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We extend a top-down holographic model of a Weyl semimetal to finite charge density and compute the
fermionic spectral function by introducing two probe fermions of opposite chirality. The model is
controlled by the boundary fermion mass M and the chemical potential x. In the zero density, small-M
limit, we recover four energy bands, two Weyl points, and linear dispersion in their vicinity, the hallmarks
of a Weyl semimetal. As M increases, the bands between the Weyl points become progressively
compressed and the spectral weight associated with those bands is smeared out. At finite charge density, we
map the Fermi surface in momentum space and identify a Lifshitz transition: two distinct Fermi pockets,
each enclosing a different Weyl point, merge into a single large Fermi surface that encloses both. This
transition can be induced by either control parameter. Varying M alters the band structure and thus the band
shape, which drives the Lifshitz transition, whereas changing u shifts the bands relative to the Fermi level
without qualitatively changing the band structure, producing the Lifshitz transition by moving the band

positions.
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I. INTRODUCTION

Weyl semimetals are materials in which the conduction
and valence bands cross at isolated points in momentum
space [1]. These band-crossing points—called Weyl points—
occur in pairs and host low-energy excitations that are
described by Weyl fermions of opposite chirality, with a
linear dispersion relation near each point. In 1929, H. Weyl
introduced the concept of Weyl fermions as fundamental
particles [2]. But they have not been observed as elemen-
tary particles in the vacuum. Until 2015, people discovered
Weyl semimetals TaAs, in which Weyl fermions appear as
emergent quasiparticles [3,4].

Weyl semimetals represent a class of topological semimet-
als whose properties are characterized by the Chern number, a
topological invariant tied to the chirality of Weyl points. These
Weyl points are topologically protected, ensuring the robust-
ness of the associated electronic states against perturbations.
A topologically protected Weyl point with fixed chirality
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behaves analogously to a magnetic monopole in momentum
space, with the Chern number arising from the integration of
the Berry curvature around it [S]. As aresult, Weyl semimetals
exhibit an intrinsic anomalous Hall effect and host distinctive
surface states known as Fermi arcs [6].

Weyl physics arises when either time-reversal symmetry
T or inversion symmetry P is broken, which splits a Dirac
point into a pair of Weyl points of opposite chirality. This
phenomenon admits a compact description in terms of a
minimal fermionic field theory [7]

L =y(iy*0, —m + By )y, (L.1)
where u labels the spacetime coordinate, m is the fermion
mass, y* are the Gamma matrices, and y° = iy'y*y*y*.
The axial coupling Bf breaks 7. In particular, choosing
B; =125,, gives the band structure illustrated in Fig. 1.

The Lagrangian (1.1) describes the free Dirac fermion
theory. As more materials have been discovered, evidence
has emerged for strongly correlated Weyl semimetals.
Experiments have revealed strongly correlated Weyl semi-
metals, time reversal breaking examples such as Co;Sn,S,
and Mn;Sn [8,9], exhibit significant correlations. Although
many-body approaches such as DFT 4+ DMFT can repro-
duce renormalized Weyl quasiparticles, significant quanti-
tative discrepancies persist in node positions, band
renormalization, and spectral broadening.

Published by the American Physical Society
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FIG. 1. The band structure obtained from the Weyl semimetal Lagrangian (1.1). (a) For | W | < %, the two bands intersect on the k, axis

Maldacena proposed that in the large N, strong-coupling
limit, certain d-dimensional superconformal field theories
are exactly dual to classical supergravity (or string theory)
on (d 4 1) dimensional anti—de Sitter space—the AdS/CFT
correspondence [10]. This opens a new avenue for studying
strongly coupled systems: problems that are intractable in
the field theory description can be mapped and solved by
comparatively tractable calculations in the dual classical
gravitational theory. Because the boundary dynamics are
encoded in a higher-dimensional gravitational bulk, the
approach is commonly denoted holographic duality.

Several holographic Weyl semimetal models have been
proposed [11-13]. Furthermore, based on these models, the
authors have studied anomalous transport phenomena
[14,15], topological invariants [16,17], surface states [18],
dislocations [19], and so on [20-23]. A key feature in these
models is the anomalous Hall conductivity. Most theoretical
treatments assume zero density systems, whereas real mate-
rials typically exhibit a finite charge density. Likewise, the
characteristic linear dispersion near Weyl points has
received relatively little attention in the literature. The linear
dispersion of Weyl fermions in the vicinity of the points is a
fundamental property of the low-energy quasiparticle exci-
tations in Weyl semimetals. This raises several natural
questions: how does the spectral function evolve in a finite
density Weyl semimetal? Does a bulk Fermi surface form,
and if so, what is its topology? What are the dispersion
relations of the low-energy excitations in the finite den-
sity model?.

