ are spacelike separated, even though the interacting
field @©(f) involves integrations over the causal past
J~(supp f) extending all the way to past infinity (3.36),
in accordance with the general results in algebraic QFT [26].

We proceed in Sec. IV with the computation of the
relative entropy S, (Q||W(f)Q) between the (interacting)
Minkowski vacuum |Q) and the interacting coherent state
W(f)|Q), with f supported in the Rindler wedge. Using the

relation (1.4) and the Bisognano-Wichmann theorem, the
computation boils down to the computation of the expect-
ation value of the boost generator M°!, obtained from the
interacting stress tensor 7 ,,, in the state W(—f)|Q).
Analogous to the free theory [10,27], the result is given
by the classical Noether charge associated to boosts,
evaluated on a solution of the interacting Klein-Gordon
equation, and we show that the required solution is exactly
the causal one (p_i]?‘ that we computed previously. Finally, we
prove that our result fulfills a rigorous version of the
Bekenstein bound (4.33) and conclude in Sec. V.

II. CLASSICAL i¢p* THEORY

We consider the classical (minimally coupled) action of a
free scalar field with mass m and coupling constant 4 > 0 in
d dimensions

1 A
S= —5/ <Vﬂ¢V"rﬂ +mPp* + E(P4> V=gdix, (2.1)

whose variations yield the classical (minimally coupled)
stress tensor

1
Tm/(QD) = Vﬂ(pvvgo - EQ”UVPQOV/,QO
1 A

- 5 m29}w€02 - ﬂgyu¢4 (22)
and the classical equation of motion
oS A
E(p)=—=(V*=m*)p—-—¢°. 23
@) =5, (V2=m?)g—-Zo (2.3)

As is well known, the divergence of the stress tensor
VIT () = E(¢)V, vanishes when the equation of the
motion is fulfilled. The assumption 4 > 0 ensures that the
classical energy 7T is positive and the theory is stable.
Specializing to flat space, in the free theory there are
unique retarded and advanced Green’s functions satisfying
(02 _ mZ)Gret(x’y) —_ (62 _ mZ)Gadv(x’ y) — 5d(x _ y)
(2.4)

and, with the definitions

(G*Uf)(x) = / Ge (e y)fO)dly  (2.5)

and analogously for G*! £, having the support conditions

supp(G™f) CJ*(suppf),  supp(G*"f) CJ (suppf)
(2.6)

with J* the causal future or past [28], see Fig. 1. Explicitly,
in Fourier space they read
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FIG. 1.
dip
Gret , Gadv , — lim
(x.3) = 0% 0" (p +ie)* + o} (27)¢
sin X’ =
_@<xo _yO)/ [ ( Y )} eip(x-y)
@p
dd—lp
X 2.7
(2m)d-! (27)
with @, = p> + m?>. We also define the commutator

function (also called causal propagator)

A(x,y) = G™(x,y) — G*"(x,y)

= —27T1/5(p2 + mz)sgn(po)eip(xi")

- /[ p (0 =30 ey 411
p 2m)4~

(2.8)

which is a bisolution of the Klein-Gordon equation,
02A(x,y) = ?A(x,y) =0, and the time-symmetric
Green’s function (also called Dirac propagator)

(2.9)
|

i 1 1
A(x,y) =>G™(x,y) + EGddV (x.y).

2

J~ (supp f)

The causal future and past J=(supp f) of a compactly supported function f.

Af and Af are defined in the same way as for the retarded
propagator (2.5).

The interacting equation of motion E(p) = 0 (2.3) can
then be solved perturbatively: given a compactly supported
function f € CP(R!"), the field

(0)

pp (x) = (Af)(x) (2.10)

solves the Klein-Gordon equation since A is a bisolution.

The corresponding retarded and advanced solutions goret/ adv

fulfill
ret/adv A ret/adv ret/adv 3
o () = o (x) + g / G/ (x, y) [(p e (y)} d?y,
(2.11)

but we also have the time-symmetric solution that fulfills

5,0 =)+ 5 [ Benlp)at.  (212)

In all cases, series expansions in A are obtained by
repeatedly substituting the left-hand side into the right-
hand side:

PR (x) = ¢} (x) +% / G™(x,y) [¢(f°)(y)+% / G*(y, ) (z)d'z rd
=0+ [ 6w o )] oty

2 ,
T // G (x,y)G™(y. 2) [w}o) (y)} o\ (2)d%zd% + O(2),

(2.13)
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and analogously for (p}dv and @ (x).

Of course, also f may depend on A in some complicated way, which is in fact useful to ensure desired support properties
of the solution. Namely, from the definition of A we obtain

supp(Af) C supp(G™ f) U supp(G*® f) = J* (supp f) U J~(supp f), (2.14)

and thus already for the first perturbative correction

d
o7 () == g ()|

. — & [ GNPy (2.15)

A=0

ret,(1)

we cannot say anything more than supp ¢ P dv,(1)

C R™"1; the same applies to ¢

correcting f, we can do better. Consider g € C (R!4~!) with supp g N [J* (supp f) U J~(supp f)] = @, i.e., the supports of
f and g are spacelike separated. Then we have

and (ﬁ}l ), However, by suitably

/ o) (x)dx = / o) (Af)(x)dx = 0 (2.16)

because A f vanishes on the support of g. We can achieve the same at least for the first perturbative correction, and compute

[ oo mats = ¢ [[ s wn)ianraats
=& [[] #0057 602 = 62 a6zt
— & [[] #0167 DG AN 0Pzt
—5 [J] S0 3G 0D DAN )Py
—5 [J] 908G G @A)zt o

where we employed twice the definition (2.8) of A. For the first integral to be nonvanishing, we need that z€J~(y) and
y € J~(x) for all points for which f(z) # 0 and g(x) # 0. However, since the supports of f and g are spacelike separated,
this is never the case, and the first integral vanishes. Analogously, one sees that also the second integral is vanishing. On the
other hand, the last integral can be cancelled by a change of f,

F06) = F0) = 70 + 5 (G @AW +0(2). (2.18)
such that
[ o ats = [ g [(aF)) + 205 ") + 0()|a'x = 0(2). (2.19)

It follows that supp (pritd\ C J*(supp f) U J~(supp f), the same as for the free solution golsfo). Analogously, one shows that

supp g € J* (supp f ) U J™(supp f) with

Fet) = f0) + g (G N@AHE) +0(2), (2.20)

and that supp ¢; € J* (supp f) U J~(supp f) with
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7o) = £) + S BAWIANEP +0(2). (221

Therefore, by suitably choosing f one obtains a classical
interacting solution with the same support properties as the
free one.

Using that A = G™ — G*" (2.8) and that A =1G™ +
%Gad" (2.9), a short computation yields the explicit
expression

adv int

P (X) = 053 (x) = @7 = ¢
= (7)) + & (GG H)(AF )
= (GG AP +O(R). (222)

That is, imposing causal evolution in the form of the
support property supp (p}’-‘t C J*(supp f) U J (supp f), it
seems that we obtain a unique classical interacting solution

(p;?t. However, that is in fact not the case: since

supp((G™ £)(G*" f)) € supp(G™ f) N supp(G*" f) =
J* (supp f) N J~(supp f), it follows that

supp A[(G™ f)" (G f)']
cJt (J*(suppf) n J‘(suppf))
U7 (supp £) 0 - (supp f))

= J*(supp f) U J~(supp f) (2.23)

1 )
PO = Too(p)d'x = 000 + o + m*@* + — ¢* |d*x,
x0=0 2 x0=0 12

Pl = —/ Ty (p)d®x = —/ Oy pd ¥ 'x
x=0 x0=0

for the translation charges and

for arbitrary m, n>1. Therefore, we may add
arbitrary multiples of  A[(G™ f)(G* f)?](x) and
A[(G™ £)2(G* £)](x) to ¢'™, changing neither the sup-
port properties, nor the fact that it solves the nonlinear
Klein-Gordon equation up to linear order in A, nor the
invariance of the solution under the rescaling f — af,

A= a?h, g — agit.

