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An accelerated charge interacts with its own electromagnetic field, a phenomenon known as
electromagnetic radiation reaction. The DeWitt-Brehme-Hobbs (DWBH) equation describes the motion
of a charged mass in the presence of combined electromagnetic and gravitational fields, taking into account
electromagnetic radiation-reaction effects. Here, we find the first exact analytical solution of the DWBH
equation in the case of a charged mass in the presence of copropagating and otherwise arbitrary
electromagnetic and gravitational plane waves. As a consequence of the Penrose limit, the scenario
considered here can be seen as a local limit around ultrarelativistic trajectories in a general curved
spacetime. Finally, the paradigmatic example of an electromagnetic wave in the presence of a constant-
amplitude gravitational wave is worked out explicitly and it is shown how the presence of the gravitational
wave can qualitatively change electromagnetic radiation-reaction effects.

DOLI: 10.1103/z4xf-rqcq

Introduction. When a charged particle is accelerated, the
electromagnetic field that it produces undergoes a deforma-
tion. For this reason, the study of the motion of an electrically
charged particle in general cannot ignore the dynamics of its
electromagnetic field and the consequent interaction between
the charge and the field itself [1,2]. In flat spacetime, this led
to a modification of the Lorentz equation due to Dirac,
Abraham, and Lorentz himself [3-5]. The additional force
resulting from the interaction between the charge and its field
is known as radiation-reaction force and it has puzzled
scientists for decades. The complete equation of motion,
known as the Lorentz-Abraham-Dirac (LAD) equation, in
fact, is not Newtonian and contains a term involving the time-
derivative of the acceleration. Such an equation is inevitably
pathological and admits unphysical solutions. However, a
reduction of order, first proposed by Landau and Lifshitz [2],
can be applied to the LAD equation to obtain an equation
known as the Landau-Lifshitz (LL) equation, which does not
feature any of the shortcomings of the LAD equation while
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admitting its physical solutions [6]. In the case of an electron,
it can be proved that the LL equation is classically equivalent
to the LAD equation, in the sense that their differences are
smaller than the already ignored quantum effects [2,7].

The picture becomes further complicated when one
includes gravitational effects. Indeed, in curved spacetimes
light can propagate off the light cone, such that the electro-
magnetic radiation emitted by a massive charge can interact
again with the charge itself after a finite propagation time [8].
In other words, the Huygens’ principle in general does not
hold. This effect has been taken into account in the work of
DeWitt, Brehme, and Hobbs (DWBH) [9,10], who gener-
alized the LAD equation to curved spacetime. The main
novelty of this equation is the appearance of a “tail” term
involving the portion of the electromagnetic Green’s function
supported inside the light cone. This exactly describes the
aforementioned failure of the Huygens’ principle. As in flat
spacetime, it is possible to operate a reduction of order to the
LAD terms in the equation, thereby fixing the pathologies
arising from the third-order derivative terms [11]. Below, we
will refer to the order-reduced equation as to the DWBH
equation.

Due to its mathematical complexity, it is challenging to
solve the DWBH equation analytically and, to the best of
our knowledge, no analytical solution of this equation has
been found as of today. This is hardly surprising, given
that only a handful of solutions of the LL equation in flat
spacetime are known. A relevant example here is the
solution found in a plane-wave background field [12].
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Despite featuring idealized highly symmetric structures,
plane waves are extremely useful models. Indeed, any wave
front looks locally approximately planar and an arbitrary
electromagnetic field looks approximately like a plane
wave in the rest frame of an ultrarelativistic charge [1].
Moreover, plane waves can also be employed to efficiently
describe lasers fields, especially if they are not tightly
focused [13—15]. Notably, the same is true for gravitational
plane waves: an arbitrary spacetime locally resembles a
plane-wave spacetime for an ultrarelativistic observer,
which is known as Penrose limit [16].

