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We study chiral symmetry breaking and restoration in accelerating and rotating frames using low-energy
effective models. By analyzing the chiral condensate in Rindler coordinates, we show that different
renormalization schemes lead to distinct conclusions in the accelerating frame: the scheme with subtracting
divergences in the Rindler vacuum supports an acceleration-independent critical temperature, while the
other scheme with subtracting divergences in Minkowski vacuum suggests an enhanced critical temper-
ature. We further investigate a system with both rotation and acceleration. We find that the critical
acceleration for chiral symmetry restoration decreases with angular velocity, indicating cooperative effects
from acceleration-induced thermalization and rotation-induced effective chemical potential.
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I. INTRODUCTION

Quantum chromodynamics (QCD) is the fundamental
theory of the strong interaction governing the dynamics of
quarks and gluons. Extensive research on the QCD phase
diagram aims to clarify the nature of strongly interacting
quark-gluon matter under extreme conditions, including
high temperature, high density, and strong external fields.
In the low-temperature and low-baryon-density regime,
quarks remain confined in hadrons (baryons and mesons),
which corresponds to ordinary nuclear matter. Above a
pseudocritical temperature of approximately 150 MeV (at
zero baryon density), quarks and gluons become decon-
fined and the (approximate) chiral symmetry is restored,
resulting in the formation of a quark-gluon plasma (QGP)
in which quarks and gluons can move over extended
distances.
The QCD phase diagram is conventionally presented

in the temperature (T)-baryon chemical potential (μB)
plane [1]. Theoretical studies indicate a crossover transi-
tion at high temperatures with low baryon density, while a

first-order phase transition emerges at high baryon den-
sities with low temperatures. These regimes are connected
by a critical end point (CEP) terminating the first-order
phase boundary [2]. The identification of this CEP in the
T-μB plane remains a primary objective for both theoretical
investigations and heavy-ion collision experiments [3].
Significant progress has been made in understanding
the QCD phase structure through various theoretical
approaches, including effective models [4–7], lattice
QCD simulations [2,8–10], functional renormalization
group [11–15], Schwinger-Dyson equation [16–18], and
holographic approaches [19–21]. Recent theoretical devel-
opments have extended these studies to include additional
background fields such as external electromagnetic fields
[22–24] and global rotation [25].
In recent years, the effects of rotation on QCD matter

have attracted increasing attention, motivated by the
presence of rapid rotation (or fluid vorticity) in noncentral
heavy-ion collisions [26,27] and neutron stars [28,29].
Following the early works [30,31], extensive efforts have
been made to investigate the QCD phase structure under
rotation [32–64]. Effective model studies suggest that
rotation tends to restore chiral symmetry, whereas more
recent lattice QCD simulations indicate that it enhances
chiral symmetry breaking and confinement [65–69]. This
apparent contradiction highlights the need for rigorous
nonperturbative approaches to clarify the underlying mech-
anisms [49,70–72].
Compared to rotational effects, acceleration-related

phenomena have received relatively less attention in
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QCD studies. According to the Unruh effect [73,74], an
observer undergoing constant proper acceleration a per-
ceives the Minkowski vacuum as a thermal bath with
temperature [75]

TU ¼
a
2π

:

In Ref. [76], the authors argued that partons in heavy-ion
collisions experience characteristic deceleration on the
order of the saturation scale, a ∼Qs ∼ 1 GeV, leading to
an Unruh temperature TU ∼ 200 MeV (see Ref. [77] for a
numerical simulation of Unruh temperature in heavy-ion
collisions). Since this exceeds the QCD pseudocritical
temperature, it suggests that acceleration-induced thermal-
ization could have nontrivial consequences for the thermo-
dynamics of the produced matter.
The general framework for quantum field theory in an

accelerating (Rindler) frame was established by Candelas
et al. [78–80], and Lee and collaborators [81] later demon-
strating the universality of the Unruh effect for interacting
quantum fields of arbitrary spin. These results provide a
solid theoretical basis for studying acceleration-induced
phenomena—such as chiral symmetry breaking and
restoration—using effectivemodels that incorporate thermo-
dynamic behavior in noninertial frames [82–89]. In addition,
recent developments have employed Wigner function tech-
niques [90,91], density operator formulations [92–95], and
lattice simulation [96] to investigate the thermodynamic
properties of quantum systems in an accelerating frame.
These studies offer complementary insights into the behavior
of QCD matter under acceleration.
Given that QGP created in heavy-ion collisions behaves

as an ultravortical fluid with strong temperature gradients,
in this paper we study the QCD matter subject to combined
accelerating and rotational effects, with particular emphasis
on acceleration-driven phenomena. We employ low-energy
effective models in noninertial frames to study the chiral
condensate hψ̄ψi (the order parameter for chiral symmetry
breaking) as a function of acceleration a and angular
velocity ω. Similar to rotational effects, the influence of
acceleration on chiral symmetry is still under debate.
Existing studies report conflicting conclusions: while some
suggest that acceleration may restore chiral symmetry
[82,83,86], others argue it may suppress it or have little
effect [89,97,98]. This discrepancy appears to stem pri-
marily from the choice of renormalization schemes, as will
be discussed in later sections.
The paper is organized as follows. Section II discusses the

general description of accelerating and rotating thermal
equilibrium. Section III establishes the Rindler coordinate
framework for analyzing accelerating systems. Sections IV
and V, respectively, investigate chiral symmetry breaking
under pure acceleration and combined acceleration-rotation
scenarios. Finally, Sec. VI concludes with a summary
of the main results. We use natural units ℏ ¼ c ¼ kB ¼ 1

and Minkowski metric ημν ¼ ημν ¼ diagð1;−1;−1;−1Þ
throughout this paper.

II. THERMAL EQUILIBRIUM UNDER
ACCELERATION AND ROTATION

Before going into a detailed discussion about how the
acceleration and rotation affect the chiral symmetry break-
ing, it is important to notify that a many-body system could
maintain thermal equilibrium under acceleration and rota-
tion. We briefly discuss such a thermal equilibrium in this
section; see Refs. [99–101] for more discussions. The so-
called local equilibrium density operator ρLE is the density
operator that maximizes the entropy functional,

S½ρ� ¼ −Trðρ ln ρÞ; ð1Þ
under the constraints that the local energy-momentum and
angular momentum fluxes across a given spacelike hyper-
surface Ξμ in the Minkowski spacetime are fixed to their
true physical values,

nμðxÞTr½ρTμνðxÞ� ¼ nμðxÞTμν
trueðxÞ; ð2Þ

nμðxÞTr½ρJμρσðxÞ� ¼ nμðxÞJμρσtrueðxÞ; ð3Þ

where nμ is the normal direction of Ξμ, Tμν is the energy-
momentum tensor, and Jμρσ ¼ Tμσxρ − Tμρxσ þ Σμρσ is the
angular momentum tensor with Σμρσ the spin tensor. The
resultant ρLE has the following form:

ρLE ¼
1

ZLE
exp

�
−
Z

dΞμ

�
Tμνβν −

1

2
Jμρσϖρσ

��
; ð4Þ

where βν and ϖρσð¼ −ϖσρÞ are two local Lagrange
multipliers which have the physical meaning of thermal
flow and “chemical” potential for angular momentum and
ZLe is the partition function. When the system reaches
global thermal equilibrium, the density operator must be
time independent, or more precisely, independent of the
choice of the spacelike hypersurface Ξμ. This is achieved
when βμ and ϖμν are constants as can be easily checked by
noticing that ∂μðTμνβν − Jμρσϖρσ=2Þ ¼ 0 owing to Gauss’
theorem and the conservation laws for energy momentum
and angular momentum. Therefore, we have

ρeq ¼
1

Zeq
exp

�
−
Z

dΞμ

�
TμνðβνþϖνλxλÞ−

1

2
ϖρσΣμρσ

��
:

ð5Þ
Let us choose nμ to be along the direction of βμ (which is

timelike) and without loss of generality, we set βμ to the
coordinate time direction, βμ ¼ ðβ; 0Þ, so that

