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We calculate the one-loop corrections to the quark transverse momentum dependent (TMD) in the
projectile light-cone gauge using the background field formalism, with the Mandelstam-Leibbrandt (ML)
prescription for the extra singularity present in the light-cone gauge propagator. We use the pure rapidity
regulator for rapidity divergences. The Collins-Soper-Sterman (CSS) evolution equations are obtained after
one-loop renormalization of the quark TMD in this gauge. We discuss how the structure of the rapidity
divergences and the double-logarithmic contributions to the CSS resummation compares with the
analogous calculation performed in the target light-cone gauge, and discuss the implications for the
connection between the TMD factorization and color glass condensate frameworks.

DOT: 10.1103/yyj8-1x6w

I. INTRODUCTION

Understanding the relation between transverse-momen-
tum-dependent (TMD) factorization [I-5] and the color
glass condensate (CGC) [6—8] remains an important open
problem in high-energy QCD, particularly in their over-
lapping regime of validity. While TMD evolution is gov-
erned by the Collins-Soper-Sterman (CSS) equations [9-11]
(see also [3,5] for detailed discussions) and is most
naturally formulated in covariant or target light-cone
gauges, the CGC is conventionally formulated in the
projectile light-cone gauge A" = 0 (in the case of right-
moving projectile and left-moving target), where observ-
ables are expressed in terms of correlations of Wilson lines.
Bridging these two descriptions therefore requires under-
standing how standard TMD evolution equations emerge in
a gauge and formalism that are structurally aligned with
CGC computations. However, this is a nontrivial task. In
projectile light-cone gauge the operator structure of TMDs
becomes more involved, the gluon propagator contains
additional singular terms, and the Mandelstam-Leibbrandt
(ML) prescription [12—15] introduces nonstandard pole
structures that can qualitatively modify intermediate
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contributions. It is, therefore, necessary to understand
the emergence of the CSS equations within this setup,
and how the familiar logarithmic structure is reorganized at
the level of individual diagrams. In this work, we address
this question by computing the one-loop renormalization of
the quark TMD in projectile light-cone gauge within the
background field formalism and demonstrating how the
CSS equations emerge in this framework.

At high energies (small x), hadronic structure is domi-
nated by gluonic degrees of freedom, and the CGC provides
an effective field theory description of QCD in this regime.
Rapidity evolution of observables in the CGC formalism is
governed by the nonlinear BK/JIMWLK equations [16-27].
In parallel, substantial progress has been made in relating
the CGC and TMD frameworks, including the extraction of
gluon TMDs in the correlation limit [28], higher-order
analyses of dijet production [29-36], and the development
of interpolating iTMD frameworks [37-43]. Moreover, the
correlation limit of dijet production has been also studied
beyond the eikonal approximation [44—47] to further study
the connection between TMD and CGC approaches. More
recently, direct derivations of CSS evolution within the
CGC have been pursued [48-51], further motivating a
unified understanding of these two descriptions.

A particularly useful approach to connecting these frame-
works is the background field formalism, in which the gauge
field is decomposed into a classical background and
perturbative quantum fluctuations. This method is widely
used in small-x physics and provides a natural setting for
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connecting CGC and TMD factorization. In earlier work, we
applied this formalism to compute one-loop corrections to
collinear PDFs [52], and it has since been extended to the
study of gluon and quark TMDs in different gauges [53-55].
Related applications of the background field method within
TMD factorization have also been developed in
Refs. [56-58].

In a previous study [55], we demonstrated that the CSS
evolution equations for quark TMDs are correctly repro-
duced at one loop in the target light-cone gauge A~ = 0 (for
left-moving target) within the background field formalism,
using different prescriptions for the light-cone singularity
and a pure rapidity regulator [59]. A central result of that
work was the role of the ML prescription [12—15], where
the double-logarithmic contribution to the CSS kernel was
traced back to a specific zero-mode structure associated
with radiation of a gluon by the quark (antiquark) field
where the radiated gluon is connected to the transverse
Wilson line at infinity.

The target light-cone gauge A~ = 0 is naturally adapted
to a highly boosted target and simplifies the operator
structure of TMDs since longitudinal Wilson lines are
unity. By contrast, the projectile light-cone gauge A™ = 0,
which is the standard choice in CGC calculations, leads to
qualitatively different contributions from the Wilson-line
structure and a more involved gluon propagator. As a result,
while the CSS evolution equations are gauge invariant, their
emergence from the diagrammatic structure in different
gauges is nontrivial and the organization of the underlying
logarithmic contributions at the level of individual dia-
grams is not immediately transparent.

Several ingredients of the present analysis have been
investigated in earlier studies. Background-field calculations
of gluon and quark TMDs were performed in Refs. [53,54]
in projectile light-cone gauge, with Ref. [54] examining in
detail the role of transverse gauge links and background-field
equations of motion in ensuring gauge invariance. The
importance of transverse links at light-cone infinity was
established in Refs. [60,61] (especially in the target light-
cone gauge), while TMD renormalization in the target light-
cone gauge with the ML prescription and the treatment of
transverse Wilson lines in SCET were studied in Ref. [62]
and Refs. [63,64], respectively.

In this work, we extend the target light-cone gauge
analysis of Ref. [55] by performing the one-loop renorm-
alization of the quark TMD in projectile light-cone gauge
within the background-field formalism, using the ML
prescription together with pure rapidity regularization.
The present manuscript provides the explicit derivation
of the known CSS evolution equations in this setup and the
identification of how their diagrammatic origins differ
between the two light-cone gauges. In particular, the
contribution generating the CSS double logarithms arises
from gluon attachments to the longitudinal Wilson lines,
while radiation to the transverse link at infinity vanishes.

An additional rapidity-finite UV-divergent term combines
with the quark-field renormalization appropriate to this
gauge to reproduce the standard UV evolution. These
results clarify how CSS evolution emerges in a gauge
commonly used in CGC calculations. Indeed, the CGC is
usually formulated in projectile light-cone gauge within the
background-field formalism. In particular, the resummation
of nonlinear multiple interactions is well understood in the
projectile light-cone gauge, but becomes considerably more
complicated in other gauges and is often not under control.
Thus, this work constitute a step toward a more complete
understanding of the relation between TMD evolution and
the CGC framework.

The paper is organized as follows. In Sec. II, we
introduce the operator definition of quark TMD in projec-
tile light-cone gauge. In Sec. III, we compute the one-loop
diagrams using the background field formalism. In Sec. IV,
we discuss the renormalization of the fields and extract the
CSS evolution equations. In Sec. V, we compare the
projectile and target light-cone gauge results in detail.
Finally, in Sec. VI, we present our conclusions and outlook.
Technical details are collected in the Appendixes.

II. SETUP AND OPERATOR DEFINITION
OF THE QUARK TMD

In this section, we follow the notation and setup
introduced in Sec. II of Ref. [55], adapting them to the
projectile light-cone gauge AT = 0. The conventions
needed for the present calculation are stated below and
further details can be found in Ref. [55].l We use a, =
¢*/(4x) and Cp = (N2 —1)/(2N,.), with the generators in
fundamental representation normalized as tr(7t") = §°? /2.

Throughout this work, ultraviolet (UV) divergences are
regulated using dimensional regularization in D = 4 — 2¢
dimensions. Since dimensional regularization alone does
not regulate rapidity divergences, we employ the pure
rapidity regulator introduced in [59] to regularize them,
which amounts to including a factor

[k vt /2
iy 1
" [Ik*lv‘] ()

in the integrand when integrating over the gluon momen-
tum k*. Here, 7 is a dimensionless parameter analogous to €
in dimensional regularization while v and v~ are the +
and — components of a reference momentum scale v. In
order to ensure that the factor (1) regulates only the rapidity
divergences, one must always take the limit # — 0 at a

'"We use light-cone coordinates defined as x* = (x* + x3)/v/2
and the light-cone metric with ¢*~ = g~ =1, ¢/ = =67 and
all remaining components are zero. The Latin letters i, j, ...
denote the transverse indices. Transverse vectors are written in
boldface with the Euclidean scalar product, such that
x-y=xty +xyt —x-y.
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finite nonzero e. Finally, w? is a bookkeeping parameter [59,65,66] that satisfies

limw? = 1 (2)
n—0
0
——w? =7 (3)
v 6(’;—_) 2

so that w? reduces to unity in the absence of rapidity divergences, while the full expression in (1) remains independent of the

ration v /v,

The operator definition of the unpolarized quark TMD is given as

+

I T
Gunsun (x. b p) = Y+1Lnloo 2z

dbt -
E0 ixPh <P|‘P(b+,b,O‘)%U(Y*,b,O‘;b*,b,O‘)T

S U(Y+7 b,O_; Y+’OJJ 0_)U(Y+7OJJ 0_’O)T(O)|P> (4)

up to UV and rapidity renormalizations. Here, the (left-
moving) target state is defined via its momentum P* ~
(0™, P~,0,) (up to target mass corrections). The rapidity
divergences in the unpolarized quark TMD given in Eq. (4)
are regularized using (1) but not yet subtracted which is
indicated by the label “unsub.” Moreover, the quark TMD
given in Eq. (4) is written in terms of renormalized fields
and couplings, the UV divergences that arise from its
perturbative expansion have not yet been removed which is
indicated by the label “n.r.”

Different choices of gauge-link geometry give rise to
distinct quark TMDs, each associated with a particular class
of hard scattering processes. In this work, we consider the
quark TMD with a future-pointing gauge staple which
appears in the TMD factorization of semi-inclusive deep
inelastic scattering (SIDIS). In this case, two of the Wilson
lines appearing in the operator definition in Eq. (4) are
lightlike and are defined as

U(Y*,b,07:5%.b,07)

y+
— [Peso iy [T avrenzi o f].
b+

where P indicates path ordering. In addition, there is also a
spacelike Wilson line located in the far future

UYt,x+b,07;Y",x,07)

1 .
= Pexp {—i,ueg/ drb't“A4 (YT, x + 7b, 0_)}, (6)
0

whose contribution is nontrivial and physically significant
in light-cone gauges [60-64].

The operator definition of the unpolarized quark TMD,
Eq. (4), contains contributions from gluon exchanges
occurring entirely within the gauge-link structure. These
Wilson-line self-energy terms do not belong to the physical

TMD and must therefore be removed. This is convention-
ally achieved [3,5] by normalizing the TMD operator with
the square root of a soft factor S(b), defined as the vacuum
expectation value of a closed Wilson loop composed of
lightlike and spacelike Wilson lines separated by a trans-
verse distance b:

S(b) = NictrF [<0"T7’exp <—ig/fj€ dx”t“A,‘j(x)) 'oﬂ,
(7)

where the closed contour ¢ consists of four longitudinal
segments and two transverse segments, as illustrated in Fig. 9.
From each of the points [(07,0,,07) and (0", b,07)],
longitudinal segments extend along the x* and x~ directions
to Y and Y™, respectively. The two x*-directed segments
are joined by a transverse link at x™ = Y, while the two
segments x~ -directed segments are joined by a transverse link
at x~ = Y, closing the contour. The limits Y + 5 +oo are
taken in the calculation below. By construction, the soft factor
contains precisely the same Wilson line self energy contri-
butions as those appearing in the TMD operator. Dividing

S(b) therefore removes these unphysical contributions
while preserving gauge invariance. The fully renormalized
and rapidity subtracted quark TMD can therefore be defined
schematically as

qg(x,b;p?,¢) «

1
b, (%, b3 ), 8

S(b) qunsub‘( H ) ( )

up to UV and rapidity renormalization factors that will be

discussed and specified in Sec. IV. Here { is a rapidity
regularization scale defined as

= 2PV )

14
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Using the pure rapidity regulator (1), rapidity divergences cancel in the soft factor. In that case, the soft factor is not directly
related to the subtraction or renormalization of rapidity divergences, by contrast to the situation with various other rapidity
regulators [5].

The perturbative expansion of (4) can be simplified by equivalently rewriting it as a time-ordered product which reads

dbt _. - - e _

I 2 — 1 —ixP~b* + -\ + —. Tt =) T

i (5 bi) = tim [ S e (PIT | #(bb,07) U b 0737 b, 07)
X U(Y*,b,07 ¥,0,,0")U(Y*,0,,07:0)¥(0) | P).. (10)

where only the diagrams connected to the target are included. The perturbative expansion of the time-ordered operator given
in Eq. (10) involves only Feynman propagators which simplifies the calculation considerably.
As aremark, one can perform a spacetime translation of the nonlocal operator in Egs. (4) or (10), and obtain, for example,

4

dpt . _
Do, (%, b3 %) = Tim / ¢ MTHPIT | ¥(0) T U(Y.0,.07:0)f

YT >+ T

x U(Y*+,0,,07:Y*,=b,0")U(Y*,=b,0™;—=b*,—b,0")¥(=b", =b,07) ||P),. (11)

without an extra phase factor since the target states on the left and on the right have the same momentum.

In this study, we choose to work in the light-cone gauge
AT = 0 which is known as the projectile light-cone gauge
for a left-moving target. This gauge choice is the standard
one employed in the CGC framework, and therefore
working in this gauge is a natural step toward establishing
a closer connection between the TMD and the CGC
frameworks. We emphasize that this represents a key
structural difference compared to our previous analysis
in [55], which was performed in the target light-cone gauge
A~ = 0. Although the operator definition of the quark
TMD retains the same form in both gauges, the role played
by the gauge links is fundamentally modified by the gauge
choice. In the projectile light-cone gauge, the longitudinal
Wilson lines along x~ direction no longer reduce to unity.
As a consequence, additional diagrams involving fluc-
tuation fields contribute at one loop order compared to
the target light-cone gauge computation.

In the light-cone gauge n,A* = 0 (with n*> = 0), the free
Feynman propagator for a gluon in momentum space2 is

GG?F(k) =

g WK ”yky)}, (12)

i
(k* + i0) { [n- k|
which contains, apart from the usual scalar denominator, a
second denominator #n - k, for which we employ the ML
prescription [12,13] defined as

*Similar to the notation we use for the coordinate dependence
throughout this manuscript, for the momentum we adopt the
following notation. Any four momenta is represented by a
standard letter (such as k, q, p or 1) while their corresponding
transverse momentum components are represented by boldface
(such as k, q, p or 1).

