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The unitarity of the 4D lattice theory of gravity in the case of the Minkowski signature is proved. The
proof is valid only for lattices that conserve the number of degrees of freedom during time evolution. The
Euclidean signature and the Minkowski signature are related by the deformation of the integration contours
of dynamic variables in a discrete lattice functional integral. It is important that the result is obtained
directly on the lattice. Since the studied lattice theory of gravity in the long-wave limit transforms into the
well-known Einstein-Cartan-Palatini theory, the obtained result means that this lattice theory of gravity has
the right to be considered as a discrete regularization of the generally accepted continuous physical theory
of gravity.
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I. INTRODUCTION

The idea of discretizing space-time to describe the theory
of gravity at a fundamental level was first formulated by
Regge in [1]. In this work, the discretization of space-time
was carried out using a simplicial complex. Each 1-simplex
was assigned its length, so that all the sizes of each
2-simplex (triangle) were fixed. The lengths of the three
sides of each triangle satisfied the triangle inequality. In this
way, the geometry of the entire complex was fixed. An
approach to discrete geometry similar to Regge calculus
can also be found in [2,3].
Despite the obvious elegance of the Regge calculus, this

theory turns out to be very inconvenient when moving to
quantum theory. Indeed, the independent variables deter-
mining the Regge action are the lengths of one-dimensional
simplices, subject to a large number of constraints, namely,
triangle inequalities. Moreover, the introduction of Dirac
fields into the theory creates a new difficulty, consisting in
the absence of explicit orthonormal bases. Perhaps this is
why the version of discrete gravity based on the so-called
B-F theory soon gained more intensive development. A
detailed description of the discrete quantum theory of gravity
based on the B-F formalism can be found in [4–7]. The
B-F theory is developed on the basis of the action of the

theory of gravity in the form of Palatini [see below (2.27)].
The most characteristic property of B-F theory is that the
curvature tensor of the 2-form is zero. However, while B-F
theory does describe gravity in three-dimensional space, it
does not do so in higher-dimensional spaces. For example,
in a four-dimensional space with action (2.27), the curvat-
ure tensor is not equal to zero. But this is not the only
difficulty of the theory: The introduction of matter is also
inconvenient.
In contrast to the multidimensional case, significant

computational progress has been made in two-dimensional
discrete quantum gravity [8,9].
Later, more quantizable models of discrete gravity

emerged [10–20]. These models are characterized by the
fact that in the naive long-wave limit they are transformed
into the well-known Einstein-Cartan-Palatini continuum
theory. By Einstein-Cartan-Palatini theory, we mean a
theory with the Hilbert-Einstein action, plus the action
of the Dirac field minimally coupled to gravity, plus a
contribution to the action from the cosmological constant,
all of which are considered in Cartan-Palatini form.
The Einstein-Cartan-Palatini action is invariant under

diffeomorphisms. The following fact is interesting here.
In the lattice theory of gravity [10–20], local coordinates are
completely absent; they appear only when passing to the
long-wave limit, and they can be introduced arbitrarily.
The long-wave limit is nothing more than the expansion of
the original action in terms of a small parameter ξ∼lP=λ≪1
that is independent of local coordinates. Here, lP is the
Planck scale, and λ is the physical scale. It is natural to
assume that lP is the characteristic scale of one 1-simplex
of the lattice, and λ ∼ nlP, where n ≫ 1 is the number
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of 1-simplices of the graph that fits into the wavelength.
From the above, it is clear that the parameter ξ does not
depend on the local coordinates, which are arbitrary.
Therefore, when expanding the lattice action in the param-
eter ξ, each term of a given degree relative to ξ is invariant
under diffeomorphisms. In this expansion, the main term is
the Einstein-Cartan-Palatini action whose invariance with
respect to diffeomorphisms is established independently.
The remaining terms, which quickly die out according to a
power law in the long-wave limit, are also invariants with
respect to diffeomorphisms (see Sec. II).
The following problem of quantization of generally

covariant theories should be pointed out. Such theories
represent degenerate dynamical systems with constraints.
To construct a unitary and covariant S matrix, it is
necessary to prove (i) the gauge independence of the
covariant S matrix and (ii) its unitarity at least in one
(nonrelativistic) gauge. If both requirements can be ful-
filled, then the unitarity is guaranteed also in a relativistic
gauge, and the suggested Feynman rules are correct. To
construct a unitary S matrix, the Hamiltonian and all
constraints are expressed in terms of the chosen indepen-
dent physical canonical variables, the gauge is fixed, the
functional measure is determined, and the transition ampli-
tude is written out in the form of a functional integral [21].
Thus, the second requirement is fulfilled. To satisfy the
first requirement, many theories (for example, Yang-Mills
theory) use the Faddeev-Popov trick [22]. However, in the
case of theories that are invariant under diffeomorphisms
(for example, the theory of gravity), the Faddeev-Popov
technology is fundamentally unsuitable. The reason for this
is that, under general coordinate transformations in chrono-
logically ordered averages, the order of the operators,
generally speaking, changes. These difficulties were over-
come in the works of Fradkin and Fradkin-Vilkovisky [23].
Although Fradkin-Vilkovisky technology is extremely
complex, it fundamentally solves the problem.
From the above, it follows that the Einstein-Cartan-

Palatini quantum theory allows the construction of a unitary
and gauge-invariant S matrix. However, this model is only
the main term in the expansion of the lattice theory under
study in the parameter ξ. An important question arises: Do
the following terms of this expansion violate the unitarity of
the theory? If this were so, then the lattice model of gravity
that we are studying could not be considered as a model
that even slightly describes the real world.
We now formulate the result of the present work: The

evolution of the quantum model of discrete gravity for-
mulated in Sec. II is a unitary transformation. Let us
emphasize that this result was obtained directly in lattice
theory and, of course, for the Minkowski signature. Note
also that, unlike the continuum theory of gravity, the lattice
theory of gravity has no local coordinates at all, since
neither Cartesian spaces nor manifolds are used in defining
abstract simplicial complexes [24]. We will see that this

circumstance radically simplifies the proof of unitarity of
lattice theory.
The work is organized as follows.
In Sec. II, we define the lattice gravity model we study in

two related versions: the Euclidean signature and the
Minkowski signature. These two versions of the theory
transform into each other by deformation in the complex
plane of the integration contours over the dynamic variables
in the functional integral, representing either the partition
function or the transition amplitude.
In Sec. III, a proof of the unitarity of the transition

amplitude in lattice theory is given.
The Appendix provides some information from the field

of combinatorial topology necessary for proving unitarity.

