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We study the symmetry-resolved genuine multientropy, a measure that captures genuine multipartite
entanglement, in Haar random states and random graph states in the presence of a conserved quantity. For
Haar random states, we derive explicit formulas for the genuine multientropy under a global Uð1Þ
symmetry in the thermodynamic limit, and find that its dependence on subsystem sizes closely resembles
that of fully Haar random states without a conserved charge. We also perform numerical analyses, focusing
on spin systems for both Haar random and graph states. For random graph states, our numerical analyses
reveal distinctive features of their multipartite entanglement structure and we contrast them with the Haar
random case.
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I. INTRODUCTION

Entanglement is the defining feature of a quantum
system. Suppose that we have a system M, which we
further divide into two subsystems M ¼ A ∪ B. We can
quantify the amount of entanglement between A and B by
calculating its entanglement entropy,

SðAÞ ¼ −trðρA log ρAÞ; ð1Þ

where ρA ¼ trB ρAB is the reduced density matrix of system
A. The entanglement entropy is a ubiquitous diagnostic: it
obeys area laws [1–3] and distinguishes quantum phases
via entanglement spectra [4], it is geometrized by Ryu–
Takayanagi in holography [5,6], and for Haar random states
it yields the universal Page curve [7,8].
However, the entanglement entropy is a rather coarse

measure for the entanglement structure of the system. In
particular, it is only sensitive to the bipartite entanglement
between system A and B in a pure state, while being
agnostic to the much richer multipartite entanglement
structure of the system. A typical quantum state in a
generic system contains more than bipartite entanglement,
and measures built solely from entanglement entropies can
fail to detect these signatures of multipartite entanglement.

A nice example to illustrate this is the following two
states [9,10],

jψ1i ¼
1ffiffiffi
3

p ðj↑↑↓i þ j↑↓↑i þ j↓↑↑iÞ ð2Þ

jψ2i ¼
1ffiffiffi
3

p ðj↑↑↑i þ
ffiffiffi
2

p
j↓↓↓iÞ: ð3Þ

Although the reduced density matrices of these two states
are different, they share the same spectrum, i.e., the same
set of eigenvalues. Consequently, any entanglement
entropy or Rényi measure, which depends solely on the
eigenvalue spectrum, cannot distinguish between the two
states. However, higher-partite quantities that are more
sensitive than spectral data, such as the multientropy or the
entanglement negativity, can differentiate between them.
Multientropies, or more generally, Rényi multientropies

are generalizations of the Rényi entanglement entropy into
higher k-partite1 (k > 2) subdivisions [10,11]. They are
constructed from symmetric contractions of the density
matrix and is sensitive to higher-partite entanglements in
the system. However, the multientropy does not always
capture truly or genuine higher-partite entanglement by
itself, since it is also sensitive to lower-partite correlations.
For example, the k ¼ 3 multientropy can be nonzero even
for a state that contains only bipartite entanglement (such as
an Bell-pair state). Thus, one cannot determine whether a
nonzero value of the k > 2 multientropy arises from
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1In the literature, such subdivisions are often referred to as q
partite, however in this letter we use k partite instead, reserving q
for charge-related quantities.
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bipartite correlations or from genuinely higher k > 2
multipartite entanglement. To resolve this issue, one
can define the k-partite genuine multientropies [GMðkÞ]
[12,13],2 by systematically subtracting all the contributions
from lower-partite entanglements such that the genuine
multientropies are only sensitive to k-partite entanglements.
These new measures have recently been used to argue
the necessity of higher-partite entanglement in holographic
systems [17–21]. For recent developments of GM,
see [22–28].
When the system of interest possesses a conserved

chargeQ, its Hilbert space decomposes into distinct sectors
labeled by the total charges of the system. This is often the
case in real-world scenarios, in which the charge Q can be
the total energy or the electric charge of the system. It is
natural to ask how the entanglement structure changes
when one restricts to such a charged sector, or in other
words, under symmetry resolution. The study of symmetry-
resolved entanglement has been under active research in the
recent years [29–39], especially for the study of the Page
curve [40,41]. However, most literature on this line of
research has been focusing on bipartite entanglement
measures,3 and a systematic treatment for multipartite
entanglement is lacking.
In this letter, we initiate a first step in the systematic

study of symmetry-resolved multipartite entanglement by
investigating the behavior of GM under symmetry reso-
lution. We employ spin chain systems endowed with a
global Uð1Þ symmetry as tractable toy models to enable
explicit calculations of the symmetry-resolved genuine
multientropy. Our broader motivation lies in black hole
physics, especially in understanding black hole (genuine)
multientropy curves [45], where conservation laws such as
total electric charge and energy are intrinsic. In such
contexts, symmetry resolution provides a natural frame-
work to isolate how conservation constraints modulate
genuine multipartite entanglement.
It would be interesting to investigate how the (genuine)

multientropy curves are modified (1) in the presence of a
conserved quantity, and (2) when the ensemble is restricted
to special classes of states. In this article, following the
approaches of [40,41], we provide analytical formulas of
symmetry-resolved multientropy for Haar random states
(states described by a random vector in the Hilbert space) in
the thermodynamic limit, which we compare with numeri-
cal evaluations. We also look at a different class of states

known as graph states. They are stabilizer states built from
acting with commuting Clifford operators according to
a graph.
This letter is structured as follows: In Sec. II we briefly

review the notion of GME and the symmetry resolution of
entanglement entropy. In Sec. III we study symmetry-
resolved genuine multientropy curves for the ensemble of
Haar random states and random graph states. We conclude
with several remarks in Sec. IV. Some technical derivations
are relegated to the Appendix.

II. PREREQUISITES

A. Symmetry-resolved entanglement entropy

We begin by reviewing symmetry resolution of bipartite
entanglement entropy for Haar random states [40,41]. To
make the discussion concrete, throughout we will consider
a system ofN spins with a globalUð1Þ chargeQ, defined as
the expectation value of the following operator:

Q̂ ¼ 1

2

XN
i¼1

ðσðiÞz þ 1Þ ¼ Number of spin-up sites: ð4Þ

Q ranges from 0 to N. Suppose total spin number Q is
conserved, then the system’s Hilbert space factorizes into a
direct sum of sectors with definite charge Q,

H ¼ ⨁
N

Q¼0

HðQÞ: ð5Þ

Given a pure state ρ ¼ jψihψ j for the total system in a
specific Q sector, we can divide the total system into two
subsystems A and B. Because of the conserved charge, the
total Hilbert space is no longer a direct tensor product of
subspaces, HðQÞ ≠ HA ⊗ HB. Instead, for each Q sector
the Hilbert space has the following direct sum structure:

HðQÞ ¼ ⨁
Q

q¼0

HðqÞ ¼ ⨁
Q

q¼0

HAðqÞ ⊗ HBðQ − qÞ; ð6Þ

where q labels the amount of charge in subsystem A. If ρ
has a definite charge, i.e., ½ρ; Q̂� ¼ 0, it follows that the
reduced density matrix ρA also commutes with Q̂ and is
thus block diagonal4

ρA ¼ ⨁
Q

q¼0

pqρAðqÞ: ð7Þ2For the special case k ¼ 3, it was already pointed out that a
genuine three-party combination can be identified; see [11,14–16],
in particular the quantity κ discussed in [15]. To the best of our
knowledge, however, a systematic formulation of genuine multi-
entropy for general k was first developed in Refs. [12,13].

