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Charged black-hole binary evolution at second post-Newtonian order
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We study the dynamics of electrically charged black-hole binaries and their gravitational-wave emission
during the inspiral phase. Within the post-Newtonian framework, we derive the conservative and dissipative
dynamics up to second order (2PN), combining Effective Field Theory and classical methods. We compute
the next-to-next-to-leading-order conservative Lagrangian, leading-order dissipative effects in harmonic and
Lorenz gauges, and provide the equations of motion, center-of-mass transformations, and the Lagrangian/
Hamiltonian in Arnowitt-Deser-Misner-type coordinates. We also obtain gauge-invariant expressions for the
binding energy, periastron advance in quasi-circular orbits, and the scattering angle in unbound orbits. Our
results extend previous analyses and are fully consistent with recent post-Minkowskian findings.
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I. INTRODUCTION

In conventional astrophysical contexts, black holes are
expected to be electrically neutral to a good approximation.
Even in the presence of external magnetic fields, selective
charge accretion is strongly suppressed and various physical
processes, such as vacuum breakdown, plasma screening,
and pair production, act to rapidly neutralize any significant
charge imbalance [I-4]. This expected neutrality also
underpins the standard modeling of gravitational waves
(GWs) from binary black hole (BBH) mergers, as imple-
mented in the LIGO and Virgo data analysis pipelines [5—-8].
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Nevertheless, studying compact binaries of electrically
charged black holes remains of prime importance for GW
astronomy, as it enables the extraction of direct observa-
tional constraints on black hole charge from GW analyses.
This is an especially relevant task if one considers scenarios
involving hidden-sector physics. In these cases, the
“charge” appearing in the Reissner-Nordstrom (or Kerr-
Newman) metric may correspond to more exotic quantities:
magnetic monopole charge [9-11], vector charges in
modified gravity [10], or minicharges associated with dark
matter [12]." Crucially, such charges may evade the dis-
charge mechanisms that occur in standard electromagnet-
ism, allowing them to persist through the coalescence
process of BBHs, leaving a potentially measurable imprint
on the emitted gravitational radiation.

While several tests of general relativity (GR), sensible
also to the eventual presence of charge, have been applied
to GW signals [15-26], these analyses typically follow an

'Recent studies have also investigated how tidal effects can
substantially modify the dynamics of charged BBHs, particularly
in the extreme—mass—ratio limit [13], as well as how electric
charge influences the evolution of the event horizon in such
systems [14].
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agnostic phenomenological approach, where the looked-
for GR deviations have no aprioristic modeling. While
this model-independent approach has the clear advantage of
being basically valid for any possible alternative theory
to GR, it also implies a relevant loss in sensitivity to
specific beyond-GR signatures compared with what can
be achieved while leaning on more precise theoretical
predictions.

At the level of the postmerger phase, these motivations
have led to charge-targeted ringdown analyses such as
Ref. [27]. On parallel, concerning the inspiral phase, several
works have been dedicated to computing the motion and
radiation of charged BBHs within the post-Newtonian (PN)
perturbative framework [28-34], a weak-field and slow-
velocity expansion of Einstein’s equations organized in
power of 1/c¢ (the nPN order corresponding to 1/c*"
corrections), where ¢ is the velocity of light. More in
details, the 1PN Lagrangian for a charged BBH has been
independently obtained in Refs. [35-38],> and later
extended to 2PN, using effective field theory (EFT) tech-
niques, in Ref. [39], result that however presents some
possible inconsistencies that will be more thoroughly
discussed below, in Sec. VIB.

With the present work we wish to contribute in this
endeavor by offering a thorough 2PN-accurate description
of the dynamics of charged BBHs, comprehensive of
conservative and dissipative contributions (which enter
at 1.5PN due to charge-related dipolar emissions). In
particular we provide: (i) a 2PN-accurate Lagrangian in
harmonic coordinates, compatible with known PN results
for neutral BBHs [28] and with the post-Minkowskian
results of [40]; (ii) the corresponding conservative part of
the 2PN equations of motion (EoMs); (iii) the associated
two-body Hamiltonian in an Arnowitt-Deser-Misner-
(ADM-) type coordinate system designed to give back
the known ADM results in the neutral limit; (iv) the 2PN
transformations to the center of mass (CoM) frame; (v) the
2PN expansion of three gauge invariant quantities, i.e.,
binding energy and periastron advance, for quasicircular
orbits, and the scattering angle, for generic orbits; (vi) the
1.5PN contributions, due to dipolar-radiation dissipations,
to EoMs and transformations to the CoM frame.

In this paper, we focus on a binary system of two
Reissner—Nordstrom black holes, which are nonrotating
but electrically charged. However, our results apply more
generally to any binary system comprising spherically
symmetric, electrically charged and spinless compact
objects. This is because for compact objects with vanishing

*We point out that Refs. [35,36,38] study the more general case
of BBHs in Einstein-Maxwell-dilaton theories, that reduce to
charged BBHs when the dilaton coupling constant is set to 0.
Moreover, Ref. [36] also provides the 1PN energy flux for this
class of BBHs, and then uses it, together with the results for the
binding energy, to derive a Fourier-domain waveform model in
the stationary-phase approximation.

permanent multipole moments, finite size effects arise only
at higher PN orders. Moreover, the results remain valid if the
electromagnetic interaction is replaced by any other mass-
less minimally coupled U(1) gauge interaction, with the
compact objects coupled through the corresponding elec-
tric-type monopole charge.

We anticipate that this work will be followed by a
companion paper [41] that will focus on the derivation of
the 2PN energy flux radiated by a charged BBH, on the
corresponding corrections to the radiative spherical modes
of the waveform at infinity, and, additionally, on the
analysis of the extremal limit.

The paper is organized as follows. Section II clarifies our
notation for the parameters and the dynamical variables
used in the rest of the paper. In Sec. III we present the
fundamental action for Einstein-Maxwell theory coupled to
charged black holes. Afterward, we set up the EFT approach
to PN theory, which is used to derive the expression for the
conservative harmonic and Lorenz gauge effective
Lagrangian up to 2PN, also providing the double zero
terms to recast it in classical form. The expanded action
relevant for deriving the Feynman rules used in the EFT
computations is explicitly given in Appendix A. In Sec. IV
we expand on the conservative dynamics of the previous
section deriving the associated EoMs, the conserved total
linear momentum, and the two-body Hamiltonian in ADM-
type coordinates (whose expression can be found in
Appendix B). In Sec. V we obtain the CoM frame trans-
formations. These are then used to derive explicit results for
the 2PN dynamics in this frame, which are collected in
Appendix B. Section VI is dedicated to computing the 2PN
expansion of three gauge-invariant quantities: the binding
energy and the periastron advance, for quasicircular orbits,
and the scattering angle along unbound orbits. Finally, to
complete the description of the dynamics at 2PN order, in
Sec. VII we consider the effect of the dipolar-radiation
dissipations and we compute the 1.5PN dissipative correc-
tions to the EoMs and the CoM frame transformations;
further computational details can be found in Appendix C.

The explicit results for Lagrangian, Hamiltonian, EoMs,
and CoM transformations are also provided in electronic
form in the Supplementary Material [42] accompanying
this paper.

II. NOTATION

We denote by yi(7) the instantaneous position, v/, =
dy',(t)/dt coordinate velocities, and @', = dv',(r)/dt coor-
dinate accelerations, where A = 1, 2 labels the two bodies
in the system and i = 1,2,3 is the index of the space
components. The harmonic-coordinate distance between
the two bodies is defined by r = |y,() —y,(¢)]. The
relative binary’s separation is x' =y} —y5, with r = |x|
and n' = x'/r. The relative velocity and acceleration
are respectively defined as v’ = dx'/dt = v — v}, and
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a' = dv'/dt = a} — a}. All expressions in the CoM frame
are parametrized by the total mass M = m; + m,, the
reduced mass y = m;m,/M, the mass ratio v = u/M, and
the dimensionless charge-to-mass ratios 1, = ¢q,/v/Gm,

and 7, = ¢q,//Gm,. To further simplify the CoM frame
expressions we also introduce the parameter
X, = (my —my)/M = +/1 —4v, which is assumed to be
non-negative by choosing m; > m,.

In this work we use Gaussian units, in which ¢ = 1, and
consequently p = (g9)~' = 4z Occasionally we retain
explicit factors of €,, to make the power counting trans-
parent, and of ¢, to clearly indicate the PN order of
different terms.

We adopt the mostly minus metric, with signature
(+,—,—,—). The sign convention we adopt for the
Riemann tensor, in a coordinate basis, reads

R”ypo = aprllja - agrllj[) + Fﬁpr,of,, - F’O‘,,;F,’fp. (1)

III. HARMONIC-COORDINATE 2PN
LAGRANGIAN WITHIN THE EFFECTIVE FIELD
THEORY APPROACH

To obtain the Lagrangian describing the conservative
dynamics of the system we employ the EFT approach to PN
theory which was first introduced in Ref. [43] (see [44,45]
for reviews).

The EFT approach has proven to be a powerful frame-
work for deriving high-precision results in the study of
compact binary dynamics. Building on [43,46], the appli-
cation of modern Feynman integrals techniques [47-49]
enabled breakthrough calculations at higher PN orders
[31,47,49-55]. The EFT approach is well suited also to
incorporate spin and finite size effects of the compact
objects in the system [56—65], to evaluate dissipative effects
and gravitational radiation from compact binary systems
[43,66—73], as well as hereditary effects [74-81], also in
theories beyond vacuum GR [82-95], such as Einstein-
Maxwell theory [37,39,96,97].

A crucial observation for setting up the formalism is that,
in the nonrelativistic two body problem, several scales
come into play: the characteristic length scale R, of each
compact object, the orbital separation r between them, and
the wavelength A of the gravitational waves emitted by the
system. In particular, under the assumption of bound
systems and slow velocities, a separation of scales becomes
apparent

R, < r<i. (2)

Consequently, we can identify three corresponding regions
in our problem: the internal zone, with length scales
comparable to R, the near zone, comprising longer length
scales, up about to r, and the far zone, comprising length
scales comparable to A.

This hierarchy makes the EFT framework well suited for
application to the PN formalism since it allows for the
construction of a separate effective theory for each of the
different zones, iteratively integrating out the short scale
modes of the relevant degrees of freedom. In this way, the
shorter scales are systematically removed, while their effect
on the dynamics of the coarse-grained system is fully
accounted for in an effective way.

The general idea then is to start from the fundamental
action of our theory, implement the suitable PN expansion
and power counting, and integrate out the gravitational and
electromagnetic degrees of freedom, while assuming the
worldlines to be nonpropagating; that is, for the compact
objects to be nondynamical background sources [43—45].
This will result in an effective action in which only the
worldlines degrees of freedom will appear. More specifi-
cally, we will obtain the 2PN Lagrangian governing the
motion of the binary system.

A. Fundamental action

Our starting fundamental action, which governs the
dynamics of the system, is the Einstein-Maxwell action,
which is given by the combination of Einstein’s theory of
GR and Maxwell’s theory of electromagnetism, coupled to
matter

S= Sg+SEM+Sm’ (3)

where S is the Einstein-Hilbert gravitational action, Sgy; is
the electromagnetic action and S, is the matter action.
Explicitly, the Einstein-Hilbert action reads

S, = —2A204/dtd3xx/—gR, (4)

1

where R is the Ricci scalar and A = (322G)™2. In the
following, we adopt the harmonic gauge and accordingly
supplement the action with the corresponding harmonic
gauge-fixing term

Sgaf = A204/dtd3x\/—ggﬂ,,F”F”, (5)

where [* =T1%,,¢". Employing the relation Hoeoc? =1,
the electromagnetic action Sgy; can be written as®

*In the electromagnetic action we choose ¢, as the coupling
constant, instead of , since this choice makes our % PN power
counting scheme manifest, as detailed in Sec. III C. We also
explicitly show the contraction of Lorentz indices using the
metric g,,, necessary to have a diffeomorphism-invariant action,
to highlight the contributions to the nonlinear bulk interactions
vertices due to the metric.