In the present Letter we find the exact analytical solution
of the DWBH equation in the case of an electromagnetic
plane wave propagating in a generic gravitational plane-
wave spacetime along the same direction and otherwise
arbitrary. By constructing the vector Green’s function from
the solutions of the wave equation, we show that the tail
term of the DWBH equation identically vanishes in plane-
wave spacetimes. The same conclusion has been drawn
through different derivations in Ref. [17] for Ricci-flat
plane waves and, in general, in Ref. [18]. Although the
scenario considered here can be viewed as the general local
limit around ultrarelativistic observers according to Penrose
limit, the resulting particle trajectory may not provide an
accurate description of the actual motion in a generic
metric. In fact, radiation-reaction effects are inherently
nonlocal phenomena. Therefore, the absence of tail terms in
the present scenario implies that, in general, such nonlocal
effects must arise from higher-order terms in the expansion
of the null Fermi coordinates. Resulting accumulation
effects may also strongly influence the particle’s dynamics.

Electromagnetic radiation reaction. As previously men-
tioned, the study of the electromagnetic self-force has a
very long history (see the books [1,2,7,19] and the reviews
[13-15,20]). Here, we directly report the LL equation [2]
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where e and m are the charge and mass of the electron,
respectively, 7 is its proper time, u* its four-velocity, F**(x)
the external electromagnetic field, and 7, = e?/6xm (units
with ¢y = ¢ = 1 are used throughout and the flat metric
tensor 7, is diag(+1, -1, —1,—1)). It is worth mentioning
that the LL equation has also been derived in Ref. [21]
using a nonpointlike description of the charge and thus
rigorously avoiding Coulomb-like divergences.

In Ref. [9] DeWitt and Brehme extended the LAD
equation to curved spacetime obtaining a close but
incomplete equation, which was further corrected by
Hobbs [10]. The resulting full equation of motion was
also derived later in Ref. [11], where it is also shown that

the pathologies of the LAD equation in a curved space-
time can be cured via a reduction of order resulting in a
general covariant version of the LL equation (see also
Ref. [22]). This order-reduced equation, which we refer to
as the DWBH equation, reads [11]
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where D/Drz is the covariant derivative along the trajec-
tory, al®b” = (a®b? — a’b*)/2 for two arbitrary four-
vectors @ and b*, R*(x) is the Ricci tensor, and where
the retarded Green’s function GY, ,(x(7),x(7)) of the
covariant electromagnetic wave equation is calculated in
two spacetime points belonging to the particle worldline.

While the curved spacetime generalization of the LL
equation is clearly recognizable, the last two terms of
Eq. (2) are genuine gravitational features. The contributions
involving the Ricci tensor can be seen as a modification of the
incoming field due to its interaction with the spacetime
curvature [10]. The last term is the aforementioned tail term,
which is not local and depends on the past history of the
particle [8].

Green’s function in plane-wave spacetimes. The metric
describing a plane-wave spacetime propagating along the
direction n can be written as [23-25]

Gu(P) = n,it, + nyit, + 7ij(¢)5;i45£’ (3)

where n# = (1,n), i* = (1,—-n)/2, while i, j refer to the
two coordinates transverse to the wave propagation n = z
and ¢ =x~ = n-x = r— z. The last coordinate x* = 7i - x
completes the light-cone set {x~, x’, x™ }. The metric tensor
9 () in Eq. (3) is known as the Rosen metric and, despite
not being globally defined [26,27], it is extremely useful to
describe the dynamics, due to its high degree of symmetry
and its dependence on a single coordinate. Another chart,
known as Brinkmann chart, is used to describe plane-
wave spacetimes [28], which has the advantage of being
globally defined but the disadvantage of making the
dynamics equations more complicated than in the Rosen
chart. The metric in this chart has a Kerr-Schild form
Gu(p. X") =n,, + Hij($)X'X/n,n,, where H;;(¢) is the
Brinkmann wave profile and it is connected to the Rosen
metric vierbein e”,(¢), defined as g,,(¢) = ey, (¢)e”, ()
through the equation &;;(¢p) = Hy()e*;(¢) (here and
below the dot indicates the derivative with respect to
X~ = ¢). Throughout this work, we adopt the convention
that the left index of a vierbein is always Minkowskian,
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while the right index always refers to curved spacetime and
is lowered and raised by the metric tensor g, (¢).

