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Quantum chromodynamics (QCD) admits a topological θ̄ term that violates charge-parity (CP)
symmetry, yet experiments indicate that θ̄ is extremely small. To investigate this problem in a controlled
setting, we derive a Hamiltonian formulation of QCD through a (1þ 1)-dimensional Schwinger-model
analog. Fermionic and gauge degrees of freedom are encoded into qubits using Jordan-Wigner and
quantum-link mappings, yielding a compact Pauli Hamiltonian that preserves the essential topological
vacuum structure. Ground states are prepared using a feedback-based quantum optimization protocol,
providing access to the vacuum energy on few-qubit simulators. We observe vacuum minima at θ̄ ¼ 0 and
2π, consistent with the continuum QCD expectations within the accessible regime. Upon coupling to a
dynamical axion field, the system relaxes to θeff ¼ 0, realizing the Peccei-Quinn mechanism within a
minimal quantum simulation. These results demonstrate how quantum simulation can probe CP violation
and its dynamical resolution in gauge theories.

DOI: 10.1103/yx1t-mkgp

I. INTRODUCTION

Quantum chromodynamics (QCD) is an SU(3) non-
Abelian gauge theory describing the interactions of quarks
and gluons [1–3]. In addition to the standard kinetic and
interaction terms [3], the QCD includes a topological term
arising fromgauge-field configurationswith nontrivialwind-
ing number. This term violates the charge-parity ðCPÞ
symmetrywhen its coefficient θ is nonzero [4,5] and governs
key aspects of the nonperturbative vacuum structure [6].
Including this contribution, the QCD Lagrangian can be
written as

LQCD ¼ −
1

4
Ga

μνGa;μν þ
X
f

ψ̄fðiγμDμ −mfÞψf

þ θ̄
g2

32π2
Ga

μνG̃
a;μν: ð1Þ

Here Ga
μν ¼ ∂μAa

ν − ∂νAa
μ þ gfabcAb

μAc
ν denote the gluon

field-strength tensors, and G̃a;μν ¼ 1
2
ϵμνρσGa

ρσ are their duals,

whereAa
μ are the gluon gauge fields and fabc are the structure

constants of the SU(3) Lie algebra. The quark field of flavor
f is denoted by ψf and carries mass mf. It interacts with
the gluon field via the gauge-covariant derivative Dμ ¼
∂μ − igTaAa

μ, where g is the coupling constant and Ta are the
generators of the SU(3) color group, satisfying the commu-
tation relations ½Ta; Tb� ¼ ifabcTc.
Because the QCD gauge fields admit topologically

nontrivial configurations, the most general gauge-invariant
action allows a term proportional to θGa

μνG̃
a;μν, where θ is

the QCD vacuum angle and controls explicit CP violation.
When the quark mass matrix M carries complex phases,
an anomalous axial Uð1ÞA rotation shifts these phases into
the topological term. As a result, the physically observable
CP-violating parameter is θ̄ ¼ θ − arg detðMÞ. Since
Ga

μνG̃
a;μν is odd under the CP transformation, the QCD

is CP-symmetric only when θ̄ ¼ 0, any nonzero value of θ̄
therefore leads to an explicit CP violation.
In QCD, the CP violation induces observable low-

energy hadronic effects, such as a permanent electric dipole
moment (EDM) of the neutron [7,8]. Precision experi-
ments, however, have found no such signal. The current
bound of the neutron EDM is jdnj < 1.8 × 10−26e · cm
(90% CL) [9,10], implies an exceptionally small value
jθ̄j≲ 10−10. This strong suppression cannot be explained
within the Standard Model, leading to the strong CP
problem: although the QCD permits an arbitrary θ̄, nature
selects a value extremely close to zero.
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Anatural resolution of the strongCP problem is provided
by the Peccei-Quinn (PQ) mechanism [6,11–13], which
promotes θ̄ to a dynamical variable associated with a
spontaneously broken globalUð1ÞPQ symmetry. The result-
ing pseudo-Nambu-Goldstone boson, or the axion, couples
anomalously to gluons,