II. DEFINITION OF LATTICE THEORY
OF GRAVITY

In the works of the author [10–17], the lattice theory of
gravity coupled to Dirac fields was studied. Let us give a
brief definition of it.
Consider the orientable four-dimensional simplicial com-

plex K. We recommend the book [24], Sec. II.4, for an
introduction to thedefinitionof abstract simplicial complexes.
Suppose that each of its 4-simplices belongs to a subcomplex
of K0 ∈K that has a geometric realization in R4 without
cavities. Thevertices are denoted by aV, and the indicesV and
W numerate the vertices and 4-simplices s4W , respectively. It
is necessary to use local enumeration of vertices belonging to
a given 4-simplex: All five vertices of the 4-simplex s4W are
numbered as aVðWÞi , i ¼ 1, 2, 3, 4, 5. In what follows,
notations with an additional subscript ðWÞ indicate that
the corresponding object belongs to the 4-simplex s4W . Let
us denote εVðWÞ1VðWÞ2VðWÞ3VðWÞ4VðWÞ5 ¼ �1 the Levi-Civita sym-
bol. The upper (lower) sign depends on the orientation of the
4-simplex s4W ¼ aVðWÞ1aVðWÞ2aVðWÞ3aVðWÞ4aVðWÞ5 .

A. Euclidean signature

Element of the compact group Spin(4) and element of the
Clifford algebra

ΩV1V2
¼ Ω−1

V2V1
¼ expðωV1V2

Þ

¼ exp
�
1

2
σabωab

V1V2

�
∈Spinð4Þ;

σab ≡ 1

4
½γaγb�;

γaγb þ γbγa ¼ 2δab; a ¼ 1; 2; 3; 4; γ5 ≡ γ1γ2γ3γ4;

êV1V2
≡ eaV1V2

γa ≡ −ΩV1V2
êV2V1

Ω−1
V1V2

;

jeV1V2
j < 1; jeV1V2

j≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
a

ðeaV1V2
Þ2

r
; ð2:1Þ
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are defined on each oriented 1-simplex aV1
aV2

. By
assumption, the set of variables fΩ; êg is a set of inde-
pendent bosonic dynamical variables. Fermionic degrees of
freedom (Dirac spinors) are defined at the vertices of the
complex:

Ψ†
V ; ΨV : ð2:2Þ

The set of variables fΨ†;Ψg are mutually independent, and
the spinors Ψ†

V and ΨV are in mutual involution (or anti-
involution) with respect to the operation of Hermitian
conjugation.
Let us consider a model with action

A ¼ Ag þAΨ þAΛ0
: ð2:3Þ

Here, Ag and AΨ are the actions of pure gravity and the Dirac field, respectively:

Ag ¼ −
1

5! · 2 · l2P

X
W

X
σ

εσðVðWÞ1ÞσðVðWÞ2ÞσðVðWÞ3ÞσðVðWÞ4ÞσðVðWÞ5Þ

× tr γ5fΩσðVðWÞ5ÞσðVðWÞ1ÞΩσðVðWÞ1ÞσðVðWÞ2ÞΩσðVðWÞ2ÞσðVðWÞ5ÞêσðVðWÞ5ÞσðVðWÞ3ÞêσðVðWÞ5ÞσðVðWÞ4Þg; ð2:4Þ

AΨ ¼ 1

5 · 242
X
W

X
σ

εσðVðWÞ1ÞσðVðWÞ2ÞσðVðWÞ3ÞσðVðWÞ4ÞσðVðWÞ5Þtr γ
5fΘ̂σðVðWÞ5ÞσðVðWÞ1ÞêσðVðWÞ5ÞσðVðWÞ2ÞêσðVðWÞ5ÞσðVðWÞ3ÞêσðVðWÞ5ÞσðVðWÞ4Þg:

ð2:5Þ

Each σ is one of 5! permutations of vertices VðWÞi ⟶ σðVðWÞiÞ.

Θ̂V1V2
≡ Θa

V1V2
γa ¼ Θ̂†

V1V2
; Θa

V1V2
¼ i

2
ðΨ†

V1
γaΩV1V2

ΨV2
− Ψ†

V2
ΩV2V1

γaΨV1
Þ: ð2:6Þ

It can be verified that [compare with (2.1)]

Θ̂V1V2
≡ −ΩV1V2

Θ̂V2V1
Ω−1

V1V2
: ð2:7Þ

The contribution to the lattice action from the cosmological constant is

AΛ0
¼ −

1

5! · 12
· Λ0 · εabcd

X
W

X
σ

εσðVðWÞ1ÞσðVðWÞ2ÞσðVðWÞ3ÞσðVðWÞ4ÞσðVðWÞ5Þ

× eaσðVðWÞ5ÞσðVðWÞ1Þe
b
σðVðWÞ5ÞσðVðWÞ2Þe

c
σðVðWÞ5ÞσðVðWÞ3Þe

d
σðVðWÞ5ÞσðVðWÞ4Þ: ð2:8Þ

The partition function is represented by an integral

Z ¼
Y

1-simplices

Z
jeV1V2 j<1

Y
a

d eaV1V2

Z
d μfΩV1V2

g ×
Y
V

Z
dΨ†

V dΨV expðAÞ: ð2:9Þ

The action (2.3), as well as the integral (2.9), is invariant
under gauge transformations

Ω̃V1V2
¼ SV1

ΩV1V2
S−1V2

; ˜̂eV1V2
¼ SV1

êV1V2
S−1V1

;

Ψ̃V ¼ SVΨV ;
fΨ†

V ¼ Ψ†
VS

−1
V ; SV ∈Spinð4Þ: ð2:10Þ

Verification of this fact is made easier by using the relation
[compare with the relation for êV1V2

in (2.10)]

˜̂ΘV1V2
¼ SV1

Θ̂V1V2
S−1V1

; ð2:11Þ
which follows directly from (2.10).

The lattice model under consideration is invariant with
respect to the global discrete Z2 symmetry, which is an
analog of the combined PT symmetry. Let ÛPT denote the
operator of this transformation. Then, the transformed
dynamic variables are expressed through the original
variables as follows:

Û−1
PTΨVÛPT ¼UPTðΨ†

VÞt;
Û−1
PTΨ

†
VÛPT ¼−ðΨVÞtU−1

PT; UPT ¼ iγ1γ3

Û−1
PTeaV1V2

ÛPT ¼−eaV1V2
; Û−1

PTω
ab
V1V2

ÛPT ¼ωab
V1V2

: ð2:12Þ
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Here, the superscript “t” denotes the transposition of the
Dirac matrices and spinors. We have

U−1
PTγ

aUPT ¼ ðγaÞt; U−1
PTσ

abUPT ¼ −ðσabÞt: ð2:13Þ

From (2.12) and (2.13), it follows that

U−1
PTΩV1V2

UPT ¼ ðΩV2V1
Þt; ð2:14Þ

Û−1
PTΘa

V1V2
ÛPT ¼ −Θa

V1V2
: ð2:15Þ

We see that the action (2.3) is invariant under the trans-
formations (2.12)–(2.15).