A. Classical Noether charges

Given a Killing vector & of Minkowski spacetime, the
associated classical Noether charge Q; 0 is given by

Ouolo) == [ Tolp)a'x.  (224)

where T, is the classical stress tensor (2.2) specialized to
Minkowski spacetime. As is well known, by Stokes’
theorem one sees that Q0 is independent of XV if ¢ is
space-compact and the stress tensor is conserved, which
holds if ¢ is a solution of the (interacting) equation of
motion E(¢) = 0. The space-compactness condition holds,

for example, for the perturbative solutions qo}eafjv, ;dY and

@3 constructed in the last subsection, and we make this
assumption from now on.

We are in particular interested in the translation charges
P? for which & = y#* and the boost charges M* for which
& = —2p'lexPl. We choose x° = 0 and obtain

(2.25a)
(2.25b)
) . 1 . A
MY = — /0 X' Too(p)d4x = —5/0 X <ao¢60(p + 0 o, + m?p* + E(p“) d®lx, (2.26a)
x’=0 x'=0
(2.26b)

M = —2/ xli Ty (g)d?'x = —2/ xlia] paypd?dx
x0=0 x0=0

for the boost charges. We note that H = P° > 0, namely the classical energy is positive as long as 4 > 0. Moreover,
MY () < 0if supp ¢|,0_o € Wk, a solution with support inside the Rindler wedge. Defining furthermore X' = —M° and
J; = %ei jijk and using the classical Poisson bracket,

{o(x).000(y)} = {000 (y). (x)} = & (x —).

{ox), @(y)} = 0= {dp(x),dp(y)}, (2.27)

we compute that for space-compact ¢ the Poincaré algebra
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(H.P'}=0, {H.Ji}=0, {H.K'}=-P', (2.28a)

(Pi.Pi}=0, {Ji,Pi}=¢ikp, — {Pi Ki}=-5iH,

(2.28b)

{]i,Kj}:eiijk, {Ji,.]j}=€[jk.]k, {Ki,Kj}Z—eiijk

(2.28¢)

is fulfilled.

III. QUANTIZATION OF Aip* THEORY

We consider the quantized free scalar field ¢(x), decom-
posed in creation and annihilation parts ¢ (x) and ¢~ (x).
We have the commutator [¢(x), ¢(y)] = iA(x, y) involving
the commutator function (2.8) and the two-point function

(Ol (x)e(y)[0) (3.1)

in the free Minkowski vacuum |0), from which it follows
that

=iG"(x.y) =iG™(y.x)

[P (x), = (y)] = =iG" (v, x),
A(x,y) = G"(x,y) = G*(y, x).

The commutator function fulfills the identities

(3.2)

A(x, y)‘x():yo = 0,
aon(x, y)‘x():yo = _ayOA(x’ y)|x°=y0 = _5d_l(x _y)7
(3.3)
|

7 = {0,6.0,0

}-prufreann)

which can be obtained directly from the explicit form (2.8),
and which are equivalent to the canonical equal-time
commutation relations, and the two-point function (and thus
also the commutator) satisfies the Klein-Gordon equation

(* —=m?)Gt(x,y) =0 (3.4)
because the quantized field operator ¢ satisfies it.

The interacting quantized field @ fulfills the normal-
ordered interacting field equation

(* —m*)® :%:qﬁ: , (3.5)

whose solution to first order is ® = ¢ + D) + (9(/12)
with

1

o) =5 [ )0y (30

which corresponds to the retarded field and the Bogoliubov
formula known from the algebraic approach to QFT

[26,29]. =794

AT ,<,1y) + (’)(lz) is also expanded in perturbation theory,
and has two contributions: one from employing the
interacting field, and one from the explicit interaction term.
The free quantized stress tensor reads

The interacting stress tensor 7,

/w =:0 ¢ay¢ 77;41/ & ¢o ¢ m My - ¢2 (3'7)
and the first-order correction is
1, 4.
- Em nyy{¢’ } ’/[;w ¢ (38)

While the free quantized stress tensor is already given as a well-defined operator on Fock space, to properly define the first-

order correction we need to determine the symmetrized product {q’), CD(')} = ¢@) + @l

therefore compute

1

D¢ and its derivatives. We

{000} =¢ [ 6700000+ [ 67w + 6 )o@ (9)

and note that while the first integral is already a well-defined operator, the second one is divergent as y — x, and so we must

define a renormalized version of it.
In the coincidence limit y — x, we obtain for x # z

[G*(x.2) + G~ (x,2)|G™(x, 2)

The symmetrization is given by A = zA;w

=0(x" -2 [G"(x,2)]?
= [GF(x,2)]* -

-0 -G (x,2))?

(G (x,2). (3.10)

+3A,, for any tensor A.
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While the second term is well-defined as a distribution including for coinciding points x = z, the first one is divergent, and
we need to replace it by a renormalized version. Taking the limit y — x, we thus define

{d)’@(l)}(x):%/ Gret(x’z):¢(x>¢3(z):d4z%/ ] ) R R RO RS ER T
and
{ w0, q>1 }( )= / ,G™\(x,2):0 (x)¢3( ):d
—l—%/ UOMGF(X, 2)9,G" (x, z)]ren —-0,G(x.2)9,G™ (x, Z)] L 92(z) dz, (3.12)

where [GF(x,z)}2 and {dﬂGF(x,z)abGF(x, z)} denote the renormalized distributions, which we will determine
ren ren

explicitly later on. For the divergence of the so-defined stress tensor, we then obtain
FTLY) = (3> — m2) o, = O, (3.13a)

»T) = é/ 0,G™(x,2): (0% — m?)p(x)p*(z) :d*z

. / (0% = m2) G (x.2): 9, (x) () : 'z

/62 )G (5,210,676, 12(2) ' = ¢ 0,00 ():

H ren

(
[2&4 0,G" (x. 2)0,GF (x, z)]ren —9, [a GF(x, 2)#GF(x, z)}

—m23,[GF(x, Z)} |:02(0): a2

ren

_ Lil / [zau (0,67 (x.2)0,G"(x.2)] = 0,[0,G" (. 2)0G" (x.2)]
—m?0

ren

|6 (. 2)]

22 (2) s (3.13b)
ren_
where we used that ¢p and G~ fulfill the free Klein-Gordon equation and that

(6% — m?)G™(x, z) = 8(x, 2). (3.14)

To obtain a conserved stress tensor also in the quantum theory, we thus need to define our renormalization in such a way that
the last line vanishes:

— m?, [GF(x, y)} >~ (3.15)

ren

20 [G”GF()C, ¥)9,GF (x. y)} -9, [aﬂGF(x, Y9G (x, y)}

ren ren
This can be achieved in general if one uses Hadamard normal ordering [30], but we also show it explicitly in Appendix A.
The results are given in Egs. (A20) and (A21).

Inserting the renormalized results (3.11) and (3.12) into the stress tensor correction (3.8) and using Egs. (A30) and (A31)
from Appendix A, we obtain the renormalized first-order correction
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ren 1 a 1 a I . .
T 3 (530 - ) [ 0652020 p0)(0)

1 1
-z mz’l;w / Gret(x’ Z) :¢(x)¢3 (Z) :d4z - *77;41/: ¢4 :

6 4!
+ @ ) / [15(x.2) = 215 (x.2) - 202G (x.2)
— I3 (x.2) + 217 (x. 2) + 6i(d7)2c'8* (x — z)} [ (2)d, (3.16)

where ¢’ is an arbitrary constant and the integrals It and I; are defined by Egs. (A16) and (A27), the latter with the
substitution ®(p°) — O(-p?).