124060-3
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A2 c2
Sem = — EZI /dtdsx\/ =993 FuFps  (6)

with F,, =9,A, — d,A, where A, is the covariant vector
potential, and Agy = /€.

To impose the Lorenz gauge on the vector potential, we
additionally introduce the generally covariant gauge-fixing
term

2 .2

P [P/ vA) ()

SEM gt = —

Concerning the matter action §,,, we can resort to the
principles of EFTs to obtain an effective description of the
internal, short scale, dynamics taking place inside each
compact object. In particular we can employ a bottom-up
approach, writing the most generic possible action, con-
sistent with the symmetries of the problem, and concerning
only the long-wavelength degrees of freedom. Assuming
spinless, spherically symmetric compact objects, and a
target accuracy of 2PN, the resulting effective matter action
is simply the action for charged point-particle worldlines,
given by [35-37,39,43-45,96,97]"

Sy = —;/dt{mf\cﬂ/gﬂyvﬁvl’g/cz
- a4/ )

In the computations that follow, to systematically deal
with divergent integrals, we employ the dimensional
regularization scheme. To do so we promote the number
of spatial dimensions from 3 to a generic d, working hence
on a d + 1 dimensional manifold, finally taking the limit
d — 3 only at the end. To account for the change in the
mass dimension of Newton’s constant G, we promote the
gravitational coupling A as [60,62,64,65]

A = A(Vaze'sRy) =%, (9)

where y is the Euler-Mascheroni constant and R is an
arbitrary length scale. Similarly, for the electromagnetic
action, we promote

Apm = Apm(Vv 4”67ER0,EM)_@7 (10)

*For compact objects, at higher PN order new operators in
the worldline action would become relevant. They would
encode finite size effects, such as electromagnetic polarizability
or also acceleration-induced dipole moment [37,67,96-98].
Alternatively, for nonspherically symmetric compact objects,
Refs. [99,100] employed a multipole expansion of the four-
current jﬁ, as presented in [71,101], and a matching procedure, to
implement magnetic- and electric-type moments. Extending the
analysis to spinning compact objects would introduce new
operators in the worldline action as well [56,57].

with Ry gy standing for a new independent arbitrary length
scale. With these definitions, we consistently generalize the
fundamental actions given in Eqgs. (4) through (7) to generic
d-spatial dimensions.

B. Metric and EM potential decomposition

Under the PN assumptions of slow velocity, by choosing
an appropriate coordinate frame, the spatial components of
the metric are suppressed with respect to the temporal g,
component. We exploit this fact by performing a temporal
Kaluza-Klein (KK) decomposition of the metric g, and the
electromagnetic potential A,, equivalent to a threading
decomposition of spacetime. This allows us to simplify
several calculations, avoiding the evaluation of some
diagrams altogether, at the expense of having more degrees
of freedom to track [102,103].

Specifically we employ the parametrization given in
terms of the Kol-Smolkin variables [102,103] to decom-
pose the metric, by introducing the scalar field ¢, the d-
dimensional vector field A;, and the d-dimensional sym-
metric rank-2 tensor field o;;. We have

¢

Goo = €2, (11a)
o A
Joi = —€2A<’2 Acl2 s (1 1b)
o (A A —egt Oij
gij = €7 (A_CfZA_C{z_e Cay 2 (51]+A—ZZ>>, (IIC)

where we have normalized the fields by Ac?, as defined in
Eq. (9), to obtain canonically normalized kinetic terms for
the fields (up to dimensionless variables), and we have used
the definition

(d=1) a3
d=2) — 4. (12)

CdEZ

Let us notice that in the limit of vanishing gravitational
fields, the metric parametrization in Eq. (I11) correctly
reduces to the Minkowski metric 7,,,.

We extend this decomposition also to the electromag-
netic potential, as

_ ¢em

Ay = , 13

0 ApaC (13a)
A .

A, =ML (13b)
AEMC

where we have similarly normalized the electromagnetic
KK fields by Agyc, defined in Eq. (10).

Upon implementing the above decomposition in the
fundamental action, we are able to perturbatively expand
the latter under the PN assumption of weak field, to obtain a
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polynomial expression in the fields that specifies the
interaction terms for the perturbative calculations. We will
elaborate on this in Sec. III C.

To recover a well-defined scaling in the PN parameter
v/c, recalling the relation in Eq. (2) for the separation of
scales, we further split the five fields W= (b, Pem, A,
Agm,. 0,;) in potential (W) and radiation (W) modes

W=w+Ww, (14)

respectively with wavelengths R, < k~! < r, associated to
the near zone, and k~! > r, associated to the far zone.
Doing so the momenta of the potential fields scale as
(k% k) ~ (£,1), whereas the radiation fields, which are
allowed to be on shell, have momenta that scale as
(K% ) ~ (& 35) 1431

In this work we are interested only in the dynamics of the
binary system, to next-to-next-to-leading order (NNLO)
beyond the leading Newtonian and Coulomb one. Hence,
apart from the radiation reaction due to electromagnetic
radiation which first contributes at 1.5PN order (and is
evaluated in Sec. VII), the relevant contributions come
solely from the conservative near zone EFT.” Therefore in
the remainder of this section only potential fields in the near

zone are considered, and it suffices to set W = 0.

C. Power counting

To obtain the relevant action terms, specifying the
interactions of the near zone EFT we are constructing,
we insert the above decomposition, given by Egs. (11)—(14),
into the full action, given in (3), and expand it to obtain a
series expansion in the PN parameter v/c¢ and polynomial
expression in the Kol-Smolkin fields. Such expansion
contains an infinite number of terms, therefore it is
necessary to introduce a power counting scheme. When
computing quantities to a given PN order, this set of rules
allows to select only a finite subset of interaction terms
relevant to the computation, yielding a finite number of
diagrams to evaluate.

To introduce the PN expansion power counting in
Einstein-Maxwell theory, we consider the most generic
scenario of astrophysical interest, comprising bound
binary systems where the magnitude of the leading order
Coulomb force is comparable to the Newtonian gravita-
tional force, i.e.,

>Further hereditary contributions to the conservative sector due
to the radiation EFT, such as the tail effect resulting from
electromagnetic waves back-scattering off the gravitational po-
tential, are expected to first contribute at 3PN order
[29,40,75,78,80,104,105]. Therefore we expect no divergence
in the conservative instantaneous Lagrangian at the order cur-
rently considered.

Gmim, 14q,q9,
—~— (15)

r €y I

Further assuming a bound binary system with comparable
masses of order m, and using Eq. (15), from the virial
theorem it follows that the typical velocities v will be of
order

¥ Gm 1 919,

¢t rc? 2"

€~

16
€y mrc (16)

We recall that the PN expansion is organized as a series in
powers of €. We can see then each of the above three
dimensionless terms increases the PN count by one order,
and all of them carry a factor of 1/c? by dimensional
analysis. Moreover, the PN suppression due to time
derivatives dy =19, and three velocities v*/c = (1,v/c)
is also correctly accounted for by the factors of c.
Furthermore one can see that, when employing €, as the
electromagnetic coupling constant, the leading-order
effective Lagrangian for the Newton and Coulomb poten-
tial have no factor of c. Therefore tracking the powers of
1/ ¢? in the effective action, as dictated by dimensional
analysis, will correctly indicate the PN order of any
given term.

Additionally, given our choice of field normalization
performed in Eqgs. (11) and (13), the kinetic terms of the
expanded action, and therefore the field propagators, do not
introduce any factor of ¢; nor do intermediate computations
yielding the effective action from the diagrams. This
implies that to determine the PN order to which a diagram
will contribute it suffices to multiply the factors of 1/c?
present in the Feynman rules for the bulk and worldline
vertices that enter any diagram: that is, a diagram with a
total factor 1/c¢*" will contribute at order n-PN. This
procedure provides the power counting rule for the EFT,
which allows us to enumerate and consider only a finite
amount of Feynman rules and diagrams at any given
PN order.

Let us notice that the assumption of comparable electro-
magnetic and gravitational forces we made in Eq. (15)
implies that the PN expansion we introduced holds even for
the case of extremal Reissner-Nordstrom black holes.
Conversely, when the electromagnetic force is weaker than
gravity, the corresponding electromagnetic contributions are
suppressed. In this regime, the PN expansion of the
electromagnetic terms attains an accuracy that exceeds
the estimate suggested by the PN counting alone.

Given the power counting rules presented above, we
proceed with the PN expansion of the full action. As a first
step, we implement the KK decomposition, given in
Egs. (11) and (13), in the action (3). Applying the PN
power counting, we expand the action to obtain a poly-
nomial expression in the fields, which we truncate at 2PN

124060-5
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FIG. 1.

m m m

The 35 Feynman diagrams contributing up to second PN order (2PN) in the conservative sector. The first row shows the 2

diagrams first contributing at OPN order, the second row represents the 6 diagrams first contributing at 1PN order, whereas the last three
rows represent the 27 diagrams first contributing at 2PN order. In this figure we employ the generic worldline diagram representation: its
connection to the explicit worldline diagram representation is reported in Fig. 2. The worldline and bulk interaction vertices represented
in each diagram are understood to include also higher PN order terms, whenever such terms are present in the action: therefore, we show
each diagram only at the first PN order to which it contributes, although it may contribute at higher orders as well. Propagators of scalar
fields are represented with dashed lines, in blue for ¢ and light blue for ¢\, propagators of vector fields are represented with solid lines,
inred for A; and in yellow for Agy ;, propagators of the o;; tensor field are represented with green dotted lines. The annotation nX over a
propagator indicates it carries n retardation propagator insertions. The number in square brackets on the lower left of each diagram
indicates the positive multiplicity of the corresponding diagram. This number must be divided by the inverse multiplicity to obtain the
total symmetry factor. The inverse multiplicity is given by the product of the number of permutations of identical legs in each vertex and
the number of permutations of identical vertices.

order, i.e., 1/c*. The resulting expression specifies the

interactions present in our theory at the desired PN
accuracy. These steps were carried out with a
Mathematica code based on the EFTofPNG package [106].
In Appendix A, we elaborate on this procedure, recalling
the presence of retardation corrections in the PN formalism
[43], and we present in Egs. (A1) the explicit action terms
required to compute the conservative point-particle
Lagrangian at 2PN order.

D. Evaluation of conservative corrections

To obtain the PN corrections to the conservative effective
Lagrangian governing the motion of the binary system, we
proceed by integrating out the potential fields W =
(¢.dem. Ai. Agyi o 04;) from  the fundamental action,
reported in Eq. (Al), while regarding the worldlines
degrees of freedom {x/{} as external sources; that is
[43-45]

exp (i [ aLal()]) = [ DIWlexpsLi) W) (17

We do so in a perturbative way, by summing over the
relevant Feynman diagrams contributing up to 2PN order,
which are constructed from the Feynman rules prescribed
by the fundamental action in Eqgs. (Al). Being interested
only in the classical contributions to the Newtonian and
Coulomb potentials, we discard diagrams with graviton or
photon loops, since those would result in quantum correc-
tions. The relevant diagrams to be computed are reported
in Fig. 1.