In plane-wave spacetimes, the Huygens’ principle has
been shown to hold [18,27,29,30]. Thus, the Green’s
function of the physical electromagnetic field F,, does
not feature any tail term [17] and the last term in the
DWBH equation (2) identically vanishes. Here, we provide
a simple proof of this statement which highlights some
interesting connections between particles and fields dynam-
ics in plane waves.

With this aim, we will first briefly introduce the main
features of the particle dynamics in Rosen coordinates,
and then we will exploit these notions to construct the
four-vector solutions of the wave equation and the corre-
sponding propagator. It can be shown that the geodesic
motion in a Rosen chart can be fully described through
a simple operator A% ;(x7) [31]. In fact, the vierbein-
projected four-momentum 7%(x~) = e%,(x™)7,(x7) of a
free-falling pointlike particle with initial momentum p*
takes the form

mp(x7) = Af 4(x x)p?, (4)
where
A, (x7) = exp {—2&11[”%6/’]"()()} (5)
P 'S ,
with Ae?i(x~) = e”!(x~) — /. From this property it follows

that the momentum at a generic value of x~ is related to its
value at another y~ through the expression
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with 8eki(x~,y™) = eki(x™) — e¥i(y™), is exactly the vier-
bein-projected parallel propagator along the geodesic with
initial tangent vector p“* [8].

Let us now consider the massless four-vector wave
equation in the Lorenz gauge

V,VFAY 4 R, A* = 0. (8)

In a Rosen chart, the vierbein-projected solution of this equa-
tion A%, (x) = e, (x™)Af.-(x), with initial four-momentum
g" and polarization r = 0, ..., 3, can be written as [31]

A, (x) = Q0 )eSWE, (), ©)

where Q(x™) = | det g(x7)|7i = | det y(x7)| 7, S, (x) is the
classical Hamilton-Jacobi action for a particle in a plane wave:

S, = = v+ 520 [" aiiy @)=, (10)

and £ g.-(x7) is the polarization vector

E4 () = Ngy0)épr =00, (1)
with e{;,, being the polarization four-vector of a free photon
with momentum ¢* and polarization r in flat spacetime
and o(x”) the trace of the 2x2 matrix o;;(x7) =
éi(x")e; F(x7). Tt is worth observing that ®,(x) =
Q(x7)eSs() is the solution of the scalar wave equation
V, Vi@ = 0 with the same asymptotic four-momentum, such
that the four-vector solution could be concisely written in the
form A2, (x) = ®,(x)E2,(x7).

We can now introduce the vierbein-projected retarded
Green’s function Gf’e/il (x,y),
Y, VIGY (x.y) + R, Gl (x.y) =
5<4>( y), as [32]

- )/ d4q
G;’eﬂ xX,y) = —/
t ( y) et <2”

WznrrA Za;‘(x)Ag/r(y)’ (12)

satisfying the equation
|detg(x™)[~12g% (x,y)

where the index “ret” indicates that the poles at g> =0
have to be circumvented in order to provide the retarded
Green’s function and where the sum is understood to
be over the flat polarizations with the convention
S nedres, =" [33]. A straightforward calculation
shows that

Zmr ar(x7)E

En ) =g (x".y"1q)

2q-
(13)
such that
)/ 4 )/
6 x) == [ s @ine,m{a” o0
4o lolo) —o(y-nnanﬂ’}. (14)

If we exclude the tensorial terms inside the curly
brackets, this integral reduces to the scalar Green’s func-
tion, which can be easily shown to be [27,30,34]

) G a). (19)

Gret (X, y)
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where X(x,y) is the Synge world function [35] and
A(x~ ) is the van Vleck determinant [8,36]. By defining

F ”( yo) = f ddy'(¢) and z# = x* — y*, these read
NI I
(27)*Q*(x _)92@‘)
A(x™, . 16
(7 y7) = det F(x=,y7) (16)

Here and below we assume the points x, y to be connected
by a single geodesic (see Ref. [27] for further details). The
scalar propagator is only supported on the light cone,
therefore the Huygens’ principle holds manifestly for scalar
fields in plane-wave spacetimes. However, when the tenso-
rial components in Eq. (14) are included, off-light-cone
contributions arise. A direct calculation shows that