We focus on these questions based on the top-down
holographic Weyl semimetal of Ref [13]. This model
provides a convenient framework for introducing the
chemical potential. It is an extension of the D3/D7 branes
constructions [24], consisting of an intersection of N,
D3-branes and Ny D7-branes in type IIB supergravity
(SUGRA) in ten dimensions. Table I summarizes the brane
embedding and coordinate assignments. The D3-branes
extend along the four spacetime directions (¢, x, y, z), while
the D7-branes occupy an eight-dimensional world volume

at two Weyl points, each exhibiting a linear dispersion. (b) For || > % the band crossing is lifted and a full gap opens.

spanned by (#,x,y,z,7) and wrap an S3. The remaining
polar coordinates (R, ¢) parametrize the two-dimensional
plane transverse to both the D3 and D7 branes. The dual
field theory is a (3 + 1)-dimensional supersymmetric
Yang—Mills theory coupled to probe hypermultiplets; each
hypermultiplet contains a Dirac fermion and a pair of
complex scalars. The Dirac fermion can be interpreted as a
quark or an electron. Building on this construction,
Ref. [13] implements an axial U(1), gauge field B by

choosing ¢ « z and setting B = ')T'/’ This results in non-

zero Hall conductivities, which are interpreted as the
holographic realization of Weyl-semimetal physics.
Obtaining the band structure and dispersion relations of
Weyl semimetals in our model requires computing fermionic
spectral functions, which provide the direct link between
theoretical predictions and angle-resolved photoemission
spectroscopy (ARPES) measurements. The fermionic spec-
tral function and holographic Fermi surface were initially
explored with a probe-fermion technique [25-30]. This
method was subsequently applied to holographic Weyl
semimetals in Ref. [16] to compute topological invariants
via the topological Hamiltonian method. Probe fermions
have also been implemented in the D3/D7 framework
[31-34]. Following these works, we introduce two probe
fermions with opposite chirality as in Ref. [16], and
implement them in a bottom-up fashion similar to
Ref. [31]. This choice is feasible for qualitative results.

TABLE I. Embedding of branes in the type IIB supergravity
background. The D3-branes occupy the world volume (¢, x, y, z).
The D7-branes coincide with these four spacetime directions and
further extend along the radial coordinate » while wrapping an
internal S°. The coordinates R and ¢ parametrize the directions
transverse to both D3-branes and D7-branes.

t X y z r 53 R ¢
D3 X X X X
D7 X X X X X X X X
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Our calculated spectral function at zero density indeed
exhibits linear dispersion, supporting the concept of a Weyl
semimetal. At finite density, we obtain energy bands near
the Fermi level and the Fermi surface, observing the
Lifshitz transition. This is a phase transition in which
the topology of the Fermi surface changes due to a change
in the electronic band structure [35]. It is a crucial concept
in condensed matter.

The paper is organized as follows. In Sec. II, we
introduce the chemical potential into the holographic flavor
brane Weyl semimetal of Ref. [13], thereby constructing a
finite density model. In Sec. III, we add two probe fermions
of opposite chirality to this background and compute the
corresponding fermionic Green’s functions. In Sec. IV, we
present the spectral function and dispersion relation for the
zero density system. Section V analyzes the finite density
model, examining its dispersion relation and Fermi surface
and demonstrating a Lifshitz transition. Finally, Sec. VI
summarizes our results and conclusions.

II. THE HOLOGRAPHIC FINITE DENSITY
FLAVOR BRANE WEYL SEMIMETAL

In this section, we review the holographic flavor brane
Weyl semimetal proposed in Ref. [13]. Based on this
model, we introduce the chemical potential following the
method in Ref. [31] and construct the holographic finite
density flavor brane Weyl semimetal.

The N = 4 supersymmetric SU(N,.) Yang-Mills theory
(SYM) is holographically dual to type IIB SUGRA in
the near-horizon geometry of the SU(N,.) D3-branes,
AdSs x §3. To incorporate a nonzero temperature 7 in
the field theory, we replace the AdSs factor with an AdSs-
Schwarzschild black brane, where 7 is the Hawking
temperature of the black brane. The resulting geometry
is AdSs-Schwarzschild x$°. We can write down the metric
and four-form C,, which are given by

2 2
ds? = % (—J;l((pp)) dr + h(p)d)?z)

L2
+— (dr? + r2dsg, +dR* + R*d¢?),
P

4 14
Cy :%h(p)zdt ANdxAdy Adz—=r*dp Aw(S?), (2.1)
p
where
Pz /)i
flp)=1-=%,  hp)=1+%, p =r+R.
p P
(2.2)

py, 1s the location of the black brane horizon and L is the
AdSs radius. The black brane’s Hawking temperature is
given by

V2

T
In the D3/D7 model, the intersection of the N D7-branes
gives rise to Ny N = 2 hypermultiplets introduced in dual
boundary SYM [24]. The D3/D7 model is dual to the (3 + 1)
dimensional SYM theory coupled to hypermultiplets. We
also work in the probe limit, Ny < N .. The D7-brane action
is given by

Spy = —N, Ty / B&/=del(P[G] + F)

1

+ 2N Toy / P[CJ A F AF. (2.4)

The first term is the Abelian Dirac-Born-Infeld (DBI) term,
and the second is the Wess-Zumino (WZ) term. Note that
T p7 is the brane tension, P[G| and P[C,] are the pull back of
the metric and four form, and F' = dA is the field strength of
the U(1) world volume gauge field A. £ are the world
volume coordinates. Different from the original definition of
F [36], we have absorbed a factor of 2za’ into the F.

For constructing a holographic finite density Weyl
semimetal, we make the ansatz that

A=A, R=R(r) and ¢p=0bz. (2.5

Because we work in the probe limit. We can use the form of
the induced metric on the D7-branes given in Ref. [14],
directly. It is given by

2

b*R?
+ (h(p) + s )dzZ]
LZ
+ 7 (14 R?)dr* + r?ds3).

