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We study the dynamics of electrically charged black-hole binaries and their gravitational-wave emission
during the inspiral phase. Within the post-Newtonian framework, we derive the conservative and dissipative
dynamics up to second order (2PN), combining Effective Field Theory and classical methods. We compute
the next-to-next-to-leading-order conservative Lagrangian, leading-order dissipative effects in harmonic and
Lorenz gauges, and provide the equations of motion, center-of-mass transformations, and the Lagrangian/
Hamiltonian in Arnowitt-Deser-Misner-type coordinates.We also obtain gauge-invariant expressions for the
binding energy, periastron advance in quasi-circular orbits, and the scattering angle in unbound orbits. Our
results extend previous analyses and are fully consistent with recent post-Minkowskian findings.
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I. INTRODUCTION

In conventional astrophysical contexts, black holes are
expected to be electrically neutral to a good approximation.
Even in the presence of external magnetic fields, selective
charge accretion is strongly suppressed and various physical
processes, such as vacuum breakdown, plasma screening,
and pair production, act to rapidly neutralize any significant
charge imbalance [1–4]. This expected neutrality also
underpins the standard modeling of gravitational waves
(GWs) from binary black hole (BBH) mergers, as imple-
mented in the LIGO and Virgo data analysis pipelines [5–8].

Nevertheless, studying compact binaries of electrically
charged black holes remains of prime importance for GW
astronomy, as it enables the extraction of direct observa-
tional constraints on black hole charge from GW analyses.
This is an especially relevant task if one considers scenarios
involving hidden-sector physics. In these cases, the
“charge” appearing in the Reissner-Nordström (or Kerr-
Newman) metric may correspond to more exotic quantities:
magnetic monopole charge [9–11], vector charges in
modified gravity [10], or minicharges associated with dark
matter [12].1 Crucially, such charges may evade the dis-
charge mechanisms that occur in standard electromagnet-
ism, allowing them to persist through the coalescence
process of BBHs, leaving a potentially measurable imprint
on the emitted gravitational radiation.
While several tests of general relativity (GR), sensible

also to the eventual presence of charge, have been applied
to GW signals [15–26], these analyses typically follow an
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1Recent studies have also investigated how tidal effects can
substantially modify the dynamics of charged BBHs, particularly
in the extreme–mass–ratio limit [13], as well as how electric
charge influences the evolution of the event horizon in such
systems [14].

PHYSICAL REVIEW D 112, 124060 (2025)

2470-0010=2025=112(12)=124060(31) 124060-1 Published by the American Physical Society

https://orcid.org/0000-0001-8032-4416
https://orcid.org/0009-0007-7529-4962
https://ror.org/00x27da85
https://ror.org/00x27da85
https://ror.org/05478fx36
https://ror.org/035b05819
https://orcid.org/0009-0003-1248-871X
https://orcid.org/0000-0001-9711-7798
https://ror.org/00240q980
https://ror.org/00240q980
https://ror.org/00z34yn88
https://ror.org/03sry2h30
https://ror.org/04z3y3f62
https://crossmark.crossref.org/dialog/?doi=10.1103/ys3f-zqhd&domain=pdf&date_stamp=2025-12-17
https://doi.org/10.1103/ys3f-zqhd
https://doi.org/10.1103/ys3f-zqhd
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


agnostic phenomenological approach, where the looked-
for GR deviations have no aprioristic modeling. While
this model-independent approach has the clear advantage of
being basically valid for any possible alternative theory
to GR, it also implies a relevant loss in sensitivity to
specific beyond-GR signatures compared with what can
be achieved while leaning on more precise theoretical
predictions.
At the level of the postmerger phase, these motivations

have led to charge-targeted ringdown analyses such as
Ref. [27]. On parallel, concerning the inspiral phase, several
works have been dedicated to computing the motion and
radiation of charged BBHs within the post-Newtonian (PN)
perturbative framework [28–34], a weak-field and slow-
velocity expansion of Einstein’s equations organized in
power of 1=c (the nPN order corresponding to 1=c2n

corrections), where c is the velocity of light. More in
details, the 1PN Lagrangian for a charged BBH has been
independently obtained in Refs. [35–38],2 and later
extended to 2PN, using effective field theory (EFT) tech-
niques, in Ref. [39], result that however presents some
possible inconsistencies that will be more thoroughly
discussed below, in Sec. VI B.
With the present work we wish to contribute in this

endeavor by offering a thorough 2PN-accurate description
of the dynamics of charged BBHs, comprehensive of
conservative and dissipative contributions (which enter
at 1.5PN due to charge-related dipolar emissions). In
particular we provide: (i) a 2PN-accurate Lagrangian in
harmonic coordinates, compatible with known PN results
for neutral BBHs [28] and with the post-Minkowskian
results of [40]; (ii) the corresponding conservative part of
the 2PN equations of motion (EoMs); (iii) the associated
two-body Hamiltonian in an Arnowitt-Deser-Misner-
(ADM-) type coordinate system designed to give back
the known ADM results in the neutral limit; (iv) the 2PN
transformations to the center of mass (CoM) frame; (v) the
2PN expansion of three gauge invariant quantities, i.e.,
binding energy and periastron advance, for quasicircular
orbits, and the scattering angle, for generic orbits; (vi) the
1.5PN contributions, due to dipolar-radiation dissipations,
to EoMs and transformations to the CoM frame.
In this paper, we focus on a binary system of two

Reissner–Nordström black holes, which are nonrotating
but electrically charged. However, our results apply more
generally to any binary system comprising spherically
symmetric, electrically charged and spinless compact
objects. This is because for compact objects with vanishing

permanent multipole moments, finite size effects arise only
at higher PN orders. Moreover, the results remain valid if the
electromagnetic interaction is replaced by any other mass-
less minimally coupled Uð1Þ gauge interaction, with the
compact objects coupled through the corresponding elec-
tric-type monopole charge.
We anticipate that this work will be followed by a

companion paper [41] that will focus on the derivation of
the 2PN energy flux radiated by a charged BBH, on the
corresponding corrections to the radiative spherical modes
of the waveform at infinity, and, additionally, on the
analysis of the extremal limit.
The paper is organized as follows. Section II clarifies our

notation for the parameters and the dynamical variables
used in the rest of the paper. In Sec. III we present the
fundamental action for Einstein-Maxwell theory coupled to
charged black holes. Afterward, we set up the EFTapproach
to PN theory, which is used to derive the expression for the
conservative harmonic and Lorenz gauge effective
Lagrangian up to 2PN, also providing the double zero
terms to recast it in classical form. The expanded action
relevant for deriving the Feynman rules used in the EFT
computations is explicitly given in Appendix A. In Sec. IV
we expand on the conservative dynamics of the previous
section deriving the associated EoMs, the conserved total
linear momentum, and the two-body Hamiltonian in ADM-
type coordinates (whose expression can be found in
Appendix B). In Sec. V we obtain the CoM frame trans-
formations. These are then used to derive explicit results for
the 2PN dynamics in this frame, which are collected in
Appendix B. Section VI is dedicated to computing the 2PN
expansion of three gauge-invariant quantities: the binding
energy and the periastron advance, for quasicircular orbits,
and the scattering angle along unbound orbits. Finally, to
complete the description of the dynamics at 2PN order, in
Sec. VII we consider the effect of the dipolar-radiation
dissipations and we compute the 1.5PN dissipative correc-
tions to the EoMs and the CoM frame transformations;
further computational details can be found in Appendix C.
The explicit results for Lagrangian, Hamiltonian, EoMs,

and CoM transformations are also provided in electronic
form in the Supplementary Material [42] accompanying
this paper.

II. NOTATION

We denote by yiAðtÞ the instantaneous position, viA ¼
dyiAðtÞ=dt coordinate velocities, and aiA ¼ dviAðtÞ=dt coor-
dinate accelerations, where A ¼ 1; 2 labels the two bodies
in the system and i ¼ 1; 2; 3 is the index of the space
components. The harmonic-coordinate distance between
the two bodies is defined by r ¼ jy1ðtÞ − y2ðtÞj. The
relative binary’s separation is xi ¼ yi1 − yi2, with r ¼ jxj
and ni ¼ xi=r. The relative velocity and acceleration
are respectively defined as vi ¼ dxi=dt ¼ vi1 − vi2, and

2We point out that Refs. [35,36,38] study the more general case
of BBHs in Einstein-Maxwell-dilaton theories, that reduce to
charged BBHs when the dilaton coupling constant is set to 0.
Moreover, Ref. [36] also provides the 1PN energy flux for this
class of BBHs, and then uses it, together with the results for the
binding energy, to derive a Fourier-domain waveform model in
the stationary-phase approximation.

ANDREA PLACIDI et al. PHYS. REV. D 112, 124060 (2025)

124060-2



ai ¼ dvi=dt ¼ ai1 − ai2. All expressions in the CoM frame
are parametrized by the total mass M ¼ m1 þm2, the
reduced mass μ ¼ m1m2=M, the mass ratio ν ¼ μ=M, and
the dimensionless charge-to-mass ratios η1 ¼ q1=

ffiffiffiffi
G

p
m1

and η2 ¼ q2=
ffiffiffiffi
G

p
m2. To further simplify the CoM frame

expressions we also introduce the parameter
X12 ≡ ðm1 −m2Þ=M ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4ν
p

, which is assumed to be
non-negative by choosing m1 > m2.
In this work we use Gaussian units, in which c ¼ 1, and

consequently μ0 ¼ ðε0Þ−1 ¼ 4π. Occasionally we retain
explicit factors of ϵ0, to make the power counting trans-
parent, and of c, to clearly indicate the PN order of
different terms.
We adopt the mostly minus metric, with signature

ðþ;−;−;−Þ. The sign convention we adopt for the
Riemann tensor, in a coordinate basis, reads

Rμ
νρσ ¼ ∂ρΓ

μ
νσ − ∂σΓ

μ
νρ þ Γμ

αρΓα
νσ − Γμ

ασΓα
νρ: ð1Þ

III. HARMONIC-COORDINATE 2PN
LAGRANGIAN WITHIN THE EFFECTIVE FIELD

THEORY APPROACH

To obtain the Lagrangian describing the conservative
dynamics of the system we employ the EFTapproach to PN
theory which was first introduced in Ref. [43] (see [44,45]
for reviews).
The EFT approach has proven to be a powerful frame-

work for deriving high-precision results in the study of
compact binary dynamics. Building on [43,46], the appli-
cation of modern Feynman integrals techniques [47–49]
enabled breakthrough calculations at higher PN orders
[31,47,49–55]. The EFT approach is well suited also to
incorporate spin and finite size effects of the compact
objects in the system [56–65], to evaluate dissipative effects
and gravitational radiation from compact binary systems
[43,66–73], as well as hereditary effects [74–81], also in
theories beyond vacuum GR [82–95], such as Einstein-
Maxwell theory [37,39,96,97].
A crucial observation for setting up the formalism is that,

in the nonrelativistic two body problem, several scales
come into play: the characteristic length scale Rs of each
compact object, the orbital separation r between them, and
the wavelength λ of the gravitational waves emitted by the
system. In particular, under the assumption of bound
systems and slow velocities, a separation of scales becomes
apparent

Rs ≪ r ≪ λ: ð2Þ

Consequently, we can identify three corresponding regions
in our problem: the internal zone, with length scales
comparable to Rs, the near zone, comprising longer length
scales, up about to r, and the far zone, comprising length
scales comparable to λ.

This hierarchy makes the EFT framework well suited for
application to the PN formalism since it allows for the
construction of a separate effective theory for each of the
different zones, iteratively integrating out the short scale
modes of the relevant degrees of freedom. In this way, the
shorter scales are systematically removed, while their effect
on the dynamics of the coarse-grained system is fully
accounted for in an effective way.
The general idea then is to start from the fundamental

action of our theory, implement the suitable PN expansion
and power counting, and integrate out the gravitational and
electromagnetic degrees of freedom, while assuming the
worldlines to be nonpropagating; that is, for the compact
objects to be nondynamical background sources [43–45].
This will result in an effective action in which only the
worldlines degrees of freedom will appear. More specifi-
cally, we will obtain the 2PN Lagrangian governing the
motion of the binary system.

A. Fundamental action

Our starting fundamental action, which governs the
dynamics of the system, is the Einstein-Maxwell action,
which is given by the combination of Einstein’s theory of
GR and Maxwell’s theory of electromagnetism, coupled to
matter

S ¼ Sg þ SEM þ Sm; ð3Þ

where Sg is the Einstein-Hilbert gravitational action, SEM is
the electromagnetic action and Sm is the matter action.
Explicitly, the Einstein-Hilbert action reads

Sg ¼ −2Λ2c4
Z

dtd3x
ffiffiffiffiffiffi
−g

p
R; ð4Þ

where R is the Ricci scalar and Λ≡ ð32πGÞ−1
2. In the

following, we adopt the harmonic gauge and accordingly
supplement the action with the corresponding harmonic
gauge-fixing term

Sg;gf ¼ Λ2c4
Z

dtd3x
ffiffiffiffiffiffi
−g

p
gμνΓμΓν; ð5Þ

where Γμ ≡ Γμ
νρgνρ. Employing the relation μ0ϵ0c2 ¼ 1,

the electromagnetic action SEM can be written as3

3In the electromagnetic action we choose ϵ0 as the coupling
constant, instead of μ0, since this choice makes our 1

c PN power
counting scheme manifest, as detailed in Sec. III C. We also
explicitly show the contraction of Lorentz indices using the
metric gμν, necessary to have a diffeomorphism-invariant action,
to highlight the contributions to the nonlinear bulk interactions
vertices due to the metric.
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SEM ¼ −
Λ2
EMc

2

4

Z
dtd3x

ffiffiffiffiffiffi
−g

p
gμρgνσFμνFρσ; ð6Þ

with Fμν ¼ ∂μAν − ∂μAν where Aμ is the covariant vector
potential, and ΛEM ≡ ffiffiffiffiffi

ϵ0
p

.
To impose the Lorenz gauge on the vector potential, we

additionally introduce the generally covariant gauge-fixing
term

SEM;gf ¼ −
Λ2
EMc

2

2

Z
dtd3x

ffiffiffiffiffiffi
−g

p ðgμν∇μAνÞ2: ð7Þ

Concerning the matter action Sm, we can resort to the
principles of EFTs to obtain an effective description of the
internal, short scale, dynamics taking place inside each
compact object. In particular we can employ a bottom-up
approach, writing the most generic possible action, con-
sistent with the symmetries of the problem, and concerning
only the long-wavelength degrees of freedom. Assuming
spinless, spherically symmetric compact objects, and a
target accuracy of 2PN, the resulting effective matter action
is simply the action for charged point-particle worldlines,
given by [35–37,39,43–45,96,97]4

Sm ¼ −
X
A

Z
dt

�
mAc2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gμνv

μ
Av

ν
A=c

2

q

− cqAAμðvμA=cÞ
�
: ð8Þ

In the computations that follow, to systematically deal
with divergent integrals, we employ the dimensional
regularization scheme. To do so we promote the number
of spatial dimensions from 3 to a generic d, working hence
on a dþ 1 dimensional manifold, finally taking the limit
d → 3 only at the end. To account for the change in the
mass dimension of Newton’s constant G, we promote the
gravitational coupling Λ as [60,62,64,65]

Λ → Λð
ffiffiffiffiffiffiffiffiffiffiffi
4πeγE

p
R0Þ−

ðd−3Þ
2 ; ð9Þ

where γE is the Euler-Mascheroni constant and R0 is an
arbitrary length scale. Similarly, for the electromagnetic
action, we promote

ΛEM → ΛEMð
ffiffiffiffiffiffiffiffiffiffiffi
4πeγE

p
R0;EMÞ−

ðd−3Þ
2 ; ð10Þ

with R0;EM standing for a new independent arbitrary length
scale. With these definitions, we consistently generalize the
fundamental actions given in Eqs. (4) through (7) to generic
d-spatial dimensions.