A. Quantum Noether charges

Having a well-defined quantized interacting stress tensor at hand, we proceed to define the Noether charges in the
quantum theory. For this, we first consider the commutator of the stress tensor and the interacting field .
In the free theory, we compute straightforwardly that

=T (0), 4(0)] = 2046300 A(x. ) = 1 P P(),A(x.y) = mP1, (x)Ax. ), (3.17)

where all derivatives act on x. Restricting to x° = y% and contracting with the Killing vector &, we obtain

BT 00)] = 2P PO o+ EODDAC ) oy + mEPRIA(E ) oy, (3.18)

=y

We may now employ the identities (3.3) of the commutator function to obtain

iET8@.00)],_, = E09(0)8 & -). (3.19)
and integrating with any function of x that is equal to 1 in a neighborhood of y, it follows that
[Qepr 0 (V)] = 189, p(y) (3.20)
with the charge
0= [, 0Ty s, 621
X" =const

Since we have ensured that d”T,(g) = 0, as in the classical case the quantum Noether charge Q; ; is independent of x0. We
may thus also consider a function f(x) = f,(x°)f(x) with [ f(x°)dx® =1 and f, equal to 1 in a neighborhood of y.
Clearly the commutator (3.20) is still valid for this choice of f, and the commutator on x° = const is recovered in the
limit f,(x°) — &6(x°).

In the interacting theory, using the explicit expressions (3.11) and (3.12) we compute the commutators

{400}, 6(3)] = 20A(x, »)OD (1) - / G (1, 2)A(y, 2): ()2 () 1z
+ / [[GF(X’Zﬂfen— [G‘(X,Z)P}A(y,Z)fﬁ(Z)d“z (3.22)
and
[{%aﬁ, 9, @} (x), ¢(y>} = 2i,A(x, y)a, @) (x) — i / A(y, 2)0,,G™ (x, 2) 10, p(x)¢?(2) :d*z

+ [ 10,670 90,67(.2)] = 0,6 (20,6 (v )] A bz, (323)
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as well as

i

@ (), 6(y)] = -3 / G (x,2)A(y. 2) 1 *(z) :d*z.

A long but straightforward computation then results in

_i[Tm/(x)’ (I)(y)] = 2a(y(b(x)au)A(x’ y) - nyyapq)(x)apA(xf y) - mzn;w(b(x)A(x9 y)

1

i

6

with the combination

H (x.y.2) =2 [0(”GF(x, 2)0,,GF (x, z)}

ren

— 1l Hd,,GF(x, 7)0*GY(x, z)}

ren

where all derivatives act on x, and where we used that

P(x):4%(2): + 1¢%(2):(x) = 2:¢(x)¢*(2) 1 + 2i[G* (x,2) + G~ (x.2)]b(2).

and that

A [GH ) + G ()] = |67 ()|~ [ ()P

- lr]ﬂ,,A()c, y): ¢ (x) :] + O(2?)

(3.24)
1 [ [ 690:20,80:2) = 032067 (5.2) 0,310 2) 2
—En,w/ [Gre‘(y,z)aﬂA(x,z) - A(y, 2)0*G™(x, Z)} 10,0(x)¢?(z):d*z
W / (G5, 2)A (3. 2) = A%, 2)G™(3,2) | - p(x)(2) 'z
~5 [ [Hile)6%(0.2) = 3 (1. 2069 (. 2) e
(3.25)
- 25(”Gi (X, z)@D)Gi (x, Z)
- 0,G*(x,2)*G*(x, z)} — 1 m? [[GF(x, 2|2, - [G(x, z)]z} . (3.26)
(3.27)
(3.28a)
(3.28b)

9 A(x, y)d,) [G+(x, y) +G(x, y)} = 9,G"(x,)9,G*(x,y) = 0,G™(x,y)9,G™(x, ).

As before, it follows straightforwardly that the terms in
the first line give the required result when integrated against
a function f of the form f(x) = f,(x°)f(x) as explained
above, and we thus have only to show that the terms
proportional to 4 vanish. For the first three integrals and the
term proportional to :¢?*(x): this follows easily, restricting
again to x" = y° [i.e., considering the limit f(x°) — §(x%)]
and using that

|G¥4(, 9)A(x,2) = Ay, 2)G(x,2)|

x0=y0

{Gret(y’ 2)0,A(x,z) — Ay, 2)9,G™(x, z)} =0.

x0=y0

(3.29b)

|
For the integral involving H,, we have to work a bit more.
We first note that by our normalization condition (3.15) that
we imposed to obtain a conserved stress tensor, the terms in
6"Hff,, involving products of the Feynman propagator
vanish, while the terms involving the two-point functions
G* vanish by direct computation, using that G* are
solutions of the free Klein-Gordon equation, such that
()“Hff,, = 0. Moreover, from the definition of the Feynman
propagator we see that Hj,(x,z) =0 if z # J*(x); ie.,
H,,(x, z) has the same support as the advanced propagator
G*(x,z) and H,,(x,z) has the same support as the
retarded propagator G™'(x, z).
Assume now that we can decompose

f8 = i+ o (3.30)
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where all functions
supp fL N J¥(y) =

are compactly supported and
@. Integrating by parts, we obtain

/ F)E / Hg, (x,2)G™(y, 2)¢p(2)d*zd*x

/f" & (x)H, (x, 2)G™ (v, 2)plc)dzd*x

- [[ 7w few

and since H,}, is conserved and symmetric and ke =0
since & is a Killing vector, the integral in the last line
vanishes. On the other hand, to obtain a nonvanishing result
for the first integral we need z€J (y) by the support
properties of the retarded propagator and x € J~(z) by the
support properties of Hj,(x,z), and hence, x€J (y).
However, then f* (x) vanishes, and so does the whole
integral. The analogous argument shows that also the
integral containing H,, vanishes, and it remains to show
the decomposition (3.30).

Since f(x) = f(x°)f(x) is equal to 1 in a neighborhood
of y, it is no loss of generality to assume that supp f; is
small enough such that there exists a neighborhood of the
past light cone of y where f((x) = 1. Therefore, f(x)
restricted to this neighborhood only depends on time, and
we can clearly write this restriction as d,of, for some

Hjy (x.2)| G0, 2)(2)d*zd'x,

(3.31)

function j’+, which is compactly supported and only

depends on x° inside this neighborhood. The remainder

" = f(x)n* — 0"f, therefore vanishes in this neighbor-

hood, and we obtain the required decomposition. Replacing
J~ by Jt, the analogous arguments also show the decom-
position into f* and f_ with the required support proper-
ties, such that (3.30) holds.

A generalization of this proof to curved spacetimes and
to arbitrary order in the interaction can be found in [31], and
we may thus define the interacting quantum Noether
charges

Qe =~ / F(x)E T o, (x)d*x, (3.32)

which give the correct commutators

W(f) = o)

A=0

—emn |14 (69 @)

+g [ (@ pRanEPEE

+4[0:6 "], + O(2)

7 ——

[Qe.p, D(x)]

for all functions f with the above properties. In particular,
choosing & = 7 and & = —2y’#x*! we obtain the gen-
erators of Lorentz transformations in the quantum theory

— i9,®(x) (3.33)

P”(f)z/f(x)TO”(x)d4x (3.34a)

M (f) = / £(x) [xﬂ:rowx)-moﬂ(x)}d“x, (3.34b)

which satisfy the Poincaré algebra in the adiabatic limit
f(x) = 8(x°). While this limit might not exist for the
charges themselves, it always exists for their commutators
[32]. However, since the commutator is well-defined and
actually independent of f as long as f = 1 in a neighbor-
hood of y, we may drop the dependence on f in the notation
of the charges, and in the following write Q; for them.