To evaluate the relevant diagrams we recognize their
equivalence to multiloop diagrams, as first shown in
Refs. [47-49]. Specifically each diagram can be mapped
to the Fourier transform of Feynman integrals arising in a
d-dimensional massless Euclidean quantum field theory, as
depicted diagrammatically in Fig. 2. This fact allows us to

124060-6
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Generic worldline Explicit worldline Post — Newtonian Multi—loop
diagrams diagrams diagrams diagrams
[eN 0 N ~ T T N b I
> ~ - g ! ! S
A _ ) H . + ‘; ............... : + . ‘ \ . + ( 1 S 2) ~
o o PN ‘ ‘ e |

FIG. 2. Relation between different representations of PN diagrams (left side), and their subsequent connection to multiloop diagrams
(right side). Focusing first on the left side of the figure, the left-hand side of the equality shows the generic worldline diagram
representation (employed in Fig. 1), where the worldline vertices are represented as empty circles, and their Feynman rules understand
the summation over the worldline indices »,_,,. The right-hand side of the equality shows the explicit worldline diagram
representation, with worldlines already specified to either A = 1 or A = 2, and depicted explicitly as horizontal thick lines, even though
they are not propagating. As shown in the figure, these two representations are equivalent. More specifically, each generic worldline
diagram represents an equivalence class of possibly several explicit worldline diagrams, obtained by fixing the worldline labels.
Incidentally, the symmetry factors reported in Fig. 1 refer to the generic worldline diagrams, whereas the explicit worldline diagrams
belonging to the same equivalence class may carry different symmetry factors each. Focusing now on the right part of the figure (adapted
from [49,60,62,64,65]), we depict the connection between each PN diagram, here with explicit worldlines, and multiloop diagrams. In
particular, each of the PN diagrams, after solving the worldline algebra, can be mapped to (the Fourier transform of) multiloop diagrams,
in particular exactly to two-point loop diagrams arising in a d-dimensional Euclidean quantum field theory with a single massless scalar
field. The gray-colored area represents arbitrarily complicated loop structures.

employ multiloop Feynman integral techniques, first devel-
oped in particle physics, to streamline the computations.

Specifically we employ dimensional regularization, to
regularize divergent integrals, tensor decomposition to
extract scalar Feynman integral from the intermediate
tensorial expressions, and integration-by-parts identities
[107-109], to reduce via algebraic relations the evaluation
of the many scalar integrals to the computation of a
minimal set of master integrals.

The master integrals needed to evaluate the conservative
Lagrangian at NNLO in Einstein-Maxwell theory, which
have up to two loops, are the same master integrals
appearing in the corresponding vacuum GR limit. In
particular the two two-loop master integrals are either
nested, or factorizable into, one loop integrals. The single
one loop master integral necessary to perform all the
computations, as well as the Fourier transform integral,
are reported in Refs. [46,47].

The algorithmic procedure used to generate and evaluate
the conservative diagrams has been implemented in a in-
house software package developed in the Mathematica
computer algebra system, and will be explained in more
detail in a future publication [110]. This package interfaces
with the EFTofPNG package [106] for KK field

decomposition in the fundamental action, xAct/xTensor pack-
age [111] for tensor algebra, the FiniteFlow package [112] for
linear algebra evaluation over finite fields, and the LiteRed
and Mint packages [113-115] interfaced with Fermat CAS
[116] for Feynman integral topology mapping and reduc-
tion through integration-by-parts identities.

E. The 2PN Lagrangian in Einstein-Maxwell theory

We report here the expression for the 2PN Lagrangian
that governs the conservative dynamics of a charged binary
system, in the harmonic gauge for the metric and in the
Lorenz gauge for the electromagnetic field. The Lagrangian
is organized into distinct contributions: the kinetic terms
Ly;,, the 2PN contributions from pure general relativity
Lopy, the 2PC (post-Coulombian) contributions from
electromagnetism L,pc, and the mixed terms arising in
the full Einstein-Maxwell theory at order 614 denoted L ixeq-
The full Lagrangian L is then given by [42]

L = Liin + Lopn + Lopc + Linixeds (18a)

2 4 6
myv 1 (mv 1 (mo
Liin= 214—?{ 81}—’—?{ 161}+(1<—>2), (18b)

Lo = 222 L6 ("2 (1 o mvs ) = 700w + L) ) - 02 (1252 ) )

2r c r

+%{G(mlm2 (%r(lS(al -a) — (ar -n)(az - n))

N
8

(v3(ay -m) + (ay - n)(vy-m)? + 14(ay - vy)(vy -n) — 12(ay - v3)(vy - n))
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+ E (-121}%(‘71 . n)(Vz . n) - 21}%

(vi-m)? 4+ 3(vy-n)*(vy-m)?

#1200 w20 )03 1) = 20030 v2) + 20 v 140 433 ) )

2 2
+ G2 (22 vy - n)? 4+ 702) + 200 (402 — (v, - vy))
4r 2r
3 2.2
5 (momy  3mymj
+G?< CUIL >}+(1 - 2), (18¢)

9192 1 1

szcZ—T 2\ N4 E(("l'“)("Z'“)‘FVl'Vz)
1 1
+—299192( 7=7((a; -m)(ay -n) —3(a; - ay))
c 16
1
+ g(”%(—(al ‘m)) — (ay -n)(vqy-n)? = 2(a, - vy)(vq - m))

1 (20300 1P = 30 P P4 20 P = B ) | (1 2) (18)

1 1 1 1 3267 myq?
Lixea = ? {G<ﬁ (mlqlqz —§m26ﬁ>> } +; {G< gigql + 2251 (2(vg _n)z +3(vy-v2) = 271%)
miq, (q
A (2 mP = o) (2 nf =2 v +00)) )

mzq q m-m q m2q2

+G2(— lr; 2 22r; L(q, —8¢,) + ; 1>}+(1 < 2). (18¢)

This result is free of poles in e =(d—3)— 0, as
expected. Furthermore, in the neutral limit of vanishing
electric charges g4 — 0, with A = 1, 2, it correctly reduces
to the 2PN point-particle Lagrangian of Ref. [46], which
was analogously obtained with the EFT approach in general
relativity. Moreover, in the limit G — 0 (which interest-
ingly is different from the limit of vanishing masses, as
discussed below), it correctly reduces to the conservative
Lagrangian at second order in the post-Coulombian expan-
sion (2PC) computed in Refs. [117-120].

Regarding the results computed in the full Einstein-
Maxwell theory, we find perfect agreement with the 1PN
Lagrangian computed with the EFT approach of Ref. [37].6
Results to 2PN order in Einstein-Maxwell theory have been
computed in Ref. [39] using the EFT approach, but the
Lagrangian reported therein does not include the neutral
sector: if we use the neutral 2PN Lagrangian of Ref. [46] to
complete the charged 2PN Lagrangian of Ref. [39], we find
a result that is in disagreement with Eq. (18), specifically at

6Up to a typo in Eq. (30) therein: the signs of the last two terms
in the final line should be reversed. We thank the author for
confirming this to us.

the 1/c* order in the charged sector. We note however that,
as discussed in Sec. IIT F, starting at 2PN order, double zero
terms added to the neutral sector can alter the charged
sector contributions. Therefore, we cannot rule out the
possibility that the Lagrangian of Ref. [39] is physically
equivalent to ours once supplemented with the right neutral
part. We will come back to this in Sec. VIB, where we
provide additional checks in the full Einstein-Maxwell
theory by comparing the 2PN Lagrangians with the
independent calculation made at the third order in the
post-Minkowskian (PM) expansion in Ref. [40]. We notice
moreover that the mixed Lagrangian in Eq. (18e) presents

the 2PN contribution C%&Irﬁ which does not depend on the
masses of the compact objects and hence, as anticipated, it
is present even in the limit of vanishing masses, while still
depending on the gravitational constant G. This term
corresponds in fact to an interaction between the gravita-
tional field and the electromagnetic field, with the compact
objects sourcing only the latter, and corresponds to the first
two diagrams in the third row of Fig. 1. We may interpret
this term as the contribution involving a gravitational field
sourced solely by the energy carried by the electromagnetic
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waves, via the two-photons one-graviton bulk vertex. From
another perspective, coupling electromagnetism to GR
induces nonlinear interactions in the electromagnetic field
once the gravitational field is integrated out. In particular,
the coupling between the electromagnetic field and the
metric generates an effective four-point (and higher) bulk
vertex for the electromagnetic field. Consequently, the term
discussed above can also be interpreted as an irreducible
general-relativistic classical correction to the Coulomb
potential, since the coupling between the electromagnetic
and gravitational fields, as specified by the fundamental
action in Eq. (6), cannot be eliminated by any experiment or
observation.

Conversely, within the Einstein-Maxwell theory, a con-
tribution to the binding energy arising from a component of
the electromagnetic field sourced solely by the gravitational
field, i.e., a diagram where the electromagnetic field does
not couple to any worldline, is forbidden at the classical
level. Therefore, in the limit of vanishing electric charges of
the compact objects, no electromagnetic contribution can
appear in the effective Lagrangian of the system. This
restriction follows from the fact that the electromagnetic
field appears at least (and actually only) quadratically in the
bulk action in Eqs. (6) and (7), with no terms linear in the
electromagnetic field. However, such contribution is

present at the quantum level via diagrams with at least
one quantum loop, for example from diagrams which
include quantum loop corrections to the graviton propa-
gator [78,121-130].

F. Double zero terms

Based on the calculations carried out so far, we have
derived an expression for the Lagrangian describing a
binary system of two charged black holes.

It is important to point out that, in the neutral limit, the
Lagrangian given in Eq. (18) does not match the form of the
Lagrangian presented in Ref. [28]. However, the neutral
limit of Eq. (18) can be related to the well-known
Lagrangian in Ref. [28] by adding a total derivative term
and two double zero terms at 2PN order, as previously
shown in Ref. [46]. Inserting these terms modifies the form
of the Lagrangian but leaves unchanged the EoMs, because
they vanish at 2PN when the lower order of EoMs are used.
Indeed, this also means that we remain in the har-
monic gauge.

This procedure can be generalized to the charged case by
identifying a new total derivative term and two new double-
zero terms, all of which depend on the charges. The explicit
expressions for the additional terms are

1 Gmymyr Gmy qiq, Gm;  q1q»
5L12378 (n-al—l—T—W n'32—7+m2r2 s (19&)
1 15Gm myr Gm, 919> Gm, 919>
Oy =—o—o— (a1 R R nj-(a-—7; n+m2r2“ g (19b)
1 d [7G*mm 3Gm;m
6L3:c4dt[ 4}] 2 (my(n - v,) —my(n-vy)) 74‘ z(v%(n-vl)—v%(nivz))} (19¢)

The Lagrangian obtained through this procedure is physically equivalent to the original one, as both yield the same EoMs.

Before presenting the result, we apply an additional modification to the Lagrangian, which does not alter the gauge
condition and the EoMs. Specifically, we introduce other double-zero terms that allow us to eliminate any quadratic
dependence on the accelerations. This procedure enables us to obtain a Lagrangian that is linear in the accelerations, as
required to apply the method employed in Ref. [131], which we will follow in Sec. IV B to obtain the Lagrangian in ADM-
type coordinates. In this case the idea is to reformulate quadratic-acceleration terms as a combination of a linear-in-
acceleration term and a double zero term. This can be also generalized to terms involving higher powers of the accelerations.
In our specific case we can rewrite the two terms of the Lagrangian quadratic in the accelerations as follows

1 9195 Gm;  qiq Gm, qiq
(n'a])(n-az)—>—4<G2m1m2—2Gq1q2+ 122 ) 4 (n-a)) —21——1 i —(n-a,) 22——1 22 , (20a)
r nmin, r I mpr

1 242 G G
a-a _)F <G2m1m2 -2Gq,9, + 611612) + (n‘31)< ;1211 - (hqi) - (n-a2)< 11212_ qlqé)- (20b)

nmimy r myr r mr

Considering the same separation used in Eq. (18), the final Lagrangian reads [42]
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Lyin = mlzv% +C12{mgv‘1‘} _|_Cl4{m116v?} + (1 < 2), (21a)
Lypn = Gn;,rmz C—IZ{GH;]FmZ (3”% —i(n Vi) (m-vy) _%Vl 'V2> —%}
S 2 s i) v+ (w4 70 a0)3) = E (o
+%(14(n V)2 =14(m-v))(n-vy) + 14(n - v,)2 + 02 = Tv, - v, + T03)
- GT61:12 (Bm-vi)* (- vp)? + Mot + 12(n - vy) (- Vo) (V) - V) = 3205(v) - V2)
+2(vy - v2)? = 1403 (n - v))? + 151}%1}%)} + (1 < 2), (21b)
Lopc = —%‘F%{%(Vl Vit (n~v1)(n-V2))}
e v v+ ) w2 = 3(n )
DL 23w )2 =3 vy P v +2(v V) - v%v%)} + (1 2), (21c)
L pixed :é{Gm;’quqz - G;irzzq%} +%{%§q%+%qj<n -ap) — SrZFnQEP + Gi;n% (‘ﬁ - 419) _2Gm7;6116]2(n -ay)
G (49, —473) + TDL (03 o v, -, >} +(12). (219)

This Lagrangian agrees with the 1PN results of
Refs. [35-37], and, in the neutral limit, with the 2PN
result of Ref. [28].