B. Metric and EM potential decomposition

Under the PN assumptions of slow velocity, by choosing
an appropriate coordinate frame, the spatial components of
the metric are suppressed with respect to the temporal g00
component. We exploit this fact by performing a temporal
Kaluza-Klein (KK) decomposition of the metric gμν and the
electromagnetic potential Aμ, equivalent to a threading
decomposition of spacetime. This allows us to simplify
several calculations, avoiding the evaluation of some
diagrams altogether, at the expense of having more degrees
of freedom to track [102,103].
Specifically we employ the parametrization given in

terms of the Kol-Smolkin variables [102,103] to decom-
pose the metric, by introducing the scalar field ϕ, the d-
dimensional vector field Ai, and the d-dimensional sym-
metric rank-2 tensor field σij. We have

g00 ¼ e2
ϕ

Λc2 ; ð11aÞ

g0i ¼ −e2
ϕ

Λc2
Ai

Λc2
; ð11bÞ

gij ¼ e2
ϕ

Λc2

�
Ai

Λc2
Aj

Λc2
− e−cd

ϕ

Λc2

�
δij þ

σij
Λc2

��
; ð11cÞ

where we have normalized the fields by Λc2, as defined in
Eq. (9), to obtain canonically normalized kinetic terms for
the fields (up to dimensionless variables), and we have used
the definition

cd ≡ 2
ðd − 1Þ
ðd − 2Þ !d→3

4: ð12Þ

Let us notice that in the limit of vanishing gravitational
fields, the metric parametrization in Eq. (11) correctly
reduces to the Minkowski metric ημν.
We extend this decomposition also to the electromag-

netic potential, as

A0 ¼
ϕEM

ΛEMc
; ð13aÞ

Ai ¼
AEM;i

ΛEMc
; ð13bÞ

where we have similarly normalized the electromagnetic
KK fields by ΛEMc, defined in Eq. (10).
Upon implementing the above decomposition in the

fundamental action, we are able to perturbatively expand
the latter under the PN assumption of weak field, to obtain a

4For compact objects, at higher PN order new operators in
the worldline action would become relevant. They would
encode finite size effects, such as electromagnetic polarizability
or also acceleration-induced dipole moment [37,67,96–98].
Alternatively, for nonspherically symmetric compact objects,
Refs. [99,100] employed a multipole expansion of the four-
current jμA, as presented in [71,101], and a matching procedure, to
implement magnetic- and electric-type moments. Extending the
analysis to spinning compact objects would introduce new
operators in the worldline action as well [56,57].
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polynomial expression in the fields that specifies the
interaction terms for the perturbative calculations. We will
elaborate on this in Sec. III C.
To recover a well-defined scaling in the PN parameter

v=c, recalling the relation in Eq. (2) for the separation of
scales, we further split the five fields Ŵ ¼ ðϕ;ϕEM;Ai;
AEM;i; σijÞ in potential (W) and radiation ðW̄Þ modes

Ŵ ¼ W þ W̄; ð14Þ

respectively with wavelengths Rs < k−1 < r, associated to
the near zone, and k−1 > r, associated to the far zone.
Doing so the momenta of the potential fields scale as
ðk0;kÞ ∼ ð vcr ; 1rÞ, whereas the radiation fields, which are
allowed to be on shell, have momenta that scale as
ðk0;kÞ ∼ ð vcr ; v

crÞ [43].
In this work we are interested only in the dynamics of the

binary system, to next-to-next-to-leading order (NNLO)
beyond the leading Newtonian and Coulomb one. Hence,
apart from the radiation reaction due to electromagnetic
radiation which first contributes at 1.5PN order (and is
evaluated in Sec. VII), the relevant contributions come
solely from the conservative near zone EFT.5 Therefore in
the remainder of this section only potential fields in the near
zone are considered, and it suffices to set W̄ ¼ 0.

C. Power counting

To obtain the relevant action terms, specifying the
interactions of the near zone EFT we are constructing,
we insert the above decomposition, given by Eqs. (11)–(14),
into the full action, given in (3), and expand it to obtain a
series expansion in the PN parameter v=c and polynomial
expression in the Kol-Smolkin fields. Such expansion
contains an infinite number of terms, therefore it is
necessary to introduce a power counting scheme. When
computing quantities to a given PN order, this set of rules
allows to select only a finite subset of interaction terms
relevant to the computation, yielding a finite number of
diagrams to evaluate.
To introduce the PN expansion power counting in

Einstein-Maxwell theory, we consider the most generic
scenario of astrophysical interest, comprising bound
binary systems where the magnitude of the leading order
Coulomb force is comparable to the Newtonian gravita-
tional force, i.e.,

Gm1m2

r2
∼

1

ϵ0

q1q2
r2

: ð15Þ

Further assuming a bound binary system with comparable
masses of order m, and using Eq. (15), from the virial
theorem it follows that the typical velocities v will be of
order

ϵ̄ ∼
v2

c2
∼
Gm
rc2

∼
1

ϵ0

q1q2
mrc2

: ð16Þ

We recall that the PN expansion is organized as a series in
powers of ϵ̄. We can see then each of the above three
dimensionless terms increases the PN count by one order,
and all of them carry a factor of 1=c2 by dimensional
analysis. Moreover, the PN suppression due to time
derivatives ∂0 ¼ 1

c ∂t and three velocities vμ=c ¼ ð1; v=cÞ
is also correctly accounted for by the factors of c.
Furthermore one can see that, when employing ϵ0 as the
electromagnetic coupling constant, the leading-order
effective Lagrangian for the Newton and Coulomb poten-
tial have no factor of c. Therefore tracking the powers of
1=c2 in the effective action, as dictated by dimensional
analysis, will correctly indicate the PN order of any
given term.
Additionally, given our choice of field normalization

performed in Eqs. (11) and (13), the kinetic terms of the
expanded action, and therefore the field propagators, do not
introduce any factor of c; nor do intermediate computations
yielding the effective action from the diagrams. This
implies that to determine the PN order to which a diagram
will contribute it suffices to multiply the factors of 1=c2

present in the Feynman rules for the bulk and worldline
vertices that enter any diagram: that is, a diagram with a
total factor 1=c2n will contribute at order n-PN. This
procedure provides the power counting rule for the EFT,
which allows us to enumerate and consider only a finite
amount of Feynman rules and diagrams at any given
PN order.
Let us notice that the assumption of comparable electro-

magnetic and gravitational forces we made in Eq. (15)
implies that the PN expansion we introduced holds even for
the case of extremal Reissner-Nordström black holes.
Conversely, when the electromagnetic force is weaker than
gravity, the corresponding electromagnetic contributions are
suppressed. In this regime, the PN expansion of the
electromagnetic terms attains an accuracy that exceeds
the estimate suggested by the PN counting alone.
Given the power counting rules presented above, we

proceed with the PN expansion of the full action. As a first
step, we implement the KK decomposition, given in
Eqs. (11) and (13), in the action (3). Applying the PN
power counting, we expand the action to obtain a poly-
nomial expression in the fields, which we truncate at 2PN

5Further hereditary contributions to the conservative sector due
to the radiation EFT, such as the tail effect resulting from
electromagnetic waves back-scattering off the gravitational po-
tential, are expected to first contribute at 3PN order
[29,40,75,78,80,104,105]. Therefore we expect no divergence
in the conservative instantaneous Lagrangian at the order cur-
rently considered.
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order, i.e., 1=c4. The resulting expression specifies the
interactions present in our theory at the desired PN
accuracy. These steps were carried out with a
Mathematica code based on the EFTofPNG package [106].
In Appendix A, we elaborate on this procedure, recalling
the presence of retardation corrections in the PN formalism
[43], and we present in Eqs. (A1) the explicit action terms
required to compute the conservative point-particle
Lagrangian at 2PN order.

D. Evaluation of conservative corrections

To obtain the PN corrections to the conservative effective
Lagrangian governing the motion of the binary system, we
proceed by integrating out the potential fields W ¼
ðϕ;ϕEM;Ai;AEM;i; σijÞ from the fundamental action,
reported in Eq. (A1), while regarding the worldlines
degrees of freedom fxμAg as external sources; that is
[43–45]

exp

�
i
Z

dtLeff ½fxμAg�
�
¼
Z

D½W�expðiS½fxμAg;W�Þ: ð17Þ

We do so in a perturbative way, by summing over the
relevant Feynman diagrams contributing up to 2PN order,
which are constructed from the Feynman rules prescribed
by the fundamental action in Eqs. (A1). Being interested
only in the classical contributions to the Newtonian and
Coulomb potentials, we discard diagrams with graviton or
photon loops, since those would result in quantum correc-
tions. The relevant diagrams to be computed are reported
in Fig. 1.
To evaluate the relevant diagrams we recognize their

equivalence to multiloop diagrams, as first shown in
Refs. [47–49]. Specifically each diagram can be mapped
to the Fourier transform of Feynman integrals arising in a
d-dimensional massless Euclidean quantum field theory, as
depicted diagrammatically in Fig. 2. This fact allows us to

FIG. 1. The 35 Feynman diagrams contributing up to second PN order (2PN) in the conservative sector. The first row shows the 2
diagrams first contributing at 0PN order, the second row represents the 6 diagrams first contributing at 1PN order, whereas the last three
rows represent the 27 diagrams first contributing at 2PN order. In this figure we employ the generic worldline diagram representation: its
connection to the explicit worldline diagram representation is reported in Fig. 2. The worldline and bulk interaction vertices represented
in each diagram are understood to include also higher PN order terms, whenever such terms are present in the action: therefore, we show
each diagram only at the first PN order to which it contributes, although it may contribute at higher orders as well. Propagators of scalar
fields are represented with dashed lines, in blue for ϕ and light blue for ϕEM, propagators of vector fields are represented with solid lines,
in red for Ai and in yellow for AEM;i, propagators of the σij tensor field are represented with green dotted lines. The annotation nX over a
propagator indicates it carries n retardation propagator insertions. The number in square brackets on the lower left of each diagram
indicates the positive multiplicity of the corresponding diagram. This number must be divided by the inverse multiplicity to obtain the
total symmetry factor. The inverse multiplicity is given by the product of the number of permutations of identical legs in each vertex and
the number of permutations of identical vertices.
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employ multiloop Feynman integral techniques, first devel-
oped in particle physics, to streamline the computations.
Specifically we employ dimensional regularization, to

regularize divergent integrals, tensor decomposition to
extract scalar Feynman integral from the intermediate
tensorial expressions, and integration-by-parts identities
[107–109], to reduce via algebraic relations the evaluation
of the many scalar integrals to the computation of a
minimal set of master integrals.
The master integrals needed to evaluate the conservative

Lagrangian at NNLO in Einstein-Maxwell theory, which
have up to two loops, are the same master integrals
appearing in the corresponding vacuum GR limit. In
particular the two two-loop master integrals are either
nested, or factorizable into, one loop integrals. The single
one loop master integral necessary to perform all the
computations, as well as the Fourier transform integral,
are reported in Refs. [46,47].
The algorithmic procedure used to generate and evaluate

the conservative diagrams has been implemented in a in-
house software package developed in the Mathematica
computer algebra system, and will be explained in more
detail in a future publication [110]. This package interfaces
with the EFTofPNG package [106] for KK field

decomposition in the fundamental action, xAct/xTensor pack-
age [111] for tensor algebra, the FiniteFlow package [112] for
linear algebra evaluation over finite fields, and the LiteRed

and Mint packages [113–115] interfaced with Fermat CAS
[116] for Feynman integral topology mapping and reduc-
tion through integration-by-parts identities.