1 (- k)
n-k]  (n-k)(7@-k)+i0
k) 0(— - k)
~ ((n-k) +i0) * ((n- k) —i0) (13)

involving a second lightlike vector 7#, normalized as
7> =0 and n -7 = 1. In the projectile light-cone gauge,
n* = ¢g** and n* = ¢*~, which is opposite to the assign-
ment used in the target light-cone gauge calculation in [55].
As a remark, the Feynman propagator (12) with the ML
prescription can equivalently be written as

GﬁvF(k) :(kTiiOJr) {_Q‘W —+ 2(;_1(2]{) (k#n* + nﬂkp)}
—i[ (i - k) O(—ii - k) } (' + k)
(n-k)+i0) " ((n-k)—i0) 2

(14)

in which the second part can be interpreted as a zero-mode
n-k =0 ghost, which results from the residual gauge
freedom in the light-cone gauge [15].

An important practical difference with respect to the
target light-cone gauge calculation concerns the order of
integration in the loop integrals. In the projectile light-cone
gauge AT = 0, the ML prescription (13) requires that pole
integration over n -k = k* be performed first. After this
integration, rapidity divergences appear in the subsequent
n -k = k™, in the regime k= — 0. This is in contrast to the
target light-cone gauge calculation performed in [55], where
rapidity divergences appeared in the regime k™ — 0. As a
consequence, in the present study the factor included in the
integrand to regularize rapidity divergences is the on-shell
analog of the form given in Eq. (1) which reads
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. [2|k |2DT/2' (s)

k2 v

This form ensures that the rapidity divergences in the
k™ integration are always regulated without interfering with
the pole integration over k*, which is performed first. This
is one of the key technical distinctions of the present
calculation compared to [55].

III. CALCULATION OF NLO DIAGRAMS FROM
THE OPERATOR DEFINITION

Let us outline the perturbative expansion of the quark TMD
operator (10) within the background field formalism, follow-
ing the same strategy introduced in Ref. [55]. The quark and
gluon fields are decomposed into a classical background
component and a perturbative quantum fluctuation as

P(x) =y (x) +0¥(x), (16)

AF(x) = A#(x) + 5A* (x). (17)

We perform the calculation in the projectile light-cone gauge.
More precisely, we choose the projectile light-cone gauge for
the fluctuation field, SA™ = 0, and we do not need to choose a
gauge for the background field .4#. When the fluctuation
fields are switched off entirely, and in the dilute approxima-
tion for the target, the quark TMD operator (10) reduces to the
so-called background TMD which is defined as

|

9Bckgd (X b; Mz)

/dzbﬂ =P (p|T (b*,b,O‘)%u/(O) [P)e- (18)

Indeed, in the dilute regime, the gluon background field
would contribute only at higher orders in «,. The one-point
functions of the fluctuation fields are set to zero by requiring
that the background fields satisfy their equations of motion,
which incorporate both classical contributions and quantum
corrections generated by the fluctuations. The leading per-
turbative corrections to the background TMD given in
Eq. (18) within the operator definition (10) arises from the
terms that are quadratic in the fluctuation fields. In what
follows we restrict ourselves to those contributions and
systematically neglect corrections involving three or more
fluctuation fields.

We emphasize that the projectile light-cone gauge,
AT =0, exhibits an important structural difference com-
pared to the target light-cone gauge, A~ = 0. In the latter
case, the longitudinal Wilson lines reduce to unity, and only
the transverse Wilson line at infinity contributes non-
trivially. By contrast, in the projectile light-cone gauge
the longitudinal Wilson lines along x~ remain nontrivial,
generating additional one-loop diagrams involving SA~
fluctuations. Expanding the full operator to quadratic order
in the fluctuation fields, and restricting ourselves to the
dilute target limit where each background field insertion is
perturbatively suppressed, one finds

(P #(6*b.07) LU .06, b.07) (Y b.075 .0, 07U, 0L, 073 01%(0) 1),

- (PIT (0" 5.0 S w0 P,

- <P|T[5‘y(b+,b,o )L s

+ (PIT |p(b".b,07)

+ (P|T |@(b*,b.07)
+ (PIT |ip(b*.b,07)
+(PIT

+ (PIT |ip(b",b,07)

r
2
;
2
w(b*. 5,097
2
r
2
r
2

+ (PIT |ip(b",b,07)

+ ..

w0 17). + (Pi7|p5.0) 5 { iy

o\_

drbit*6A% (Y, 7b, 0‘)}6‘1’(0)} P).

573{—1,1fg/ a":b’t“5A“(YJr 7h,07) } ]|P
Y+
{Hﬂeg/ dz+ra5Ag(z+,b,0—)} P (0 )} |P),
b
1 re
! azt oz (.b.07)  w0)| 17,
Y+
{—i/fg / dz+t“5Aa_(Z+,OL,O_)}&P(O)} P).
0
1 v
{—i,uég/ dzb'1“SA¢ (Y, 7h, 0™ )}{—i/fg/ dz*t"éA;(er,Ol,O_)}y/(O)]P)C
0 0
Y+ YJr
{+i/fg/ dz+t“6A;(z+,b,O‘)}{—i/fg/ dz+tb5A2(Z+,0¢,0‘)}v/(0)} P).
b 0

(19)
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(=b*.—b) (Y*,—b) (=, —b) (z*,-b) (Y*,—b)
1 3 1
q q
I ) I
y ”6666665502 I o0 i I
1, k 1 1
‘ ) )
. 0 (=500 (Y+,0,) . 0 (Y+,0,)
o 3 o 3
U(y) ©(0) U(y) ¥(0)
(a) (b)
(—=b*,—b) (Y*,—b) =0 I
1
q PR 1
, & | . v = (b".b,07) |
: UQO’O’GO’O’O’O’OUO’O’O’O’O’O’GO’O’O’O’O’O’O’O’O’O’O’G‘ (V*,(r=1)b)
Iy ,a |
) k q
. 0 (Y*+,0,) y 9059000099 Y =y+Ay
i I
[ [ [
() ¥(0) U(y) v(y)
(© (d)
0 (Y*,0,) 0 (Y*,0,)
1 1
- k 1
X (Y*, ob) |
! @6% 1
I(Y* b) ! b !
(b*,b) | 0 (2'*,b) (z*,b) ¥+ b)
l (Y*,b)
o o
¥(0) O(b*,b) ¥(0) O(b*,b)
(e) (®
0 (2%,01) (Y*,00) 0 (z%,00) (Y*,00)
a 1 1
ib | |
(Y*,7b) k |
k | |
] ]
(b*.b) (¥ b) (b7, b) (*,b) (V*,b)
o o
¥(0) b(b*,b) ¥(0) W(b*,b)
(&) (h)

FIG. 1. NLO diagrams in the expansion of the quark TMD around its background contribution in the projectile light-cone gauge. The
symmetric counterparts to the diagrams 1(a)—1(g) are presented in Appendix A. Diagrams 1(a)—1(c) use the translated coordinates, while
the remaining diagrams use the original coordinates. (a) Diagram of gluon emission from the quark to the lower part of the gauge link in
the translated coordinate frame. (b) Diagram of gluon emission from the quark to the upper part of the gauge link in the translated
coordinate frame. (c) Diagram of gluon emission from the quark to infinity in the translated coordinate frame. (d) Quark-to-quark ladder
diagram. (e) Wilson line self-energy at infinity. (f) Wilson line self-energy diagram in the lower part of the gauge link. (g) Emission of
gluon from the upper part of the gauge link to infinity. (h) Gluon exchange between two light-like Wilson lines in the gauge link.
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The first line on the right-hand side corresponds to the
ladder diagrams, while the second and third lines arise from
the transverse Wilson line at infinity and its self-energy, as
in the target light-cone gauge. The fourth, fifth, and sixth
lines are new compared to Ref. [55] and arise from the
longitudinal Wilson lines along x~, which are nontrivial in
the projectile light-cone gauge. The seventh and eighth lines
correspond to mixed diagrams involving both transverse
and longitudinal parts of the gauge link. The remaining one-
loop corrections, which are symmetric to the terms above,
are listed in the Appendix A. The corresponding Feynman
diagrams are presented in Fig. 1. In the remainder of this
section, we compute these diagrams.

A. Diagrams 1(a) and 1(b): Gluon emissions from the
quark to the lower and upper part of the gauge link

We begin our analysis with the diagrams in which a gluon
is radiated by the background quark field and subsequently
absorbed by one of the longitudinal Wilson lines in the
gauge staple. Diagram 1(a) corresponds to absorption by the
lower part of the staple (the Wilson line running from 0 to
Y* along x* direction at 0,), while diagram 1(b) corre-
sponds to absorption by the upper part (the Wilson line

running from —b" to Y along x* direction at —b). These
diagrams are genuinely new compared to the target light-
cone gauge calculation of Ref. [55], where the longitudinal
Wilson lines reduce to unity and do not contribute to
perturbative corrections.

1. Diagram 1(a)

After performing the spacetime translation introduced in
Eq. (11), the contribution of diagram 1(a) (see Fig. 2) to the
quark TMD reads

qﬁnrbub (X’ b; ﬂz) | 1(a)
dp* e 2
= i —— e *PUP|T |y (0) = (+i
Jim [ e I w0 (i
Yyt
« / dz*&Ag(z*,OL,0‘)ta5‘I’(—b+,—b,O‘)] IP)..
0
(20)
Expressing the two-point correlator of the fluctuation fields

in terms of free Feynman propagators and background field
y insertion vertex, one finds

dbt ... a vt
nr(x, by p? = 11 /— PP PIT i (0) T | +i 5/ dzT6A;(z7,0,,07)t,
qunsub.( H )|1(a) oo (271') e < | l//( ) 2 Igu 0 < (Z L )

x / d* 29S8, p(=b", =b, 075 y) [~igu‘t,y,]6A} (y))‘//(Y)|P )e

= ¢@u*Cp lim

YT>+4o00

Y+ -
x[) dz+{72SO,F(—bﬁ—b,o—;y)y,,} Golp(z7,0.,073y),
afp

dbt . _
G / A2y (P17, () ()| P).

(21)

where a, f# denote Dirac spinor indices of the quark fields. In the above expression, Sj r(x,y) denotes the Feynman
propagator for free quarks in position space and Gy (x,y) denotes the Fourier transformation of the gluon propagator,
defined in Eq. (12), to position space. Using the explicit forms of the free quark and gluon propagators in momentum space,
Eq. (21) can be written as

dbt o _
Jim [ e [ @ pli O )1,

/Y* dz / d4 26 / d4—2€k [ l% , i
2m)*2¢ | (2m)72 | 2 ¢ + 0" [ 4y K> + 00

X {—g‘l‘ -+ M}ei[q(y++b+)+q+y_q,<y+b)]ei[k(y+_z+)+k+y_k,y]‘
n .

Tansub, (X b§H2)|1(a) = g u*Cr

(22)

Upon integrating over b™ and then over ¢~ which sets g~ = xP~, the contribution from diagram 1(a) takes the form
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(=b*,—b) (Y*, —b)

B

FIG. 2. Gluon emission from the quark to the lower part of the gauge link—diagram 1(a).

or . . e _ Y+ d4—2€k [P
Giman. 051517 |y0) = @ CJim / 2y (PIT o (0) ()| P). / dz* / e

X/ &> /dl+ pi(11y=1y) y=i(1=k) b ik i i
(27)>% | (2x) k* 4+ i0 g> + i0

q - =xP~
e D i _, . nTkM 4 ntk
XA xPTrT = (= K)'Y 1o [—9 "t T] (23)
where we have performed a change of variables from ¢ to [/ such that
gt It =g +kt,
q—l=q+k. (24)

It is straightforward to show that the tensor structure of the gluon propagator contracted with y, can be evaluated as

Yu |:_g—ll + %} = |:—}/_ =+ k jﬂkk_] . (25)

Substituting Eq. (25) into Eq. (23), the contribution of diagram 1(a) can be written as

d4—2€k
(2].[)4—26

2-2¢ + i [
o« / =1 / d ey =y)p=i-k)b L b L
(27)272% | (27) kK +i0 g* + i0,—yp- [k7]

x {y"xP7yt = (1= K)'Y][2ky" = K/y/]} 5. (26)

eik (" =z")

o Yt
G (b)) = a2Cr tim | A2y (P, (O (y) [P / dzt /

YT—+4o00

The [k™] denominator in the second line of Eq. (26) is the extra denominator originating from the gluon propagator in light-
cone gauge given in Eq. (12) and as mentioned earlier it is treated within the ML prescription (13), such that

1 0(k™) 0(—k~)
— = . 27
GINGEOMGED) @7)
The contour integration over k* can now be performed by using Eq. (27) which reads, for x > 0,
/ dk* { 0(k™) n 6(—k‘)} i i
(27) Lkt +i0 Kkt —i0f 2k~ [kt — K= 2xP~(I7 = k*) = (1 = k)? + i0]
B i0(k™)xP~
© [2xP7IT = (1=k)[k-(2xP~IT = (1= k)?) —xP k7]
i0(k™) 1 k™
= - , 28
K2 [ xP 1T — (1=K xP I — (1= k)] —xP K> (28)

074055-8



FROM TARGET TO PROJECTILE: CSS EVOLUTION OF QUARK ... PHYS. REV. D 114, 074055 (2026)

where the contributions from negative k™ vanish since all poles lie on the same side of the real axis in the complex plane in that
case. The integration over z* can also be performed in a trivial manner. After all, the contribution from diagram 1(a) reads

n.r 2 2¢ ; 4-2¢ 7 iXP~y" &>l drr i(I*y~=I-(y+b))
Gunus, (% D217 10 = —agu™C lim [ d =y (P T, (0)y(y)|P) e o | o€

(2m)*=2¢ ) (27)
2-2¢ ik-b -
X / ™"k ¢ / di” 1 e =ik~ (YT =y*) _ e”ﬁ*]
(27[)2_25 k2[2xP_l+ -(1- k)z] 0 2k
k™ . .
x =1+ — 0 1 {rixPy" = (=K)7]2r k™ —k/p/]} (29)
T xPI (1=K )]

We now focus on the k™ integral. We note that, for finite Y, the integral is free of divergences in both k= — 0 and k= — oo
limits. However, upon taking the limit Y™ — oo, the first term in the square brackets in the second line of (29) vanishes due to
rapidly oscillating phase factor. By contrast, the second term develops a rapidity singularity as k=~ — 0, which needs to be
regulated. We implement pure rapidity regulator to regulate this singularity which corresponds to multiplying the integrand by
the factor given in Eq. (15). Then, the contribution from diagram 1(a) can be written as

2 2 . 4-2, _ ixP~yT d2 261 dl+ (I y——I- b
G (03 0) i) = =i Cp_Jim [ &4y (PITga(O)wy(y)|P) ™" [ ooy [ o5 ell o)