B. Interacting Weyl algebra

Having defined the interacting field operator, stress
tensor, and Noether charges, we proceed to construct the
von Neumann algebra A of the Rindler wedge Wy in the
interacting theory. This algebra is generated by interacting
Weyl operators

W(f) = eV, (3.35)

where ® = ¢ + A1) + (’)(/12) is the interacting field
operator whose first-order correction is given by (3.6).
Smearing with a test function f, this explicitly reads

+%//f(x)G“‘"(x, )i (y):dty + O(22)

—0(0)+ 5 [(6 )O:P0) ey +O(2).
(3.36)

O(f) = o(f

Using the formula

1 _ —adx(o)
— X0 " 5 x(1)
=0 adx(o) =0

(3.37)

for the derivative of the exponential map at 0, we also
obtain

-2 [ew poene:e e s
51 | ([CUNEIANEPEz+0(2)|. (3.38)
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Commuting fields to the left, we also have

Wi = 14 [@ 0@+ [ DEanE: @

e [ N@ISHEPIz + 5 [(G NEIANEIE: +O@) |4, (339)

where we employed the commutators

[ei(/)(.f)’qg(x)_ — () (Af)(x), (3.40a)
[0, 2 (x): | = €40 [2(A1)(X)(x) = (AN ()P (3.40b)
[0, (x): | = €400 [3(A1)(x): () = 3[AS)(DP() + (AN )], (3.40c)

From these formulas, it is easy to see that [W(f)]" = W(—f) for real f, using that the free quantum field is Hermitian:
¢" = ¢. Since also the interacting field (3.36) is Hermitian for real f, the interacting Weyl operators are bounded, and to
define the von Neumann algebra A of the Rindler wedge Wk, it only remains to verify their support properties.

For this, we first compute the product of two interacting Weyl operators

WUIW(a) = WLr + 909 1= 2 [ (6 @80 @) - ()8 )
x [6:07(2): = 4(AF)(2) +2(Ag) () (2)
HANEF +3(89)EF +36N @9 @'z + O (.41

where we used the expansion (3.38) for the interacting Weyl operators, the commutators (3.40) to bring all the fields to the
right, and the special form

eit(f)eib(9) — oit(f+9)e—3A(f.9) (3.42)

of the Baker-Campbell-Hausdorff formula, which is valid if the commutator is proportional to the identity. Here, we defined

a9 = [[ reoatengdty = [ reag i (3.43)

Consider then f and g whose support is spacelike separated. Since supp(Ag) C J* (supp g) U J~(supp g), it follows that Ag
vanishes on the support of f such that A(f, g) = 0. Moreover, since

(G £)(2)(A9)(2) — (G<*g) (2) (AF)(2)
—— [ 1A DA O - ) ~ 000 - . (3.44)

we see that z€J(x) N J*(y) must hold for this expres- if f and g are spacelike separated, and therefore
sion to be nonzero. However, if f and ¢ are spacelike  the interacting Weyl operators commute in this case.
separated, these cones do not intersect, and so it vanishes. The same holds for the commutator of two interacting
It follows that W(f)W(g) = W(f+g) = W(gW(f) fields:
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[@(f), ®(9)] =iA(f,9)

A

We may thus define the von Neumann algebra A
completely analogously to the free theory, namely as
the double commutant of the span of interacting Weyl
operators with functions whose support lies in the Rindler
wedge:

A= {ZiciW(fi)tc,- €C,supp f; C WR}". (3.46)

Because W(f) and W(g) commute if the supports of f
and ¢ are spacelike separated, the commutant algebra A’
is generated by interacting Weyl operators with functions
whose support lies in the left Rindler wedge
W = {xeRM-1:x! <—[x°}. Haag duality is thus
fulfilled, and the Bisognano-Wichmann theorem is
applicable.

Exponentiating the commutator (3.33) of the interacting
quantum Noether charge and the interacting field, it follows
that

e %D (x)e % = e FUd(x), (3.47)
and thus on smeared fields
el d(f)e 1% = O(f;) with fe(x)=e"%f(x). (3.48)

+5 [ 16" D@96 - (9@ @NE] P01 + O(F).

exp( //5¢

(3.45)

|
The same action then holds on the interacting Weyl
operators:
SOW(f)ei% = W(f). (3.49)
Finally, for the computation of the relative entropy we
need the vacuum expectation value of an interacting Weyl
operator and a normal-ordered product of free fields. We
recall that a free Weyl operator (/) has the expectation
value

<O|elf/ |0> — e__G+(f f)

(3.50)
in the free Minkowski vacuum |0), which can be computed
by expanding the exponential and using Wick’s theorem
together with the two-point function (3.1). Together with a
normal-ordered product of free fields, we obtain analo-
gously

=

(017 : px1) -~ p(xi) 10

_ (3.51)

Using then the expansion (3.38) for the interacting Weyl
operators and the rule

—d*xd* : .
5¢(y)d d ) () (3.52)

for the product of two normal-ordered operators A(¢) and B(¢) depending on the free field ¢, a long but straightforward

computation results in

P(x1) -+ P(x;):|0) = 20V H

J=1

(O[W(f):

[1 - / (G f)(2) [[(G-ﬁ(z) + (GO (G @+ (G )P

k
+4i[[(G NP+ (G NEP+(GNEG)E }EZ

- 12[(G ) (z) + (G )(2)] Z (G )G )xy)

“(x.2)G (x;

—24i

j=1
G (x;,2)G™(x.2)

2)G™(x;1,2)

1<j<j'<j

RJGﬁ(XGﬁ(MGﬂQOFZ+Ouﬂ'

(3.53)
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C. Interacting vacuum state

As a final step in the construction, we also need to
determine the interacting vacuum state |Q2). This also has a
perturbative expansion

Q) = [0) + 2|QW) + O(22), (3.54)
and we are interested in the first-order correction |Q(1)).
In both time-dependent (Feynman-Dyson) and
time-independent (Rayleigh-Schrédinger) perturbation
theory, one expands |Q()) in a basis of free-theory
Fock states |ny,...,n;) for k€N, where each label n;
describes an element in a basis of the single-particle
Hilbert space. Starting with the free Minkowski vac-
uum |0) in the free theory, the expansion coefficient of
In,....n;) in |QM) is proportional to the matrix
element (n,...,n;|V|0), where V is the perturbation
to the Hamiltonian. Therefore, choosing a basis of the
form |my,....,ng) ~ :p(gn,) - #(gn,):|0) with suitable
functions g; and using Wick’s theorem, we see that
for the normal-ordered ¢* interaction only the coef-
ficient with k = 4 is different from zero. Hence, |Q(")
will be proportional to a sum of terms
P (Gn,) - (gn,)110) with k = 4.

For the computation of the relative entropy, we
need to compute the matrix elements <O|e"/’ )1QM)
and (Q[e)|0) of a free Weyl operator ¢#(/). Using
Wick’s theorem and the result (3.51), it thus follows
that

(0[e¥D]QM) + (@[]0

_e—%G*ff)/.../K()

! (xlvxz,x3,x4)
4
X H(G‘f)(xj)d4xj,
J=1

where KU is an integral kernel whose explicit form
will be irrelevant for our results.

(3.55)

IV. RELATIVE ENTROPY AND
THE BEKENSTEIN BOUND

We now have all the ingredients to compute the relative
entropy between the interacting Minkowski vacuum state
|Q) and the interacting coherent state W(f)|Q) in the
Rindler wedge with supp f C Wy. By the Bisognano-
Wichmann theorem [19,20], the modular Hamiltonian of
the vacuum is proportional to the generator of boosts,
InAg = 22 MO with the explicit form given in Eq. (3.34).

Since W(f) is a unitary element of .4, the relation (1.3)
holds for the relative modular operator Ay ), and the
relative entropy is given by (1.4)

Srel(QH W(f)Q)
—(QIW(f)In Ag[W(/)]|)
= 22(QW ()M W (=f)|Q)
_ a£<g|w< )M W (- £)]€)]
= §<QIW( )AMUW (= f)e 2 MQ)| o, (4.1)

where we used that 7, and thus M* annihilate the
vacuum.