IV. EQUATIONS OF MOTION
AND HAMILTONIAN

In this section we continue our characterization of the
2PN conservative dynamics of a charged BBH, deriving
explicitly the EoMs of the two component black holes, the
conserved total linear momentum and the two-body
Hamiltonian in an ADM-type coordinate system whose
definition will be specified below.

In the neutral limit, (g;, g¢,) — (0,0), our results reduce
to the known expressions for neutral black holes.
Specifically, the EoMs coincide with those derived in
Refs. [28,132], while the linear momentum and the
Hamiltonian agree with those presented in Ref. [131].

We specify that, at this level, no dissipation is taken into
account. The dissipative contributions that, as we shall see,
enter the 2PN dynamics at 1.5PN order, will be addressed
in Sec. VIL

A. Equations of motion and momenta

From the generalized (i.e., acceleration-dependent)
Lagrangian of Eq. (21), the conservative part of the
harmonic-coordinate EoMs for body A = 1,2 are com-
puted through the functional-derivative equation

5_L=£_i<aL> L& <E> —0. (22

Syh oyl di\ovi) ' dr \od,

This is solved perturbatively for @/, while removing any
derivative of the acceleration via the standard order-reduc-
tion procedure, i.e., by means of the lower-order EoMs
determined at the previous perturbative steps.7

"The order reduction procedure can be performed here without
any consequential change of coordinates. The same is not true at
the level of the harmonic Lagrangian, where the order reduction
leads out of the harmonic gauge.
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For A = 1, our result is [42]

. Gmyn' 1 (G i =l
a = — m22n |- 1192 +— mz(”; v3) (m-v,)(4- 91492 ~3(n-v,)
c r

Gm1m2

13Gm, ,  Gmy q19> 3 UrE T
i - 2 (=12 V(D . S )
+n [ (Vi =) + 2 Gmym 2(11 Vo) Vi vy+ )

1 m G 22
+ F <5G2m1m2 + 4Gm§ + Gq2 7Gq,q, — 5q1q2_2 + %qzﬂ }

1  n- 55G? 4G 33G 4G 74%¢>
_{(Ul i) [n V2< MM Gl + myq; N9 | 46t | oo q1q2>

r3 4 my 2 my 2 4m1m2

i n '3V1 41Gq,q, 63G*m;m, —2GPm? - 5Gmyq? —2Ggt Gmyqiqy 114243
r 2 4 m my 4m,my
Gm q19
2—22 <9(n V)P + (n-vy) (Gniilzmz 03— 8(vyi-vy) + 70 —9(n - V2)2>

) (1 1) (02 =30 a)?) 4 20 v 0] 4 4 i) = 503) )|

;|Gm q.19 419
+n [ 8r22 <Gnil,;2 v} = 16(v) - v2)? +2(v; = v,)? (9(11 V) = Gniliiz +2803(vy - vy) — 1305

+ (1 D192 )(41}%(V1 “V2) = 15(m - v2)? + 6(n - v,) (303 = 6(v; - V,) = v7) = 3”@)
Gmym,

Gm, <112 (2861142 —15Gm, _2_4%+ 2919 54145 4‘1%)

473 Gm, m; m;  Gmmi: my

2q7 18 2
+v§<56m1 £ 16Gmy + 2 _ 2042 | g 45 611422>
my ny my Gm1m2
+ (V1 . V2)< 0192 - IOGml - 32Gm2 - i —_ —qz —+ 7Q1QQ )
i m ny Gm1m2

44t _ 424192 409195 _ 16(1%)
m my m my

+(n-v,)? (34Gm1 —24Gm, +

16 106 8¢ 12
+(n-vy)? (78Gm1 +8Gmy, +—— q' _ 0% 5% + q1q22>
my my nmy Gm1m2
212 324> 16g3 24443
Fmev)(m-vy) [ 222 66, — 22N y56Gm, + —d2 _ 291D
2 2
my m my;  Gmym;
G2m2 91492 q2q2 2 < qy
1042 — 80 172 2 643 17¢, — 12
+ 17 <Gmlm2 qi 61142+m1m%(m1+ my) + 643 m, (17g, q1)

919
+ G1—§ (101Gmyms — 27g,q> + 10¢%) = 3G(19m? + 46m,m, + 6m3) — 14¢> + 132¢,q> — 24q§)] } (23)

The EoMs for body 2 are obtained by exchanging the body labels (1 <> 2), bearing in mind that n — —n under this
exchange. With the Lagrangian (21) we can also compute, at 2PN accuracy, the momenta

, _ 8L oL _£<6L> (242)

Pa= sv,  ov, dt\od
. oL oL
g =28 _ % (24b)
oay  daly
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respectively conjugate to the position y/, and velocity v'. Our results for body 1 read

; l._'_l ; v%+3Gm2
=mv —<svim | —=—
P 1Y 2 1M1 3 .

i
) - 2_12, (7Gm1m2 - 611612)

ni
~2, (Gmym; — q1q,)(n - Vz)}

1 ; 5G2m%m2 2Gm2q% q19> 5 5 q%q% 3m11)‘lt
+EZ{”‘{' 2 g T (mwm)om)-on
Gmm 7G*mm? Gm
+ 81r 2 (280 — 13(n - v5)? = 32(v; - v,) + 2313) + 2r21 24 2r21 (10q,g9, — q%)}
2 2 2 2
214 q1q Gm 717G mm
T [ﬁ 2m-v)m-vy) = (- vy)” +2(vy - vp) + 03) + 2r12n122 "‘722(3&]% —2¢19,) —#
Gmlmz 2 2 2 Gml 2
+T(18(V1 Vp) =2(n-v)(m-vy) + (- v,)* = 1607 — 2303) +ﬁ(3612 —10q,4,)
[G*m?m 2Gmyq? 9’q3
| TR 3t v = 13 v)) 4 2D ) + D (50w - (0v)
r r 4rm,
q19
—i-%((n : Vl)”% —3(m-v)(n-vy)? =3(m-vy)? =2(n-v,)(v;-v,) 4+ 3(n- Vz)U%)
Gmm
+8—1r2(3(n V)M vy)2 430 vy) 4 140 vy) (v - Vo) = 7(m- vy o3 — 9(n - v,)03)
G*mym3 Gm, (7q,q
) =700 ve) + O3 (T8 () 4 v - ev)ad ) | (251)
. 1 . Gmym TGm
Qi = 4n | (v, 4+ (0 2y) = 03)) + 202 (T = (n vy )2) = D
c 8 8 4r
3 ;v
- g”fh%az _Z<n V) (7Gmymy — q,q3) ¢+ (25b)

while the momenta for body 2 are easily obtained by the label exchange 1 <> 2.

B. Conservative dynamics in ADM-type coordinates

At 2PN order, the generalized Lagrangian (21) depends
linearly on the accelerations of the two bodies. This is a
well-known and unavoidable characteristic of the two-body
Lagrangian when it is expressed in terms of harmonic
coordinates [133]. However, given the gauge nature of the
dependence on the acceleration, it is possible to identify a
class of alternative coordinates such that the 2PN
Lagrangian becomes ordinary, i.e., dependent only on
the positions and the velocities of the two black holes,
thus allowing for the computation of the corresponding
Hamiltonian.

For BBH with no charge, for instance, the generalized
harmonic-coordinate Lagrangian can be recast into an
ordinary Lagrangian by transforming the harmonic coor-
dinates into the coordinates of the ADM canonical formal-
ism, as first shown in Ref. [134] at 2PN and later extended at
3PN in Ref. [135]. In our case, indeed, we cannot use the
same transformations, but we can follow the general
procedure presented in Ref. [135] to find a family of
ADM-type coordinates whose corresponding Lagrangian

is ordinary, and then fix the charge-independent part so to
reproduce the known ADM results in the neutral limit.

Let us consider an infinitesimal contact transformation
between the bodies’ trajectories in harmonic coordinates,
yi, (1), and the corresponding ones in a yet unspecified set of
ADM-type coordinates, Y,(). We denote the difference
between the two as

Sy (1) = Y}y (1) = v (1) (26)

This transformation can be assumed to begin at the 2PN
order, since accelerations in the harmonic Lagrangian first
appear at that order. Moreover, following Ref. [131], it can
be taken in the form®

. 1 ) oF 1
o= @] vols) @
A

8Working at 2PN accuracy, the “counter” term X', introduced
in Sec. Il B of Ref. [131] is not needed.
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where Q) is the conjugate momentum of the acceleration
given in Eq. (25b) and F is an arbitrary function of
positions and velocities with leading-order contributions
at the 2PN level.

We denote with LAPM-WP¢ the Lagrangian associated to
the coordinates Y, (¢). Following Ref. [131], we have, at
linear order in 6y,

LADM—type [

Ya:Val =L[ya.Va.ay +Z Syl + t’ (28)

where both sides of the equation are expressed in terms of
dummy harmonic variables that must be replaced with the
ADM-type ones, (Y4, V), once LAPM=9P¢ j5 computed.

The arbitrariness of the function F, entering the contact
transformation and the Lagrangian, reflects the fact that
there exist an infinite number of ADM-type coordinates that
eliminate the acceleration dependence in the Lagrangian, as
per Eq. (28).

For neutral BBH, the usual strategy to fix the functional
expression of F is to require that the Lagrangian (28) is
exactly the ADM Lagrangian computed, via a Legendre
transformation from the PN-expanded Hamiltonian of the
canonical ADM-formalism. This is precisely the procedure
followed by Ref. [131]. However in the case of a charged
BBH system, the ADM Lagrangian (or Hamiltonian) is not
known. This has the consequence that we cannot immedi-
ately apply the procedure of Ref. [131], but we should
instead follow a more general prescription.

More in detail, our prescription is the following. We start
with the most general 2PN expression for F that only
depends on positions and velocities and is given in terms of
unfixed coefficients that can depend on masses and
charges. We then partially fix these coefficients by asking
that, in the limit (¢, ¢,) — (0, 0), the resulting Lagrangian
reduces to the ADM one, finally leaving the residual
unfixed coefficients explicit. The function F we consider
has the general structure

1
F= p {Al(n V)t 4+ Ap(n - vo) ot 4+ Ay vy) (v - Vo) 4+ Ag( v)) (v - Vo) 4+ As(n - vy ) od + Ag(n - vy)v3
+ B, (n-vi) + B, (n-v2) +Cim-v)? +Cm-v)?(n-vy) +C3(n-vy)(m-vy)? 4 Cy(n - V2)3}’ (29)

where each coefficient is decomposed in the sum of the
corresponding mass-dependent ADM result, obtained in
the neutral case in Ref. [131], and an unfixed coefficient
associated to charge-dependent corrections, which we
denote as (A1 . Az, A3, A4, As, A6’ Bl . Bz, Cl s Cz, C3, C4)
Explicitly, we have

A=Ay, Ay = Gmim2+A2» Az = As,

A=Ay, As=- Gm4‘m2+A5, As = A,
31_@(’"24'7’"1)"'317
Bzz—@(7m2+ml)+32,

Ci=C,, C=C, C3=Cy, Ci=Ci  (30)

With this choice of F, Eq. (28) yields an ADM-type
Lagrangian with no dependence on the acceleration and
that reduces to the known ADM Lagrangian in the neutral
limit. Sticking to the same contribution separation consid-
ered in the previous section, our result is organized as

ADM-type

ADM-type __ y ADM—type
L =L,

+ Lpy

+ LADM type + Lgﬁﬁ type (31)

|
The explicit expression for each of these terms is provided,
in terms of the coordinates (Y4,Vy,), in Eq. (B1) of
Appendix B.