E. The 2PN Lagrangian in Einstein-Maxwell theory

We report here the expression for the 2PN Lagrangian
that governs the conservative dynamics of a charged binary
system, in the harmonic gauge for the metric and in the
Lorenz gauge for the electromagnetic field. The Lagrangian
is organized into distinct contributions: the kinetic terms
Lkin, the 2PN contributions from pure general relativity
L2PN, the 2PC (post-Coulombian) contributions from
electromagnetism L2PC, and the mixed terms arising in
the full Einstein-Maxwell theory at order 1

c4, denoted Lmixed.
The full Lagrangian L is then given by [42]

L ¼ Lkin þ L2PN þ L2PC þ Lmixed; ð18aÞ

Lkin¼
m1v21
2

þ 1

c2

�
m1v41
8

�
þ 1

c4

�
m1v61
16

�
þð1↔2Þ; ð18bÞ

L2PN ¼ Gm1m2

2r
þ 1

c2

�
G

�
m1m2

r

�
1

4
ð−ðv1 · nÞðv2 · nÞ − 7ðv1 · v2ÞÞ þ

3v21
2

��
− G2

�
m2

1m2

2r2

��

þ 1

c4

�
G

�
m1m2

�
1

16
rð15ða1 · a2Þ − ða1 · nÞða2 · nÞÞ

þ 1

8
ðv22ða1 · nÞ þ ða2 · nÞðv1 · nÞ2 þ 14ða2 · v1Þðv1 · nÞ − 12ða2 · v2Þðv1 · nÞÞ

FIG. 2. Relation between different representations of PN diagrams (left side), and their subsequent connection to multiloop diagrams
(right side). Focusing first on the left side of the figure, the left-hand side of the equality shows the generic worldline diagram
representation (employed in Fig. 1), where the worldline vertices are represented as empty circles, and their Feynman rules understand
the summation over the worldline indices

P
A¼1;2. The right-hand side of the equality shows the explicit worldline diagram

representation, with worldlines already specified to either A ¼ 1 or A ¼ 2, and depicted explicitly as horizontal thick lines, even though
they are not propagating. As shown in the figure, these two representations are equivalent. More specifically, each generic worldline
diagram represents an equivalence class of possibly several explicit worldline diagrams, obtained by fixing the worldline labels.
Incidentally, the symmetry factors reported in Fig. 1 refer to the generic worldline diagrams, whereas the explicit worldline diagrams
belonging to the same equivalence class may carry different symmetry factors each. Focusing now on the right part of the figure (adapted
from [49,60,62,64,65]), we depict the connection between each PN diagram, here with explicit worldlines, and multiloop diagrams. In
particular, each of the PN diagrams, after solving the worldline algebra, can be mapped to (the Fourier transform of) multiloop diagrams,
in particular exactly to two-point loop diagrams arising in a d-dimensional Euclidean quantum field theory with a single massless scalar
field. The gray-colored area represents arbitrarily complicated loop structures.
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þ 1

16r
ð−12v21ðv1 · nÞðv2 · nÞ − 2v22ðv1 · nÞ2 þ 3ðv1 · nÞ2ðv2 · nÞ2

þ 12ðv1 · v2Þðv1 · nÞðv2 · nÞ − 20v21ðv1 · v2Þ þ 2ðv1 · v2Þ2 þ 14v41 þ 3v22v
2
1Þ
��

þ G2

�
m2

2m1

4r2
ð2ðv1 · nÞ2 þ 7v21Þ þ

m2m2
1

2r2
ð4v21 − 7ðv1 · v2ÞÞ

�

þG3

�
m2m3

1

2r3
þ 3m2

2m
2
1

2r3

��
þ ð1 ↔ 2Þ; ð18cÞ

L2PC ¼ −
q1q2
2r

þ 1

c2

�
q1q2

�
1

4r
ððv1 · nÞðv2 · nÞ þ v1 · v2Þ

��

þ 1

c4

�
q1q2

�
1

16
rðða1 · nÞða2 · nÞ − 3ða1 · a2ÞÞ

þ 1

8
ðv22ð−ða1 · nÞÞ − ða2 · nÞðv1 · nÞ2 − 2ða2 · v1Þðv1 · nÞÞ

þ 1

16r
ð2v22ðv1 · nÞ2 − 3ðv1 · nÞ2ðv2 · nÞ2 þ 2ðv1 · v2Þ2 − v21v

2
2Þ
��

þ ð1 ↔ 2Þ; ð18dÞ

Lmixed ¼
1

c2

�
G

�
1

r2

�
m1q1q2 −

1

2
m2q21

���
þ 1

c4

�
G

�
3q22q

2
1

2r3
þm2q21

2r2
ð2ðv1 · nÞ2 þ 3ðv1 · v2Þ − 2v21Þ

þ m1q2
2r2

�
q2
2
ð−2ðv1 · nÞ2 − v21Þ þ q1ð−2ðv1 · nÞ2 − 2ðv1 · v2Þ þ v21Þ

��

þG2

�
−
m2

1q1q2
r3

þm2m1q1
2r3

ðq1 − 8q2Þ þ
m2

2q
2
1

r3

��
þ ð1 ↔ 2Þ: ð18eÞ

This result is free of poles in ϵ ¼ ðd − 3Þ → 0, as
expected. Furthermore, in the neutral limit of vanishing
electric charges qA → 0, with A ¼ 1; 2, it correctly reduces
to the 2PN point-particle Lagrangian of Ref. [46], which
was analogously obtained with the EFTapproach in general
relativity. Moreover, in the limit G → 0 (which interest-
ingly is different from the limit of vanishing masses, as
discussed below), it correctly reduces to the conservative
Lagrangian at second order in the post-Coulombian expan-
sion (2PC) computed in Refs. [117–120].
Regarding the results computed in the full Einstein-

Maxwell theory, we find perfect agreement with the 1PN
Lagrangian computed with the EFT approach of Ref. [37].6

Results to 2PN order in Einstein-Maxwell theory have been
computed in Ref. [39] using the EFT approach, but the
Lagrangian reported therein does not include the neutral
sector: if we use the neutral 2PN Lagrangian of Ref. [46] to
complete the charged 2PN Lagrangian of Ref. [39], we find
a result that is in disagreement with Eq. (18), specifically at

the 1=c4 order in the charged sector. We note however that,
as discussed in Sec. III F, starting at 2PN order, double zero
terms added to the neutral sector can alter the charged
sector contributions. Therefore, we cannot rule out the
possibility that the Lagrangian of Ref. [39] is physically
equivalent to ours once supplemented with the right neutral
part. We will come back to this in Sec. VI B, where we
provide additional checks in the full Einstein-Maxwell
theory by comparing the 2PN Lagrangians with the
independent calculation made at the third order in the
post-Minkowskian (PM) expansion in Ref. [40]. We notice
moreover that the mixed Lagrangian in Eq. (18e) presents

the 2PN contribution G
c4

3q2
1
q2
2

r3 which does not depend on the
masses of the compact objects and hence, as anticipated, it
is present even in the limit of vanishing masses, while still
depending on the gravitational constant G. This term
corresponds in fact to an interaction between the gravita-
tional field and the electromagnetic field, with the compact
objects sourcing only the latter, and corresponds to the first
two diagrams in the third row of Fig. 1. We may interpret
this term as the contribution involving a gravitational field
sourced solely by the energy carried by the electromagnetic

6Up to a typo in Eq. (30) therein: the signs of the last two terms
in the final line should be reversed. We thank the author for
confirming this to us.
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waves, via the two-photons one-graviton bulk vertex. From
another perspective, coupling electromagnetism to GR
induces nonlinear interactions in the electromagnetic field
once the gravitational field is integrated out. In particular,
the coupling between the electromagnetic field and the
metric generates an effective four-point (and higher) bulk
vertex for the electromagnetic field. Consequently, the term
discussed above can also be interpreted as an irreducible
general-relativistic classical correction to the Coulomb
potential, since the coupling between the electromagnetic
and gravitational fields, as specified by the fundamental
action in Eq. (6), cannot be eliminated by any experiment or
observation.
Conversely, within the Einstein-Maxwell theory, a con-

tribution to the binding energy arising from a component of
the electromagnetic field sourced solely by the gravitational
field, i.e., a diagram where the electromagnetic field does
not couple to any worldline, is forbidden at the classical
level. Therefore, in the limit of vanishing electric charges of
the compact objects, no electromagnetic contribution can
appear in the effective Lagrangian of the system. This
restriction follows from the fact that the electromagnetic
field appears at least (and actually only) quadratically in the
bulk action in Eqs. (6) and (7), with no terms linear in the
electromagnetic field. However, such contribution is

present at the quantum level via diagrams with at least
one quantum loop, for example from diagrams which
include quantum loop corrections to the graviton propa-
gator [78,121–130].

F. Double zero terms

Based on the calculations carried out so far, we have
derived an expression for the Lagrangian describing a
binary system of two charged black holes.
It is important to point out that, in the neutral limit, the

Lagrangian given in Eq. (18) does not match the form of the
Lagrangian presented in Ref. [28]. However, the neutral
limit of Eq. (18) can be related to the well-known
Lagrangian in Ref. [28] by adding a total derivative term
and two double zero terms at 2PN order, as previously
shown in Ref. [46]. Inserting these terms modifies the form
of the Lagrangian but leaves unchanged the EoMs, because
they vanish at 2PN when the lower order of EoMs are used.
Indeed, this also means that we remain in the har-
monic gauge.
This procedure can be generalized to the charged case by

identifying a new total derivative term and two new double-
zero terms, all of which depend on the charges. The explicit
expressions for the additional terms are

δL1 ¼
1

c4
Gm1m2r

8

�
n · a1 þ

Gm2

r2
−
q1q2
m1r2

��
n · a2 −

Gm1

r2
þ q1q2
m2r2

�
; ð19aÞ

δL2 ¼ −
1

c4
15Gm1m2r

8

�
a1 þ

Gm2

r2
n −

q1q2
m1r2

n

�
·

�
a2 −

Gm1

r2
nþ q1q2

m2r2
n

�
; ð19bÞ

δL3 ¼
1

c4
d
dt

�
7G2m1m2

4r
ðm2ðn · v2Þ −m1ðn · v1ÞÞ þ

3Gm1m2

4
ðv22ðn · v1Þ − v21ðn · v2ÞÞ

�
: ð19cÞ

The Lagrangian obtained through this procedure is physically equivalent to the original one, as both yield the same EoMs.
Before presenting the result, we apply an additional modification to the Lagrangian, which does not alter the gauge

condition and the EoMs. Specifically, we introduce other double-zero terms that allow us to eliminate any quadratic
dependence on the accelerations. This procedure enables us to obtain a Lagrangian that is linear in the accelerations, as
required to apply the method employed in Ref. [131], which we will follow in Sec. IV B to obtain the Lagrangian in ADM-
type coordinates. In this case the idea is to reformulate quadratic-acceleration terms as a combination of a linear-in-
acceleration term and a double zero term. This can be also generalized to terms involving higher powers of the accelerations.
In our specific case we can rewrite the two terms of the Lagrangian quadratic in the accelerations as follows

ðn · a1Þðn · a2Þ →
1

r4

�
G2m1m2 − 2Gq1q2 þ

q21q
2
2

m1m2

�
þ ðn · a1Þ

�
Gm1

r2
−
q1q2
m2r2

�
− ðn · a2Þ

�
Gm2

r2
−
q1q2
m1r2

�
; ð20aÞ

a1 · a2 →
1

r4

�
G2m1m2 − 2Gq1q2 þ

q21q
2
2

m1m2

�
þ ðn · a1Þ

�
Gm1

r2
−
q1q2
m2r2

�
− ðn · a2Þ

�
Gm2

r2
−
q1q2
m1r2

�
: ð20bÞ

Considering the same separation used in Eq. (18), the final Lagrangian reads [42]
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Lkin ¼
m1v21
2

þ 1

c2

�
m1v41
8

�
þ 1

c4

�
m1v61
16

�
þ ð1 ↔ 2Þ; ð21aÞ

L2PN ¼ Gm1m2

2r
þ 1

c2

�
Gm1m2

2r

�
3v21 −

1

4
ðn · v1Þðn · v2Þ −

7

2
v1 · v2

�
−
G2m2

1m2

2r2

�

þ 1

c4

�
Gm1m2

8
ð2ða2 · v1Þðn · v1Þ þ ðn · a2Þðn · v1Þ2 þ 7ðn · a1Þv22Þ þ

G3m2
1m2

2r3

�
m1 þ

19

4
m2

�

þG2m2
1m2

4r2
ð14ðn · v1Þ2 − 14ðn · v1Þðn · v2Þ þ 14ðn · v2Þ2 þ v21 − 7v1 · v2 þ 7v22Þ

þGm1m2

16r
ð3ðn · v1Þ2ðn · v2Þ2 þ 14v41 þ 12ðn · v1Þðn · v2Þðv1 · v2Þ − 32v2qðv1 · v2Þ

þ 2ðv1 · v2Þ2 − 14v22ðn · v1Þ2 þ 15v21v
2
2Þ
�
þ ð1 ↔ 2Þ; ð21bÞ

L2PC ¼ −
q1q2
2r

þ 1

c2

�
q1q2
4r

ðv1 · v1 þ ðn · v1Þðn · v2ÞÞ
�

þ 1

c4

�
q1q2
8

ð2ðn · v2Þða1 · v2Þ þ ðn · a1Þðn · v2Þ2 − v22ðn · a1ÞÞ

þ q1q2
16r

ð2v22ðn · v1Þ2 − 3ðn · v1Þ2ðn · v2Þ2 þ 2ðv1 · v2Þ − v21v
2
2Þ
�
þ ð1 ↔ 2Þ; ð21cÞ

Lmixed ¼
1

c2

�
Gm1q1q2

r2
−
Gm2q21
2r2

�
þ 1

c4

�
21Gq21q

2
2

8r3
þ q21q

2
2

4m2r
ðn · a1Þ−

q31q
3
2

8m1m2r3
þG2m2

2

r3
ðq31 − q1q2Þ−

2Gm1q1q2
r

ðn · a1Þ

þG2m1m2q1
8r

ð4q1 − 47q2Þ þ
Gm1q1q2

2r
ðv21 − 2ðn · v1Þ2 − v1 · v2Þ

�
þ ð1↔ 2Þ: ð21dÞ

This Lagrangian agrees with the 1PN results of
Refs. [35–37], and, in the neutral limit, with the 2PN
result of Ref. [28].

IV. EQUATIONS OF MOTION
AND HAMILTONIAN

In this section we continue our characterization of the
2PN conservative dynamics of a charged BBH, deriving
explicitly the EoMs of the two component black holes, the
conserved total linear momentum and the two-body
Hamiltonian in an ADM-type coordinate system whose
definition will be specified below.
In the neutral limit, ðq1; q2Þ → ð0; 0Þ, our results reduce

to the known expressions for neutral black holes.
Specifically, the EoMs coincide with those derived in
Refs. [28,132], while the linear momentum and the
Hamiltonian agree with those presented in Ref. [131].
We specify that, at this level, no dissipation is taken into

account. The dissipative contributions that, as we shall see,
enter the 2PN dynamics at 1.5PN order, will be addressed
in Sec. VII.