We thus need to compute the expectation of an
interacting Weyl operator and a transformed one to
first order in the generator. Using the transformation
(3.49) of the interacting Weyl operators and the boost
Killing vector & = n#'x? — y*9x! corresponding to M,
we obtain

MW (—f)e M = W(=f,)  (42)
with (3.48)
£o(x) = £(x) + 22589, (x) + O(s?)
= f(x) + 27sLf(x) + O(s?), (4.3)
where we defined
Lf(x) = x99, f(x) + x'0yf(x). (4.4)

Using the result (3.41) for the product of interacting
Weyl operators, the expansion (3.54) of the interacting
Minkowski vacuum state, and the results (3.55) for the
matrix element and (3.53) for the expectation value of
interacting Weyl operators, a long but straightforward
computation results in
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(QIW(FYW(—f,)|Q) = 26" (NHE ()36 (fiof)

<125 [ @ =1 =100 + (671

< |G (= FN@P G (= F P

s [ (@ nEar)e - r)anE)] [6G ¢ -r)e?
HAIANE) ~2AL)ERNG (L) E) + (AN G

4
=3(A(f=F))(2)(Af)( d4z+/1/ / (31, %, X3, X4 H x;)d*x; +0(2%) |,
j=1

where we defined in analogy to (3.43)

G*(f.g) = // )G (x,y)g(y)dixdty = / F()(G*g) (x)d. (4.6)

Inserting this result in (4.1), it follows that

Sw(@IW L)) = 3 [ 67 (7.£) + 56" 4 12

s

s=0

;4 ; [(Ga‘“f)( )(Af,)(2) - (Gades)<z)(Af)(z)}XZO[(Af)(z)]2d4z
+0(1?), (47)

and in particular we see that the correction to the free Minkowski vacuum does not contribute at first order. For the
individual terms, we compute

slrorrnaeseruan] == [

— _od*xd?
o asfs<y)|s70 xa'y

=z // J)A(x,y)(Lf)(y)d*xd*y

—x / L (x) (Af)(x)dx, (48)

as well as

SCENIE - (G f)@@BNE)]
= 22(G* )(2) / AL =21 [ GM (L E(A) )
=27 [(G* [)(2)L(AN)(2) = LG ) ()(Af)(2)]
= 27| (G ) (L(AN)(2) - (AN LG 1)(2)]. (4.9)
where we used that (B4), (B5)
(AL = LN, (GVLAE) = LG f)(x) (4.10)

for compactly supported f, as well as the definition A(x,y) = G (x,y) — G*¥(x, y) (2.8) of the commutator function. We
therefore obtain
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S (QIW()Q) = / Lf(x) (Af) ()d'x

-2 (@ pELanE - aHELG™ HE](aNEF: + OF)
=z / Lf(x)(Af)(x)d*x —”; (G™ £) () [(AF) () PL(AS) (x)d*x
+ 2 [ L]e™ plan@P]a+ o). i

We now would like to bring this into a form where positivity is manifest, analogously to the case of free fields
[10,11,27,33]. For this, we first note that the last term in (4.11) simplifies to

[l nmianer]ex = [ 6= peiantr]as
+ [ 3lan[(G= Hlan @] dx

=lim [ x'(G™f)(x)[(Af) () dx

=1lim [ x'[(AF)(x)]*dx, (4.12)

=00 [,0_;

because G™/24" f and thus also Af are spatially compact for compactly supported f, i.e., for any fixed time x° = ¢ the
spatial support is compact, and where the last equality follows because (G*® f)(x) = (G™ f)(x) — (Af)(x) vanishes for all

x & J~(supp f) for compactly supported f, in particular in the limit # — co. On the other hand, for the first term in (4.11) we
employ the classical Green’s identity (C5)

/f(X)(Ag)(X)d4x = At[(Af)(X)ao(Ag)(X) — (Ag)(x)ao(Af)(x)]dx., (4.13)

valid for compactly supported f and arbitrary z. Choosing ¢ = 0, this yields

[Lrwan@ats = [ [(ALA@RANE - (AN WAL s

xV =

= [ [Foanman(an) - (An)wa (af)) - (AN B(AN (] s

= [ [Faanmanan) - (anma ane)
= x (Af)(x)0 O (Af) (x) + x'm?(Af) (x) (AS) (X)} dx
— [ 2 8NN @ + F@NEAANE + mANWENE]ax (@14
using that (B4) (ALf)(x) = L(Af)(x), computing the derivatives explicitly, and finally using that the commutator function
A is a bisolution of the Klein-Gordon equation and integrating spatial derivatives by parts (where no boundary terms arise
because Af is space-compact).

For the remaining second term in (4.11), we cannot use the identity (4.13) since G™ f and Af are only space-compact for
compactly supported f, but have to use the extended identity (C4)
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[ro@amas = [ {80 - aaag0]ax
+lim [ (G )()30(A0)(6) = (G ) ()(Ag) (x) | x

t—oo [ 0_

= lim [ (G )(x)90(Ag)(x) = 00(G™ ) (¥)(Ag) ()| dx, (4.15)

which we derive in Appendix C. Choosing h(x) = (G™ f)(x)[(Af)(x)]? instead of f(x) and g(x) = Lf(x), this gives
[G pianEraL
— [ [an@aaLn @ - aan AL @]
+ lim {(Gadvh)(x)ao(ALf)(x) — 0y(G*h)(x)(ALS) (x)} d’x

=0 [0,

—Ma%j@wmmum> 00(G™h) (¥)(ALS) (x) | . (4.16)

[—>—00 3

and manipulations analogous to the ones performed in (4.14) show that the first integral reduces to

A i [(AR)(x)3(ALF)(x) = ao(AR)(x) (ALS)(x) |

/ 00 (AR)(x)0g(Af)(x) + dk(Ah)(x)dk(Af) (x) + m2(Ah)(x) (Af) (x)} d3x. (4.17)
Moreover, we have
(Gh)(x) = (G (G FANPN() = (G [AFP]) () + (GG (AN @) (4.18)
and
(GG DO = [ G060 AN Py (4.19)

and since supp(G*®g) C J~(supp g) and f is compactly supported, it follows that lim,o_, ., (G*[(G*® £)(Af)?])(x) = 0.
Analogously, one shows that

lim (G™h)(x) = hm //Gret x,¥)G™(y, 2) f(2)[(Af) ()]*d*x d*y = 0, (4.20)

X0—>—00 )C ——00

such that

‘/kafUu)KAfﬂxﬂ%ALfXxkﬁx
—— [ 5 2 @m (AN W) + F NN + (AR (A)00)|a
+m1IRWWMWWMMUW%%WWMWMMMﬂwa (4.21)

t—oo [,0_

Using that A is a bisolution and G* is a Green’s function for the free Klein-Gordon equation, a short computation then
yields
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0| (G [(AF)]) (%) (ALF) () = dp(G[(AF]) (¥)(ALS) ()]
= F[G (AN AL AN ~ A G [APNWLAN )] +FLIAN (4.22)

Since Af is space-compact, the first term on the right-hand side vanishes after integration over a surface of constant time,
and integrating the result between x* = 0 and x° = ¢ we obtain

l - [(Gadv[(Af)3])(x)ao(AL F)(x) = 0y(G*[(Af)?])(x) (AL f)(x)}d3x

= [ [N Dea(aLne) - 0@ (AN DOALAW] a4 [ Li@NWIE  (+23)

X el0]

such that (4.21) reduces to

/ (G )W) [(AF) WP (ALF) (x)dx
- / 2 [Ob(AR) ()0 8100 + (AR (WOL(A)(0) + ()X (A) ) P

+ [ e e Dmaarn - aG an@@Lnmlax g [ Lianmie @24

X0 €[0,00)