G (x, \/A< oy (x (Z(x.y))
—v<x ) 9(2(x,y))}. (17)

where g% (x~,y~) is the general vierbein-projected parallel
propagator obtained replacing p;/p~ with F i‘jl (x=,y7)z/ in
Eq. (7), while the tail term reads

— 5 —lol) ~a(r")
+ T (. y7)de (x7,y7)6e (xm,y7)]. (18)
By exploiting the equation 6,; = H,; — 60", [31],itis easy

to show that the coincidence limit of the tail term restores the
Ricci tensor, as expected for the Hadamard construction [8]:

o)
Jim = VAR YTV Y ) nany
= L ey = L Ry () (19)
87 * nanﬁ’_Sﬂ '\ )

where the limit is performed for z~ > O and H (x~) = H';(x™).
The key feature of the vector Green’s function is that its tail
is a pure gauge contribution. In fact, the tail term multiplying
the 6 function depends only on x~ = n-x and its tensor
structure is given by n,ng, such that the Green’s function for
the physical electromagnetic field appearing in Eq. (2) features

no tail. In other words, V [“Git ,(x.y) is supported only on the
light cone, the Huygens’ principle is preserved, and the tail
term in the DWBH equation, i.e., the last line of Eq. (2)
vanishes. [17,29].

Solution of the DWBH equation. In the following, we solve
analytically the resulting equation in Rosen coordinates and
in the presence of an electromagnetic plane wave also
propagating along the z direction but otherwise arbitrary.

This is described by the four-vector potential a,(¢)=

8, a;(¢p) withMaxwell tensor f,, (¢) =0,a,(p) —0,a,(¢) =
n,a,(¢)—n,a,(¢). Moreover, we include in our analysis the
general Ricci-curved case in which the gravitational wave is
generated by an energy-momentum T,,(¢) = p(¢)n,n,
[37], which is not null in the interaction region. A clarifi-
cation is in order here: while this tensor can be interpreted as
the energy-momentum of a null dust generating the gravi-
tational plane wave, it should not be regarded as the energy-
momentum tensor of the electromagnetic plane wave % (¢)
itself. In fact, although an electromagnetic plane wave
features an energy-momentum tensor exactly of the form
T, (¢) = U(¢)n,n,, the effects of the gravitational field
produced by the electromagnetic field are not taken into
account by the DWBH equation [38]. Clearly, the solution
below also applies to vacuum regions where both electro-
magnetic and gravitational waves freely propagate such that
T/u/(d)) =0and R;w(¢) =0.
In the Rosen chart, one can verify that

D a 1 o
DMT =u g™, — Enayijuluj,
DF* . .
AU AR AL (20)
T

Now, analogously to the pure electromagnetic case [12], the
component u~(¢) can be isolated to obtain a solvable
differential equation. Indeed, exploiting Eq. (20) and
recalling that R, (¢) = H(¢p)n,n, = —(*/4)p(¢)n,n,
with k2 = 32zG, it is easy to find that the contraction of
Eq. (2) with n* gives

_ CPUTIN SR Ve
i =, sdidjy +tgP (u™)>. (21)

This equation is easily integrated and the solution can be
written as u~ (¢p) = uy /w(¢), where uy is the initial value
at the phase ¢, and

P+ 50|

(22)

wid)=1-z; [a

bo

Bt

Being 7;;(¢) negative definite and the energy p(¢) always
positive, we see here that the pure electromagnetic and the
matter curvature contributions to u~(¢b) have opposite signs
(see also below).

Knowing u~(¢), the perpendicular components of the
four-velocity are found to be

77 ()
w(ep)

with ug ; being the initial transverse velocity and

u'(¢) = {”0,,/' - %Aj(‘f’)] ; (23)
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A(¢) = / " 43 w(§)aB) + g las(d) — di(o)]

e [ b @ a@. o4

The last remaining component of the four-velocity can be
found from the on-shell condition, such that the complete
four-velocity can be cast in the form

1 €
@) = g {7 Do, = = @)
b A = A DA
#3228 = 1= 90 = o}

(25)

where A(¢) = & A'(¢) = & i (§) A ().