(2.6)

The field strength F on the D7-brane world volume can be
expressed as

Fa/; - 0aAﬁ - 6/3Aa, (27)
where a and f label the D7 branes world volume coor-
dinates £. In our ansatz (2.5), only the components F,, =
—F,. = 0,A, are nonvanishing. As a result, the WZ term
vanishes and therefore does not contribute to the D7-brane
action. The action (2.4) then reduces to the DBI part, which
can be written as Sp; = [ £dr. L is the Lagrangian density
of the DBI term. Substituting the induced metric (2.6) and

F’s components into the action (2.4), we can obtain its
specific form is given by
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h(p)p* (28)

274 p2
c- —Nh<p>r3\/ (145 ) hAP + 7P+ R7)

where N = 22%N ¢Tp7. Following the stability analysis
presented in Ref. [13], we have set ¢’ =0 in (2.8),
consistent with the approach adopted therein. If ¢’ # 0,
the corresponding conjugate momentum P, would be
nonzero, potentially resulting in the negative values under
the square root in the D7-brane action. This signifies a
tachyonic instability in the decay rate [37,38]. To circumvent
such instability issues, they set P, = 0 directly in Ref. [13].
Hereafter, we set L =1 for simplicity. The equation of

motion for A, is 6,(3—15,) = 0. So we have

9L _ vo.

29
0A] (29)

Q is related to the charge density in the boundary theory. We
solve (2.9) and obtain the solution as follows

Of (p)p*V1+R?
Vh(p)/ Q" + h(p)>r°p* + bPh(p)*L*r°R*
(2.10)

Ay(r) = -

In holography, the boundary theory chemical potential y is
given by

H=A(c0) (2.11)

with boundary condition A,(r;,) = 0. A} in the Lagrangian
density can be eliminated after the Legendre transformation

ZEL-A;(r)%fr). (2.12)

Substituting (2.10) into (2.12), the effective Lagrangian
density is

F()V1+R2\/p*(Q” + h(p)*r®) + b*h(p)*r°R?

P>/ h(p)

7—_
(2.13)

It will give the equation of motion of R as follows

oL d (oL
———|—=1]=0 2.14
OR dr <0R’> ( )
When r — oo, we have
flp) =1 and h(p) -1, (2.15)

where Q in the second root of (2.13) can be ignored. Then
the form of he effective Lagrangian density (2.13) becomes

the same form in Ref. [13] near the boundary. It gives the
near-boundary asymptotic expansion of R(r) as follows

R(r) = M<1 - b—zlog(r)> + ,—Cz + O(lo‘(iir)), (2.16)

2r2

with M and C constants. The transverse separation R
between the D7- and D3-branes sets the minimal mass of
the open strings stretching between them, % with o the
string length squared. So lim,_ o, R(r) = M corresponds to
a hypermultiplet mass m = 25‘;’ 7 in the boundary SYM field
theory.

In our paper, we take the rescaling as follows

R — bR, T — bT, 0 - b0,

(2.17)
and only consider the situation for the low temperature
T = 0.05. The temperature dependence of the holographic
spectral function has been extensively investigated,
revealing that its peak broadens and diminishes in height
with increasing temperature [31,39—41]. This is a smearing
phenomenon caused by thermodynamic fluctuations.

Figure 2 shows the different finite density cases for the
embedding function at 7" = 0.05. The black curve is the
black brane horizon. We set the different regular boundary
conditions and plot these blue curves in Fig. 2. There are
two different embedding ways: Minkowski embedding
and black hole embedding. The former corresponds to
the insulating phase, while the latter corresponds to the
Weyl semimetal phase [13]. For black hole embedding, we
have the near-horizon condition as follows

R(r)=r p—%—l and R'(r)=0 (2.18)
= 1/’% =0. :

For a given T, different values of r;, correspond to different
values of M. For Minkowski embedding, the embedding
function never touch the horizon, and can reach r = 0 at
Ry > p;,. We have another IR condition as follows

R(r) =Ry and R'(r)=0. (2.19)
Different values of R, correspond to different values of M.
The insulating phase is an inherent feature of the D3/D7
framework, corresponding to a bound state whose spectrum
is characterized by a series of discrete Dirac-delta peaks
[42-45]. In Fig. 2(a), we set Q = 0 and get a zero density
system. There are two classes of Embeddings. In Fig. 2(b),
we set O = 1 as the finite density case. There is only the
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FIG. 2. Embeddings for different IR boundary conditions at 7 = 0.05. The black curve indicates the black brane horizon. The blue
curves are the embedding functions R(r) for different IR conditions. (a) It corresponds to the zero density case for Q = 0; the blue
dashed curve represents the Minkowski embedding, which describes the insulating phase, while the blue solid curve corresponds to the
black hole embedding, characterizing the Weyl semimetal phase. (b) It corresponds to the finite density case for Q = 1, we find that only

the black hole embedding is realized.

At
A

1.2

1.0+

0.8+

0.6

04+

0.2

0.0 n n n ! n n n ! n n n I n n n I
0 2 4 6 8

Y

FIG. 3. The profile of A, as a function of r for T = 0.05 and
M = 0.21650. The blue curve corresponds to Q = %, while the red
curve corresponds to Q = 1.

black hole embedding way. Because we introduce the
chemical potential in this model, it hints that the insulating
phase is no longer present. Therefore, this paper focuses
exclusively on the Weyl semimetal phase, in both its finite
density and zero density cases.