Performing now manipulations analogous to the ones in (4.14), and using the definition A(x,y) = G™(x,y) — G**(x,y)
(2.8) of the commutator function to combine terms

(Ah)(x) + (G[(Af)*]D(x) = (GG f)(AF)])(x) = (G (G f)(Af)])(x) = g(x). (4.25)

this reduces to

/ (G )W) [(AF) (WP (ALF)(x)dx

== /0:0 x! {009()5)50(Af) (x) + 0k g(x)0, (Af)(x) + ng(x)(Af)(x)} B
1

3 o, HlAn@a 426)

Inserting the results (4.12), (4.14), and (4.26), it follows that the relative entropy (4.11) can be written as

Sa@W(N2) =7 [ [0(ANWAAN) + FANMASNE) +m (A7) ) (AH)]d's

71'_/1
3 x0=0

o focp HANWIat = i [ a0 OR). )

+ 20 o)) + 090 (AN () + mgx) (Af) (x)]

Using that Af is spatially compact, we obtain that the last two terms combine to

- / LI(A)(x)]*d*x + lim / H[(Af) W) = / X [(Af)(x)]dx, (4.28)
10 €0,00) =00 Jy0—¢

x0=0

and it follows that the relative entropy (4.27) reads
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Sal@UW(N) =25 [ x'Too(gt) % +0(2),

x0=0

(4.29)

where

1 1 1 A
Too(p) = 5 (00p)* + 3 o + 3 m*p* + 5904 (4.30)

is the classical energy density of the interacting theory, and

) = (AF)() + Folx) +O(2)
= (AN)() + £ (GG (AN )

~ (GG ) (A () + O(22)

. (4.31)

is the classical causal interacting solution (2.22) of the
Klein-Gordon equation, which satisfies the support prop-
erty supp go}‘-“ C J*(supp f) U J (suppf). In particular,
since we chose f such that supp f C Wy, we have
supp ¢ |,_g € Welo—g = {x€RM":x0 = 0,x" > 0},

and the integral in the result (4.29) for the relative entropy

only ranges over x!' > 0, such that the relative entropy is
manifestly positive: S, (Q||W(f)Q) > 0.

A. Bekenstein bound

According to Bekenstein [34], the entropy S of any
system of finite extent R is bounded by 2z7RE, where E is its
energy. While this bound was derived using a gedanken
experiment involving black holes, it applies to nongravita-
tional systems in flat space; a covariant generalization was
given by Bousso [35]. However, since the local algebras of
quantum field theory are of type III [36,37], the entangle-
ment entropy between the system and its environment,
given as the von Neumann entropy of the reduced density
matrix of the system, is UV-divergent [38], and only
relative entropy remains finite. Therefore, a rigorous
formulation of the Bekenstein bound can be stated as
follows™: the relative entropy between the vacuum and an
excited state is bounded by 2zRE, when the excitation is
confined to a region of diameter 2R. Using nontrivial
estimates for the relative modular Hamiltonian for a general
excited state [42,43], this bound has been proven by Longo
[44], and analogous but weaker bounds have been proven
by Hollands and Longo for excitations that are only
approximately localized in the given region [45].

Remarkably, in the case that we consider in this paper the
bound is much easier to obtain. Namely, by a computation

3 A different formulation of the Bekenstein bound was given by
Casini [39], which reduces to the positivity of relative entropy
and thus holds always [40,41].

fully analogous to the one for relative entropy in the last
subsection, we obtain

E(W(f)Q) = (QW(=f)P'W(f)|Q)
- /xoo Too (‘#?“) Fx+0(2?), (432

where P° is the Hamiltonian (3.34), T, is the classical

energy density (4.30), and q)}?‘ is the classical causal

interacting solution (2.22) of the Klein-Gordon equation.
Since the computation is identical to the one for relative
entropy, with the only change being the replacement of L
(4.4) by 9y, we refrain from giving any details. Assuming
now that supp flo_o C {x:x®=0,x'€[0,R]}, by the
support property supp (pii“ C J*(supp f) U J (supp f) of
the classical causal interaction solution we also have
supp @] 0o C {x:x" = 0,x' €[0, R]}. Since the classical
energy density Ty is positive, we obtain from the result
(4.29)

K

S(@ W) =21 | X Too(g)dx + O(2)

x0=0,x' €[0,R]

S 271'R/ Too((p?t)d3x + O(ﬂz)
x0=0,x' €[0,R]

= 20RE(W(f)Q). (4.33)

which is exactly the Bekenstein bound for relative entropy.

V. CONCLUSION AND OUTLOOK

We have considered the relative entropy S (Q||W(f)L)
between the Minkowski vacuum state Q) and the interact-
ing coherent state W(f)|Q) in the Rindler wedge with
supp f C Wk. For this, we have constructed the interacting
Weyl algebra generated by the interacting Weyl operators
W(f) = e®V), obtained in turn from the interacting field
operators O(f). We proved that its restriction to the right
Rindler wedge, choosing supp f C Wg, respects Haag
duality such that the commutant of the right-wedge algebra
is the left-wedge algebra, which is generated by interacting
Weyl operators W(f) with supp f C W;. Therefore, the
Bisognano-Wichmann theorem is applicable, and the rel-
ative entropy S, (Q||W(f)Q) can be computed using the
modular Hamiltonian In A, = 2z M°! with the interacting
boost generator M°! defined using the interacting stress
tensor 7 ,,. We have then shown that to first order in the
coupling 4, the relative entropy is given by (4.29)

S (QW()Q) =27 /xoox'Too <(p}l“) d’x + O(2%),
(5.1)
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and is equal to the classical interacting Noether charge
—M%" = M0 (2.26) (up to a factor of 27) associated to the
boosts, evaluated on the classical interacting solution goi;“

(2.22). This generalizes the corresponding result in the free
theory [10,27], and maybe was to be expected, but as we
have seen, the computation is quite nontrivial. Moreover,
we have shown that the classical solution on which the
charge is evaluated is causally evolving, i.e., with
supp (p}‘-“ C J*(supp f) U J~(supp f), which was not clear
a priori. In fact, since this solution is not uniquely
determined by this support property (unlike the retarded
or advanced solutions), it is necessary to determine it by the
explicit computation. We can thus conjecture in good
conscience that

Sa@W(NR) =27 [ xToo(ep)dx (52)

0=

holds to all orders in A, where go_i;“ is a causal interaction
solution of the interacting Klein-Gordon equation.
However, without further computation, we cannot deter-
mine (pli]}" exactly, since it is not unique. Because the
classical energy density T is positive, for a function f
supported in a strip of width R, namely
supp flo_o € {x:x° = 0,x' €0, R]}, we can simply esti-
mate x' by R and obtain the Bekenstein bound (4.33)

Sa(QIW(F)Q) < 27R / " (o) + O(2)
— 2RE(W(F)Q), (53)

which we again conjecture to hold to all orders in A.
Apart from explicitly computing the relative entropy and
verifying the Bekenstein bound, our results can now be
used for further studies in perturbatively interacting A¢g*
theory. A relatively straightforward extension would be the
computation of Petz-Rényi entropies [12,46,47], or f-
divergences that can be defined for an arbitrary convex
function f in terms of the relative modular Hamiltonian
[46,48,49]. Other directions include the determination of
the capacity of entanglement, the analog of heat capacity in
thermodynamics, which is the variance of the modular
Hamiltonian. In statistical physics, this quantity can be used
to distinguish states with and without topologically pro-
tected gapless entanglement spectrum [50], and in quantum
field theory it has been studied only quite recently (see, for
example, [51-59]). In particular, in some cases it is possible
to relate capacity of entanglement to the entanglement
entropy itself [60], and possible to obtain bounds reminis-
cent of the Bekenstein bound. Moreover, considering
higher moments of the modular Hamiltonian, it is possible
to construct infinite sequences of so-called entanglement
monotones [61], functions that like the relative entropy
decrease under the application of quantum channels. Also

extensions to other theories should be relatively straight-
forward, for example, a Yukawa model also involving
fermions; the relative entropy for free fermions is also
known in various situations (see, for example, [62—66] and
references therein).