B. Minkowski signature

Let us pass on to theMinkowski signature. Further in this
section, all lattice variables in the case of the Euclidean
signature are provided with a prime. For field variables in
the case of the Minkowski signature, the old notations
are used.
For the specified transformation of the action, the

following deformations of the integration contours in the
integral (2.9) are necessary:

ω04α
V1V2

¼ iω0α
V1V2

; ω0αβ
V1V2

¼ −ωαβ
V1V2

;

e04V1V2
¼ e0V1V2

; e0αV1V2
¼ ieαV1V2

: ð2:16Þ

The variablesωab
Wij and e

a
Wij in the Minkowski signature are

real, and their indices take the values

a; b… ¼ 0; 1; 2; 3; α; β;… ¼ 1; 2; 3: ð2:17Þ

In the orthonormal basis (ONB), the metric tensor ηab ¼
diagð1;−1;−1;−1Þ. Dirac matrices are transformed as

γ04¼ γ0; γ0α¼ iγα; γ05¼ γ5¼ iγ0γ1γ2γ3: ð2:18Þ

Thus, for spin matrices σab ¼ ð1=4Þ½γa; γb� we have

σ04α ¼ iσ0α; σ0αβ ¼ −σαβ: ð2:19Þ

When passing to the Minkowski signature, the Dirac
spinors are transformed as follows:

Ψ0
V ¼ ΨV ; Ψ0†

V ¼ Ψ†
Vγ

0 ¼ ΨV : ð2:20Þ

Using (2.16)–(2.20), we find

ω0
V1V2

¼ 1

2
ωab
V1V2

σab ≡ ωV1V2
;

ê0V1V2
¼ γaeaV1V2

≡ êV1V2
;

Ω0
V1V2

¼ exp

�
1

2
ω0ab
V1V2

σ0ab
�

¼ exp

�
1

2
ωab
V1V2

σab

�
≡ΩV1V2

∈Spinð3; 1Þ;

Θ̂0
V1V2

¼ γaΘa
V1V2

≡ Θ̂V1V2
;

Θa
V1V2

¼ i
2
ðΨ̄V1

γaΩV1V2
ΨV2

− Ψ̄V2
ΩV2V1

γaΨV1
Þ

¼ ðΘa
V1V2

Þ†: ð2:21Þ

In the Minkowski signature, the action still has the
form (2.3), but it is a functional of the unprimed variables
from the right-hand sides of the equations (2.21) and is
purely imaginary. This is a result of the deformation of the
integration contours according to (2.16) and the substitu-
tions (2.20). Let us prove this fact.
Let us write out the elementary term from the action (2.4)

with an accuracy of up to a real factor, and let us represent
the Euclidean primed variables in the form (2.16). Thus, we
go to the Minkowski signature:

εV1V2V3V4V5
tr γ5Ω0

V5V1
Ω0

V1V2
Ω0

V2V5
ê0V5V3

ê0V5V4

¼ εV1V2V3V4V5
tr γ5ΩV5V1

ΩV1V2
ΩV2V5

êV5V3
êV5V4

≡ iA:

ð2:22Þ

The first equality in (2.22) holds due to the equalities
(2.21). Let us show that A is a real quantity. To do this,
we perform the Hermitian conjugation operation of the
quantity (2.22):

−iA† ¼ εV1V2V3V4V5
tr γ5ê†V5V4

ê†V5V3
Ω†

V2V5
Ω†

V1V2
Ω†

V5V1
:

ð2:23Þ

Now, let us take into account the equalities

ê†ViVj
¼ γ0êViVj

γ0; Ω†
ViVj

¼ γ0ΩVjVi
γ0;

γ0γ5γ0 ¼ −γ5 ð2:24Þ

and use them to transform the value (2.23):

−iA† ¼ −εV1V2V3V4V5
tr γ5êV5V4

êV5V3
ΩV5V2

ΩV2V1
ΩV1V5

¼ −εV1V2V3V4V5
tr γ5ΩV5V1

ΩV1V2
ΩV2V5

êV5V3
êV5V4

≡ −iA: ð2:25Þ

Here, we have taken advantage of the fact that simultaneous
permutations V1 ↔ V2 and V3 ↔ V4 leave the symbol
εV1V2V3V4V5

invariant. From (2.25), it is clear that the
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quantity A is Hermitian, and, therefore, the contribution to
the action (2.4) is an anti-Hermitian quantity in the
Minkowski signature.
The fact that the contributions to the action (2.5) and

(2.8) become anti-Hermitian in the Minkowski signature is
already evident from the equality tr γ5γaγbγcγd ¼ 4iεabcd.
We see that the full action (2.3) becomes anti-Hermitian

in the Minkowski signature:

eA
0 ¼ eiA; A† ¼ A: ð2:26Þ

It should be noted that the Hermitian property of the
expression A in (2.26) is formal, reflecting only the formal
application of the operator † to all terms in the action A.
To actually determine whether an operator is Hermitian, it
is necessary to have a definition of the scalar product in the
vector space where the operator acts. This problem is
solved further.
The transition to the long-wave limit is possible for

such field configurations that change slowly enough during
transitions from simplex to simplex, i.e., during small or
significant displacements along the lattice. In our theory, it
is at the stage of transition to the long-wave limit that the
need arises to introduce local coordinates. Local coordi-
nates xμ (μ ¼ 0, 1, 2, 3) are markers of the lattice vertices.
Without going into details, we write out the long-wave limit
of action (2.3) in the Minkowski signature [10–17]:

A0
g ⟶ iAg;

Ag ¼ −
1

4l2P
εabcd

Z
Rab ∧ ec ∧ ed;

1

2
σabRab ¼ 1

2
σabRab

μνd xμ ∧ d xν

¼ ð∂μων − ∂νωμ þ ½ωμ;ων�Þd xμ ∧ d xν; ð2:27Þ

A0
Ψ ⟶ iAΨ;

AΨ ¼ 1

6
εabcd

Z
Θa ∧ eb ∧ ec ∧ ed;

Θa ¼ i
2
½Ψ̄γaDμΨ − ðDμΨÞγaΨ�d xμ;

Dμ ¼ ð∂μ þ ωμÞ; ð2:28Þ

A0
Λ0

⟶ iAΛ0
;

AΛ0
¼ −2Λ0

Z
e0 ∧ e1 ∧ e2 ∧ e3: ð2:29Þ

Here, 1-forms

ωab
μ d xμ; eaμd xμ ð2:30Þ

are the long-wave limits of the lattice variables (2.16).
All other terms in such a transition will contain addi-

tional factor ξ ∼ ðlP=λÞ ⟶ 0 to the positive power, and,

therefore, they are omitted (λ is the characteristic wave-
length of the physical subsystem).
The action (2.27)–(2.29) is the Einstein-Cartan-Palatini

action minimally coupled to the Dirac field.

