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In this work we consider the calculation of the imaginary part of the dispersion relations of the
propagating modes in a model of a charged scalar Bose-Einstein (BE) condensate, as well as the
contribution to the imaginary part of the longitudinal component of the photon polarization tensor and
the dielectric constant. In that model, two modes correspond to the transverse photon polarizations, while
the other two modes are combinations of the longitudinal photon and the massive scalar field, which we
denote as the (�) modes. The dispersion relations of the transverse modes have the usual form for
transverse photons in a plasma, and we do not consider them here any further. In a previous work we
determined the real part of the dispersion relations of the (�) modes, as well as the real part of the
longitudinal component of the polarization tensor and dielectric constant, which have some unique
features. In the appropriate limit, those results reproduce the results obtained for the dielectric constant and
dispersion relation in nonrelativistic models of the BE condensation of charged scalars. Here we determine,
in the same model, their imaginary part. The results can be useful in physical contexts involving the
electrodynamics of a charged scalar BE condensate, and can serve as benchmark results for further
exploration.
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I. INTRODUCTION AND MOTIVATION

The properties of a particle that propagates in a medium,
such as its dispersion relation, depend crucially on the
composition and conditions of the background. Models that
extend the standard electroweak theory usually include
additional scalar particles, neutral and charged, that interact
with the standard model particles. Such new scalar particles
and interactions can have implications in nuclear, astro-
physics, and cosmological plasma systems, which may
contain a background of the scalar particles [1–4]. Thus, for
example, the intrinsic properties of neutrinos and photons
propagating in such a background medium, such as the
dispersion relations and/or electromagnetic properties, can
be modified in special ways that lead to significant and
observable effects. Under the appropriate conditions, the

scalar background may form a Bose-Einstein (BE) con-
densate. This is the case, for example, in the models
involved in the hypothesis that the dark matter is a self-
interacting BE condensate [5–9].
Since the BE condensate is a very special state of matter,

the properties of the particles propagating in such a back-
ground, such as the dispersion relations, are different from
those in normal matter. The propagation of photons in a
medium that contains a BE condensate has been studied
using various approaches and in various contexts, for
example the electrodynamics of fermions and charged
scalar bosons at low temperature [10], heavy-ion collisions
[11], exciton-polaritons [12], the BE condensation of
photons and the Cerenkov effect [13], and the reduction
of the photon velocity [14–16] in atomic gases.
Motivated by these developments, in a previous work [17]

we presented a model for the propagation of photons in a
thermal background that contains a BE condensate of a
charged scalar. Themodel is in turn based on amodel we had
considered earlier [18] to study the propagation of fermions
in a BE condensate. The field theoretical method we used in
Refs. [17,18] to treat the BE condensate, which we use here,
has been discussed by various authors [19–22].
In Ref. [17] we determined the dispersion relations of the

propagating modes after the symmetry breaking associated
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with the BE condensation in the model. In that model, two
modes correspond to the transverse photon polarizations,
while the other two modes are combinations of the
longitudinal photon and the massive scalar field, which
we denote as the (�) modes. While the dispersion relations
of the transverse modes have the usual form for transverse
photons in a plasma, the dispersion relations of the (�)
modes reveal some unique features. In our previous work
cited above, we determined and analyzed the real part of the
dispersion relations of the (�) modes, as well as the real
part of the contribution to the longitudinal component of
the polarization tensor and the corresponding contribution
to the dielectric constant. In particular, in the appropriate
limit, the dispersion relation of the (−) mode reduces to the
expression for the dispersion relation that has been obtained
in nonrelativistic models of the BE condensation of charged
scalars [23,24].
The focus of the present work is the calculation of the

imaginary part of the dispersion relations, as well as the
corresponding contributions to the imaginary part of
the longitudinal component of the polarization tensor and
the dielectric constant, in the same model. These parameters
are important because they determine the energy loss and
absorption effects when the system is subject to external
perturbations. Themain result is a set of explicit formulas for
those quantities, obtained by the one-loop calculations of the
self-energy of the propagating (�) modes in the context of
thermal field theory (TFT). These results can be useful in the
context of the various applications that have been considered
in the referencesmentioned above, and in theworks related to
dark-matter searches using materials with special optical
properties [25].
To illustrate some features of the results, we consider in

some detail the long wavelength limit, including specifi-
cally the high and low frequency limits, and obtained
simple explicit expressions for the damping rate as well as
the background contribution of the longitudinal polariza-
tion tensor and dielectric constant in those cases. These
results are obtained in a general way, within the context of
the model, but not tied to any specific application, and as
such can be useful and pave the way for further develop-
ment in various contexts and applications. In the following
sections we present the details of the calculations, which we
summarize as follows.
In Sec. II we summarize for reference the essential

features of the scalar BE condensation model we use,
followed in Sec. III by a review the basic elements of the
model with the coupling to the photon. In Sec. III we focus
our attention on the relevant properties regarding the (�)
modes, in particular the dispersion relations and related
quantities. In Sec. IV we obtain the expressions for the
thermal propagators of the (�) modes, and in Sec. IV E we
state precisely the one-particle approximation that we used
in the calculations of the damping terms. In Sec. V we
discuss the framework we use for the calculation, including

the couplings that are required to perform the one-loop
calculation of the damping terms. The details of the
calculation itself are given in Sec. VI. There we obtain
the expression for the imaginary part of the longitudinal
component of the polarization tensor and the dielectric
constant, as well as the decay rate of the (þ) mode into two
(−) modes. Explicit formulas for those quantities are given
by considering limiting cases of the general expressions,
such as the long-wavelength limit, and in the high or low
frequency limits. Further discussion and examples are
given in Sec. VII, in particular the correspondence with
the results obtained for the real part of the dielectric
constant and dispersion relation in nonrelativistic models
of the BE condensation of charged scalars [23]. Some
details of the calculations are given in the Appendixes. Our
closing statements are given in Sec. VIII. In short, we
believe that our work and results presented here open the
path for further exploration of the model, which can be
relevant for applications related to the optical properties of
this or similar systems.

II. THE BE CONDENSATE MODEL

For reference we first summarize the essential features of
the scalarBEcondensationmodelwe use, and then review the
basic elements of the model with the coupling to the photon.
The scalar model for the ϕ, discussed in detail in

Ref. [18], is based on the Lagrangian

Lϕ ¼ ðdμϕÞ�ðdμϕÞ − Vϕ; ð2:1Þ

where

dμ ≡ ∂μ − iμuμ; ð2:2Þ

and

Vϕ ¼ m2ϕ�ϕþ λðϕ�ϕÞ2: ð2:3Þ

The parameter μ is to be identified with the chemical
potential of the ϕ, and uμ is to be identified with the
velocity four-vector of the medium,

uμ ¼ ð1; 0⃗Þ; ð2:4Þ

in the medium’s own rest frame.
As discussed in Ref. [18] the motivation for considering

this model is based on the following result: the calculation
of the effective potential VeffðT; μÞ for ϕ can be carried out
in TFT using μ ¼ 0 in the partition (and/or distribution)
function, but using the μ-dependent Lagrangian density Lϕ

defined in Eq. (2.1). Then neglecting the T-dependent
terms (that is, at zero temperature), Veffð0; μÞ is simply the
U potential, given below in Eq. (2.8). In other words,
calculations with the ϕ propagators, ϕ Lagrangian density,
and partition function for ϕ,
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Z ¼ e−βHþαQ; ð2:5Þ

give the same result as calculating them with the
Lagrangian density for ϕ0 obtained by using ∂μ → Dμ ¼
∂μ − iμuμ and using

Z ¼ e−βH
0
: ð2:6Þ

A simple proof is given in Ref. [17].
Expanding the d term in Eq. (2.1),

Lϕ ¼ ð∂μϕÞ�ð∂μϕÞ þ i½ϕ�ðv · ∂ϕÞ − ðv · ∂ϕ�Þϕ� −UðϕÞ;
ð2:7Þ

where

U ≡ Vϕ − μ2ϕ�ϕ ¼ −ðμ2 −m2Þϕ�ϕþ λðϕ�ϕÞ2; ð2:8Þ

with

vμ ¼ μuμ: ð2:9Þ

The case in which μ2 < m2 corresponds to a standard
massive complex scalar with mass m2 − μ2. On the other
hand, if μ2 > m2, the minimum of the potential is not at
ϕ ¼ 0. In this situation ϕ develops a nonzero expectation
value and the Uð1Þ symmetry is broken, which is identified
as corresponding to the BE condensation phase.
We assume the situation is such that