(2m)*= ) (27)
2-2¢ ik-b _
% / d k e 21/Jr / dk [ ]n_l[e_ik—(y+_y+) _ eik—y+]
(2r)? 2 k2[2xP~ It — (1 - k)? ] k2 -1 Jo 2
k™ o o
X | =14 — o ] {rxPrt = (A=K)7V]2r k= k/y/]} 4. (30)
T xPTIT=(1=k)7]

Now that the rapidity regulator is introduced in Eq. (30), the limit Y™ — oo can be taken safely. Thanks to the pure rapidity
regulator, the first phase factor now vanishes. After introducing a new change of variable

xP~
k™ = 31
=z k= +xP~ (3D

Equation (30) can be rewritten as

N d>21 art .-
qﬁilréub.<x’ b;ﬂ2)|1(a) - _as,uzecF/d4_2€y<P|Tl/_/a(O)Wﬂ(y)|P>celXP Y /7_/—61(1 v tyb))

a7 | @n)
d2—2ek eik~b 21/+ [XP ] . | .
e xPY" dz[1 = ZJi= ]l eixPy™
x / Qa2 K2 2xP 1" — (1-k)3 {kz —] o /0 Z[1 = 2] 2] e
1- . 1- .
x [l B 0 ] {7‘ xP7yT = (1=Kk)'Y] [WxP_ — - k’y’} } , (32)
l-z- 2xP1' —(1=K)7] Z af

where the rapidity divergence appears as a pole in i as 7 — 0 at z = 1. We note that the terms proportional to [1 — z]" (with
n > 0) are finite as z — 1. To isolate the rapidity divergent part of Eq. (32), we focus on the term proportional to [1 — z]"~! and
employ the same procedure as in Ref. [55] to extract the rapidity pole which takes the form

/) Lde(1 — 2y f(zn) = £(1L) / Lda(1 -2y + / Lde(1 — 2 () — £(1)

S [ 1(0) - f(1,0)]
= +/Od (=2 + O(n), (33)

with
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> e~ XPy" [Z]—n—l eixP’y*%(_ki},i)‘ (34)

2ut } 1 [xP7]"
Using Eq. (33) together with Eq. (34), the rapidity divergent part of the contribution from diagram 1(a) takes the following form:

n.r 1 s 2e -1 2w —2e - ixP~y* d*1 drr i(Ity -l
bt (0 ) = =S ol P2 [ @ estpi TP [ [t

d2—25k e—i(l—k)-b 1 . . 1
. / e P = (1= k] et O P =R ER ) )

where the superscript 1/ denotes that Eq. (35) is the rapidity-divergent part of the diagram 1(a). To proceed further we use

equation of motion (EOM) for the quark background field which, in the dilute target approximation and at lowest order in
perturbation theory reduces to the free Dirac equation, fiy(I) = 0 + O(a,).” Then, one finds

y xP~yt (k- )y (l) = Ky~ y/ly'w(l) + O(ay). (36)

Using Eq. (36) and discarding the terms of order O(a?), the rapidity divergent part of the contribution from diagram 1(a) can be
further simplified and written as

) _ 2l/+ %1 _ _ }/_ o
At (% 32, )1 = —Z/ﬂeCF[xP [1w? [V—_} . / &2y (PIT(0) 5y () P

2-2e¢ + 2-2¢ kb2 _ .
y / d>=21 /dl Sy Ly 4b)) / d>2k K (k2 -2k - 1] . (37)
(2r)>2%¢ | (2x) (27)*7% [k 2xP~ 1T — (1 — k)?]

Let us focus on the integral over the transverse momentum k in Eq. (37). By completing the square in the numerator under the
transverse momentum k integral in Eq. (37), one gets

/ d2—2€k eik~b[k2 —2k - ” B / d2—2€k eik-b 14 lZ (38)
(27)272 [ 2x Pt — (1-Kk)Y] ) (27)7 % [K2]pH] 2xP~IT — (1-Kk)*]]’

where we have used /= = xP~. Using again the EOM for the quark background field, which reduces at lowest order to the free
Dirac equation, one has /[/iy(I) = 0 + O(a,)] = Py/(l) = O(a,). Hence, the contribution of each component of the spinor
field multiplied by /2 is shifted to higher order in a,. Consequently, the contribution from the second term in the square bracket
on the right-hand side of Eq. (38) can be discarded for our purposes, and one obtains

(N 21/+ gl _ Y T
Gt (D2 Q) (1) = = Cr[eP]rw? [U—_] . / A2 y(PITF(0) 5 w(y)|P)ee™”™

2-2¢ + 2-2¢ ik-b
[ I i [ £ o)
(2r)>7% | (2x) (27)>72 k2!

for the rapidity divergent part of the contribution from diagram 1(a). Note that the transverse momentum integral over k in
Eq. (39) is IR divergent. However, as will be shown later in this subsection, when combined with the rapidity divergent
contribution from diagram 1(b), the IR divergences will cancel and be replaced by the UV divergence expected for the CSS
evolution.

On the other hand, by collecting the rapidity finite contributions already present in Eq. (32), together with the ones
originating from the second term in Eq. (33) and setting # = 0, one obtains

*This follows from the Fourier transformation a; [ d*2ye™!(P[(0)y~Jy(y)|P) « O(a?) for massless quarks. Note that using the
Dirac equation in this context requires the phase factor in the Fourier transform to be consistent with the quark momentum.
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2e 2-2¢ +
n.r in agp=C —2e " ixP~y" d 1 d i(Iry -1
o (1. O = S0 [ 2y PIT g, Oy )P [ S [ Gt

d2-2¢k oKD p=ixP7y* o 3
X / (27[)2—26 k2[2xP_l+ _ (l _ k)z] {}’ [XP 7/+ — (l _ k) 7]

27/ xP zz kl}/l _ klyl lgixP'y% — eixP’W (40)
l-z|z aff

1 eixP'y*%
X [) dZ l Z2 1—z _ K2
for the contribution of the diagram 1(a) that is free of the rapidity divergences. By realizing that

—2xP~y*

2 xP T —(1-k)7]

i+fp_ %kz— Kkiyi ) ZXP_er} _ WZ— Kiy "
2 xP ' —(1-k)7] 2 xPTIT-(1-k)Y
the two types of terms appearing on the right-hand side of Eq. (40) takes the following form:
r[xPyt = (1=K) Ky =y [k = (k =1)> + 1], (42)
yxPyt = (A=K)yxP Tyt =y [-(1=K)Y' [+ P+ KyVy]. (43)

Using Eqs. (42) and (43), and employing one more time the Dirac equation for the background quark field which allows us
to discard the terms that are proportional to /, the integral over the transverse momentum k integral can be further simplified
and the rapidity finite contribution to diagram 1(a) reads

2¢ 2-2¢ +
n.r. .2 fin _ XM CF 4—2¢ - 2 i i(ITy==1(y+b))
qunsub.(x, b;u ,O)|1E‘a) =os /d y<P|Tl//a(0)l//ﬁ(y)|P>c/ (27[)2_25 (27[) !ty y

d2—2€k eik-b 1
xr / 22X K22xP 1" — (1— k)] A dz
x [ 2122 (P 4 Ky Vy )k = (P = (k = 1))2xP~1* = (1 - k)?]
22 2xP7IT = (1-k)* 12— k2

leixP‘y+% — piXPTyt
Z b

- (P = (k1) = (44

which is free from divergences in the limit k — 0 and in the limit z — 1, and therefore it is completely finite.

2. Diagram 1(b)

Diagram 1(b) corresponds to radiation of a gluon from the quark field which is then absorbed by the upper longitudinal
Wilson line of the staple (see Fig. 3). After the spacetime translation (11), its contribution reads

(=b*, —b) (2%, =b) (Y+,=b)

U(y) (0)

FIG. 3. Gluon emission from the quark to the upper part of the gauge link—diagram 1(b).
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n.r. b _ e~ ixP7bT
it )y = fim [ 67
Y+
< (PIT |9 ()%{—wg [ arani b0 fav-bt b0 i) 69
—bt

Expressing the correlators in terms of quark and gluon propagators, the contribution from diagram 1(b) can be written as
ﬂ@mmﬁm@=wﬁTle/( ﬂ”“/¥k<|ﬁ—%ﬂbf%ﬁwmwﬂmc
v _
X / dz"Gylp(zt,=b,075y)
_pt

db+ d4 26‘ d4—2€k
- _ 2€C li —sz bt /d4 —2¢ P P / d / /
u pleJ}00 (2ﬂ) Y(P[7a(0 Wﬁ y)| z )42 | (2m)*2e

X {[i } G&/;(k)eiq-(y++b+)eiq+y—e_iq.(y+b)eik-(y+_z+)eik+y-e—ik~(y+b). (46)
af

24400

Integrations over z" and b" can be carried out straightforwardly, yielding

e et &g [ A2k 1 [ id
ﬁ&ﬂ&mfmw:‘@f%ﬂﬂ?L/&kﬂﬂwmwﬂwm/n - /( —-{.7}

r)*2 | Qr)* 2k |2 ¢*+i0"”
x Gohe(k)e!a k0" glla k™ o=ilatk)-4b) [5(g= — x P~ ) ek V" — §(g~ + k= —xP7)]. (47)
Using the gluon propagator contraction in the projectile light-cone gauge

~—H — i 1 2kt — kiyi 4

and applying the same change of variables introduced in Eq. (24), the contribution from diagram 1(b) can be written as

d4+2ck d>21 dit dg~
n.r. ,b; 2 — 72 2€C li /d4—2e Plw.(0 P / / / /
Gomeur. (D) |y ) = g7 p le_)rlloo V(P (0)ws(y)|P) 2n)2% | 2o ] @2z) ] @2x)

1 1 . N . -
- 2 |\ — 'yl 2k— +_kl i
ka'ﬂﬁ%io{zwy q'y'|[2k7y ”}w
ei(q’+k’)y+ eil*y’ e—il'(y+b)

2q¢=(I" = k") = (1=Kk)?> +i0]°

x [6(g~ —=xP e * V" —§(q + k= —xP)]

(49)

Using the delta functions in the last line of Eq. (49), the expression can be rewritten in the following form, which is more
convenient for the remainder of the discussion:

T, (X D3 7)1 )

. ) B . d42¢k d2-2¢] dit
= igwecy tim [ e per [t [

(27[)4—26 (2”)2—25 (27[)
dg- ¢l e-it(¥+b) | - |
/[(2ﬂ) Kn-k [ +i0]2¢~(I" = k%) = (1 - k)? —%ZO]{ 7y = a Ry V]}aﬁ
x [6(g= = xP)e ® V') — §(qg~ + k= —xP7)]. (50)

Let us now focus on the k™ integral. The denominator [n - k| which can equivalently be written as [k*], represents the extra
singularity originating from the gluon propagator in the light-cone gauge and it will be treated within the ML prescription
given in Eq. (13). The contour integration over k™ using the ML prescription follows very closely the computation
performed for diagram 1(a) and the contributions with k= and ¢~ of opposite sign vanish because all k™ poles lie on the
same side of the real axis. All in all, one finds
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dkt { 0(k™) 9(—k‘)} 1 1
(27) LkT+i0 k" —i0f 2k )[k+ - k=10 (=2¢7)[k+ = I* + (l—l;;i—io]
_0e) !
(20 (=2q7) [+ - (lz—qk_)z} i+ — <12_qk_)2 _ %] ’ (51)

where the case of both k= and ¢~ negative is incompatible with the delta function constraints in Eq. (50) and thus does not
contribute. Substituting Eq. (51) back into Eq. (49), one gets

T, (X, D3 1) 1(b)

. 21 it [ Ak [ dke
= 2 2€C li /d4—2€ Pl .(0 P ixP y+/ / / /
gw<Cp Jim V(P (0)yy(v)|P)e o= | 2o ) e =) 2

dg~ el ey gmg(k7)0(q") Y ini (A=t i — A leini
| BT T = 7 O R
x [6(g= = xP)e ® V") —§(g~ + k= —xP7)]. (52)

At this stage, we should introduce the pure rapidity regulator given in Eq. (15) in order to proceed with the k™ integration.
The first term in the square bracket in the third line of Eq. (52), which is proportional to §(¢g~ — xP~)e~* (""=") can be
shown to vanish in the Y™ — oo limit after inserting the pure rapidity regulator. To demonstrate that, one may rescale the
integration variable ks~ — k= (Y™ — y*) and show that the resulting integral scales as (Y — y*)™ — 0 for positive 7. The
nonvanishing contribution in the Y™ — oo limit for the diagram 1(b) is the second term inside the square bracket in the third
line of Eq. (52) which is proportional to (¢~ + k= — xP~). After taking the Y — oo limit and trivially integrating over ¢~,
this contribution reads

o 422 dit .. . 4?2k
g (5. b1 1) = i Cr / 2y (Pl a0y y(y) [P / T / Ay giyen) /

(2r)>7% | (2x) (27)>%¢
o dk™ xP™ —k~ O(xP~ — k™)
A Qr) k2P —k ) — (1 -k 2P -k )k 1" —k (1-Kk)? — (xP~ — kK]
x{y [ =Kk)y'ky" = kiy/) = (xP™ = k7 )y K'y']} 45 (53)

which, after inserting the pure rapidity regulator and changing the integration variable k= — £ = k= /xP~, can be written as

Ganau, (X, b; 12, C>|1(b)

2¢ 2-2¢ + 2-2¢
agp CF 4-2 - iXP~ +/‘ d 1 / d il*y~ —il-(y+b / d k
- _ d42ey(p 0 P\exPy [ L pil"y p=il(y+b)
. / Y(Plwa(0)ys(y)|P)e (27)272% | (2n) e e (2m) 2%

o {2y+ T/l ae = e {r = =k)¥' 2xP~ &y —Ky)) =xP~(1 = §)y' k'Y ]}y

K2~ £ 2xP~(1 = &)1t — (1—-k)?|[2xP~E(1 = &)IF = E(1-k)? — (1 - )k’

(54)

where the rapidity divergence resides in the £ — 0 region and its extraction can be performed using the expansion in 7
introduced in Eq. (33) which in this case is performed around &£ = 0 and it reads

o fO) 1 F(E.0)~ £(0.0)
A azer e =L+ A T E

Using Eq. (55), the rapidity divergent contribution of diagram 1(b) can be written as

+ O(n). (55)

2e +72..2 2-2¢
nr. L2 e\ agp™Crp oy |2V 2 W 4-2¢ - ixP-y* A7 iy
= OB P pp| = P PYeixPy y
qunsub. (X’ bnu ’ é.:) 1(;,) o0 [X ] |: e :| n / d y< |l//a(0)l///}(y)| >€ / (271_)2_26 e
art . [ d7*k 1 1 P
_eilty “xPyt = (1=Kk)y][k‘y]},s (56
X / (27[) e / (2”)2—26 [kz]h% [2XP_Z+ _ (l _ k)Z] {y [X 4 ( ) 4 ][ 14 ]}aﬂ ( )
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The numerator in Eq. (56) can be rewritten, in order to apply the EOM for the background field fy/(/) = 0 + O(a,), as
{rxP7y" = (A =Kk)y]k/y/]} = {y~[2xP71" = (1-k)* = P = k'/'[]}, (57)

which can be substituted back into Eq. (56) to get the rapidity divergent contribution of diagram 1(b) as

s ZEC 2T zw2 _ o d2—25] ]
qmw@nﬂgw”——JLJ{PJhﬁ o T OB E e Sy

o= p (271')2 2e
2-2¢ 2 ini
X/ art eim_/ >k 1 - P+ Kyl (58)
) (27)7% k2] 2xP~1" = (1=k)?|| [ o5
2<
o cC 2U | € — ixP~y*
“—zl%sz[u}n/fz<mm>ymwwwp>
2-2¢ 2-2¢
x/ a1 / dir il =il (y+b) 4k 1 : (59)
(271.)2—25 (2”) (2”)2—26 [kz]l-s-i’ ’

where in the second equality we have used the fact that the terms proportional /> and J are shifted to higher order in a; due to
the EOM for the quark background field. Equation (59) is the rapidity divergent contribution of the diagram 1(b) which we
will combine together with the rapidity divergent contribution of diagram 1(a) given in Eq. (39) in the next subsection. Note
that in the contribution (59), the integral over k is scaleless and thus vanishes in dimensional regularization, but is formally
divergent both in the IR and in the UV.