III. TIME EVOLUTION OF STATES IN THE
LATTICE THEORY OF GRAVITY

Next, we study lattice theory in Minkowski signature.
Let Σ denote the 3D simplicial complex on which the

wave function (WF) of lattice gravity is defined. TheWF is a
functional of bosonic variables (2.1) defined on 1-simplices
and fermionic variables (2.2) defined at the vertices, and it is
invariant under gauge transformations (2.10), but with
SV ∈Spinð3; 1Þ. It is assumed that the 3D complex Σmodels
a spatial lattice. Therefore, bosonic variables (2.1) defined on
the complex Σ are dynamic variables.
Note that, in the long-wave limit, the 3D complex Σ

transforms into a spatially similar curved hypersurface Σ in a
4D manifold K. Let xμ be local coordinates in K. We can
assume that the hypersurface Σ is given by the equation
x0 ¼ 0. Then, the coordinates xi, i ¼ 1, 2, 3, are local
coordinates on the hypersurface Σ. It is known that the set of
bosonic dynamic variables of the system (2.27)–(2.29) is
determined by the restriction of 1-forms (2.30) on Σ.
Therefore, the bosonic dynamical variables are the fields
ωab
i and eai , and the fields ωab

0 and ea0 play the role of
Lagrange multipliers for the constraints imposed on the
fields ωab

i and eai . In the functional integral for the transition
amplitude, the effective action and the functional measure
are very complicated [23]: The effective action contains, in
addition to the original contribution (2.27)–(2.29), also
contributions fixing all gauges and the contribution of the
additional fermion fields (ghosts). The latter contribution is
nonlinear relative to the ghost fields.
From the above, it follows that in lattice theory the WF is

defined on physical boson degrees of freedom (2.1), which
are analogous to fields ωab

i and eai in continuum theory.

A. Local time evolution operator: First example

The mechanism of the evolution of the WF in the lattice
theory, described below, is radically different from the
corresponding mechanism in the continuum theory. These
differences boil down to two points.

(i) In the continuum theory, the functional integral
determines the transition amplitude immediately
for the entire WF of the system defined on the
hypersurface Σ. On the contrary, in lattice theory,
there is the possibility of defining a local transition
amplitude or transfer matrix that affects the evolu-
tion of degrees of freedom only on those lattice
simplices that contain one (arbitrary) vertex. This
method is implemented here.

(ii) The second difference is that in the lattice theory
there are no local coordinates. This fact radically
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simplifies the construction of the integration mea-
sure and secondary constraints. The secondary
constraints are reduced to fixing the gauge,
which is done without changing the original
gauge-invariant measure. The effective action re-
mains unchanged; it coincides with the original
action in the Minkowski signature.

Let us proceed to constructing the local transfer matrix
and proving its unitarity.
Let us begin by describing the 4-complex that defines the

local transfer matrix that translates the WF in time locally
near the vertex ap ⊂ Σ. As a result, the vertex ap and its
nearest simplices advance in time to the point ap0 , which is
outside the complex Σ ahead in time. The 3D complex Σ is
transformed into a 3D complex Σ0 ⊃ ap0 , on which a new
WF is defined. Let us denote the bounded 4D complex that
transforms Σ into Σ0 as K4

pp0 . The described action is
schematically depicted in Fig. 1 in the case of 1D com-
plexes Σ and Σ0.
Let an arbitrary vertex ap ∈Σ, and denote by K3

p ⊂ Σ the
subcomplex consisting of all 3-simplices s31p;…; s3np con-
taining ap: ap⊂ s3ip, i ¼ 1;…; n. Thus, s3ip ¼ ðai1ai2ai3apÞ,
where ai1, ai2, ai3, and ap are the four vertices of the simplex
s3ip, K

3
p ¼∪n

i s
3
ip. Of course, each of the vertices aiρ ∈ s3ip,

ρ ¼ 1, 2, 3, also belongs to the adjacent simplices s3i0p.

The boundary of a subcomplex K3
p is as follows:

∂K3
p ¼∪n

i ðai1ai2ai3Þ.
Let the0-simplexap0 not belong to the complexΣ:ap0 ∉ Σ.

Let us consider the set of 3-simplices s3ip0 ¼ ðai1ai2ai3ap0 Þ, as
well as the 3-complex K3

p0 ¼∪n
i s

3
ip0 . We have

∂K3
p ¼ ∂K3

p0 ¼ S2: ð3:1Þ

Here, S2 is a two-dimensional sphere.

Let us introduce into consideration 4-simplices

s4ipp0 ¼ ðai1ai2ai3apap0 Þ; i ¼ 1;…; n; ð3:2Þ

and the union of these 4-simplices:

K4
pp0 ¼∪n

i s
4
ipp0 ; ∂K4

pp0 ¼ K3
p ∪ K3

p0 : ð3:3Þ

It was indicated above that equalities ai1ρ1 ¼ ai2ρ2 hold
for some different values of indices ði1ρ1Þ and ði2ρ2Þ.
Therefore, from the set of vertices faiρg we select r
different vertices aα ⊂ ∂K3

p, α ¼ 1;…; r, that exhaust
this set.
Let us denote the part of the action defined on K4

pp0 as
App0 . To translate a WF defined on a 3D complex Σ from a
vertex ap to a vertex ap0 in the immediate vicinity of these
vertices, the following operations must be performed:
(i) The WF must be multiplied by the factor expðiApp0 Þ;
(ii) it is necessary to integrate over all variables defined
at the vertex ap and 1-simplices ðapap0 Þ and ðaαapÞ,
α ¼ 1;…; r. As a result, a WF is generated, defined on
the 3D complex Σ0. Formally, the complex Σ0 differs from
the complex Σ by replacing vertex ap with vertex ap0

everywhere. This means that all simplices ðai1ai2ai3apÞ⊂Σ
are replaced by simplices ðai1ai2ai3ap0 Þ ⊂ Σ0. Since there is
a one-to-one correspondence between all simplices of the
complexes Σ and Σ0, as a result of the described quantum
evolution the number of degrees of freedom of the system is
conserved. It seems to us that this is a very important
property of the theory, and only such a theory can be
unitary. The last statement is a hypothesis.

