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We introduce a physics-informed neural network (PINNs) framework for modeling the spatial
distribution of chromodynamic fields induced by quark-antiquark pairs, based on lattice Monte Carlo
simulations. In contrast to conventional neural networks, PINNs incorporate physical laws—expressed
here as differential equations governing type-II superconductivity—directly into the training objective. By
embedding these equations into the loss function, we guide the network to learn physically consistent
solutions. Adopting an inverse problem approach, we extract the parameters of the superconducting
equations from lattice QCD data and subsequently solve them. To accommodate physical boundary
conditions, we recast the system into an integrodifferential form and extend the analysis within the
fractional PINNs framework. The accuracy of the reconstructed field distribution is assessed via relative
L,-error norms. We further extract physical observables such as the string tension and the mean width of
the flux tube, offering quantitative insight into the confinement mechanism. This method enables the
reconstruction of color field profiles as functions of quark-antiquark separation without recourse to
predefined parametric models. Our results illuminate aspects of the dual Meissner effect and highlight the
promise of data-driven strategies in addressing nonperturbative challenges in quantum chromodynamics.
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I. INTRODUCTION

Quantum chromodynamics (QCD), as the fundamental
theory describing the strong interaction between quarks and
gluons, has given rise to a comprehensive framework for
hadronic physics through the study of its essential features;
namely, asymptotic freedom and spontaneous chiral sym-
metry breaking. Due to confinement, the constituent
degrees of freedom of hadrons—quarks and gluons—
cannot be isolated, and confinement itself is an intrinsically
nonperturbative phenomenon of QCD at low energies.
Consequently, the theoretical treatment of QCD in this
regime often relies heavily on phenomenological inputs.
Fortunately, QCD is an experimentally grounded theory;
extensive data have been accumulated over decades from
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large-scale collider and fixed-target experiments involving
strong interactions. Moreover, advancements in computa-
tional hardware and algorithms have enabled lattice
Monte Carlo simulations to provide initial yet valuable
insights and measurements concerning nonperturbative
phenomena in QCD.

In high-energy physics, the problem of confinement has
remained unresolved for a long time, particularly within the
framework of quantum field theory, where multiple theo-
retical approaches have been proposed. The dual super-
conductivity picture is one such hypothesis for the
confinement mechanism [1]. In this scenario, the vacuum
may undergo magnetic monopole condensation, resulting
in the formation of confining Abelian electric flux tubes
that connect quarks and antiquarks. These flux tubes are the
dual analogs of Abrikosov-Nielsen-Olesen (ANO) vortices
in type-II superconductors [2—4]. Detailed discussions on
the dual superconductivity mechanism can be found in the
review [5]. Lattice QCD simulations have long been
employed as one of the primary approaches for obtaining
the chromoelectric field or the profile of the flux tube
[6-10]. It is worth noting that these studies largely rely on
the choice of a specific gauge condition [11], namely, the
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so-called “maximal Abelian projection”. Among numerous
lattice simulation studies, the Clem ansatz [12] is frequently
employed to describe the short-distance behavior of flux
tubes. The Clem ansatz is intended to hypothesize or
provide an approximate analytical expression for the trans-
verse profile of the flux tube. More specifically, it intro-
duces a simplified ordinary differential equation (ODE) that
captures the spatial variation of the magnetic field or
magnetic potential within the flux tube. This ODE is
governed by the Ginzburg-Landau parameter, and under
specific boundary conditions, its solutions are expressed as
combinations of Bessel functions. Such solutions are often
used to fit the chromoelectric field distributions obtained
from lattice simulations.

Many researchers aspire to address such problems using
a forward-thinking approach—for instance, by directly
solving the second-type of superconducting ODE associ-
ated with the Clem ansatz, and subsequently analyzing the
parametrization of the analytical solution based on lattice
simulation data. While studying the solutions of such
equations is inherently meaningful, the high complexity
of many problems often precludes the availability of
explicit analytical expressions, thus hindering forward
approaches. Conversely, in QCD research, one frequently
encounters inverse problems; namely, deducing physical
laws from experimental observations. These problems are
inherently challenging and demand sophisticated solution
strategies. Various methods exist for inferring model
parameters from experimental or simulated data, and recent
advances in data-driven approaches have introduced
increasingly modern techniques. Machine learning (ML),
a modern branch of artificial intelligence (Al), is gaining
traction as a powerful tool in QCD studies and applications
[13—-40] (see also the review [41]). ML provides a data-
driven framework for uncovering the behavior of complex
systems. In particular, by training deep neural networks
(DNNs) on empirical data, one can infer model parameters
and associated physical properties. Furthermore, embed-
ding physical knowledge—such as PDEs or ODEs and
their symmetries—into DNNs can enhance the fidelity of
the learning outcomes. This class of methods is known as
physics-informed neural networks (PINNs) [42].