Substituting the result for R(r) into the differential
equation (2.10), we can obtain the solution function A,(r).
As shown in Fig. 3, the blue and red curves correspond
to A(r) functions for Q=% and Q=1 with same
M = 0.21650. Both curves converge to a constant at infinity,
which corresponds to the boundary chemical potential g.

At this point, we have constructed a holographic model
of a finite density flavored brane system realizing a Weyl
semimetal background. At fixed temperatures, the system
is fully determined by the embedding function R and
the boundary charge density Q. The mass parameter
M = lim,_ , R(r), together with Q, completely determines

the boundary chemical potential u. Thus, the system can be
characterized by the parameters (M, u).

III. TWO-PROBE FERMION SETUP

In this section, we introduce probe fermions on the
D7-brane world volume to compute the corresponding
response function. From this, we obtain the fermionic spectral
function and investigate the dispersion relations as well as the
Fermi-surface structure of the dual field theory. The probe
fermions are introduced in a bottom-up manner, following the
approach of Ref. [31]. Specifically, we consider the fermion
action governed by the five-dimensional sector of the induced
D7-brane metric (2.6),

i = p? [—fﬂdﬂ T h() (& + dy?)

h(p)

b2R2 1+ R12
+ <I’l(,0) + p—4> d22:| + p2 dr2,

(3.1)

and neglect the contribution of the three-sphere, which
considerably simplifies the calculation while leaving the
fermionic spectral function qualitatively unchanged. In the
four-dimensional boundary theory, a bulk Dirac spinor maps
to a chiral spinor operator [25]. Accordingly, we introduce
two probe spinors, ¥; and ¥, of opposite chirality to probe
the fermionic spectral function relevant for Weyl semimetal
physics, following the approach of Refs. [16,46]. The two
spinors have masses of opposite sign: taking standard
quantization for one and alternative quantization for the
other produces boundary operators of opposite chirality.
Two ingredients are crucial for realizing Weyl physics.
The first, B, breaks time-reversal symmetry but preserves
axial symmetry. The second, ®, explicitly breaks axial
symmetry and enables spinors of opposite chirality to couple

026028-5
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to one another. These terms lead to the following action for
the probe spinors:

§=381+ 8+ Sines

S, = /dsx —gi'P, ("D, — my — igB,I*)¥,
S, = / d®x/=gi¥,(T*D, + m; + igB,I*)¥,,

Sint = — / dSX\/—g(l.i’]q)\Pl\Pz + []/]*CI)*@Z\PI), (32)

where D, = 0, + § @pun o[l T — igA,, g is the determi-
nant of the five-dimensional part of the induced metric and
n is the coupling constant. We just set the coupling constant
n = 1. Note that I'¢ is the gamma matrix in the tangent space
and I'* is the gamma matrix in the curved spacetime.

Starting from the D7-branes world volume fermionic
action [47,48], the dimensional reduction of the three-
sphere part yields the mass part of probe fermions.
Furthermore, fermion charge is uniquely determined by
the coupling between the world volume fermion and the
gauge field. However, it does not naturally give the Yakawa
coupling in (3.2). Therefore, we fix the mass and charge
here and directly use (3.2) and (3.1) for calculation. Similar
insertions of bottom-up probe fermions into top-down
frameworks have been employed in Refs. [49,50].

As the metric (3.1) is diagonal, a special choice of vielbein
is possible. Therefore the curved spacetime Gamma matrices
satisfy the following relations with the tangent space gamma
matrices

- I r_ -
Vami'm: vV 9rr
I* J
M= e (3.3)
xx Yzz

In our holographic finite density flavor brane Weyl
semimetal model, B, = %9 and ® = R. We can obtain

2
the equations of motion

(TD, — my — igB.T)¥| — RY¥, = 0,

(I'“D, + my + igB,I'*)¥, — RY; = 0. (3.4)
We use the following transformation,
\Pl — (_ggrr)—1/4WIe—iwt—&-ikxx-&-ik}.y-ﬁ—ikzz’ | = 1’ 2’ (35)

to eliminate the spin connection and transform into
momentum space. Substituting (3.5) and (3.3) into (3.4),
and using the rotational symmetry in the x-y plane to set
ky = 0, the equations of motion become

(VGTTE0, + (=i(w + gA,) /=g T + iy/g7k,T%)
+g=(i(k, F gB,)T%) F my)y; — Ry

=0, (3.6)

where B, = 2. We adopt the same I'-matrix representation
as those in [16], specified here for completeness

0 i . 0 ic'
= , i = o ,
i 0 —ic' 0
1 0
It = .
0 -1

Near the boundary r — oo, the Dirac fields behaves as

(3.7)

al at e
a% P4 a% rYmr 4.
v = a_% g P Yy = a% P
ay .. az  rm4
(3.8)

Our goal is to compute the boundary retarded Green’s
function. Because y; and y, obey opposite quantization
conditions, they carry opposite chirality and are coupled to
each other. Consequently, the left-hand component of y;
and the right-hand component of y, serve as the sources,
whereas the right-hand component of y; and the left-hand
component of y, correspond to the expectation values. We
can therefore arrange the sources and expectation values
into two matrices as follows