μ2 > m2: ð2:10Þ

Then putting

ϕ ¼ 1ffiffiffi
2

p ðϕ0 þ ϕ1 þ iϕ2Þ; ð2:11Þ

where

hϕi≡ 1ffiffiffi
2

p ϕ0 ð2:12Þ

is the minimum of

U0 ¼ −
1

2
ðμ2 −m2Þϕ2

0 þ
1

4
λϕ4

0; ð2:13Þ

gives

ϕ2
0 ¼

μ2 −m2

λ
: ð2:14Þ

The Lagrangian density for the scalar excitations ϕ1;2,
obtained by substituting Eqs. (2.11) and (2.14) in Eq. (2.1),
becomes

Lϕ ¼
1

2
½ð∂μϕ1Þ2þð∂μϕ2Þ2�þϕ2v ·∂ϕ1−ϕ1v ·∂ϕ2−UðϕÞ;

ð2:15Þ

where

UðϕÞ ¼ −
1

2
ðμ2 −m2Þ½ðϕ0 þ ϕ1Þ2 þ ϕ2

2�

þ 1

4
λ½ðϕ0 þ ϕ1Þ2 þ ϕ2

2�2: ð2:16Þ

Using Eq. (2.14), it follows that only ϕ1 appears in the
quadratic part,

U2 ¼
1

2
m2

1ϕ
2
1; ð2:17Þ

with

m2
1 ¼ 2ðμ2 −m2Þ; ð2:18Þ

while ϕ2 does not appear. However, ϕ1 and ϕ2 are mixed by
the vμ term.
A convenient way to diagonalize the bilinear part of Lϕ

and determine the modes that have definite dispersion
relations, is to use matrix notation and write

ϕ̂ ¼
�
ϕ1

ϕ2

�
: ð2:19Þ

In momentum space, the bilinear part of Lϕ can then be
written in the form

Lð2Þ
ϕ ðkÞ ¼ 1

2
ϕ̂�ðkÞΔ−1

ϕ ðkÞϕ̂ðkÞ; ð2:20Þ

where

Δ−1
ϕ ðkÞ ¼

�
k2 −m2

1 2iv · k

−2iv · k k2

�
: ð2:21Þ

The classical field equations are

Δ−1
ϕ ðkÞϕ̂ ¼ 0; ð2:22Þ

and the dispersion relations of the eigenmodes are obtained
by solving

ðω2 − κ2Þðω2 − κ2 −m2
1Þ − 4μ2ω2 ¼ 0: ð2:23Þ

In Eq. (2.23) we have used Eq. (2.9) and defined the
variables
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ω ¼ u · k;

κ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 − k2

p
: ð2:24Þ

In the rest frame of the medium

kμ ¼ ðω; κ⃗Þ; ð2:25Þ

with κ ¼ jκ⃗j. The dispersion relations can be written in the
form

ω2
�ðκÞ ¼ κ2 þ 1

2
m2

ρ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
m4

ρ þ 4μ2κ2
r

; ð2:26Þ

where

m2
ρ ¼ m2

1 þ 4μ2 ¼ 6μ2 − 2m2: ð2:27Þ

It follows that

ωþð0Þ ¼ mρ;

ω−ð0Þ ¼ 0: ð2:28Þ

The combinations of ϕ1;2 that have the definite dispersion
relations ω� can be obtained from Eq. (2.22), but we will
not need them here and therefore do not discuss them
further. We mention that, while the mode corresponding to
ω− is the realization of the Goldstone mode associated with
the breaking of the global Uð1Þ symmetry, its dispersion
relation is not the usual ω ¼ κ, but the one given by ω−ðκÞ
in Eq. (2.26).

III. CHARGED BE CONDENSATE MODEL

As discussed in Ref. [17], to study the propagation of
photons in the BE condensate background, we extended the
model by considering a ϕ field that is electrically charged
and interacts with the electromagnetic field in the standard
way. The Lagrangian density for the model is then

L ¼ −
1

4
F2 þ LϕA; ð3:1Þ

where Fμν is the electromagnetic field tensor,

LϕA ¼ ðD̂μϕÞ�ðD̂μϕÞ − Vϕ; ð3:2Þ

with

D̂μ ¼ dμ þ iqAμ ¼ ∂μ − ivμ þ iqAμ; ð3:3Þ

while Vϕ and vμ are defined in Eqs. (2.3) and (2.9),
respectively. Notice that, while it would seem that the
presence of μ in the Lagrangian can be eliminated by letting

Aμ ¼ A0
μ −

1

q
vμ; ð3:4Þ

this would actually restore the presence of μ in the partition
function, which defeats the purpose of using the trans-
formed field ϕ0.
For our purposes, it is more convenient to adopt the

unitary gauge and parametrize ϕ in the form

ϕ ¼ 1ffiffiffi
2

p ðϕ0 þ ρÞeiθ=ϕ0 : ð3:5Þ

The field θ does not appear in Vϕ, and by a gauge
transformation it disappears also from the kinetic term.
To indicate clearly that we are using the unitary gauge, we
denote by Vμ the transformed vector potential
Vμ ¼ Aμ þ 1

qϕ0
∂μθ. With this notation, LϕA is written in

the form

LϕA ¼ 1

2
ð∂ρÞ2 þ 1

2
ðv − qVÞμðv − qVÞμðϕ0 þ ρÞ2 − Vϕ:

ð3:6Þ

Proceeding as in the previous section, in particular assum-
ing again that

μ2 > m2; ð3:7Þ

it follows that ϕ0 is given as in Eq. (2.14). Furthermore, the
bilinear part of L, including the F2 term, is given by

Lð2Þ ¼−
1

4
F2þ1

2
m2

VV
2þ1

2
ð∂ρÞ2−1

2
m2

1ρ
2−2mVðv ·VÞρ;

ð3:8Þ

where

m2
V ¼ q2ϕ2

0 ¼
q2

λ
ðμ2 −m2Þ; ð3:9Þ

and m1 is defined in Eq. (2.18).
The physical picture is that we end up with the two fields

V and ρ. The field θ becomes the longitudinal component
of V, which is mixed with the scalar field ρ, by the term
ρv · V in the Lagrangian. As a consequence of this, the
propagating modes with definite dispersion relations are
superpositions of the longitudinal component of V and the
ρ. Finding the dispersion relations, and the corresponding
mixing combinations of the longitudinal component of V
and the ρ was the subject of Ref. [17]. Our goal here is to
determine the imaginary part, or damping term, of the
dispersion relations.
For this purpose, below we summarize the salient

features of the results we obtained for the dispersion
relations, and more importantly for the details of the
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present work, the corresponding mixing parameters that
determine the propagating modes in terms of the fields ρ
and the longitudinal component of V.

A. Mixing equations

In momentum space Lð2Þ becomes

Lð2ÞðkÞ¼−V�μ½k2g̃μν−m2
Vgμν�Vν

þρ�ðk2−m2
1Þρ−2μmV ½ðu ·VÞ�ρþ c:c�; ð3:10Þ

where

g̃μν ¼ gμν −
kμkν
k2

: ð3:11Þ

The first two terms are the usual terms for a vector with
squared mass m2

V and a scalar with squared mass m2
1, while

the last term mixes the scalar with the longitudinal
components of Vμ. We decompose Vμ in the form

Vμ ¼ Vμ
T þ VLe

μ
3 þ

kμffiffiffiffiffi
k2

p Vk; Vμ
T ¼

X
i¼1;2

Vie
μ
i ð3:12Þ

where

eμ1;2 ¼ ð0; e⃗1;2Þ; ðe⃗1;2 · κ⃗ ¼ 0Þ;

eμ3 ¼
ũμffiffiffiffiffiffiffiffi
−ũ2

p ; ð3:13Þ

with

ũμ ¼ g̃μνuν ¼ uμ −
ðk · uÞkμ

k2
;ffiffiffiffiffiffiffiffi

−ũ2
p

¼ κffiffiffiffiffi
k2

p : ð3:14Þ

Substituting Eq. (3.12) in Eq. (3.10), it follows that the
component Vk does not have a kinetic energy term, and
therefore it is not a dynamical variable. Eliminating it from
the Lagrangian by using its Lagrange equation,