B. Gauge fixing

The gauge group Spin(3,1) is noncompact, and the
described integral for the time evolution of the WF admits
a finite number of gauge transformations that preserve
both the measure and the integrand. Therefore, it is
necessary to fix the gauge in the Minkowski signature.
To solve this problem, some mathematical results con-
cerning the homology theory of 1D simplicial complexes
are needed. These results and the necessary terminology
are given in the Appendix.
Let us consider a subcomplex of some abstract complex

consisting of all its 1-simplices and 0-simplices and call this
1D subcomplex the one-dimensional skeleton or graph of
the complex. Let us choose a basis in the one-dimensional
homology group of this graph or, more precisely, one
representative for each basis element. Thus, the cycles
c1;…; cC can be considered as a basis of the one-
dimensional homology group of the graph. Each of these
cycles is a closed broken contour consisting of 1-simplices
connected in series. Of course, the set of cycles c1;…; cC
representing the basis of a one-dimensional homology
group is not unique.

FIG. 1. The 1-complex Σ is the lower broken line, and near
the vertex ap it contains 1-simplices ða1apÞ and ðapa2Þ. The
1-complex Σ0 differs from Σ only in that it contains 1-simplices
ða1ap0 Þ and ðap0a2Þ instead of 1-simplices ða1apÞ and ðapa2Þ.
Here, the 2-complex K2

pp0 is the union of two 2-simplices:

K2
pp0 ¼ ða1apap0 Þ ∪ ða2a0papÞ.
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Statement 1. To fix the gauge, it is necessary and sufficient
to have on each basic element c of the graph at least one
independent variable ΩV1V2

related to a certain 1-simplex
a1a2 ⊂ c. The system contains the same number of inde-
pendent variablesΩ as the dimension of the one-dimensional
homology group of the graph. All other variables Ω should
be fixed (for example, are set equal to one).
Note that the choice of 1-simplices ða1a2Þ ⊂ c on which

the independent variables ΩV1V2
are defined is also

ambiguous.
Bringing the set of variables fΩg to the form specified in

Statement 1 is achieved by means of gauge transformations.
Suppose that the graph contains 1-simplices that are
not contained in any cycle. We will call the set of such
1-simplices a tree and denote it by t. Obviously, moving
sequentially along the tree (or its parts in the case of a
disconnected tree), one can convert all elements Ω into
units using gauge transformations. Similarly, moving along
each cycle, using gauge transformations, we can convert all
elements Ω except one on each cycle to units. Thus,
Statement 1 is proved.
Let n0 and n1 denote the numbers of vertices and 1-

simplices of the graph, respectively. Equation (A9) pro-
vides the following formula for the number of cycles of the
graph:

C ¼ n1 − n0 þ 1: ð3:4Þ

Let us calculate the number of cycles of the graph of the
complex K4

pp0 (3.3). We have the number of vertices of this
graph or complex:

n0 ¼ rþ 2: ð3:5Þ

Indeed, all vertices of the complex K4
pp0 are exhausted by

the set of vertices faiρg plus two vertices ap and ap0 . The
set of vertices faiρg contains r independent vertices. The
number of 1-simplices of the complex K4

pp0 is equal to

n1K4 ¼ 5ðr − 1Þ: ð3:6Þ

This number consists of 3ðr − 2Þ 1-simplices on ∂K3
p ¼ S2

(3.1), plus 2r simplices ðaαapÞ and ðaαap0 Þ, α ¼ 1;…; r,
plus the simplex ðapap0 Þ. The number of 1-simplices on
∂K3

p is calculated as follows. Let ñ0 ¼ r, ñ1, and ñ2 be the
numbers of 0-, 1-, and 2-simplices on S2, respectively. The
Euler characteristic for S2 gives the relation χ ¼ 2 ¼
ñ0 − ñ1 þ ñ2 ¼ r − ñ1 þ ñ2. On the other hand, on S2

there is the relation 2ñ1 ¼ 3ñ2. Eliminating ñ2 from the
last two equalities, we arrive at the equality of 1-simplices
on S2: ñ1 ¼ 3ðr − 2Þ. Using equalities (3.4)–(3.6), we find
the number of cycles on the graph of complex K4

pp0 :

CK4 ¼ 4r − 6: ð3:7Þ

The number of 1-simplices of the complex K4
pp0 on which

the variablesΩ ¼ 1, according to (3.6) and (3.7), is equal to

nΩ¼1 ¼ n1K4 − CK4 ¼ rþ 1: ð3:8Þ
Taking advantage of the freedom to choose a detailed gauge
fixation, we choose the 1-simplices ðaαapÞ and ðapap0 Þ as
the (rþ 1) simplices on which Ω ¼ 1.
Let us denote the WF on the 3D complex Σ (Σ0) as ΦΣ

(ΦΣ0 ). As stated above, they are related by the following
equation:

ΦΣ0 ¼
Z

−∞

−∞

Yr
α¼1

d eaαapd eaPap0

Z
d Ψ̄apdΨap

× expðiApp0 ÞΦΣ ≡ expðiApp0 ÞjΦΣi: ð3:9Þ
The last identity is simply a designation. Here, the integral
over the variables Ω is absent, since on 1-simplices ðaαapÞ
and ðapap0 Þ we have Ω ¼ 1. In the Minkowski signature,
the integrand is oscillating, and, therefore, the integrals
over tetrads in (3.9) converge. This is why the integration
limits over tetrads are extended to infinity [compare with
integral in (2.9)].
Statement 2. If the WF ΦΣ is gauge invariant, then the

WF ΦΣ0 is also gauge invariant.
Statement 2 is fairly clear: Both the integrand and the

measure of integration in (3.9) are gauge invariant.
Therefore, the result of integration is also gauge invariant.