ρeq ¼
1

Zeq
exp

�
−βH þϖ0iKi þ 1

2
ϖijJij

�
; ð6Þ
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where H ¼ R
d3xT00 is the Hamiltonian, Ki ¼R

d3xðT0it − T00xi þ Σ00iÞ is the boost operator, and Jij ¼R
d3xðT0jxi − T0ixj þ Σ0ijÞ is the angular momentum

operator. If we write ϖ0i ¼ βai and ϖij ¼ βϵijkΩk, it
becomes clear that a is the linear acceleration and Ω is
the angular velocity. Note that, though Ki explicitly
depends on t, it is actually time independent as it is
conserved (which can be directly checked using
Poincaré algebra, dKi=dt ¼ 0) [100]. This allows us to
set t ¼ 0 in ρeq. Choosing both the linear acceleration and
rotation along z direction, we have

ρeq ¼
1

Zeq
exp½−βðH − aKz −ΩJzÞ�

¼ 1

Zeq
exp

�
−β

Z
d3xðð1þ azÞT00 − aΣ003

−ΩðT02x − T01yþ Σ012ÞÞ
�����

t¼0
; ð7Þ

where Jz ¼ J12.
We now apply the above formalism to the single-flavor

Nambu–Jona-Lasinio (NJL) model, whose Lagrangian is

L ¼ ψ̄ ½iγμ∂μ −m0�ψ þ
Gπ

2

h
ðψ̄ψÞ2 þ ðψ̄ iγ5ψÞ2

i
; ð8Þ

where ψ denotes the Dirac spinor field, m0 is the fermion
mass, and Gπ is the coupling constant. Applying the
Noether theorem, we obtain the canonical energy-momen-
tum tensor and spin tensor as

Tμν ¼ ψ̄iγμ∂νψ − gμνL; ð9Þ

Σμρσ ¼ 1

2
ψ̄γμσρσψ ; ð10Þ

with σμν ¼ ði=2Þ½γμ; γν� so that Σ003 ¼ ði=2Þψ̄γ3ψ and
Σ012 ¼ ð1=2Þψ†σzψ . Then we have

H − aKz −ΩJz ¼
Z

d3x

�
ð1þ azÞψ̄ ½−iγi∂i þm0�ψ

− ð1þ azÞGπ

2

�
ðψ̄ψÞ2 þ ðψ̄iγ5ψÞ2

�

− a
i
2
ψ̄γ3ψ

−Ωψ†
�
−ix∂y þ iy∂x þ

σz

2

�
ψ

�
: ð11Þ

The partition function can then be written in a path-integral
form as

Zeq ¼ Tr e−βðH−aKz−ΩJzÞ ¼
Z
½dψ �½dψ̄ �e−SE½ψ ;ψ̄ �; ð12Þ

where SE is the Euclidean action which is obtained from
the Minkowski action S ¼ R

d4xψ̄ iγ0∂tψ −
R
dtðH −

aKz −ΩJzÞ by the standard Wick rotation and imaginary-
time compactification with an antiperiodic boundary con-
dition for ψ and ψ̄ in the imaginary-time direction. Notably,
theMinkowski actionS is completely equal to theNJL action
in accelerating and rotating coordinates with metric

gμν ¼

0
BBB@
ð1þ azÞ2 − Ω2ðx2 þ y2Þ Ωy −Ωx 0

Ωy −1 0 0

−Ωx 0 −1 0

0 0 0 −1

1
CCCA;

ð13Þ
see Sec. V, especially Eq. (76). Therefore, we can study the
accelerating and rotating thermal equilibrium by formulating
the theory in the accelerating and rotating coordinates so that
the techniques developed for field theory in curved spacetime
can be used. Thiswill be our strategy in the following sections
and it will be shownmore convenient to shift the z coordinate
to the ξ ¼ zþ 1=a coordinate (see Sec. III).
It is well known that the definitions of energy-momen-

tum tensor and spin tensor are not unique. They suffer from
the so-called pseudogauge ambiguity [102,103]. For any
differentiable local tensor Φλμνð¼ −ΦλνμÞ, T 0μν and Σ0μρσ
defined through the following pseudogauge transformation,

T 0μν ¼ Tμν þ 1

2
∂λðΦλμν þΦνμλ þΦμνλÞ; ð14Þ

Σ0μρσ ¼ Σμρσ −Φμρσ; ð15Þ

are also well-defined energy-momentum and spin tensors in
the sense that the conservation laws and the total four-
momentum and total angular momentum are unchanged by
this transformation. Therefore, the global thermal equilib-
rium density operator ρeq and partition function Zeq are
invariant under pseudogauge transformation (though the
local equilibrium density operator and partition function are
not) and we thus have freedom to choose a suitable
pseudogauge to simply the action S. In particular, we
could eliminate the acceleration-spin tensor coupling
−aΣ003 ¼ −iaψ̄γ3ψ=2 term in Eq. (11) by choosing the
following pseudogauge potential Φλμν:

Φλμν ¼ i
2
ψ̄ðηλμγν − ηλνγμÞψ : ð16Þ

This transforms Eqs. (9) and (10) to

T 0μν ¼ i
2
½ψ̄γμ∂νψ − ψ̄ ∂⃖νγμψ � − gμνL0; ð17Þ

Σ0μρσ ¼ 1

4
ψ̄fγμ; σρσgψ ¼ −

1

2
ϵμρσνψ̄γνγ5ψ ; ð18Þ
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where L0 is a new Lagrangian,

L0 ¼ ψ̄

�
i
2
ðγμ∂μ − ∂

 
μγ

μÞ −m0

�
ψ

þ Gπ

2

h
ðψ̄ψÞ2 þ ðψ̄iγ5ψÞ2

i
: ð19Þ

The difference is that Σ0003 ¼ 0 so that the −aΣ0003 term no
longer appears in H0 − aK0z −ΩJ0z:

H0 − aK0z −ΩJ0z

¼
Z

d3x

�
ð1þ azÞψ̄

�
1

2
ð−iγi∂i þ iγi ∂

 
iÞ þm0

�
ψ

− ð1þ azÞGπ

2

h
ðψ̄ψÞ2 þ ðψ̄iγ5ψÞ2

i
−Ωψ†

�
−ix∂y þ iy∂x þ

σz

2

�
ψ

�
: ð20Þ

After integration by part, one finds that H0 − aK0z −ΩJ0z
indeed equals H − aKz −ΩJz in Eq. (11) (up to surface
terms which are assumed to be vanished). Similar to
discussions around Eqs. (12) and (13), the partition
function of H0 − aK0z −ΩJ0z can be formulated as a path
integral with Lagrangian (19) in accelerating and rotating
frames with metric (13).

III. RINDLER COORDINATES

The spacetime geometry in Rindler coordinates is char-
acterized by the metric (see Appendix A for a derivation)

ds2 ¼ ξ2dt2 − dξ2 − dx21 − dx22: ð21Þ

A particle at rest in Rindler coordinates corresponds to the
one undergoing constant proper acceleration in Minkowski
spacetime. For a particle under proper accelerationa > 0, the
worldline is given by t ¼ aτ, ξ ¼ 1=a, where τ denotes the
proper time. To describe finite-temperature systems, a
Euclidean formulation can be obtained via analytic continu-
ation tE ¼ it. A system with proper acceleration a and
temperature T is described by the Euclidean metric:

ds2 ¼ −ds2E ¼ −
ξ2

ν2
dt2E − dξ2 − dx21 − dx22; ð22Þ

where ν ¼ 2πT=a. The Euclidean time tE satisfies
0 < tE < 2π. This geometry represents a two-dimensional
conical manifold with angular deficit 2πð1 − ν−1Þ [104]. To
avoid a negative angular deficit, we impose ν ≥ 1 in this
work, which leads to the condition T ≥ TU. When T < TU,
the angular deficit becomes negative and the geometric
meaning of manifolds becomes unclear. Previous work
has shown that negative energy manifests at temperatures
T < TU, indicating that it is an unstable state [93].