Another extension concerns regions different from the
Rindler wedge in Minkowski spacetime, for example, the
exterior of a Schwarzschild black hole where the modular
Hamiltonian of the Hartle-Hawking state is also known
[67-70]. In fact, the modular Hamiltonian is known for the
generalized Unruh state on any bifurcate Killing horizon
[71] (see also [72]), where it acts by dilations along the
horizon. One can thus use modular theory to compute the
relative entropy between this state and a coherent excitation
thereof, and furthermore study the classical backreaction that
is exerted by the classical solution corresponding to the
expectation value of the field operator in the coherent state
on the background geometry, leading to rigorous entropy-
area laws that relate relative entropy with a change in horizon
area [73-75] (see also [76] for a similar computation in de
Sitter spacetime).4 Relative entropy has been further used in
these settings to derive the semiclassical Einstein equations
[78] and the quantum null energy condition [79-81],” as well
as ¢, f, and a theorems [84,85]. While many of these results
follow from general properties of the relative entropy and are
independent of the concrete form of the modular
Hamiltonian, it would be interesting to see, e.g., if bounds
become tighter as one includes interactions.

Finally, we note that so far we have been considering
only static situations, in the sense that both states are fixed.
It is, of course, interesting to see how relative entropy
changes when one state is evolved in time, and in particular
study the rate of entropy production. A general formula for
entropy production has been given for quantum statistical
mechanics and related to relative entropy in [86—88] under
the assumption that one state is invariant under the
evolution, and an analogous formula was given for pertur-
batively interacting field theories in [23]. A vanishing
entropy production characterizes steady states, which,
however, do not need to be equilibrium states; nevertheless,
in many cases perturbed states return to an equilibrium state
at late times [89,90]. An interesting application of this
formalism to gravitational algebras was given recently [91],
which might make it possible to study black hole evapo-
ration in a rigorous way.
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ren ren

—m2, [GF(x, y)}fen —0 (A1)

DATA AVAILABILITY

This is a purely mathematical work and no data was
created or analyzed in this study. to obtain a conserved renormalized stress tensor. This is

most easily done in Fourier space, where we have

APPENDIX A: RENORMALIZATION OF A

PRODUCT OF PROPAGATORS eip(x—y) dd
G (x,y) =~ / _ P (A2)
We need to define renormalized versions of a product of p* +m? —ie (2ﬂ)d
two Feynman propagators and their derivatives, fulfilling
the condition (3.15)
and thus formally
|
ei(P+a)(x-y) dip diq
GF (x, y // 2 7 d 7\
2+ m? —ie)(q* + m?* —ie) 27)? (2n)
. 1 d4 d4
- /enmx—y) / R S (A3)
[(p = q)* + m* —ie](¢° + m* —ie) (27)¢ | (27)
where the inner integral over ¢ is logarithmically divergent for d = 4. We use the Feynman parameter formula
1 1 1
— = - d A4
™ ), g ey
and obtain
/ 1 d?
- q)* + m* —ie|(¢* + m* —ie) (2x)?
/ / 1 d‘q az
Ep—aq)?+(1=&)g* +m* —ie* (2x)
dd
//q + E(1 = &) p? + m? —ie]* (2n)¢ de
1 diq
[ ) [ i
lq +51—5)p +m® —ie]>  (¢* +m’ —ie)?| (27) (¢* +m? —le) (27)
Replacing the last (divergent) term by a finite constant ¢, we define
2 . l 1 1 diq . dp
GF(x, } S H lp(x—y)/ / - d 5 (x — ).
[ (x,y) ren I_I)r}‘ € ) [P +E1-p+m2—ie® (#+ m?—ie)?] (2n)? 5(2”)d+c (x—y)
(A6)

Analogously, we obtain
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1 | |
[GMGF(X, y)a,,GF(x, y)L en 4’7;4u11m eip(x=y) / / { 5>p2 T+ mE— ie}z - (q2 - 16)2
5(1‘5> ] d d"p S G
v )](zn) dg(zﬂ)d_}}ﬂ e /0 E(1=8)pup,

. / 1 1 d? a dip
[¢* +&(1=p* +m* =il (¢* +m* —ie)*] (2z)* 7 (2x)?
+ Clauau54(x - y) + c2’7uv54(x - y) + C377;w6254(x - y)’

where we also used rotational symmetry of the ¢ integral to simplify the result.
We evaluate the integrals explicitly, using that

/ (g*)° diq _ i Tla+9rp-a-9
@M a  Gnf IO

and taking the limit d — 4 in the result. That is, we have

Ei‘i/ [(q2 + M —ie)” (g + M~ ieﬁ} (2m)
= 1 In(M, —ie) — In (M, — i€)]

(47)
and
lim > 1 1 2(M2 - Ml) ddq
1 — —
d=4 (> + M, —ie)* (¢*+My—ie)* (¢*+ M, —ie)*] 2m)"
-y 12[Mz—Ml—f—Mlln(Ml—ie)—Mlln(Mz_ig)]
(47)

Afterwards, the & integrals can also be computed, and we obtain
1 p?
/ In [1 e -5)—2—16]dg
0 m

Pt eanot e PG|

:—2+\/_ln< +§) = -2+ 2\/cartanh /o,

where we defined

and

2

[len-em[ieen-o 2 i
lzg—l 1+2¢6 - 2(:2)[ [
6"

4
In 1—|—§(1—§)m

3—+)\/E artanh \/o.

a
9
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This then results in

ng(x, y)+ 8 x—y) (Al4)

[GF(’“’ Y )} 2 T

and

( 4;)2 My [Ili] (x,y) + 415 (x, y)}

AN =

0,67 (x.3)0,67(x.y)] =

ren

1
= 3 40 1505 ) = 218 (3) = 202G )
claﬂap54(x - y) + c/2’1/w54(x - y) + C/3’7m/6254(x - y)’ (AIS)
where we defined the basic integral
2\ Kk m? 2 g4
Flx,y) = [ erten (2 1 +4 artanh (|1 + 44— P Al6
£(xy) /e (pz —ie + p* —ie an + p? —ie (2n)* ( )
|
set G (x,y) = G"(x,y)|,»2_0> and absorbed the local term / 7 i
in the constants ¢ and c;, defining 3 =c3+ §W (A17d)
' =c+ % , (Al7a) Note that the basic integral If (A16) satisfies the recursion
87z relation
5 i
Cll = C +1_8W7 (A17b) azll;(x,y) = —mzlllj_](x,y). (Alg)
; Taking everything together, it follows that
=c—= 2, Al7
) ) 3 (4”)2 m ( c)

20 [0,G"(x,)0,GF(x.3)| = 0,]0,G"(x. )G (x.v)| =m0, [6F(x.y)]|”

2 i
=9, [(c’1 —2c4)0* 8 (x —y) — <2c’2 +cm? - 3 () m2> Mx— y)] , (A19)
and to fulfill the condition (A1) we need to choose ¢} = 2¢} and ¢}, =1 ( 4;)2 m? — < m?. This means that we define
(G|’ ==l y) + et (x ) (A20)
ren 8
and
U
9,67 0G| | = s 153 () 4155, 3) + 25" =)
1 i
= Sy 0 [163) ~ 205 (x3) = 202G x|
c
=3 M N6 (¥ = ) + ¢'(20,0, +1,,0%)8" (x = y), (A21)

where now ¢ and ¢’ are (new) constants that are ultimately fixed by mass and field strength renormalization. Similarly, using
that
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dp
(2n)”