IV. UNITARITY ON A LATTICE

A. Unitarity of the local time evolution operator:
First example

Any WF defined on the complex Σ is also defined on the
complex Σ0, since these two complexes are identical.
Therefore, we will not indicate further on which of these
complexes the WF is defined.
Let us introduce some notations:

hΦλ1 jΦλ2i¼hΦλ2 jΦλ1i†

≡
Z þ∞

−∞
De

Z
DμfΩgGauge Fix

Z
DΨ̄DΨ ·Φ†

λ1
Φλ2 :

ð4:1Þ
Here, all integrals are taken over variables defined on the
complex Σ (or Σ0), and the gauge is fixed, which is indicated
in the notation of the measure of variables Ω. This operation
is necessary, since all WFs are gauge invariant. We will need
the following integral:

App0 jΦλi≡
Z

−∞

−∞

Yr
α¼1

d eaαapd eaPap0

Z
d Ψ̄apdΨapApp0Φλ:

ð4:2Þ
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It is useful to compare the right-hand sides of Eqs. (3.9)
and (4.2).
We will assume that the set of WF fjΦλig is an ONB:

hΦλ1 jΦλ2i ¼ δλ1λ2 : ð4:3Þ

Here, the nature of the delta function on the right-hand side
does not matter.
Furthermore, we consider only the normalizable WF

jΦi ¼ P
λ AλjΦλi:

hΦjΦi ¼
X
λ

jAλj2 < ∞: ð4:4Þ

Let us write out the second condition imposed on all
normalizable WF:

jhΦ1jApp0 jΦ2ij < ∞: ð4:5Þ

We have

hΦ1jApp0 jΦ2i† ¼ hΦ2jAp0pjΦ1i: ð4:6Þ

Here, as a result of conjugation, the complexes Σ and Σ0
change places, which is taken into account in the desig-
nation of the operator A†

pp0 ¼ Ap0p. However, using gauge
transformations that do not change the integrals under
consideration, the operator Ap0p can be brought back to its
previous form App0 , so that

A†
pp0 ¼ App0 : ð4:7Þ

Since the operator App0 is Hermitian on the considered
space of functions, we will assume the ONB fjΦλig to be a
complete set of eigenfunctions of this operator:

App0 jΦλi ¼ EλjΦλi; jEλj < ∞; Ēλ ¼ Eλ: ð4:8Þ

Let jΦ1i ¼
P

λ A1λjΦλi and jΦ2i ¼
P

λ A2λjΦλi. Then,
according to (4.3) and (4.8) we have

hΦ1jApp0 jΦ2i ¼
X
λ

Ā1λA2λEλ; ð4:9Þ

expðiApp0 Þ
X
λ

AλjΦλi ¼
X
λ

AλeiEλ jΦλi: ð4:10Þ

From the last equality, we see that as a result of the
described time evolution (3.9) the coefficients Aλ of the
expansion of the WF in terms of the ONB fjΦλig acquire
phases: Aλ → AλeiEλ . From this, in turn, it follows that the
time evolution preserves both the norm (4.4) of the vectors
and the values (4.5) and (4.9).
The above means the truth of the following statement.

Statement 3. The operation of time evolution (3.9) is
unitary, and it preserves the class of functions on which
unitarity is proven, as well as the number of degrees of
freedom of the system.

B. Further examples

1. Second example

Let us consider the second example of local trans-
formation of the WF in time. As in the first example, in
this case a certain vertex ap ⊂ Σ transforms into a vertex ap0

that does not belong to the complex Σ. Here, the 4D
complex transforming the complex Σ into the complex Σ0 is
denoted by K4

2pp0. The rest of the designations remain
the same. We believe that in this example n ¼ r ¼ 4.
Four 3-simplices ða1a2a3apÞ; ða2a3a4apÞ; ða1a3a4apÞ;
ða1a2a4apÞ ⊂ Σ, and ða1a2a3ap0 Þ; ða2a3a4ap0 Þ;
ða1a3a4ap0 Þ; ða1a2a4ap0 Þ ⊂ Σ0. By definition K4

2pp0 ¼
s4p ∪ s4p0 , where 4-simplices s4p ¼ a1a2a3a4ap and

s4p0 ¼ a1a2a3a4ap0 .

The graph of the complex K4
2pp0 contains n1 ¼ 14

1-simplices and n0 ¼ 6 vertices. Therefore, according to
Eq. (A9), this graph has nine independent cycles, and there
remain five 1-simplices on which the variables Ω must be
fixed. The corresponding connected tree subgraph contain-
ing all the original vertices of the graph may contain, for
example, the following 1-simplices: apa1, apa2, apa3,
a3ap0 , and ap0a4.
The proof of the unitarity of the time evolution operator

constructed here repeats verbatim the analogous proof
given in the first example. The number of degrees of
freedom is also conserved in the second example.

2. Third example

Let us consider a 4D complex K4
3pp0 with the following

properties: ∂K4
3pp0 ¼ K3

3p ∪ K3
3p0 , K3

3p ⊂ Σ, K3
3p0 ⊂ Σ0, and

the vertex ap (ap0) is internal to the complex K3
3p (K3

3p0).

Moreover, the complex K4
3pp0 is symmetric with respect

to the inversion (reflection) operation P̂ such that
P̂K3

3p ¼ K3
3p0 , P̂K3

3p0 ¼ K3
3p, P̂ap ¼ ap0 , P̂ap0 ¼ ap,

P̂K4
3pp0 ¼ K4

3pp0 , and P̂2 ¼ 1. The K4
pp0 and K4

2pp0 com-
plexes from the first two examples have these properties.
The evolution operator constructed on the complexK4

3pp0

is also unitary, and the number of degrees of freedom of the
system is reproduced.

3. Fourth example

Let, as above, Σ and Σ0 be isomorphic 3D complexes. Let
us consider a 4D complexK with the following properties:
(i) ∂K ¼ Σ ∪ Σ0 and (ii) in a finite or infinite number of
steps on the complex K such as those described in
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examples one, two, and three, the complex Σ is transformed
into a complex Σ0. Since at each step the evolution of the
wave function is unitary, and the evolution also conserves
the number of degrees of freedom, then these same
properties take place during the complete evolution from
complex Σ to complex Σ0. Of course, for this to be possible,
the conditions (4.5) must be met at each vertex of the
complex Σ. Note also that the result of the described
evolution is determined uniquely up to a gauge trans-
formation. The validity of the last statement follows from
the fact that the value of the integral does not depend,
generally speaking, on the order of integration. But the
methods of fixing the gauge, although reflected in the final
result, are not significant: The final WF is gauge invariant.