Physical equations are often employed as prior condi-
tions for describing a system, with their associated laws and
symmetries providing constraints that ensure the solutions
obtained during neural network training remain physically
consistent. PINNs offer a framework that leverages auto-
matic differentiation (AD) [43] to handle PDEs or ODE:s.
By incorporating auxiliary loss terms corresponding to the
governing equations, PINNs enable supervised learning
constrained by physical laws, allowing the solution of both
linear and nonlinear problems, such as the Navier-Stokes
equation in fluid dynamics [44,45]. In this work, we
introduce the PINNs framework into the study of chromo-
electric field distributions. By analyzing color flux tube

data generated from lattice simulations of quark-antiquark
excitations at varying distances [46], we aim to solve the
simplified Ginzburg-Landau equation embedded in the
Clem ansatz [12]. Without imposing explicit boundary
conditions, and following a purely data-driven approach,
we successfully infer both the field profiles and the
governing parameters corresponding to different quark
separations. The PINNs functionality implemented in the
DeepXDE [47] software package is used to perform the
analysis. The structure of this paper is organized as follows.
In Sec. II, we introduce the chromoelectric field distribu-
tions and outline relevant details of the lattice simulations.
Section III provides a review of the key concepts under-
lying PINNs, with a particular focus on the formulation of
PDEs and the corresponding loss functions. Section IV
presents our results and discussion. Finally, we offer a
summary and concluding remarks.

II. SIMPLE MODEL IN A TYPE 11
SUPERCONDUCTOR

In the dual superconductivity framework, the chromo-
electric field is confined into a flux tube via the dual
Meissner effect, analogous to the characteristics of an ANO
vortex. Type-I and type-II superconductors exhibit attrac-
tive and repulsive forces, respectively, along the vortex
axis. From the superconducting analogy, the type of dual
superconductivity characterizes the vacuum of a Yang-
Mills theory or QCD in which quark confinement occurs.
In Clem’s work [12], it was pointed out that the penetration
depth and coherence length calculated within the London
model diverge along the vortex axis, due to the model’s
neglect of the vanishing order parameter at the core. To
address this issue, Clem proposed a variational model of a
normalized order parameter for an isolated vortex and
derived simple analytical expressions for the magnetic field
and supercurrent density that satisfy both Ampere’s law and
the Ginzburg-Landau equation. It is worth noting that this
simplified model provides a remarkably good description
of the chromoelectric field profiles obtained from lattice
simulations [10,48-51], offering a practical approach for
determining superconducting parameters in studies of the
chromoelectric field distribution and dual superconductiv-
ity on the lattice.

In Ref. [12], the author presented a simple variational
model for the magnitude of the normalized order parameter
of an isolated vortex; f = x,/R, where x, is the radial

coordinate,’ R = \/x? + &, and &, is a variational core
radius parameter. In the cylindrical coordinate framework,
the magnetic flux density b = 2b_(x,) is oriented along
the Z direction and depends on the radial coordinate x;.

'In this work, we adopt cylindrical coordinates. Assuming
that the chromoelectric field distribution is independent of the
z-coordinate, it can then be treated as a function of the transverse
spatial coordinate.
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Under this configuration, the supercurrent density can be
expressed as j = @j,(x,). Introducing a vector potential
a = (a,(x,), which satisfies the Coulomb gauge and
vanishes at the vortex core, the second Ginzburg-Landau
equation can be written as

) 1
jo = ~(am2) (o0 =52 @

where ¢ is the external flux [10] and A is the penetration
depth. Under Ampere’s law and the definition b =V x a,
one has j = (1/4x)V x b, which leads to an inhomo-
geneous differential equation for the azimuthal component
of the vector potential a,,

[ (a5

An analytical solution to Eq. (2) exists as

2
) = = q;{z/l(;)cct,) '

(2)

a

(3)