3See Ref. [42] for results on two symmetry-resolved tripartite
entanglement measures: computable cross-norm negativity and
reflected entropy. Also see Ref. [43] on the symmetric resolution
of the Q measure of global entanglement [44].

4To see why this is the case, we can write jψi ¼ P
q

ffiffiffiffiffiffipq
p jϕqi

with some jϕqi∈HðqÞ. Then ρA ¼ P
q;q0

ffiffiffiffiffiffiffiffiffiffiffiffipqpq0
p trBjϕqihϕq0 j ¼P

q pqtrBjϕqihϕqj since trBjϕqihϕq0 j ∝ δqq0 from the definition

of jqi.

NORIHIRO IIZUKA and SIMON LIN PHYS. REV. D 113, 026016 (2026)

026016-2



pq can be thought of as the probability of finding A with q
charges. Given this decomposition, it is straightforward to
write down the Rényi entropy

SnðρAÞ ¼
1

1 − n
log

�X
q

pn
qtrðρnAðqÞÞ

�
: ð8Þ

The n → 1 limit gives the entanglement entropy

SðρAÞ ¼
X
q

pqSðρAðqÞÞ −
X
q

pq logpq: ð9Þ

We see that the entanglement entropy has two contribu-
tions: A weighted average of the entanglement entropy
SðρAðqÞÞ¼−trðρAðqÞlogρAðqÞÞ for each subsector labeled
by q,5 plus a Shannon term that accommodates for the
uncertainty across different subsectors.
We now consider the state jψi to be drawn from a

uniform Haar random ensemble within a Q sector. The
Haar measure on HðQÞ can be factorized into products of
Haar measures on each subsector,

dμQðjψiÞ ¼ dνðp0; p1;…; pQÞ
YQ
q¼0

dμðjϕqiÞ; ð10Þ

where jϕqi represents uniform random states on HðqÞ and
dν is given by the multivariate beta distribution,

dνðp0; p1;…; pQÞ ¼
1

Z
δ

�X
q

pq − 1

�Y
q

p
dq−1
q dpq; ð11Þ

where pq are as defined in (7) and dq ¼ jHðqÞj ¼
jHAðqÞjjHBðQ − qÞj is the dimension of the qth subsector.
The normalization factor Z is fixed by requiring

R
dν ¼ 1.

A derivation of (10) can be found in Ref. [40] and we
reproduce it in Appendix A for completeness.
The above discussion is rather abstract, so we demon-

strate below with a simple concrete example. Consider a
system ofN ¼ 4 qubits. The system has five global charged
sectors, labeled by a single number Q. Let us focus on the
Q ¼ 2 sector here. If we pick A to be the first two qubits
and B to be the other two, then the Hilbert space further
factorizes into local subsectors labeled by q, the number of
charges in system A. The sector structure and its basis is
illustrated as shown in Table I.

A generic state in the Q ¼ 2 sector can be written as

jψi ¼ ψ2j↑↑↓↓i þ ψ1;1j↑↓↑↓i þ ψ1;2j↓↑↑↓i
þ ψ1;3j↑↓↓↑i þ ψ1;4j↓↑↓↑i þ ψ0j↓↓↑↑i; ð12Þ

where ψq;i labels the basis coefficients inHðqÞ [we ignore i
when HðqÞ is one-dimensional]. The reduced density
matrix on A is given by ρA ¼ trBðjψihψ jÞ,

ρA ¼ jψ2j2j↑↑ih↑↑j
þ ðψ1;1j↑↓i þ ψ1;2j↓↑iÞðψ̄1;1h↑↓j þ ψ̄1;2h↓↑jÞ
þ ðψ1;3j↑↓i þ ψ1;4j↓↑iÞðψ̄1;3h↑↓j þ ψ̄1;4h↓↑jÞ
þ jψ0j2j↓↓ih↓↓j: ð13Þ

We see that it indeed decomposes into subsector blocks
labeled by q. The dimensions of the subsectors dq ¼ jHðqÞj
are given by

d2 ¼ 1; d1 ¼ 4; d0 ¼ 1: ð14Þ

The uniform measure (10) on theQ ¼ 2 sector decomposes
into a product of the uniform measure over each of the q
subsectors dμðjϕqiÞ,

dμQ¼2ðjψiÞ ¼ dνðp0; p1; p2Þdμðjϕ0iÞdμðjϕ1iÞdμðjϕ2iÞ:
ð15Þ

In the current example, the explicit form for dμðjϕqiÞ is
given by

dμðjϕ2iÞ ¼
1

2π
δð1 − jϕ2j2Þdϕ2dϕ̄2;

dμðjϕ1iÞ ¼
1

2π2
δ

�
1 −

Xd1
i¼1

jϕ1;ij2
�Yd1

i¼1

dϕ1;idϕ̄1;i;

dμðjϕ0iÞ ¼
1

2π
δð1 − jϕ0j2Þdϕ0dϕ̄0: ð16Þ

TABLE I. Top: globalQ sectors for N ¼ 4 spins. Bottom: local
subsectors within the global Q ¼ 2 sector.

Global sector Basis states

Q ¼ 4 j↑↑↑↑i
Q ¼ 3 j↑↑↑↓i; j↑↑↓↑i; j↑↓↑↑i; j↓↑↑↑i
Q ¼ 2 j↑↑↓↓i;j↑↓↑↓i;j↑↓↓↑i;

j↓↑↓↑i;j↓↑↑↓i;j↓↓↑↑i
Q ¼ 1 j↑↓↓↓i; j↓↑↓↓i; j↓↓↑↓i; j↓↓↓↑i
Q ¼ 0 j↓↓↓↓i
Local subsector Basis states

q ¼ 2 j↑↑↓↓i
q ¼ 1 j↑↓↑↓i; j↑↓↓↑i; j↓↑↓↑i; j↓↑↑↓i,
q ¼ 0 j↓↓↑↑i

5Precisely speaking, since only the total chargeQ is conserved,
one should not regard q, the charge associated with subsystem A,
as a label for the sector. Here, we call q a label for the subsector in
the sense that the reduced density matrix for ρA becomes block
diagonal as (7).
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The coefficients ϕq;i are the rescaled version of ψq;i such
that

P
i jϕq;ij2 ¼ 1. The numbers pq satisfy 0 ≤ pq ≤ 1

and can be thought of as the probability to find the state in
the qth subsector. The relative weight between each
subsector is given by

dνðp0; p1; p2Þ ¼
1

Z
δðp0 þ p1 þ p2 − 1Þp3

1dp0dp1dp2:

ð17Þ

Back to the general discussion, the averaged Rényi
entropy can be written as an integral over the uniform
measure

SnðρAÞ ¼
1

1 − n

Z
dμQðjψiÞ ln trðρnAÞ

¼ 1

1 − n

Z
dνðp0;…; pQÞ

Y
q

dμðjϕqiÞ

× ln

�X
q

pn
qtrðρAðqÞnÞ

�
: ð18Þ

We see that the problem of calculating the averaged Rényi
entropy has been broken down into two parts: The Rényi
entropy of a Haar random state within each q subsector, and
the weighted average over the subsector probabilities pq. In
the von Neumann limit n → 1, we can simply apply the
classic formula of Page [7],