When T ¼ TU, the parameter ν ¼ 1 eliminates the angular
deficit, resulting in a flat Euclidean manifold—an outcome
consistentwith theUnruh effect.A rigorous derivation can be
found in Ref. [97]. Let us clarify the roles of observer and
observed systems. In Unruh’s scenario, an accelerating
observer detects the Minkowski vacuum as a thermal bath
at T ¼ TU. In this paper, we consider such an accelerating
observer, while the observed system is stationary in the
observer’s frame with temperature T ≥ TU.
Renormalization schemes are essential in this analysis,

as different approaches may yield distinct physical out-
comes [98]. We evaluate two choices of renormalization
schemes corresponding to two viewpoints about the sub-
tracted vacuum. One viewpoint suggests that, for accel-
erating observers, physical measurements should be
referenced to their perceived vacuum state (the state
containing no detectable particles), which leads to the
renormalization scheme subtracting the Rindler vacuum
expectation value hÔiR:

hÔiren ¼ hÔiβ − hÔiR: ð23Þ

Here hÔiβ denotes the thermal expectation value of an

arbitrary operator Ô at temperature T ¼ 1=β. Note that the
vacuum term (hÔiR) in this scheme is observer dependent,
varying with acceleration. An alternative viewpoint is that
the vacuum should be frame independent and measure-
ments should be referenced to the Minkowski vacuum
[100], leading to the second scheme, subtracting the
Minkowski vacuum expectation value hÔiM:

hÔiren ¼ hÔiβ − hÔiM: ð24Þ

The first renormalization scheme extends flat-space renorm-
alization intuitively—accelerating observers naturally refer-
ence their local vacuum rather than the Minkowski vacuum
which they perceive as thermal. We therefore tentatively
adopt it in subsequent sections. Nevertheless, the second
scheme is compelling, preserving frame-independent obser-
vables and satisfying the Unruh-Weiss condition where
thermal corrections vanish [97]. For comparison, we give
the results based on this scheme in Sec. IV C.

IV. CHIRAL CONDENSATE UNDER
ACCELERATION

A. NLσM analysis

We first employ the nonlinear sigma model (NLσM)
to investigate the effect of acceleration on the chiral
condensate. The NLσM consists of N pion fields πa

(a ¼ 1;…; N) and a single σ field. The corresponding
Lagrangian in a general curved spacetime takes the form

LNLσM ¼ −
1

2
ΦT

□Φ −M2
πfπσ; ð25Þ
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where fπ is the pion decay constant, and ΦT ¼ ðπa; σÞ is a
multiplet constrained by the nonlinear conditionΦTΦ ¼ f2π .
The operator □ denotes the covariant d’Alembertian acting
on scalar fields, defined as

□ϕ≡ gμν∇μ∇νϕ ¼
1ffiffiffiffiffiffi−gp ∂μ½gμν

ffiffiffiffiffiffi
−g
p

∂νϕ�; ð26Þ

where ∇μ is the covariant derivative and g≡ detðgμνÞ.
To impose the nonlinear constraint within the path

integral formalism, we insert a delta functional:

Z ¼
Z

D½Φ�δ½ΦTΦ − f2π� exp
�
i
Z

d4xLNLσM

�
: ð27Þ

The constraint is implemented by introducing an auxiliary
field λðxÞ. After integrating out the pion fields and taking the
large-N limit, we arrive at the following effective action:

Γ½σ; λ� ¼
Z

d4x

�
−
1

2
σ□σ þ λ

2
ðσ2 − f2πÞ

þ N
2
ln
−□þ λ

−□
−M2

πfπσ

�
: ð28Þ

The gap equations are obtained by minimizing the effective
action with respect to the fields σ and λ:

δΓ
δσ
¼ −□σ þ λσ −M2

πfπ ¼ 0;

δΓ
δλ
¼ σ2 − f2π

2
þ N

2
Gðx; x; λÞ ¼ 0; ð29Þ

where the propagator Gðx; x0; λÞ satisfies

ð−□þ λÞxGðx; x0; λÞ ¼
1ffiffiffiffiffiffi−gp δ4ðx − x0Þ: ð30Þ

In this work, we consider the chiral limit Mπ ¼ 0, under
which the gap equations naturally yield two distinct phases:
the chiral restorationphasewith σ ¼ 0 and the spontaneously
broken phasewith σ ≠ 0. This framework establishes a direct
correspondence between the chiral condensate hψ̄ψi in a
fermionic theory and the expectation value hσi ¼ σ solved
from gap equations (29).
To obtain the propagator, we first consider the solution of

the Klein-Gordon equation. For the Rindler metric given in
Eq. (21), the Klein-Gordon equation takes the explicit form:

�
−

1

ξ2
∂
2

∂t2
þ ∂

2

∂ξ2
þ 1

ξ

∂

∂ξ
þ ∂

2

∂x21
þ ∂

2

∂x22
−m2

�
ϕ ¼ 0; ð31Þ

with m the mass parameter. Solving this equation yields the
eigenfunctions of the d’Alembertian:

ϕ ¼ 1ffiffiffiffiffiffi
2ω
p 1

2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ω sinh πω

π2

r
Kiωðm⊥ξÞe−iωtþik·x; ð32Þ

where x ¼ ðx1; x2Þ is the transverse coordinate, and we
define the transverse mass squared as m2⊥ ¼ k2 þm2 and
KνðxÞ is the modified Bessel function of the second kind.
Using the integral identity formodified Bessel functions [80],

Z
∞

0

dxKμðαxÞKνðαxÞxl ¼ 2l−2α−l−1Γðlþ 1Þ−1Γ
�
lþ μþ νþ 1

2

�
Γ
�
lþ μ− νþ 1

2

�
Γ
�
l− μþ νþ 1

2

�
Γ
�
l− μ − νþ 1

2

�
ð33Þ

[valid for ReðαÞ > 0 and Reðlþ μþ νÞ > −1], and following the Klein-Gordon inner product in Rindler coordinates
[75,78], we find that the eigenfunctions obey the orthonormality condition [78]:

ðϕi;ϕjÞKG ¼ 2ω

Z
∞

0

dξ
Z

d2x
ffiffiffiffiffiffi
−g
p

g00ϕiϕj ¼ δði; jÞ; ð34Þ

where i; j ¼ ðω; k1; k2Þ labels the eigenmodes of the field ϕ. Upon performing the secondary quantization, the scalar field ϕ
becomes an operator:

ϕ̂ ¼
Z

∞

0

dω
Z

d2k
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh πω

π2

r
Kiωðm⊥ξÞðâω;ke−iωtþik·x þ â†ω;ke

iωt−ik·xÞ; ð35Þ

where âω;k and â†ω;k are the annihilation and creation operators, respectively. Particles and antiparticles in Rindler
coordinates are defined with respect to the Killing vector ∂=∂t through their frequency ω: modes with positive (negative)
frequency correspond to particles (antiparticles). It follows directly that the Euclidean propagator can be written as

GEðxE; x0EÞ ¼
Z

∞

0

dω
Z

d2k
ð2πÞ2

sinh πω
π2

Kiωðm⊥ξÞKiωðm⊥ξ0Þe−ωjtE−t0Ejþik·ðx−x0Þ; ð36Þ
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where tE is the Euclidean Rindler time. We emphasize that
the above expression for GE corresponds to the Rindler
vacuum at zero temperature, serving as the baseline for the
construction of the thermal propagator and the renormal-
ization scheme discussed later.
In previous studies, the temperature has typically been

fixed at T ¼ TU, a natural choice from the Unruh effect
(see, e.g., Ref. [86]). In this work, we extend the analysis by
developing a generalized formalism valid for arbitrary
temperatures satisfying T ≥ TU.
It is important to note that Eq. (36) describes the

Euclidean propagator without a boundary condition, and

corresponds to a system in the Rindler vacuum at zero
temperature, from which we can construct a propagator
at any temperature by imposing the periodic boundary
condition in Euclidean time. Specifically, the finite-
temperature propagator Gν should satisfy the condition
GνðtE; t0EÞ ¼ GνðtE þ βR; t0EÞ, where βR ¼ 1=TR ¼ a=T
and ν ¼ 2πT=a as defined in Eq. (22).
Based on the periodic boundary condition in Euclidean

time, the finite-temperature propagator Gν can be con-
structed from the zero-temperature propagator GE in
Eq. (36) via

GνðxE; x0EÞ ¼
X
n

GEðtE − t0E þ βRnÞ

¼
Z

∞

0

dω
Z

d2k
ð2πÞ2

coshωðjtE − t0Ej − βR=2Þ
sinhðβRω=2Þ

sinh πω
π2

Kiωðm⊥ξÞKiωðm⊥ξ0Þeik·ðx−x0Þ: ð37Þ

Alternatively, this result can be obtained by directly solving the thermal Green’s function equation in Euclidean Rindler
space with periodic boundary condition in tE:�

1

ξ2
∂
2

∂t2E
þ ∂

2

∂ξ2
þ 1

ξ

∂

∂ξ
þ ∂

2

∂x2E1
þ ∂

2

∂x2E2
−m2

�
GðxE; x0EÞ ¼ −

δð4ÞðxE − x0EÞ
ξ

; ð38Þ

whose solution is

GνðxE; x0EÞ ¼
X
n

Z
∞

0

dω
β

Z
d2k
ð2πÞ2

eiωnðtE−t0EÞþik·ðx1−x2Þ

ω2
n þ ω2

2ω sinh πω
π2

Kiωðm⊥ξÞKiωðm⊥ξ0Þ; ð39Þ

where ωn ¼ 2πn=βR is the Matsubara frequency of bosons. Performing the frequency summation in Eq. (39) yields
Eq. (37).
For our purpose of studying chiral phase transition, the key quantity is the diagonal part of the propagator:

GνðxE; xEÞ ¼
Z

∞

0

dω
π2

d2k
ð2πÞ2 coth ðωβR=2Þ sinhðπωÞK

2
iωðm⊥ξÞ: ð40Þ

According to the first gap equation in Eq. (29), the order parameter σ satisfies −□σ þ λσ ¼ 0 in the chiral limit (Mπ → 0).
Although both λ and σ generally depend on position due to the inhomogeneous nature of acceleration, we focus on phase
transitions evaluated at the observer’s instantaneous location (with a fixed ξ). Under the slow-variation approximation
(□σ ≈ 0), the gap equation simplifies to λ ¼ 0 and σ2 ¼ f2π − NGνðxE; xE;m ¼ 0Þ, and the phase structure can be
determined by evaluating the diagonal part of the massless scalar propagator at the observer’s location. Applying the
integral identity,

Z
∞

0

dxKiμðαxÞKiμðαxÞx ¼
πμ

2α2 sinhðπμÞ ; ð41Þ

valid for −1 < ImðμÞ < 1 and ReðαÞ > 0, we can derive the diagonal part of the massless propagator as

GνðxE; xE;m ¼ 0Þ ¼
Z

∞

0

dω
π2

1

ð2πÞ coth ðωβR=2Þ
πω

2ξ2

¼
Z

Λ

0

dω
ω

4π2a2ξ2
þ
Z

∞

0

dω
ω

4π2a2ξ2
2

eωβ − 1
: ð42Þ
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In the last line, we have applied a change of variables
ω → ω=a, which facilitates ultraviolet regularization via an
a independent energy cutoff Λ. To obtain a finite result, we
subtract the divergent, temperature-independent part of Gν

[the first term in the second line of Eq. (42)], corresponding
to the vacuum contribution. This accounts to a subtraction
Gren

ν ¼ Gν −Gν¼0. A more detailed discussion of the
renormalization scheme can be found in Sec. IV C.
Accordingly, the renormalized diagonal part of the propa-
gator takes the form

Gren
ν ðxE; xE;m ¼ 0Þ ¼ ν2

48π2ξ2
: ð43Þ

Note that this subtraction procedure can also be viewed
as a renormalization procedure to the phenomenological
constant, f2π → f2π þ NΛ2

8π2a2ξ2. Substituting this into the gap

equation (29), we obtain the expression for the order
parameter σ:

σ2 ¼ f2π −
T2

a2ξ2
N
12

: ð44Þ

This shows that, as the temperature increases, the chiral
condensate σ decreases and eventually vanishes. We define
the critical temperature at which σ reaches 0 as

TcðξÞ ¼ aξ

ffiffiffiffiffiffiffiffiffiffi
12f2π
N

r
: ð45Þ

This result is consistent with earlier study [86].
As emphasized previously, our analysis focuses on the

observer’s instantaneous local position. The worldline of
an observer of constant proper acceleration a is given
by t ¼ aτ and ξ ¼ 1=a, as discussed in Sec. III. Thus,
we find that the critical temperature observed by this
observer becomes independent of its proper acceleration:
Tcðξ ¼ 1=aÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12f2π=N

p ≡ Tc0, indicating that the phase
transition depends solely on the local temperature experi-
enced by the accelerated observer, not on the proper accel-
eration of the observer itself. Note that thus Eq. (45) can be
rewritten as TcðξÞ=aξ ¼ Tc0 with the left-hand side repre-
senting the Tolman-Ehrenfest critical temperature. Therefore
the chiral phase transition happens at the same Tolman-
Ehrenfest temperature showing that local observers at differ-
ent ξ agree with the critical temperature for chiral phase
transition.Wewill revisit and further interpret this result after
evaluating the fermionic case in the next subsection.

B. NJL model analysis

We next turn to the quark degree of freedom to inves-
tigate how acceleration affects fermions. In contrast to the
scalar case, a key distinction lies in the coupling between
acceleration and fermion spin for some choices of pseu-
dogauge, analogous to the spin-rotation coupling in a

rotating system. Here we start with the single-flavor NJL
model, whose dynamics in a general spacetime are gov-
erned by the curved-spacetime version of Lagrangian (8):

LNJL ¼ ψ̄ ½iγμ∇μ −m0�ψ þ
Gπ

2

h
ðψ̄ψÞ2 þ ðψ̄iγ5ψÞ2

i
: ð46Þ

The covariant derivative ∇μ, which encodes the effects of
curved spacetime on fermions, will be defined explicitly in
the following discussion. From the Lagrangian in Eq. (46),
the corresponding generating functional or partition func-
tion is given by

Z ¼
Z

D½ψ̄ ;ψ � exp
�
i
Z

d4x
ffiffiffiffiffiffi
−g
p

LNJL

�

¼
Z

D½ψ̄ ;ψ ; σ; π� exp
�
i
Z

d4x
ffiffiffiffiffiffi
−g
p �

ψ̄ðiγμ∇μ

−m − iγ5πÞψ −
σ2 þ π2

2Gπ

��
; ð47Þ

where the Hubbard-Stratonovich transformation introduces
auxiliary fields σ ≡ −Gπψ̄ψ and π ≡ −Gπψ̄ iγ5ψ , with the
constituent quark mass defined as m ¼ m0 þ σ. Within
the mean-field approximation, we derive the spacetime-
dependent effective potential density, which is given by

VeffðxÞ ¼
σ2 þ π2

2Gπ
−
1

i
Tr ln ðiγν∇ν −m − iγ5πÞ: ð48Þ

Minimizing the effective potential density leads to the gap
equations:

m −m0

Gπ
¼ iTrðSÞ; π

Gπ
¼ iTrðiγ5SÞ; ð49Þ

where the fermion propagator S satisfies

ðiγν∇ν −m − iγ5πÞxSðx; x0Þ ¼
1ffiffiffiffiffiffi−gp δ4ðx; x0Þ: ð50Þ

Without loss of generality, here we can set π ¼ 0 due to the
Uð1Þ chiral symmetry and focus solely on σ. Following
the general formalism of quantum field theory in curved
spacetime, γμ ¼ eμm̂γ

m̂ represents the spacetime-dependent
gamma matrices and γm̂ represents the gamma matrices in
Minkowski spacetime. We choose the vierbein eμm̂ as

e0
0̂
¼ 1

ξ
ei
0̂
¼ 0; e0

ĵ
¼ 0; ei

ĵ
¼ δij; ð51Þ

where i, j ¼ 1, 2, 3 with 3 for the ξ coordinate. The
covariant derivative ∇μ and spin connection Γμ satisfy

∇μ ¼ ∂μ þ Γμ; Γμ ¼ −
i
4
ωμν̂ ρ̂σ

ν̂ ρ̂;

σμν ¼ i
2
½γμ̂; γν̂�; ωμκ̂ η̂ ¼ gνρeνκ̂∇μe

ρ
η̂: ð52Þ
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For the metric specified in Eq. (21), the corresponding
gamma matrices take the form