[

_ ¢ [ _RK1(R//1)}
27x, &K (E,/A))

involving the modified Bessel function K,,(x), yielding the
corresponding expressions for the magnetic flux density
and the supercurrent density as follows:

j(/; = (¢/8”2/12§17)(xt/R)K1 (R/A)/Kl(éb/ﬂ) (4)

Although the above formulation represents a simplified
version of a superconducting model, it successfully cap-
tures the profile of the color field distribution between static
quark-antiquark pairs as obtained in lattice QCD simula-
tions [10,46,49-53]. This is primarily attributed to the dual
superconductor picture, in which the flux-tube structure
connecting a quark and an antiquark naturally embodies the
confinement mechanism. Within this picture, the magnetic
flux density in a superconductor can be interpreted as
analogous to the chromoelectric field strength in QCD,
both depending on the radial coordinate, and one may
identify E,(x,) = b.(x,). Figure 1 presents a schematic
diagram of the coordinate system used to describe the
chromoelectric field distribution between a quark and an
antiquark. Here, the field strength £, depends solely on the
transverse coordinate, namely the radial coordinate x, in
cylindrical coordinates, with its direction oriented from the
quark to the antiquark.

This approach has been employed in numerous lattice
studies, from which the effective parameters of the super-
conducting equations have been extracted by fitting to the
simulated color field profiles. It is worth noting that the
color field distribution between quark pairs in lattice
simulations is typically obtained using the vacuum expect-
ation value of a combination of the plaquette, Wilson loop,

z xX; =/ x2 + y?
J—y

. @ PoE YA

FIG. 1. A schematic diagram of the coordinate system used to
describe the chromoelectric field distribution between a quark
and an antiquark.

and Schwinger line operators, which in the continuum limit
yields the field strength tensor F,, corresponding to the
chromoelectric field.

We now return to Eq. (2), which is a differential equation
governing the vector potential. Once a,, is determined, the
magnetic flux density—and thus the corresponding chro-
moelectric field strength E,—can be obtained via standard
operations. Moreover, by imposing the conditions that the
vector potential a,, vanishes both at the vortex core and at
spatial infinity, Eq. (2) can be reformulated as an integral-
differential equation (IDE), which takes the following
explicit form:

x,)? X
ro) - T8 [k s

dx, 2 x

¢f(xt)2

27y,

(5)

with E_(x,) = xltdix, (x,a,(x,)). Both Egs. (2) and (5) can be
used, either directly or indirectly, to obtain the chromo-
electric field distribution and to fit the corresponding model
parameters based on lattice QCD simulations. In previous
work, we explored nonphysics-informed neural network
architectures [54], such as MLP and KAN, to analyze
various chromoelectric field distributions. In particular, the
KAN framework enabled us to obtain analytical expres-
sions for the color field profiles. In this study, we adopt the
framework of PINNs to analyze these two equations. By
treating the color field or flux tube profiles, generated at
various quark-antiquark separations [46], as input data, we
apply an inverse problem approach to solve the associated
PDE/ODE/IDE without relying on explicit analytical
expressions, thereby extracting the effective parameters
of the superconducting model [12].

III. PINN FRAMEWORK AND PDE/IDE

PINNSs integrate physical laws, typically expressed as
PDEs, directly into the training process of neural networks.
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By incorporating these governing equations into the loss
function, PINNs ensure that the network’s predictions not
only fit the data but also adhere to the underlying physical
principles. This approach enhances generalization, espe-
cially in scenarios with limited or noisy data, and enables
the solution of both forward and inverse problems. PINNs
serve as mesh-free alternatives to traditional numerical
methods, leveraging automatic differentiation for efficient
computation of derivatives, and have been successfully
applied across various domains, including fluid dynamics,
structural mechanics, and biomedical engineering [55]. As
a neural network framework for data-driven solutions to
physical problems, PINNs can be employed to solve
forward problems involving PDEs with known parameters,
as well as to infer parameter sets from data, which falls
within the domain of inverse problems. When a PDE lacks
explicit boundary condition information, the model must be
trained in a manner that is driven solely by data and the
governing equations (physics). Thus, training PINNs
simultaneously constitutes the process of solving the
associated PDEs.

Within the PINNs framework, the architectures for
forward and inverse problems differ slightly, but both
generally consist of an input layer, output layer, and
multiple hidden layers. The interconnections among layers
follow the standard structure of neural networks. Activation
functions enable the network to capture nonlinear relation-
ships, while the weights and biases are iteratively updated
during training. A fully connected feedforward neural
network is constructed from linear summations combined
with activation functions. For networks employing differ-
entiable activation functions, derivatives of the output with
respect to the input can be computed via backward chain.
This technique is known as AD [43], it is a built-in function
that can be directly called in the popular ML backends such
as PyTorch [56,57], TensorFlow [58], Jax [59], and Paddle [60].