SðρAðqÞÞ ¼ ΨðdAðqÞdBðqÞ þ 1Þ −ΨðdBðqÞ þ 1Þ

−
dAðqÞ − 1

2dBðqÞ
; ð19Þ

where ΨðxÞ ¼ Γ0ðxÞ=ΓðxÞ is the digamma function and we
assume dAðqÞ ≤ dBðqÞ, where

dAðqÞ≡ dimHAðqÞ; dBðqÞ≡ dimHBðQ − qÞ; ð20Þ

dq ¼ dAðqÞdBðqÞ: ð21Þ

For integer n an explicit formula is also available but
complicated [40]. In the thermodynamic limit where N, Q,
q ≫ 1 while keeping the ratio Q=N, q=N fixed, the
dimensions of all the relevant Hilbert spaces are large.
In this limit all the averaged Rényi entropies for a uniform
random state coincide with the n → 1 limit [46], where (19)
takes the simple form

SnðqÞ ≈minðlog dAðqÞ; logdBðqÞÞ: ð22Þ

For our setup of N spins, the Hilbert space dimensions
dA, dB are given by

dAðqÞ ¼
�
NA

q

�
; dBðqÞ ¼

�
NB

Q − q

�
; ð23Þ

where NA, NB are the number of sites in subsystem A and
B. The measure for sector probabilities dνðp0;…; pqÞ also
simplifies dramatically in the thermodynamic limit.
One can show that dν is sharply peaked around
q=NA ¼ ðQ − qÞ=NB, which corresponds to the case where
both subsystems have the same charge densities. This
suggests that to the leading order in N, the Rényi entropy
receives dominant contribution from the subsector q=NA ¼
Q=N only. Thus we conclude that in the thermodynamic
limit, the Rényi entropies have the following form

SnðQÞ ≈ ð−nQ ln nQ − ð1 − nQÞ lnð1 − nQÞÞ minðNA;NBÞ
¼ SQminðNA;NBÞ; ð24Þ

where nQ ≡Q=N is the averaged global charge density.
Therefore, we see that in the thermodynamic limit, apart
from a prefactor SQ, the shape of the Page curve remains
unchanged. SQ can be thought of as a proportionality factor
that measures the relative size between a specific charged
sector Hilbert space HðQÞ and the total Hilbert space H.

B. Genuine multientropy

Here we briefly review the definition of (genuine)
multientropies. For a more thorough exposition we
refer the reader to Refs. [12,13]. Suppose that we divide
the total system M into k subsystems R1; R2;…; Rk,
under which the total Hilbert space factorizes as
H ¼ H1 ⊗ H2 ⊗ � � � ⊗ Hk. A pure state jψi on M can
be thought of as a rank-k tensor,

jψi ¼
Xd1
i1¼1

Xd2
i2¼1

� � �
Xdk
ik¼1

ψ i1i2���ik ji1iji2i � � � jiki: ð25Þ

Given an integer n > 1, the nth Rényi multientropy
on a k-partite system is defined as the symmetric
contraction [10]

SðkÞn ¼ 1

1 − n
1

nk−2
log

�
ZðkÞ
n

ðZðkÞ
1 Þnk−1

�
; ð26Þ

ZðkÞ
1 ¼ hψ j⊗nk−1Σ1ðg1ÞΣ2ðg2Þ � � �ΣkðgkÞjψi⊗nk−1 ; ð27Þ

where Σi are “twist operators” that permute the ith indices
of jψi⊗nk−1 according the permutation group element
gi ∈ Snk−1 . The detailed forms of gi are specified by
their action on the nk−1 dimensional hypercube lattice of
length n,

gi · ðx1;…;xi;…;xk−1Þ¼ ðx1;…;xiþ1;…;xk−1Þ ð28Þ
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for 1 ≤ i ≤ k − 1, and gk ¼ e. The list ðx1;…; xk−1Þ labels
integer lattice points on the hypercube with periodic
boundary conditions where we identify xi ¼ nþ 1 with
xi ¼ 1.
The replica partition function ZðkÞ

n can be written as a
symmetric contraction over nk−1 reduced density matrices.
We illustrate this using two examples. We set n ¼ 2 for

simplicity. If k ¼ 2, see that Zð2Þ
2 reduces to the square of

the reduced density matrix ρA ¼ trBjψihψ j,

Zð2Þ
2 ¼ ðρAÞi2i1ðρAÞ

i1
i2
¼ trðρ2AÞ: ð29Þ

For integer n one can show that Zð2Þ
n ¼ trðρnAÞ. Therefore

the k ¼ 2 Rényi multientropy reduces to the usual Rényi
entropy SnðAÞ. For k ¼ 3, let ρAB ¼ trCðjψihψ jÞ be the
reduced density matrix obtained by tracing out the third

subsystem. Zð3Þ
2 can be written as a contraction over 22 ¼ 4

copies of ρAB,

Zð3Þ
n ¼ ðρABÞi2j3i1j2

ðρABÞi1j4i2j2
ðρABÞi4j1i3j3

ðρABÞi3j2i4j4
; ð30Þ

which can be thought of as a contraction over a square
lattice of reduced density matrices of length n ¼ 2, as

shown in Fig. 1. For higher k, ZðkÞ
n can be constructed

similarly by considering a k − 1 dimensional hypercube
lattice of k − 1-partite reduced density matrices ρR1R2���Rk−1

with length n, supplied with periodic boundary conditions
in each direction.
The k-partite multientropy SðkÞ is defined in the usual

way by analytically continuing n → 1 in (26). However in
this letter we will only work with multientropies with
integer Rényi indices, without worrying about the continu-
ation n → 1.
Multientropies enjoy properties that a multipartite entan-

glement measure is expected to satisfy, such as invariance

under the action of local unitaries and monotonicity under
coarse graining [47,48]. However, it is not very selective in

the sense that the k-partite multientropy SðkÞn is also sensitive
to all the lower k̃-partite entanglements with k̃ ≤ k. To
overcome this issue, one can construct new multipartite
entanglement signals6 by starting with SðkÞ and systemati-
cally subtracting all the lower-partite contributions. The
resulting quantities are linear combinations of multientro-

pies, known as genuine multientropies GMðkÞ
n [12,13].

The genuine multientropies GMðkÞ
n satisfy the following

key properties:
(i) GMðkÞ

n contains the k-partite (Rényi) multien-

tropy SðkÞn .
(ii) GMðkÞ

n vanishes for all k̃-partite entangled states
with k̃ ≤ k.7

In general, there will be more than one linear combination
of SðkÞ that satisfies the above criteria. This is related to the
fact that, as opposed to the bipartite case, there is more than
one inequivalent multipartite entangled state that cannot be
converted to another by local operations and classical
communication (LOCC). The explicit formulas of GM
for small k have been worked out in Refs. [12,13]. In this
letter we will focus on the tripartite and quadripartite case,

GMð3Þ
n ðA∶B∶CÞ ¼ Sð3Þn ðA∶B∶CÞ − 1

2
ðSð2Þn ðAÞ þ Sð2Þn ðBÞ þ Sð2Þn ðCÞÞ; ð31Þ

GMð4Þ
n ðA∶B∶C∶DÞ ¼ Sð4Þn ðA∶B∶C∶DÞ − 1

3
ðSð3Þn ðAB∶C∶DÞ þ Sð3Þn ðAC∶B∶DÞ þ Sð3Þn ðAD∶B∶CÞ

þ Sð3Þn ðBC∶A∶DÞ þ Sð3Þn ðBD∶A∶CÞ þ Sð3Þn ðCD∶A∶BÞÞ
þ aðSð2Þn ðAB∶CDÞ þ Sð2Þn ðAC∶BDÞ þ Sð2Þn ðAD∶BCÞÞ

þ
�
1

3
− a

�
ðSð2Þn ðABC∶DÞ þ Sð2Þn ðABD∶CÞ þ Sð2Þn ðACD∶BÞ þ Sð2Þn ðBCD∶AÞÞ: ð32Þ

FIG. 1. Contraction pattern for the reduced density matrix
ρAB ¼ trCðjψihψ jÞ used to construct the tripartite Rényi multi-

entropy Sð3Þ2 . Figure taken from Ref. [12].