γ0ðxÞ ¼ 1

ξ
γ0̂; γiðxÞ ¼ γ î; ð53Þ

with the nonzero spin connection component

Γ0 ¼
1

2
γ0̂γ3̂: ð54Þ

Note that the spin connection introduces a spin-
dependent term in the partition function [Eq. (47)] and
in the propagator [see Eq. (50) and also Eq. (55) below].
Such a term does not appear in [94,100], where accelerating
fermions are treated via the density operator. In fact, this
extra contribution can be removed through a pseudogauge
transformation, as we have shown in Sec. II. The resultant
theory is equivalent to replacing LNJL in Eq. (46) by
L0NJL ¼ ðLNJL þ L†

NJLÞ=2. Note that the equation of motion
is unchanged by the pseudogauge transformation, and
therefore both L0NJL and LNJL yield the same propagator.
We will, hance, focus solely on LNJL in the following.
We now return to the discussion of the propagator. Based

on the above setup, the explicit expression of Eq. (50) is

�
γ0̂

ξ

�
i∂0 þ

i
2
γ0̂γ3̂

�
þ iγ î∂i −m

�
Sðx; x0Þ

≡ ðD̂ −mÞSðx; x0Þ ¼ 1ffiffiffiffiffiffi−gp δ4ðx; x0Þ: ð55Þ

Since both L0NJL and LNJL yield the same equations of
motion, Sðx; x0Þ is also the propagator for L0NJL. To solve

this equation, we adopt the ansatz that the propagator can
be expressed as

Sðx; x0Þ ¼ ðD̂þmÞGðx; x0Þ; ð56Þ

with Gðx; x0Þ an auxiliary propagator which satisfies

ðD̂2 −m2ÞGðx; x0Þ ¼ 1ffiffiffiffiffiffi−gp δðx; x0Þ; ð57Þ

where the squared Dirac operator D̂2 explicitly takes the
form

D̂2 ¼ −
1

ξ2

�
iði∂0Þ −

γ0̂γ3̂

2

�2

þ ∂
2
3 þ

1

ξ
∂3 þ ∂

2
1 þ ∂

2
2: ð58Þ

In comparison to the scalar case, the only distinguishing
feature is the presence of the γ0̂γ3̂ term, which reflects the
contribution from spin. Therefore, the propagator can be
constructed by the eigenmodes of Klein-Gordon operator
with iω → iω − γ0̂γ3̂=2:

e−iωteik·xKiω−γ0̂γ3̂=2ðm⊥ξÞ: ð59Þ

For later use, it is useful to notice that, for a function
containing γ0γ3, it can always be decomposed as

fðγ0γ3Þ ¼ Pþfð1Þ þ P−fð−1Þ; ð60Þ

where P� ¼ ð1� γ0γ3Þ=2 are two projections. Therefore,
the auxiliary propagator in Euclidean Rindler spacetime is
directly obtained from Eq. (36). The result is

GEðxE; x0EÞ ¼
Z

∞

0

dω
Z

d2k
ð2πÞ2

sinh πðωþ iγ0̂γ3̂=2Þ
π2

Kiω−γ0̂γ3̂=2ðm⊥ξÞKiω−γ0̂γ3̂=2ðm⊥ξ0Þe−ωjtE−t0Ejþik·ðx−x0Þ: ð61Þ

By applying the fermionic antiperiodic boundary condition GνðtE; t0EÞ ¼ −GνðtE þ βR; t0EÞ, the thermal propagator
GνðxE; x0EÞ can be constructed in a manner analogous to the scalar case:

Gν ¼
X
n

ð−1ÞnGEðtE − t0E þ βRnÞ

¼
Z

∞

0

dω
Z

d2k
ð2πÞ2

sinhðβRω=2 − ωjtE − t0EjÞ
coshðβRω=2Þ

sinh πðωþ iγ0̂γ3̂=2Þ
π2

Kiω−γ0̂γ3̂=2ðm⊥ξÞKiω−γ0̂γ3̂=2ðm⊥ξ0Þeik·ðx−x0Þ: ð62Þ

The diagonal part of the propagator becomes

GνðxE; xEÞ ¼
X
s¼�

Z
∞

0

dω
Z

d2k
ð2πÞ2

sinhðβRω=2Þ
coshðβRω=2Þ

is cosh πω
π2

K2
iω−s=2ðm⊥ξÞ: ð63Þ
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As before, we consider the chiral limit and focus on the
phase boundary where m ¼ 0,

GνðxE; xE;m ¼ 0Þ ¼
Z

∞

0

dω
ω

π2ξ2
tanhðβRω=2Þ

¼
Z

Λ

0

dω
ω

π2a2ξ2

þ
Z

∞

0

dω
ω

π2a2ξ2
2

eβω þ 1

¼ 1

6a2ξ2

�
3Λ2

π2
− T2

�
: ð64Þ

In the second equality, we have performed a variable
substitution ω → ω=a and introduced an acceleration-
independent cutoff Λ to regularize the divergent term
(the first term), which corresponds to the Rindler vacuum
contribution, Gν¼0ðxE; xE;m ¼ 0Þ. Substituting this result
into the gap equation, Eq. (49), and using the properties that
the trace of odd-number gamma matrices vanishes, we have

1

Gπ
¼ 1

6a2ξ2

�
3Λ2

π2
− T2

�
: ð65Þ

Therefore, we get the critical temperature:

TcðξÞ ¼ aξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3Λ2

π2
−

6

Gπ

s
: ð66Þ

This expression agrees with the result in Ref. [82].
Furthermore, by substituting the accelerated observer’s
worldline condition ξ ¼ 1=a, one finds that the criti-
cal temperature is independent of the acceleration a,
Tcðξ ¼ 1=aÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3Λ2=π2 − 6=Gπ

p ≡ Tc0. As discussed
in Sec. III, renormalization schemes are not unique. In
Sec. IV C, we present a supplemental alternative scheme
that yields results different from those in this subsection
and in Sec. IVA.
Figure 1 shows the phase diagram calculated from

Eqs. (45) and (66). The blue region corresponds to the
phase with spontaneously broken chiral symmetry, the
white region indicates restored symmetry, and the gray
region marks the unphysical domain where T < TU.
Although it may be intuitive to expect acceleration-induced
thermal effects to lower the critical temperature, our results
reveal that the critical temperature is, in fact, independent of
acceleration, as along as Tc0 > TU. As shown in Eqs. (45)
and (66), the phase transition is governed solely by the
temperature perceived by an accelerated observer with
respect to the Rindler vacuum. Acceleration manifests its
influence on phase transitions only indirectly via the
temperature dependence. For instance, if one assumes
the accelerated observer’s temperature to be fixed to the
Unruh relation T ¼ TU ¼ a=2π, as has been considered in

Refs. [82–84,86,87], one can determine a critical accel-
eration ac ¼ 2πTc, above which (a > ac) chiral symmetry
is restored.

C. Another renormalization scheme

In Secs. IVA and IV B, we have adopted the renorm-
alization scheme corresponding to the choice of the Rindler
vacuum. However, as discussed in Sec. III, in the presence
of acceleration the vacuum state is not unique. In this
subsection, we present the explicit formulation of an
alternative renormalization scheme in accordance to the
choice of the Minkowski vacuum [see Eq. (24)].
We consider the bosonic case first. In Sec. IVA, we regu-

larize GνðxE; xE;m ¼ 0Þ by subtracting its Rindler vacuum
counterpartGν¼0ðxE; xE;m ¼ 0Þ ¼ h0Rjϕ2ðxE;m ¼ 0Þj0Ri
with j0Ri the Rindler vacuum state. In this subsection,
we renormalize GνðxE; xE;m ¼ 0Þ by subtracting its
Minkowski vacuum counterpart Gν¼1ðxE; xE;m ¼ 0Þ ¼
h0Mjϕ2ðxE;m ¼ 0Þj0Mi with j0Mi the Minkowski vacuum
state. The result is

Gren
ν ðxE; xE;m ¼ 0Þ ¼ GνðxE; xE;m ¼ 0Þ

−Gν¼1ðxE; xE;m ¼ 0Þ

¼ ν2 − 1

ξ2
1

48π2
: ð67Þ

Under this renormalization scheme, Eq. (44) is modified into

σ2 ¼ f2π −
1

ðaξÞ2
N
12

�
T2 −

a2

ð2πÞ2
�
: ð68Þ

Substituting the accelerating observer’s worldline ξ ¼ 1=a,
it shows that the acceleration would enhance the chiral