G*(x,y) = —2xi / e?§(p? + m?)O(p?) (A22)

we obtain

O o [ [ ol = 2000106 - 512 + m)e()

which is already a well-defined distribution in four dimensions, and we compute

[ 0 =20pl0( = ata? + m2)0(6") 5
0

1 O’ — /@ T m) &
:E/5|:p2+2p0\/q2+7mz—2@q):| p\/qz—l—L}’nz (27[q)3

1 © [ @(p() -\ q2 + mz)
=162 3/ / 5(P2+2p°\/q2+m2—2Ip|qcos9) sin 0g> do dg
7T Jo 0
1 /m/@(l_x2)6<pz+2po /q2_|_m2 )dx®(p0_ q2+m2)
=— —-X
1673 0 2|p| 2|p|q
1 e ®(402(a + 1) = ()2 = dpPn® = 4p?p/F ) ©(p = v/ )
N 16H3A 2Ip] g
1 0@4 2k2_422_ 22_4 0)2 2_420k
@(po_m)/” [4p prm” = (p7)" —4(p")"m” — 4p”pk]

T 1678 2pp]

1 /)O—Zm
= 590" —m) / o O — (p? + 4m?))dz. (A24)
Tl

If p> > 0, so in particular |p| > p°, we have #? < 1 and the Heaviside ® function vanishes. If p?> < 0 but p? + 4m? > 0, the
Heaviside © function vanishes as well. We thus obtain a ®(—p? — 4m?) and can divide the argument of the Heaviside ©

function by —p?. It follows that 7> < 1 + 4]’?—@2, which implies in particular that —2 < ¢ < pt%, and thus we obtain

bl =
d* 1 4m?
[ 82 = 2000 - )3(a* + m10(") 5 = st —amy 1+ 2 (a2
and
G )P =~z 1 (x), (A26)

where we defined the basic integral

. 2\ k 4m?* d*p
I} (x.y) = =iz / eiP(y) (m—> O(p*)O(—p? — 4m2)y [1 + - =L A27
Fey) ) 00—yt —ant)y 1+ 2L (A27)

This agrees (up to the sign of p°) with the results in [ [92], Appendix C], and the basic integral satisfies the recursion relation

dzlz(x, y) = —mzllj_l(x,y). (A28)
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Analogously, it follows that

9,G"(x,y)9,G"(x,y)

4
= a7 [ @] [(0= 0,000 - 20010 - )37 + m)0le") 5 4]

d4p
(27)*

d4q d4p
(27)* (27)*

2
= [t PR 2 <2 (7 4| [ 02 = 210" = ) + 1200

1 ip(x—y) | 5 PuPy 4m? d'p
_ ip(e=y) [p 26y (2 92y 4 2+4m?) | x O(p")O(—p? —4m?) (|1 +
6. | © [ o (p* =2m*) +n,,(p )] x0(p”)0(-p ) 27 2n)

1 1
= gwﬂpumz[lx (x,y) + 415 (x, y)]

SOl (5.9) = 2 (53] (A29)

The analogous equations hold with G~, where I; contains ®(—p°) instead of ©(p°).
For the combination relevant to the stress tensor, we then obtain

ren 2 ren 2 en

[ﬁﬂGF(x,y)ayGF(x,y)} —lnﬂy[apGF(x,y)a"GF(x,y)} —lnﬂymz[GF (x,y)L2

1
- gm (aﬂav - nﬂvaz) |:Ig(x’ y) - 2111:()6, y) - zszg(x’ y):| + ch(aﬂav - 1’]}”/62)54()( - y) (A30)

and

1 1
aﬂGi(x’ y)al/Gi@Cv y) - 5’/1;41/6/)(;i (x’ y)apGi(x’ y) - Enﬂvm2[Gi<x» y)]2

= —%@ (0,0, — 'hwaz) [I(j)ﬁ(x,y) - ZIli(x,y)} . (A31)

APPENDIX B: COVARIANCE OF THE COMMUTATOR AND RETARDED GREEN’S FUNCTION

Here, we show that the commutator function and the retarded and advanced propagators are covariant under the action of
the differential operator (4.4)

Lf(x) = x%0,f(x) + x'9pf (). (B1)

For this, we employ the explicit expression (2.7) and compute

P P P P
(Ly + Ly)A(x,y) = <x0$ +x! @)A(x, y) + <y°a—yl +y! a—yO)A(x’ y)

. . . ooy dd
= —2xi / 8(p* + m?)sgn(p?) {(xo =y)ip' = (' - yl)lpo} eiP() —(2;)’ .
. 0 0 ip(re ddp
= 27l / 8(p? + m?)sgn(p°) <_p1 a—pO —p° $>e”( ¥) W
. 9 0 ddp
= —2mi / elPlxy) ( ! a—po + PO ap_‘> [5(172 + mz)sgn(po)} (27[)(1
; ip(x=y)y 1502 0 d’p
= =27 | e?"Y2pl5(w,)5(p") (22)? =0, (B2)

since w, > m* > 0 in the massive case, and p'5(p*) = 0 in the massless case.
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Using that G*'(x,y) = ©(x" — y°)A(x,y), we also com-  and analogously

pute
(GVLf)(x) = LG/ f)(x).  (BS)
. 0 0
(Li+Ly)G™(x.y) = <X1 FYOR y! a_y0> O(x* —y")A(x,y)
= (x' = y"5(x° =y A(x,y) =0, APPENDIX C: EXTENDED GREEN’S IDENTITY
(B3) Consider two smooth functions f and g, where g has
compact support but f not. In this constellation, we first

where the last equality follows from (3.3), and analogously split

(L, + L,)G*(x,y) = 0. It follows that for any compactly
supported function f we have / f(x)(Ag)(x)d*x = / f(x)(Ag)(x)d*

(AL = [ ANLIONy == [ LA + [, S c
_ / L A(x,y)f(y)d*y = L(Af) (x), (B4)  and then use that G™Y/24¥(x, y) are fundamental solutions of

the Klein-Gordon equation (2.4) to obtain
|

— [ @=m) (G w)(ag) W

- [, oG NWBA I+ [, (G ) (wan(ag) (s

xX0<t

+ / (040, — m2) (G™ 1)(x) (Ag) (x)dx

(i [ = [ Jaepwaswes

+/ 9(G™ ) (x)dp(Ag)(x )d4X+/ (G f)(x)(" 0y — m*)(Ag) (x)d*x

xSl

(i [ = [ Jae paswes

+L0<t [(G™ £)(x)0y(Ag)(x)]d*x
= (dim [~ [ ) e N0 - @ s (2)

T——-c0

where in the third equality we used that Ag is spatially compact to integrate spatial derivatives by parts, and the fourth that A
is a bisolution of the Klein-Gordon equation. Analogously, one obtains

[ swaees==(jim [ = [ e oo - @ nwaeames.  (©)

T—

and using that A = G™ — G*¥ the extended Green’s identity
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[ re@amats = [ [(an@aag (o - aan)e)agm]ds

+ lim
T—oo V=T

T——oc0 XO=T

for some arbitrary t€R.

(6 £)()00(89)(x) — (G () (Ag) ()|

(G £)(x)0(Ag)(x) = 00(G™ £)(x) (Ag) (x)| & (C4)

If f has compact support, (G™ f)(x) vanishes for all x & J* (supp f), and in particular in the limit # — —oo. Analogously,
(G £)(x) vanishes for all x & J~(supp f), and in particular in the limit # — co. Therefore, the last two integrals in (C4)

vanish, and we obtain the classical Green’s identity

/ f(x)(Ag)(x)d*x = L o:,[(Af )(x)0p(Ag)(x) = (Ag)(x)dp(Af) (x)]d’x. (C5)
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