Vk ¼
2μðk · uÞ
mV

ffiffiffiffiffi
k2

p ρ; ð3:15Þ

and substituting it in Eq. (3.10),

Lð2ÞðkÞ ¼ −ðk2 −m2
VÞV�

T · VT þ ðk2 −m2
VÞV�

LVL

þ
�
k2 −m2

1 −
4μ2ðk · uÞ2

k2

�
ρ�ρ

þ 2μmV

ffiffiffiffiffiffiffiffi
−ũ2

p
½V�

Lρþ c:c:�: ð3:16Þ

Thus, the transverse modes VT have a standard degenerate
dispersion relation for the two polarizations, and we will
not consider them further.
The remaining terms mix the longitudinal mode VL with

the scalar ρ. Introducing the notation

ξ ¼
�

ρ

VL

�
; ð3:17Þ

they can be written in the form

Lð2Þ
ξ ðkÞ ¼ ξ†ðΔðξÞ

F0Þ−1ξ; ð3:18Þ

where

ðΔðξÞ
F0Þ−1 ¼

0
B@ k2 −m2

ρ −
4μ2κ2

k2
2μmVκffiffiffiffi

k2
p

2μmVκffiffiffiffi
k2

p k2 −m2
V

1
CA: ð3:19Þ

In writing Eq. (3.19) we have used the relation ðk · uÞ2 ¼
k2 þ κ2 as well as Eq. (2.27). The field equations, which
determine the dispersion relations and mixing parameters,
are

ðΔðξÞ
F0Þ−1ξ ¼ 0: ð3:20Þ

The notation ðΔðξÞ
F0Þ−1 in Eq. (3.19) is introduced in

anticipation that ΔðξÞ
F0 is identified with the propagator

obtained from the bilinear part of the Lagrangian, in
analogy with the identification of the tree-level propagator
in field theory, which is the subject of Sec. IV.

B. Dispersion relations

From Eq. (3.20), the equation for the dispersion relations
is

ðk2 −m2
VÞðk2 −m2

ρÞ − 4μ2κ2 ¼ 0: ð3:21Þ

Writing the momentum of each propagating mode ðs ¼ �Þ
as

kμ ¼ ðωðsÞ
r ; κ⃗Þ; ð3:22Þ

the dispersion relations are given by

ωðsÞ
r ðκÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2 þ σsðκÞ

q
; ð3:23Þ

where

σsðκÞ ¼
1

2
ðm2

ρ þm2
VÞ þ

s
2
σðκÞ; ð3:24Þ
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with

σðκÞ ¼ ½ðm2
ρ −m2

VÞ2 þ 16μ2κ2�12: ð3:25Þ

As mentioned in Sec. I, throughout this work we are
assuming that

mρ > mV: ð3:26Þ

In this case, at zero momentum,

σð0Þ ¼ m2
ρ −m2

V; ð3:27Þ

and therefore

ωðþÞ
r ð0Þ ¼ mρ;

ωð−Þ
r ð0Þ ¼ mV: ð3:28Þ

This is an indication that, at κ ¼ 0, the (þ) mode is a pure ρ
while the (−) mode is a pure VL, as we will confirm below.

C. Mixing: Wave functions

Up to a normalization factor, the corresponding eigen-
vectors can be written in the form

uþ ¼
� Λ
−mVγþ

�
;

u− ¼
�

mVγ−

Λþ γ2−

�
: ð3:29Þ

where

γ� ¼ 2μκffiffiffiffiffiffi
σ�

p ;

Λ ¼ 1

2
ðm2

ρ −m2
VÞ þ

1

2
σ: ð3:30Þ

In the limit κ ¼ 0, these solutions reduce to

uþ ∝
�
1

0

�
; ð3:31Þ

u− ∝
�
0

1

�
: ð3:32Þ

In other words, at κ ¼ 0 the (þ) mode is pure ρ while the
(−) mode is a pure VL, in agreement with Eq. (3.28).

D. Polarization tensor and longitudinal
dielectric constant

The contribution to the longitudinal dielectric constant
can be obtained is as follows. The procedure is to start from

Eq. (3.16) and integrate out the variable ρ, which is the tree-
level analog of calculating the one-loop self-energy, leaving
only the dynamical variables of V, and then identifying the
polarization tensor by comparing the result with

Leff ¼ −V�μ½ðk2 − πðTÞÞRμν þ ðk2 − πðLÞÞQμν�Vν; ð3:33Þ

where Rμν and Qμν are defined by

Qμν ¼
ũμũν
ũ2

;

Rμν ¼ g̃μν −Qμν: ð3:34Þ

In terms of the variables VT;L we have defined in Eq. (3.12),

Leff ¼ −ðk2 − πðTÞÞV�
T · VT þ ðk2 − πðLÞV�

LVL: ð3:35Þ

In general, when the thermal corrections are taken into
account, πðT;LÞ develop an imaginary part, which we
indicate by writing

πðT;LÞ ¼ πðT;LÞr þ iπðT;LÞi : ð3:36Þ

Solving Eq. (3.20) for ρ and substituting the solution back
in Eq. (3.16) reproduces Eq. (3.35) with

πðLÞr ≡m2
V þ 4μ2m2

Vκ
2

k2ðk2 −m2
ρÞ − 4μ2κ2

: ð3:37Þ

The solutions of the equation

k2 − πðLÞr ¼ 0 ð3:38Þ

reproduce the dispersion relations given in Sec. III B, as it
should be.
For our current purposes, one merit of Eq. (3.37) is that it

gives the contribution to the longitudinal dielectric func-
tion. Using [26],

ϵl ¼ 1 −
πðLÞ

k2
; ð3:39Þ

we then obtain

Reϵl ¼ 1 −
m2

V

k2

�
1þ 4μ2κ2

k2ðk2 −m2
ρÞ − 4μ2κ2

�
: ð3:40Þ

As we discuss in some detail in Sec. VII, in the large mρ

limit, stated precisely there, the dispersion relation of the

(−) mode, given by ωð−Þ
r in Eq. (3.23), as well as the

expression for Reϵl given above in Eq. (3.40), reproduce
the results obtained in nonrelativistic models of BE con-
densation of charged scalars [23].
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The imaginary part of the longitudinal polarization
tensor, which we denote by πðLÞi , arises at one loop, and
it is the subject of the present work. The corresponding
contribution to the imaginary part of the longitudinal
dielectric constant is then given by

Im ϵl ¼ −
πðLÞi

k2
: ð3:41Þ

The details of their calculation are presented in the sections
that follow.

IV. PROPAGATORS

A. Zero temperature (�) propagators

The zero temperature propagators of the s ¼ ð�Þ modes
can be written in the standard form

ΔðsÞ
F0ðkÞ ¼

1

k2 − σsðκÞ þ iϵ
; ð4:1Þ

where the σsðκÞ is given in Eq. (3.24). For notational
purposes in the discussions that follow, it is convenient to
generalize the expression above and write the propagator
for any momentum vector (e.g., q) in the form

ΔðsÞ
F0ðqÞ ¼

1

q2 − σ̂sðqÞ þ iϵ
; ð4:2Þ

where

σ̂sðqÞ ¼ σsðQÞ ð4:3Þ

and

Q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðq · uÞ2 − q2

q
: ð4:4Þ

B. Finite temperature (�) propagators

The damping of each mode ðs ¼ �Þ is obtained from the
imaginary part of the self-energy, which in turn is deter-
mined from the ðπsÞ12 component of the thermal self-
energy of each mode, calculated, in our case, to one loop.
One simplifying feature of the (�) propagators is the fact
that σs is a function of Q but not of q · u, and therefore the
usual derivation of the thermal propagators can be applied
here as well. The relevant components of the thermal
propagator matrices, which enter in the one-loop calcu-
lation of ðπsÞ12, are [27]

ΔðsÞ
21 ðqÞ ¼ −2πiδðq2 − σ̂sðqÞÞ½ηBðqÞ þ θðqÞ�;

ΔðsÞ
12 ðqÞ ¼ −2πiδðq2 − σ̂sðqÞÞ½ηBðqÞ þ θð−qÞ�; ð4:5Þ

where

ηBðqÞ ¼ θðkÞnBðxqÞ þ θð−qÞnBð−xqÞ; ð4:6Þ

with

xq ¼ βq · u: ð4:7Þ

Further,

θðqÞ ¼ Hðq · uÞ; ð4:8Þ

where HðzÞ is the step function, and nB is the boson
distribution function

nBðxÞ ¼
1

ex − 1
: ð4:9Þ

C. Zero temperature flavor propagators

From Eq. (3.19) it follows that the flavor propagator is
given by

ΔðξÞ
F0ðkÞ ¼

CðξÞ

DðξÞ ; ð4:10Þ

where

CðξÞ ¼

0
B@ k2 −m2

V − 2μmVκffiffiffiffi
k2

p

− 2μmVκffiffiffiffi
k2

p k2 −m2
ρ −

4μ2κ2

k2

1
CA; ð4:11Þ

and

DðξÞ ¼ ðk2 −m2
VÞ
�
k2 −m2

ρ −
4μ2κ2

k2

�
−
4μ2m2

Vκ
2

k2

¼ ðk2 −m2
VÞðk2 −m2

ρÞ − 4μ2κ2: ð4:12Þ

The equationDðξÞ ¼ 0 gives us the dispersion relations that
we have already discussed, and in fact we can write