A. Equations of motion and momenta

From the generalized (i.e., acceleration-dependent)
Lagrangian of Eq. (21), the conservative part of the
harmonic-coordinate EoMs for body A ¼ 1; 2 are com-
puted through the functional-derivative equation

δL
δyiA

≡ ∂L
∂yiA

−
d
dt

�
∂L
∂viA

�
þ d2

dt2

�
∂L
∂aiA

�
¼ 0: ð22Þ

This is solved perturbatively for aiA while removing any
derivative of the acceleration via the standard order-reduc-
tion procedure, i.e., by means of the lower-order EoMs
determined at the previous perturbative steps.7

7The order reduction procedure can be performed here without
any consequential change of coordinates. The same is not true at
the level of the harmonic Lagrangian, where the order reduction
leads out of the harmonic gauge.
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For A ¼ 1, our result is [42]

ai1 ¼ −
Gm2ni

r2

�
1 −

q1q2
Gm1m2

�
þ 1

c2

�
Gm2ðvi1 − vi2Þ

r2

�
ðn · v1Þ

�
4 −

q1q2
Gm1m2

�
− 3ðn · v2Þ

�

þ ni
�
3Gm2

2r2
ðv1 − v2Þ2 þ

Gm2

r2

�
1 −

q1q2
Gm1m2

��
3

2
ðn · v2Þ þ v1 · v2 þ

v21
2
−
v22
2

�

þ 1

r3

�
5G2m1m2 þ 4Gm2

2 þGq22 − 7Gq1q2 − 5q1q2
m2

m1

þ Gq21q
2
2

m1m2

���

þ 1

c4

�
ðvi1 − vi2Þ

�
n · v2
r3

�
55G2m1m2

4
− 2G2m2

2 þ
4Gm2q21

m1

−
33Gq1q2

2
þ 4Gm2q1q2

m1

þ Gq22 þ
7q21q

2
2

4m1m2

�

þ n · v1
r3

�
41Gq1q2

2
−
63G2m1m2

4
− 2G2m2

2 −
5Gm2q21

m1

− 2Gqþ2
Gm2q1q2

m1

−
11q21q

2
2

4m1m2

�

þGm2

2r2

�
9ðn · v2Þ3 þ ðn · v1Þ

�
q1q2

Gm1m2

v21 − 8ðv1 · v2Þ þ 7v2 − 9ðn · v2Þ2
�

þ ðn · v1Þ
�
1 −

q1q2
Gm1m2

�
ðv22 − 3ðn · v2Þ2Þ þ 2ðn · v2Þðv21 þ 4ðv1 · v2Þ − 5v22Þ

��

þ ni
�
Gm2

8r2

�
q1q2

Gm1m2

v41 − 16ðv1 · v2Þ2 þ 2ðv1 − v2Þ2
�
9ðn · v2Þ −

q1q2
Gm1m2

�
þ 28v22ðv1 · v2Þ − 13v42

þ
�
1 −

q1q2
Gm1m2

�
ð4v22ðv1 · v2Þ − 15ðn · v2Þ2 þ 6ðn · v2Þð3v22 − 6ðv1 · v2Þ − v21Þ − 3v42Þ

�

þGm2

4r3

�
v21

�
28q1q2
Gm2

− 15Gm1 −
2q21
m1

þ 2q1q2
m1

−
5q21q

2
2

Gm1m2
2

−
4q22
m2

�

þ v22

�
5Gm1 þ 16Gm2 þ

2q21
m1

−
18q1q2
m1

þ 8
q22
m2

−
q1q2

Gm1m2
2

�

þ ðv1 · v2Þ
�
36q1q2
m1

− 10Gm1 − 32Gm2 −
4q21
m1

−
16q22
m2

þ 2q1q2
Gm1m2

�

þ ðn · v2Þ2
�
34Gm1 − 24Gm2 þ

4q21
m1

−
42q1q2
m2

þ 40q1q2
m1

−
16q22
m2

�

þ ðn · v1Þ2
�
78Gm1 þ 8Gm2 þ

16q21
m1

−
106q1q2

m2

−
8q22
m2

þ 12q21q
2
2

Gm1m2
2

�

þ ðn · v1Þðn · v2Þ
�
212q1q2

m2

− 16Gm2 −
32q21
m1

− 156Gm1 þ
16q22
m2

2

−
24q21q

2
2

Gm1m2
2

��

þG2m2

4r4

�
q1q2

Gm1m2

�
10q21 − 80q1q2 þ

q21q
2
2

m1m2
2

ðm1 þ 2m2Þ þ 6q22

�
þ 2m2q1

m1

ð17q2 − 12q1Þ

þ q1q2
Gm2

2

ð101Gm1m2 − 27q1q2 þ 10q22Þ − 3Gð19m2
1 þ 46m1m2 þ 6m2

2Þ − 14q21 þ 132q1q2 − 24q22

���
: ð23Þ

The EoMs for body 2 are obtained by exchanging the body labels ð1 ↔ 2Þ, bearing in mind that n → −n under this
exchange. With the Lagrangian (21) we can also compute, at 2PN accuracy, the momenta

pi
A ≡ δL

δviA
¼ ∂L

∂viA
−

d
dt

�
∂L
∂aiA

�
; ð24aÞ

Qi
A ≡ δL

δaiA
¼ ∂L

∂aiA
; ð24bÞ
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respectively conjugate to the position yiA and velocity viA. Our results for body 1 read

pi
1 ¼ m1vi1 þ

1

c2

�
vi1m1

�
v21
2
þ 3Gm2

r

�
−
vi2
2r

ð7Gm1m2 − q1q2Þ −
ni

2r
ðGm1m2 − q1q2Þðn · v2Þ

�

þ 1

c4

�
vi1

�
−
5G2m2

1m2

4r2
−
2Gm2q21

r2
þ q1q2

8r
ððn · v2Þ2 − v22Þ −

q21q
2
2

2r2m2

þ 3m1v41
8

þ Gm1m2

8r
ð28v21 − 13ðn · v2Þ2 − 32ðv1 · v2Þ þ 23v22Þ þ

7G2m1m2
2

2r2
þ Gm1

2r2
ð10q1q2 − q22Þ

�

þ vi2

�
q1q2
8r

ð2ðn · v1Þðn · v2Þ − ðn · v2Þ2 þ 2ðv1 · v2Þ þ v22Þ þ
q21q

2
2

2r2m2

þ Gm2

2r2
ð3q21 − 2q1q2Þ −

7G2m1m2
2

4r2

þ Gm1m2

8r
ð18ðv1 · v2Þ − 2ðn · v1Þðn · v2Þ þ ðn · v2Þ2 − 16v21 − 23v22Þ þ

Gm1

2r2
ð3q22 − 10q1q2Þ

�

þ ni
�
G2m2

1m2

4r2
ð43ðn · v1Þ − 13ðn · v2ÞÞ þ

2Gm2q21
r2

ðn · v1Þ þ
q21q

2
2

4r2m2

ð5ðn · v1Þ − ðn · v2ÞÞ

þ q1q2
8r

ððn · v1Þv22 − 3ðn · v1Þðn · v2Þ2 − 3ðn · v2Þ3 − 2ðn · v2Þðv1 · v2Þ þ 3ðn · v2Þv22Þ

þ Gm1m2

8r
ð3ðn · v1Þðn · v2Þ2 þ 3ðn · v2Þ3 þ 14ðn · v2Þðv1 · v2Þ − 7ðn · v1Þv22 − 9ðn · v2Þv22Þ

þ G2m1m2
2

2r2
ð2ðn · v1Þ − 7ðn · v2ÞÞ þ

Gm1

r2

�
7q1q2
2

ð−3ðn · v1Þ þ ðn · v2ÞÞ − ðn · v1Þq22
���

; ð25aÞ

Qi
1 ¼

1

c4

�
ni
�
q1q2
8

ððn · v2Þ2 þ ðn · a2Þ − v22ÞÞ þ
Gm1m2

8
ð7v22 − ðn · v2Þ2Þ −

7Gm1q1q2
4r

�

−
3

8
rq1q2ai2 −

vi2
4
ðn · v2Þð7Gm1m2 − q1q2Þ

�
; ð25bÞ

while the momenta for body 2 are easily obtained by the label exchange 1 ↔ 2.

B. Conservative dynamics in ADM-type coordinates

At 2PN order, the generalized Lagrangian (21) depends
linearly on the accelerations of the two bodies. This is a
well-known and unavoidable characteristic of the two-body
Lagrangian when it is expressed in terms of harmonic
coordinates [133]. However, given the gauge nature of the
dependence on the acceleration, it is possible to identify a
class of alternative coordinates such that the 2PN
Lagrangian becomes ordinary, i.e., dependent only on
the positions and the velocities of the two black holes,
thus allowing for the computation of the corresponding
Hamiltonian.
For BBH with no charge, for instance, the generalized

harmonic-coordinate Lagrangian can be recast into an
ordinary Lagrangian by transforming the harmonic coor-
dinates into the coordinates of the ADM canonical formal-
ism, as first shown in Ref. [134] at 2PN and later extended at
3PN in Ref. [135]. In our case, indeed, we cannot use the
same transformations, but we can follow the general
procedure presented in Ref. [135] to find a family of
ADM-type coordinates whose corresponding Lagrangian

is ordinary, and then fix the charge-independent part so to
reproduce the known ADM results in the neutral limit.
Let us consider an infinitesimal contact transformation

between the bodies’ trajectories in harmonic coordinates,
yiAðtÞ, and the corresponding ones in a yet unspecified set of
ADM-type coordinates, Yi

AðtÞ. We denote the difference
between the two as

δyiAðtÞ≡ Yi
AðtÞ − yiAðtÞ: ð26Þ

This transformation can be assumed to begin at the 2PN
order, since accelerations in the harmonic Lagrangian first
appear at that order. Moreover, following Ref. [131], it can
be taken in the form8

δyiA ¼ 1

mA

�
Qi

A þ ∂F
∂viA

�
þO

�
1

c6

�
; ð27Þ

8Working at 2PN accuracy, the “counter” term Xi
A introduced

in Sec. III B of Ref. [131] is not needed.
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where Qi
A is the conjugate momentum of the acceleration

given in Eq. (25b) and F is an arbitrary function of
positions and velocities with leading-order contributions
at the 2PN level.
We denote with LADM−type the Lagrangian associated to

the coordinates Yi
AðtÞ. Following Ref. [131], we have, at

linear order in δyiA,

LADM−type½yA;vA�¼L½yA;vA;aA�þ
X
A

δL
δyiA

δyiAþ
dF
dt

; ð28Þ

where both sides of the equation are expressed in terms of
dummy harmonic variables that must be replaced with the
ADM-type ones, ðYA;VAÞ, once LADM−type is computed.
The arbitrariness of the function F, entering the contact

transformation and the Lagrangian, reflects the fact that
there exist an infinite number of ADM-type coordinates that
eliminate the acceleration dependence in the Lagrangian, as
per Eq. (28).

For neutral BBH, the usual strategy to fix the functional
expression of F is to require that the Lagrangian (28) is
exactly the ADM Lagrangian computed, via a Legendre
transformation from the PN-expanded Hamiltonian of the
canonical ADM-formalism. This is precisely the procedure
followed by Ref. [131]. However in the case of a charged
BBH system, the ADM Lagrangian (or Hamiltonian) is not
known. This has the consequence that we cannot immedi-
ately apply the procedure of Ref. [131], but we should
instead follow a more general prescription.
More in detail, our prescription is the following. We start

with the most general 2PN expression for F that only
depends on positions and velocities and is given in terms of
unfixed coefficients that can depend on masses and
charges. We then partially fix these coefficients by asking
that, in the limit ðq1; q2Þ → ð0; 0Þ, the resulting Lagrangian
reduces to the ADM one, finally leaving the residual
unfixed coefficients explicit. The function F we consider
has the general structure

F ¼ 1

c4

�
A1ðn · v1Þv21 þA2ðn · v2Þv21 þA3ðn · v1Þðv1 · v2Þ þA4ðn · v2Þðv1 · v2Þ þA5ðn · v1Þv22 þA6ðn · v2Þv22

þ B1

ðn · v1Þ
r

þ B2

ðn · v2Þ
r

þ C1ðn · v1Þ3 þ C2ðn · v1Þ2ðn · v2Þ þ C3ðn · v1Þðn · v2Þ2 þ C4ðn · v2Þ3
�
; ð29Þ

where each coefficient is decomposed in the sum of the
corresponding mass-dependent ADM result, obtained in
the neutral case in Ref. [131], and an unfixed coefficient
associated to charge-dependent corrections, which we
denote as ðA1; A2; A3; A4; A5; A6; B1; B2; C1; C2; C3; C4Þ.
Explicitly, we have

A1 ¼ A1; A2 ¼
Gm1m2

4
þA2; A3 ¼ A3;

A4 ¼ A4; A5 ¼ −
Gm1m2

4
þA5; A6 ¼ A6;

B1 ¼
G2m1m2

4
ðm2 þ 7m1Þ þB1;

B2 ¼ −
G2m1m2

4
ð7m2 þm1Þ þB2;

C1 ¼ C1; C2 ¼ C2; C3 ¼ C3; C4 ¼ C4: ð30Þ

With this choice of F, Eq. (28) yields an ADM-type
Lagrangian with no dependence on the acceleration and
that reduces to the known ADM Lagrangian in the neutral
limit. Sticking to the same contribution separation consid-
ered in the previous section, our result is organized as

LADM−type ¼ LADM−type
kin þ LADM−type

PN

þ LADM−type
PC þ LADM−type

mixed : ð31Þ

The explicit expression for each of these terms is provided,
in terms of the coordinates ðYA;VAÞ, in Eq. (B1) of
Appendix B.
We stress that, although applying the order-reduction

procedure to the harmonic Lagrangian would eliminate its
dependence on accelerations (and prevent the harmonic
gauge to be satisfied [133]), the resulting Lagrangian would
fail to reduce to the ADM form in the neutral limit and
therefore it cannot be obtained from the result (31) with a
particular choice of the free coefficients. Nonetheless it is
still possible to recover the order-reduced Lagrangian by
properly fixing the coefficients of F without the partial
fixing of Eq. (30).
Let us now move to the computation of the correspond-

ing ADM-type Hamiltonian. Noting that the ADM-type
momentum Pi

A conjugate to the coordinate Yi
A is given by

the defining relation

Pi
A ¼ ∂LADM−type

∂Vi
A

; ð32Þ

the ADM-type Hamiltonian, which reduces to the standard
ADM Hamiltonian of Ref. [136] in the neutral limit,
follows from the Legendre transformation

HADM−type ¼
X
A

Pi
AV

i
A − LADM−type: ð33Þ
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Again, we organize it according to the structure

HADM−type ¼ HADM−type
kin þHADM−type

PN

þHADM−type
PC þHADM−type

mixed ; ð34Þ

and separately provide the different contributions in
Eq. (B2) of Appendix B.