La ¼
g2

32π2
a
fa

Ga
μνG̃

a;μν; ð2Þ

where fa is the axion decay constant. This interaction shifts
θ̄ to an effective angle θeff ¼ θ̄ þ a=fa. Nonperturbative
QCD dynamics generate an effective potential VðθeffÞ
whose minimum lies at θeff ¼ 0, independent of micro-
scopic details. Consequently, the axion acquires a vacuum
expectation value hai ¼ −θ̄fa, dynamically canceling the
CP-violating phase. After the shift a ¼ aphys þ hai, the
QCD vacuum becomes CP symmetric, while the physical
axion aphys remains as a light excitation about the minimum.
In this way, the PQ mechanism restores the CP symmetry
without fine-tuning, while the axion also provides a well-
motivated dark-matter candidate connecting particle physics
with cosmological observations [14].
Progress on the strong-CP problem is fundamentally

limited by the intrinsically nonperturbative nature of the
QCD vacuum. Conventional lattice approaches encounter
severe challenges such as such as the sign problem [15] and
topological freezing [16,17], while analytical treatments
necessarily rely on uncontrolled approximations. These
limitations motivate alternative approaches. Quantum sim-
ulation [18–20] provides a promising route by realizing a
controllable quantum system whose Hilbert space directly
encodes the gauge theory, allowing direct probing of
vacuum responses to a CP-violating background. In this
context, the (1þ 1)-dimensional Schwinger model offers
an ideal testbed: it retains essential features such as
confinement and topological vacuum sectors, yet remains
sufficiently compact to be mapped onto a small number of
qubits and implemented on near-term quantum hardware.
Moreover, this model has been extensively explored in
cold-atom quantum simulators [20,21], highlighting its
experimental accessibility and positioning quantum simu-
lation as a viable path forward for studying strong-CP
physics.
In this work, we use the (1þ 1)D Schwinger model to

investigate the microscopic origin of strong CP violation
and its axionic resolution. We construct a qubit-encoded
lattice gauge theory with a θ̄-dependent sector, extend it to
include a dynamical axion field, and prepare its vacuum
using a feedback-driven quantum optimization algorithm
(FALQON) [22,23]. By evaluating the vacuum energy as a
function of θ̄, we first characterize the θ̄-dependent vacuum
structure in the absence of axions, including deviations
induced by reduced dimensionality and finite-size effects.

Upon coupling to a dynamical axion, the vacuum energy
relaxes to a minimum at θeff ¼ 0 and becomes independent
of θ̄. These results demonstrate that the PQ mechanism can
be realized in controlled few-qubit quantum simulations,
providing a direct route for probing topological gauge
dynamics on quantum hardware.

II. RESULTS

A. Gauge-field Lagrangian to Hamiltonian

To express the QCD Lagrangian in a form suitable for
canonical quantization, we derive the gluon field-strength
tensor Ga

μν in terms of its temporal and spatial components.
Analogous to electromagnetism, we define the chromo-
electric and chromomagnetic fields as

Ea
i ¼ Ga

0i; Ba
i ¼ −

1

2
ϵijkGa

jk; ð3Þ

where i, j, k denote spatial indices, and a ¼ 1;…; 8 labels
the color components of the SU(3) gauge group.
Substituting these definitions into the gauge-field term in

the QCD Lagrangian (1), i.e., Lgauge ¼ − 1
4
Ga

μνGa;μν þ
θ̄ g2

32π2
Ga

μνG̃
a;μν, and using the identity Ga

μνG̃
a;μν ¼

−4Ea ·Ba, we obtain

Lgauge ¼
1

2
Ea ·Ea −

1

2
Ba ·Ba þ θ̄

g2

8π2
Ea ·Ba: ð4Þ

The first two terms represent the kinetic and potential
energy densities of the gluon fields, respectively, while the
last term introduces the coupling between the chromo-
electric and chromomagnetic fields.
Under the C and P transformations, these fields trans-

form as, Ea!P −Ea;Ba!P Ba;Ea!C −Ea;Ba!C −Ba.
Therefore, the scalar product Ea · Ba is odd under both

P and CP: Ea ·Ba!CP −Ea · Ba. Consequently, the term
proportional to θ̄Ea · Ba explicitly breaks the CP sym-
metry, and induces observable effects such as a permanent
EDM in color-neutral hadrons [7,8].
The canonical momentum conjugate to the spatial gauge

field Aa
i is given by

Πa
i ¼

∂Lgauge

∂ð∂0Aa
i Þ

¼ Ea
i þ θ̄

g2

8π2
Ba
i ; ð5Þ

showing that the θ̄-term shifts the momentum by an amount
proportional to the chromomagnetic field. This term
couples the electric and magnetic sectors, thus Πa

i no
longer equals the electric field, and thereby modifying the
canonical structure of the theory.
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The Hamiltonian is then constructed via the Legendre
transformation [24]