For the moment, we focus on the rapidity finite part of the diagram 1(b), which is obtained by collecting the rapidity-
finite terms in Eq. (55), setting # = 0, and reads

2¢e 2-2¢ +
n.r in asH c —2¢ - ixP~y* d 1 d ity il
Tamou. (X, D32, 0) 1) = —TF/d4 2y (Pl () (v)|Pye™"™ /W/@U Ve yh)

5 / &>k /1 dé { . [ (1= -k)y' 2xP~ & —kiy/) —xP~(1 = &)y k'y]

@m)*2 Jo & 7 [2xP=(1 =9I = (1= KkPJ2xPE(1 = )17 = &1 - k) = (1 = k7]
_[FA=K)Y (k) + XP‘;'*k"Vi]] }

2xP~1F = (1- k)7]K o

(60)

We note that rapidity finite part of diagram 1(b) given in Eq. (60) is infrared-safe but still contains UV divergences.
The detailed computation of the UV-divergent contribution arising from this rapidity-finite part is presented in Appendix B.
All in all, the UV-divergent but rapidity-finite contribution of the diagram 1(b) reads

.. . ,,2)|fin _aSCF 2 6F(2—€) /dy - + _ — ixP~y"
i (x50 = %5 () =T [ S (PO S b, 07 Pl
a,C J2-¢€)
= 27: (4au?) mr(e)QBckgd(x’b;ﬂz)’ (61)

where we have used the definition of the quark background TMD given in Eq. (18).

3. Combined rapidity-divergent contribution from diagrams 1(a) and 1(b)

The rapidity-divergent parts of diagrams 1(a) and 1(b) are given in Egs. (39) and (59), respectively. Combining these two
expressions, we obtain

2¢e
O C 2u » Py
gt (D2 O ———zrﬁpr’{y]n/*2<mw> w(y)|P)er ™"
d2—2€l dlit v il (vih d2—2€k 1 b
X / (2ﬂ)2—26/(27[—>€ Y oe (y+ )/_(27[)2_25 [k2}1+g[1 —e€ ] (62)
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The transverse momentum integral over k is now IR finite, since the IR divergences cancel between the two diagrams.
However, this integral is UV divergent, due to the contribution of the diagram 1(b). The result reads

>k 1 wnr (@D (D\IT(=L—¢)
[t - == (5 oy o

Substituting Eq. (63) into the combined expression for the rapidity-divergent part given in Eq. (62), and trivially performing
the integrals over [T and 1, followed by those y~ and y using the resulting delta functions, one obtains

ag CF
27

n.r. . 1
T, (%, D3 42, C) 1{2)-&-1(1)) =

iy [ PRI 4

| T ) 2w POV 0P (@)

Expanding this result in # at finite €, one obtains the final result

1p(_n >
n.r. . /n _aSCF 2h2\e Cbz ZF(_Q_G)W )
T, (X D2 O ) = (7u"b*) { T o 9Bekealx bip’)
b. 1(a)+1(D) 2 4 F(l +g) n Bcekgd
a,C [2w? ¢b?
= 4”]: F(—€) (77.',142[)2)6 |:]7 + 10g< CZ > - ‘Py(—é‘) + le(l):| chkgd(-x9 b;ﬂ2)’ (65)
0

where we have written the result in terms of the background TMD given in Eq. (18), the scale { which is defined in Eq. (9),
the constant ¢y = 2e¢77#, and ¥, is the digamma function.

This result is the direct analog of the radiation-to-infinity contribution found in the target light-cone gauge calculation of
Ref. [55]. The key structural difference is that in the present projectile light-cone gauge calculation the double-logarithmic
contribution to the CSS kernel arises from radiation absorbed by the longitudinal Wilson lines, whereas in the target light-
cone gauge it originated from radiation to the transverse Wilson line at infinity. Despite the difference in the diagrammatic
origin, the final result takes exactly the same form as in the target light-cone gauge calculation, as expected from gauge
invariance of the CSS evolution equations. We will return to a detailed comparison in Sec. V.

B. Diagram 1(c): Gluon emission from the quark to infinity

Diagram 1(c) corresponds to the radiation of a gluon by the background quark field which is subsequently absorbed by
the transverse Wilson line at light-cone infinity (see Fig. 4) Y™ — oco. The longitudinal Wilson lines are set to unity. After
performing the space time translation of Eq. (11), the contribution of this diagram to the quark TMD reads

o 5 . db+ —ixP~b*
Gomsub, (X B3 1) |10y = Y}Lrﬂoo 20 ¢

X (P|T[l/‘/(0)g(—igue) Al dr(=1)b'1*SAL (YT, (z = 1)b,07)8¥(=b",=b,07)||P).,  (66)

where the transverse path at Y has been parametrized as

X; = (T - 1)bl (67)
(=b*,—b) (Y*.—b)
‘1 :
k
! [0G0000000000000000000000000000 (1. (r - 1)b)
Ity a |

Y (y) ¥(0)

FIG. 4. Gluon emission from the quark to infinity—diagram 1(c).
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Expressing the two-point correlator of the fluctuation fields in terms of free Feynmann propagators and background field
insertion, one finds

. . . db+ _ixP—ht 9 1 P~ _
g, (b5 ) o) = Y}lﬂ@— (_lg/’lé)ZCF/(zﬂ)e ixP~b /d4 ZéyA dth'Gy',(Y*, (1= 1)b,07; y)
T _
x <le(0)7So,p(—b+,—b,0 V)V ()IP)- (68)

Using the explicit expressions for the free quark and gluon propagators in momentum space, the contribution to the quark
TMD from diagram I(c) can be written as

i, (503 12) 1

2..2¢ + 4— 26 4-2¢
. gueC db™ e . d d* "k _ _.
~ fim 2F/——Pb/m/&2/ 4% g PO idrdapws(0)P).

Yt—o+00
n”k’]

1 i
q* + i0 k* + i0

X eiq— (y+b%) eiq+y— e_iq'(nyb> eik— (Yr=y*) eik+y— e_ik'[y_(f_ 1)b] (69)

bi_iﬂ ,
{ g +n-k

where a, f§ denote the Dirac spinor indices of the quark fields. The integral over b™ can be performed straightforwardly,
yielding 5(¢~ — xP~), which is then used to perform the ¢~ integration by setting g~ = xP~. Furthermore, we perform the
change of variables from ¢ to [ which is given in Eq. (24), so that Eq. (69) takes the form

qﬁnrsub (X7 b; ﬂz) |1(c)

d4 2ek d2—2€l dl+ Lo
- 2e 4—2¢ o0 i(xPTHkT)y T
= Y+ILI£1-ooaSﬂ Cr /d Y(Pwa(0)ws(y)|P), / dT/ 2m) 2e/ 2ﬂ)2—2e/ o ’

o Pyt —(1=K)y)y ib’ -
ilty —tl‘(y-&-b) —ik"Y T Litk'b Y (X }/ H 1;4 70
e e ¢ (ZXP <z+—k+)—(1— K2 +i0) K2 +i0| ¢ Tnik (70)

To proceed further, one can simplify the numerator which contracts the Dirac structure with the gluon polarization tensor
and it is evaluated as

kl

[ K]

KW -k
] =—xPyrty +(V-K)yyy - %ﬂf’y*- (71)

rkFﬁ—W—WWW{W+

The numerator structure given in Eq. (71) contains three distinct terms. The first two, which are free of extra light-cone gauge
singularity in k™, are referred to as regular contributions. The third term carries the extra light-cone singularity 1/[k"], which
must be treated with the ML prescription (13). We discuss these two type of contributions separately below.

1. Regular contribution

For the regular terms, the k™ integral takes the form

o= [ St 1 - —ib) (1)

27 2%k [k = S0 (—ox P [kt — 1T + %} 22xP k1T —xP K2 -k~ (1-Kk)*’

where the contour has been closed below the real axis, and contributions from negative k= vanish since all poles lie above
the real axis in that case. The contribution of these regular terms to diagram 1(c) takes the following form

. e ) sﬂ eC . d2 261 dl+ d2 Zek
quhs.ub.(xﬂb;ﬂz)h(i) = lim 2 F/d4 - <P|l//a( )Wﬁ |P / dT/ 27[ 2-2¢ 2ﬂ' (7\2=2€¢

x/ Kei(XP_Hc_)Weil*)’_e—il-(erb)e—ik‘Y*eirk~b ib'[—xP7yyty - (lj ~ k)~ 7’J7’]' (73)
o 27 2xP kIt —xP kK2 — k- (1-K)]]
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The subsequent integral over k™ then reads

ok (Y =y")

o dk~
e =/ — .
L)k /0 27 [(2xP~ It — (1-k)?)k~ —xP k7]

(74)

To analyze the behavior of this integral as Y — oo, we
insert the pure rapidity regulator (15) and for the conven-
ience of the discussion, let us introduce a new variable
t=k~ (YT —yt), so that

T, A o

Since the integral in Eq. (75) clearly vanishes in the
YT — oo limit for > —1, one may safely conclude that
the contributions to diagram 1(c) originating from the
regular terms vanish.

e~ 1
K2xP~ (YT —y ") [yt — y )1 °
== A

(75)

2. Contribution with the extra light-cone gauge
singularity
For the term containing the extra light-cone gauge
singularity 1/[k"], the k" integral with the ML prescription
27)) reads

oAkl 1
LC= | H —i —K)?—i
27 2k [kt — K= (—2xP") [k* T %}
o(k™) | 0(=k")
. 76
X{k++i0+k+—i0 (76)

Applying contour integration and performing the shift
1 - 1+ k, which is allowed since this integral is nested
inside a separate 1 integration [see Eq. (70)], one finds

(k™)

e 77
Plk- —xP~ k] (77)

I ¢~ —ixP~

where I = 2xP~IT — 1. The subsequent k™ integration
reads

o dk~ e~k (Y =y")
AN —/ —_—, 78
1(c),k 0 27 [k_ _ll(_ZXP_] ( )

which has exactly the same structure as the regular k™
integral given in Eq. (74), up to a redefinition of the
coefficient of k= in the denominator. Therefore, the
same rescaling argument applies. More precisely, after
inserting the pure rapidity regulator (15) and defining
t=k (YT —y™), one can show that the integral scales as
(YT —y™)™. Therefore this contribution also vanishes in
the Y — co limit, for n > 0.

3. Conclusion for diagram 1(c)

Since both the regular and the light-cone singular
contributions to diagram 1(c) vanish after taking the
Y" — oo limit with the pure rapidity regulator in place,
we conclude that

qg;{éub,(x’ b;ﬂ2)|l(c) =0. (79)

We note that this result stands in sharp contrast to the
corresponding calculation performed in the target light-
cone gauge in Ref. [55]. In the target light-cone gauge
calculation, it was shown that the analogous diagram
(gluon emission from the quark line to the transverse
Wilson line at infinity) produced the dominant rapidity-
divergent contribution to the CSS kernel, driven by the
ghostlike zero mode of the ML prescription. In the present
projectile light-cone gauge calculation, this diagram van-
ishes due to the fact that the phase factor e~ ¥" accom-
panying the transverse Wilson line at Y suppresses both
the regular and the light-cone singular contributions in the
YT — oo limit. The CSS kernel is instead generated by the
diagrams where gluon is emitted from the quark field and
subsequently absorbed by either lower [diagram 1(a)] or
upper [diagram 1(b)] longitudinal Wilson lines, as com-
puted in the previous subsections.

C. Diagram 1(d): Quark-to-quark ladder

Let us continue our analysis with the ladder diagram
presented in diagram 1(d) which corresponds to the first
term in the expanded expression given in Eq. (19) (see
Fig. 5). Written in terms of the quark and gluon propa-
gators, it takes the following form:

qﬁi{éub.(x»bwz)h(d)
dbt ..
— _2,,2€ li —ixP~b d4—2€
TH Y*ggl-oo/(zﬂ')e / Y
x / d* =2y, Gl (v ) (P (¥)7,1*So p (s 57, b,07)
v
X;So,F(O;ymt”v/(y)lP%- (80)

Performing a translation y* — y# + Ay# with Ay* =
y* —y#, and using §°t“t> = Cp, this becomes

z=0

2= (b",b,07)

k q

[OOBO0TT00| =+ 20

1 4

U(y) U(y')

FIG. 5. Quark-to-quark ladder—diagram 1(d).
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dbt . . , ]
G (5,152 1) = —2H%C / A0 mixes / a2y / a2 Ay G (Ay. 0) (Plia(Ay)ws ()| P).