V. DISCUSSION

Let us ask ourselves the first question that arises when
studying the problem of unitarity: Will the theory be unitary
when the number of degrees of freedom changes in the
process of evolution? Let us try to present some (sketchy
and shaky) arguments in favor of the existing unitarity of
such evolution. Here, the argumentation will be fundamen-
tally different from the one given above.
By definition, wewill consider a linear operator U, acting

in a complex linear space with a scalar product, to be
unitary if, as a result of its action on any vector, the scalar
product of the resulting vector does not change:

jBi ¼ UjAi; hBjBi ¼ hAjAi: ð5:1Þ

Here, we admit that the vector jBi belongs to a space with a
changed dimension. This is an expansive interpretation of
the concept of unitarity, but it is precisely this interpretation
that is needed here.
In our case, we denote the set of bosonic and fermionic

variables on 3D complexes Σ and Σ0 as V and V 0,
respectively, and the transfer matrix transforming the
WF ΦAfVg on Σ into WF ΦBfV 0g on Σ0 as
exp iAfV 0; Vg. The transfer matrix is defined on one 4D
lattice layer. Then,

ΦBfV 0g ¼
Z
V
expðiAfV 0; VgÞΦAfVg ð5:2Þ

and

hBjBi ¼
Z
V1

Z
V2

Z
V 0
expði½AfV 0; V1g −AfV 0; V2g�Þ

×Φ†
AfV2gΦAfV1g: ð5:3Þ

Since the lattice actions are Hermitian, the inner integral
over the variables V 0 is an alternating integral for V1 ≠ V2.
The simplest model of an alternating integral is the integral

q ¼
����
Z

a

0

eiλxd x

���� ¼
���� 2λ sin λa2

���� < a: ð5:4Þ

Only for λ ¼ 0 do we have q=a ¼ 1. From this, we can
conclude that the inner integral (5.3) saturates at V1 ¼ V2.
In other words, as a result of integration over variables V 0,
as the number of these integrations tends to infinity, the
integral tends to the integral

hBjBi ¼
Z
V1

Z
V2

Φ†
AfV1gΦAfV1gFfV1gδV1V2

;

δV1V2
¼ 0 for V1 ≠ V2;

Z
V2

δV1V2
¼ 1: ð5:5Þ

Indeed, let us denote by qW the integral over the variables
V 0 of one 4-simplex s4W at V1 ≠ V2. According to (5.4), we
have qW=ðmeasure volumeÞ < 1. Therefore,

Y
W

�
qW

measure volumeW

�
⟶ 0 ð5:6Þ

for an increasing number of integrations, that is, for an
infinite transfer matrix in space. If we could prove that
the functional

FfV1g ¼ const; ð5:7Þ

then the unitarity of the lattice theory would be proven for
the case with a nonfixed number of degrees of freedom.
Unfortunately, we do not know how to prove Eq. (5.7) at
present. Moreover, it is not clear to us whether this problem
is correct.
The fermionic part of the actions in (5.3) would not cause

any significant difficulties in proving unitarity. The prob-
lem is in proving the equality (5.7).
Let us briefly dwell on the problem of convergence of

integrals when integrating over a noncompact subgroup of
the gauge group Spin(3,1). We will denote the elements
from this subgroup as L:

L ¼ eσ⃗ χ⃗ ¼ cosh χ þ sinh χðσ⃗ n⃗Þ;
χ⃗ ¼ χn⃗; n⃗ ¼ ðsin θ cos ϕ; sin θ sin ϕ; cos ϕÞ;
0 ≤ χ < ∞; ð5:8Þ

and σ⃗ are three Pauli matrices. The gauge invariant measure
has the form

d μðLÞ ¼ 1

12
tr

�
ðL−1dLÞ ∧ ðL−1dLÞ ∧ ðL−1dLÞ

�
¼ sinh2χ sin θ d χ ∧ d θ ∧ dϕ: ð5:9Þ

The oscillating exponential in the functional integral
depends linearly on the value L in (5.8). Integrating over
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the angles θ and ϕ eliminates the factor ðsinh χ sin θÞ from
the measure (5.9). Thus, the effective measure of integra-
tion over the variable χ becomes

d μeff ¼ sinh χ d χ ¼ d cosh χ: ð5:10Þ

Since the exponential contains a term of the form
ðiλ cosh χÞ, the integral over variable χ turns out to be
similar to the integral

R
d x expðiλxÞ. The result of such

integration leads to generalized functions that must be
integrated during further integration.
The question arises about numerical modeling of the

theory under study. It seems to us that the Monte Carlo
method could be adequate here.

VI. CONCLUSION

The main conclusion of the work: If space-time has the
property of granularity, then it is possible to construct a
quantum theory that models this granularity and has the
property of unitarity.
The obtained result means that the lattice theory of

gravity under consideration has the right to be considered a
discrete regularization of the generally accepted continuous
physical theory of gravity.
It should be noted that the lattice local transfer matrix

constructed here has an analog in the continuum theory
of gravity. In the latter case, the Hamiltonian is an
infinite linear combination of first-order constraints:
HT ¼ R

cΛðxÞϕ̂ΛðxÞd 3x. Here, ϕ̂ΛðxÞ are local first-class
constraint operators, which are analogous to local transfer
matrices in lattice theory. Physical states satisfy the con-
ditions ϕ̂ΛðxÞjΦi ¼ 0 (see [25], Lecture 3). The difference
between the lattice and the continuum theory is that
our consideration is carried out in the Schrödinger repre-
sentation, while in the lectures [25] in the Heisenberg
representation.
In conclusion, we point out a modified model of discrete

gravity, for which all the conclusions of this work remain
valid. The modified model differs from the one considered
only in that in the modified model the bosonic variables
eaV1V2

are everywhere replaced by bilinear forms with
respect to Dirac fields [see (2.21)]:

eaV1V2
⟶ Θa

V1V2
: ð6:1Þ

This is possible because under the action of all symmetry
transformations, both continuous and discrete, these quan-
tities are transformed identically.
Note that the idea of representing a tetrad as a bilinear

form of Dirac fields (quark-antiquark fields) has long roots
(see, for example, Refs. [18–20,26–29]). In addition to the
above-mentioned common property that unites the cited
works, there are also significant differences between them.
In particular, in Refs. [26–28], continuum theories are

studied and fundamental Lagrangians describing pregeom-
etry are determined. The achievement of this approach is
that it leads to Einstein’s theory of gravity in the long-wave
limit. In Refs. [18–20], as in the present paper, the lattice
regularization of the continuum theory of gravity is studied,
and the lattice models coincide. In Ref. [29], the ideas of
Refs. [18–20] are developed but within the framework of
the continuum theory.
The replacement according to (6.1) simplifies the inte-

gration in the transition amplitude of type (3.9), since
integrals over fermions, unlike integrals over bosons,
always converge by definition. This approach was used
in Refs. [18,20]. However, the problem of fixing the gauge
in the Minkowski metric, as well as the problem of
integration over the divergent volume of the gauge
group Spin(3,1), still remains in the indicated modification
of the theory.
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APPENDIX: SOME FORMULAS FROM THE
BASICS OF COMBINATORIAL TOPOLOGY