V. TRANSFORMATIONS TO THE CENTER
OF MASS FRAME

Let us now focus on how to translate all these results in
the CoM frame. In the following we will employ harmonic
coordinates, knowing that the corresponding transforma-
tion to the CoM frame in ADM-type coordinates can be
simply obtained by first going to the CoM frame in
harmonic coordinates, as explained in detail in this section,
and then shifting to ADM-type coordinates, by means of
the contact transformation (27).
In the absence of dissipation, the CoM position Gi

satisfies the general equation

dGi

dt
¼ Pi; ð35Þ

wherePi is the conserved total linear momentum [131,137]

Pi ¼ pi
1 þ pi

2 ¼
δL
δvi1

þ δL
δvi2

;
dPi

dt
¼ 0: ð36Þ

To explicitly compute Gi up to 2PN we proceed as
follows: (i) we start with a general ansatz for Gi that
includes all the dimensionally allowed scalar combinations
of ðyA; vAÞ up to 2PN order, each one paired with a
dimensionless coefficient that depends only on masses
and charges; (ii) we insert this ansatz in Eq. (35), order
reducing via the EoMs all the accelerations, while in the
right hand side we use the explicit 2PN result for Pi that
follows from the Lagrangian (21); (iii) since by definition
the coefficients of our ansatz for Gi cannot depend on
positions and velocities, the equation of the previous step is
equivalent to a system of algebraic relations [one for each
different scalar combination of ðyA; vAÞ] that we can solve
for the coefficients.

The result is unique and reads

Gi ¼ m1yi1 þ
1

c2

�
−
Gm1m2

2r
þ q1q2

2r
þ 1

2
m1v21

�
yi1

þ 1

c4

�
vi1

�
−
7Gm1m2

4
ððn · v1Þ þ ðn · v2ÞÞ þ

q1q2
4

ðn · v1Þ þ
q1q2
4

ðn · v2Þ
�

þ yi1

�
G2

�
−
5m2

1m2

4r2
þ 7m1m2

2

4r2

�
þ q1q2

8r
ððn · v1Þ2 þ 2ðn · v1Þðn · v2Þ − ðn · v2Þ2 þ 2ðv1 · v2ÞÞ

þ q21q
2
2

4r2m1m2

ðm2 −m1Þ þ
q1q2
8r

ðv22 − v21Þ þ
3

8
m1v41 þ Gm2

�
−

q21
2r2

−
3q1q2
r2

�
þGm1

r2
ð2q1q2 þ q22Þ

þ Gm1m2

8r
ð−ðn · v1Þ2 − 2ðn · v1Þðn · v2Þ þ ðn · v2Þ2 − 14ðv1 · v2Þ þ 19v21 − 7v22Þ

��
þ ð1 ↔ 2Þ: ð37Þ

The transformations to the CoM frame, namely the expression of yA in terms of the relative variables x ¼ y1 − y2 and
v ¼ v1 − v2, can be found by solving iteratively (PN order by PN order) the condition Gi ¼ 0. Our result for body 1 is [42]

yi1 ¼
m2

m1 þm2

xi þ 1

c2

�
xiðm1 −m2Þ

�
m1m2

ðm1 þm2Þ3
v2 −

Gm1m2 − q1q2
2ðm1 þm2Þ2r

��

þ 1

c4

�
vi

4ðm1 þm2Þ2
ðm1 −m2Þðq1q2 − 7Gm1m2Þðn · vÞ þ xi

8r2

�
2G2m1m2

ðm1 þm2Þ3
ð7m3

1 þ 5m2
1m2 − 5m1m2

2 − 7m3
2Þ

þ G
ðm1 þm2Þ4

ð4m4
2q1ðq1 þ 6q2Þ þm1m3

2ðm2rððn · vÞ2 − 19v2Þ þ 16q21 þ 40q1q2 − 8q22Þ

−m3
1m2ðm2rð3ðn · vÞ2 − 31v2Þ − 8q21 þ 40q1q2 þ 16q22Þ

−m2
1m

2
2ðm2rð−3ðn · vÞ2 þ 31v2Þ − 20q21 þ 20q22Þ −m4

1ðm2rððn · vÞ2 − 19v2Þ þ 24q1q2 þ 4q22ÞÞ

þ ðm1 −m2Þ
m1m2ðm1 þm2Þ5

ðm1m3
2q1q2ðm2rððn · vÞ2 − v2Þ þ 4q1q2Þ þ 2m4

2q
2
1q

2
2
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þm3
1m2ð4q21q22 − 2r2ð4m2

2rða · vÞðn · vÞ þ 3v2Þ þ 5m2q1q2rððn · vÞ2 − 3v2ÞÞ
þm2

1m
2
2ð3r2v4m2

2 þ 5m2q1q2rððn · vÞ2 − 3v2Þ þ 4q21q
2
2Þ

þm4
1ð3r2v4m2

2 þm2q1q2rððn · vÞ2 − v2Þ þ 2q21q
2
2ÞÞ

��
: ð38Þ

As usual, the same result for body 2 is simply obtained with
the exchange 1 ↔ 2 on the body labels, noting that now
also v changes sign under this exchange.
In the neutral limit ðq1; q2Þ → ð0; 0Þ, the harmonic CoM

position and the associated transformations to the CoM
frame reduce to the results of Ref. [138].
The transformations above have been used to derive the

2PN CoM-frame expressions for EoMs, Lagrangian, and
Hamiltonian in harmonic coordinates. These results are
provided in Appendix B and include also the dissipative
contributions that will be analyzed in Sec. VII.

VI. GAUGE INVARIANT QUANTITIES

With the conservative 2PN dynamics derived in the
previous sections, we are now in the position of computing,
with 2PN accuracy, the corrections induced by the charge to
the most relevant gauge-invariant quantities for a charged
BBH. On the one hand, in the simplifying setting of an
adiabatic evolution over a sequence of circular orbits, we
will compute the binding energy and the fractional advance
of the periastron per radial period.9 On the other hand,
without imposing any restriction on the orbital motion, we
will derive the associated conservative scattering angle,10

which is known to encode the full conservative information
of the underlying bound dynamics.

A. Binding energy and periastron advance

To compute the binding energy for quasicircular adia-
batic orbits we can use the ADM-type Hamiltonian of
Eq. (34). More precisely, it is advantageous to use its
expression in the CoM frame, HADM−type

CoM , which follows
from the procedure presented in the previous section; this is
given explicitly in Eq. (B6).

In terms of the circular limit of this Hamiltonian, the (μ-
rescaled) binding energy is conveniently given by the
formula

ÊbðxqÞ ¼
HADM−type

CoM;circ ðxqÞ −M

μ
; ð39Þ

where xq is the charge-flexed frequency parameter11

xq ≡
�
GMΩ
c3

ð1 − η1η2Þ
�
2=3

; ð40Þ

Ω being the orbital frequency. The circular-orbit
Hamiltonian HADM−type

CoM;circ ðxqÞ is obtained by expressing

the circular limit of HADM−type
CoM , Eq. (B6), in terms of xq.

Considering that the motion we are studying is planar, as
it is the case for nonspinning BBHs, the ADM-type
CoM momentum P is readily split in its radial and
angular components, ðPR; PΦÞ, considering the relation
P2 ¼ P2

R þ P2
Φ=R

2. The circular limit is then equivalent to
the radial momentum condition PR → 0. To recast the
angular momentum PΦ and the relative separation R in
terms of xq, we proceed as follows. First, we compute, up to
2PN, the circular-orbit expansion of PΦ in powers of 1=R,
by solving perturbatively the equation

0 ¼ dPR

dt
¼ −

∂HADM−type
CoM ðPR → 0; PΦ; RÞ

∂R
: ð41Þ

Then, we compute the expansion of R in power of xq
(again at 2PN accuracy) by solving perturbatively for R the
PN expansion of the definition (40), in which the orbital
frequency Ω is replaced by

Ω ¼ dΦ
dt

¼ ∂HADM−type
CoM ðPR → 0; PΦ; RÞ

∂PΦ
; ð42Þ

and where PΦ, once the derivative relative to it is taken, is
expanded in powers of 1=R with the result of the pre-
vious step.

9Concerning the binding energy, the assumption of circular
orbits makes disappear any dissipative contribution associated to
Schott terms, which instead, for more general motions, would
appear at 1.5PN (i.e., the PN order of the leading dissipative
effects in the dynamics of charged BBHs). We also notice that
“pseudo-Schott” terms like those recently computed at 4PN in
Ref. [139] for neutral BBHs, which would persist for circular
orbits, do not appear before the 3PN order for charged BBHs.

10In general, the scattering angle also includes dissipative
contributions (see, e.g., Refs. [140,141]); however, these are
specific to hyperbolic motions and thus cannot be directly
connected (i.e., via analytic continuation) to the bound case.

11We highlight that the conditions η1 ¼ q1=ð
ffiffiffiffi
G

p
m1Þ < 1 and

η2 ¼ q2=ð
ffiffiffiffi
G

p
m2Þ < 1 do imply η1η2 < 1, therefore xq is always

real and positive. We also recall that we consider m1 > m2.
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The resulting 2PN binding energy reads12

EbðxqÞ ¼ −
xq
2
þ x2q
24

ð1 − η1η2Þ−2f9þ νþ 2ð2þ X12Þη21 − 2ð3þ νÞη1η2 − 2ð2 − X12Þη22 þ 2ð1þ νÞη21η22g

þ x3q
48

ð1 − η1η2Þ−4f81 − 57νþ ν2 þ 24ð1 − X12Þ − 2ð7 − X12Þν − 48þ 4νþ 6ð1 − X12Þ
− 2ð81 − 84νþ 2ν2Þη1η2 þ 24ð1þ X12Þ − 2ð7þ X12Þν − 48þ 4νþ 6ð1 − X12Þ
− 4η41ð1 − 2νþ X12Þ þ 4η31η2½9þ 13νþ X12ð9þ νÞ� þ ð90 − 254νþ 6ν2Þη21η22
þ 4η1η

3
2½15 − 11ν − X12ð15þ νÞ� − 4η42ð1þ X12 − 2νÞ þ 2η21η

4
2ð2ν − 19 − 9X12Þ

þ 2η41η
2
2½14ð1 − X12Þ − νð19 − X12Þ� þ 2η41η

2
2ð2ν − 19þ 9X12Þ − η31η

3
2ð9 − 76νþ 2ν2Þ

þ 2η21η
4
2½14ð1þ X12Þ − νð19þ X12Þ� þ ð1 − 25νþ ν2Þη41η42g: ð43Þ

As expected, there is no leftover dependence on the free coordinate-dependent coefficients that enter the starting
Hamiltonian. Moreover, we have explicitly checked that this result reproduces the 1PN binding energy of Ref. [36] and, in
the neutral limit, the known 2PN results for BBHs with no charge given, e.g., in Ref. [28].
The periastron advance for quasicircular orbits can be obtained from the Hamiltonian HADM−type

CoM thanks to the
relation [142]

ΔΦ
2π

¼ K − 1;

K ¼ lim
PR→0

��
∂
2HADM−type

CoM

∂R2

∂
2HADM−type

CoM

∂P2
R

�
−1 ∂HADM−type

CoM

∂PΦ

�
: ð44Þ

Following the same procedure detailed for Eb, one can express K as a function of the variable xq Explicitly, our result at
2PN accuracy is

K ¼ 1þ xq
4
ð1 − η1η2Þ−2½12 − η21 − 12η1η2 − η22 þ 2η21η

2
2 þ X12ðη22 − η21Þ�

þ x2q
48

ð1 − η1η2Þ−4f648 − 48η21 − 7η41 − 1368η1η2 þ 204η31η2 − 120η22 þ 888η21η
2
2 − 70η1η

3
2 − 192η31η

3
2 − 7η42

− 70η21η
2
2 þ 10η41η

4
2 þ X12ð70η21η22 þ 7η42 − −120η21 − 7η41 þ 204η31η2 þ 120η22 − 70η41η

2
2 − 204η21η

2
2Þ

þ ν½−336 − 20η21 þ 14η41 þ 1008η1η2 þ 112η31η2 − 20η22 − 1284η21η
2
2 − 92η41η

2
2 þ 112η1η

3
2

þ 688η31η
3
2 − 104η41η

4
2 þ 16X12ðη21 − 2η31η2 − η22 þ η41η

2
2 þ 2η1η

3
2 − η21η

4
2Þ�g: ð45Þ

Note that here, too, there are no leftover free coefficients, and, when taking the neutral limit, our result reproduces up to 2PN
the zero-spin limit of the result provided in Ref. [143].