We stress that, although applying the order-reduction
procedure to the harmonic Lagrangian would eliminate its
dependence on accelerations (and prevent the harmonic
gauge to be satisfied [133]), the resulting Lagrangian would
fail to reduce to the ADM form in the neutral limit and
therefore it cannot be obtained from the result (31) with a
particular choice of the free coefficients. Nonetheless it is
still possible to recover the order-reduced Lagrangian by
properly fixing the coefficients of F without the partial
fixing of Eq. (30).

Let us now move to the computation of the correspond-
ing ADM-type Hamiltonian. Noting that the ADM-type
momentum P’ conjugate to the coordinate Y', is given by
the defining relation

b) LADM—type

Pa=""gy

(32)
the ADM-type Hamiltonian, which reduces to the standard
ADM Hamiltonian of Ref. [136] in the neutral limit,
follows from the Legendre transformation

> PiVi
A

HADM—typc — _ LADM—type' (33)
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Again, we organize it according to the structure

— ADM-t ADM-t
HADM type Hkin ype + HPN ype

+ H?é)M—type + HADM—type’ (3 4)

mixed

and separately provide the different contributions in
Eq. (B2) of Appendix B.

V. TRANSFORMATIONS TO THE CENTER
OF MASS FRAME

Let us now focus on how to translate all these results in
the CoM frame. In the following we will employ harmonic
coordinates, knowing that the corresponding transforma-
tion to the CoM frame in ADM-type coordinates can be
simply obtained by first going to the CoM frame in
harmonic coordinates, as explained in detail in this section,
and then shifting to ADM-type coordinates, by means of
the contact transformation (27).

In the absence of dissipation, the CoM position G'
satisfies the general equation

The result is unique and reads

Tmym>
n 1 2>+‘11(]2

dG'

T P, (35)

where P! is the conserved total linear momentum [131,137]

SL L dP"

i =i 4ol = O O8 0. (36
Pr=pri+p o ol dr (36)

To explicitly compute G’ up to 2PN we proceed as
follows: (i) we start with a general ansatz for G’ that
includes all the dimensionally allowed scalar combinations
of (y4,v4) up to 2PN order, each one paired with a
dimensionless coefficient that depends only on masses
and charges; (ii) we insert this ansatz in Eq. (35), order
reducing via the EoMs all the accelerations, while in the
right hand side we use the explicit 2PN result for 7' that
follows from the Lagrangian (21); (iii) since by definition
the coefficients of our ansatz for G' cannot depend on
positions and velocities, the equation of the previous step is
equivalent to a system of algebraic relations [one for each

different scalar combination of (y,, v4)] that we can solve
for the coefficients.

v+ nve)) + 2 )+ D v

(v +2(m-v)(m-vy) = (n-vy)? +2(v; - vy))

452 8r
2.2 2
q1q 919> 3 a1 399, Gm,
m('nz—mlﬂ'v(”%—U%)+§m1”‘1‘+Gm2<—2—r12— " )4‘7(2(111124'(1%)
Gmym
OO (v = 20 ) ws) + (0w = 140 v+ 1963 =T (12 (@)

The transformations to the CoM frame, namely the expression of y, in terms of the relative variables x =y, —y, and
V = V| — V,, can be found by solving iteratively (PN order by PN order) the condition G’ = 0. Our result for body 1 is [42]

my nymy

. A
| =———— X'+ |xX'(m —m
. my + mj 6‘2{ - 2)<(m1+m2)3

1 V!
AN A )2 - -7G .
ta {4(”11 ) (my —my)(q192 mymy)(n - v) +

+7
(my + my)

2 Gmym, — q,9,
2(my + my)*r

x' [ 2G*mm,

7 (4mq(q) + 6q2) + mim3(myr((n - v)* — 190%) 4 1647 + 40q, 9, — 843)

— mimy(myr(3(m - v)? = 310?) — 847 + 40q, ¢, + 1643)

—mim3(myr(=3(n - v)? 4+ 310?) — 20¢% + 20¢3) — m

(ml —mz)
mymy(my + my

1imar((n - v)? = 190%) + 244,94, + 443))

7 (mym3q1 g (myr(( - ) = 0%) +44,95) + 2m3qiq5
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+ mimy(AgiE — 22 (4m3r(a - v)(n - v) + 30%) + Smaqyqor(n - v)? = 302)

+ mim3(3r*v*m3 + 5myq,qor((n - v)? = 30%) + 44345)

+mi(3r*vtm; + myq qrr((n - v)* —

As usual, the same result for body 2 is simply obtained with
the exchange 1 <> 2 on the body labels, noting that now
also v changes sign under this exchange.

In the neutral limit (g, g,) — (0, 0), the harmonic CoM
position and the associated transformations to the CoM
frame reduce to the results of Ref. [138].

The transformations above have been used to derive the
2PN CoM-frame expressions for EoMs, Lagrangian, and
Hamiltonian in harmonic coordinates. These results are
provided in Appendix B and include also the dissipative
contributions that will be analyzed in Sec. VIL

VI. GAUGE INVARIANT QUANTITIES

With the conservative 2PN dynamics derived in the
previous sections, we are now in the position of computing,
with 2PN accuracy, the corrections induced by the charge to
the most relevant gauge-invariant quantities for a charged
BBH. On the one hand, in the simplifying setting of an
adiabatic evolution over a sequence of circular orbits, we
will compute the binding energy and the fractional advance
of the periastron per radial period.9 On the other hand,
without imposing any restriction on the orbital motion, we
will derive the associated conservative scattering angle,'
which is known to encode the full conservative information
of the underlying bound dynamics.

A. Binding energy and periastron advance

To compute the binding energy for quasicircular adia-
batic orbits we can use the ADM-type Hamiltonian of

Eq. (34). More precisely, it is advantageous to use its

o ADM-t .
expression in the CoM frame, Heyyy o, which follows

from the procedure presented in the previous section; this is
given explicitly in Eq. (B6).

9Concerning the binding energy, the assumption of circular
orbits makes disappear any dissipative contribution associated to
Schott terms, which instead, for more general motions, would
appear at 1.5PN (i.e., the PN order of the leading dissipative
effects in the dynamics of charged BBHs). We also notice that
“pseudo-Schott” terms like those recently computed at 4PN in
Ref. [139] for neutral BBHs, which would persist for circular
orbits, do not appear before the 3PN order for charged BBHs.
In general, the scattering angle also includes dissipative
contributions (see, e.g., Refs. [140,141]); however, these are
specific to hyperbolic motions and thus cannot be directly
connected (i.e., via analytic continuation) to the bound case.

2+ 238)] } (38)

In terms of the circular limit of this Hamiltonian, the (u-
rescaled) binding energy is conveniently given by the
formula

HADM—type

N . -M
Eb (xq) _ CoM,circ ﬂ(xl]> ) (39)

where x, is the charge-flexed frequency parameter'’

GMQ 2/3
Xq = { 3 ( —'71’72)} : (40)
Q being the orbital frequency. The circular-orbit
Hamiltonian Hég&/f aoPe(x,) is obtained by expressing

the circular limit of Hpry %, Eq. (B6), in terms of x,,.

Considering that the motion we are studying is planar, as
it is the case for nonspinning BBHs, the ADM-type
CoM momentum P is readily split in its radial and
angular components, (Pg, Pg), considering the relation
P? = P% + P3/R?. The circular limit is then equivalent to
the radial momentum condition P — 0. To recast the
angular momentum Pg, and the relative separation R in
terms of x,,, we proceed as follows. First, we compute, up to
2PN, the circular-orbit expansion of Pg in powers of 1/R,
by solving perturbatively the equation

dPp _ OHpon “P(Pg = 0,Pg,R)

0 pr— pr—
dt OR

(41)

Then, we compute the expansion of R in power of x,
(again at 2PN accuracy) by solving perturbatively for R the
PN expansion of the definition (40), in which the orbital
frequency € is replaced by

_d®  oHpoy "™(Pg = 0,Pg.R)
dr 0Py ’

(42)

and where Py, once the derivative relative to it is taken, is
expanded in powers of 1/R with the result of the pre-
vious step.

""We highlight that the conditions 7; = ¢,/ (vV/Gm,) < 1 and
1 = q2/(VGm,) < 1 do imply n;1, < 1, therefore x, is always
real and positive. We also recall that we consider m; > m,.
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The resulting 2PN binding energy reads'?

2

X X
Ey(x,) = —Eq + 2—2 (L=mm) {9+ v+2Q2 + Xp)m =23 + v)mny —2(2 = X1p)nd +2(1 + v)ind}

+ﬁ(1 —mm) 81 = 5T+ 12 + 24(1 = X15) = 2(7T = Xpp)v — 48 + 4v + 6(1 — X5)

—2(81 = 84v + 20y +24(1 + X15) —2(7 + X1p)v — 48 +4v + 6(1 — X))

— 4t (1 = 2vu + X15) + 4132 [9 + 130 + X 15(9 + v)] + (90 — 254v + 612)n3n3

+4mm[15 = 11w = X1, (15 +v)] = 4n3 (1 + X1 — 20) + 2013 (20 — 19 = 9X )

+ 273 [14(1 = X12) = v(19 = X12)] + 203 (20 = 19 + 9X15) = min3(9 = T6v + 207)

+ 23 [14(1 4+ X12) — v(19 + X10)] + (1 = 250 + 2)ning ) (43)
As expected, there is no leftover dependence on the free coordinate-dependent coefficients that enter the starting

Hamiltonian. Moreover, we have explicitly checked that this result reproduces the 1PN binding energy of Ref. [36] and, in
the neutral limit, the known 2PN results for BBHs with no charge given, e.g., in Ref. [28].
ADM-type

The periastron advance for quasicircular orbits can be obtained from the Hamiltonian H thanks to the
relation [142]

AD
—=K-1,
2w
Pr—0 OR> dP,ze 0Pg ’

Following the same procedure detailed for E,,, one can express K as a function of the variable x, Explicitly, our result at
2PN accuracy is

X
K=1 +Z‘1(1 —mm) 12 =3 = 1200 — 03 + 2035 + X12(n3 — )]
2

X
+ 4—§ (1 —nymp)~*{648 — 487 — Tyt — 13681, + 204570, — 12003 + 888nin3 — 700,13 — 1925303 — T3

— 7033 + 10n{n% + X 12700303 + Trs — 12007 — Ty} + 2043, + 12003 — 70103 — 204n3n3)
+ v[=336 — 20n% + 1451 + 100851, + 1121730, — 2003 — 1284nn3 — 92nin3 + 112013
+ 6883113 — 10451 + 16X 15 (7 — 2nin> — 15 + n{ns + 2mm — mins)]}- (45)

Note that here, too, there are no leftover free coefficients, and, when taking the neutral limit, our result reproduces up to 2PN
the zero-spin limit of the result provided in Ref. [143].

B. Scattering angle

The conservative scattering angle for a binary system of two charged black holes has been recently derived, up to O(G?)
in the post-Minkowskian (PM) expansion, in Ref. [40]. Here, we compute its PN-expansion up to the 2PN order from the
2PN-accurate conservative dynamics derived in the previous sections. In addition to encoding our 2PN conservative results
in a gauge-invariant quantity, this computation permits a nontrivial check against the scattering angle of Ref. [40], which
can be PN expanded considering that the relative boost factor ¢ appearing therein is such that (6> — 1) ~ 1/c?.

The scattering angle associated to the Hamiltonian Hé?l\l,\[/l ~YP¢ [see Eq. (B6)] is given by the integral
oo JPR(E,Po, R
x=—ﬂ—2/ arOPR(E Po.R) (46)
Rmin aP(D

"In expressions of this kind the test-mass limit is readily obtained considering v — 0 (and X}, = V1 —4v — 1).
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where the function Pg(E, Pg, R) is obtained by solving perturbatively for the radial momentum the energy-conservation

. ADM-—t
equation Hegyy o0

terms of o through the relation

= E, and R, is the smallest real root of P (E, Pg, R) = 0. The integral in Eq. (46) is then rewritten in

E=Mc*\/1+2uv(c-1)

2

_1+5(0—2—1>-§(1+u)(62—1)2+..., (47)

and the resulting series of diverging integrals is regularized and evaluated with the standard procedure discussed, e.g., in

Refs. [144,145].