DðξÞ ¼ dþd−; ð4:13Þ

where

ds ¼ k2 − σs; ð4:14Þ

and σs has been defined in Eq. (3.24).
Using the relations

k2 −m2
V ¼ d− þ σ− −m2

V;

k2 −m2
ρ −

4μ2κ2

k2
¼ dþ þ σþ −m2

ρ −
4μ2κ2

k2
; ð4:15Þ

and

PLASMON DAMPING IN A CHARGED BOSE-EINSTEIN … PHYS. REV. D 112, 095013 (2025)

095013-7



1

dþd−
¼ 1

σþ − σ−

�
1

dþ
−

1

d−

�
¼ 1

σ

�
1

dþ
−

1

d−

�
; ð4:16Þ

the propagator in Eq. (4.10) can be written in the form

ΔðξÞ
F0ðkÞ ¼

X
s

ΔðsÞ
F0ðkÞCs; ð4:17Þ

where ΔðsÞ
F0 is given in Eq. (4.1), and

Cþ ¼ 1

σ

 
σþσ− −m2

V −2μmVκffiffiffiffi
k2

p

−2μmVκffiffiffiffi
k2

p σþ−m2
ρ−

4μ2κ2

k2

!
;

C−¼
1

σ

0
B@−ðσ− −m2

VÞ 2μmVκffiffiffiffi
k2

p

2μmVκffiffiffiffi
k2

p σ−
�
σþ−m2

ρ−
4μ2κ2

k2

�
1
CA: ð4:18Þ

Although we are not indicating it explicitly here, it should
be kept in mind that the matrices C� are functions of ω
and κ.

D. Finite temperature flavor propagators

Equation (4.17) is the formula for the full flavor
propagators at zero temperature. Their finite temperature
counterparts are given by the same expression but replacing
the zero temperature ΔðsÞ

F0 by their finite-temperature coun-
terparts, given in Eq. (4.5). Explicitly,

ΔðξÞ
ab ðkÞ ¼

X
s

ΔðsÞ
ab ðkÞCs ð4:19Þ

where a and b stand for the thermal indices 1,2, as used in
the real-time formulation of thermal field theory that we are
adopting, as already mentioned [27].
For sufficiently small κ, the C� matrices become

diagonal, Cþ → diagð1; 0Þ; C− → diagð0; 1Þ, and therefore

ΔðξÞ
F0ðkÞ →

�ΔðþÞ
F0 ðkÞ 0

0 Δð−Þ
F0 ðkÞ

�
; ð4:20Þ

and correspondingly for the thermal propagator matrix,

ΔðξÞ
ab ðkÞ →

�ΔðþÞ
ab ðkÞ 0

0 Δð−Þ
ab ðkÞ

�
: ð4:21Þ

That is, the flavor propagator matrix becomes diagonal with
ρ identified with the (þ) mode and VL with the (−) mode,
as we have already anticipated.

E. One-particle approximation

The one-particle approximation consists in making the
replacements

Csðω; κÞ → CsðωðsÞ
r ; κ⃗Þ; ð4:22Þ

in the expressions for the propagators in Eqs. (4.17)
and (4.19). That is, approximate the propagator by evalu-
ating the numerators at the dispersion relation. Thus, for
example,

Cþ → CþðωðþÞ
r ; κÞ ¼ 1

σ

�
σ þ σ− −m2

V −mVγþ
−mVγþ σþ −m2

ρ − γ2þ

�
;

ð4:23Þ

and similarly for C−ðωð−Þ
r ; κÞ, where γ� are given in

Eq. (3.30). It is straightforward to confirm that

CþðωðþÞ
r ; κÞ ¼ 1

Λσ
uþu

†
þ;

C−ðωð−Þ
r ; κÞ ¼ 1

ðΛþ γ2−Þσ
u−u†−; ð4:24Þ

where u� are the (flavor) spinors given in Eq. (3.29). In
other words, in the one-particle approximation, the zero-
temperature flavor propagators are given by

ðΔðξÞ
F0ðkÞÞ1p ¼ UþU

†
þ

k2 − σþ þ iϵ
þ U−U†

−

k2 − σ− þ iϵ
; ð4:25Þ

where

Uþ ¼
ffiffiffiffiffiffi
1

Λσ

r
uþ;

U− ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

ðΛþ γ2−Þσ

s
u−: ð4:26Þ

The U� factors defined above are analogous in the present
context to the normalization factors for plasmons propa-
gating in a plasma or fermions propagating in a thermal
background [28,29]. They in turn determine the properly
normalized transformation matrix between the ρ; VL fields
and the fields of the eigenmodes. If we denote the latter by
ϕ�, then

�
ρ

VL

�
¼ Uþϕþ þ U−ϕ−: ð4:27Þ

The thermal propagators given in Eq. (4.19) can be
expressed as

ΔðξÞ
ab ðkÞ ¼

X
s

ΔðsÞ
ab ðkÞUsU

†
s ; ð4:28Þ

in particular,
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ΔðξÞ
12 ðkÞ ¼

X
s

ΔðsÞ
12 ðkÞUsU

†
s ; ð4:29Þ

and similarly for the (21) components, where the Δð�Þ
12 ðkÞ

and Δð�Þ
21 ðkÞ propagators are given explicitly in Eq. (4.5).

The spinors U� that we have identified above allow us to
calculate the rate of processes such as

ϕþ → ϕ− þ ϕ− ð4:30Þ

in a straightforward way once we know the vertices to use.
In turn, the thermal propagators allow us to calculate the
thermal corrections to such processes. The proper vertices
for such purposes are determined in Sec. V B.

V. IMAGINARY PART OF THE SELF-ENERGY:
FORMULATION OF THE PROBLEM

A. General formulas for πi

Denoting by πð�Þ
r the real part of the self-energy of each

propagating mode, then from Eq. (4.1) they are simply

πð�Þ
r ¼ σ�: ð5:1Þ

In general, including the loop corrections, the self-energy
will develop an imaginary part due to the interactions with
the background. Thus we write the total self-energy in the
form

πð�Þ
eff ðkÞ ¼ πð�Þ

r ðkÞ þ iπð�Þ
i ðkÞ: ð5:2Þ

In the case of one scalar field, a convenient formula to
determine πi is

πiðkÞ ¼
iπ12ðkÞ
2nBðxÞ

; ð5:3Þ

where π12ðkÞ is the 12 component of the thermal self-
energy matrix. The dispersion relation is the solution of

k2 − ðπr þ iπiÞ ¼ 0: ð5:4Þ

Writing

ω ¼ ωr þ iωi ð5:5Þ

to the lowest order

ωiðκÞ ¼
πiðωr; κÞ
2ωrN

≡ −
ΓðκÞ
2

; ð5:6Þ

where ωr is the solution of

ω2
r − πðωr; κÞ ¼ 0; ð5:7Þ

and

N ¼ 1 −
π0r
2ωr

; ð5:8Þ

with

π0r ≡ ∂πr
∂ω

				
ω¼ωr

: ð5:9Þ

The quantity Γ defined in Eq. (5.6) has the interpretation of
the total decay rate; the evolution amplitude of the
propagating mode has the factor

e−iωt ¼ e−iωrte−
Γ
2
t; ð5:10Þ

and therefore the flux is damped by e−Γt.
In the spirit of the one-particle approximation, similar

formulas apply also to our case, for each propagating
ðs ¼ �Þ mode. At this point it is useful to recall the fact

that σ�, and whence π
ð�Þ
r by Eq. (5.1), are independent of ω

[Eq. (3.24)], and therefore the normalization factors analo-
gous toN above are 1. Thuswewrite their dispersion relation
in the form

ωs ¼ ωðsÞ
r − i

Γs

2
; ð5:11Þ

with

Γs ≡ −
πðsÞi ðωðsÞ

r ; κÞ
ωðsÞ
r

: ð5:12Þ

The strategy now is to consider the cubic interaction terms
in the Lagrangian and write them in terms of theϕ� fields by
means of Eq. (4.27). Then it becomes straightforward to
calculate the rate for processes such as ϕþ → ϕ− þ ϕ−, and
related ones, as well as the thermal corrections from the one-
loop diagrams for the imaginary part of the self-energy of
each mode.