As an example, we consider the PINNs framework for
solving inverse problems, and examine the implementation
of Eq. (2) within this context. The ODE can be expressed as
follows:

Floy: x,.0,,.a,] =0,x,€[0, 0], (6)

where ®,, denote the all parameters of ODE such as
A, &, ¢, and operator F represents the residual obtained
by subtracting the right-hand side of Eq. (2) from its left-
hand side. The PINNs framework for solving the inverse
problem of PDE is illustrated in Fig. 2, now the all
unknown parameters ®,, as hyperparameters are trained
together with the DNNs. We emphasize that the data used
in this study are obtained from lattice simulations of E. (x,);
however, this quantity can also be derived from the vector
potential a,(x,). Therefore, we consider the both to be in
one-to-one correspondence.

DNN AD PI
oo ] -
a i
nput | 3 U %N LP/IDE (mse, |
o O @ S
g O O | % [Data}_
)\ =T
s, [ | [EED

\ weights W, biases b /

optimization ho MSE<e
update or itmax

DONE!

FIG. 2. The framework of PINNS to solve the inverse problem
of PDE/ODE/IDE.

The input x, of the PINNs corresponds to the coordinates
of the training points. Since we are addressing an inverse
problem, initial and boundary condition sampling points
typically available in forward problems are absent; only
sampling points within the domain of the equation are
considered. A fully connected feedforward DNN can be
used to compute the predicted solution of the equation

at the coordinates x¢;, denoted as E? red(x;’_i;a)m,é?). This
prediction is then compared to the measured data E<(x?,),
where 6 represents the hyperparameters of the DNN, and
®,, denotes the unknown parameters in the PDE/ODE/IDE
that are to be inferred. In the analysis of inverse problems,
typically only the governing equations and measured data
are available. In such cases, the physical information is
composed of two components: the residuals of the PDE/
ODE/IDE and the residuals corresponding to the measured
data. In the absence of boundary and initial conditions as
physical constraints, the total loss function MSE,, can be
expressed as [42]

MSE i = MSE, + MSE,
1 Y

red 2

MSE, =33 IEV* (eli6.0,) = EX(el .
i=1

Ny
Z"F[wm;x{i’ax{i’Ez”z’ (7)

i=1

MSE; = NL
f
where MSE,; and MSE; are the mean square error of
residuals of the measurement data and the PDE/ODE/IDEs,
respectively. N, is the number of the training points and N,
is the number of collocation points randomly sampled in
the equation domain.
We now turn to the case of handling IDEs within the

PINNSs framework. In this scenario, AD remains applicable
for the differential operators in the equations; however, the
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FIG. 3. A schematic diagram of the discretization strategy for
solving integrodifferential equations within the PINNs frame-
work is shown [61]. While the differential terms can be handled
via AD, the integral components require appropriate discretiza-
tion schemes, such as the finite element method (FEM), the finite
difference method (FDM), or Gauss-Legendre quadrature (G-L).

integral operators must be incorporated through numerical
techniques, specifically by discretizing the integrals (see
Fig. 3).” This transformation effectively recasts the IDEs
into ODEs. Prior studies addressing IDEs using discretiza-
tion schemes within PINNSs, such as those in Refs. [61,62],
are highly instructive—particularly the auxiliary PINNs
strategy proposed in Ref. [62], which reformulates complex
IDEs into systems of PDEs, thereby expanding the flex-
ibility in designing loss functions. In the present work, we
adopt a discretization scheme based on Gaussian quad-
rature to treat Eq. (5), rewriting the integral in a discrete
form as follows:

[ 305> st (8)
i=1

where s;(x) and «@; are the known integral nodes and
weighting factors, respectively. In this work, we set the
20th-order Gauss-Legendre quadrature for the IDE (5).