To simplify the final expression, our result for the scattering angle y is written in terms of the momentum at infinity
P = V6* — 1 and the angular momentum Py = Po/p. Up to 2PN order, it reads

2GM 2G*M3
X = 1 —mm) =555 (L=mm)’
P¢Pm( 1 ﬁ 3P;P&( 1 ”
1 GMpoo G2M27L' ’,]2 ’12 ’,]2’,]2
2{ (4=mm) +——>— 3L (1+Xp) -3mm—-"2(1-X;) +-12
A\ py P 4 4 2
(;3
+p3p [8‘“7%(1+X12)—15’71’72—’7?772(1+X12)—’7%(1—X12)+8’7%’75—’71’73(1—Xlz)—’ﬁ’?ﬂ}
(/) 00
1 (;2A42 Pé: 3 2 2 2,2
S [ 2) 1 X) (=34 0) 4+ 31+ s = (1= Xip)(3 4 v) 0T
c P¢ 4 8 8 4
G*M3p,, 17 2
+TP {_16(—3 + o) = (14 Xp) —’7—2'(1 — 2+ Xp) + v (1+ Xy) +’7‘T’72(128y— 225)
¢

3 17 73
+mim(1 + X12)(6 —v) —577?’72(1 -2+ X)) — 7'7%(1 -Xn) +32(1 -2—Xy,)

3 n3n3
+um (1= X1p) + (16 = 24v)yims + mm3 (1 — X12)(6 — v) —5771'73(1 —2v—X5) +sz(—3 +16v)

GM p?
+ oc’771'12}-

Once again, we notice that the dependence on the
free coordinate-related coefficients has disappeared.
Additionally, we find perfect agreement between this result
and the 2PN expansion of the scattering angle provided in
Ref. [40]."

As already mentioned in Sec. III, we can also use the
scattering angle as a convenient gauge-invariant tool to
check the alternative 2PN Lagrangian for charged BBHs of
Ref. [39]. To this end, since Ref. [39] only provides the
charge-dependent contribution to the full Lagrangian, we
completed the result of Ref. [39] following two alternative
procedures: (i) by adding the 2PN Lagrangian for neutral
BBHs, shown, e.g., in Eq. (4.1) of Ref. [131] and, alter-
natively, (ii) by adding the 2PN EFT Lagrangian provided
in [46]. In both cases, computing the PN-expanded

BThis also means that, in the post-Lorentzian limit (G — 0),
our result also agrees with the one of Ref. [146].

(48)

scattering angle yields a result that differs from that of
Eq. (48) (and thus from the PN-expanded result of Ref. [40])
by a 2PN term proportional to the charges.

It should be noted, however, that not knowing precisely
the arbitrary choices behind the computation of the
Lagrangian of Ref. [39], concerning in particular the
associated neutral part, we cannot conclusively determine
whether the latter is physically incorrect or whether it
should be supplemented with a different neutral-BBH
Lagrangian.

VII. DISSIPATIVE EFFECTS

In this section, we account for the dissipative effects in
the 2PN dynamics of a charged BBH. Because of the
presence of charge, and thus of a gauge vector field A,
coupled to the metric g, , the radiation emitted by a system
of this kind presents also an electromagnetic component of
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dipolar nature, which enters the dynamics one PN order
earlier than the leading 2.5PN quadrupolar radiation
associated to the emission of GWs [35,36]. This means
that, to completely characterize the 2PN dynamics of a
charged BBH, we have also to compute the leading 1.5PN
dissipative effects associated to this dipolar emission [120].

More specifically, in the following we will show how to
compute the 1.5PN dissipative corrections to the EoMs (23)
and to the CoM-frame transformations (38).

A. Leading dissipative effects in the equations of motion

Varying the action (3) with respect to y/, yields the EoMs
of body A, in the form

d*y
dr?

qa a v
— _m_A<gﬂPFpm/gaﬂvAvﬁ)AvA, (49)

where the parentheses (...), are used to denote quantities
evaluated at the position y, of body A.

As mentioned above, we know in advance that the
leading dissipative effects we are interested in enter the
dynamics at the 1.5PN level. The next-to-leading dissipa-
tive effects, being 2.5PN corrections (of both dipolar and
quadrupolar nature), can be neglected at the global 2PN
accuracy we aim to achieve. Moreover, there is no mixing
with the conservative contributions, which are limited to
integer (i.e., time-symmetric) PN orders in the EoMs.
Accordingly, for our current purpose, we just need to
determine the 1.5PN term in the PN expansion of Eq. (49),
for u = i.

To this end, we consider the following parametrization of
the metric [147,148]"

+ (F5/1>A ”ﬁ”ﬁ - (Fgﬁ)AvZ vﬁﬂﬁ

goo=1-2V+2V2+ .
goi =4V, + ...
gij = —0;;(1+2V) + ... (50)

given in terms of retarded potentials, V ~ O(1/c?) and
V;~O(1/c?), that can be obtained from the stress-energy
tensor of matter (as shown in Ref. [148]). Taking also into
account the PN scaling of the vector potential’s compo-
nents, Ag ~O(1) and A; ~O(1/c), and considering that
0y = %at, we find that the 1.5PN dissipative contributions
to the EoMs for body A is completely determined by the
right-hand side of Eq. (49), and reads

“Even thou gh this parametrization is formally valid only up to
the 1PN order, it is actually enough to compute the 1.5PN
dissipative contributions we seek here. We notice moreover that
we have an overall minus sign with respect to Refs. [147,148] due
to the different signature employed.

i qa 1
(@)1 sen = m—A (aiA(l)'SPN)A s (atA}PN)A

J
v
+ ?A (0,AIPN —0,AIPN) | (51)

To complete our derivation, we have to compute the
1.5PN component of A, the 1PN component of A;, and
cure, using the Hadamard regularization [149,150], the
self-field divergencies that appear when such components
are evaluated at the positions of the bodies. This is done
explicitly in Appendix C. For A = 1, our final result in
harmonic coordinates is

(a) _ 2G qy(qimy — qomy)
1/1.5PN 31’363 m,

x (1_ 019> )[3(n-v)ni—vi], (52)

Gmym,
and the analog for A = 2 is obtained by exchanging the
body labels, 1 <> 2, withn - —n and v — —v.

As a consistency check for Eq. (52), we used it to
compute the corresponding flux of energy at infinity, which
is determined using a balance-law approach analogous to
the one used in Sec. VID of Ref. [151]. The resulting
energy flux exactly reproduces the leading dipolar flux
given in Eq. (B56) of Ref. [36].

B. Leading dissipative effects in the transformations
to the center of mass frame

The presence of a dissipative correction in the EoMs also
affects the linear momentum, the CoM position, and,
consequently, the coordinate transformation to the CoM
frame. To obtain the correction to the latter, we follow the
same procedure outlined in Sec. V, modifying both the total
linear momentum and the CoM position with the addition
of extra terms at the 1.5PN order.

We begin by defining a modified total linear momentum
P, expressed as the sum of the conserved linear momentum
given in Eq. (36) and a general ansatz at 1.5PN order. To
determine the coefficients entering the ansatz, we require
the momentum P to be conserved along the full radiation-
reacted dynamics. We therefore solve the equation

api
dt

= 0(1/c7), (53)

while order reducing all the accelerations with the full
EoMs, i.e., complete of the dissipative contribution, as per
Eq. (52). The resulting modified total linear momentum
reads
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2nt
W(mlmZ - q192)

X [myq3 —mygt + (my —my)qiq2].  (54)

Pi=pi—

Armed with this result, we can proceed along the same
lines as in Sec. V and compute the dissipative contributions
to the CoM position. We thus consider a modified CoM
position G that differs from Eq. (37) by a general
dissipative contribution depending on free coefficients,
which we constrain by imposing

dG!
dt

= P, (55)
Our result is

N9 () + (10 2). (56)
3msc

G'=G'+
Finally, the correction (56) to the CoM momentum
determines an associated dissipative contribution in the
transformations to the CoM frame, which now follow from
the condition G' = 0. In particular, we find that the 1.5PN
radiation-reaction correction to Eq. (38) is

21’i(m2¢]% = q1qx(my —my) — m1¢]§)

3(my 4 my)*c? 57)

(yli)l.SPN =

VIII. CONCLUSIONS

In this work, we extended the PN knowledge of the
dynamics of charged BBHs to 2PN accuracy, addressing
both conservative and dissipative contributions.

In particular, using the EFT approach, we derived the
2PN-accurate Lagrangian in harmonic and Lorenz gauge in
Einstein-Maxwell theory. Our result reproduces the known
2PN Lagrangian of GR and the 2PC Lagrangian of
electromagnetism in the appropriate limits. Furthermore,
we find complete agreement with the PN expansion of the
3PM Einstein-Maxwell result reported in Ref. [40]. From
this Lagrangian, we derived the conservative EoM, as well
as the corresponding Hamiltonian in an ADM-type coor-
dinate system defined by the condition that, in the neutral
limit, it reduces to the usual ADM one. In the absence of
explicit ADM results at 2PN level for the charge-dependent
sector, these coordinates and all results expressed in terms
of them cannot be fully determined. Instead, they depend
on a set of arbitrary charge-dependent coefficients that can
be uniquely fixed once the 2PN ADM Hamiltonian for
charged BBHs has been computed. This will also provide a
nontrivial check for the results obtained in this paper. In
addition, we computed the associated 2PN transformations
to the CoM frame.

Concerning the dissipative part of the dynamics, we
provided the leading 1.5PN contributions to the EoMs,

which is the only relevant contribution for computations
with 2PN accuracy, and we incorporated these corrections
consistently into the transformations to the CoM frame.

Finally, we computed three gauge invariant conservative
quantities up to the 2PN order: the periastron advance and
the binding energy, for quasicircular orbits, and the scatter-
ing angle along unbound orbits.

This work represents an important first step toward the
complete 2PN characterization of motion and radiation of a
charged BBH, and it will be completed by a forthcoming
paper focused on the derivation of the 2PN-accurate energy
flux, as well as on the analysis of the extremal limit [41].
Such an endeavor will be crucial for studying these systems
through GW observations, particularly once our results are
incorporated into analytical waveform models, such as
those developed within the effective-one-body formal-
ism [119].

Future extensions of this work include incorporating spin
and finite-size effects of the compact objects for a more
accurate description of their dynamics. Moreover, this
analysis could be extended to account for magnetic- and
electric-type electromagnetic multipole moments of the
compact objects, building on the results of Refs. [99,100].
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APPENDIX A: EXPANDED FUNDAMENTAL
ACTION FOR FEYNMAN RULES

We report the expression for the fundamental action,
given by Eq. (3), expressed in term of Kol-Smolkin
variables, given in Eqgs. (11) and (13), and expanded in
the PN parameter using the power counting rules intro-
duced in Sec. III C. The resulting expansion is a polynomial
expression in the fields, containing formally an infinite
number of terms, which specify the interactions present in
the theory. Employing the power counting rules we select
only the subset of terms which can contribute to quantities
at 2PN order, i.e., 1/c*.

|

In Egs. (A1) we present the explicit expression for the
expanded action. For brevity we report only the terms
which are actually needed to compute the point-particle
conservative Lagrangian at 2PN order. The omitted inter-
action terms can only appear in diagrams which contribute
to higher PN order. These computations have been per-
formed employing a Mathematica code based on the
EFTofPNG package [106].