B. Vertices

The relevant interaction terms are obtained from
Eq. (3.8) of Ref. [17],

LϕA ¼ 1

2
ð∂ρÞ2 þ 1

2
ðqϕ0Þ2V2 þ 1

2
q2V2ρ2

þ q2ϕ0ρV2 − 2qμðu · VÞðϕ0 þ ρÞ2 −Uϕ: ð5:13Þ

To write down the VL − ρ interaction terms we must
eliminate the component Vk in the cubic and quartic terms,
as we did it for the bilinear terms, using Eq. (3.15). Since that
formula depends on k, it will produce vertices that are
momentum dependent.We consider the relevant interactions
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terms that follow from Eq. (5.13) one by one. The terms that
must be looked at are

L0 ¼ 1

2
q2V2ρ2 þ q2ϕ0ρV2 − 2qμðu · VÞρ2; ð5:14Þ

where

V2¼VT ·VT −V2
L−V2

k →VT ·VT −V2
L−

4μ2ðk ·uÞ2
m2

Vk
2

ρ2;

u ·V¼−
ffiffiffiffiffiffiffiffi
−ũ2

p
VLþ

ðk ·uÞVkffiffiffiffiffi
k2

p →−
ffiffiffiffiffiffiffiffi
−ũ2

p
VLþ

2μðk ·uÞ2
mVk2

ρ:

ð5:15Þ

Therefore, the VL − ρ interaction terms contained in
Eq. (5.14) are the following quartic and cubic terms:

Lð4Þ ¼ −
1

2
q2V2

Lρ
2;

Lð3Þ ¼ −qmVρV2
L þ 2qμ

ffiffiffiffiffiffiffiffi
−ũ2

p
VLρ

2;

¼ −qmVρV2
L þ qγðkÞVLρ

2; ð5:16Þ

where we have used

mV ¼ qϕ0; ð5:17Þ

and defined

γðkÞ ¼ 2μκffiffiffiffiffi
k2

p : ð5:18Þ

In Fig. 1, we have shown the VLρ
2 vertex.

C. Lð3Þ in terms of the eigenmode fields ϕ�
For definiteness, we consider the calculation of πðþÞ

i , that
is, the imaginary part of the self-energy of the (þ) mode,
from which we determine the corresponding damping as
already explained. As we know, the imaginary part of the
self-energy is related to the rates of various processes, and

our focus on πðþÞ
i is based on choosing the common case in

which the dominant processes that contribute are

ϕþ ↔ ϕ− þ ϕ−. The quartic term V2
Lρ

2 can contribute to
the diagonal (11 and 22) elements of the self-energy but not
to the 12 (or 21) element; therefore, we do not consider
them further. In short, the problem is to start from

Lð3Þ ¼ −qmVρV2
L þ qγðkÞVLρ

2; ð5:19Þ

and write it in terms of ϕ� using

�
ρ

VL

�
¼
X
i¼�

Uiϕi: ð5:20Þ

Thus writing

ρ ¼
X
i

U1iϕi;

VL ¼
X
i

U2iϕi; ð5:21Þ

we have

Lð3Þ ¼ −qmV

X
ijk

U1iU2jU2kϕiϕjϕk

þ qγðkÞ
X
ijk

U2iU1jU1kϕiϕjϕk: ð5:22Þ

Now we want to single out the term of the form ϕþϕ2
−.

This is,

L0ð3Þ ¼ Aϕþϕ2
−; ð5:23Þ

where

A¼−qmVðU1þU2−U2−þU1−U2þU2−þU1−U2−U2þÞ
þqγðkÞðU2þU1−U1−þU2−U1þU1−þU2−U1−U1þÞ:

ð5:24Þ

To finish this step we have to use the explicit formulas for
the components Uai to determine the coupling A. The Uai
are given explicitly by

U1þ ¼
ffiffiffiffiffiffi
1

Λσ

r
Λ ¼

ffiffiffiffi
Λ
σ

r
;

U2þ ¼
ffiffiffiffiffiffi
1

Λσ

r
ð−mVγþÞ;

U1− ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

ðΛþ γ2−Þσ

s
ðmVγ−Þ;

U2− ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

ðΛþ γ2−Þσ

s
ðΛþ γ2−Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λþ γ2−

σ

r
: ð5:25ÞFIG. 1. Feynman rule for the VLρ

2 vertex that appears in
Eq. (5.16), and γðkÞ defined in Eq. (5.18).
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Using the vertex given in Eq. (5.23), we can calculate

ðπðþÞ
12 Þ by the diagram given in Fig. 2, and then

πðþÞ
i ðkÞ≡ iπðþÞ

12 ðkÞ
2nBðxÞ

; ð5:26Þ

from which we obtain the damping rate of the (þ) mode by

means of Eq. (5.12). Moreover, from the result for πðþÞ
i , the

corresponding contribution to the imaginary part of the VL
self-energy is

πðLÞi ðkÞ ¼ jU2þj2πðþÞ
i ðkÞ; ð5:27Þ

and therefore, remembering Eq. (3.41), we obtain for the
imaginary part of the longitudinal dielectric constant

Im ϵlðω; κÞ ¼ −
jU2þj2πðþÞ

i ðkÞ
k2

: ð5:28Þ

VI. IMAGINARY PART OF THE SELF-ENERGY:
CALCULATION OF πð + Þ

i

A. Expression for πð+ Þ
i

From Fig. 2,

−iðπðþÞ
12 ðkÞÞ ¼ ðiAÞð−iA�Þ

Z
d4p
ð2πÞ4 iΔ

ð−Þ
21 ðpÞiΔð−Þ

12 ðkþ pÞ;

ð6:1Þ

whereΔð−Þ
21 ðqÞ andΔð−Þ

12 ðqÞ are given in Eq. (4.5). Using the
identities

ηBðqÞ þ θðqÞ ¼ exqnBðxqÞϵðqÞ;
ηBðqÞ þ θð−qÞ ¼ nBðxqÞϵðqÞ; ð6:2Þ

where

ϵðqÞ ¼ θðqÞ − θð−qÞ; ð6:3Þ

the propagators can be written in the form

ΔðsÞ
21 ðqÞ ¼ −2πiδðq2 − σ̂sðqÞÞexqnBðxqÞϵðqÞ;

ΔðsÞ
12 ðqÞ ¼ −2πiδðq2 − σ̂sðqÞÞnBðxqÞϵðqÞ: ð6:4Þ

Then substituting Eq. (6.4) in Eq. (6.1), after some
straightforward algebra (see Appendix A) we arrive at

πðþÞ
i ðkÞ¼−

1

2
jAj2

Z
d3P

ð2πÞ32ωð−Þ
r ðPÞ

d3Q

ð2πÞ32ωð−Þ
r ðQÞ

ð2πÞ4

×fδð4Þðkþp−qÞðn−ðpÞ−n−ðqÞÞ
þδð4Þðkþq−pÞð−n−ðpÞþn−ðqÞÞ
−δð4ÞðkþpþqÞðn−ðpÞþn−ðqÞþ1Þ
−δð4Þðk−p−qÞð−n−ðpÞ−n−ðqÞ−1Þg: ð6:5Þ

In this formula,

pμ ¼ ðωð−Þ
r ðPÞ; P⃗Þ;

qμ ¼ ðωð−Þ
r ðQÞ; Q⃗Þ;

kμ ¼ ðω; κ⃗Þ: ð6:6Þ

nsðpÞ≡ 1

eβω
ðsÞ
r ðPÞ − 1

; ð6:7Þ

and similarly for nsðqÞ with P → Q. The damping of the
propagating (þ) mode is then obtained by Eq. (5.12).
This expression for πðþÞ

i in Eq. (6.5) can be interpreted in
terms of the transition probabilities for various processes,

ϕþðkÞ þ ϕ−ðpÞ ↔ ϕ−ðqÞ;
ϕþðkÞ þ ϕ−ðqÞ ↔ ϕ−ðpÞ;

ϕþðkÞ þ ϕ−ðqÞ þ ϕ−ðpÞ ↔ 0;