PR B S N ¥ 4
1 1 1 1
aé’l aé’” aé’m a%,IV
S = and
20 201 201 20V
as  dj as as
20 201 2011 20V
a, a4y ay ay
_grl gl i _2dv
1 1 1 1
g2l g 2 20y
E=| 7 ? ? ? (3.9)
1.1 LIl LI1I v |
as as as as
W 111 1111 11V
ay ay ay 4

where [,11,111,1V denote four independent boundary
conditions. Evaluating the on-shell action at the asymptotic
boundary identifies the fermionic retarded Green’s function
of the boundary field theory as [46,51]

G = il"ES™!. (3.10)

Since (3.10) is obtained in the limit r — r, we may
equivalently write the above expression in an r-dependent

026028-6
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form,

G(r) = iE(r)S(r)~". (3.11)
By rearranging and combining (3.6), the Dirac equation can
be cast as a relation between the source matrix S(r) and the
expectation matrix E(r). The explicit form is

0,5(r) = —ALE(r) + myGoS(r),  (3.12)
0.E(r) =A_S(r) — m\/gE(r), (3.13)
where
A ( TR\/Grr V- —Wg >
= \v, 4wy RG]
’Uj: — (a)+A[) V grr ikx V grr O'l,
vV —9u V YGxx
wy = (k. +B.) Y 5., (3.14)

V gZZ

Taking the derivative of both sides of the definition of the
Green’s function (3.11) yields the following result:

0,G(r) = iT'(0,E(r))S(r)~" + iTE(r)9,(S(r)™)  (3.15)
= 0, E(r)S(r)”
—iE(r)S(r) " (0,8(r))S(r). (3.16)

Substituting (3.12), (3.13), and (3.11) into Eq. (3.16) and
simplifying yields the flow equation for the Green’s
function G(r), which can be written as

0,G(r) = il"A_ = 2m\/9,,G(r) + iG(r)A, T*G(r).
(3.17)

At low temperature, as r — r;, the off-diagonal components
of AL dominate over the diagonal ones. For the flow
equation (3.17), the near-horizon boundary condition is
G(ry) =i X 14,4 as in Refs. [46,51]. Integrating this flow
equation from the horizon to the boundary then yields the
boundary retarded Green’s function G. In the next section,
we compute the spectral function, which is defined
as A(k, ) = Im[trG(k, ®)].

IV. SPECTRAL FUNCTION

We first examine the zero density case and then proceed
to the finite density case. The fermionic spectral function is
obtained numerically from the flow equation (3.17). Based
on these results, we analyze the dispersion relation and the
Fermi surface structure of the holographic finite density
flavor brane Weyl semimetal. Throughout the analysis, we
fix the temperature at 7 = 0.05, set the probe fermion mass

to my = 0, and choose the probe fermion charge as g = 1.
The effects of these parameters have been extensively
studied: higher temperature and smaller m  tend to broaden
the spectral function peak, while larger g can give rise to
multiple Fermi surfaces [39,41]. In this work, our main
interest lies in the dynamics of the boundary field theory
itself. Accordingly, we focus on the influence of the chemical
potential # and the mass parameter M of the coupled
fermions in the boundary field theory on the dispersion
relation and Fermi surface of this system. Here, we adjust
both Q and M to control the chemical potential.

Starting with the zero density case, Q = 0, the chemical
potential vanishes, ¢ = 0, and the system exhibits particle-
hole symmetry. Under these conditions, the model reduces
to the original holographic flavor brane description of a
Weyl semimetal [13]. This system exhibits a phase tran-
sition between the Weyl semimetal phase and an insulating
phase, controlled by the parameter R. Since the system is at
zero density, no Fermi surface is present. In this work, we
focus exclusively on the Weyl semimetal phase.

“l n ”
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FIG. 4. The spectral function A(k,) for T = 0.05, M =~ 0.02,
and o = 0. The spectral function A exhibits a finite weight
contribution at k, = +3.
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FIG. 5. The relation k, — @ near a Weyl point. The red line has
been fitted to the blue data points. It gives a linear dispersion relation.
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FIG. 6. The density plot of the spectral function A(w, k.) for
T = 0.05 and M =~ 0.02. The figure reveals four energy bands
with a linear dispersion near the Weyl points.

In the study of Ref. [13], the system was identified as a
Weyl semimetal when M < M ;.- Accordingly, we begin
with a relatively small value of M =~ 0.02. Since our model
incorporates an axial coupling B along the z-direction, we
first compute and analyze the spectral function at @ = 0 as
a function of k,. As shown in Fig. 4, the spectral function
exhibits nonzero spectral weight near k. = +b = 41,
indicating the presence of Weyl points.

Furthermore, we analyze the dispersion relation of
quasiparticle excitations in the vicinity of the Weyl point.

(a) M ~ 0.06

FIG. 7.

As shown in Fig. 5, the nontrivial spectral-weight con-
tributions of these excitations are extracted from
the spectral function by sampling @ in steps of 0.01 over
the range w € (—0.13,0). The red solid line represents the
dispersion relation obtained by fitting the resulting data
points. The fitted dispersion is given by

w ~ 1.02k, — 0.52. (4.1)

We find that the low energy excitations near the Weyl point
exhibit a linear dispersion. The fitted dispersion indicates
that at @ the momentum is &k, ~ %, which corresponds to the
Weyl point location.