0 1 2 3 4
0.0

0.5

1.0

1.5

2.0

FIG. 1. The T − a phase diagram based on Eq. (45) (for
bosons) and Eq. (66) (for fermions). Tc0 denotes the critical
temperature in a ¼ 0. The blue region denotes the chiral
symmetry breaking phase, while the white region denotes the
chiral symmetry restored phase. The gray region denotes area of
T < TU which is not explored in this study.
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symmetry breaking [89]. Accordingly, the critical temper-
ature is

Tcðξ ¼ 1=aÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12f2π
N
þ
�
a
2π

�
2

s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
c0 þ

�
a
2π

�
2

s
: ð69Þ

This result is consistent with Ref. [89].
Similarly, we can also apply the same renormalization

scheme to the fermionic case. It is easily verified that
Eq. (64) is modified to

Gren
ν ðxE; xE;m ¼ 0Þ ¼ 1

6a2ξ2

�
3Λ2

π2
− T2 þ a2

ð2πÞ2
�
; ð70Þ

and the critical temperature for the fermion case is

Tcðξ ¼ 1=aÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3Λ2

π2
−

6

G
þ a2

ð2πÞ2

s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
c0 þ

�
a
2π

�
2

s
; ð71Þ

which coincides with Eq. (69). The corresponding phase
diagram calculated from Eqs. (69) and (71) is shown
in Fig. 2.

V. NJL MODEL UNDER ACCELERATION
AND ROTATION

In this section, we investigate the NJL model under both
acceleration and rotation. For simplicity, we assume that
the direction of acceleration is aligned with the rotation
axis. The spacetime metric describing such an accelerating
and rotating frame is given by

g00 ¼ ξ2 − ðΩ̄ × xÞ2;
g0i ¼ gi0 ¼ −ðΩ̄ × xÞi;
gij ¼ −δij; ð72Þ

where i, j ¼ 1, 2, 3, with dimensionless angular velocity
Ω̄ ¼ ð0; 0; Ω̄Þ aligned with the acceleration axis and
x ¼ ðx1; x2; ξÞ. The dimensionless angular velocity obeys
Ω̄ ¼ Ω=a, where Ω is the usual energy-dimension angular
velocity. The vierbein eμm̂ for acceleration and rotation are

e0
0̂
¼ 1

ξ
; ei

0̂
¼ −
ðΩ̄ × xÞi

ξ
; e0

ĵ
¼ 0; ei

ĵ
¼ δij: ð73Þ

Accordingly, the spacetime-dependent gamma matrices are

γ0ðxÞ ¼ 1

ξ
γ0̂; γiðxÞ ¼ ðΩ̄ × xÞi

ξ
γ0̂ þ γ î; ð74Þ

and the only nonzero spin connection is

Γ0 ¼ −
i
2
Ω̄ · σ þ 1

2
γ0̂γ3̂; ð75Þ

where σ denotes 4 × 4 Pauli matrices. Under this setup, the
NJL model action in the rotating and accelerating frame
becomes

S¼
Z

d4x
�
ψ̄

�
γ0̂
�
i∂0þ Ω̄

�
σ3
2
þ L̂z

�
þ i
2
γ0̂γ3̂

�

þ ξiγ {̂∂i −m0ξ

�
ψ þGπ

2
ξ

ðψ̄ψÞ2þðψ̄iγ5ψÞ2�

�
; ð76Þ

with L̂z ¼ x1ð−i∂2Þ − x2ð−i∂1Þ as the orbital angular
momentum operator. The Dirac equation consequently
takes the form�
γ0̂

ξ

�
i∂0 þΩ

�
σ3
2
þ L̂z

�
þ i
2
γ0̂γ3̂

�
þ iγ {̂∂i −m

�
ψ ¼ 0:

ð77Þ
Following the same procedure in the pure-acceleration
case, we can derive the squared Dirac operator D̂2:

D̂2 ¼ 1

ξ2

��
i∂0 þ

�
σ3
2
þ L̂z

�
Ω̄
�
2

−
1

4

�
þ ∂

2
3 þ

1

ξ
∂3

þ γ0̂γ3̂
1

ξ2
i

�
i∂0 þ

�
σ3
2
þ L̂z

�
Ω̄
�
þ ∂

2
1 þ ∂

2
2: ð78Þ

By analogy with the projection operator used in the purely
accelerating case, we now also introduce the rotational
projection operator S� ¼ ð1� iγ1̂γ2̂Þ=2 to account for the
spin structure induced by rotation. Therefore, the full
propagator can be decomposed as

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

FIG. 2. The T − a phase diagram calculated from Eqs. (69)
and (71).
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G ¼
X

s1;s2¼�1

1

2
ð1þ s1γ0̂γ3̂Þ

1

2
ð1þ s2iγ1̂γ2̂ÞGs1;s2 ; ð79Þ

where

Gs1;s2 ¼ i
β

X
l;k;n

Z
∞

0

dω
1

ðωn − iΩ̄jþ s1
2
Þ2 − ðiωþ s1

2
Þ2
ð2is1ωþ 1Þ coshðπωÞ

π2
Kiωþs1

2
ðm⊥ξ1ÞKiωþs1

2
ðm⊥ξ2Þ

×
1

2π

1

Nl;k
eiðj−s2=2Þðθ1−θ2ÞJj−s2=2ðpl;kr1ÞJj−s2=2ðpl;kr2Þ; ð80Þ

with cylindrical coordinates r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
, transverse mass m⊥ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

l;k

q
, angular quantum number j ¼ lþ 1=2 (l

integer), Jν the Bessel function of the first kind, and pl;k is the kth root of JlðpRÞ with R the transverse spatial boundary of
the system. We adopt the same boundary condition as Ref. [105], namely the vanishing normal flux at the spatial boundary
r ¼ R with causality constraint ΩR < 1. This choice determines the normalization factors:

Nl;k ¼
8<
:

J2lþ1ðpl;kRÞR2

2
l ≥ 0

J2l ðpl;kRÞR2

2
l < 0:

ð81Þ

Hereafter, we focus on the case T ¼ TU. Repeating the computational procedure analogous to the acceleration case and
taking the chiral limit, we derive the only nontrivial gap equation:

1

Gπ
¼

X
l;k;s1

Z
∞

0

dω
1

2π

1

Nl;k

−is1
2a

coshðπωa Þ
π2

�
tanh

�
ω − Ωj
2T

�
þ tanh

�
ωþ Ωj
2T

��

× K2
iωaþs112

ðm⊥ξÞ½J2l ðpl;krÞ þ J2lþ1ðpl;krÞ�; ð82Þ

where we have adopted variable substitution ω → ω=a.
Equation (82) determines the constituent quark mass

(i.e., the chiral condensate) as a function of either the
angular velocity Ω or the acceleration a. The numerical
results for mðaÞ and mðΩÞ are shown in Figs. 3 and 4,
respectively, using a cutoff Λ ¼ 1 GeV, Gπ ¼ 22=Λ2, and
setting r ¼ 0, ξ ¼ 1=a. We approximate the discrete

momentum sum by a continuous integral, which is a valid
simplification at the center point where r ¼ 0. These results
indicate that both acceleration and rotation enhance chiral
symmetry restoration. This behavior can be attributed to the
fact that acceleration induces an effective temperature,
while rotation generates an effective chemical potential,
both of which tend to suppress the chiral condensate.

0.4 0.6 0.8 1.0 1.2
0.00
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FIG. 3. The constituent quark mass as a function of acceleration
a with T ¼ TU at different Ω, calculated from Eq. (82).
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FIG. 4. The constituent quark mass as a function of Ω for
different acceleration a with T ¼ TU , calculated from Eq. (82).
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Figure 3 shows that chiral symmetry is restored at a ≈
1.05 GeV in the absence of rotation, slightly below the
analytical critical value ac ¼ 1.11 GeV, likely due to
numerical accuracy. Figure 4 indicates a first order phase
transition along with increasing Ω: When Ω increases, the
gap equation has multiple solutions which lead to the
constituent quark mass vanishing discontinuously.