S = Spuikkin T Sbuik T Swi (Ala)

Stulk kin = / did’x ({ (0;AT)? = 0:p0'p + EaifPEMa'(IﬁEM = 0;A; /A" + 0;A; 0 A"

1

5[ (0:AEm)? + 0;Apm; ¥ ALy

- a]AEMla]AiEM]

+ 1 [0,68,0/6"; + 40,06' ;007" — 2(20,0,0 6" + dkaijdka’/)]}

1 (1 ) | ) y
+? {azAEMiazAﬁM —0,A;0,A" + 1 (—(0,0:)* + 20,06;;0,6") + c4(0 ) — ( \DEm ) }) (Alb)

2

a',»ajqﬁEM@j(ﬁEM — 20,0 pemd Pem

Sbulk:/dtd3 (C {Cd( o' 0(]50](2;# 20;;0'¢d'¢)

_ (9ipem9 Pem) n ca((9,A")?

4A

— A VAT + ;4,047

A
(=2 + ca) ((9:ARm)*

— 0;Apm;0 Ay + 0;ApMi0 Afy )b

2A
1
A

(aiAiéMAjajqﬁEM - AiaiA{;:Maj@zM + Akaj¢EMajAEMk + aiAiajA{;:MQbEM)}

(A0;pen + 0;A' Ppm )0, PEm

3 A

1 2¢,A10,¢0
T {_ Cy $0,¢ 4

P

20; 0,A! —
i PemO,Apy P

A

CdaiAfaM¢EMaz¢ - ZaiAﬁmﬁbazﬁbEM}

L [0den0 Pend® _ cih(0i8)® | Oem (2cademd + (2 + ca) b0 dem) (AlQ)
ct A? A A ’
Sy = Z /th ({ mA¢ 9EM, A¢EM} 41 {mAAiUA,i n QEM.AA{EMUAJ}

A=, Agm A Agm

+i mpvp 04,07 (=14 comavid mad®\ 1 [maAlvg 03 n MAA" VA b
c? 2A 2A 202 T 2A A2

L[l Clrabne_mgl) "
c 8A 4A 6A

where v3 = §;;v,v, and the time dependence of v, = v/,(t,) is understood.

The expanded action in Eq. (A1) equivalently represents the action for a d-dimensional Euclidean interacting quantum
field theory for the five potential fields W. In particular, from the expanded bulk action in Eq. (A1b) we obtain the explicit
expressions for the propagators of the potential fields W, from the bulk action in Eq. (Alc) we obtain the Feynman rules for
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the bulk interaction vertices of the theory, and from the worldline action in Eq. (A1d) we obtain the Feynman rules for the
interactions between the potential fields and the worldlines.

Let us notice that the propagators for the potential fields in Eq. (Alb) have a nonhomogeneous scaling in the PN
parameter, since the terms with two temporal derivatives are suppressed by the factor 1/c2. We therefore treat these terms as
perturbative propagator insertions, and they encode the retardation corrections of the PN formalism [43].

APPENDIX B: EXPLICIT RESULTS

In this appendix, we provide the explicit expression of Lagrangian and Hamiltonian in ADM-coordinates, following the
procedure detailed in Sec. IV B. Moreover, we show the CoM-frame expression of the harmonic EoMs, the harmonic
Lagrangian and the ADM-type Hamiltonian.

Thus, the explicit expressions of each component of ADM-type Lagrangian in Eq. (31) read

Cype V3L fmVIL 1 (my V8
L;:EM typ :m12 1+?{m18 1}+C_4{m1161}+(1<—>2), (Bla)

G*mm,
4R?

_ G 1 (G
LADM-tpe m1m2+?{ T (3V2 =7V, -V, +3V2 — (N V))(N- V) —

2PN R iR (my +m2)}

1 (Gmym, G*mym3
C—4{ Vi (m? + 5mymy + m3) + 8Rlz 2(15(N-V,)2 + 16V3 =30(V, - V,) + 11V3)
mym
+ T BN VAN Vo) = 4(N- V) (N- Vo) V3 = 10(N- V)03 + 14V
+12(N-V)(N-V,)(V;-V,) — 14V%(V1 -Vy) +2(V-V,) + 11V%V%} } + (1 < 2), (B1b)
ADM- ADM ADM-— 9192
Lchargedtype = Lop TP L ixed = R
1 Gm Gm q19>
+—= {2R2 (29192 — q1) + =55 R (2919, — 93) +§(V1 Vo 4+ (N-V)(N-V,))
1 9192 /1 2172 2 2 2 2172 9%
+ SR (V3(N- V) + (N-V)2Vi+2(V; - V) =3(N-V)*(N- V,) _V1V)+W

m,
(4q7 = 3q102) + ——5 (2611 1799, + 243) +

=3miq q, + 4m%q%]
4R3

GZ
+ {41?3 4R?

3 2.2
9% 2 2 919 91493 2 2
+ 3(IN- V)= =V7) + + 3(N-V,)2 -V
8r2m2( (N-Vi) = Wi) 4R mym, 8m1R2( (N-V2)"=V3)

4R?

m1q1q2< 13 (N‘Vl)(N‘V2)+5V2

- 2(N-V
R? 4( )t 2 4

i G[mzq142 (2(N-V;)(N-V,) —13(N- V2)2 —4(Vy-Vy) + SV%)

(Vi V2)>

2
myq
T 4221 (4(N . VI)Z _ 2(N . V2)2 — 4‘/% + 6(V1 : VZ) - V%)

m 2
n 4;122 (4(N- V)2 =2(N- V)2 = V2 4 6(V;-V,) — 4‘/%)}
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2
A (N Vi (N V)N V) £ V= (Vi V)
-0 (1= e ) ave v+ )|
[T (N V22 = (N V)N V) (Vi V) = V)

G 9192
t <1 ~ Gmym, (m Vi =2my(N- V)(N- Vy))

| YV (1 (N (N VN V) = (V)
+% <1 B G??fiiz) ((N-V1)?m; = my(N- Vi) (N Va) = my(Vy - Vz))}
2
+ A, |:%((Vl “V2)? = (N-V)(N-V2)(Vy - Va) + (N V3)2(Vy - Va) = (Vi - Vy))
o (1 ) oy (N V(N Va) 0, (Vi Va) = (N V)|
2
S|V (N VIR 4 (N V)NV = (V- Vi)
+ % (1 - Gciilq;h) (2m(N-V1)(N- V) — mz‘@)}
AR (VP = (N VNV o (V- V) - 72) + B0 (1= D ) o vy 43
[—2(N - V{)(N-V. 2(N-Vy)2+(V1-V,) = V3 Gm
+B1_ ( 1)( 2) + (R2 2)” + ( 2) V2+ e _12131;1”22]
4B [—2(N-Vi)? +2(N-V{)(N-V5) + Vi = (V; - V)  Gm, 611612]
dl R? R Rm,
+C __3(1‘11‘%2"1)(@ V1) = (N-V)(N-Vy) = V24 (V; - V) = 3; (1 - G‘;f’;z) (N- V1)2]
G|+ (3N ViPN - V) + 3(N- Vi)(N- Vo) 4 2(N- Vo)VE + (N- V1)(Vy - Vo)
2N V) (Ve Vo) = (N V) (1 2 (N VP = 20N VN - V)
+ G [N }?VZ (=3(N-V;)*(N-V2) +3(N- V)(N- V3)> + (N Vo) Vi + 2(N- V) (Vy - V3)

SNV VD) = 2N VOV (12 ) N V(N Vo) = (- Vo )|

3(N-V,)?
R

3Gm, 9192 2
1- NV
+ R2 ( Gm1m2 ( 2)

‘e, [— (N-Vi)(N-V3) = (N Va)? = (Vy - V) + V2)

where we notice the presence of the unfixed coefficient (30) of the function F.
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Following the Legendre transformation in Eq (33), we can compute the ADM-type Hamiltonian (34) in terms of the
ADM-type conjugated momentum P, (32), that reads [42]

P? 1 P4 1 Pe
HADM type _ i ~J)J_ 1 ~ ) 1 1 2 , B2
Kkin 2m, +c2 8m3 +c4 16m3 +(1e2) (B2a)
_ Gmm, 1 (G 3Gm, P2 1(P,-P,)  G*mymy(my + m,)
pADM-upe _ _ Gmimy N-PO)(N.P.) — 2P 1- P 1mo(m 2
2PN 2R 4R( )(N-P2) 2Rm, 8k 2R?
1 SszzP% G3mym, 5Gm, P}
?{ R e M Smim ) & 8miR
G*(m; +m
%(19}% —27(P, - P,) = 6(N-P,)(N-Py) + 19P3)
G 2 2 2 p2 2
+W(5P1(N‘Pz) —22P{P; —4(P - Py)? = 24(P, - P;)(N - P} )(N - Py)
111>
—6(N-P1)2(N-P2)2} +(1+2), (B2b)
ADM— ADM— ADM— 9192
H chargedtype = Hype Y+ H mixed = 2R
1[G 2Gq,q>(my + my) 919>
g (et 4 mig3) - 2CDRU ) DL (b py 4 2N PN D)
1 G2 2 G2m 2.2
+—z { AR L(3q19, —443) — AR (2611 - 17919, +243) + 4R32 (39192 — 443)
Gm, g3 3Gqiq; | Gmaqi o, ) 49
N-P P:—(N-P -
+t—0 mzR ( ( 2) ) 4R3 m%Rz ( 1 ( 1) ) 4m1m2R3
9192 Pz P2 611612
— | —= —=+P,-P N-P)(N-P
ot (72, L) (42 py Py 4 (N RNy
+m(611512(10(1’1 Py) —12P3 +4(N-P;)* +4(N-P|)(N-P,))
my

+ ¢3P7 +2¢5(N - Py)* — 647 (P, - Py))
G

T IR (q192(10(P; - P,) — 12P5 + 4(N-P,)* + 4(N-P;)(N - P,))
2

+ q1P3 4+ 247 (N - P,)? — 643(P; - P,))

T3 D92 (PP} ~2(P, - Py)? — P3(N- P,)* = P}(N- P,)* + 3(N- P))*(N- Py)?)
mym;sR
A Gm, 9192 ) Pt 5
- P2 +2(N-P)?)——(P?-(N-P
+m1R[+m1R< Gmym, (Py+2( 1)) mf( 1 ( 1))
Pt
+— ((PI'PZ)—(N'Pl)(N'Pz))
miyn,
A |G 9192\ p2 P, 5
——(1- P2—2(N-P)(N-P,)) +—1—(PZ— (N-P
+m1R[ R( Gmy) (P = 2N PO(N-Po)) o (P = (N P2)?)
2
N-P;)(N-P P,-P
(N PN Py = (P )
A; |G 9192 2
+m1R [R (1 Gmym, ((Py-Py) = (N-Py)* + (N-P)(N- Py))
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o (PP = (P PN PN P2) 4y (P PP+ (P Pa) (NP1 P)|
1ms mimy

+i [—E<1— 9192 >((P1'Pz)+(N'P1)(N'P2)—(N'Pz)2)

myR| R Gmym,
2
F (P ) = (P PN Pa) = 3 (PP = (P PN Py (N P)|
As |G P2
b [ (1= e ) (23— 2N PN P = 22 (P (N
2 () - (N PN Py
lmz
A Gm 91492
2 2
e (P Py) = (NCPy(N-P2) 42 (3= (NP
B, | Gm q19> 1 1
o TR (1 Gt ) o (1 ) = 2N PN P) (3 2N )
B, | Gm, q19 1 1
[T (1 G (P Pa) = 2N PN P) = o (P - 2N PyP)|
# 2 NP [T (1= ) (2 )~ (N- PN - P)) = (P = (N )

+ (P%(N P2 4+ 2(P - Py)(N-P)(N-Py) = 3(N - Py)*(N-P,)?)

m2m
mym
1

(P P (NP1 4 2PN PO (N Py) = 3N Py (N - )|

e (1 g ) o PN ) - (NP

+ ; (2P3(N-Py)(N-Py) + (P, - P,)(N- P,)? —3(N - P)(N - P,)%)
1

m%mz
3Cy Gm, 919> 1

N-P 1- - P, -Py)—(N-P;)(N-P
ot NPy | R (1= L) (P Py = (N PN Py)