(27)
d4—25q d4—25q/ o, . '/ ) lé/ 7/_ lﬂ
X o4 (Ay+Y) id "b" o—iq"b ,ig-y L , 81
/(271.)4—26/(2”)4—26 Yy q/2+l~0 2 q2+l~07ﬂ of ( )

where the quark propagators have been written in momentum space. The integrations over y and b* generate the delta
functions 6(4=2¢)(q — ¢')8(¢’~ — xP~). Performing the remaining integrations over ¢’ and ¢~ then gives

d4—2ek
(271.)4—26

qarfsub (Xv b;ﬂz)|l(d) - _asﬂzch/d4_2€Ay<P|l/_/a(Ay>l//ﬂ(y)P>Ce_iXP_Ay+/ e_ikiAyGI(/){lF(k)

x /%eiq-(m—b) /%e—izﬁm'_ oty 474l op (ﬁ)z . (82)
The Lorentz structure contracted with the gluon propagator in the projectile light-cone gauge is
ol 74l pe [—9”" + %} e {2(1 = 8,e) 2(xP™)’r" + q*y7] + 46,exPq'y’
o R =K =Pk ar (83)

Here, D, = 4 — 25,¢ denotes the dimension associated with the spin algebra, distinguished from the momentum-integration
dimension D = 4 — 2¢. The choices 6, = 1 and 6, = 0 correspond to conventional dimensional regularization (CDR) and
the four-dimensional helicity (FDH) scheme, respectively (see for example [67] for a detailed discussion). The explicit D,
dependence arises from the contraction of the Dirac and Lorentz indices in the ladder numerator in Eq. (83). The first line in
Eq. (83) contains no light-cone gauge singularity, while the second line carries the extra 1/[k"] pole which must be treated
with the ML prescription given in Eq. (27). Upon substituting Eq. (83) into Eq. (82) and performing the changes of variables
from Eq. (24), one arrives at

i N o B .
g, 5317 1) :OWZECF/d4_2€AY<P|l//a(AY)Wﬂ(Y)|P>c€_lxp Ay /Well'my_b)/@f”m}

dv2k je—ikAY" kD . -
/(2;:)4—26 (K 4 i0)2xP~ (I —k ') = (1 - Kk)? + i0]? {2(1 = 8,e)2(xP™)*r* + (1= k)*r7]
+ 4556XP_(li — ki)yi < []:_+] [2(1 _ k)2<2k_}/+ _ ki},i) —4xPK - (l _ k>7+]}aﬁ. (84)

The k" integration can be performed in the same manner as in the previous cases, for x > 0, as

/E i _0(k) 1 (85)
2r (K2 +i0)2xP~(I* —k*) = (1-k)? +i0]> 2k~ [2xP~IT =32k — (1-k)? + i0]?

and with the ML prescription

dkt 1 i (k) 1
/Tnﬁ (2 +i0)2xP~(I" =k ") — (1-k)> + 02 K2 {[2xp—1+ —X K2 (1-k)? + 0]

1
T xP T —(1-k)? + iO}Z}' (86)

Indeed, for x > 0, all poles are on the same side of the real axis for k= < 0, in both cases, so that a nonvanishing contribution
is obtained only for k= > 0. Moreover, the result (86) can be rewritten as
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dk* 1 i
/EW(/& +i0)2xP~(IT —k*) — (1 - k)2 + i0]2

_0(k) 2xP~
2k [2xP7It =2 K2 — (1 - K)? + i0]
« ! 4 ! (87)
2xP~I" = (1—k)*>+i0] | [2xP~ 1" =22 k> — (1-Kk)>+i0]  [2xP~I* = (1-k)*+i0] |

Inserting Eqgs. (85) and (87) into Eq. (84), one gets

2e
au“Cr
Gunsub, (X5 b: u?)| 1d) = —

=

d2 —261

_ viaey AT
o / 2 Ay (Pl (A ()| P) e / e / ane

(27)

/ d>%k Jikh /erdk—e_l.k_Ay+ [2(1 = 8,e)(2(xP~)%y" 4+ (1=Kk)%y™) + 48,exP~ (1! = ki)yf]
(2”)2—26 0

[2xP~It =3 k2 — (1- k)2 + i0]?

2xP~[2(1- k)*(2k~y+ —kiy)) —4xPk - (1 - K)y*]

[2xP7IT =X k% — (1-k)? 4 i0][2xP~IT = (1= k)? 4 i0]

1 1
) [[2><P‘l+ S (I-k) 0] xP T - (1K)t iO]] }aﬂ' (88)

Finally, using the change of variables from Eq. (31) leads to

g, (5 D312 |1 0)

ay ”25 CF d2—2¢1

=B [ antPla sy 0IP). [ e

T

il-(Ay—b) / drr o—il Ay

(27)

&k o [1dz e [2(1 = 8,e) 2(xP™)>yt + (1= K)?y™) + 46,exP~ (I = ki)y]
/7@”)2_26 e A —e = {( )

Z

2(1 = 2)xP7IT — zk? — (1 — z)(1 - k)? + i0)?

2xP2(1- k)2 (2xP~ U=yt — Kiyl) — 4xP k- (1 - K)y ]

Z

2(1 = 2)xP~IT — zk? — (1 — 2)(1 = k)% + 0] 2xP~ [T — (1 — k)? + i0]

" [ (1-2)
[2(1 = z)xP~I" — zk? — (1 — z)(1 — k)? + i0]

Remarkably, the integrand is regular for z — 1, so that no
rapidity regulator is needed. Moreover, the phase in
xP~Ay*/z suppresses the regime z — 0, so that the
integration over z is convergent, for x > 0. The only
possible divergence could be from the UV regime for
the integral over k. Such UV divergence would come from
the contribution in the second line of Eq. (89), but only for
b = 0. Indeed for b # 0, the b dependent phase factor is
enough to regularize that potential UV divergence.

We therefore conclude that, for nonzero b, the ladder
diagram 1(d) is completely finite and does not require any
UV or rapidity regularization. It thus contributes only to
finite NLO corrections to the quark TMD and not to its CSS
evolution. This result is similar to the corresponding result
in the target light-cone gauge computation of Ref. [55],
where the same ladder diagram was shown to be finite for
nonzero b within the ML prescription. We further note that
at b =0, the quark TMD reduces to the collinear quark

1
TP — -k ¢ iO]] }/,, (89)

PDF, and the resulting UV divergence is associated with the
Dokshitzer—Gribov-Lipatov—Altarelli—Parisi evolution of
the parton distribution, in agreement with Ref. [52]. In
the present work, we focus on the CSS evolution of the
TMD and therefore restrict ourselves to b # 0 throughout.
Note that the explicit 6, dependence appears only in this
ladder contribution (89) which is finite at b # 0, and thus
does not enter the UV or rapidity counterterms determining
the one-loop CSS evolution equations. In such a way, one
checks that the one-loop CSS evolution equations are
independent of &, and therefore of which variant of
dimensional regularization is chosen in their calculation.

D. Diagram 1(e): Transverse Wilson line
self-energy at infinity

Concerning the diagram 1(e), since the light-cone vector
n* has no transverse components by definition, the gluon
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propagator reduces in that case to the Feynman gauge
propagator, which was already the case in the target light-
cone gauge in Ref. [55]. Hence, we can simply reuse the
result for that diagram obtained in Appendix B from
Ref. [55], which is

qﬂnr%ub (X7 b;/’tz) | 1(e)
_a,Cp (1 —¢)
- 27 e(1—2e)

(”ﬂzbz)EQBCkgd(va;ﬂz)' (90)

Here, the ¢ pole corresponds to a UV divergence. That
contribution actually has a UV power divergence, which
appears in dimensional regularization as the (1 — 2e)
denominator.

E. Diagrams 1(f), 1(g), 1(h)

We now turn to the three remaining one-loop diagrams
that are specific to the projectile light-cone gauge and do
not appear in the target light-cone gauge computation.
These are the Wilson line self-energy on the lower segment
of the gauge link [diagram 1(f)] (see Fig. 6), the gluon
emission from the upper segment of the gauge link
extending to infinity [diagram 1(g)] (see Fig. 7), and the
gluon exchange between the upper and lower longitudinal

qﬂi{éub_(",b;ﬂzﬂl(f): lim

0(0) (b b)

FIG. 6. Wilson line self-energy diagram in the lower part of the
gauge link—diagram 1(f).

Wilson lines [diagram 1(h)] (see Fig. 8). As we show
below, all three diagrams vanish by the same mechanism:
the pole structure in k" arising from the light-cone gauge
gluon propagator in the projectile gauge places all poles on
the same side of the real axis, causing the corresponding
contour integrals to vanish identically.

1. Diagram 1(f): Wilson line self-energy on the lower part
of the gauge link

Diagram 1(f) corresponds to the one-loop self-energy of
the lower longitudinal Wilson line, running from o™ to Y
at b. It arises from the fifth term in the background field
expansion (19) and can be written as

db*t . o a
——e % P|T |y(b",b,07)—
Y+—>+oo/ (27) ¢ < ’ [W( ) 2

Y+ +
X <+i/fgl dz*éA;(z*,b,()‘)t") (Jri/fglj dz’*éA;(z’*,b,()_)tb>l//(())} ’P> . (91)

+

c

Contracting the two fluctuation fields into a free gluon propagator and performing the color algebra, this reduces to

db+ N ]/_
n.r. .2 _ 2,,2¢ : —ixP~b —
Gunauy, (X D3 p?) 1) = —g°p CFY}LHJ:OO/ (Zn)e <P‘l//(b+,b,0 ) 5 w(O)’P>

c

v+ +
x / dz* / 4Gz b, 072 b.07), (92)
bt bt '

where the gluon propagator component G7 in the projectile light-cone gauge, evaluated in momentum space, reads

Gor(k)

G

i 2k (93)

Substituting Eq. (93) and writing out the z’* and z* integrations explicitly, the expression for diagram 1(f) becomes

. db* P bt a
tn (02 = =y tim [ e (Pl 0.0) o) )

2r)

c

av*k i 2k [Y o -
[ dz+ d7/ etk (=27 94
x / (2”)4—26 k2 + i0 [k+] A+ Z A+ e ( )

The key observation is that the k™ integral, which must be performed first as required by the ML prescription, takes the form
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0 (=.0.) (¥*,00)
a 1
ib |

the contour above yields zero. For negative k~, the poles
at k¥ =0+i0 and k* = k?>/(2k™) +i0 both lie above

. 7b . . .
P A the real axis, so closing the contour below yields zero. In
B ' both cases all poles lie on the same side of the real axis,
P and the k* integral vanishes identically. We therefore
conclude that
¥(0) D(b*,b)

Gunsub, (X5 b§ﬂ2)|1(f) =0. (96)
FIG. 7. Emission of gluon from the upper part of the gauge link
to infinity—diagram 1(g).

dkt o(k-)  0(=k)
/ (27) g+ — E=10 <k++10+k+ 0) (55)

For positive k=, the poles at k¥ =0—i0 and k™ =
k*/(2k~) — i0 both lie below the real axis, so closing
|

. bt . . e . 1 i _
i 039 = i [ e (AT 6007 (< [ asviont v b, 07y
Y+
X (—iﬂeg/ dz*ﬁA;(z*,OL,O‘)t”>w(O)] ‘P> . (97)
0 c

Contracting the fluctuation fields and performing the color algebra, Eq. (97) becomes

2. Diagram 1(g): Gluon emission from the upper part
of the gauge link to infinity

Diagram 1(g) corresponds to gluon emission from the
upper longitudinal Wilson line at 0, to the transverse
Wilson line at light-cone infinity Y. It arises from the
seventh term in the background field expansion (19) and
can be written as

n.r. ) - _ 2e 1 —sz bt P + — [ P
qunsub.(va’:u )|1(g) g H CF 1 +oo/ (271_ < ’W(b ,b,0 ) 3 U/(O)' .
Yt .
x/ dz*/ drGip(Y*,7hb,0752%,0,,07), (98)
0 0 '

where the gluon propagator in Eq. (98) in the projectile light-cone gauge reads in momentum space

= i ki
Goplk) =5——7. 99
O,F( ) k2 + i0 [k.t,_] ( )

Writing out the position-space integrations explicitly in momentum space, one arrives at
n.r 2 2e db* —ixP~b" + s
T (X B3 7)) = =P Cr Jim 2n¢ Plw(b".b.07) -y (0)|P
>k . bl K

d d zk (z"=Y") itk - 100
/ : / T/ = R0k (100)

The k™ integral that needs to be performed is identical to the one given in Eq. (95). By the same pole argument, all poles lie
on the same side of the real axis for any sign of k7, and the integral vanishes. Therefore,

Tamaas. (X D317 |y g) = (101)

3. Diagram 1(h): Gluon exchange between the two longitudinal Wilson lines

Diagram 1(h) corresponds to the exchange of a gluon between the lower longitudinal Wilson line (running from 5" to Y
at b) and the upper longitudinal Wilson line (running from 0 to Y™ at 0, ). It arises from the eighth term in the background
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field expansion (19) and reads

Totoup. (X D7) 1y = lim

abt ... a2 Yt
/ GO =it b pIT [y (b, b,07) o ( +incq / A2V 6AZ (7, b,07)
Yt—>+o0 (271') 2 bt

Y+
. <—i/fg / dzmA;(zaol,o-)tb)w(m] ]P> |

(102)

Contracting the two fluctuation fields and performing the color algebra, one obtains

n.r € ; db
quﬁs'ub‘(x’b;,uz)h(h) = gzlu2 CFYJfan-il-oo/(z—

Y+ v+
x/ dz’*/ dz"Gy (27, b,07521,0,,07).
bt 0 '

The Gy propagator component is again given by (93).
Writing the integrations explicitly in momentum space,
the k™ integral that must be performed is once again of the
form (95), and vanishes by the same pole argument. We
therefore have

Gamsub. (X5 b;ﬂ2)|1(h) =0. (104)

4. Summary for diagrams 1(f), 1(g), and 1(h)

All three diagrams 1(f), 1(g), and 1(h) vanish identically
in the projectile light-cone gauge. The vanishing mecha-
nism is the same in each case: the gluon propagator
components Ga} and G, which are the only ones that
can appear in these diagrams, carry the extra light-cone
gauge singularity 1/[k*] from the ML prescription, and no
k' dependent phase factor is present in these diagrams.
When the k™ integral is performed first, as required by the
ML prescription, the resulting pole structure places all
poles on the same side of the real axis regardless of the sign
of k=, causing the contour integral to vanish. This is a direct
consequence of working in the projectile light-cone gauge
AT = 0 with the ML prescription, and has no analog in the
target light-cone gauge calculation of Ref. [55], where
these types of longitudinal Wilson line diagrams do not
arise at all. We also note that the same vanishing

0 (2%,01)

1(0) P(b*, b)

FIG. 8. Gluon exchange between two lightlike Wilson lines in
the gauge link—diagram 1(h).

emixPb <P‘y/(b+, b,0") %W(O) ‘P>

(103)

mechanism applies to several of the soft factor diagrams
evaluated in the following subsection, as well as to the
symmetric counterparts of diagrams 1(f) and 1(g) listed in
Appendix A.