Hgauge ¼ Πa
i ∂0A

a
i − Lgauge

¼ 1

2
ðEa ·Ea þBa ·BaÞ: ð6Þ

B. Simplified (1 + 1)-dimensional U(1)
Schwinger model

We consider the (1þ 1)D Schwinger model, consisting
of one spatial and one temporal dimension [25,26]. Despite
its Abelian gauge structure, this model reproduces several
key nonperturbative features of QCD, including charge
confinement, a dynamically generated mass gap, and
spontaneous chiral symmetry breaking in the massless
limit [20,26–29]. It further exhibits a nontrivial topological
vacuum structure analogous to the θ̄ vacua of QCD,
enabling the studies of CP-violating effects induced by a
background θ̄ term in (1þ 1)D [29,30]. Crucially, the
Schwinger model admits a well-defined lattice discretiza-
tion and a finite-dimensional gauge-link formulation [31],
making it well suited for implementation on quantum
computing platforms [32].
In (1þ 1)D, the gauge field has a single spatial compo-

nent and the magnetic field vanishes identically. Gauge-
field dynamics are therefore governed solely by the electric
field EðxÞ, which is canonically conjugate to the spatial
gauge potential A1ðxÞ and satisfies ½A1ðxÞ; EðyÞ� ¼
iδðx − yÞ, analogous to the position-momentum commu-
tation relation in quantum mechanics. The continuum
Lagrangian for a single fermion flavor coupled to this
Abelian gauge field, including a topological θ̄ term, is

L ¼ ψ̄ðiγμDμ −mÞψ þ 1

2
E2 þ θ̄

2π
E; ð7Þ

with the gauge-covariant derivative defined as Dμ ¼
∂μ − igAμ. Performing the Legendre transformation yields

H ¼
Z

dx

�
ψ†ðxÞð−iγ0γ1D1 þmγ0ÞψðxÞ

þ 1

2

�
EðxÞ − θ̄

2π

�
2
�
; ð8Þ

where the shift EðxÞ → EðxÞ − θ̄=ð2πÞ encodes the CP-
odd topological term. This form plays the same role as the
E ·B, but is simpler in one spatial dimension.
For quantum simulation, we employ the Kogut-Susskind

lattice discretization [33,34], with gauge links Ux;xþ1 ¼
eiAx;xþ1 and electric fields Ex;xþ1 on links. The lattice
Hamiltonian reads

H ¼ m
2

X
x

ð−1ÞxZx þ
w
2

X
x

ðψ†
xUx;xþ1ψxþ1 þ H:c:Þ

þ g2

2

X
x

�
Ex;xþ1 −

θ̄

2π

�
2

; ð9Þ

where Zx ¼ 1–2ψ†
xψx is the local Pauli-Z operator (equiv-

alently Zx ¼ 1–2nx with nx ¼ ψ†
xψx). The factor ð−1Þx

arises from the staggered-fermion formulation, which
suppresses fermion doubling.
Gauge invariance is enforced by the Gauss law at each

lattice site. We impose this constraint by adding a penalty
term λ

P
x G

2
x, with the local generator

Gx ¼ Ex−1;x − Ex;xþ1 − ψ†
xψx þ ηx; ð10Þ

where ηx ¼ 1þð−1Þx
2

denotes a background charge. Physical
states satisfy Gxjphysi ¼ 0.

C. Two sites lattice case

Restricting to the smallest nontrivial system, a two-site
lattice connected by a single gauge link, yields the minimal
Hamiltonian

H ¼ m
2
ðZ0 − Z1Þ þ

w
2
ðψ†

0U01ψ1 þ H:c:Þ

þ g2

2

�
E01 −

θ̄

2π

�
2

þ λðG2
0 þ G2

1Þ: ð11Þ

The first term describes the staggered mass energy, the
second implements gauge-invariant fermion hopping medi-
ated by the link operator U01, and the third gives the
electric-field energy with the CP-violating θ̄ shift. The final
term enforces the Gauss law, confining the dynamics to the
gauge-invariant subspace.
This minimal Schwinger model retains the essential

topological and CP-violating structure of the QCD
Hamiltonian. The θ̄-dependent electric field acts as a
CP-odd background, allowing studies of parity violation,
vacuum degeneracy, and θ̄-vacuum transitions in a low-
dimensional analog of strong interactions.
To implement the model on quantum hardware, both the

fermionic and gauge degrees of freedom are encoded in
qubits. The fermionic modes are mapped to qubits using the
Jordan-Wigner (JW) transformation [35], which preserves
the correct anticommutation relations through nonlocal
parity strings. The staggered fermion fields ψx and ψ†

x

satisfy the canonical anticommutation relations

fψx;ψ
†
yg ¼ δxy; fψx;ψyg ¼ 0: ð12Þ

In the JW representation they are expressed as

ψx ¼
 Y

y<x

Zy

!
S−x ; ψ†

x ¼
 Y

y<x

Zy

!
Sþx ; ð13Þ
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where S�x ¼ ðXx ∓ iYxÞ=2 are the qubit ladder operators
(S−x ¼ j0ih1j, Sþx ¼ j1ih0j). The string operator