To reveal the global energy band structure, we compute
the fermionic spectral function as a function of &, and w,
the result is shown in Fig. 6. Two such points are located at
(k,,) = (£3.0), consistent with the positions identified
in Fig. 4. The figure clearly reveals the linear Weyl cone
near the Weyl points, along with the presence of four bands.
The band structure shown in Fig. 6 matches that of a
conventional Weyl semimetal as described by the field
theory illustrated in Fig. 1(a). For sufficiently small M, the
system can be treated as a specific type of free Dirac
fermion system, analogous to the theoretical model given in
(1.1), which accounts for the linear dispersion. Similar
behavior has also been experimentally observed in
Co3Sn,S, and Mn;Sn materials, which are 7 -breaking
Weyl semimetals [8,9]. Notably, the holographic flavor
brane Weyl semimetal exhibits a finite spectral weight at
the Weyl point. Since the axial anomaly coupling B? is a
constant b, it has been appropriately rescaled. In this
scenario, the Hall conductivity, as discussed in [13], shows

4.x1078
| 3.x10.78
2.x10.78

1.x10.78

(b) M =~ Mcritical

(a) The density plot of the spectral function A(w, k) for M ~ 0.06 and T = 0.05. (b) The density plot of the spectral function

A(w, k,) for M = M e and T = 0.05. As M increases to M i1, the spectral weight decreases rapidly, and the dispersion between the

Weyl points becomes compressed.
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no dependence on m. Nevertheless, stable quasiparticle
excitations persist in the vicinity of the Weyl point.

When M is increased slightly to M = 0.06, as shown in
Fig. 7(a), the spectral function becomes broadened across
all four bands. No clear excitations remain outside the Weyl
points, while a sharp peak persists between them. The
dispersion relation connecting the two Weyl points
becomes compressed and deviates from linearity. As
depicted in Fig. 7(b), the spectral function is almost entirely
suppressed as M approaches M ;.- Once M exceeds
M isica» the system undergoes a quantum phase transition
from the Weyl semimetal phase to an insulating phase,
consistent with the description in [13]. Although the
dispersion between the Weyl points is visibly compressed,
the scale bar in the figure indicates that the spectral weight
is significantly diminished. While some residual Weyl
characteristics may still be discernible, the system more
closely resembles a gapped band structure.

In the boundary field theory, the fermion mass is given by
m = % When the mass parameter m is sufficiently small,

the model recovers the characteristic band structure of a
conventional Weyl semimetal, as presented in Fig. 6. Similar
local structures were observed in the experiment [8,9]. As
the mass m increases, the peak in the spectral function
decreases rapidly. Nevertheless, stable quasiparticle exci-
tations persist between the Weyl points; their dispersion
relation becomes increasingly compressed. Approaching
the critical mass, the bands are nearly squeezed together,
and the spectral features outside the Weyl points become
broadened and less distinct. This influence of m on the

@ Q=3

spectral function and band structure stems from the
strongly coupled nature of the holographic Weyl semimetal
model.

V. LIFSHITZ TRANSITION

We next analyze the spectral function at finite charge
density. By inspecting the band structure and the topology
of the Fermi surface, we find that the system undergoes a
Lifshitz transition when the chemical potential x or the
mass parameter M is varied. The notion of a Lifshitz
transition was introduced by I. M. Lifshitz in 1960 to
describe an abrupt change in the topology of the Fermi
surface that occurs without symmetry breaking [35].
Consequently, it cannot be characterized by a local order
parameter. Such transitions may be driven by external
control parameters, temperature, magnetic field, pressure,
doping, interactions, etc. As control parameters vary con-
tinuously, a local saddle point of the band structure crosses
the Fermi level, inducing topological changes of the Fermi
surface in momentum space, such as the appearance or
disappearance of pockets and transitions between con-
nected and disconnected Fermi surfaces.

We concentrate first on the influence of the chemical
potential. So we keep M ~ 7.8 x 10~ and set Q = 1 and 1.
The former corresponds to the system with u =~ 0.73. The
latter corresponds to the system with y =~ 0.96. They are
both with a small fermion mass m = % The key dis-

tinction from the zero density case is that a finite density
system leads to the formation of a Fermi surface.

) Q=}

FIG. 8. The density plot of the spectral function A(w, k) for the holographic finite density Weyl semimetal at M ~ 7.8 x 10~ and
T = 0.05. (a) For Q = %, it corresponds to the chemical potential u ~ 0.73. (b) For Q = %, it corresponds to the chemical potential
u = 0.96. The figure displays two energy bands, with the left band passing through two Weyl points and intersecting @ = 0 to define the
Fermi momentum. As the chemical potential increases from y ~ 0.73 to u =~ 0.96, the position of @ = 0 shifts, manifesting as a leftward

displacement of the energy band.
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We obtain the band structure for the holographic finite
density flavor brane Weyl semimetal, as shown in Fig. 8.
Since holographic calculations determine the bands only in
the vicinity of @ =0, much like the spectral function
obtained from ARPES experiments, they generally do not
provide the complete band structure. Only two bands are
visible in Fig. 8. Our spectral function results are consistent
with experimental ARPES data, which typically show
signal below the Fermi energy [8,9]. The left band crosses
two Weyl points. The finite spectral weight at the Weyl
point is consistent with the findings in the previous section.
The Weyl points remain located at k, = 1, though not at
@ = 0. Unlike the zero density situation, the intersection of
the left band with @ = 0 determines the Fermi momentum.
As we increase p, the entire band structure shifts downward
in w.