ϕþðkÞ ↔ ϕ−ðqÞ þ ϕ−ðpÞ: ð6:8Þ

Consider, for example, the first term. Using

n−ðpÞ − n−ðqÞ ¼ n−ðpÞð1þ n−ðqÞÞ − n−ðqÞð1þ n−ðpÞÞ;
ð6:9Þ

and remembering that the delta function fixes kþ p ¼ q,
the first term corresponds to the processes

ϕþðkÞ þ ϕ−ðpÞ ↔ ϕ−ðqÞ: ð6:10Þ
Some processes are forbidden by energy conservation
while others suppressed by our specific assumptions about
the background conditions.
The dominant process in the case we consider is the

decay process ϕþðkÞ → ϕ−ðqÞ þ ϕ−ðpÞ. For completeness
we also include its inverse, although it will be suppressed
under the background conditions that we assume. The

corresponding contribution to πðþÞ
i is

πðþÞ
i ðkÞ¼−ω½Γðϕþ→ϕ−ϕ−Þ−Γðϕ−ϕ−→ϕþÞ�; ð6:11Þ

where
FIG. 2. Diagrams for the 12 element of the self-energy of the
(þ) mode due to the interaction term given in Eq. (5.23).
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Γðϕþ → ϕ−ϕ−Þ ¼
1

2ω
jAj2

Z
d3P

ð2πÞ32ωð−Þ
r ðPÞ

d3Q

ð2πÞ32ωð−Þ
r ðQÞ

ð2πÞ4δð4Þðk − p − qÞð1þ n−ðpÞÞð1þ n−ðqÞÞ;

Γðϕ−ϕ− → ϕþÞ ¼
1

2ω
jAj2

Z
d3P

ð2πÞ32ωð−Þ
r ðPÞ

d3Q

ð2πÞ32ωð−Þ
r ðQÞ

ð2πÞ4δð4Þðk − p − qÞn−ðpÞn−ðqÞ: ð6:12Þ

In the limit that the n− distribution is negligible, the dominant contribution to πðþÞ
i is due to the decay rate

Γð0Þðϕþ →ϕ−ϕ−Þ¼
1

2ω
jAj2

Z
d3P

ð2πÞ32ωð−Þ
r ðPÞ

d3Q

ð2πÞ32ωð−Þ
r ðQÞ

ð2πÞ4δð4Þðk−p−qÞ: ð6:13Þ

In any case, once we have computed πðþÞ
i , we obtain the damping of the (þ) mode from Eq. (5.12).

B. Long wavelength limit

Here we will consider the calculation of πðþÞ
i in the long

wavelength limit (κ → 0), which is a useful case for many
applications.

1. Evaluation of the integral

Wemust evaluate the integral in Eq. (6.13) for κ ¼ 0, that
is

I¼
Z

d3P

ð2πÞ32ωð−Þ
r ðPÞ

d3Q

ð2πÞ32ωð−Þ
r ðQÞ

ð2πÞ4δð4Þðk−p−qÞ;

ð6:14Þ

with

kμ ¼ ðω; 0⃗Þ; ð6:15Þ

but using the exact dispersion relation for ωð−Þ
r . In this case

we can use the results of Appendix B, with the notation
adapted to the present case. As indicated at the end of
Appendix B, the results simplify in the present case
because m1 ¼ m2. Thus, the result is

I ¼
X
P�

�
1

2π

�
2 2πP�2

ω2

1

jG0j
; ð6:16Þ

where P� is the solution of

ωð−Þ
r ðP�Þ ¼ 1

2
ω; ð6:17Þ

and

G0 ≡
�
∂ωð−Þ

r

∂P

�				
P¼P�

: ð6:18Þ

The
P

P� symbol in Eq. (6.16) is meant to indicate a sum
over each valid solution of Eq. (6.17). The identification of
the valid solutions is carried out below.

2. Solution for P�

The full dispersion relation can be written in the form

ωð−Þ
r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2 þM2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2 þ 4μ2P2

qr
; ð6:19Þ

where we are defining

M2 ≡ 1

2
ðm2

ρ þm2
VÞ;

Δ≡ 1

2
ðm2

ρ −m2
VÞ: ð6:20Þ

We will solve Eq. (6.19) for Pðωð−Þ
r Þ and then

P�ðωÞ ¼ Pðω=2Þ: ð6:21Þ

Solving Eq. (6.19) for P is tedious but straightforward
since it is a quadratic equation. The equation can be written
in the form

P4 − 2BP2 − C ¼ 0; ð6:22Þ

where

B ¼ 2μ2 − ðM2 − ωð−Þ2
r Þ;

C ¼ Δ2 − ðM2 − ωð−Þ2
r Þ2

¼ ðωð−Þ2
r −m2

VÞðm2
ρ − ωð−Þ2

r Þ: ð6:23Þ

Therefore the solutions are

P2 ¼ B�
ffiffiffiffi
D

p
; ð6:24Þ

with
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D ¼ B2 þ C

¼ Δ2 þ 4μ2½μ2 −M2 þ ωð−Þ2
r �: ð6:25Þ

For some values of ωð−Þ
r both solutions in Eq. (6.24) are

valid, but for others only Bþ ffiffiffiffi
D

p
is valid. As an aid to

determine the ranges of ωð−Þ
r , we show a sketch of the

dispersion relations ωð�Þ
r in Fig. 3.

As the figure shows, the dispersion relation ωð−Þ
r has a

minimum value, which we denote by ωð−Þ
r0 . In that point the

two solutions for P coincide, that is D ¼ 0. Thus from
Eq. (6.25),

ωð−Þ2
r0 ¼ M2 − μ2 −

Δ2

4μ2
: ð6:26Þ

For ωð−Þ
r0 < ωð−Þ

r < mV, it follows from Eq. (6.23) that
C < 0. This implies that

ffiffiffiffi
D

p
< B and therefore both

solutions in Eq. (6.24) are valid, as can be deduced also
by a glance at Fig. 3 in that region. In the region

mV < ωð−Þ
r < mρ, we see from Eq. (6.23) that C > 0,

and therefore only the solution Bþ ffiffiffiffi
D

p
is valid. Finally,

for ωð−Þ
r > mρ, it follows from Eq. (6.23) that C < 0 and

therefore both solutions exist. However, as seen from
Fig. 3, the solution with the smaller (larger) value of P

corresponds the ωðþÞ
r (ωð−Þ

r ) dispersion relation (which is

due to the fact that ωðþÞ
r increases faster than ωð−Þ

r as P
increases.) Thus in that range the valid solution is Bþ ffiffiffiffi

D
p

.
In summary,

P�2ðωÞ ¼


Bω � ffiffiffiffiffiffiffi

Dω
p ðωð−Þ

r0 < ω=2 < mVÞ
Bω þ ffiffiffiffiffiffiffi

Dω
p ðω=2 > mVÞ

ð6:27Þ

where

Bω ¼ 2μ2 −
�
M2 −

1

4
ω2

�
;

Dω ¼ Δ2 þ 4μ2
�
μ2 −M2 þ 1

4
ω2

�
: ð6:28Þ

3. Expression for Γð0Þðϕ+ → ϕ−ϕ− Þ
From Eq. (6.19), it follows that

�
∂ωð−Þ

r

∂P

�				
P¼P�

¼ 2P�

ω

�
1 −

2μ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2 þ 4μ2P�2p �

; ð6:29Þ

and therefore from Eq. (6.16)

I ¼
X
P�

1

4π

�
P�

ω

��
1 −

2μ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2 þ 4μ2P�2p �−1

: ð6:30Þ

We now evaluate the parameters Uab and A, evaluated at
κ ¼ 0. In the limit κ → 0, the mixing parameters defined in
Eq. (5.25) become [remembering Eq. (3.26)],

U1þðκ → 0Þ ¼ U2−ðκ → 0Þ ¼ 1;

U1−ðκ → 0Þ ¼ 2μκ

m2
ρ −m2

V
;

U2þðκ → 0Þ ¼ −
mV

mρ
U1−ðκ → 0Þ; ð6:31Þ

which from Eq. (5.24) in turn gives

Aðκ → 0Þ ¼ A1 þ A2; ð6:32Þ

where

A1 ¼ −qmV ½1 − 8rx2�;