IV. RESULTS AND DISCUSSTION

The core objective of this work is to use the color field
distributions E,(x,), obtained from lattice simulations at
various color source separations d, as training data to solve
the equations arising from the dual superconductivity
picture—specifically, the ODE (2) and the IDE (5). We
assume, under certain conditions, that these equations are
physically compatible. Each color field distribution

2Here,“fractional” refers to the embedding of discretized
integrals into the PINN, and does not imply that our work
employs fractional-order differential operators. The term “frac-
tional” is retained only as an original label [61].

corresponding to a given d is trained independently, with
20% of the primary sampling points reserved as a test set.
For comparison, in addition to the lattice simulation data,
we also consider the Clem parametrization from Ref. [46] as
a benchmark for the inverse problem of recovering equation
parameters. The parametrization employed in Ref. [10] is a
modified version of Eq. (4), where b, = E,, namely,

_ ¢ 1 K(R/2)
Et) = 53 K () 0)
_ $ K| + )] 9
T2t a Kila] Y
with
1 1_4
=71 a & o

The second line of Eq. (9) offers a notable advantage: it allows
for fitting procedures that include the transverse coordinate
x, = 0. Furthermore, the parameters ¢ and a represent the
penetration depth and the ratio of the variational core radius to
the penetration depth, respectively. The Ginzburg-Landau
parameter k, which characterizes the type of superconduc-
tivity, is defined by the following relation [12]:

K=§[1 - K3 (@)/Ki(@)]'/2, (11)

and can be used in conjunction with the relation xk = /¢ to
determine the coherence length &.
We further present the string tension /o7 between the

quark and antiquark, as well as the average width Vw? of
the resulting color flux tube, both computed from the
solutions of the trained equations or the inferred color field
distributions. These quantities are defined as follows:

_ 2 E%(x,) 2 fdzxtxtzEz(xt)
VR e P A

(12)

A. ODE case

We first present the results obtained by solving the
original ODE (2). Since the lattice simulations provide
the chromoelectric field E,, whereas the solution of the
ODE corresponds to the gauge potential a,, the data
residual must account for an additional AD step, given
by E.(x;) = xl,dix, (x,a,(x,)). The neural network architec-
ture is configured as [1, 70, 70, 70, 1], meaning that each
of the three hidden layers contains 70 neurons. A learning
rate of 10~ is employed, and the maximum number of
training iterations is set to 50,000. In addition to the
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FIG. 4. The loss function curves corresponding to the solution of the ODE using the PINNs framework are presented, with the testing
set (red) constructed by randomly selecting 20% of the samples from the training dataset (blue).

hyperparameters of the neural network itself, the unknown
parameters of the equation, such as ¢, 4, and &,, are also
included in the optimization process. The lattice simulation
provides ten sets of E,(x,), each corresponding to the
distribution of the chromoelectric field at quark-antiquark
source separations of d = 0.37, 0.45, 0.51, 0.54, 0.69, 0.85,
0.94, 1.02, 1.06, and 1.19 fm. Each set of E,(x,) corre-
sponding to a given d is trained individually, and the total
loss functions for both the training (blue) and testing (red)
datasets are presented in Fig. 4. It is important to emphasize
that we define the total loss MSE,,, as a weighted sum,
where the ratio between the ODE loss and the data loss is
set to 0.2:1. This choice reflects the fact that the data are

not continuous and exhibit certain nonphysical fluctua-
tions; hence, the data loss must retain a nonzero weight.
According to the training results, both the ODE loss and the
data loss, for both the training and test sets, stabilize at the
level of 10~* ~ 1073 after 50,000 iterations.

A comparison between the chromoelectric field distri-
butions predicted by the PINNs framework for solving the
ODE, the lattice simulation results, and the Clem ansatz is
presented in Fig. 5. It can be observed that the blue curve,
representing the PINNs prediction, and the red curve,
corresponding to the Clem parametrization, are both in
good agreement with the black data points from the lattice
simulation.

Lattice
= Clem Fit
= PINN (ODE)

Lattice
= Clem Fit
= PINN (ODE)

Lattice
= Clem Fit
= PINN (ODE)

E.(z,) (GeV?)

Lattice
= Clem Fit
= PINN (ODE)

Lattice
= Clem Fit
= PINN (ODE)

FIG. 5.

2 (fm)

The chromoelectric field distributions corresponding to the solution of the ODE using the PINNs framework are presented.

The PINNSs results (blue curves) are compared with Clem fit (red curves) and lattice simulations (black solid sircles) [46].
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TABLE I. Comparison between lattice fitting [46] and PINNs
(ODE) inference for parameters ¢, y, and « at various values of d.