F. Soft factor

As discussed in Sec. II, the operator definition of the
quark TMD receives contributions from Wilson-line self-
interactions that do not belong to the physical TMD and
must therefore be subtracted. Following the standard treat-
ment [3,5], this subtraction is implemented through the
introduction of a soft factor, whose square root is used to
normalize the TMD operator. The soft factor is defined in
Eq. (7) as the vacuum expectation value of a closed Wilson
loop, with the trace taken in the fundamental representa-
tion. The contour consists of four longitudinal segments
reads

o)
2,,2e
+0(g%)

joined by two transverse links at Y+ and Y, as illustrated
in Fig. 9 and described in Sec. II. Its one-loop expansion
1 1/ :
S(b)=1+4—trp [ O|T = ( —igu® ¢ dx't°Aj(x)
N, 2 g
+0(g°)
— JH ab v a b
=1=Z—tp(107) p dx* ¢ dy" (0] TAG(x)A)(y)]0)
2Nc 13 ‘
2,,2€
—1-T0c, fav f ¥ Gur ()
2 ¢ ¢ '
+0(g%).

(105)

where in the last step we used §*°tr(*t*)/N, = Cr and
expressed the two-point correlator of gluon fields in terms
of the free Feynman gluon propagator. In the projectile
light-cone gauge A™ = 0, the nonvanishing components of
the free gluon propagator in momentum space are
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_ i 2 (106) where the 1/[k"] singularity is treated with the ML
k> +i0[kT]’ prescription (13). In particular, since the components
of the propagator with upper + index vanish in the

i k' projectile light-cone gauge, it is not possible to attach a

- kz—wﬁ’ (107) gluon propagator to the lightlike gauge links parallel to
the x~ axis. Hence, that only the diagrams drawn in

—ig' Fig. 9 exist for the soft factor in the projectile light-

Gor(k)

G(i),_F(k) = G(Yf(k)

i _
Gop(k) = 240 (108)  cone gauge.
-
(b)
(0*.b,Y") (V*,b,07)
P -
T e |
L )
(0%,0,.Y") (Y*+,0,,07)
0 -U
(© (d)
(0, b,Y") (0%,b,Y") (Y*,b,07)
[ e e 1
| | |
! _(0%,b,07) ! _(05,b,07) !
e e |
L. L = )
(07,0,,Y7) (07,0,,Y7) (Y*+,05,07)
0 0
(e) ()
(0" b,Y") (Y*,b.07) (0°,b.Y")
P e 1 [
| | |
| |
| |
L. L.
(0°.0..7) (0°,0,,7)
0 0
(&) (h)
(0*.b,Y") (V*,b,0°) (0*.b,Y") (V. b,0°)
P = Foeel 1
| 1 | 1
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| R I s T S e |
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(1 ()

FIG. 9. Diagrams contributing to the soft factor.
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The propagators (106) and (107) contain the same k* pole
structure encountered in diagrams 1(f)-1(h) and . For
diagrams 9(d)-9(h), there is no k*-dependent phase in
the integrand. Moreover, at fixed nonzero k™, all poles lie
in the same half-plane, and the contour can be closed in the
opposite half-plane, giving a vanishing contribution.
Diagrams 9(a) and 9(b) also involve the propagator (107),
but contain k*-dependent phase factors associated with the
separation of the end points in x~. These phases restrict the
contour closure, so the same vanishing argument does not
apply. The k™ integration can give a nonzero contribution,

and the remaining integrations and the Y* — 4-oco limits
must be analyzed explicitly. Diagram 9(c) involves the
transverse propagator (108) and also contains a k" -depen-
dent phase, whereas diagrams 9(i) and 9(j) are transverse-
link self-energy contributions. We evaluate these remaining
diagrams below.

1. Diagram 9(a)

The contribution to the soft factor given by the
diagram 9(a) can be written as

1 .
Sl = —EgzuZGCFYihEm

A4k i k'Y (ki Y+ L 1 .
e ls : ( ~ )/ dy+e—tk y —Hk-b/ d’[b’e_”k'b.
(27[) k=410 [k ] 0 0

(109)

After performing the integrations over y* and 7, one can reorganize the expression as

1 422K [ dk i .
_ 2,,2€ : : ik-b —ik"Y*
S(0)loq = 5 4Py lim /(27[)2_26 ifl—e ]/ = ll— e

o to0

dkt it 1

werory (M0

The contour integration over k™ must be performed first, as required by the ML prescription. Closing the contour above

the real axis so that the phase factor ek Y

with ¥~ > 0 remains convergent, one finds

dk* e 0(k7)  0(—k7) _0(=k7) (1 = eier),
kt +i0 kT —i0

27 k2 +i0

- (111)

where contributions from positive k= vanish since all poles lie below the real axis when the contour is closed above.
Substituting (111) into (110) and inserting the pure rapidity regulator (15) to handle the 1/k~ singularity, one obtains

I, . L(2N\2 [ Pk [1 = b)) [0 gk [k
S(b)|9(a) :Egl’l CFYilinlooW <y—_ /(271_)2—26 [k2}1+,7/2 /_mg = [1 -

The integrand in (112) contains three types of terms in the k™ integration: a scaleless term (proportional to |[k~|7~!
-

Y[ = ). (112)

alone), and terms proportional to the phase factors e ¥, ¢ and their product. The scaleless term vanishes in
pure rapidity regularization, by analogy to the vanishing of scaleless integrals in dimensional regularization (See
Appendix C for more details). The remaining terms, which involve one or both of the phase factors, are shown to
vanish as well in the Y* — +oo limit in Appendix C, by direct calculation. We therefore conclude that

5(b)log) =0 (113)

in pure rapidity regularization.

2. Diagram 9(b)

For diagram 9(b), the longitudinal integration runs from Y to 0, and the transverse phase factor e**"? appearing in
Eq. (109) is absent. Its contribution reads

1 .
S(b)|9(b) = —592M2€CFYihm

-+

4-2e —ik"Y" (i
7%k ieT*Y (—k )/0 dy+eiky+/'d7bie—irk~b_
Yt 0

A 10 K] (114)

The reversal of integration limits over y™ introduces a relative minus sign with respect to diagram 9(a), while the missing
factor ¢’*P does not affect the k™ integrations. By the same argument used for diagram 9(a), including the contour
integration over k* and insertion of the rapidity regulator, this contribution also vanishes in the Y* — +co limit:
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S(b)loy =0

in pure rapidity regularization.

(115)

3. Diagram 9(c)

Diagram 9(c) involves a gluon connecting the two transverse Wilson lines at Y+ and Y™, located at transverse positions

7b and ob respectively. Its contribution reads

d4—25k

1,
S(b)loe) = ‘QQZP‘ZECFYJLTW

Qa2 K+ 0 Jo 0

1 o L
/ dab-’e"k Y +mk»b/ d’l’blelk Y —11k~b_ (116)

Performing the contour integration over k™ in the same way as for diagram 9(a), and inserting the rapidity regulator (15),

one finds

1 . 2ut
Sl = JFHCrlim 2 (—_

-+ 14

e S
(2ﬂ)2_2€ [kZ] 1+n/2

The k™ integral in (117) is precisely the integral /5 analyzed
in Appendix C, which is shown to vanish in the Y* — 400
limit, independently of the value of #. Therefore,

S(b)lo(y = 0. (118)

4. Diagrams 9(i) and 9(j)

The remaining nonvanishing contributions to the soft
factor come from diagrams 9(i) and 9(j) which corre-
sponds to the gluon loop on the two spacelike Wilson lines
at light-cone infinity ¥ — +o00 and Y~ — 400, respec-
tively. These diagrams involve only the transverse gluon
propagator given in Eq. (108), and does not carry an extra
light-cone gauge singularity. The calculation is therefore
identical in structure to the Wilson line self-energy at
infinity computed in the target light-cone gauge of
Ref. [55]. Adding the contributions from diagrams 9(i)
and 9(j) together gives

2,,2€ 2 d* >k I
S(0)loiro; = =294 Crb =R+ 10

1 i
X / da/ dreiT=o)kb
0 0

This integral is evaluated in the same way as in the target
light-cone gauge computation (see Appendix B of Ref. [55]
for a detailed calculation) using Schwinger parametrization
and dimensional regularization, yielding

(119)

I'(l—e¢)
e(1 —2¢)

a,C .
S(b)lorpo; = —— (mu®b?) +0(a).

(120)

n/2 1 oL 1 o
> / dije'H"k'b / d’l’ble_”k'b
0 0

di 0k
2w

Y ik Y

k" (117)

|
5. Total soft factor

Combining all contributions, the one-loop soft factor in
the projectile light-cone gauge in pure rapidity regulariza-
tion is

Ay CF

S(h) =1 +T<ﬂ'ﬂ2b2)€ Fi-e) + O(a?).

e(1 —=2e¢) (121)
This result is identical to the soft factor used in the target
light-cone gauge calculation of Ref. [55]. Due to the
symmetry between the 4 and — directions in the definition
of the contour for the soft factor, not only the result but also
the whole calculation of the soft factor is identical between
the target light-cone gauge and the projectile light-cone
gauge, up to the interchange of the role of the + and —
directions. The soft factor was not explicitly calculated in
Ref. [55], but our calculation in this section provides the
justification for its expression (121) used there. The soft
factor (121) will be used in the next subsection to assemble
the total NLO correction to the quark TMD.

G. Total NLO corrections to the quark TMD
from the operator definition

Having computed all the individual diagram contribu-
tions in the preceding subsections, we are now ready to
assemble the total one-loop correction to the quark TMD.
Let us first summarize the outcome of each contribution:

(i) Diagrams 1(a) and 1(b) (Sec. Il A): These produce

the dominant rapidity-divergent contribution, given
in Eq. (65), together with a UV-divergent but
rapidity-finite contribution from diagram 1(b), given
in Eq. (61). The rapidity-finite part of diagram 1(a) is
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also UV-finite and contributes only to the finite
NLO remainder.

(ii) Diagram 1(c) (Sec. Il B): Vanishes in the Y* — +o0
limit after insertion of the pure rapidity regulator, as
shown in Eq. (79).

(iii) Ladder diagram 1(d) (Sec. III C): Completely finite
at nonzero b, with no rapidity or UV divergences. It
contributes only to the finite NLO remainder.

(iv) Diagram 1(e) (Wilson line self-energy at infinity):
This diagram produces a UV-divergent contribu-
tion (90) that is canceled by the soft factor, as
discussed below.

(v) Diagrams 1(f)-1(h), (Sec. IITE): All vanish identi-
cally due to the k™ pole structure of the light-cone
gauge propagator combined with the ML prescrip-
tion, as shown in Egs. (96), (101), and (104).

(vi) Symmetric counterparts (Appendix A): The diagrams
listed in Appendix A are the symmetric counterparts
of diagrams 1(a)-1(g). By the symmetry of the TMD
operator under exchange of the quark and antiquark
fields, each symmetric diagram gives exactly the
same contribution as its counterpart. The symmetric

|

counterparts of diagrams 1(c), 1(f) and 1(g) therefore
vanish by the same arguments as the originals, while
those of diagrams 1(a) and 1(b) double the contri-
butions already computed.

The Wilson line self-energy at infinity, diagram 1(e),
requires special treatment. As is standard in the definition of
TMDs, the self-energy contributions to the Wilson lines are
removed by dividing the TMD operator expectation value by
the square root of the soft factor S(b) defined in Sec. III F. At
one loop, the soft factor computed in Eq. (121) reads

T(1—e¢)
e(1 —2e¢)

and its contribution precisely cancels the UV-divergent
contribution of diagram 1(e), as expected. In practice,
therefore we simply discard the contribution from dia-
gram I(e) in what follows below, following the same
procedure adopted in Ref. [55].

Collecting the nonvanishing contributions and account-
ing for the factor of two from the symmetric diagrams, the
total unsubtracted quark TMD normalized by the square
root of the soft factor at one loop reads

aSCp

S(b) = 14—~ (zu’b?) +0(a3).  (122)

C 2u? {b?
n.r. b; u? -1 % Fr(— 2p2)e 1 B ¥ (1
S(b)qunSUb'(X’ H ,C> { + o ( 6)(77/‘ ) 7 + log C% 7( 6)"’ y( )
| re-
+ BCF (472 FE 1 6; F(e)}chkgd(X, b;u?) + finite NLO + O(a?),  (123)
— €

where ¢y = 2e77# and the finite NLO terms are independent
of ¢ and therefore do not contribute to CSS evolution. The
first line of (123) originates from the combined rapidity-
divergent contribution of diagrams 1(a) and 1(b) given in
Eq. (65) and their symmetric counterparts. The second line
originates from the UV-divergent but rapidity-finite con-
tribution of diagram 1(b) given in Eq. (61) and its
symmetric counterpart.

It is instructive to compare the structure of (123) with the
analogous result obtained in the target light-cone gauge in
Ref. [55]. In both cases the total NLO correction has
the same coefficient of the rapidity pole 1/7 and the same
logarithm log(¢b?/c3). The diagrammatic origin of these
divergent contributions differs significantly between
the two gauges. In the target light-cone gauge, the rapid-
ity-divergent term arises from a single diagram (gluon
emission from the quark to the transverse Wilson line at
infinity and its antiquark counterpart), driven by the ghostlike
zero-mode of the ML prescription. In the projectile light-cone
gauge, that diagram vanishes [diagram 1(c)], and the rapidity-
divergent contribution is instead generated by two diagrams
[I(a) and 1(b)] describing gluon emission to the longitudinal
Wilson lines, which are nontrivial only in the projectile
gauge. In contrast, the UV-divergent but rapidity-finite

contribution proportional to I'(¢) in Eq. (123) is absent from
the total NLO correction in the target light-cone gauge,
whereas this contribution arises from diagram 1(b) in the
projectile light-cone gauge. Despite the differences in the
divergent contributions in these two gauges, the gauge
invariance in the CSS evolution is preserved, as we will
show in the next section. We will return to a more detailed
comparison in Sec. V.

Finally, we note that the result (123) is expressed entirely
in terms of the background TMD g4 (X, b; 4?) defined in
Eq. (18), up to finite NLO corrections. This is a direct
consequence of working in the dilute target limit and
restricting to the leading-order background field insertions.
The renormalization of this result, leading to the CSS
evolution equations, is carried out in the next section.