A2 ¼ 8qμ

�
κ

ω

�
x½1 − 2rx2�; ð6:33Þ

with

r≡mV

mρ
;

x≡ μκ

m2
ρ −m2

V
: ð6:34Þ

Thus, setting strictly κ ¼ 0,

Að0Þ ¼ −qmV: ð6:35Þ

From Eq. (6.13), we then finally obtain

FIG. 3. Sample sketches of the dispersions ω� that illustrate the
features discussed in the text and used in arriving at Eq. (6.27).
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Γð0Þðϕþ → ϕ−ϕ−Þjκ→0 ¼
X
P�

q2P�

8π

m2
V

ω2

�
1 −

2μ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2 þ 4μ2P�2p �−1

; ð6:36Þ

which gives the leading term in Eq. (6.11) in the long wavelength (κ → 0) limit. The corrections due to the distribution
functions can be readily included using Eq. (6.12), thus

πðþÞ
i ðω; κ → 0Þ ¼ −ωΓð0Þðϕþ → ϕ−ϕ−Þjκ→0ðn−ðpÞ þ n−ðqÞ þ 1Þ; ð6:37Þ

remembering that in this limit

n−ðpÞ ¼ n−ðqÞ ¼
1

e
1
2
βω − 1

: ð6:38Þ

C. Damping in the long wavelength limit

The damping of the (þ) mode is given by Eq. (5.12). Explicitly, in this limit

Γþ ¼ q2P�
0

8π

m2
V

m2
ρ

�
1 −

2μ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2 þ 4μ2P�2

0

p �−1� 2

e
1
2
βmρ − 1

þ 1

�
; ð6:39Þ

where we have used the fact that in this limit ωðþÞ
r ðκ → 0Þ ¼ mρ, and we have defined

P�
0 ≡ P�ðmρÞ: ð6:40Þ

From Eqs. (6.27) and (6.28), using Eq. (6.20),

P�2
0 ¼ 2μ2 −

1

4
ðm2

ρ þ 2m2
VÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ4 þ 1

4
ðm2

ρ −m2
VÞ2 − μ2ðm2

ρ þ 2m2
VÞ

r
; ð6:41Þ

provided that

mρ > 2mV: ð6:42Þ

D. Longitudinal dielectric constant

The corresponding contribution to the longitudinal dielectric constant is given by Eq. (5.28). Therefore, using Eqs. (6.36)
and (6.37), together with Eq. (6.31),

Im ϵl ¼
X
P�

q2

8π

P�ðωÞκ2
ω3

m2
V

m2
ρ

�
2μmV

m2
ρ −m2

V

�
2
�
1 −

2μ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2 þ 4μ2P�2ðωÞ

p �−1� 2

e
1
2
βω − 1

þ 1

�
; ð6:43Þ

which complements Eq. (3.40).

VII. DISCUSSION

For guidance and illustrative purposes, let us consider the
large mρ limit. There are three independent parameters,

μ; mρ; mV: ð7:1Þ

Remember that

m2
ρ ¼ 4μ2 þ 2ðμ2 −m2Þ;

m2
V ¼ q2

λ
ðμ2 −m2Þ: ð7:2Þ

So we can think also in terms of

μ; m;
q2

λ
: ð7:3Þ
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For the purposes of this discussion we will take

q2

λ
∼ 1;

μ ∼m; ð7:4Þ

so that, in particular,

mρ ∼ 2μ ∼ 2m ≫ mV: ð7:5Þ

A. Damping

From Eq. (6.41), neglecting mV ,

P�2
0 ≃

3

4
m2

ρ; ð7:6Þ

and therefore we will put

P�
0 ∼mρ: ð7:7Þ

Then, under the conditions of Eq. (7.5), in themV → 0 limit
Eq. (6.39) gives

Γþ ≃
q2

4π

m2
V

mρ
; ð7:8Þ

neglecting the factor involving the distribution function.

B. Imaginary part of the longitudinal dielectric constant

We consider Eq. (6.43) in the same limit discussed
above. Since we are considering mV → 0, the appropriate
formula to use for P�2ðωÞ is the second one in Eq. (6.27)
(i.e., ω=2 > mV), which in the mV → 0 limit reduces to

P�2ðωÞ ¼ 1

4
ω2 þ 1

2
mρω: ð7:9Þ

In the limit stated in Eq. (7.5), the formula in Eq. (6.43)
then gives

Imϵl¼
q2

8π

P�ðωÞκ2
ω3

�
mV

mρ

�
4
"
1−

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4P�2ðωÞ

m2
ρ

q
#−1

; ð7:10Þ

neglecting the correction due to the distribution functions.
Further insight can be obtained by considering the cases
ω ≫ mρ or ω ≪ mρ. From Eq. (7.9),

P�2ðωÞ
m2

ρ
¼
( ω2

4m2
ρ

ðω ≫ mρÞ;
ω

2mρ
ðω ≪ mρÞ;

ð7:11Þ

and correspondingly

2
641 − 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4P�2ðωÞ
m2

ρ

q
3
75
−1

¼
8<
: 1þO

�
mρ

ω

�
ðω ≫ mρÞ;

mρ

ω ðω ≪ mρÞ:
ð7:12Þ

Therefore,

Im ϵl ¼ q2

8π

�
mV

mρ

�
4
�

κ

mρ

�
2

×

8<
:

m2
ρ

2ω2 ðω ≫ mρÞ;
1ffiffi
2

p
�
mρ

ω

�
7=2 ðω ≪ mρÞ:

ð7:13Þ

C. Real part of the longitudinal dielectric constant

In the same limit we have considered above, more
specifically

mρ ∼ 2μ ∼ 2m ≫ mV;ω; κ; ð7:14Þ

it follows from Eq. (3.40) that

Re ϵl ¼ 1 −
m2

V

ω2 − κ4

m2
ρ

: ð7:15Þ

The details leading to Eq. (7.15) are given in Appendix C.
Here we note that the dispersion relation that follows from

Re ϵl ¼ 0 ð7:16Þ

(neglecting the damping term) is simply

ω2
V ¼ m2

V þ κ4

m2
ρ
: ð7:17Þ

This is the same result that is obtained from Eq. (3.23) for

ωð−Þ
r in the same limit [17]. Furthermore, it is reassuring

that, putting mρ ∼ 2m, as indicated in Eqs. (7.14), (7.15),
and (7.17) reproduce the results obtained for the dielectric
constant and dispersion relation in nonrelativistic models of
the BE condensation of charged scalars [23].
However it must be kept in mind that the results given in

Eqs. (7.15) and (7.17) are limited by the fact that they are
valid and hold in the limit of large mρ. In this respect,
Eq. (3.40) gives the appropriate formula to use for the
longitudinal dielectric constant when this limiting case is
not appropriate, and correspondingly Eq. (3.23) for the

dispersion relation ωð−Þ
r .

For illustrative purposes and guidance, Fig. 4 shows the
plots of the dispersion relations ωð−Þ

r and ωV , given in
Eqs. (3.23) and (7.17), respectively. For the purpose of the
plotswe have set 2μ=mρ ¼ 1 [see Eq. (7.14)]. The dispersion
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relations are plotted for various values of the parameter r≡
mV
mρ

indicated in the figure.

VIII. CONCLUSIONS AND OUTLOOK

The subject of the present work is the imaginary part of
the dispersion relations of the propagating modes in a
model of a charged scalar Bose-Einstein condensate. In a
previous work [17] we considered the real part of the
dispersion relations. In that model, two modes correspond
to the transverse photon polarizations, while the other two
modes are combinations of the longitudinal photon and the
massive scalar field, which we denote as the (�) modes.
While the dispersion relations of the transverse modes have
the usual form for transverse photons in a plasma, the
dispersion relations of the (�) modes reveal some unique
features. In our previous work cited above, we determined
and analyzed the real part of the dispersion relations of the
(�) modes, as well as the real part of the contribution to
the longitudinal component of polarization tensor and the
corresponding contribution to the dielectric constant. The
focus in the present work is the calculation, in the same
model, of the imaginary part of the dispersion relations of
the (�) modes, as well as the corresponding contributions
to the imaginary part of the longitudinal component of
polarization tensor and the dielectric constant.
The main result of the present work is an explicit formula

for the imaginary part of the dispersion relations, as well as
the corresponding contributions to the imaginary part of the
longitudinal component of polarization tensor and the
dielectric constant, obtained by the one-loop calculations
of the self-energy of the propagating (�) modes in the
context of TFT. To illustrate some features of the results, we
considered in some detail the long wavelength limit,

including specifically the high and low frequency limits,
and obtained explicit simple explicit expressions for the
damping rate as well as the background contribution to the
longitudinal polarization tensor and dielectric constant in
those cases. This work and the results obtained pave the
way for further exploration of the properties of the model,
which can be useful for applications related to the optical
properties of this kind of system in various physical
contexts, such as those mentioned in the references already
cited, and experiments related to dark-matter searches using
materials with special optical properties [25].