The gap equation can be decomposed into a rotation-
independent part F0 and a rotation-dependent part FΩ:

F0 þ FΩ ¼
1

Gπ
; ð83Þ

where

F0 ¼
X
l

Z
∞

0

dω
Z

d2pt

ð2πÞ2
2 coshðπωa Þ

aπ2
Im

�
K2

iωaþ1
2

ðm⊥ξÞ
�
½J2l ðptrÞ þ J2lþ1ðptrÞ�;

FΩ ¼ −
X
l

Z
∞

0

dω
Z

∞

0

ptdpt

2π

2 coshðπω=aÞ
aπ2

�
1

eβðωþΩjÞ þ 1
þ 1

eβðω−ΩjÞ þ 1

�
Im

�
K2

iω
aþ1

2

ðm⊥ξÞ
�
½J2l ðptrÞ þ J2lþ1ðptrÞ�: ð84Þ

In Eq. (84), the momentum summation for k has been
approximated by the integration of pt valid for r ≪ R. By
setting m ¼ 0, T ¼ TU, and ξ ¼ 1=a, the critical accel-
eration ac can be evaluated analytically as a function of Ω.
We find

F0 ¼
Λ2

2π2
; ð85Þ

as derived previously. The rotation-dependent term becomes

FΩ ¼ −
a2ðr4Ω4 þ 1Þ − r2Ω4 þ 3Ω2

24π2ðr2Ω2 − 1Þ2 ; ð86Þ

with detailed derivation provided in Appendix B. We thus
obtain a simplified form of the gap equation:

Gπ

�
Λ2

2π2
−
a2ðr4Ω4 þ 1Þ − r2Ω4 þ 3Ω2

24π2ðr2Ω2 − 1Þ2
�
¼ 1: ð87Þ

The critical acceleration ac as a function of Ω for r ¼ 0 is
shown in Fig. 5, obtained by solving Eq. (87) analytically
and Eq. (84) numerically. The agreement confirms the
validity of our analytical result. The monotonic decrease
of ac with increasing Ω indicates enhanced symmetry
restoration by rotation, consistent with results from
effective models for the purely rotating case [25,30,31].
Figure 6 demonstrates the radius-dependent behavior of
acðΩÞ. Larger radii enhance rotation effect: ac approaches
zero at smaller Ω values compared to central regions,
showing enhanced rotational effects away from the
system’s center.
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FIG. 5. Critical acceleration ac as a function of Ω at r ¼ 0 and
T ¼ TU calculated from numerically solving Eq. (82) and the
analytical equation, Eq. (87). The results of both are consistent
with each other.
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FIG. 6. Critical acceleration ac for T ¼ TU as a function of Ω
with different radius r, calculated from Eq. (87). Rotation
suppresses the critical acceleration. The rotation effect becomes
more significant with a larger radius.
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VI. SUMMARY

In this study, we investigate chiral symmetry breaking
behavior for accelerating and rotating systems using
effective models in noninertial frames. We solve the
Klein-Gordon and Dirac equations in an accelerating frame
and construct the phase diagram in the T − a plane. Our
analysis confirms that the choice of renormalization
scheme can affect the physical implications of acceleration
on chiral symmetry breaking. Using the renormalization
scheme in Eq. (23), we find that phase transitions depend
solely on the temperature T as measured by the observer as
long as TU < T. The role of acceleration is encoded
through its relation to T. In particular, when the Unruh
relation T ¼ a=2π is imposed, acceleration induces chiral
symmetry restoration via effective thermalization. On the
other hand, using the renormalization scheme as given in
Eq. (24), similar to Ref. [89], an acceleration induced
enhancement of chiral symmetry breaking is obtained.
We further extend our analysis to frames with both

rotation and acceleration. Two restoration mechanisms are
identified: one from the thermal effect induced by accel-
eration (at fixed temperature T ¼ TU), and the other from
the rotation-induced modification of the “chemical poten-
tial,” consistent with previous findings (e.g., Ref. [25] for a
review). We further define the critical acceleration ac and
derive its dependence on the angular velocity Ω. Analytical
solutions to the gap equation reveal that increasing Ω
reduces ac, and this suppression becomes more pronounced
at larger radial distances.
Several open issues remain unresolved. While our

calculations clearly demonstrate that different renorma-
lization schemes—whether defined with respect to the
Minkowski vacuum or the Rindler vacuum—can lead to
dramatically different physical conclusions, the physical
interpretation of these results and their interrelationships
remain obscure. This ambiguity underscores the need for
further investigation. In this work, the rotation and accel-
eration are aligned in the same direction to simplify the
discussion. For the nonaligned case, the calculation would
be much more complicated. For the case of free fermions,
the work of Ref. [91] has indicated that the pressure
depends on a term proportional to ða · ΩÞ2. It can therefore
be expected that the effects of rotation and acceleration are
influenced by their relative orientation. However, the
scenario in which they possess perpendicular components
is considerably more complex and falls outside the scope of
the present study. We leave the resolution of these funda-
mental issues, along with the exploration of deconfinement
transitions under acceleration, to future study.
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APPENDIX A: ACCELERATING FRAME
AND RINDLER COORDINATES

We give a brief discussion about the accelerating frame
and Rindler coordinates in this appendix. More discussions
can be found in, e.g., Ref. [106]. Readers who are familiar
with Rindler coordinates can omit this appendix.
Consider a particle moving in the Minkowski spacetime

M with coordinates xμM ¼ ðtM;xMÞ.1 Its four-velocity is

uμM ¼
dxμM
dτ
¼ γMð1; vMÞ; ðA1Þ

with τ the proper time, γM ¼ dtM=dτ the Lorentz factor,
and vM ¼ dxM=dtM the three-velocity of the particle. Note
that u2M ¼ 1. The four-acceleration of the particle is

αμM ¼
duμM
dτ
¼ γ2Mðγ2MvM · aM; aM þ γ2MvM · aMvMÞ; ðA2Þ

where aM ¼ d2xM=dt2M is the three-acceleration of the
particle. Note that uM · αM ¼ 0 so that αμM is spacelike,
α2M ¼ −a2 < 0. Suppose the particle is moving along the
positive zM direction. We can thus focus only on the two-
dimensional spacetime ðtM; zMÞ. It is easy to show that
γ3Ma

z
M ¼ a and αzM ¼ γMa with a > 0. Therefore,

a ¼ duzM
dtM

: ðA3Þ

Because α2M is a Lorentz scalar (as is a), we can go into the
instantaneous inertial frame comoving with the particle at
each instant where a is just the acceleration measured in
that reference frame. For this reason, a is called the proper
acceleration of the particle.
Let us find out the trajectory in Minkowski coordinates

of a particle under constant proper acceleration a > 0.
From Eq. (A3), we find that γMvzm ¼ atM (supposing that
vzM ¼ 0 at tM ¼ 0) and, thus,

1In this appendix, we use a subscript M to distinguish
Minkowski coordinates.
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vzMðtMÞ ¼
atMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðatMÞ2
p ; ðA4Þ

and γMðtMÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðatMÞ2

p
. Integrating vzMðtMÞ over tM,

we obtain

zMðtMÞ ¼
1

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðatMÞ2

q
þ zMð0Þ −

1

a
: ðA5Þ

The particle is initially at zMð0Þ and then accelerated
towards the positive zM direction [such that zMðtMÞ ≥
zMð0Þ]. The trajectory is half of a hyperbola (another half of
the hyperbola corresponds to a particle under the same
proper acceleration a but moving in the −zM direction),

t2M −
�
zM − zMð0Þ þ

1

a

�
2

¼ −
1

a2
; zM > zMð0Þ: ðA6Þ

Now suppose that the particle is an observer, so that its
reference frame is the accelerating frame associated with
the particle. Its path is the above hyperbola in the
Minkowski coordinates. Evidently, it is more convenient
to make a coordinate transformation from ðtM; zMÞ to ðτ; zÞ
so that the observer is static in this coordinate system. Let

tM ¼
�
zþ 1

a

�
sinhðaτÞ; ðA7Þ

zM ¼
�
zþ 1

a

�
coshðaτÞ þ zMð0Þ −

1

a
: ðA8Þ

We have t2M − ðzM − zMð0Þ þ 1=aÞ2 ¼ −ðzþ 1=aÞ2. Thus,
the observer at z ¼ 0 in the new coordinates ðτ; zÞ is
accelerated by a proper acceleration a and τ is its proper
time. An observer at an arbitrary z is accelerated by a
proper acceleration a=ð1þ azÞ. The line element ds2 is
then

ds2 ¼ dt2M − dz2M ¼ ð1þ azÞ2dτ2 − dz2: ðA9Þ

These coordinates are called Rindler coordinates. It is
important to notice that ðτ; zÞ does not cover the whole
Minkowski spacetime. In fact, for z > −1=a, zM −
zMð0Þ þ 1=a > jtMj (called the right Rindler wedge), while
for z < −1=a, zM − zMð0Þ þ 1=a < −jtMj (called the left
Rindler wedge). At z ¼ −1=a, we have zM − zMð0Þ þ
1=a ¼ �tM which are two light cones called Rindler
horizons. Sometimes it is more convenient to use other
coordinates ðt; ξÞ with t ¼ aτ; ξ ¼ zþ 1=a, so that

ds2 ¼ ξ2dt2 − dξ2: ðA10Þ

The observer at ξ has constant proper acceleration 1=ξ.
These are the coordinates in Eq. (21).