IV. RENORMALIZATION OF THE FIELDS AND
EXTRACTION OF THE CSS EVOLUTION

In this section we carry out the UV and rapidity
renormalization of the quark TMD and extract the CSS
evolution equations. The starting point is the total one-loop
result assembled in Sec. IIIG given in Eq. (123). We
proceed in two steps; first we subtract the rapidity diver-
gences, then we remove the remaining UV divergences.
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A. Rapidity subtraction

The rapidity divergences in (123) appear as 1/# poles.
They are subtracted by introducing a rapidity renormal-
ization factor Z defined in the minimal subtraction
scheme as

rap*»

Ay CF

2
Zup =1 == )b 0), (124

at finite e. The rapidity subtracted quark TMD (still not
UV-renormalized) is then defined as

. 1
qon (X, by p?, ) = limZ J50) G (X, B3 %). - (125)

Ay CF

It is useful to express Z,. in terms of the bare coupl-

ing a§°), using the relation

" = p¥a, (1)1 + O(ay)]. (126)

which gives

(0) 2
s C
= T 4 0(@).

Zow =1 —

rap (127)
Written in terms of the bare coupling in this way, Z,. is
independent of the renormalization scale .

After performing the rapidity subtraction (125) and
taking # — O limit at finite €, the 1/ poles cancel and
one obtains

¢b?

axg b 0) = {1 S e fog (3 ) = -0+ 9, (1)

a,Cr re-
S 4 2\e
+ = (4mp’) =

6; F(e)}chkgd(x, b; u?) + finite NLO + O(a?),
€

0

(128)

where the finite NLO terms are independent of { and do not contribute to the CSS evolution. Expanding Eq. (128) around
e = 0, one finds that the UV divergences remain as poles in €. This can be realized by noting that

[(e) (pb2)¢ [Iog @2)) W (=) + lpyu)] =% S;logﬂg +O(e). (129)
and
(4m)* ?8 - 3 I(e) = S? + O, (130)

where S, = (4me™7£)¢ absorbs the universal constants of the MS scheme. All in all, after this expansion the rapidity
subtracted but still not UV-renormalized quark TMD reads

qﬂlft;_(X, b; u?, §) = QBckgd(X’ b;ﬂz){l + 7

B. UV renormalization and renormalization constants

The UV divergences found in Eq. (131) are the extra
divergences appearing in the quark TMD as defined from a
composite operator, beyond the standard UV divergences
associated with the renormalization of the fields and
coupling. However, the u dependence of the TMDs is
determined by all UV divergences, including the ones
associated with fields and coupling renormalization. The
effect of running coupling will arise only at order a2 in the
evolution equation for the TMDs, so that we only need to
discuss the UV renormalization effects for the quark field.

As discussed in detail in Ref. [55], following the
renormalization procedure established in Refs. [68,69],

A CF |:

Se. (1 S, . s
— +—<log(— | + 2: + finite NLO + O(a3). (131)
€

¢

€

the renormalization of the quark and gluon fields in the
light-cone gauge with the ML prescription does not proceed
by simple multiplicative constants due to the breaking of
Lorentz invariance by the gauge condition. Instead, the
good and bad components of the quark spinor are renor-
malized by different factors. In the projectile light-cone
gauge AT =0, with n# = ¢*" and ## = ¢*~, the good
components of the quark field [projected by jtn//(27 - n)]

are renormalized by \/Z,Z,, while the bad components
[projected by n/ii//(2ii - n)] are renormalized by \/Z,/Z,.
The quark TMD operator (10) involves the matrix y~,
which in the projectile gauge projects onto the good
components of the quark field. The relation between the
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bare quark TMD and the one defined in terms of renor-
malized fields and coupling (but not further renormalized)
is therefore

qiﬂ%_(x,b;() ZyZ,q%% (x. by 42, Q).

at the level of rapidity-subtracted distributions. Note that
the bare but rapidity-subtracted quark TMD q@ is

sub.
independent of x4 by construction, since it is defined as
a series in bare perturbation theory. The one-loop renorm-
alization constants for the quark field in the MS scheme

are [68]

(132)

a‘YCp Ss

Z, =1+ e T O(a?), (133)
Zy=1- “;ip Se O(a?), (134)

from which one finds
%_ 1+ 30;HCF +O(?), (135)
zgfq—%%%+0@y (136)

Substituting Eqs. (131) and (136) into Eq. (132), one
obtains the bare (but rapidity subtracted) quark TMD as

[ (ee(2)2)%))

(137)

Gy (%, D:8)
= QBckgd<Xa b;ﬂz) {

+ finite NLO + O(a?).

The fully renormalized quark TMD is then defined as

0
= Zuyai (x.b;{)
= ZuvZyZog % (x. by 2, Q).

q(x,b;42,¢)
(138)
where Zyy is the UV renormalization factor that removes
all of the UV divergences, in the MS scheme. Substituting

Egs. (137) into Eq. (138), and requiring that g(x, b; u?, )
be finite at ¢ = 0, one determines Zyy to be

a,Cp [S 2\ 3\ S
Zyy=1-— - 1 — ~]= 2).
v 1= [ () +3) 2] o

(139)

C. Extraction of the CSS evolution equations

Since the bare, but rapidity subtracted quark TMD qig,)l

is by construction independent of the renormalization
scale u, it follows straightforwardly from Eq. (138) that

the fully renormalized quark TMD satisfies

d d
ﬂz—zlog(Q(x,b;uz,C)) Zﬂz—zlogZUV- (140)
du du

The renormalization group equation for the coupling at
finite e reads

d
d2

2

as(/’t ) = _€as(/’12) + O(a%)’ (141)

which follows from the p-independence of the bare
coupling as expressed in Eq. (126). Upon substituting
Eqgs. (141) and (139) into Eq. (140), we find

d
,uzﬁlog(q(x, b;u?,{))
u

Cr S u\ 3\ S d
=——" =41 = Z)Zey 2 2
2 e (o) +3) e

_as(ﬂﬂ?cF +0( )

C 2 3
_ &Er log (/%) +§] S+ 0(a?).

Taking the ¢ — 0 we get S, — 1, and one then recovers the
first CSS equation:

d C 2 3
ﬂZWCI(x,b;ﬂZ,C) = {a;; {log<lz> +2] + O(af)}
x q(x,b;p?,{). (143)

To extract the second CSS equation governing the
¢ dependence, we differentiate the fully renormalized
TMD given in Eq. (138) with respect to . Since both
7,7, and the finite NLO terms in Eq. (131) are independent
of £, one obtains

(142)

d
CdclogCI(x b:u?.¢)

= Cd_IOgZUV+§

¢
(ZCFS (ICF

¢
_ &CFOe | G _ 2h2)e 2
= e + o (=€) (mu*b*)¢ + O(as)

-5 r e (42) ] s o,

2 € 0

log qqub (X7 b’ /"2’ g)

(144)

at finite ¢, where in the last step we have combined the two
terms using the identity I'(—e¢) = —I'(1 — ¢)/e. Taking the
€ — 0 limit, one recovers the second CSS equation

aSCF 2b2
——1 0]
2r 0g< Co )+ (@ )}

x q(x, b; %, 8).

d
é’dC (X b’ﬂ C) {_

(145)
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Equations (143) and (145) are the one-loop CSS
evolution equations for the quark TMD, obtained here
in the projectile light-cone gauge AT =0 using the
background field formalism with the ML prescription
and the pure rapidity regulator. These are identical in
form to the CSS equations obtained in the target light-cone
gauge A~ =0 in Ref. [55], as well as to the standard
results in the literature [3,9,11]. This gauge-invariance of
the CSS equations is therefore a nontrivial consistency
check of our approach. Despite the fact that the individual
diagrams contributing to the quark TMD differ substan-
tially between the two gauges, with the rapidity-divergent
contribution arising from radiation to the longitudinal
Wilson lines in the projectile light-cone gauge rather than
from radiation to the transverse Wilson line at infinity in
the target light-cone gauge, the resulting evolution equa-
tions are identical. This confirms that the CSS evolution is
a genuine gauge-invariant feature of the quark TMD, and
that the background field formalism with the ML pre-
scription provides a consistent framework for deriving it in
either gauge. A detailed comparison of the two compu-
tations is presented in Sec. V.

V. COMPARISON WITH THE TARGET
LIGHT-CONE GAUGE

The present paper and our earlier work Ref. [55] together
constitute a systematic derivation of the CSS evolution
equations for the quark TMD within the background field
formalism in both light-cone gauges. While the final results,
namely the CSS evolution equations (143) and (145), are
identical in both gauges as required by gauge invariance, the
two calculations differ substantially in their diagrammatic
structure, in the dynamics generating the divergences, and in
the role played by the various components of the gauge link
and the gluon propagator. In this section we provide a
detailed side-by-side comparison of the two computations,
and argue that the projectile gauge calculation is not just a
consistency check but a necessary and qualitatively distinct
step toward establishing a unified framework connecting the
CGC effective theory and TMD factorization.

A. Diagrammatic structure and origin of divergences

The most immediate structural difference between the
two computations concerns the gauge link in the TMD
operator definition (10). In the target light-cone gauge
A~ =0, the gauge link vector n* = ¢#~ is aligned with the
dominant momentum component of the target, and the two
longitudinal Wilson lines in the staple reduce to identity
color matrices. The entire nontrivial gauge link structure is
concentrated in the single transverse Wilson line at light-
cone infinity YT, given in Eq. (6). As a consequence, at one
loop only three types of diagrams may contribute non-
trivially to the quark TMD in the target light-cone gauge:
gluon emission from the quark (and antiquark) to the

transverse Wilson line at infinity, the quark-to-quark ladder
diagram, and the Wilson line self-energy at infinity. In the
projectile light-cone gauge A* = 0, by contrast, the longi-
tudinal Wilson lines along x~ are nontrivial and generate a
richer set of one loop diagrams. In addition to the counter-
parts of the target light-cone gauge diagrams, the projectile
light-cone gauge calculation involves diagrams describing
gluon emission to the lower longitudinal Wilson line
[diagram 1(a)], gluon emission to the upper longitudinal
Wilson line [diagram 1(b)], Wilson line self-energies on the
longitudinal parts of the staple [diagram 1(f)], gluon
emission from the longitudinal Wilson line to the transverse
Wilson line at infinity [diagram 1(g)], and gluon exchange
between the two longitudinal Wilson lines [diagram 1(h)].
This richer diagrammatic structure is a direct reflection of
the more complex gauge link geometry in the projectile
light-cone gauge and has no analog in the target light-cone
gauge computation.

Both calculations employ the ML prescription to regulate
the extra light-cone gauge singularity 1/[n - k| in the gluon
propagator. However, the direction of the light-cone vector
n* is opposite in the two cases, and this has important
consequences for the order of integration in the loop
integrals and for the mechanism generating the rapidity
divergences.

In the target light-cone gauge, n* = ¢~ and the ML
prescription regulates the singularity at k= = 0, requiring the
k™ pole integration to be performed first. Rapidity diver-
gences subsequently arise in the kt — +oo regime, and are
regulated by the pure rapidity regulator factor (1). In the
projectile light-cone gauge, n* = ¢** and the ML prescrip-
tion regulates the singularity at k™ = 0, requiring the k™ pole
integration to be performed first. Rapidity divergences then
arise in the k= — 0 regime, and are regulated by the on-shell
analog (15) of the pure rapidity regulator. This interchange of
the roles of k* and k= propagates through the entire
calculation and changes the analytic structure of virtually
every loop integral.

A particularly remarkable consequence of this interchange
concerns the ghostlike zero-mode of the ML prescription. In
the target light-cone gauge, this zero-mode, corresponding to
the pole at ks~ = 0 in the decomposition (14), was identified
in Ref. [55] as the sole source of the double-logarithmic
contribution to the CSS kernel. It appeared in the diagrams
describing gluon emission from the background quark to the
transverse Wilson line at infinity, and its contribution
survived the ¥+ — +oo limit precisely because it was not
sensitive to the phase suppression responsible for eliminating
all other contributions. In the projectile light-cone gauge, the
analogous diagram [diagram 1(c)] involves a phase factor
e~ Y" that suppresses both the regular and the zero-mode
contributions in the Y — +oo limit. The zero-mode of the
projectile light-cone gauge ML prescription (now at k™ = 0)
instead plays a different role. It causes the k* integrals in
diagrams 1(f), 1(g) and 1(h) to vanish identically, by placing

074055-29



ALTINOLUK, BEUF, JALILIAN-MARIAN, and TEVIO

PHYS. REV. D 114, 074055 (2026)

TABLE L

Diagram-by-diagram comparison of the one-loop quark TMD calculation in the target light-cone gauge A~ = 0 within the

ML prescription (Ref. [55]) and in the projectile light-cone gauge A™ = 0 (this work). Despite the very different diagrammatic
structures, the final CSS evolution equations are identical, providing a nontrivial gauge-invariance check.

Contribution

Target gauge (A~ = 0)

Projectile gauge (AT = 0)

Gluon emission to trans.
Wilson line at oo [diagram 1(c)]
Gluon emission to lower long.
Wilson line [diagram 1(a)]
Gluon emission to upper long.
Wilson line [diagram 1(b)]
Quark-to-quark ladder

[diagram 1(d)] (contributes to finite NLO)
Long. Wilson line

self-energy [diagram 1(f)]
Emission from long. Wilson
line to oo [diagram 1(g)]

Gluon exchange between long.
Wilson lines [diagram 1(h)]
Trans. Wilson line self-energy
at infinity [diagram 1(e)]

Soft factor S(b)

(derives CSS)
Absent

Absent
Finite

Absent
Absent
Absent

UV div.

Rapidity divergent

(long. Wilson line = 1)
(long. Wilson line = 1)
(contributes to finite NLO)
(long. Wilson line = 1)
(long. Wilson line = 1)

(long. Wilson line = 1)

Vanishes

(Y™ = oo phase suppression)

Rapidity divergent

(contributes to CSS)

Rap. div. (contributes to CSS)

Rap. fin. but UV div. part (contributes to Zyy)
Finite

diagram 1(d) >diagram 1(d)

Vanishes

(due to ML prescription pole structure)
Vanishes

(due to ML prescription pole structure)
Vanishes

(due to ML prescription pole structure)
UV div. Canceled by soft factor

Canceled by soft factor
UV div. (determined by
trans. propagator only)

UV div. (same calculation up to
the interchange of + and — components)

all poles on the same side of the real axis. The double-
logarithmic contribution to the CSS kernel is therefore
generated in the projectile light-cone gauge not by the
zero-mode, but by the diagrams involving the longitudinal
Wilson lines [1(a) and 1(b)], which are entirely absent in the
target gauge. This represents a genuine and nontrivial
redistribution of the dynamics between diagrams, driven
by the gauge choice.