Lattice fitting PINNSs inference

d(fm) ¢  u(fm™) a ¢  wu(@m™) o«

0370 3.474 4999 1.192 3489 4966  1.168
0450 3.830 5.300 1.550 3.7746  5.546  1.659
0.510 4.028  6.039 2.141 4.068 5760  1.898
0.540 4370 5.710 2.020 4.650 4.751 1.352
0.690 4.500 6.250 2470 4388 6470 2570
0.850 5.400  6.700 4.000 5511 5429 2441
0940 5.200  7.800 5500 5215 5601 2579
1.020  8.000  4.400 2400 7.699 4587 2407
1.060  6.600  6.000 4.000 6.520 5.034  2.602
1.190 5.500 81.000 700.000 6.151 5.714  3.228

It is known that the discrete field distributions obtained
from lattice simulations can be effectively fitted using the
exact solution of the ODE expressed through the Clem
parametrization (9). The referenced work [46] also provides
the field distribution parameters corresponding to different
values of d. By employing the PINNs framework to address
the inverse problem, the equation parameters can be treated
as unknowns embedded within the feedforward model.
Consequently, while training to solve the ODE, we are able
to infer the equation parameters, specifically &,, ¢, and 4 in
Eq. (2). For comparison with the lattice-based analysis, we
also performed a parameter transformation to extract the
inferred values of ¢, u, and a in Egs. (9) and (10).

Table I presents the equation parameters extracted by
fitting the lattice simulation results using the Clem para-
metrization, alongside those inferred by solving the ODE
with the PINNs framework. The method adopted in this

work does not rely on an explicit analytical expression for
the solution; instead, the optimal parameters are entirely
determined by the neural network.

B. IDE case

For the inverse problem of solving the IDE in a data-
driven framework, where lattice simulation data [46] are
used as input to Eq. (5), we adopt a DNN architecture with
the structure [1,64, 64,64, 1], in which each of the three
hidden layers contains 64 neurons. The learning rate is set
to 5 x 107, In addition to the intrinsic hyperparameters of
the neural network, the unknown parameters appearing in
the equation, such as ¢, 4, and &, are also included in the
training and optimization process. The maximum number
of training iterations is set to 2 X 10%, and the loss function
is monitored as a function of the iteration number.

As mentioned earlier, the lattice simulation provides ten
sets of E_(x,) data, each corresponding to a specific dis-
tance between the quark and antiquark color sources, with
d =0.37,0.45,0.51, 0.54,0.69, 0.85, 0.94, 1.02, 1.06, and
1.19 fm. Each color field distribution corresponding to a
given value of d is trained independently. The total loss
functions for both the training (blue) and testing (red) sets
are presented in Fig. 6. It is important to emphasize that we
define the total loss MSE,,, as a weighted sum, where the
ratio between the IDE loss and the data loss is set to 0.4: 1.
This choice reflects the fact that the data are not continuous
and exhibit certain nonphysical fluctuations; hence, the
data loss must retain a nonzero weight. According to the
training results, both the IDE loss and the data loss, for both
the training and test sets, stabilize at the level of 1074 ~
1075 after 20,000 iterations.

—— Train Loss
1004 === Test Loss

—— Train Loss
=== Test Loss

107" d=0.37 fmn 7 d=0.51 fm 5
10725 E
1
[E
3] . i
10 ~_
g 1 e Ao
S 10714 E e
3
= Train Loss —— Train Loss —— Train Loss
= 1004 === Test Loss === Test Loss === Test Loss

d =085 fm 73

1
st

N " y!
10 -4 *\\LALD.’-MMJ‘ .
T T T

d=1.02 fm 7§ d=1.19 fm

) )
""“"'JJ.L

S ke

A
.,
E W ]
S

T T T
0 10000 200000 10000 200000

T T T T T T T
10000 200000 10000 200000 10000 20000
Epochs

FIG. 6. The loss function curves corresponding to the solution of the IDE using the PINNs framework are presented, with the testing
set (red) constructed by randomly selecting 20% of the samples from the training dataset (blue).
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E.(z;) (GeV?)

FIG. 7.

2 (fm)

The chromoelectric field distributions corresponding to the solution of the IDE using the PINNs framework are presented. The

PINNS results (blue curves) are compared with Clem fit (red curves) and lattice simulations (black solid sircles) [46].