(2(P; - P)(N-P)(N-Py) + PHN-Py)2 — 3(N - Py)2(N- P2>2>}

+mi%(P§ ~(N. P2)2>] } (B2e)

Now, using the CoM-frame transformation of Eq. (38) and the corresponding notation, the relative acceleration
a' = a’ — a) reads
i B!
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GM G*M

a'=——5n'(1-mn) +l{n [
72 2

1
<4 Smnp + 5 ’72(1 - X)) + 2’71( +X15) +20(1 = ’11’72)2)

GM

L <2 <<1—mm)(l—6v-3>>+§*2<1"“”2>>] *””[3”1'”‘”2)6'3”)”

1 (2G*M*1?
-3 {T (m —m)*(1 - '11'72)2}

1 [G3M3 (27 1
+F{n’{ A (7’71’12—9—3(1—1771’12)(’7%‘1"7%—}(12(’7%—’7%))

7 87 7 203 1
+V<ZX12(77%—77%)(1—771772)—1—1(’7%4"7%)4' n ’71’72+4’71772( —107’71772+’72+3’71’72)>

G*M?
r

) v? v?
O (220 = )0 = P+ Xl =) (PO 49 = (1430)) + 5 0 s+

[S]

v

3= 1200 - 2

GM 45 ., mm\ 150 vt
+7<v2(1—mnz)<4v4+§r4—6r%2)+3 (1—%> — H=mm) = mm

+ (2 —nt —n5) +v(i(25 + 5n7 = 39112 + 513 + dning) +

8

GM (1 vir . . .
+v {7 <— Ftnim + = (=97 4 30%(5 = mmy) + V(1 = mng) (20 — 3r2)>

G*M? [ ) .
+— (r(l =) X3 —nt) — 421 —mm)? + i(mmy =t — 3 = 2)

NI\

" (S6imy1s — 4 — 413 — T — 41))]} (B3)

We have included here also the 1.5PN dissipative contribution to the EoMs and that is discussed in Sec. VIIL.
Starting from Eq. (21), that depends linearly on the accelerations, by using Eq. (38), we can obtain the mass-reduced
Lagrangian £ in the CoM frame

E GM oM _ i v?
/t . mn2 3
1 (o GM , G2M?
+5 {g (1=30)+—~ (302 +u(1 = mmy) (V* + i?)) + o (4mmy —nd —m3 =2+ (0} — n?)Xlz)}

= {fz(l — Ty 4+ 132) + G?”((?—nm)(—z(a-v)H(n-a>v2>—'r2<“'3><1—’71’72>>

+ ngg (X107 = m3) +2 = 4mumy + i + 03 + v(15 + 207 = 39muny + 213 + 213 — mim3))
+ O ["5;”? 2= )1+ )X+ (1= = ) - 2= = ) + 5 (02 4 32)(1 = mim)?
+§ ( 2(=27 = ni =3 = 7(1 = n-np)?) + (41 + 10n7 + 1093 = 21 = 311?!1%))}
GTM {%]4 + Z (=v*(5 +mm) + v*i*(1 —mm)) + %2 (1 =mny) (3 = 90* — 101}2}"2)]
- GZ\fzy (n-a)nn,(8 - 771’72)}' (B4)

Now, following the same procedure described in Sec. IV B, we can identify the contact transformation from the relative
separation vector x' = y! — y} in harmonic coordinates to the one X' = Y| — Y} in ADM-type coordinates
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Sxl = X' —xl = 8yl — 8y} (B5)

Applying this transformation to the Lagrangian (B4), we find the corresponding ADM-type Lagrangian in the CoM frame,
as a function of (X, V). Then, by performing a simple Legendre transformation, we find the ADM-type Hamiltonian in the
CoM-frame, which reads

HADM—type 2 P2 G
—CoM :—C——i-———(l—’h’lz)
I v 2 R
1 (P* G? GM
+C2{8(31/— 1)+ IR (2407 —4nm + 15 + X2 (17 —1m2)) —ﬁ(?’Pz +v(1 = mmp)(P? +P12e))}

1 (G
+c4{w(nmz—n%—n%—2+X1z(f1%—n%)+v(23f7mz—277%—2f72 3nins = nin = 15))

G2
+ 35 (X12(m5 =) (P* = 2P%)(1 —v) + 2P%(ni + 15 = 2) + P2(n7 + 15 + 22)
+ v(P*(58 + Tt — 46mymy + T3 + 2mim3) — Px(32 + 1097 + 1073 + 4n1p)))

G
+ —(5P* 4+ 2vP*((1 = nymy) Py — P*(11 + nym)) — v*(1 — myna) (3P* + 2P*P} + 3P%))

8R
IS G Py P* 3
16(1-51/+5U ) m(l—?’]lﬂz)(l—lzl/)‘f'ZRz 4R2+R2 (2P2 —P2>
Gv 2 2 vP? 2 2 P’ 2 2 2 2
— QP PR) (=) + S (P = PR) 4 A [ (PR = P2) s (1= ) (2P + P7)
2P% — P? G 3GP 3P%
w B[P O] + ek - + 2k - )]} (Bo)

where P2 = p*/u®, Pr = p,/u, R = r/M, and A, B, C are coefficients associated to the contact transformation, given by
combinations of the coefficients appearing in Eq. (29), see Sec. IV B. Explicitly they read

1

A= Ty = ma) (m3A| = mym3(Ay + Az) + mimy(Aq + As) — miAg), (B7a)
1 2
1
B = m (—m131 + sz2), (B7b)
1
C = m (m%Cl - mlm%CZ + m%mng, - m?C4) (B7C)
1 2

APPENDIX C: EXPLICIT CALCULATIONS FOR THE DISSIPATIVE CONTRIBUTIONS

In this appendix, we go over the technical details behind the derivation of the dissipative contributions to the
EoMs, Eq. (52).

Our starting point is Eq. (51), which gives the dissipative contribution we want to compute in terms of the vector potential
components. More specifically, we need the terms in the PN expansions of A, and A; of order, respectively, 1.5PN and 1PN.

By varying the total action (3) with respect to A; and A, the associated field equations at 1PN accuracy are found to be'’

DA[ = __pe g (Cla)

>We underline that the next PN order in the field equations would be the 2PN, which we do not need for our current purpose of
computing 1.5PN dissipative contributions.
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1
DAO = 4ﬂpe - ? (2VV2A0 + 26iV(3iA0), (Clb)

where [J = =3 + V? and p, is the point-particle electric-
charge density defined as

= 3048 (x = ya(1)): (2)

pe(X, 1)

Since our objective here is to compute the leading
dissipative contributions to A, and A;, we are well before
the point at which the radiation reaction sector of the
dynamics develop tail-related components of noninstanta-
neous type.16 We can therefore proceed with a direct PN
approach similar to the one of Ref. [153], and focus on the
Poisson-like integrals that follow from the PN expansion of
the formal retarded solutions to Eq. (C1).

Let us begin with Eq. (Cla). Indeed, its retarded solution
reads

(C3)

x—z|
1 pe(z’t_ c ) .
Ai(x, 1) :—/d3z—v’.
c

x — 2|

Once this is expanded in powers of 1/c, the Poisson-like
integrals that spring forth are easily evaluated thanks to the
Dirac deltas in p,, Eq. (C2). Hence, we find

a1 T o
[ L )] + 1 e 40/

(C4)

The leading 0.5PN term in Eq. (C4) fully reproduces the
leading order term of A; provided in Ref. [36]. In addition,
we also find the sought for dissipative contribution

1 . :
AlPN = _?(QIall + ¢2a3). (Cs5)
In preparation for doing the same with Eq. (Clb), it is
useful to rewrite its source term using the differential
identity

V2(ap) = aV2B, +pV2a + 20,a0,8. (C6)

which yields
|

1r

x —z| Gm, qq 1
/d*%%@?/}e:—ql( rzz_ml i) |:n'V1+§r1'(3(n'V>n—V) +(1<—>2),

O = 42, + 5 [AV2V = V¥4, ~ V2(VA).  (C7)
C

Here, the potentials A, and V appearing in the source term
can be replaced with the leading order solutions to their

field equations, found, e.g., in Ref. [36]. Introducing the
notation ry = x —y, and r, = |r,|, they simply read

Ao = (D D2 C8

0 (rl " rn)’ (C8)
Gm, G

yro = 2 (C9)
r r

It is straightforward to see that, once these expressions
are substituted in the right-hand side of Eq. (C7), the terms
AgV?V and —VV?A, actually cancel each other out. The
retarded solution to the 1PN field equation of A is thus

—/d%w, (C10)

Ao(X,t) = |X—Z|

where

p(x.1) = p(x. (VIOAL0).  (C11)

Similarly as before, we consider the PN expansion of
Eq. (C10) and isolate, in the so-obtained series of Poisson-
like integrals, the 1.5PN contribution we want to compute.

We find
1 X —
_C3/d3 |:| 6 | a:t; e

1
+-—0,V( VLOA%O)} .

15PN _
Ay =

i (C12)

The first integral, whose support is compact, is easily
solved

3
/d3 x—2” - 2P *p ef@er(lez).

1
6 drf (C13)

By order reducing the right hand side of the latter via the
EoMs (23), that is enough to use at leading order in this
case, we obtain

(C14)

"In our case the first contributions of this kind would appear at the 3PN level, namely when the leading 1.5PN tail effects enter the
dipolar component of the energy flux, which is by itself a quantity that starts at the 1.5PN order.
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where we recall that v = v, —v,.

For the second integral of Eq. (C12), using Egs. (C8) and (C9), we have

14

G d &z d’z
E | @avr(vroato) = 2% & / = » / 2
477:dt/ z ( 0 ) 47[dt le]l i |Z_y1|2+m26122 i |Z_y2|2

&z
+ (m1g; +mQQI)lai26i/z_—>’

Cl15
yillz = ol ( )

where, following Ref. [154], we replaced the partial derivatives 0; acting on z' with the partial derivatives ,0; acting on y',,

exploiting that 0,z — y,| = —,0,|Z — y4|.

With the same strategy adopted for Eq. (5.4) of Ref. [154], the first two terms can be shown to give no contribution while

the last one is evaluated to

d’z 47
0; 61./—:—277 0,,0;F = —, Cl16
RNz —yillz -yl n r e
so that

1 d d1

dndr 2V (VIOAR®) = G(m g, + mth)a? (C17)
By combining Egs. (C14) and (C17), explicitly evaluating the time derivative in the latter, we conclude
apoen = ML (1202 Ny e Gmevn—v)| 4 mev)b 02, (@18)
0 7'2C3 Gm1m2 3

Let us finally move to the evaluation of Eq. (51). Now that
we have both A} and AN, we only need to clarify how
to overcome the problem of the infinite self-field of point-
particles, which brings forth divergencies when quantities
are evaluated at the positions of the bodies.

Since we aim at a PN accuracy for which there is still no
need to resort to the dimensional regularization method
[137], we can simply regularize all the diverging quantities
by taking their Hadamard partie finie [149,150], of which
we review the main technical aspects below.

Let us consider a function F(x) that is smooth every-
where in space except at two isolated singularities, y; and
y». As the field point x approaches one of the singularities,
say y; (i.e., r; =[x —y;| — 0), the function F admits the
powerlike singular expansion

F(x;y1.y2) = Z rifimiyy) +O(ry),  (C19)

—ko<k<0

where n; = (x —y;)/r; and k € Z. The Hadamard partie
finie of F at the singular point y;, which gives the
regularized value assumed by F when it is evaluated there,
is defined by

(F); E/dgi(j?l)fo(nn}ﬁ,)’z),

(C20)
that is by an angular average of the k = 0 term in the
expansion (C19), taken with respect to the direction n; of
approach of the singularity y;.

We have now all we need to evaluate Eq. (51): we replace
the explicit expression of A}PN and A!PN, respectively
Egs. (C18) and (C5), we compute the derivatives while
order reducing each time derivative of the velocities via the
EoMs, and we ultimately evaluate everything at the
position of the bodies by taking the Hadamard partie finie.
The result is precisely Eq. (52) of the main text.
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