B. Scattering angle

The conservative scattering angle for a binary system of two charged black holes has been recently derived, up toOðG3Þ
in the post-Minkowskian (PM) expansion, in Ref. [40]. Here, we compute its PN-expansion up to the 2PN order from the
2PN-accurate conservative dynamics derived in the previous sections. In addition to encoding our 2PN conservative results
in a gauge-invariant quantity, this computation permits a nontrivial check against the scattering angle of Ref. [40], which
can be PN expanded considering that the relative boost factor σ appearing therein is such that ðσ2 − 1Þ ∼ 1=c2.
The scattering angle associated to the Hamiltonian HADM−type

CoM [see Eq. (B6)] is given by the integral

χ ¼ −π − 2

Z þ∞

Rmin

dr
∂PRðE;PΦ; RÞ

∂PΦ
; ð46Þ

12In expressions of this kind the test-mass limit is readily obtained considering ν → 0 (and X12 ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4ν

p
→ 1).
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where the function PRðE;PΦ; RÞ is obtained by solving perturbatively for the radial momentum the energy-conservation
equationHADM−type

CoM ¼ E, and Rmin is the smallest real root of PRðE; PΦ; RÞ ¼ 0. The integral in Eq. (46) is then rewritten in
terms of σ through the relation

E ¼ Mc2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νðσ − 1Þ

p
¼ 1þ ν

2
ðσ2 − 1Þ − ν

8
ð1þ νÞðσ2 − 1Þ2 þ…; ð47Þ

and the resulting series of diverging integrals is regularized and evaluated with the standard procedure discussed, e.g., in
Refs. [144,145].
To simplify the final expression, our result for the scattering angle χ is written in terms of the momentum at infinity

p∞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p
and the angular momentum pϕ ¼ PΦ=μ. Up to 2PN order, it reads

χ ¼ 2GM
pϕp∞

ð1 − η1η2Þ −
2G3M3

3p3
ϕp

3
∞
ð1 − η1η2Þ3

þ 1

c2

�
GMp∞

pϕ
ð4 − η1η2Þ þ

G2M2π

p2
ϕ

�
3 −

η21
4
ð1þ X12Þ − 3η1η2 −

η22
4
ð1 − X12Þ þ

η21η
2
2

2

�

þ G3

p3
ϕp∞

h
8þ η21ð1þ X12Þ − 15η1η2 − η31η2ð1þ X12Þ − η22ð1 − X12Þ þ 8η21η

2
2 − η1η

3
2ð1 − X12Þ − η31η

3
2

i�

þ 1

c4

�
G2M2πP2

∞

P2
ϕ

�
3

4
ð5 − 2νÞ þ η21

8
ð1þ X12Þð−3þ νÞ þ 3ð−1þ νÞη1η2 −

η22
8
ð1 − X12Þð−3þ νÞ − ν

η21η
2
2

4

�

þG3M3p∞

p3
ϕ

�
−16ð−3þ νÞ − 17

2
η21ð1þ X12Þ −

η21
2
ð1 − 2νþ X12Þ þ νη21ð1þ X12Þ þ

η1η2
4

ð128ν − 225Þ

þ η31η2ð1þ X12Þð6 − νÞ − 3

2
η31η2ð1 − 2νþ X12Þ −

17

2
η22ð1 − X12Þ þ

η22
2
ð1 − 2ν − X12Þ

þ νη22ð1 − X12Þ þ ð16 − 24νÞη21η22 þ η1η
3
2ð1 − X12Þð6 − νÞ − 3

2
η1η

3
2ð1 − 2ν − X12Þ þ

η31η
3
2

4
ð−3þ 16νÞ

�

þGMp3
∞

4pϕ
η1η2

�
: ð48Þ

Once again, we notice that the dependence on the
free coordinate-related coefficients has disappeared.
Additionally, we find perfect agreement between this result
and the 2PN expansion of the scattering angle provided in
Ref. [40].13

As already mentioned in Sec. III, we can also use the
scattering angle as a convenient gauge-invariant tool to
check the alternative 2PN Lagrangian for charged BBHs of
Ref. [39]. To this end, since Ref. [39] only provides the
charge-dependent contribution to the full Lagrangian, we
completed the result of Ref. [39] following two alternative
procedures: (i) by adding the 2PN Lagrangian for neutral
BBHs, shown, e.g., in Eq. (4.1) of Ref. [131] and, alter-
natively, (ii) by adding the 2PN EFT Lagrangian provided
in [46]. In both cases, computing the PN-expanded

scattering angle yields a result that differs from that of
Eq. (48) (and thus from the PN-expanded result of Ref. [40])
by a 2PN term proportional to the charges.
It should be noted, however, that not knowing precisely

the arbitrary choices behind the computation of the
Lagrangian of Ref. [39], concerning in particular the
associated neutral part, we cannot conclusively determine
whether the latter is physically incorrect or whether it
should be supplemented with a different neutral-BBH
Lagrangian.

VII. DISSIPATIVE EFFECTS

In this section, we account for the dissipative effects in
the 2PN dynamics of a charged BBH. Because of the
presence of charge, and thus of a gauge vector field Aμ

coupled to the metric gμν, the radiation emitted by a system
of this kind presents also an electromagnetic component of

13This also means that, in the post-Lorentzian limit (G → 0),
our result also agrees with the one of Ref. [146].
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dipolar nature, which enters the dynamics one PN order
earlier than the leading 2.5PN quadrupolar radiation
associated to the emission of GWs [35,36]. This means
that, to completely characterize the 2PN dynamics of a
charged BBH, we have also to compute the leading 1.5PN
dissipative effects associated to this dipolar emission [120].
More specifically, in the following we will show how to

compute the 1.5PN dissipative corrections to the EoMs (23)
and to the CoM-frame transformations (38).

A. Leading dissipative effects in the equations of motion

Varying the action (3) with respect to yμA yields the EoMs
of body A, in the form

d2yμA
dt2

þ ðΓμ
αβÞAvαAvβA − ðΓ0

αβÞAvαAvβAvμA

¼ −
qA
mA

	
gμρFρν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gαβvαAv

β
A

q 

A
vνA; ð49Þ

where the parentheses ð…ÞA are used to denote quantities
evaluated at the position yA of body A.
As mentioned above, we know in advance that the

leading dissipative effects we are interested in enter the
dynamics at the 1.5PN level. The next-to-leading dissipa-
tive effects, being 2.5PN corrections (of both dipolar and
quadrupolar nature), can be neglected at the global 2PN
accuracy we aim to achieve. Moreover, there is no mixing
with the conservative contributions, which are limited to
integer (i.e., time-symmetric) PN orders in the EoMs.
Accordingly, for our current purpose, we just need to
determine the 1.5PN term in the PN expansion of Eq. (49),
for μ ¼ i.
To this end, we consider the following parametrization of

the metric [147,148]14

g00 ¼ 1 − 2V þ 2V2 þ…

g0i ¼ 4Vi þ…

gij ¼ −δijð1þ 2VÞ þ… ð50Þ

given in terms of retarded potentials, V ∼Oð1=c2Þ and
Vi ∼Oð1=c3Þ, that can be obtained from the stress-energy
tensor of matter (as shown in Ref. [148]). Taking also into
account the PN scaling of the vector potential’s compo-
nents, A0 ∼Oð1Þ and Ai ∼Oð1=cÞ, and considering that
∂0 ¼ 1

c ∂t, we find that the 1.5PN dissipative contributions
to the EoMs for body A is completely determined by the
right-hand side of Eq. (49), and reads

ðaiAÞ1.5PN ¼ qA
mA

�
ð∂iA1.5PN

0 ÞA −
1

c
ð∂tA1PN

i ÞA

þ vjA
c
ð∂iA1PN

j − ∂jA1PN
i ÞA

�
: ð51Þ

To complete our derivation, we have to compute the
1.5PN component of A0, the 1PN component of Ai, and
cure, using the Hadamard regularization [149,150], the
self-field divergencies that appear when such components
are evaluated at the positions of the bodies. This is done
explicitly in Appendix C. For A ¼ 1, our final result in
harmonic coordinates is

ðai1Þ1.5PN ¼ 2G
3r3c3

q2ðq1m2 − q2m1Þ
m2

×
�
1 −

q1q2
Gm1m2

�
½3ðn · vÞni − vi�; ð52Þ

and the analog for A ¼ 2 is obtained by exchanging the
body labels, 1 ↔ 2, with n → −n and v → −v.
As a consistency check for Eq. (52), we used it to

compute the corresponding flux of energy at infinity, which
is determined using a balance-law approach analogous to
the one used in Sec. VI D of Ref. [151]. The resulting
energy flux exactly reproduces the leading dipolar flux
given in Eq. (B56) of Ref. [36].

B. Leading dissipative effects in the transformations
to the center of mass frame

The presence of a dissipative correction in the EoMs also
affects the linear momentum, the CoM position, and,
consequently, the coordinate transformation to the CoM
frame. To obtain the correction to the latter, we follow the
same procedure outlined in Sec. V, modifying both the total
linear momentum and the CoM position with the addition
of extra terms at the 1.5PN order.
We begin by defining a modified total linear momentum

P̃, expressed as the sum of the conserved linear momentum
given in Eq. (36) and a general ansatz at 1.5PN order. To
determine the coefficients entering the ansatz, we require
the momentum P̃ to be conserved along the full radiation-
reacted dynamics. We therefore solve the equation

dP̃i

dt
¼ Oð1=c7Þ; ð53Þ

while order reducing all the accelerations with the full
EoMs, i.e., complete of the dissipative contribution, as per
Eq. (52). The resulting modified total linear momentum
reads

14Even though this parametrization is formally valid only up to
the 1PN order, it is actually enough to compute the 1.5PN
dissipative contributions we seek here. We notice moreover that
we have an overall minus sign with respect to Refs. [147,148] due
to the different signature employed.
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P̃i ¼ Pi −
2ni

3m1m2c3r
ðm1m2 − q1q2Þ

× ½m1q22 −m2q21 þ ðm1 −m2Þq1q2�: ð54Þ

Armed with this result, we can proceed along the same
lines as in Sec. Vand compute the dissipative contributions
to the CoM position. We thus consider a modified CoM
position G̃ that differs from Eq. (37) by a general
dissipative contribution depending on free coefficients,
which we constrain by imposing

dG̃i

dt
¼ P̃i: ð55Þ

Our result is

G̃i ¼ Gi þ vi1ðq1 þ q2Þ
3m2c3

ðm1q2 −m2q1Þ þ ð1 ↔ 2Þ: ð56Þ

Finally, the correction (56) to the CoM momentum
determines an associated dissipative contribution in the
transformations to the CoM frame, which now follow from
the condition G̃i ¼ 0. In particular, we find that the 1.5PN
radiation-reaction correction to Eq. (38) is

ðyi1Þ1.5PN ¼ 2viðm2q21 − q1q2ðm2 −m1Þ −m1q22Þ
3ðm1 þm2Þ2c3

: ð57Þ

VIII. CONCLUSIONS

In this work, we extended the PN knowledge of the
dynamics of charged BBHs to 2PN accuracy, addressing
both conservative and dissipative contributions.
In particular, using the EFT approach, we derived the

2PN-accurate Lagrangian in harmonic and Lorenz gauge in
Einstein-Maxwell theory. Our result reproduces the known
2PN Lagrangian of GR and the 2PC Lagrangian of
electromagnetism in the appropriate limits. Furthermore,
we find complete agreement with the PN expansion of the
3PM Einstein-Maxwell result reported in Ref. [40]. From
this Lagrangian, we derived the conservative EoM, as well
as the corresponding Hamiltonian in an ADM-type coor-
dinate system defined by the condition that, in the neutral
limit, it reduces to the usual ADM one. In the absence of
explicit ADM results at 2PN level for the charge-dependent
sector, these coordinates and all results expressed in terms
of them cannot be fully determined. Instead, they depend
on a set of arbitrary charge-dependent coefficients that can
be uniquely fixed once the 2PN ADM Hamiltonian for
charged BBHs has been computed. This will also provide a
nontrivial check for the results obtained in this paper. In
addition, we computed the associated 2PN transformations
to the CoM frame.
Concerning the dissipative part of the dynamics, we

provided the leading 1.5PN contributions to the EoMs,

which is the only relevant contribution for computations
with 2PN accuracy, and we incorporated these corrections
consistently into the transformations to the CoM frame.
Finally, we computed three gauge invariant conservative

quantities up to the 2PN order: the periastron advance and
the binding energy, for quasicircular orbits, and the scatter-
ing angle along unbound orbits.
This work represents an important first step toward the

complete 2PN characterization of motion and radiation of a
charged BBH, and it will be completed by a forthcoming
paper focused on the derivation of the 2PN-accurate energy
flux, as well as on the analysis of the extremal limit [41].
Such an endeavor will be crucial for studying these systems
through GW observations, particularly once our results are
incorporated into analytical waveform models, such as
those developed within the effective-one-body formal-
ism [119].
Future extensions of this work include incorporating spin

and finite-size effects of the compact objects for a more
accurate description of their dynamics. Moreover, this
analysis could be extended to account for magnetic- and
electric-type electromagnetic multipole moments of the
compact objects, building on the results of Refs. [99,100].
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APPENDIX A: EXPANDED FUNDAMENTAL
ACTION FOR FEYNMAN RULES

We report the expression for the fundamental action,
given by Eq. (3), expressed in term of Kol-Smolkin
variables, given in Eqs. (11) and (13), and expanded in
the PN parameter using the power counting rules intro-
duced in Sec. III C. The resulting expansion is a polynomial
expression in the fields, containing formally an infinite
number of terms, which specify the interactions present in
the theory. Employing the power counting rules we select
only the subset of terms which can contribute to quantities
at 2PN order, i.e., 1=c4.

In Eqs. (A1) we present the explicit expression for the
expanded action. For brevity we report only the terms
which are actually needed to compute the point-particle
conservative Lagrangian at 2PN order. The omitted inter-
action terms can only appear in diagrams which contribute
to higher PN order. These computations have been per-
formed employing a Mathematica code based on the
EFTofPNG package [106].

S ¼ Sbulk;kin þ Sbulk þ Swl ðA1aÞ

Sbulk;kin ¼
Z

dtd3x

��
ð∂iAiÞ2 − cd∂iϕ∂iϕþ 1

2
∂iϕEM∂

iϕEM − ∂iAj∂
jAi þ ∂jAi∂

jAi

þ 1

2
½−ð∂iAi

EMÞ2 þ ∂iAEMj∂
jAi

EM − ∂jAEMi∂
jAi

EM�

þ 1

4
½∂jσkk∂jσii þ 4∂iσ

i
j∂kσ

jk − 2ð2∂jσik∂kσij þ ∂kσij∂
kσijÞ�

�

þ 1

c2

�
1

2
∂tAEMi∂tAi

EM − ∂tAi∂tAi þ 1

4
ð−ð∂tσiiÞ2 þ 2∂tσij∂tσ

ijÞ þ cdð∂tϕÞ2 −
1

2
ð∂tϕEMÞ2

��
; ðA1bÞ

Sbulk ¼
Z

dtd3x

�
1

c2

�
cdð−σii∂jϕ∂jϕþ 2σij∂

iϕ∂jϕÞ
2Λ

þ σii∂jϕEM∂
jϕEM − 2σij∂

iϕEM∂
jϕEM

4Λ

−
ð∂iϕEM∂

iϕEMÞϕ
Λ

þ cdðð∂iAiÞ2 − ∂iAj∂
jAi þ ∂jAi∂

jAiÞϕ
Λ

−
ð−2þ cdÞðð∂iAi

EMÞ2 − ∂iAEMj∂
jAi

EM þ ∂jAEMi∂
jAi

EMÞϕ
2Λ

−
1

Λ
ð∂iAi

EMA
j
∂jϕEM − Ai

∂iA
j
EM∂jϕEM þ Ak

∂jϕEM∂
jAEMk þ ∂iAi

∂jA
j
EMϕEMÞ

�

þ 1

c3

�
−
2cdAi

∂iϕ∂tϕ

Λ
þ ðAi

∂iϕEM þ ∂iAiϕEMÞ∂tϕEM

Λ

þ 2∂iϕEM∂tAi
EMϕ − cd∂iAi

EMϕEM∂tϕ − 2∂iAi
EMϕ∂tϕEM

Λ

�

þ 1

c4

�
∂iϕEM∂

iϕEMϕ
2

Λ2
−
c2dϕð∂tϕÞ2

Λ
þ ∂tϕEMð2cdϕEM∂tϕþ ð2þ cdÞϕ∂tϕEMÞ

2Λ

��
; ðA1cÞ

Swl ¼
X
A¼1;2

Z
dtA

��
−
mAϕ

Λ
þ qEM;AϕEM

ΛEM

�
þ 1

c

�
mAAivA;i

Λ
þ qEM;AAi

EMvA;i
ΛEM

�

þ 1

c2

�
mAvA;ivA;jσij

2Λ
−
ð−1þ cdÞmAv2Aϕ

2Λ
−
mAϕ

2

2Λ2

�
þ 1

c3

�
mAAivA;iv2A

2Λ
þmAAivA;iϕ

Λ2

�

þ 1

c4

�
−
ð−1þ 2cdÞmAv4Aϕ

8Λ
þ ð−1þ cdÞ2mAv2Aϕ

2

4Λ2
−
mAϕ

3

6Λ3

��
; ðA1dÞ

where v2A ¼ δijviAv
j
A and the time dependence of viA ¼ viAðtAÞ is understood.