Q
y<x Zy

enforces the fermionic parity required to reproduce the
correct anticommutation relations. Here Xx, Yx, and Zx
denote the Pauli operators acting on the qubit representing
the fermionic mode at site x.
The gauge field on each link is encoded using the

quantum-link representation. For a single-qubit link l,
the electric-field and link operators are represented as

El ¼ I − Zl

2
; Ul ¼ Xl þ iYl

2
; ð14Þ

where Xl, Yl, and Zl are Pauli operators acting on the
qubit associated with the gauge link. A detailed derivation
of this mapping is provided in Appendix A, while the
extension to multiqubit gauge links is discussed in
Appendix C.
Substituting these mappings into the Hamiltonian (11)

yields an explicit Pauli-operator representation. The mass
term becomes

Hm ¼ m
2
ðZ0 − Z1Þ: ð15Þ

The electric-field energy, including the CP-violating θ̄
shift, is

Hθ̄ ¼
g2

2

�
El −

θ̄

2π

�
2

¼ g2

2

��
θ̄

2π

�
2

−
θ̄

2π
þ 1

2

�
Il þ

g2

2

�
θ̄

2π
−
1

2

�
Zl; ð16Þ

where we used El ¼ E01 is the specific link connecting site
0 and site 1. The identity term produces a uniform energy
shift and does not affect the dynamics, while the Zl term
changes sign at θ̄ ¼ π, ensuring the correct 2π periodicity
of the spectrum.
The gauge-invariant fermion hopping term takes the

form

Hhop ¼
w
2
ðψ†

0U01ψ1þψ†
1U

†
01ψ0Þ

¼w
8
ðX0X1XlþY0Y1Xl−X0Y1YlþY0X1YlÞ; ð17Þ

which consists of three-body Pauli interactions coupling
the two fermionic qubits to the gauge-link qubit. These
terms describe correlated hopping processes in which a
fermion moves between sites while simultaneously chang-
ing the electric flux on the link, thereby preserving local
gauge invariance.
The Gauss law is enforced through an energy-penalty

term that confines the dynamics to the gauge-invariant
subspace

HG ¼ λðG2
0 þG2

1Þ; ð18Þ

where we choose larger λ ≫ maxðm;w; g2Þ to reduce the
gauge-violating excitations.
Combining all contributions, the effective Hamiltonian

of the two-site Schwinger model is

Htotal ¼ Hm þHhop þHθ̄ þHG: ð19Þ

D. The Peccei-Quinn mechanism

To dynamically relax the CP-violating angle, we pro-
mote θ̄ to a dynamical variable by introducing an axion
field aðxÞ with decay constant fa. The axion enters QCD
through the shifted effective angle θeffðxÞ≡ θ̄ þ aðxÞ=fa.
At the Lagrangian level this corresponds to the replacement

θ̄
g2

32π2
Ga

μνG̃
a;μν→

�
θ̄ þ a

fa

�
g2

32π2
Ga

μνG̃
a;μν; ð20Þ

together with the axion kinetic term 1
2
∂μa∂μa. Below the

confinement scale, nonperturbative QCD generates an
effective potential governed by the topological susceptibil-
ity χ,

VðθeffÞ ≃ χ½1 − cosðθeffÞ�; ð21Þ

so that m2
a ¼ χ=f2a in the small-angle limit.

The axion Hamiltonian density follows from the canoni-
cal momentum πa ¼ ȧ,

Ha¼
1

2
π2aþ

1

2
ð∂xaÞ2þVðθeffÞ; Ha ¼

Z
dxHa: ð22Þ

In our (1þ 1)D Hamiltonian, the axion couples through the
shifted θ̄ term,

Hθ̄þa ¼
Z

dx
g2

2

�
EðxÞ − θeffðxÞ

2π

�
2

: ð23Þ

Combining all contributions, the full Hamiltonian is

Htotal ¼ Hm þHhop þHθ̄þa þHa þHG: ð24Þ

Minimization of the effective potential drives θeff to 0 (mod
2π), i.e., hai ≃ −faθ̄, dynamically canceling the CP-vio-
lating phase and realizing the PQ mechanism.