6We use the word “signal” here since while a nonzero GMðkÞ
n implies the existence of multipartite entanglement, GMðkÞ

n by itself is in
general not positive definite.

7These states include but are not limited to factorized states. For example, the triangle state jψiABC ¼ jψA1;B2
ijψB1;C2

ijψC1;A2
i with

A ¼ A1 ∪ A2; B ¼ B1 ∪ B2; C ¼ C1 ∪ C2 is not factorizable but built from tensor products of bipartite states only, and is not tripartitely
entangled.
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The k ¼ 3 quantity (32) has been considered in [11,14–16]
as well. The k ¼ 4 quantity (32) includes one real free
parameter a. We can recast it in a more suggestive form
using

GMð4Þ
n ðA∶B∶C∶DÞ
¼ GMð4Þ

n ðA∶B∶C∶DÞja¼1=3 − aI3;nðA∶B∶CÞ ð33Þ

where

I3;nðA∶B∶CÞ ¼ SnðAÞ þ SnðBÞ þ SnðCÞ
− SnðABÞ − SnðBCÞ − SnðACÞ
þ SnðABCÞ ð34Þ

is the (Rényi) tripartite information, which has been shown
to be a signal for genuine quadripartite entanglement
independently [49]. Since I3 are obtained by linear combi-
nations of bipartite entanglement entropies, in this letter we
will be focusing on the a ¼ 1=3 quantity defined in (32). In
the remaining Sections we will implicitly assume a ¼ 1=3

whenever we refer to GMð4Þ
n . We should stress that there is

nothing special about this particular value. We choose
a ¼ 1=3 simply to illustrate one diagnostic feature of the
quadripartite genuine multientropy.
Before concluding, we emphasize that the construction

of GMðkÞ can be straightforwardly extended to all integers
k. For an explicit formula of GMðkÞ with k ¼ 5, see [13].
This is a significant advantage for genuine multientropy as
a multipartite entanglement signal compared to other
proposed measures.

III. SYMMETRY-RESOLVED
MULTIENTROPY CURVES

In this section, we study the symmetry resolution of GM,
especially symmetry resolution of the black hole (genuine)
multientropy curves. In Sec. III A we study Haar random
states and provide analytical formulas for both the multi-
entropy and GM in the thermodynamic limit. We compare
our results with numerical evaluations on random uniform
state on a chain of N ¼ 12 spins. In Sec. III B we study
random graph states. We give explicit analytical formulas
for the (non-symmetry-resolved) GM and numerical results
for symmetry-resolved GM. Although our results are
mostly numerical, we find that the multipartite entangle-
ment structure for graph states seems to obey the same
universality after projection to a specific charged sector.
We briefly recall the definition of black hole (genuine)

multientropy curves. The idea is to model the total system
(an evaporating black hole and its Hawking radiation) by a
state drawn from some random ensemble. We divide the
entire Hawking radiation into k − 1 subsystems of identical
Hilbert space dimension,

dR1 ¼ � � � ¼ dRðk−1Þ ≡ dR; ð35Þ

where dRi denotes the dimension of the ith radiation
subsystem ði ¼ 1;…;k − 1Þ. One can, for example, think
of a spherically symmetric black hole emitting Hawking
radiation that is divided into k − 1 angular sectors, each
corresponding to a radiation subsystem. In this picture, the
assumption of identical Hilbert space dimensions simply
reflects the symmetry among these angular sectors. We also
fix the total Hilbert space dimension as

dTotal ¼ dk−1R dBH ¼ const:; ð36Þ

where dBH represents the dimension of the evaporating
black hole. The black hole (genuine) multientropy curves
are then obtained by plotting the (genuine) Rényi multi-
entropy while varying dR from dR ¼ 1 (the beginning of
the evaporation process) to dBH ¼ 1 (the endpoint of
evaporation). See Fig. 2 in [45] for the multientropy curves
and Fig. 3 in [13] for the genuine multientropy curves. In
particular, for k ¼ 2, this construction reduces to the usual
Page curve, which describes the bipartite entanglement
entropy between the black hole and its Hawking radiation.

A. Haar random states

1. Tripartite multientropy

We first work out the symmetry-resolved multientropy
for the tripartite case before generalizing to arbitrary k. For
k ¼ 3 there is a similar decomposition of the Hilbert space
into subsystem charges, and the only difference to the
bipartite case is that the sectors are labeled by two numbers
ðqA; qBÞ instead of one,

HðQÞ ¼ ⨁
qA;qB

HðqA; qB; qCÞ

¼ ⨁
qA;qB

HAðqAÞ ⊗ HBðqBÞ ⊗ HCðqCÞ; ð37Þ

where qC ¼ Q − qA − qB. The uniform measure on HðQÞ
factorizes in a similar manner8

dμQðjψiÞ ¼ dνðfpqAqBgÞ
Y
qA;qB

dμðjϕqAqBiÞ; ð38Þ

where dμðjϕqAqBiÞ is the uniform measure on HðqA; qBÞ
and

8To see why, note that the factorization of the measure
dμQðjψiÞ only depends on the dimensions of symmetry sectors
in the Hilbert space. Thus we can simply reuse (10) and (11) and
replace dq accordingly.

NORIHIRO IIZUKA and SIMON LIN PHYS. REV. D 113, 026016 (2026)

026016-6



dνðfpqAqBgÞ ¼
1

Z
δ

�X
qA;qB

pqAqB − 1

�Y
qA;qB

p
dqAqB−1
qAqB dpqAqB;

ð39Þ

where dqAqB is the dimension of the Hilbert space in the sector
labeled by ðqA; qBÞ and it obeys dqAqB ¼ dAdBdC, where
dA ≡ dimHAðqAÞ, dB ≡ dimHBðqBÞ, dC ≡ dimHCðqCÞ.
Similar to the bipartite case we also demonstrate (38)

with a simple example. Let us consider the system ofN ¼ 3
qubits and we pick the subsystem A, B, C to be the first,
second, and third qubit, respectively. The sectors are
symmetric under a Z2 action, which flips all spins, thus
it suffices to look at Q ¼ 0 and Q ¼ 1. Since the Q ¼ 0
sector is trivial, let us focus onQ ¼ 1. There are three states
in this sector: j↑↓↓i, j↓↑↓i and j↓↓↑i. Each of them
belongs to a subsector labeled by two numbers ðqA; qBÞ,
namely the amount of charges in system A and B, as
illustrated in Table II.
Since each of the subsector is one dimensional,

d10 ¼ d01 ¼ d00 ¼ 1, the integral measure is simply

dμQ¼1ðjψiÞ ¼
1

Z
δðp10 þ p01 þ p00 − 1Þdp10dp01dp00:

ð40Þ

For a spin chain of N sites and total charge Q the
dimensions qA, qB, qC are given by

dA¼
�
NA

qA

�
; dB¼

�
NB

qB

�
; dC¼

�
NC

Q−qA−qB

�
; ð41Þ

where NC ≔ N − NA − NB. Again, the same as in the
bipartite case, in the thermodynamic limit where
dA; dB; dC ≫ 1, one can show that the measure dν is
sharply peaked around qA=NA ¼ qB=NB ¼ Q=N, i.e.,
when the charges are uniformly distributed in the total
system. Consequently, to the leading order in N, the

symmetry-resolved multientropy Sð3Þn is identical to the
multientropy on a tripartite random state with dimen-
sions ðdA; dB; dCÞ.
The multientropy for random states of large dimensions

has already been studied in Ref. [45] and we can simply
reuse their results. Here we will set NA ¼ NB ¼ NR and

NC ¼ NBH. The tripartite multientropy for large-
dimensional Haar random states was conjectured to be

Sð3Þn ðdR; dR; dBHÞ ≈ logðdtotalÞ −maxðlogðdRÞ; logðdBHÞÞ:
ð42Þ

Note that it is independent of the Rényi index n. Using this
expression and the asymptotic form of binomial coeffi-
cients we find that

Sð3Þn ðN;Q;NRÞ ¼
�
2SQNR; NR < N=3;

SQðN − NRÞ; NR > N=3;
ð43Þ

where the prefactor SQ takes the same form as in the
bipartite case,

SQ≡−nQ lognQ−ð1−nQÞlogð1−nQÞ; nQ¼
Q
N
: ð44Þ

We emphasize that the appearance of the same proportion-
ality factor SQ here is a direct consequence of (42), which is
not apparent a priori. We plot (43) in Fig. 2 for illustration.
To summarize, we find that to the leading order in N in

the thermodynamic limit, the multientropy of a charged
sector Q is simply the multientropy of the fully random
state (without any conserved charge), multiplied by a
scaling factor SQ that accounts for the relative dimension
between the sector and the full Hilbert space.

2. k-partite multientropy

The higher-partite cases are straightforward generaliza-
tions of k ¼ 3. The Hilbert space of global charge Q has
the following decomposition

HðQÞ¼ ⨁
q1;…;qk

H1ðq1Þ⊗ ���⊗HkðqkÞ; Q¼
X
k

qk; ð45Þ

where qi labels the amount of charges in the ith sub-
system. In the thermodynamic limit, the system is again
dominated by the uniform charge distribution (as long as
k ≪ N)

TABLE II. Left: global Q sectors for N ¼ 3 spins. Right: The
local tripartite subsectors within the global Q ¼ 1 sector.

Global sector Basis Local subsector Basis

Q ¼ 3 j↑↑↑i ðqA; qBÞ ¼ ð1; 0Þ j↑↓↓i
Q ¼ 2 j↑↑↓i; j↑↓↑i; j↓↑↑i ðqA; qBÞ ¼ ð0; 1Þ j↓↑↓i
Q ¼ 1 j↑↓↓i; j↓↑↓i; j↓↓↑i ðqA; qBÞ ¼ ð0; 0Þ j↓↓↑i
Q ¼ 0 j↓↓↓i FIG. 2. Plot of the tripartite multientropy curves (43) for

different global charge densities nQ.
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q1
N1

¼ q2
N2

¼ � � � ¼ qk
Nk

¼ Q
N
: ð46Þ

And thus we have

SðkÞðQ;NiÞ≈Sð3Þðd1;d2;…;dkÞ; di¼
�
Ni

qi

�
: ð47Þ

Similarly, by assuming N1 ¼ N2 ¼ � � � ¼ Nk−1 ¼ NR and
using the conjectured results in Ref. [45] as well as the
asymptotic form of binomial coefficients, we arrive at the
simple formula

SðkÞðN;Q;NRÞ ¼
�
SQðk − 1ÞNR; NR < N=k

SQðN − NRÞ; NR > N=k
ð48Þ

as the final expression. Equation (48) is one of the main
results of this letter.

3. Genuine multientropies

Since we have obtained the expression (48) for sym-
metry-resolved multientropies under the thermodynamic
limit, it is a straightforward exercise to plug in these
expressions into the formulas of GM (31) and (32) to find
out the expression for symmetry-resolved genuine GM. We
report the expressions for k ¼ 3, 4 here,

GMð3ÞðN;Q;NRÞ¼

8>><
>>:
0; NR ≤N=4;

SQð2NR−N=2Þ; N=4<NR ≤N=3;

SQðN=2−NRÞ; NR >N=3:

ð49Þ

GMð4ÞðN;Q;NRÞ ¼

8>><
>>:

0; NR ≤ N=5;

SQð5NR −NÞ; N=5<NR ≤ N=4;

SQðN − 3NRÞ; NR > N=4:

ð50Þ

As a record here we plot the k ¼ 3 genuine multientropy
(49) in Fig. 3 for illustration.

4. Numerics

So far our focus has been on the behavior of GM in the
thermodynamic limit. Here we perform a numerical study
of finite N cases. In particular, we numerically evaluated
the symmetry-resolved (genuine) multientropy for uniform
random states on a chain of 12 spins. We evaluate the k ¼ 3
and k ¼ 4 symmetry-resolved multientropies and GM for
Rényi index n ¼ 2, projected down to global charged
sectors of Q ¼ 2, 4, 6 respectively. The results are shown
in Fig. 4. The results show similar trends to the analytic
formulas we derived in the previous subsection.

There is one caveat to note. For finite N, the genuine
multientropy becomes slightly nonzero even before the
Page time, unlike in the thermodynamic limit where there is
a sharp transition. However, if one considers the depend-
ence over NR for some fixed Q, one can see that as Q
increases, the curve asymptotically approaches the genuine
multientropy curves shown in Fig. 3. This is because the
accessible states in each sector increase as Q becomes
larger (as long as Q < N=2).

B. Graph states

We now shift our focus and investigate the multipartite
entanglement structure of an important class of states
essential to quantum computation known as graph states.9

A graph state is specified by a graph G ¼ fV;Eg. Each
vertex of the graph corresponds to a qubit, which is
initialized in the Hadamard states jþi ¼ 1ffiffi

2
p ðj↑i þ j↓iÞ.

For each edge connecting two vertices ðv1; v2Þwe apply the
controlled Z gate Uðv1;v2Þ on the two qubits,

jGi ¼
Y

ðv1;v2Þ∈E

Uðv1;v2Þjþi⊗V; ð51Þ

where

Uðv1;v2Þ ¼

0
BBB@

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1

1
CCCA ð52Þ

in the two qubit basis of ðv1; v2Þ. Since all controlled-Z
gates are diagonal in the computational basis, clearly they
commute, so the order in

Q
ðv1;v2Þ∈E U

ðv1;v2Þ does not
matter.

FIG. 3. Plot of the tripartite genuine multientropy (49) curves
for different global charge densities nQ. The quadripartite
genuine multientropy (50) also follows a similar curve.