In Fig. 8, the Fermi momentum can be identified,
indicating the presence of a Fermi surface in the system.
To examine the structure of the Fermi surface more clearly
and intuitively, we fix k, =0 and set w =0, thereby
studying the momentum space cut in the k,—k, plane.
As shown in Fig. 9, the white outline corresponds to a sharp
spectral peak, representing the Fermi surface. The spectral
function exhibits nonzero intensity near k, = :I:% atk, =0,
indicating the locations of the Weyl points. For p =~ 0.73,
two distinct Fermi pockets emerge, each enclosing one
Weyl point as shown in Fig. 9(a). As u increases, these two
Fermi pockets merge into a single large Fermi surface that
surrounds both Weyl points, as depicted in Fig. 9(b). This
evolution signifies a topological Lifshitz transition.

Quantitatively, we can see in Fig. 8 that the increase in
chemical potential the left band’s intersections with @ = 0
undergoes an abrupt, discontinuous transition from four to
two. It is this change in the electronic band structure that
leads to the Lifshitz transition. In topological semimetals,
such a transition alters the topological invariants associated
with the Fermi surface, which in turn can lead to many
different types of Lifshitz transition [52]. Hence, this is
referred to as a topological Lifshitz transition.

We now investigate the influence of the parameter M on
the spectral function and the Fermi surface. Setting
M ~7.1x107% and Q =}, the chemical potential of the
system remains approximately unchanged at 0.73. The
resulting spectral function and Fermi surface are displayed
in Fig. 10.

As shown in Fig. 10(a), at k, = i%, a finite spectral
weight is observed, indicating the presence of Weyl points.
However, in comparison with Fig. 8(a), the band between
the two Weyl points becomes notably flatter. Meanwhile,
Fig. 10(b) reveals a large, connected Fermi surface, which
contrasts with the two separate Fermi pockets illustrated in
Fig. 9(a). This suggests that a slight increase in M induces a
topological change in the Fermi surface—namely, the
merger of two Fermi pockets into a single large Fermi
surface.

This M-driven Lifshitz transition is fundamentally dis-
tinct from the p-driven transition shown in Fig. 9. In the
latter case, as illustrated in Fig. 8, an increase in u shifts the
two energy bands to the left, reducing the number of
intersection points with @ = 0 from four to two, thereby

FIG. 9. The density plot of the spectral function A(k,,k.) for the holographic finite density Weyl semimetal at M ~ 7.8 x 1073,
T =0.05 and w = 0. (a) For Q = i, it corresponds to the chemical potential y ~ 0.73. (b) For Q = %, it corresponds to the chemical
potential y =~ 0.96. The figure clearly reveals the Fermi surface in the (k,, k,) momentum space. At u ~ 0.73, two small Fermi pockets
appear, each enclosing a different Weyl point. As the chemical potential increases to x4 = 0.96, these pockets merge into a single large
Fermi surface that simultaneously encloses both Weyl points. This behavior is a clear signature of a Lifshitz transition.
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(2)

FIG. 10.

0= %. (b) The density plot of the spectral function A(k,, k,) for the holographic finite density Weyl semimetal at M ~ 7.1 x 1072, Q = 1

| | | 1
-05 0.0 0.5 1.0
kX

(b)

(a) The density plot of the spectral function A(w, k) for the holographic finite density Weyl semimetal at M ~ 7.1 x 1072 and

1

and w = 0. Keeping 7 = 0.05 fixed, the boundary chemical potential for the parameters above is u ~ 0.73. Compared with Figs. 8(a)
and 9(a), we increase M to 7.1 x 1072, On the one hand, we observe a drastic change in the band shape. On the other hand, in momentum
space, this manifests as the merging of two Fermi pockets into a single large Fermi surface. This also signifies a Lifshitz transition,

though it is distinct from the one driven by .

triggering the transition. In contrast, a comparison between
Figs. 8(a) and 10(a) demonstrates that increasing M flattens
the band between the Weyl points, which similarly reduces
the number of w = 0 intersections from four to two and
results in a Lifshitz transition, albeit through a different
mechanism.

We observe the Lifshitz transition via probe fermions in
the holographic finite density flavor brane Weyl semimetal
model. This model features two free parameters: a chemical
potential ¢ and a mass parameter M, the latter correspond-
ing to the mass of the coupled fermions in the boundary
field theory. Increasing the chemical potential shifts the
Fermi level. In Fig. 8, the Fermi level is at @ = 0; its shift is
reflected in the corresponding displacement of the energy
bands. Concurrently, the topology of the Fermi surface
changes from two separate pockets to a single connected
one. Altering the chemical potential is one of the most
direct and prevalent methods to drive a Lifshitz transition,
as it displaces the Fermi level and modifies the Fermi
surface.

On the other hand, varying the mass parameter M also
induces a Lifshitz transition, but through a different
mechanism. Unlike the chemical potential, changes in M
do not shift the Fermi level. Instead, they modify the band
shape—specifically, causing the band connecting the two
Weyl points to become increasingly flattened. This effect is
already evident at zero density situation. Such flattening
alters the band structure near the Weyl points, thereby
changing the geometry of the Fermi surface and triggering
a Lifshitz transition.