The expanded action in Eq. (A1) equivalently represents the action for a d-dimensional Euclidean interacting quantum
field theory for the five potential fields W. In particular, from the expanded bulk action in Eq. (A1b) we obtain the explicit
expressions for the propagators of the potential fieldsW, from the bulk action in Eq. (A1c) we obtain the Feynman rules for
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the bulk interaction vertices of the theory, and from the worldline action in Eq. (A1d) we obtain the Feynman rules for the
interactions between the potential fields and the worldlines.
Let us notice that the propagators for the potential fields in Eq. (A1b) have a nonhomogeneous scaling in the PN

parameter, since the terms with two temporal derivatives are suppressed by the factor 1=c2. We therefore treat these terms as
perturbative propagator insertions, and they encode the retardation corrections of the PN formalism [43].

APPENDIX B: EXPLICIT RESULTS

In this appendix, we provide the explicit expression of Lagrangian and Hamiltonian in ADM-coordinates, following the
procedure detailed in Sec. IV B. Moreover, we show the CoM-frame expression of the harmonic EoMs, the harmonic
Lagrangian and the ADM-type Hamiltonian.
Thus, the explicit expressions of each component of ADM-type Lagrangian in Eq. (31) read

LADM−type
kin ¼ m1V2

1

2
þ 1

c2

�
m1V4

1

8

�
þ 1

c4

�
m1V6

1

16

�
þ ð1 ↔ 2Þ; ðB1aÞ

LADM−type
2PN ¼ Gm1m2

2R
þ 1

c2

�
Gm1m2

4R
ð3V2

1 − 7V1 · V2 þ 3V2
2 − ðN · V1ÞðN · V2ÞÞ −

G2m1m2

4R2
ðm1 þm2Þ

�

þ 1

c4

�
G3m1m2

8R3
ðm2

1 þ 5m1m2 þm2
2Þ þ

G2m1m2
2

8R2
ð15ðN · V2Þ2 þ 16V2

1 − 30ðV1 · V2Þ þ 11V2
2Þ

þm1m2

16R

h
3ðN · V1Þ2ðN · V2Þ2 − 4ðN · V1ÞðN · V2ÞV2

1 − 10ðN · V2Þ2V2
1 þ 14V4

1

þ 12ðN · V1ÞðN · V2ÞðV1 · V2Þ − 14V2
1ðV1 · V2Þ þ 2ðV1 · V2Þ þ 11V2

1V
2
2

i�
þ ð1 ↔ 2Þ; ðB1bÞ

LADM−type
charged ¼ LADM−type

2PC þ LADM−type
mixed ¼ −

q1q2
R

þ 1

c2

�
Gm2

2R2
ð2q1q2 − q21Þ þ

Gm1

2R2
ð2q1q2 − q22Þ þ

q1q2
2R

ðV1 · V2 þ ðN · V1ÞðN · V2ÞÞ
�

þ 1

c4

�
q1q2
8R

ðV2
2ðN · V1Þ2 þ ðN · V2Þ2V2

1 þ 2ðV1 · V2Þ2 − 3ðN · V1Þ2ðN · V2Þ2 − V2
1V

2
2Þ þ

q21q
2
2

4R3

þ G2

�
m2

2

4R3
ð4q21 − 3q1q2Þ þ

m2m1

4R3
ð2q21 − 17q1q2 þ 2q22Þ þ

−3m2
1q1q2 þ 4m2

1q
2
2

4R3

�

þ q21q
2
2

8r2m2

ð3ðN · V1Þ2 − V2
1Þ þ

q31q
3
2

4R3m2m1

þ q21q
2
2

8m1R2
ð3ðN · V2Þ2 − V2

2Þ

þ G

�
m2q1q2
4R2

ð2ðN · V1ÞðN · V2Þ − 13ðN · V2Þ2 − 4ðV1 · V2Þ þ 5V2
2Þ

þm1q1q2
R2

�
−
13

4
ðN · V1Þ2 þ

ðN · V1ÞðN · V2Þ
2

þ 5V2
1

4
− ðV1 · V2Þ

�

þm2q21
4R2

ð4ðN · V1Þ2 − 2ðN · V2Þ2 − 4V2
1 þ 6ðV1 · V2Þ − V2

2Þ

þm1q22
4R2

ð4ðN · V2Þ2 − 2ðN · V1Þ2 − V2
1 þ 6ðV1 · V2Þ − 4V2

2Þ
�
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þ A1

�
V2
1

R
ð−ðN · V1Þ2 þ ðN · V1ÞðN · V2Þ þ V2

1 − ðV1 · V2ÞÞ

−
Gm2

R2

�
1 −

q1q2
Gm1m2

�
ð2ðN · V1Þ2 þ V2

1Þ
�

þ A2

�
V2
1

R
ððN · V2Þ2 − ðN · V1ÞðN · V2Þ þ ðV1 · V2Þ − V2

2Þ

þ G
R2

�
1 −

q1q2
Gm1m2

�
ðm1V2

1 − 2m2ðN · V1ÞðN · V2ÞÞ
�

þ A3

�ðV1 · V2Þ
R

ðV2
1 − ðN · V1Þ2 þ ðN · V1ÞðN · V2Þ − ðV1 · V2ÞÞ

þ G
R2

�
1 −

q1q2
Gm1m2

�
ððN · V1Þ2m1 −m2ðN · V1ÞðN · V2Þ −m2ðV1 · V2ÞÞ

�

þ A4

�
V2
2

R
ððV1 · V2Þ2 − ðN · V1ÞðN · V2ÞðV1 · V2Þ þ ðN · V2Þ2ðV1 · V2Þ − ðV1 · V2ÞÞ

þ G
R2

�
1 −

q1q2
Gm1m2

�
ðm1ðN · V1ÞðN · V2Þ þm1ðV1 · V2Þ − ðN · V2Þ2m2Þ

�

þ A5

�
V2
2

R
ðV2

1 − ðN · V1Þ2 þ ðN · V1ÞðN · V2Þ − ðV1 · V2ÞÞ

þ G
R2

�
1 −

q1q2
Gm1m2

�
ð2m1ðN · V1ÞðN · V2Þ −m2V2

2Þ
�

þ A6

�
V2
2

R
ððN · V2Þ2 − ðN · V1ÞðN · V2Þ þ ðV1 · V2Þ − V2

2Þ þ
Gm1

R2

�
1 −

q1q2
Gm1m2

�
ð2ðN · V2Þ2 þ V2

2Þ
�

þ B1

�
−2ðN · V1ÞðN · V2Þ þ 2ðN · V2Þ2 þ ðV1 · V2Þ − V2

2

R2
þ Gm1

R3
−

q1q2
R3m2

�

þ B2

�
−2ðN · V1Þ2 þ 2ðN · V1ÞðN · V2Þ þ V2

1 − ðV1 · V2Þ
R2

−
Gm2

R3
þ q1q2
R3m1

�

þ C1

�
−
3ðN · V1Þ2

R2
ððN · V1Þ2 − ðN · V1ÞðN · V2Þ − V2

1 þ ðV1 · V2ÞÞ −
3Gm2

R2

�
1 −

q1q2
Gm1m2

�
ðN · V1Þ2

�

þ C2

�
þN · V1

R
ð−3ðN · V1Þ2ðN · V2Þ þ 3ðN · V1ÞðN · V2Þ2 þ 2ðN · V2ÞV2

1 þ ðN · V1ÞðV1 · V2Þ

− 2ðN · V2ÞðV1 · V2Þ − ðN · V1ÞV2
2Þ þ

G
R2

�
1 −

q1q2
Gm1m2

�
ððN · V1Þ2m1 − 2ðN · V1ÞðN · V2Þm2Þ

�

þ C3

�
N · V2

R
ð−3ðN · V1Þ2ðN · V2Þ þ 3ðN · V1ÞðN · V2Þ2 þ ðN · V2ÞV2

1 þ 2ðN · V1ÞðV1 · V2Þ

− ðN · V2ÞðV1 · V2Þ − 2ðN · V1ÞV2
2Þ þ

G
R2

�
1 −

q1q2
Gm1m2

�
ð2ðN · V1ÞðN · V2Þm1 − ðN · V2Þ2m2Þ

�

þ C4

�
−
3ðN · V2Þ2

R
ððN · V1ÞðN · V2Þ − ðN · V2Þ2 − ðV1 · V2Þ þ V2

2Þ

þ 3Gm1

R2

�
1 −

q1q2
Gm1m2

�
ðN · V2Þ2

��
;

where we notice the presence of the unfixed coefficient (30) of the function F.
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Following the Legendre transformation in Eq (33), we can compute the ADM-type Hamiltonian (34) in terms of the
ADM-type conjugated momentum Pi

A (32), that reads [42]

HADM−type
kin ¼ P2

1

2m1

þ 1

c2

�
−

P4
1

8m3
1

�
þ 1

c4

�
P6
1

16m5
1

�
þ ð1 ↔ 2Þ; ðB2aÞ

HADM−type
2PN ¼ −

Gm1m2

2R
þ 1

c2

�
G
4R

ðN · P1ÞðN · P2Þ −
3Gm2P2

1

2Rm1

þ 7ðP1 · P2Þ
8R

þG2m1m2ðm1 þm2Þ
2R2

�

þ 1

c4

�
5G2m2

2P
2
1

2m1R2
−
G3m1m2

8R3
ðm2

1 þ 5m1m2 þm2
2Þ þ

5Gm2P4
1

8m3
1R

þ G2ðm1 þm2Þ
8R2

ð19P2
1 − 27ðP1 · P2Þ − 6ðN · P1ÞðN · P2Þ þ 19P2

2Þ

þ G
8m1m2R

ð5P2
1ðN · P2Þ2 − 22P2

1P
2
2 − 4ðP1 · P2Þ2 − 24ðP1 · P2ÞðN · P1ÞðN · P2Þ

− 6ðN · P1Þ2ðN · P2Þ2
�
þ ð1 ↔ 2Þ; ðB2bÞ

HADM−type
charged ¼ HADM−type

2PC þHADM−type
mixed ¼ q1q2

2R

þ 1

c2

�
G
2R2

ðm2q21 þm1q22Þ −
2Gq1q2ðm1 þm2Þ

R2
−

q1q2
4m1m2R

ðP1 · P2 þ 2ðN · P1ÞðN · P2ÞÞ
�

þ 1

c4

�
G2m2

1

4R3
ð3q1q2 − 4q22Þ −

G2m1m2

4R3
ð2q21 − 17q1q2 þ 2q22Þ þ

G2m2
2

4R3
ð3q1q2 − 4q21Þ

þ Gm1q22
m2R

ðP2
2 − ðN · P2Þ2Þ −

3Gq21q
2
2

4R3
þ Gm2q21

m2
1R

2
ðP2

1 − ðN · P1Þ2Þ −
q31q

3
2

4m1m2R3

þ q1q2
4m1m2R

�
P2
2

m2

þ P2
1

m1

��
q1q2
R

þ P1 · P2 þ ðN · P1ÞðN · P2Þ
�

þ G
4m1R2

ðq1q2ð10ðP1 · P2Þ − 12P2
1 þ 4ðN · P1Þ2 þ 4ðN · P1ÞðN · P2ÞÞ

þ q22P
2
1 þ 2q22ðN · P1Þ2 − 6q21ðP1 · P2ÞÞ

þ G
4m2R2

ðq1q2ð10ðP1 · P2Þ − 12P2
2 þ 4ðN · P2Þ2 þ 4ðN · P1ÞðN · P2ÞÞ

þ q21P
2
2 þ 2q21ðN · P2Þ2 − 6q22ðP1 · P2ÞÞ

þ q1q2
8m2

1m
2
2R

ðP2
1P

2
2 − 2ðP1 · P2Þ2 − P2

2ðN · P1Þ2 − P2
1ðN · P2Þ2 þ 3ðN · P1Þ2ðN · P2Þ2Þ

þ A1

m1R

�
þGm2

m1R

�
1 −

q1q2
Gm1m2

�
ðP2

1 þ 2ðN · P1Þ2Þ −
P2
1

m3
1

ðP2
1 − ðN · P1Þ2Þ

þ P2
1

m2
1m2

ððP1 · P2Þ − ðN · P1ÞðN · P2ÞÞ
�

þ A2

m1R

�
−
G
R

�
1 −

q1q2
Gm1m2

�
ðP2

1 − 2ðN · P1ÞðN · P2ÞÞ þ
P2
1

m2
2m1

ðP2
2 − ðN · P2Þ2Þ

þ P2
1

m2
1m2

ððN · P1ÞðN · P2Þ − ðP1 · P2ÞÞ
�

þ A3

m1R

�
G
R

�
1 −

q1q2
Gm2m1

�
ððP1 · P2Þ − ðN · P1Þ2 þ ðN · P1ÞðN · P2ÞÞ
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þ 1