The predicted color field distributions E_(x;) obtained
from training at various source separations d are shown in
Fig. 7, with lattice simulation results [46] included for
comparison. Additionally, we compare these with the Clem
parametrization (9) fitted to the lattice data. The blue curves
represent the solutions of the IDE obtained through our
training framework, the red curves correspond to the Clem
parametrized results, and the black data points are from the
lattice simulations. It is evident that the color field profiles
derived from solving the superconducting equations using
the PINNs framework are in good agreement with both the
lattice data and the fitted parametrization, all capturing the
expected decay of the color field as a function of the
transverse spatial coordinate x,.

Similarly, we have also inferred the relevant parameters
in the process of solving the IDE. The approach to
parameter inference follows the same procedure as for
the ODE, where the parameters &, ¢, 4 are embedded into
the feedforward model and inferred during the equation-
solving process. For comparison with the lattice-based
results, we performed a parameter transformation to obtain
the corresponding inferred values of ¢, p, a. It is important
to note that the superconducting equation in the IDE form
requires discretization of the integral term, which is then
incorporated into the residual of the equation constraint.
Table II presents a comparison between the parameters
inferred by solving the IDE inverse problem using PINNs
and those obtained from the lattice-based analysis.

C. Discussions

We have presented the results obtained using the PINNs
framework to solve the dual superconducting equations
for color field distributions in both the ODE and IDE
formulations. This includes comparisons between the

predicted solutions, lattice simulation results, and the
Clem parametrization. Furthermore, we have demonstrated
the capability of the inverse problem approach to infer the
unknown parameters in the governing equations. Overall, the
results show that PINNs can effectively be employed to solve
the dual superconducting equations in both their ODE and
IDE forms. In addition, the extracted color field distributions
E_(x,) were used to compute physical observables associated
with the flux tube structure, namely the string tension and the
root-mean-square width, as defined in Eq. (12). These
computed quantities are compared with corresponding lattice
results, as shown in Fig. 8. It can be observed that the string
tension values obtained from both the ODE- and IDE-based
approaches exhibit excellent agreement with the lattice data.
However, slight discrepancies arise in the predictions of the
root-mean-square width. Two factors may contribute to this
difference. First, the range of input data in x, affects the
expressivity and generalization capability of the PINNS, and

TABLE II. Comparison between lattice fitting [46] and PINN's
(IDE) inference for parameters ¢, y, and « at various values of d.

Lattice fitting PINNs inference

d(fm) ¢  p(fm™) a ¢ u(@m™) a

0.370 3.474 4.999 1.192 3.663 4.531 0.966
0.450 3.830 5.300 1.550 3.991 4.970 1.368
0.510 4.028 6.039 2.141 4.240 5.341 1.671
0.540 4.370 5.710 2.020 4.474 5.541 1.910
0.690 4.500 6.250 2470 4.616 6.084 2.371
0.850 5.400 6.700 4.000 5.632 6.154 3.419
0.940 5.200 7.800 5.500 5.470 6.172 3.487
1.020  8.000 4.400 2400 8.458 3.799 1.702
1.060  6.600 6.000 4.000 6.718 5.546 3.409
1.190 5.500 81.000 700.000 6.200 8.679 8.411
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The results for the string tension and the root-mean-square width of the flux tube are shown in the figure. The blue and red data

points represent the lattice simulation results and the PINNs predictions, respectively (left: ODE-based, right: IDE-based).

large-x, fluctuations may lead to inaccuracies in the inte-
gration of higher-order moments. Second, since the PINNs
model is also trained on discretized data, it may yield less
accurate results when evaluating integrals involving strongly
oscillatory behavior.

We now examine the robustness of the PINNs approach in
solving the dual superconducting equations in a data-driven
manner. To quantify the deviation between the PINNs-
predicted color field distribution and the corresponding
lattice simulation results, we employ the relative L, error,
defined as

\/Z?il |Ei.pred - Eé,exaCilz

?il ‘Eé.exact|2

L, error = (13)

15%
—— N; =100
—e— Ny =200
10%1 —e— Ny =300
—e— Nj =400

yl T M=o
: -AW/

0%

Relative Ly Error

—5%

—10%
0.4 0.6 0.8 1.0 1.2

d (fm)

To assess the stability of the neural network configuration,
we evaluate the impact of varying the number of primary
collocation points used in the equation. Specifically, we
consider values of 100, 200, 300, 400, and 500 sampling
points Ny. The resulting relative L, errors between the
trained predictions and the lattice data are shown in Fig. 9,
including results obtained using both the ODE and IDE
formulations. Since the number of collocation points pri-
marily affects the residuals in the physical PDE constraints,
we treat it as the central parameter in our analysis. Itis evident
that, across all cases—regardless of the color field distribu-
tion corresponding to each d or the choice between ODE and
IDE approaches—the relative L, error remains below
approximately 5%.