APPENDIX B: CHIRAL LIMIT GAP EQUATION
UNDER ACCELERATION AND ROTATION

In this appendix, we will provide a detailed derivation
process for Eq. (87). We start from Eq. (84), where

F0 ¼
Z

∞

0

dω
Z

d2pt

ð2πÞ2
1

a
4 coshðπω=aÞ

π2
Im

h
K2

iω
aþ1

2

ðm⊥ξÞ
i
¼ Λ2

2π2
; ðB1Þ

and

FΩ ¼ −
X
l

Z
∞

0

dω
Z

∞

0

ptdpt

2π

2 coshðπω=aÞ
aπ2

�
1

eβðωþΩjÞ þ 1
þ 1

eβðω−ΩjÞ þ 1

�
Im

h
K2

iω
aþ1

2

ðm⊥ξÞ
i
½J2l ðptrÞ þ J2lþ1ðptrÞ�;

ðB2Þ

where we have used a variable substitution ω → ω=a. We handle rotational effects through analytic continuation from real
to imaginary angular velocity (Ω ¼ iΩI). This yields the FΩ as

FΩ ¼
Z

∞

0

dω
Z

∞

0

ptdpt

2π

2 coshðπω=aÞ
aπ2

X∞
n¼1
ð−1Þne−nβω Im

h
K2

iω
aþ1

2

ðm⊥ξÞ
i
4J0

�
ptr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 − 2 cosðnβΩIÞ

p 

cos

�
nβΩI

2

�
; ðB3Þ

where the Fermi-Dirac distribution 1=ðeβðω�ΩjÞ þ 1Þ has been expanded via −
P∞

n¼1ð−1Þne−nβðω�iΩIjÞ. The angular
momentum summation over l is resolved through Bessel function identities [49]:

X
n∈Z

einθJ2nðxÞ ¼ J0ðx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 − 2 cos θ
p

Þ: ðB4Þ
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We can deal with the Kiω
aþ1

2
ðm⊥ξÞ by using [78]

KiνðμξÞKiνðμξ0Þ ¼
1

2

Z
∞

−∞
dλeiνλK0ðμγ1Þ; ðB5Þ

where γ21 ¼ ξ2 þ ξ02 þ 2ξξ0 coshðλÞ. Thus,

Im
h
K2

iω
aþ1

2

ðm⊥ξÞ
i
¼ −

1

4
i

�Z
∞

−∞
dλ exp

�
i
ω

a
λ

��
2 sinh

�
λ

2

��
K0

�
m⊥ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 2 coshðλÞ

p ��
: ðB6Þ

To perform the pt integration, we expand Kν by using the integral representation,

KνðtÞ ¼
1

2

�
1

2
t

�
ν
Z

∞

0

exp

�
−z −

t2

4z

�
dz
zνþ1

: ðB7Þ

Applying this formula and setting ξ ¼ 1=a, we have

Z
∞

0

dz
2z

e−
1
2
z

Z
∞

0

ptdpt

2π
exp

�
−
1þ coshðλÞ

z
m2 þ p2

t

a2

�
J0ðptr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 − 2 cosðnβΩIÞ

p
Þ

¼
Z

∞

0

dz
2z

e−
1
2
z

Z
∞

0

ptdpt

2π
exp

�
−
A
z
ðm2 þ p2

t Þ
�
J0ðptBÞ ¼

Z
∞

0

dz
2z

e−
1
2
z z
2π

exp

�
−
zB2

4A
−
Am2

z

��
ð2AÞ

¼ 1

2π

mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2þ 2 coshðλÞÞ=a2 þ r2ð2 − 2 cosðnβΩIÞÞ

p K1

�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2þ 2 coshðλÞÞ=a2 þ r2ð2 − 2 cosðnβΩIÞÞ

q �
; ðB8Þ

where auxiliary parameters A ¼ 1þcoshðλÞ
a2 and B ¼ r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 − 2 cosðnβΩIÞ

p
.

The integral over ω can be evaluated using

Z
∞

0

dω cosh

�
πω

a

�
exp

�
−nβωþ i

ω

a
λ

�
¼ ia

2ðiaβnþ λ − iπÞ þ
ia

2ðiaβnþ λþ iπÞ : ðB9Þ

Now FΩ is simplified into

FΩ ¼
1

π3
X
n¼1
ð−1Þn

Z
∞

−∞
dλ

�
1

iaβnþ λ − iπ
þ 1

iaβnþ λþ iπ

�
mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2þ 2 coshðλÞÞ=a2 þ r2ð2 − 2 cosðnβΩIÞÞ
p

× K1

�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2þ 2 coshðλÞÞ=a2 þ r2ð2 − 2 cosðnβΩIÞÞ

q �
sinh

�
λ

2

�
cos

�
nβΩI

2

�

¼ 1

π3
X
n¼1
ð−1Þn

Z
C
dλ

�
1

iaβnþ λ

�
i cosh

�
λ

2

�
mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2 − 2 coshðλÞÞ=a2 þ r2ð2 − 2 cosðnβΩIÞÞ
p

× K1

�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2 − 2 coshðλÞÞ=a2 þ r2ð2 − 2 cosðnβΩIÞÞ

q �
cos

�
nβΩI

2

�
; ðB10Þ

where the contour C is −∞ − iπ → ∞− iπ and ∞þ iπ → −∞þ iπ. Based on the results obtained above, we can get the
critical acceleration for chiral symmetry restoration acðΩÞ as a function of angular velocity Ω analytically, by setting
m → 0. Following the procedure outlined, the expression for FΩ in Eq. (B10) consequently takes the form

FΩ ¼ i
1

π3
X
n¼1
ð−1Þn

Z
C
dλ

�
1

iaβnþ λ

�
cosh

�
λ

2

�
1

ð2 − 2 coshðλÞÞ=a2 þ r2ð2 − 2 cosðnβΩIÞÞ
cos

�
nβΩI

2

�

¼
X
n¼1
ð−1Þn

2a cot
�βnΩI

2



sinh−1

�
ar sin

�βnΩI
2


�
π2a2β2n2rþ 4π2r sinh−1

�
ar sin

�βnΩI
2


�2
; ðB11Þ
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where the λ integration is analytically computed through the residue theorem. To perform the n summation, we apply the
fermionic analytic distillation theorem in [91], yielding

FΩ ¼ −
�
Ω2

I ða2r4Ω2
I − a2r2 − r2Ω2

I − 3Þ
24π2ðr2Ω2

I þ 1Þ2 þ 1

6β2ðr2Ω2
I þ 1Þ

�
: ðB12Þ

By implementing the condition β ¼ 2π=a and ΩI → −iΩ, FΩ is finally simplified into

FΩ ¼ −
a2ðr4Ω4 þ 1Þ − r2Ω4 þ 3Ω2

24π2ðr2Ω2 − 1Þ2 : ðB13Þ

This directly leads to the gap equation

Gπ

�
Λ2

2π2
−
a2ðr4Ω4 þ 1Þ − r2Ω4 þ 3Ω2

24π2ðr2Ω2 − 1Þ2
�
¼ 1; ðB14Þ

as given by Eq. (87) in the main text.
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