E. Numerical simulation

We compute the ground state of the two-site Schwinger-
model Hamiltonian in its qubit representation using the
feedback-based FALQON algorithm [22]. FALQON
updates control parameters in real time to enforce a strictly
monotonic decrease of the energy expectation value,
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enabling ground-state preparation without a classical opti-
mization loop (see Appendix B).
We probe confinement and CP-violating effects across

different parameter regimes. Specifically, we fix w ¼ 1,
m ¼ 0.01, and λ ¼ 106, and vary the gauge coupling as
g2 ¼ 5, 8, and 12. For the axion sector, we choose ma ¼ g2

and fa ¼ 2, matching the gauge-field energy scale.
Figure 1(a) shows the vacuum energy Evacðθ̄Þ as a

function of θ̄ (in units of π) in the absence of an axion,
governed by Eq. (19). In continuum QCD, the physical
vacuum energy is obtained by minimizing over topological
sectors,

Evacðθ̄Þ ¼ min
n∈Z

Enðθ̄Þ; Enðθ̄Þ ¼
g2

2

�
nþ θ̄

2π

�
2

; ð25Þ

yielding a 2π-periodic structure with degenerate minima
at θ̄ ¼ 0 ðmod 2πÞ, as indicated by the dashed curves in

Fig. 1(a), where we have shifted its energy to match with
the two-site lattice model.
In the two-site lattice model, the ideal θ̄-periodic

structure is distorted by reduced dimensionality, lattice
discretization, and finite-volume effects. As a result, only
the minima at θ̄ ¼ 0 and 2π are clearly visible, while
intermediate branches are lifted. Both exact diagonalization
and FALQON confirm this behavior, as shown by the solid
curves and circular markers.
Figure 1(b) illustrates the effect of coupling the system to

a dynamical axion field. Starting from a generic initial θ̄,
the axion relaxes toward the minimum of the combined
potential, driving the effective angle θeff ¼ θ̄ þ a=fa to
zero. As a result, the relaxed vacuum energy becomes
independent of θ̄, demonstrating the dynamical cancella-
tion of CP violation. Despite lattice and dimensional
artifacts inherent to the (1þ 1)D setting, these results
confirm that the PQ mechanism remains operative at the
Hamiltonian level.

F. Extended lattice: 4 sites and 3 links (7 qubits)

Figure 2 presents the vacuum-energy landscape Evacðθ̄Þ
of the ð1þ 1ÞD Schwinger model on a four-site lattice with
three gauge links. The explicit Hamiltonian, including
mass, gauge-assisted hopping, electric-field energy, and
Gauss-law terms, is given in Appendix D.
Figure 2(a) shows the case without a dynamical axion.

As in the two-site case of Fig. 1(a), the simulated Evacðθ̄Þ
exhibits minima at θ̄ ¼ 0 and 2π, while the full 2π-periodic
structure is not completely resolved. Figure 2(b) shows the
same model coupled to a dynamical axion. As in Fig. 1(b),
the axion shifts the effective angle as θ̄ → θeff ¼ θ̄ þ a=fa
and generates a restoring potential. After relaxation,
Evacðθ̄Þ becomes independent of θ̄, with the global mini-
mum fixed at θeff ¼ 0 for all parameter regimes. This
demonstrates that the PQ mechanism remains effective
despite finite-volume effects, yielding a CP-symmetric
vacuum in the seven-qubit lattice realization.

III. DISCUSSION

The present simulations focus on few-link systems to
enable exact benchmarking of the lattice mapping and
feedback dynamics. This restriction is practical rather than
conceptual. For an N-link chain, the quantum link
Hamiltonian can be extended straightforwardly, with near-
est-neighbor gauge-matter couplings and local electric-field
terms defined at each site. The number of required qubits
scales linearly with N, leading to polynomial growth in
computational complexity.
More generally, the construction can be extended to

(dþ 1)-dimensional lattice gauge theories, and to models
with multiple fermion flavors. Consider a d-dimensional
hypercubic lattice with sizes Li and open boundary con-
ditions, giving Ns ¼

Q
d
i¼1 Li sites. The number of gauge

FIG. 1. Vacuum energy of the two-site lattice Schwinger model
with and without a dynamical axion. (a) Vacuum energy Evacðθ̄Þ
as a function of θ̄ for three representative parameter sets. Dashed
curves show the continuum QCD prediction, solid curves
correspond to exact diagonalization, and circular markers are
results obtained from the FALQON algorithm. (b) Vacuum
energy after coupling to a dynamical axion field. Inset: schematic
axion-induced effective potential illustrating the relaxation of θeff
to its global minimum.
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links is Nlinks ¼
P

d
i¼1ðLi − 1ÞQj≠i Lj. Each link requires

Ntr ¼ ⌈ log2 dtr⌉ qubits for a truncating dimension dtr.
Thus, the gauge sector uses NlinksNtr qubits. The matter
sector requires NfNs qubits for Nf fermion flavors, giving
Ntot ¼ NfNs þ NlinksNtr. For example, a (2þ 1)D with
2 × 2 lattice gives Ns ¼ 4 and Nlinks ¼ 4. With dtr ¼ 4
gives Ntr ¼ 2, and with Nf ¼ 2, the total system size is 16
qubits. Because the Hamiltonian contains only local on-site
and nearest-neighbor gauge-matter interactions, the number
of terms grows linearly with lattice size, allowing extension
to larger systems as quantum hardware improves.