The Lifshitz transition has been experimentally observed
in a variety of materials, driven by multiple factors
including temperature, magnetic field, pressure, and inter-
action. In certain iron-based superconductors, this transi-
tion is closely linked to superconductivity and the critical
temperature [53,54]. Weyl semimetals also exhibit a
Lifshitz transition under the influence of Coulomb inter-
actions [55]. Such correlation-induced effects are analo-
gous to the M-driven Lifshitz transition in our model,
which does not correspond to a rigid band shift but rather
reflects strong coupling behavior. Conversely, nearly rigid
band shifts have been achieved in Weyl semimetals through
specific doping techniques, leading to the detection of
electron pocket emergence or disappearance [56]—a phe-
nomenon similar to our u-driven Lifshitz transition.
Notably, different Lifshitz transitions can be induced in
the same Weyl semimetal by tuning various parameters [57].
Similarly, our model supports both M-driven and p-driven
Lifshitz transitions. It is noteworthy that, although the
studies in Refs [55,57] are based on Weyl semimetals with
‘P-breaking, our aim here is to illustrate the universality and
multifaceted nature of the Lifshitz transition. Consequently,
its appearance in our holographic flavor Weyl semimetal
model with 7 -breaking is not surprising.

Only the electronic structure in the immediate vicinity
of the Fermi surface governs a material’s transport and
thermodynamic behavior. Lifshitz transitions, changes in
the topology of the Fermi surface, therefore have profound
effects on these properties. They are intimately linked to
the formation of charge and spin density waves [58],
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can influence superconducting pairing through van Hove
singularities [59], and may drive Pomeranchuk-type Fermi-
surface distortions [60]. In Weyl semimetals, Lifshitz
transitions modify the topological invariants that character-
ize Fermi pockets and so can strongly affect electronic
transport; for example, they have been associated with
negative magnetoresistance and related phenomena [61].
Because Lifshitz transitions also can appear in strongly
correlated systems [62], holographic approaches are a
natural framework for their study. Our holographic finite
density flavor brane model describes a strongly coupled
Weyl semimetal and therefore provides a particularly
suitable toy model in which Lifshitz transitions can be
realized and investigated directly.

The Lifshitz transition exerts a profound influence on
Weyl semimetals, significantly affecting the evolution of
Fermi arcs and surface states. It further modifies charge
transport properties and is often accompanied by topological
phase transitions, which involve the annihilation or creation
of Weyl points and lead to changes in topological invariants.
This transition also alters key transport coefficients, such as
the Hall effect, thermoelectric response, and magnetoresist-
ance. By reconstructing the Fermi surface, the Lifshitz
transition impacts essential material properties that are
largely governed by low-energy electronic behavior near
the Fermi level. As such, it represents a critical phenomenon
in condensed matter physics.

VI. DISCUSSION AND CONCLUSION

We studied the holographic flavor brane Weyl semimetal
of Ref. [13] by introducing two probe fermions of opposite
chirality and computing the retarded Green’s function and
spectral function. At small mass parameter M, the spectral
function exhibits the hallmark signatures of a Weyl semi-
metal, a pair of Weyl points and linear dispersion, thereby
providing spectral (ARPES-like) evidence that complements
the transport-based conclusions of Ref. [13]. Extending the
model to finite chemical potential y, we find the emergence
of Fermi surfaces and a Lifshitz transition: two disconnected
pockets around the Weyl points merge into a single large
Fermi surface. Importantly, the Lifshitz transition can occur
via two distinct mechanisms, a rigid energy shift induced by
u or a compression of the inter-point dispersion driven by M,
reflecting different origins of Fermi surface reconstruction in
the holographic dual. For these phenomenological frame-
works, only qualitative comparisons with experimental

studies are possible, and that is sufficient for our purposes.
The holographic calculation produces a composite fermionic
spectral function; to obtain the experimentally relevant
single-particle spectrum in detail, one can adopt a semi-
holographic construction [63,64].

There are several directions in which this work can be
further developed. In holographic realizations of Weyl
semimetals, one important aspect that remains to be
addressed is the topological structure and the associated
surface Fermi arcs, together with their chirality and transport
signatures, for example, negative magnetoresistance. Within
the present model, we do not observe gap opening, a limi-
tation that likely stems from the model’s built-in assumptions
and therefore requires additional physical ingredients to
capture gap-forming mechanisms. In our holographic spec-
tral analysis, we employ two probe fermions and thereby
obtain two energy bands. How should probe fermions be
implemented in the holographic model to correspond to the
different ARPES measurements used in the experiment?
Matching experimental and theoretical results remains a
central challenge. And deriving transport coefficients from
holographic spectral functions is a crucial and nontrivial step
that demands theoretical self-consistency.

In summary, these results demonstrate a robust, strongly
coupled realization of Weyl physics in the flavor brane
construction and highlight spectral probes as a direct
diagnostic of holographic topological phases. We observe
the Lifshitz transition in the holographic model. This is an
important concept in condensed matter physics proposed
in the 1960s, and there are already a large number of
experiments and theories closely related to it. Gauge/
gravity duality is indeed a natural and perfect platform
for studying strongly coupled systems.
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