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX A: DETAILS OF EQ. (6.5)

After substituting Eq. (6.4) in Eq. (6.1) we use

expnBðxpÞnBðxpþkÞ ¼ nBðxkÞðnBðxpÞ − nBðxpþkÞÞ: ðA1Þ

Then from Eq. (5.26), we obtain

πðþÞ
i ðkÞ ¼ −2π2jAj2

Z
d4p
ð2πÞ4 δðp

2 − σ̂−ðpÞÞδððpþ kÞ2

− σ̂−ðpþ kÞÞðnBðxpÞ− nBðxpþkÞÞϵðpÞϵðpþ kÞ:
ðA2Þ

We now put

pþ k ¼ q; ðA3Þ

and insert

FIG. 4. Plots of the dispersion relations ωð−Þ
r and ωV , given in Eqs. (3.23) and (7.17), respectively. For the purpose of the plots we have

set 2μ=mρ ¼ 1 [see Eq. (7.14)]. The dispersion relations are plotted for the values of the parameter r≡ mV
mρ
, as indicated.
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ð2πÞ4
Z

d4q
ð2πÞ4 δ

ð4Þðq − p − kÞ: ðA4Þ

Thus,

πðþÞ
i ðkÞ ¼ −

jAj2
2

Z
d4p
ð2πÞ3

Z
d4q
ð2πÞ3 ð2πÞ

4δð4Þðq − p − kÞδðp2 − σ̂−ðpÞÞδðq2 − σ̂−ðqÞÞðnBðxpÞ − nBðxqÞÞϵðpÞϵðqÞ: ðA5Þ

Using

ϵðpÞϵðqÞ ¼ θðpÞθðqÞ þ θð−pÞθð−qÞ − θðpÞθð−qÞ − θð−pÞθðqÞ; ðA6Þ

and

nBðxÞ ¼ −1 − nBð−xÞ; ðA7Þ

we have

ðnBðxpÞ − nBðxqÞÞϵðpÞϵðqÞ ¼ θðpÞθðqÞðnBðxpÞ − nBðxqÞÞ þ θð−pÞθð−qÞð−nBð−xpÞ þ nBð−xqÞÞ
− θðpÞθð−qÞðnBðxpÞ þ 1þ nBð−xqÞÞ − θð−pÞθðqÞð−1 − nBð−xpÞ − nBðxqÞÞ: ðA8Þ

We will then use

Z
d4p
ð2πÞ3 δðp

2 − σ̂sðpÞÞθðpÞnBðxpÞ ¼
Z

d3P

ð2πÞ32ωðsÞ
r ðPÞ

nsðpÞ;
Z

d4p
ð2πÞ3 δðp

2 − σ̂sðpÞÞθð−pÞnBð−xpÞ ¼
Z

d3P

ð2πÞ32ωðsÞ
r ðPÞ

nsðpÞ; ðA9Þ

where

nsðpÞ≡ 1

eβω
ðsÞ
r ðPÞ − 1

; ðA10Þ

and with the understanding that, after the integration over p0,

pμ ¼ ðωðsÞ
r ðPÞ; P⃗Þ: ðA11Þ

Similarly with the integrals over q, with qμ ¼ ðωðsÞ
r ðQÞ; Q⃗Þ. The functions ωðsÞ

r ðPÞ and ωðsÞ
r ðQÞ are the dispersion relation

defined in Eq. (3.23).
In this way we arrive at

πðþÞ
i ðkÞ ¼ −

1

2
jAj2

Z
d3P

ð2πÞ32ωð−Þ
r ðPÞ

d3Q

ð2πÞ32ωð−Þ
r ðQÞ

ð2πÞ4fδð4Þðkþ p − qÞðn−ðpÞ − n−ðqÞÞ

þ δð4Þðkþ q − pÞð−n−ðpÞ þ n−ðqÞÞ − δð4Þðkþ pþ qÞðn−ðpÞ þ n−ðqÞ þ 1Þ
− δð4Þðk − p − qÞð−n−ðpÞ − n−ðqÞ − 1Þg; ðA12Þ

with
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pμ ¼ ðωð−Þ
r ðPÞ; P⃗Þ;

qμ ¼ ðωð−Þ
r ðQÞ; Q⃗Þ;

kμ ¼ ðω; κ⃗Þ; ðA13Þ

which is Eq. (6.5).

APPENDIX B: PHASE SPACE INTEGRAL FOR
ϕ+ → ϕ−ϕ− IN THE LONG WAVELENGTH

LIMIT

We consider the phase space integral of the type we have
to do for the ϕþ → ϕ−ϕ− decay, that is

I ≡
Z

d3P1

2E1

Z
d3P2

2E2

δð4Þðk − p1 − p2Þ; ðB1Þ

but with the dispersion relations of the form

EiðPÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2 þm2

i ðPÞ
q

: ðB2Þ

In this section we consider the long wavelength limit,
which corresponds to setting κ → 0,

kμ ¼ ðω; 0⃗Þ: ðB3Þ

We start from

I ¼
Z

d3P1

2E1

δððk − p1Þ2 −m2
2Þθðω − E1Þ; ðB4Þ

where now

ðk − p1Þ2 ¼ ω2 þm2
1 − 2ωE1; ðB5Þ

and

p2 ¼ k − p1 ⇒ P2 ¼ P1: ðB6Þ

Then putting

d3P1

2E1

→ 2π
P2
1

E1

dP1; ðB7Þ

we obtain

dI¼ 2πdP1

P2
1

E1

δ½ω2þm2
1ðP1Þ−m2

2ðP1Þ−2ωE1�θðω−E1Þ

¼ π

ω
dP1

P2
1

E1

δ½ω2þm2
1ðP1Þ−m2

2ðP1Þ−2ωE1�θðω−E1Þ:

ðB8Þ

The delta function then fixes P1 ¼ P�
1, where P�

1 is such
that

E1ðP�
1Þ ¼

ω2 þm2
1ðP�

1Þ −m2
2ðP�

1Þ
2ω

; ðB9Þ

with E1ðP1Þ given in Eq. (B2). This is an implicit equation
that must be solved for P�

1. The theta function θðω − E1Þ
requires that ω and the parameters that enter in the
definition of the miðPÞ be such that

E1ðP�
1Þ < ω ðB10Þ

otherwise the integral is zero (this is the analog of the
condition m > m1 þm2 in the standard case). Assuming
this is satisfied, then

I ¼ π

ω

P�2
1

E�
1

1

jG0j
; ðB11Þ

where we have defined E�
1,

E�
1 ≡ E1ðP�

1Þ ¼
ω2 þm2

1ðP�
1Þ −m2

2ðP�
1Þ

2ω
; ðB12Þ

and

G0 ≡
�
∂G
∂P1

�				
P1¼P�

1

; ðB13Þ

with

G ¼ E1ðP1Þ þ
m2

1ðP1Þ −m2
2ðP1Þ

2ω
: ðB14Þ

1. Special case: m1 =m2

In this case the formulas simplify. The equation for P�
1 is

simply

E1ðP�
1Þ ¼

1

2
ω: ðB15Þ

Assuming that ω and the parameters that enter in the
definition of m1ðPÞ are such that the solution exists, the
condition E1ðP�

1Þ < ω is automatically satisfied. G reduces
to E1ðPÞ. Therefore,

I ¼ 2π
P�2
1

ω2

1

jG0j
; ðB16Þ

with

G0 ¼
�
∂E1

∂P1

�				
P1¼P�

1

: ðB17Þ
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APPENDIX C: DERIVATION OF EQ. (7.15)

Rewriting the term in the square brackets in Eq. (7.15),

Re ϵl ¼ 1 −
m2

Vðk2 −m2
ρÞ

k2ðk2 −m2
ρÞ − 4μ2κ2

¼ 1 −
m2

V

X
; ðC1Þ

where

X ≡ k2 þ 4μ2κ2

m2
ρð1 − k2=m2

ρÞ
: ðC2Þ

Expanding the denominator,

X ¼ ω2

�
1þ ηκ2

m2
ρ

�
þ κ2ðη − 1Þ − ηκ4

m2
ρ
; ðC3Þ

where we have put

η ¼ 4μ2

m2
ρ
: ðC4Þ

In the limit stated in Eq. (7.5), η → 1, and

X → ω2 −
κ4

m2
ρ
; ðC5Þ

which leads to Eq. (7.15).
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