9For a detailed review on graph states and their entanglement
properties we refer the reader to Ref. [50].
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To build intuition, consider a single edge ðv1; v2Þ. Note
that for a single edge ðv1; v2Þ, starting from jþi ⊗ jþi, a
controlled-Z gate U produces

Uj þ þi ¼ 1

2
ðj↑↑i þ j↑↓i þ j↓↑i − j↓↓iÞ ð53Þ

¼ ð1 ⊗ HÞ 1ffiffiffi
2

p ðj↑↑i þ j↓↓iÞ; ð54Þ

where H is the Hadamard gate, which maps the Z
eigenbasis to the X eigenbasis as

Hj↑i ¼ j↑i þ j↓iffiffiffi
2

p ; Hj↓i ¼ j↑i − j↓iffiffiffi
2

p : ð55Þ

Thus, Uj þ þi is locally unitary equivalent to a Bell pair
and carries one bit of entanglement.
All graph states are stabilizer states since they are built

from Hadamard and controlled Pauli gates. In fact there is
an equivalent way of defining graph states using the
stabilizer formalism: For each v∈V we define

Sv ¼ σðvÞx

Y
u∈NðvÞ

σðuÞz ; ð56Þ

where NðvÞ denotes the neighboring vertices of v in G.
Then all Sv commute and jGi is the unique simultaneous
eigenstate with eigenvalue þ1 for all Sv.
Stabilizer states have a very specific entanglement

structure. Let S be the stabilizer group of the state jψi,
and SAðSBÞ be the subgroup of S that acts as identity on B
and A, respectively. The Rényi entropies of jψi are
independent of n and are given by [50–52]

SnðAÞ ¼
1

2
log

� jSj
jhSA;SBij

�
¼ 1

2
log

� jSj
jSAjjSBj

�
; ð57Þ

where jSj denotes the cardinality of S and hG;Hi denotes
the group generated by G andH. For a graph state jGi, let Γ
be the adjacency matrix of G. Γ has the form

Γ ¼
�

ΓA ΓT
AB

ΓAB ΓB

�
; ð58Þ

FIG. 4. Numerical evaluation for the symmetry-resolved k ¼ 3 and k ¼ 4 (genuine) n ¼ 2 multientropy curves on N ¼ 12 qubits
with global charge Q ¼ 2, 4, 6. The top row shows multientropies and the bottom row shows genuine multientropies. For each ðNR;QÞ
point we sample 100 random vectors from the uniform Haar ensemble within the sector Hilbert space. The darkness of the data points
represents the number of samples (darker ¼ more). The large variance and the smoothed out transitions [i.e., NR ¼ N=k for both SðkÞ

and GMðkÞ, as well as NR ¼ 2 for GMðkÞ] are expected from finite dimensional corrections to the analytical results in the
thermodynamic limit.
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where ΓAðΓBÞ represents the edges within AðBÞ and ΓAB
represents the edges that connect between A and B. The
Rényi entropies of jGi are given by the Z2 rank of
ΓAB [51,52],

SnðAÞ ¼ rankZ2
ðΓABÞ log 2: ð59Þ

Thus SnðAÞ can only take values in integer multiples
of log 2.
In the following we numerically compute both the

unresolved and symmetry-resolved (genuine) multientro-
pies for random graph states. For better comparison
with our numerics on Haar random states, we choose to
work with random graph states with N ¼ 12 qubits. The
graphs used to construct the states are sampled from
the Erdős-Rényi (Bernoulli) random graph model
GðN; pÞ [i.e., for each vertex pair ðv1; v2Þ there is a
probability p that there is an edge connecting these
vertices] with p ¼ 0.5.

1. Genuine multientropy

As a simple warmup, we compute the second Rényi
entropy for random graph states in Fig. 5. We bipartition
the vertex set V into R and Rc with jRj ¼ NR and
jRcj ¼ N − NR. We find that Rényi entropy only takes
values in integer multiples of log 2, in agreement with (59).
We also see from Fig. 5 that the entanglement entropy as

a function of the NR behaves like the famous Page curve
where it is a piecewise linear function that is proportional to
minðNR;N − NRÞ in log 2 unit. This should not come as a
surprise since it is known that a large random Bernoulli
matrix is almost always full rank.10 Therefore, we conclude
that random graph states have similar bipartite entangle-
ment structure as uniform Haar random states for large N.
As we will see soon below, this is not the case for higher
partite entanglements.
Next, we compute the k ¼ 3, 4 (genuine) multientropies

for random graph states. We find that, similar to the
bipartite case, the multientropies also take discrete values,
albeit no longer integer multiples of log 2. The results are
shown in Fig. 6.
Curiously, we noted that k ¼ 3 genuine multientropy

GMð3Þ
2 is zero for all random graph states. This is related to

the fact that stabilizer states contain only Greenberger-
Horne-Zeilinger (GHZ)-type genuine tripartite
entanglement [54,55].11 More specifically, any tripartite
stabilizer state jψi can be transformed into a collection of

GHZ states jGHZi, Bell pairs jϕi, and untangled qubits j0i

jψi ∼ jGHZi⊗p ⊗ jϕi⊗mAB
AB ⊗ jϕi⊗mBC

BC ⊗ jϕi⊗mAC
AC ⊗ j0i⊗s

ð60Þ

under the action of local unitaries on individual subsys-

tems. For tripartite GHZ states, GMð3Þ
n behaves as [16]

GMð3Þ
n ðjGHZiÞ ¼

�
1þ n
n

−
3

2

�
log 2; ð61Þ

which is zero for n ¼ 2. Hence the tripartite entanglement

for graph states is not visible to GMð3Þ
2 [12].

To see nontrivial results we need to go to n ¼ 3. The
number of GHZ states that can be distilled out of jGi is
given by [54]

p ¼ log2

� jSj
jhSAB;SBC; SACij

�
: ð62Þ

Note that jhSAB;SBC; SACij ≠ jSABjjSBCjjSACj as opposed
to the bipartite case. Again, we can express this as the rank
of the adjacency matrices of G. Let

Γ ¼

0
BB@

ΓA ΓT
AB ΓT

AC

ΓAB ΓB ΓT
BC

ΓAC ΓBC ΓC

1
CCA ð63Þ

be the adjacency matrix of G. Then one has

p ¼ rankZ2
ðΓA∶BCÞ þ rankZ2

ðΓB∶ACÞ þ rankZ2
ðΓC∶ABÞ

− rankZ2
ðΓ̃Þ; ð64Þ

FIG. 5. Numerical evaluations of the second Rényi entropy
(purity) of a random graph state on N ¼ 12 qubits. The detailed
setup is the same as in Fig. 6.

10More precisely, EðRankZ2
ðΓÞÞ ¼ minðm; nÞ −Oð1Þ for a

m × n random Bernoulli matrix Γ with p ¼ 1=2 and m, n ≫ 1.
For a proof of this fact see, e.g., Ch. 3 of Ref. [53].