IV. CONCLUSION

Starting from the QCD Lagrangian with aCP-violating θ̄
term, we derived the corresponding Hamiltonian and
analyzed its impact on the gauge sector. By reducing the
theory to a (1þ 1)D Schwinger-model analog, we obtained
a minimal framework that preserves essential nonpertur-
bative features, including topological vacuum structure and
θ̄ dependence. Using Jordan-Wigner and quantum-link
mappings, the model was cast as an explicit Pauli
Hamiltonian suitable for digital quantum simulation. The

ground state was prepared using the FALQON algorithm,
yielding a vacuum energy consistent with explicit CP
violation. Upon coupling to a dynamical axion field, the
vacuum energy relaxes to a global minimum at θeff ¼ 0,
demonstrating dynamical cancellation of CP violation.
These results realize the PQ mechanism within a controlled
quantum-simulation setting and provide a platform for
studying CP violation and its dynamical relaxation in
gauge theories. An extension of the present framework
to non-Abelian gauge theories remains an interesting
direction for future investigation and may further broaden
the applicability of the proposed approach.

ACKNOWLEDGMENTS

This work is supported by the Tohoku Initiative for
Fostering Global Researchers for Interdisciplinary Sciences
(TI-FRIS) of MEXT’s Strategic Professional Development
Program for Young Researchers and FRIS Creative
Interdisciplinary Collaboration Program. We thank L.
Duc-Truyen and N. Kitajima for useful discussion.

DATA AVAILABILITY

The data that support the findings of this article are
openly available at [36].

APPENDIX A: JORDAN-WIGNER
TRANSFORMATION

To simulate the (1þ 1)D lattice Schwinger model on a
quantum computer, the Hamiltonian must be expressed in
terms of Pauli operators acting on qubits. This requires
mapping both fermionic matter fields and gauge-link
variables to qubit degrees of freedom. We encode the
fermions using the Jordan-Wigner (JW) transformation and
represent the gauge links using the quantum link model
(QLM), which provides a finite-dimensional truncation of
the gauge field.
The staggered fermion operators ψx and ψ†

x obey the
canonical anticommutation relations

fψx;ψ
†
yg ¼ δxy; fψx;ψyg ¼ 0:

Under the JW transformation, theymap to Pauli operators as

ψx ¼
 Y

y<x

Zy

!
S−x ; ψ†

x ¼
 Y

y<x

Zy

!
Sþx ; ðA1Þ

where S�x ¼ ðXx ∓ iYxÞ=2, i.e., S−x ¼ j0ih1j, Sþx ¼ j1ih0j,
and the string operator

Q
y<x Zy enforces fermionic parity.

For the two-site system (x ¼ 0, 1), this reduces to

ψ0¼ S−0 ; ψ†
0¼ Sþ0 ; ψ1¼Z0S−1 ; ψ†

1¼Z0S
þ
1 : ðA2Þ

FIG. 2. Vacuum energy of the four-site lattice Schwinger model
with and without a dynamical axion. Vacuum energy Evacðθ̄Þ are
plotted for three representative parameter regimes, shown using
the same conventions as Fig. 1: (a) without a dynamical axion and
(b) with a dynamical axion.
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Each qubit represents a fermionic site, with j0i and j1i
corresponding to empty and occupied states, respectively.
The gauge field on the link connecting sites 0 and 1 is

encoded in a third qubit, labeled l. In the QLM formu-
lation, the electric field and link operators are

El ≡ E01 ¼
I − Zl

2
; Ul ≡U01 ¼

Xl þ iYl

2
: ðA3Þ

Here El measures the quantized electric flux, while Ul

and U†
l act as raising and lowering operators satisfying

½El; Ul� ¼ Ul and ½El; U
†
l� ¼ −U†

l. The eigenvalues of El

correspond to discrete electric-field strengths E ∈ f0; 1g.
Substituting these mappings into the lattice Hamiltonian