Finally, the particle trajectory can by obtained by inte-
grating the equation u#(¢p) = dx*(t)/dr = u™(¢p)dx"/d¢p.
It is straightforward to check that the solution in Eq. (25)
reduces to that reported in Ref. [39] in the flat-spacetime
case and to the free-falling solution when the electromag-
netic field is turned off [40].

The impact of the gravitational field on the charge
dynamics can be qualitatively ascertained from Eq. (22).
There are two gravitational effects; one is directly related to
the metric and is described by the 2 x 2 matrix y;;(¢) — n;;,
while the other depends on the presence of matter and it is
proportional to p(¢). The latter effect, as we have observed,
has the opposite sign of the corresponding electromagnetic
contribution. However, the gravitational effect described by
7ij(¢) —n;; can be either positive or negative.

In some cases, the integrals involved in the expressions
of the functions w(¢) and A;(¢) can be taken analytically,
and the peculiar effects of the gravitational plane wave on
the charge dynamics can be explicitly shown.

Letus consider the simple case of a sandwich gravitational
plane wave in vacuum with a constant diagonal Brinkmann
profile H;;(¢p) = H diag(l,—1) for ¢€(-P,P), with
@ = n/(2y/H,), and zero elsewhere, such that y,;(¢) =

—diag(cos®(/H ), cosh?(\/H, ¢)). In addition we
assume that a;(¢) = 8;'ag cos(wep)cos*(\/H, ), cor-
responding to a'(¢) = =6 agcos(we). Passing to the
dimensionless phase variable ¢ = @w¢ and introducing the
parameter A = \/H__/w, one obtains for ¢, ¢y € (—o®, vP)
that [see Eq. (22)]

w(p) =1+ wruyél /(p d@[22 sin(Ap) cos(p)

+ cos(A@) sin(@)]?, (26)

where &), = |e|ay/m. The integrals in the functions A;(¢)
can clearly also be taken analytically, but the resulting

A=1
8
A=09
6
=< [r=08
S
4
A=0.6
2 .\
83—\_/—
0 2 4 6 8 10 12
14
FIG. 1. Function R(¢p,4) = (f«()) ;h for a'(¢) = =& 1ag x

cos(w¢) and different values of A. The black dashed line at
9/4 represents the asymptote of R(p, 1).

cumbersome expressions are not particularly illuminating.
Looking at Eq. (26) and Fig. 1, it is interesting to notice that
the effect of the gravitational wave depends on the ratio of
its amplitude with the angular frequency of the electromag-
netic field, whereas the overall size of electromagnetic
radiation-reaction effects depends, as in the flat spacetime,
on the square of the amplitude of the electromagnetic field. In
particular, close to the resonance 4 =1 the gravitational
wave would enhance the linear increase of radiation-reaction
effects by a factor of 9/4.

One can also study the case of a sinusoidal electromag-
netic wave: a;(¢p) = —6;'ay cos(w¢). The function w(¢) is
given by
¢ sin®(@p)

w(p) =1 —l—w‘reuaf%/ d

7 Y cos? (A9) (27)
This integral can also be computed analytically but it is
more instructive to consider directly the resonant case
A=1. In this case, in fact, one obtains that radiation-
reaction effects scale as tan(¢) — ¢ unlike linearly as in
Minkowski spacetime. Independently of a possible exper-
imental observation, we find it remarkable that a gravita-
tional wave can significantly modify the electromagnetic
radiation reaction depending on the ratio of its amplitude
with the frequency of the electromagnetic wave rather than
with its amplitude.

In conclusion, we have found the first exact analytical
solution of the DWBH equation in the case of copropagat-
ing electromagnetic and gravitational plane wave, both
featuring arbitrary frequency content and polarization. The
case of a monochromatic electromagnetic plane wave
propagating along a constant gravitational plane wave in
a finite phase interval has been worked out explicitly, and it
has been shown how the presence of the gravitational wave
can qualitatively alter electromagnetic radiation-reaction
effects. We have underlined the physical importance of the
found solution as it relates, via the Penrose limit, to the
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motion of an ultrarelativistic charge in an arbitrary com-
bined electromagnetic and gravitational field. In this con-
text, the present results can also be used to determine the
classical electromagnetic and gravitational radiation of a
charge in such background fields.
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