11Due to this property, it was recently argued that stabilizer
states are not good models for holographic states in the sense that
they have incorrect tripartite entanglement structure [25,27].
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12where ΓA∶BC ¼ ðΓT
ABΓT

ACÞ is the adjacency matrix
between A and BC (likewise for ΓB∶AC and ΓC∶AB), and
Γ̃ is the diagonal-subtracted version of Γ, i.e.,

Γ̃ ¼

0
BB@

0 ΓT
AB ΓT

AC

ΓAB 0 ΓT
BC

ΓAC ΓBC 0

1
CCA: ð65Þ

Combining this with (61) we conclude that

GMð3Þ
3 ðjGiÞ ¼ −

p
6
log 2; ð66Þ

which is always negative and comes in integer multiples of
− 1

6
log 2. Indeed this is what we found numerically, as

shown in Fig. 7.
For k ¼ 4, we find that the genuine multientropy GMð4Þ

2

is positive in general. However, we noted that all the graph
states we examined13 satisfy the following property:

4GMð4Þ
2 ðjGiÞ þ I3;n¼2ðjGiÞ ¼ 0; ð67Þ

which suggests that GMð4Þ
2 for graph states satisfies

FIG. 6. Numerical evaluations of the n ¼ 2 multientropy (top row) and GM (bottom) of a random graph state on a spin chain with
N ¼ 12 spins. For each NR we draw 50 samples from the Bernoulli graph distribution with p ¼ 0.5. The darkness of the data points
represents the number of samples.

FIG. 7. Numerical evaluations of the third Rényi (genuine)
multientropy GMð3Þ

3 on N ¼ 12 spins. The detailed setup is the
same as in Fig. 6.

12To the best of our knowledge, this expression has not
been derived previously in the literature. We present a derivation
of (64), as well as (59) in Appendix B. As a sanity check, we
verified (66) numerically on graph states with various random
graph ensembles.

13For a sample size of ∼104 drawn from Bernoulli graph
distribution with p ¼ 0.5 up to N ¼ 12.
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4GMð4Þ
2 ðjGiÞ ¼ −I3;n¼2ðjGiÞ ¼

s
4
log 2; ð68Þ

where

s ¼ rankZ2
ðΓAB∶CDÞ þ rankZ2

ðΓAC∶BDÞ þ rankZ2
ðΓAD∶BCÞ

− rankZ2
ðΓA∶BCDÞ − rankZ2

ðΓB∶ACDÞ
− rankZ2

ðΓC∶ABDÞ − rankZ2
ðΓD∶ABCÞ: ð69Þ

Equations (67) and (68) imply that the quadripartite
entanglement of jGi is highly constrained. For example,
the quadripartite W state jW4i ¼ 1

2
ðj↑↑↑↓i þ j↑↑↓↑iþ

j↑↓↑↑i þ j↓↑↑↑iÞ does not satisfy (67). This is because
W state is not a graph state. It can not be of GHZ type
either, since the quadripartite GHZ state jGHZ4i ¼
ðj↑↑↑↑i þ j↓↓↓↓iÞ= ffiffiffi

2
p

has negative GMð4Þ
2 [13]. In fact,

as opposed to the tripartite case, it has been shown that
there does not exist a decomposition for stabilizer states in

FIG. 8. Numerical evaluations of the symmetry-resolved second Rényi (genuine) multientropy of a random graph state on a spin chain
with N ¼ 12 spins. For each graph state we obtained from the random graph G we obtain the symmetry-resolved entropies by simply
projecting down to fixed charged sectors Q ¼ 2, 4, 6.
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terms of a finite list of elementary “basis states” like in (60)
for k ≥ 4 [56]. However our finding seems to indicate that
these basis states, albeit an infinite list, all have a very
specific entanglement structure given by (67) and (68).
This may be used to further classify the possible decom-
positions of higher-partite stabilizer states.

2. Symmetry-resolved GM

We now look at symmetry-resolved entropies of random
graph states. In general, the state jGi for some random
graphG does not have a definiteUð1Þ charge. To overcome
this issue we project jGi onto a charged sector by the
corresponding projectorΠq. The results are shown in Fig. 8.
Surprisingly, after the projection the discreteness of sym-
metry-resolved entropy “smears out” with characteristics
more similar to true Haar random states.
The tripartite genuinemultientropyGMð3Þ

2 is no longer zero
after the projection and features a similar shape akin to the
Haar random state. However, the detailed dependence on the
global charge is different from true Haar random states. For

example, the value of GMð3Þ
2 for the Q ¼ 4 sector is larger

than the Q ¼ 6 sector. The quadripartite genuine multi-
entropy shows a similar behavior, where the shape of the
curve for each charged sector is similar to Haar random states
but the relativeweight between individual sectors is different.

IV. DISCUSSION

In this article, we examined the multipartite entangle-
ment structure of Haar random states and random graph
states for a qubit system under a global Uð1Þ symmetry
using multientropy and genuine multientropy. Note that
throughout this work, Haar-random states are used as a
convenient proxy for highly chaotic quantum systems.
Physically, this should be understood as assuming approxi-
mate unitary design behavior up to the moment order
required by the observable, rather than exact Haar random-
ness. The main advantage of these measures over entan-
glement entropy (k ¼ 2) is that entanglement entropy is
sensitive only to the bipartite entanglement spectrum (the
eigenvalues of the reduced density matrix) within each
symmetry sector and therefore cannot determine genuine
higher-partite structure. By contrast, the (genuine) multi-
entropy with k ≥ 3 captures irreducible multipartite corre-
lations invisible to k ¼ 2. We derived analytical formulas
for Haar random states in the thermodynamic limit and
performed numerical simulations for both Haar random and
graph states on a chain of N ¼ 12 qubits. For Haar random
states, we find that the symmetry-resolved (genuine) multi-
entropy curves closely resemble those of the full Haar
random states without a global symmetry.
For graph states (without global symmetry), we verify

the common lore that their higher-partite entanglement
structure is both qualitatively and quantitatively different
from that of a Haar random state. In particular, large N

graph states can look Haar-typical under entanglement
entropy for the bipartite case without the need to project.
On the other hand, for multipartite cases, they do not show
Haar-typical behavior before the projection. After projec-
ting down to different symmetry sectors, we seem to
recover more typicality in the sense that the higher-partite
entanglement profile is more similar to a Haar random one,
although there are still qualitative differences (for example
the discreteness is not completely removed in Fig. 8).
Several open questions remain. First of all, it would be nice

to extend the analytical analysis of the Haar random state to
incorporate finiteN corrections. This ismore difficult than the
bipartite case because the expressions for multientropy as do
not factorize into different local charge subsectors as opposed
to thebipartiteRényi entropies.Another interestingparameter
range is whereN → ∞while keepingNR finite. This setup is
interesting since it closely resembles the evaporation of an
extremal charged black hole, where it is expected that the
Hawking quanta should be nontypical [57–60].
For graph states, we were able to give explicit formulas

for the (non-symmetry-resolved) multientropy in terms of
their adjacency matrices for k ¼ 2, 3, and provided a guess
for k ¼ 4, i.e., (68). A natural question is whether there
exist similar formulas for higher k. One must be cautious
here, since based on (59) and (66), naively one could have
guessed the following expression

GMð4Þ
2 ðjGiÞ¼? jSj

jhSABC;SACD;SABD;SBCDij
ð70Þ

is true for k ¼ 4. This particular form has been suggested as
a measure for genuine multipartite entanglement for sta-
bilizer states [52]. However, one can check that this is not
the case. Instead (68) is equal to