One of the more subtle differences between the two
calculations concerns the UV-divergent but rapidity-finite
contribution [which can be obtained from the NLO result
given in Eq. (123) by using the e expansion provided in
Eq. (130)]. In the target light-cone gauge computation of
Ref. [55], this contribution does not exist explicitly. In the
projectile light-cone gauge, it comes from the diagram 1(b)
which corresponds to gluon emission from the quark to the
upper longitudinal Wilson line and contributes to UV
renormalization factor Zyy. We emphasize that this dia-
gram has no counterpart in the target light-cone gauge.

A concise diagram-by-diagram comparison is provided
in Table I, using the notation “Rap. div.” for a contribution
containing a 1/x rapidity pole (and accompanying 1/e
UV poles via the I'(—e) prefactor); “UV div.” for a rapidity-
finite contribution with a 1/e UV pole; and “Finite” for a
contribution that is both rapidity-finite and UV-finite
at b #0.

B. Significance for the CGC-TMD connection

The purpose of the present calculation is to understand
explicitly how CSS evolution emerges in the background-field
formalism in projectile light-cone gauge, a gauge commonly
used in CGC calculations. Although, gauge invariance

requires the final evolution equations to agree with those
obtained in target light-cone gauge, it does not determine how
the individual diagrammatic contributions are reorganized. As
discussed in Sec. V A, radiation to the transverse Wilson line at
infinity, which generates the double-logarithmic contribution
in the target light-cone gauge, vanishes in the projectile light-
cone gauge. The corresponding contribution instead arises
from diagrams 1(a) and 1(b) involving the longitudinal Wilson
lines. Furthermore, diagram 1(b) provides an additional
rapidity-finite but UV-divergent contribution, which combines
with the quark-field renormalization to recover the same UV
evolution. Together with the vanishing of diagrams 1(f)—1(h)
and the explicit soft-factor calculation, these results clarify
how the standard CSS equations are realized in this
formulation.

The deeper significance of the present calculation,
however, lies not in the verification of gauge invariance
itself, but in the gauge choice in which it is carried out. The
projectile light-cone gauge AT =0 is a natural gauge
choice in the CGC framework [6-8], where small-x
evolution equations and particle production processes are
commonly formulated [70-72]. By contrast, the TMD
factorization framework has predominantly been developed
in Feynman gauge or in the target light-cone gauge, where
the gauge-link structure simplifies and longitudinal Wilson
lines become trivial. This difference in customary gauge
choices has complicated the construction of a fully trans-
parent connection between the CGC and TMD descriptions
of high-energy QCD. The present calculation addresses this
issue at the level of TMD evolution by deriving the
CSS equations within the background field formalism in
projectile light-cone gauge. This shows that the TMD
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evolution equations can be consistently formulated in the
same gauge used in CGC applications, at least within the
scope of the present analysis.

The background field formalism employed here is
closely aligned with the CGC framework, where the
classical background field represents the low rapidity
modes, corresponding to a dense target, while perturba-
tive quantum fluctuations describe high rapidity modes. In
the present work, we restrict ourselves to the dilute limit of
the target, in which the background field is treated
perturbatively and each background field insertion is
suppressed by a power of g. The CGC framework is
applicable in the dense regime where gluon saturation
effects become important and the background field is
strong. Extending the present analysis to that regime, and
understanding how the evolution equations are modified in
the presence of saturation effects, lies beyond the scope of
this work. Nevertheless, the dilute limit provides a natural
starting point, and we show that the TMD evolution
equations can be consistently derived within the back-
ground field formalism in projectile light-cone gauge,
which is a standard gauge choice in many CGC applica-
tions, already at this level. This suggests a possible path
toward a unified computational perspective on TMD
factorization and CGC dynamics within their respective
domains of validity.

Our choice of gauge does not imply that other
approaches to comparing the CGC and TMD frameworks
are less suitable. The motivation for this choice is to clarify
the mechanisms generating CSS evolution in a formulation
commonly used for CGC calculations. The present dilute
analysis may provide a useful reference for extensions to a
dense background, but neither such an extension nor the
computational efficiency of this formulation at higher
orders is established by this work.

VI. CONCLUSIONS AND OUTLOOK

We have computed the one-loop corrections to the quark
TMD in the projectile light-cone gauge A* = 0 within the
background field formalism, using the ML prescription for
the light-cone propagator singularity and the rapidity
regulator of Ref. [59]. The resulting CSS evolution equa-
tions agree with the standard results [3,9,11] and with the
corresponding calculation in the target light-cone
gauge [55], in accordance with gauge invariance.

Although the final results are identical, the two for-
mulations exhibit a significantly different intermediate
structure. In the projectile light-cone gauge, longitudinal
Wilson lines generate additional diagrammatic contribu-
tions, many of which vanish due to the k* pole structure of
the ML prescription. The organization of rapidity diver-
gences differs from that in the target light-cone gauge. On
the other hand, the soft factor is derived in the same way in
both light-cone gauges, up to a trivial exchange of the +
and — light-cone directions. This reveals how CSS

evolution emerges from distinct but equivalent diagram-
matic realizations in different gauge choices, providing a
useful consistency check of the background field formalism
in light-cone gauges employing ML prescription.

A key motivation of this work is to understand the
derivation of TMD evolution in a formulation commonly
used for CGC calculations. We have demonstrated explic-
itly how the CSS equations emerge in the background field
formalism in projectile light-cone gauge, identifying the
distinct organization of contributions in this gauge. This
provides a concrete one-loop connection between TMD
evolution and a CGC-compatible calculation in the dilute
limit. This understanding may shed light on how CSS
evolution is realized in the presence of multiple interactions
in a dense target background. Such an extension, as well as
an analysis beyond one loop, remains outside the scope of
the present work.

This opens a pathway toward a more unified treatment
of TMD factorization and CGC dynamics. Natural
extensions include gluon TMDs, Sudakov effects in
the presence of saturation, and connections to beyond-
eikonal formulations. It may also help clarify the relation
between CGC-based approaches to evolution and stan-
dard TMD factorization in their overlapping regimes of
validity.
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APPENDIX A: SYMMETRIC DIAGRAMS

The remaining NLO corrections which were omitted
from Eq. (19) and Fig. 1:
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FIG. 10. The remaining NLO diagrams in the expansion of the quark TMD around its background contribution in the projectile light-cone
gauge. These diagrams are symmetric to the diagrams 1(a)-1(g). Diagram 10(d) uses the translated coordinates, while the remaining panels
use the original coordinates. (a) Diagram of gluon emission from the antiquark to the upper part of the gauge link. (b) Diagram of gluon
emission from the antiquark to the lower part of the gauge link. (c) Diagram of gluon emission from the antiquark to infinity. (d) Light-like
Wilson line self-energy diagram in the translated coordinate frame. (¢) Emission of gluon from the lower part of the gauge link to infinity.

— - 1 .
(P|T [5\1}(1#, b.0) % {—i/fg/ drbi“5A%(Y*, 7b, 0—)}y/(0)] P).
0

I Y+
+(P|T 5W(b+,b,o-)%{+img/ dz*t“éAg(z*,b,O‘)}y/(O)}|P>c
b+

_ - Y+
i |3 b0y D foiny [7 o rons 0,0 fuo) ),
0

Y+ 2
T oo .09 2P iy [ o rons 0.0 L] 12,

Y+ o
+ (P|T l/_/(b+,b,0_)%{+i/,t€g/ dz’“t“ﬁAg(z‘*,b,O_)}{—i,ueg/ dTbll‘b5Aib(Y+,Tb,0_)}1//(0>:| |P).. (A1)
b 0

These can be associated with corresponding Feynman diagrams presented in Fig. 10.
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APPENDIX B: CALCULATION OF THE UV-DIVERGENT PART OF THE DIAGRAM 1(B)
The rapidity-finite, but UV-divergent, part of the diagram 1(b) reads
Tamau (% D3 12, 0]
2e 2-2¢ +
au“Crg [ 4 o _ P _+/ d=—1 / A" e iiyib)
- _ ev(P PexP™y il"y il-(y
B [ APl P [ S [Gser e
" / ¢k /‘ e f _ (1=9-U=Kk)y(2xP &t —kiy)) —xP~(1 = &y kY]
2r)*2 Jo & 2xP~(1 = &)I" = (1= k)?|[2xP~&(1 = )17 = £(1 - k) = (1 = §)K?]

[ =K)Y (K/y/) +xPy kY]
O RxP I - (1-k)K ] },,, (B1)

where we can simplify the first term in the k integral by writing

1
2xP~(1 =9I = (1= Kk)!|[2xP~§(1 = &I = §(1 - k)* = (1 = §k?]

1 1 £ B
S o e gy o (52
With this, the k integral reads
2k 1 [ [-0-Kk)Y (2xP & —K/y) —xP~(1 - &)y"kiy]
/ (27) 72 K2 {_ 2xP~(1 = &)IT = (1-k)?
S-=-K)Y' 2xP&* —Ky) =xP~(1 = &r'kYy'] [-(1-Kk)y'(Ky/) + XP‘7+k"7"]]

+ —_

gxPm(1=9I" = (1-k)*| = (1 - k2 2xP T — (1-k)? (B3)

where the first and third terms are individually IR divergent, but their divergences cancel each other. Thus, the rapidity-finite
contribution of the diagram 1(b) is IR-safe. Here the UV divergence arises from the terms in the numerator which are
proportional to k2. Standard evaluation of this integral with the Feynman parametrization gives

r'2-e)
['(1—e¢)

(4m)! I'(e) Al dr[AT¢(&, 1) — EASC(E. 1) — AT€(0, 1)] + finite, (B4)

where ¢ arises from the Feynman parametrization. Here we have defined
A(E 1) == —12xP7 1T (1 = &) = 1], (B5)
Ay (E,1) = =281 — tE2xPIH (1 = &) — 12]. (B6)
Since we are only interested in the UV-divergent result, we can use A75 = 1 + O(e). Plugging everything in Eq. (B1), we get
s, (X, B3 4%, 0) ﬁi?b)

] 2eC o d2—2€1 di+ .
_ _OCSH F/d4—2ey<PU—/a(o)wﬂ(y)lp>esz y*/ / ey e—zl~(y+b)

2 2% | (n)
<n e [ Fori-e- 1+ 06,
S L2 r) [ e plporviier [ ST [ ene
=B ) 16 [ PR S b 07| (87

where we have neglected the finite contributions.
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APPENDIX C: VANISHING INTEGRALS IN
THE SOFT FACTOR

In evaluating the diagram 9(a) of the soft factor, we
encounter the following integral over k™:

[ ity
e 2 kT

o dk~ . 2
= [T Gy e
0 T

_ e—ik*Y*][l _ eiZ‘}(—Z_Y’]
(C1)

which can be expressed in terms of four different integrals:

oo dk~
o= [Tt ()
0 T
oo dk™ ——
I = / I ki (C3)
0 2
oo dk™ 42 -
0 2
oo dk™ N
I = / W ryrterr i ()
0 2

The scaleless integral [, vanishes in pure rapidity
regularization, in analogy with the situation in dimensional
regularization. This can be understood as follows. First, one
can split that integral into two by introducing an arbitrary
finite scale A~ > 0, as

A~ dk™ oo dk~
I = = (-1 b —n—l.
o= [ Sty + [T o)

When = 0, the first term in Eq. (C6) has a log divergence
at k= — 0, corresponding to a rapidity divergence at large
positive rapidity, whereas the second term in Eq. (C6) has a
log divergence at k= — +oo, corresponding to a rapidity
divergence at large negative rapidity. Thus, the pure
rapidity regulator is introduced to regulate different types
of divergences in each of the two terms in Eq. (C6), which
require different constraints on 7. More precisely, the first
term is regulated as

/ﬁ_ dk~ (k_);y—l — iﬂ’
0

2 2r 7

(Co)

(C7)

provided that Re(s7) > 0. By contrast, the send term is

regulated as
o dk~
— (k) =
[75 )

provided that Re(s) < 0. Both results (C7) and (C8) are
then extended by analytical continuation to the whole
complex plane in 7, outside of the singular point # = 0.
At this stage, it becomes possible to add Egs. (C7) and (C8)
together, leading to

@)
2r 7

, (C8)

IS RNtSY

Iy = -—
0271;7 2 7

=0, (C9)

for any 7 #0, which can then be further analytical
continued to the point 7 = 0 as well, hence the vanishing
of I, in pure rapidity regularization. Remember however
that in Eq. (C9), the two pole terms in # arise from different
types of divergences, at large positive rapidity or large
negative rapidity respectively. This is reminiscent of the
similar scaleless integral in dimensional regularization,
vanishing as 1/e — 1/e, with one e pole of UV origin
and one of IR origin.

By using Cauchy’s integral theorem, we can write the

integral I, as
io dk~ . B
I = / (ke (C10)

0 2r
where we closed the contour in the first quadrant of the
complex plane along the positive real and imaginary axes.
Let us then define t = —ik~ so that Eq. (C10) can be

written as

il oo 2o i (K2Y\"
— defle oV = — I'(—n), Cl1
R G L CT R CT

which vanishes in the limit ¥~ — oo for Re(y) < 0. The
integral /; can be shown to vanish in the limit Y™ — oo for
Re(n) > 0, following similar steps as for /,, and the same
argument as for the similar integral in Sec. III A 2. Then, by
analytical continuation, the vanishing of the integrals I,
and /, can be extended to the whole complex plane in 7.

Applying the same contour deformation and change of
integration variable as above, the integral /5 can be
expressed as

R B & (C12)
3T 2r 0 o
Introducing a variable 7 = Y1, this becomes
i © 2y—ytd
[3 — _(Y+)—r]/ d,n.n—le—‘re—Zk Y Y4
2r 0
in 1 n
=Dyt <§ \/2k2Y‘Y+> K_”(\/Zsz‘YJf),
b2
(C13)

where K_, denotes the modified Bessel function of second
kind. The above expression vanishes in the limit Y+ — oo
for any value of #, real or complex.

All in all, within pure rapidity regularization (and relying
on analytical continuation), one finds that each of the four
integrals I, to I3 vanishes in the limit Y* — oo. For that
reason, the diagram 9(a) gives a vanishing contribution to
the soft factor.
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