yields a fully qubit-based representation. The staggered
mass term becomes

Hm ¼ m
2
ðZ0 − Z1Þ: ðA4Þ

The electric-field energy, including the CP-violating θ̄
shift, takes the form

Hθ̄ ¼
g2

2

�
El −

θ̄

2π

�
2

¼ g2

2

��
θ̄

2π

�
2

−
θ̄

2π
þ 1

2

�
Il þ

g2

2

�
θ̄

2π
−
1

2

�
Zl: ðA5Þ

The gauge-invariant hopping term reads

Hhop ¼
w
2
ðψ†

0U01ψ1 þ ψ†
1U

†
01ψ0Þ: ðA6Þ

Substituting Eqs. (A2), (A3), yields

ψ†
0U01ψ1 ¼ Sþ0 UlðZ0S−1 Þ

¼ 1

8
ðX0 − iY0ÞðXl þ iYlÞðX1 þ iY1Þ; ðA7Þ

where we used Sþ0 Z0 ¼ j1ih0jZ0 ¼ Sþ0 , and similarly

ψ†
1U

†
01ψ0 ¼ ðZ0S

þ
1 ÞU†

lS
−
0

¼ 1

8
ðX1 − iY1ÞðXl − iYlÞðX0 þ iY0Þ: ðA8Þ

Adding the two contributions, we obtain

Hhop ¼
w
8
ðX0X1Xl þ Y0Y1Xl − X0Y1Yl þ Y0X1YlÞ;

ðA9Þ

describing correlated three-body interactions that move a
fermion between sites while simultaneously changing the
electric flux, thereby preserving local gauge invariance.

Gauss’s law is enforced energetically through a penalty
term

HG ¼ λ
X
x

G2
x ðA10Þ

whereGx ¼ Ex−1;x − Ex;xþ1 − ψ†
xψx þ ηx. Here, we use the

open-boundary conditions E−1;0 ¼ E1;2 ¼ 0, ψ†
xψx ¼

1
2
ðI − ZxÞ, and ηx ¼ 1

2
½1þ ð−1Þx� satisfying Px ηx ¼ 1.

Combining all contributions, the complete two-site Pauli
Hamiltonian is

Htotal ¼ Hm þHhop þHθ̄ þHG: ðA11Þ

Despite its minimal size, this model retains the essential
structure of the Schwinger mechanism and provides a
compact benchmark for near-term quantum simulations
of gauge-theory dynamics.

APPENDIX B: GROUND-STATE
PREPARATION VIA FALQON

To prepare the ground state of the lattice Schwinger
Hamiltonian, we employ the feedback-based algorithm for
quantum optimization (FALQON) [22]. FALQON formu-
lates ground-state preparation as a closed-loop quantum
control problem, where the system evolves under a time-
dependent Hamiltonian

HðtÞ ¼ HC þ βðtÞHD; ðB1Þ

with HC the cost (problem) Hamiltonian and HD a driver
that induces state transitions. The feedback field βðtÞ is
updated according to

βðtÞ ¼ −hψðtÞji½HD;HC�jψðtÞi; ðB2Þ

which guarantees a monotonic decrease of the cost energy,

d
dt

hHCit ¼ −ijh½HD;HC�itj2 ≤ 0: ðB3Þ

In discrete time, the evolution proceeds via p alternating
unitaries,

jψkþ1i ¼ e−iΔtβkHDe−iΔtHC jψki; ðB4Þ

βkþ1 ¼ −hψkji½HD;HC�jψki; ðB5Þ

with time step Δt. In our implementation, we take HC ¼
Htotal and choose the global mixer HD ¼Pi Xi. The
feedback mechanism automatically adjusts the control
amplitudes fβkg, enabling efficient and robust convergence
to the ground state without a classical optimization loop.
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APPENDIX C: MULTIQUBIT GAUGE
LINK MODEL

To systematically enlarge the gauge-field Hilbert space
while remaining within a qubit-based framework, we
encode each lattice link using Nl qubits. This approach
extends the minimal single-qubit quantum link truncation
to a link space of dimension d ¼ 2Nl , thereby allowing
controlled increases in the gauge-field resolution.
We encode the electric field on a link using an Nl-qubit

register. The electric-field operator is defined as the binary-
weighted sum

E ¼
XNl−1

j¼0

2jEj; Ej ¼
I − Zj

2
; ðC1Þ

where each Ej has eigenvalues 0 and 1. On a computational
basis state jnNl−1 � � � n0i with nj ∈ f0; 1g,

EjnNl−1 � � � n0i ¼ EjnNl−1 � � � n0i; ðC2Þ

where E ¼PNl−1
j¼0 2jnj, i.e., E ∈ f0; 1;…; 2Nl − 1g and the

link Hilbert-space dimension is d ¼ 2Nl .
In this “integer” representation, the computational basis

jnNl−1 � � � n1n0i reduce to the number basis jei, such that
Ejei ¼ ejei with e∈ f0;…; d − 1g.
To implement the gauge-matter hopping term, we

introduce the truncated raising operator

U ¼
Xd−2
e¼0

jeþ 1ihej; U† ¼
Xd−2
e¼0

jeiheþ 1j; ðC3Þ

which acts as

Ujei ¼
� jeþ 1i; e < d − 1;