GMð4Þ
2 ðjGiÞ ¼ jSjjSABjjSACjjSADj

jSABCjjSABDjjSACDjjSBCDj
: ð71Þ

Thus there does not seem to be a clear pattern to proceed.
We should also note that our study of symmetry-resolved

multientropy on random graph states has been limited to
numerical simulations. It would be nice to perform an
analytical analysis for this case. The projection down to
individual subsectors is not a stabilizer action, so a different
approach is likely needed.
Finally, we discuss the possible lessons for black holes

and holography. Our symmetry-resolved results indicate
that imposing only Oð1Þ charges (“a few hairs of black
holes”) leaves Haar-typical structure essentially intact even
for multipartite entanglement structure. Hence behavior
that relies on typicality should be robust to a small set of
conserved quantities during evaporation. By contrast, as we
have seen in Eqs. (67) and (68), codelike structure
(stabilizer/graph families), even after projected, can sig-
nificantly bias genuine multipartite entanglement.
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Toy models based purely on such code states may accu-
rately capture error-correction features yet misrepresent
higher-partite patterns that control the dynamics of black
hole evaporation (e.g., the k-dependent kink/onset scales
and the sector dependence at fixed Q). Taken together,
these observations make one point clear: a faithful model of
black-hole evaporation requires a sharper, quantitative
understanding of genuinely higher-partite (k > 2) entan-
glement, beyond what symmetry-resolved entanglement
entropy alone can capture.
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APPENDIX A: THE UNIFORM MEASURE
ON A CHARGED SECTOR

We now demonstrate how (10) is derived. Any state
jψi∈HðQÞ can be decomposed into jψi ¼ P

q
ffiffiffiffiffiffipq

p jϕqi
with

P
q pq ¼ 1 and jϕqi∈HðqÞ is a normalized unit

vector in the qth subsector.
Let us focus on a particular subspace HðqÞ labeled by q.

Let j1i; j2i;…; jdqi be a basis for HðqÞ where dq is the
dimension of the qth subsector. We can express the
projection of jψi into HðqÞ using

Πqjψi ¼ ψ1j1i þ ψ2j2i þ � � � þ ψdq jdqi

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jψ1j2 þ ψ2j2 þ � � � þ ψqj2

q
jϕqi; ðA1Þ

from which we can identify pq ¼
Pdq

i¼1 jψ ij2. Likewise we
can write the uniform measure on HðqÞ as follows14:

dψ1dψ̄1 � � �dψ̄dq ∝p
dq−1
q dpqδðjϕqj−1Þdϕ1dϕ̄1 � ��dϕdqdϕ̄dq

¼p
dq−1
q dpqdμðϕqÞ; ðA2Þ

where ϕi is the ith component of jϕqi and dμðϕqÞ is the
uniform measure of ϕq. Repeating this for all subspaces
HðqÞ we obtain

dμðψÞ ∝
�
δ

�X
q

pq − 1

�Y
q

p
dq−1
q dpq

�Y
q

dμðϕqÞ ðA3Þ

as claimed.
The normalization factor Z is fixed by requiring

R
dν¼1

and can be calculated to be [40]

Z ¼
Q

qΓðdqÞ
ΓðPqdqÞ

: ðA4Þ

APPENDIX B: ENTANGLEMENT
OF A GRAPH STATE IN TERMS
OF ITS ADJACENCY MATRIX

In this appendix we demonstrate how to express the
entanglement and tripartite multientropy of a graph state
jGi in terms of the adjacency matrix of G. Our strategy will
involve deriving a relation between the cardinality of the
stabilizer subgroup SR, which acts as identity on R̄, and the
rank of its adjacency matrices. Equations (59) and (64) then
follow from a straightforward application to (57) and (61),
which are valid for all stabilizer states.
Let G ¼ ðV; EÞ be a graph. Recall that the stabilizer

group of the graph state jGi is generated by

Sv ¼ σðvÞx

Y
u∈NðvÞ

σðuÞz ; ðB1Þ

where v∈V and NðvÞ is the set of neighboring vertices of
v. Any member of the stabilizer group s∈S then can be
expressed as

s ¼ ðSv1Þx1ðSv2Þx2 � � � ðSvN ÞxN ; ðB2Þ

where v1;…; vN label the vertices in G and N ¼ jVj.
xv ∈ f0; 1g are a list of N binary numbers. The upshot is
that given the list fxig, we can uniquely specify an element
in S.
Consider some subset R ⊆ V. We wish to find the

elements of SR, i.e., the set of group elements that acts
as identity on R̄ ¼ VnR. It is clear that we must have xi ¼ 0

for i∈ R̄. However, this is not sufficient, as Sj with j∈R
has nontrivial action on i if j is connected to i by an edge,
unless the set of all such j’s that connect to i is even. This is
equivalent to the statement that i has an even number of
neighbors j with xj ¼ 1, or

14To see that this is indeed the correct form of the measure,
note that δðjϕqj − 1Þdϕ1dϕ̄1 � � � dϕdqdϕ̄dq is proportional to the
uniform measure on the unit sphere of S2d. The p

dq−1
q factor

comes from the area of the 2D sphere with radius ffiffiffiffiffiffipq
p .
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X
j∈R

Γijxj ¼ 0 mod 2; ðB3Þ

where Γij is the adjacency matrix of G. Therefore, we find
that the elements of SR are in one to one correspondence to
the Z2 null vectors of the adjacency matrix ΓRR̄ between R
and R̄, i.e.,

jSRj ¼ 2jNullZ2 ðΓRR̄Þj ¼ 2jRj−RankZ2 ðΓRR̄Þ: ðB4Þ

Since jSj ¼ 2jRjþjR̄j we have

SnðRÞ ¼
1

2
log

� jSj
jSRjjSR̄j

�
¼ RankZ2

ðΓRR̄Þ log 2: ðB5Þ

For the tripartite case V ¼ A ∪ B ∪ C, we need to
evaluate the dimension of the finitely generated subgroup
SABC ≡ hSAB;SBC;SACi. Naively one would expect that
jSABCj ¼ jSABjjSBCjjSACj. However this is not true since
we have double counted the elements simultaneously
satisfying an analog of (B3) for all of A, B, C. Let

Γ ¼

0
B@

ΓA ΓT
AB ΓT

AC

ΓAB ΓB ΓT
BC

ΓAC ΓBC ΓC

1
CA ðB6Þ

be the full adjacency matrix of G. These elements corre-
spond to the null vectors of the diagonal-subtracted
adjacency matrix

Γ̃≡
0
B@

0 ΓT
AB ΓT

AC

ΓAB 0 ΓT
BC

ΓAC ΓBC 0

1
CA: ðB7Þ

Therefore,

jSABCj ¼
jSABjjSBCjjSACj

2NullZ2 ðΓ̃Þ

¼ 2NullZ2 ðΓA∶BCÞ2NullZ2 ðΓB∶ACÞ2NullZ2 ðΓC∶ABÞ

2NullZ2 ðΓ̃Þ

¼ 22jVj−RankZ2 ðΓA∶BCÞ−RankZ2 ðΓB∶ACÞ−RankZ2 ðΓC∶ABÞ

2jVj−RankZ2 ðΓ̃Þ
; ðB8Þ

where ΓA∶BC ¼ ðΓT
ABΓT

ACÞ is the adjacency matrix between
A and BC and likewise for ΓB∶AC and ΓC∶AB. Thus

log2

� jSj
jSABCj

�
¼ RankZ2

ðΓA∶BCÞ þ RankZ2
ðΓB∶ACÞ

þ RankZ2
ðΓC∶ABÞ − RankZ2

ðΓ̃Þ: ðB9Þ
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