We also explored different neural network configurations,
such as increasing the number of hidden layers while

15.00%
—e— N; =100
—e— Nj =200
10.00% 1~ —o— Ny =300
—— N; =400
—e— N; =500

-

5.00%

0.00%

Relative Ly Error

—5.00%

—10.00% T y T T T
0.4 0.6 0.8 1.0 1.2

d (fm)

FIG. 9. The relative L, training errors corresponding to primary collocation point numbers N, = 100, 200, 300, 400, and 500 (left:

ODE-based, right: IDE-based).
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keeping the number of neurons per layer fixed. The resulting
relative L, errors remained nearly unchanged, indicating
that the neural architecture previously adopted is effec-
tive for training the dual superconducting equation. We
note that the chosen PDE/data loss weights—0.2:1 for
the ODE and 0.4:1 for the IDE—were arrived at through
extensive hyperparameter tuning rather than arbitrary
selection. Specifically, we conducted grid-style sensitiv-
ity studies over weight values ranging from 0.1 to 0.8,
retraining the PINN models in each case and evaluating
performance in terms of validation loss, RMS error, and
robustness of inferred parameters. This systematic search
consistently revealed that the selected ratios minimize
joint loss and yield the most stable parameter estimates
(variations within approximately 5%). Importantly, the
IDE formulation, which incorporates numerical quadra-
ture (e.g., Gauss-Legendre), alters the scale and smooth-
ness of the PDE residuals, necessitating a larger PDE
weight to maintain balanced training. Achieving the
optimal balance between fitting lattice data and enforcing
physical constraints is a nontrivial multi-objective opti-
mization problem, akin to finding a ‘“Pareto-optimal”
point across competing loss components [63].

Finally, we analyze the discrepancies in the inferred
parameters. It is important to emphasize that the Clem fit
employed in lattice studies is itself an analytical solution to
the governing equation, and the fitted parameters accurately
reproduce the color field distribution. In contrast, our
approach does not rely on the analytical form of the
solution; instead, the parameters are inferred solely from
the equation structure and the lattice color field data
through the residuals during training. Although the inferred
parameters obtained via our method differ from those
derived through Clem parametrization—both in the ODE
and IDE scenarios—the resulting color field distributions
still reasonably reproduce the discrete lattice data. As the
color field profile depends on three parameters, the analysis
indicates that direct fitting is not the sole avenue for
constraining their values. This is particularly evident at
d = 1.19 fm, where the fitted values of y and o deviate
significantly from their inferred counterparts [46], yet both
parametrizations reproduce the color field distribution in
agreement with the data.

V. CONCLUSION

In this study, we employ the PINNs framework to investi-
gate the flux tube structure (color field distribution) between
static quark-antiquark pairs, guided by the dual supercon-
ductivity paradigm. Discrete lattice QCD data at varying
source separations are used to solve the dual superconducting
equations, formulated in both ordinary and integrodifferen-
tial forms. The PINNs architecture incorporates automatic
differentiation for the differential formulation and adopts a
fractional PINNs strategy for the integrodifferential repre-
sentation of the Ginzburg-Landau equations. Our results
show that accurate solutions can be achieved with minimal
dependence on boundary conditions; the governing equa-
tions, embedded as residual terms in the loss function, and
input field data suffice to constrain the system. Unknown
physical parameters intrinsic to the equations are concur-
rently inferred during training via backpropagation, enabling
a data-driven characterization of the dual superconducting
vacuum.

The PINNs framework demonstrates notable efficacy in
addressing inverse problems, particularly in scenarios where
explicit initial or boundary conditions are inaccessible. In this
study, the PINNs-reconstructed color field distributions
accurately recover the solutions of both the differential
and integrodifferential formulations, underscoring a strong
correspondence between non-Abelian gauge dynamics and
the dual superconductivity mechanism. Moreover, extracted
observables—such as the string tension and the root-mean-
square width of the flux tube—exhibit quantitative agree-
ment with lattice QCD benchmarks. These results highlight
the potential of ML to streamline the analysis of complex
nonperturbative phenomena in QCD, and point to promising
avenues for future computational exploration.
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