0; e ¼ d − 1:
ðC4Þ

This operator is a finite-dimensional truncation of the Uð1Þ
link operator.
Figure 3 presents the vacuum energy as a function of θ̄,

following the same setup as in Fig. 1. The numerical results
are obtained from the exact diagonal the Hamiltonian.
Here, the coupling is fixed to g2 ¼ 8, and we compare
different truncation levels of the gauge-link Hilbert space.
For the 1-qubit gauge-link truncation (d ¼ 2), the lattice

results reproduce the continuum QCD behavior only within
a limited range of θ̄, approximately θ̄∈ ½−π; 3π�, as
indicated by the orange arrow. In particular, noticeable
deviations appear around θ̄ ¼ π, where the truncated model
fails to accurately capture the continuum behavior.
In contrast, increasing the gauge-link truncation to 2

qubits (d ¼ 4) and 3 qubits (d ¼ 8) significantly improves
the agreement with the continuum result. The vacuum
energy matches well at θ̄ ¼ π and the region of agreement

also extends further, as highlighted by the red arrow. The
2-qubit and 3-qubit cases are nearly indistinguishable on
the scale shown.
These results indicate that enlarging the gauge-link

Hilbert space systematically improves the accuracy of
the lattice approximation and broadens the range of θ̄
over which continuum behavior is faithfully reproduced.
Increasing the link dimension effectively reduces trunca-
tion effects in the electric-field sector, allowing the lattice
model to more closely mimic the structure of the under-
lying gauge theory.
This improvement can be understood in relation to the

Kogut-Susskind (KS) limit of lattice gauge theories. In
the Hamiltonian formulation, the KS limit corresponds to
the strong-coupling or continuum limit, where the lattice
description converges to the underlying quantum field
theory. In practical quantum simulations with finite-
dimensional quantum links, the gauge-field Hilbert space
is necessarily truncated. Increasing the link dimension does
not by itself realize the full continuum limit, but it brings
the system closer to the KS regime by reducing discretiza-
tion and truncation effects. Thus, enlarging the link Hilbert
space provides a controlled approach toward recovering
continuum physics within finite resources, at least in the
small regime of θ̄.

APPENDIX D: FOUR SITES AND THREE
LINKS (7 QUBITS) MODEL

We consider a four-site open chain with three gauge
links. Matter sites are labeled x ¼ 0, 1, 2, 3, and links
l ¼ 4, 5, 6 connect neighboring pairs ðx; xþ 1Þ. In the
quantum link formulation, the gauge-field operators are

FIG. 3. Vacuum energy of the two-site lattice Schwinger model
as a function of θ̄ for different gauge-link truncations. The
coupling is fixed at g2 ¼ 8. The dashed blue curve shows the
continuum QCD result, while the solid and dotted curves
correspond to 1-qubit (d ¼ 2), 2-qubit (d ¼ 4), and 3-qubit
(d ¼ 8) gauge-link truncations.
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El ¼ I − Zl

2
; Ul ¼ 1

2
ðXl þ iYlÞ: ðD1Þ

Using the Jordan-Wigner mapping, we assign

matter qubits∶ q0; q1; q2; q3 ↔ x ¼ 0; 1; 2; 3; ðD2Þ

link qubits∶ q4; q5; q6 ↔ l ¼ 4; 5; 6: ðD3Þ

The total Hamiltonian takes the form

H ¼ Hm þHhop þHθ̄ þHG þ const: ðD4Þ

The staggered mass term is

Hm ¼ m
2
ðZq0 − Zq1 þ Zq2 − Zq3Þ: ðD5Þ

The electric-field energy, including the θ̄ shift, is

Hθ̄ ¼
g2

2

X6
l¼4

�
El −

θ̄

2π

�
2

; El ¼ I − Zql

2
: ðD6Þ

The gauge-invariant hopping term reads

Hhop ¼
w
2

X2
x¼0

ðψ†
xUx;xþ1ψxþ1 þ H:c:Þ

¼ w
8

X2
x¼0

ðXqxXqxþ1
Xql þ YqxYqxþ1

Xql

− XqxYqxþ1
Yql þ YqxXqxþ1

YqlÞ; ðD7Þ

where l ¼ xþ 4 labels the link connecting sites ðx; xþ 1Þ.
The Gauss law is enforced at each site as Gx ¼

Ex−1;x − Ex;xþ1 − ψ†
xψx þ ηx, where ψ†

xψx ¼ 1
2
ðI − ZqxÞ

and ηx ¼ 1
2
½1þ ð−1Þx�, with open-boundary conditions

E−1;0 ¼ E3;4 ¼ 0. Gauge invariance is imposed through a
penalty term

HG ¼ λ
X3
x¼0

G2
x; λ ≫ maxðm;w; g2Þ: ðD8Þ
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