Let us consider a one-dimensional abstract connected
simplicial complex, which we will call a graph and denote
by K1. On each oriented 1-simplex aV1

aV2
an element

of the group ΩV1V2
¼ Ω−1

V2V1
∈Spinð3; 1Þ is defined up

to gauge transformations of the form (2.10) and
SV ∈Spinð3; 1Þ. By definition, any two configurations of
quantities fΩV1V2

g1 and fΩV1V2
g2 are equivalent if they are

transformed into each other by gauge transformations
alone. Next, the set of equivalent configurations of quan-
tities fΩV1V2

g is called an equivalence class. Here, the
question of the number of equivalence classes on the graph
is decided. The solution to this problem is necessary to
fixing the gauge.
Let us call a closed contour

ðaV1
aV2

ÞðaV2
aV3

Þ…ðaVi
aV1

Þ ðA1Þ

without self-intersections a cycle. Here, 1-simplices
aVi

aViþ1
∈K1.

A graph is called tree if it does not contain cycles.
Let us show that on a tree graph the number of

equivalence classes is equal to zero. Indeed, let us make

S. N. VERGELES PHYS. REV. D 112, 054509 (2025)

054509-10



the following gauge transformation: On the 1-simplex
aV1

aV2
, we take SV1

¼ 1 and SV2
¼ ΩV1V2

. As a result of
this gauge transformation, according to (2.10) we get
Ω̃V1V2

¼ 1. In the next step on the 1-simplex aV2
aV3

,
putting SV2

¼ 1 and SV3
¼ ΩV2V3

, we get Ω̃V2V3
¼ 1.

Similarly, we can move in all directions from the initial
1-simplex aV1

aV2
. Since there are no cycles, there is no

obstacle to achieving the result Ω ¼ 1 on all 1-simplices.
This means that on the tree graph there are no real degrees
of freedom of the gauge field.
If the graph contains a cycle (A1), then the described

procedure is impossible. Indeed, as a result of any gauge
transformations, the value

trΩV1V2
ΩV2V3

…ΩViV1
ðA2Þ

is conserved. Thus, the problem of fixing the gauge is
reduced to calculating the number of independent cycles of
the graph. The definition of the set of independent cycles is
given below. Although this set is not uniquely chosen, the
number of independent cycles is a topological invariant.
Before we proceed to a theoretical consideration,

let us demonstrate what has been said using a simple
example. Consider a graph consisting of six tetrahedron
edges a1a2, a2a3, a3a1, a1a4, a2a4, and a3a4. Using the
method described above, we can, for example, make
Ω12 ¼ Ω23 ¼ Ω34 ¼ 1. With the specified gauge fixing,
three quantities Ω13, Ω14, and Ω24 remain independent
variables. The stated choice of gauge fixing is ambiguous.
In this example, the number of elementary cycles is four:

ða1a2Þða2a3Þða3a1Þ; ða1a2Þða2a4Þða4a1Þ;
ða2a3Þða3a4Þða4a2Þ; ða3a1Þða1a4Þða4a3Þ: ðA3Þ

But the number of independent cycles is three.
Let us move on to a general solution to the problem. For

a more in-depth study of the problem, we recommend to the
reader Refs. [24,30].
In general, the number of independent degrees of

freedom fΩg is equal to the dimension (rank) of the
one-dimensional homology group H1 of the graph. By
definition, this same number is the number of independent
cycles on the graph. Let a base consisting of C elements be
selected in the group H1. Let us select one cycle c in the
graph representing each basis element in the group H1.
Thus, the cycles c1;…; cC can be considered as a basis
of the one-dimensional homology group of the graph.
Generally speaking, the choice of base cycles is not
straightforward. Each of these loops contains one inde-
pendent variable Ω, which is defined on some 1-simplex
belonging to this loop.
Let us define a group H1. Let V0 denote the linear space

of zero-dimensional chains. A zero-dimensional chain is a
formal linear combination

X
V

xVaV : ðA4Þ

Here, xV are real numbers, and aV are graph vertices.
Chains (A4) can be multiplied by real numbers and added
term by term. The linear space of 1-chains V1 is defined
similarly:

X
1-simplices

xV1V2ðaV1
aV2

Þ: ðA5Þ

Here, the coefficients of 1-simplices aV1
aV2

are real num-
bers. The boundary operator on chains d∶V1→V0;V0→0
is linear and acts according to the rule

d1ðaV1
aV2

Þ ¼ aV2
− aV1

: ðA6Þ

The homology group H1 is the kernel of the operator d1:

H1 ¼ Kerd1; rankH1 ¼ dimKer d1; ðA7Þ

“rank” means the dimension of linear spaces H1 or H0. We
have for the Euler characteristic of the graph [24,30]

χ ¼ n0 − n1 ¼ rankH0 − rankH1: ðA8Þ

Since by definition the number of independent cycles
C ¼ rankH1 and for a connected graph we have
rankH0 ¼ 1, then from here we get

C ¼ n1 − n0 þ 1: ðA9Þ

To fix the gauge on the graph, you can do the following.
We will sequentially throw out (mentally) one 1-simplex
from each independent cycle. After each such act, the
number of independent cycles of the original graph
decreases by one. As a result of C steps, the original graph
becomes treelike. On the remaining 1-simplices of the tree
subgraph, we fix the variables Ω, setting them equal to one
or giving them other fixed values. On all mentally thrown
out 1-simplices, the variables Ω are independent, and they
take any values. Thus, the gauge is fixed. The gauge
fixation procedure is not unique.
Let us consider the first example from this point of view.

Let us (mentally) throw out from the complex K4
pp0 all

1-simplices, with the exception of the 1-simplices ðaαapÞ
and ðapap0 Þ. The remaining graph becomes a connected
tree graph with the number of 1-simplices n1 ¼ ðrþ 1Þ and
the original number of vertices n0 ¼ ðrþ 2Þ. According to
Eq. (A9), this graph has no cycles: C ¼ 0.
Let us go back to the example (A3). Since the tetrahe-

dron graph has n1 ¼ 6 and n0 ¼ 4, then according to
Eq. (A9) the number of independent cycles is three.
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