m1m2
2

ððP1 · P2Þ2 − ðP1 · P2ÞðN · P1ÞðN · P2ÞÞ þ
1

m2
1m2

ð−ðP1 · P2ÞP2
1 þ ðP1 · P2ÞðN · P1Þ2Þ

�

þ A4

m2R

�
−
G
R

�
1 −

q1q2
Gm2m1

�
ððP1 · P2Þ þ ðN · P1ÞðN · P2Þ − ðN · P2Þ2Þ

þ P2
2

m2
2m1

ððP1 · P2Þ − ðP1 · P2ÞðN · P2Þ2Þ −
1

m2
1m2

ððP1 · P2Þ2 − ðP1 · P2ÞðN · P1ÞðN · P2ÞÞ
�

þ A5

m2R

�
G
R

�
1 −

q1q2
Gm2m1

�
ðP2

2 − 2ðN · P1ÞðN · P2ÞÞ −
P2
2

m2
1m2

ðP2
1 − ðN · P1Þ2Þ

þ P2
2

m1m2
2

ððP1 · P2Þ − ðN · P1ÞðN · P2ÞÞ
�

þ A6

m2
2R

�
−
Gm1

R

�
1 −

q1q2
Gm2m1

�
ðP2

2 þ 2ðN · P2Þ2Þ

−
P2
2

m1m2

ððP1 · P2Þ − ðN · P1ÞðN · P2ÞÞ þ
P2
2

m2
2

ðP2
2 − ðN · P2Þ2Þ

�

þ B1

R2

�
−
Gm1

R

�
1 −

q1q2
Gm2m1

�
−

1

m1m2

ððP1 · P2Þ − 2ðN · P1ÞðN · P2ÞÞ þ
1

m2
2

ðP2
2 − 2ðN · P2Þ2Þ

�

þ B2

R2

�
þGm2

R

�
1 −

q1q2
Gm2m1

�
þ 1

m1m2

ððP1 · P2Þ − 2ðN · P1ÞðN · P2ÞÞ −
1

m2
1

ðP2
1 − 2ðN · P1Þ2Þ

�

þ 3C1

m2
1R

ðN · P1Þ2
�
Gm2

R

�
1 −

q1q2
Gm2m1

�
þ 1

m1m2

ððP1 · P2Þ − ðN · P1ÞðN · P2ÞÞ −
1

m2
1

ðP2
1 − ðN · P1Þ2Þ

�

þ C2

m1R

�
−
G
R

�
1 −

q1q2
Gm2m1

�
ððN · P1Þ2 − 2ðN · P1ÞðN · P2ÞÞ

þ 1

m2
2m1

ðP2
2ðN · P1Þ2 þ 2ðP1 · P2ÞðN · P1ÞðN · P2Þ − 3ðN · P1Þ2ðN · P2Þ2Þ

−
1

m2
1m2

ððP1 · P2ÞðN · P1Þ2 þ 2P2
1ðN · P1ÞðN · P2Þ − 3ðN · P1Þ3ðN · P2ÞÞ

�

þ C3

m2R

�
G
R

�
1 −

q1q2
Gm2m1

�
ð2ðN · P1ÞðN · P2Þ − ðN · P2Þ2Þ

þ 1

m2
2m1

ð2P2
2ðN · P1ÞðN · P2Þ þ ðP1 · P2ÞðN · P2Þ2 − 3ðN · P1ÞðN · P2Þ3Þ

−
1

m2
1m2

ð2ðP1 · P2ÞðN · P1ÞðN · P2Þ þ P2
1ðN · P2Þ2 − 3ðN · P1Þ2ðN · P2Þ2Þ

�

þ 3C4

m2
2R

ðN · P2Þ2
�
Gm1

R

�
1 −

q1q2
Gm2m1

�
−

1

m1m2

ððP1 · P2Þ − ðN · P1ÞðN · P2ÞÞ

þ 1

m2
2

ðP2
2 − ðN · P2Þ2Þ

��
: ðB2cÞ

Now, using the CoM-frame transformation of Eq. (38) and the corresponding notation, the relative acceleration
ai ¼ ai1 − ai2 reads
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ai ¼ −
GM
r2

nið1 − η1η2Þ þ
1

c2

�
ni
�
G2M2

r2

�
4 − 5η1η2 þ

1

2
η22ð1 − X12Þ þ

1

2
η21ð1þ X12Þ þ 2νð1 − η1η2Þ2

�

þ GM
r2

�
v2

2
ðð1 − η1η2Þð1 − 6ν − 3ÞÞ þ 3

2
ṙ2ð1 − η1η2Þ

��
þ viṙ

�
3þ ð1 − η1η2Þ

�
1

2
− 3ν

���

−
1

c3

�
2G2M4ν2

3r4
ðη1 − η2Þ2ð1 − η1η2Þ2

�

þ 1

c4

�
ni
�
G3M3

r4

�
27

2
η1η2 − 9 − 3

�
1 −

1

4
η1η2

�
ðη21 þ η22 − X12ðη22 − η21ÞÞ

þ ν

�
7

4
X12ðη22 − η21Þð1 − η1η2Þ −

87

4
−
7

4
ðη21 þ η22Þ þ

203

4
η1η2 þ

1

4
η1η2ðη21 − 107η1η2 þ η22 þ 3η21η

2
2Þ
�

þ G2M2

r3

�
2ν2ðṙ2 − v2Þð1 − η21η

2
2Þ2 þ X12ðη22 − η21Þ

�
ṙ2ð1þ νÞ − v2

2
ð1þ 3νÞ

�
þ v2

2
ðη21 þ η1η2 þ η22Þ

þ ṙ2ð2 − η21 − η22Þ þ νðṙ2ð25þ 5η21 − 39η1η2 þ 5η22 þ 4η21η
2
2Þ þ

v2

2
ð13 − 12η1η2 − η21η

2
2ÞÞ

�

þ GM
r2

�
ν2ð1 − η1η2Þ

�
4v4 þ 45

8
ṙ4 − 6ṙ2v2

�
þ 3ν

�
1 −

η1η2
2

�
−
15ν

8
ṙ4ð1 − η1η2Þ −

v4

8
η1η2

��

þ vi
�
GM
r2

�
1

2
ṙv2η1η2 þ

νṙ
2
ð−9ṙ2 þ 3v2ð5 − η1η2Þ þ ν2ṙð1 − η1η2Þð2v2 − 3ṙ2Þ

�

þ G2M2

r3

�
ṙð1 − νÞX12ðη22 − η21Þ − 4ν2ṙð1 − η1η2Þ2 þ ṙðη1η2 − η21 − η22 − 2Þ

þ ṙ
2
ð56η1η2 − 4η21 − 4η22 − 7η21η

2
2 − 41Þ

���
: ðB3Þ

We have included here also the 1.5PN dissipative contribution to the EoMs and that is discussed in Sec. VII.
Starting from Eq. (21), that depends linearly on the accelerations, by using Eq. (38), we can obtain the mass-reduced

Lagrangian L in the CoM frame

L
μ
¼ GM

r
ð1 − η1η2Þ þ

v2

2

þ 1

c2

�
v4

8
ð1 − 3νÞ þ GM

2r

�
3v2 þ νð1 − η1η2Þðv2 þ ṙ2Þ�þG2M2

4r2
�
4η1η2 − η21 − η22 − 2þ ðη22 − η21ÞX12

��

þ 1

c4

�
v6

16
ð1 − 7νþ 13ν2Þ þ GMν

8

�ð7 − η1η2Þð−2ða · vÞṙþ ðn · aÞv2Þ − ṙ2ðn · aÞð1 − η1η2Þ
�

þ G3M3

4r3
�
X12ðη21 − η22Þ þ 2 − 4η1η2 þ η21 þ η22 þ νð15þ 2η21 − 39η1η2 þ 2η22 þ 21η21η

2
2 − η31η

3
2Þ
�

þ G2M2

r2

�
η22 − η21

8
ð2ṙ − v2Þð1þ νÞX12 þ

v2

8
ð14 − η21 − η22Þ þ

ṙ
4
ð2 − η21 − η22Þ þ

ν2

2
ðv2 þ 3ṙ2Þð1 − η1η2Þ2

þ ν

8

	
v2
�
−27 − η21 − η22 − 7ð1 − η−η2Þ2

�þ ṙ2ð41þ 10η21 þ 10η22 − 2η1η2 − 3η21η
2
2Þ

�

þ GM
r

�
7v4

8
þ ν

4

�
−v4ð5þ η1η2Þ þ v2ṙ2ð1 − η1η2Þ

�þ ν2

8
ð1 − η1η2Þð3ṙ4 − 9v4 − 10v2ṙ2Þ

�

−
G2M2ν

2r
ðn · aÞη1η2ð8 − η1η2Þ

�
: ðB4Þ

Now, following the same procedure described in Sec. IV B, we can identify the contact transformation from the relative
separation vector xi ¼ yi1 − yi2 in harmonic coordinates to the one Xi ¼ Yi

1 − Yi
2 in ADM-type coordinates
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δxi ¼ Xi − xi ¼ δyi1 − δyi2 ðB5Þ

Applying this transformation to the Lagrangian (B4), we find the corresponding ADM-type Lagrangian in the CoM frame,
as a function of ðX;VÞ. Then, by performing a simple Legendre transformation, we find the ADM-type Hamiltonian in the
CoM-frame, which reads

HADM−type
CoM

μ
¼ −

c2

ν
þ P2

2
−
G
R
ð1 − η1η2Þ

þ 1

c2

�
P4

8
ð3ν − 1Þ þ G2

4R2
ð2þ η21 − 4η2η2 þ η22 þ X12ðη21 − η2ÞÞ −

GM
2R

ð3P2 þ νð1 − η1η2ÞðP2 þ P2
RÞÞ

�

þ 1

c4

�
G3

4R3
ðη1η2 − η21 − η22 − 2þ X12ðη22 − η21Þ þ νð23η1η2 − 2η21 − 2η22 − 3η21η

2
2 − η31η

3
2 − 15ÞÞ

þ G2

8R2
ðX12ðη22 − η21ÞðP2 − 2P2

RÞð1 − νÞ þ 2P2
Rðη21 þ η22 − 2Þ þ P2ðη21 þ η22 þ 22Þ

þ νðP2ð58þ 7η21 − 46η1η2 þ 7η22 þ 2η21η
2
2Þ − P2

Rð32þ 10η21 þ 10η22 þ 4η1η2ÞÞÞ

þ G
8R

ð5P4 þ 2νP2ðð1 − η1η2ÞP2
R − P2ð11þ η1η2ÞÞ − ν2ð1 − η1η2Þð3P4 þ 2P2P2

R þ 3P2
RÞÞ

þ P6

16
ð1 − 5νþ 5ν2Þ þ G

4R3
ð1 − η1η2Þð1 − 12νÞ þ P2

R

2R2
−

P2

4R2
þ 3ν

R2
ð2P2

R − P2Þ

−
Gν
4R2

ð2P2 þ P2
RÞð1 − η1η2Þ þ

νP2

4R
ðP2 − P2

RÞ þA

�
P2

MR
ðP2

R − P2Þ þ G
MR2

ð1 − η1η2Þð2P2
R þ P2Þ

�

þ B

�
2P2

R − P2

M2R2
þ G
M2R3

ð1 − η1η2Þ
�
þC

�
3GP2

R

MR2
ð1 − η1η2Þ þ

3P2
R

MR
ðP2

R − P2Þ
��

ðB6Þ

where P2 ¼ p2=μ2, PR ¼ pr=μ, R ¼ r=M, and A, B, C are coefficients associated to the contact transformation, given by
combinations of the coefficients appearing in Eq. (29), see Sec. IV B. Explicitly they read

A ¼ 1

ðm1 þm2Þ3
ðm3

2A1 −m1m2
2ðA2 þ A3Þ þm2

1m2ðA4 þ A5Þ −m3
1A6Þ; ðB7aÞ

B ¼ 1

m1 þm2

ð−m1B1 þm2B2Þ; ðB7bÞ

C ¼ 1

ðm1 þm2Þ3
ðm3

2C1 −m1m2
2C2 þm2

1m2C3 −m3
1C4Þ: ðB7cÞ

APPENDIX C: EXPLICIT CALCULATIONS FOR THE DISSIPATIVE CONTRIBUTIONS

In this appendix, we go over the technical details behind the derivation of the dissipative contributions to the
EoMs, Eq. (52).
Our starting point is Eq. (51), which gives the dissipative contribution wewant to compute in terms of the vector potential

components. More specifically, we need the terms in the PN expansions of A0 and Ai of order, respectively, 1.5PN and 1PN.
By varying the total action (3) with respect to Ai and A0, the associated field equations at 1PN accuracy are found to be15

□Ai ¼ −
4π

c
ρevi; ðC1aÞ

15We underline that the next PN order in the field equations would be the 2PN, which we do not need for our current purpose of
computing 1.5PN dissipative contributions.
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□A0 ¼ 4πρe −
1

c2
ð2V∇2A0 þ 2∂iV∂iA0Þ; ðC1bÞ

where □ ¼ −∂20 þ∇2 and ρe is the point-particle electric-
charge density defined as

ρeðx; tÞ ¼
X
A

qAδ3ðx − yAðtÞÞ: ðC2Þ

Since our objective here is to compute the leading
dissipative contributions to A0 and Ai, we are well before
the point at which the radiation reaction sector of the
dynamics develop tail-related components of noninstanta-
neous type.16 We can therefore proceed with a direct PN
approach similar to the one of Ref. [153], and focus on the
Poisson-like integrals that follow from the PN expansion of
the formal retarded solutions to Eq. (C1).
Let us begin with Eq. (C1a). Indeed, its retarded solution

reads

Aiðx; tÞ ¼
1

c

Z
d3z

ρe
	
z; t − jx−zj

c



jx − zj vi: ðC3Þ

Once this is expanded in powers of 1=c, the Poisson-like
integrals that spring forth are easily evaluated thanks to the
Dirac deltas in ρe, Eq. (C2). Hence, we find

Ai ¼
1

c

�
q1vi1

jx − y1j
−
1

c
d
dt

ðq1vi1Þ
�
þ ð1 ↔ 2Þ þOð1=c3Þ:

ðC4Þ

The leading 0.5PN term in Eq. (C4) fully reproduces the
leading order term of Ai provided in Ref. [36]. In addition,
we also find the sought for dissipative contribution

A1PN
i ¼ −

1

c2
ðq1ai1 þ q2ai2Þ: ðC5Þ

In preparation for doing the same with Eq. (C1b), it is
useful to rewrite its source term using the differential
identity

∇2ðαβÞ ¼ α∇2β;þβ∇2αþ 2∂iα∂iβ; ðC6Þ

which yields

□A0 ¼ 4πρe þ
1

c2
½A0∇2V − V∇2A0 −∇2ðVA0Þ�: ðC7Þ

Here, the potentials A0 and V appearing in the source term
can be replaced with the leading order solutions to their
field equations, found, e.g., in Ref. [36]. Introducing the
notation rA ≡ x − yA and rA ≡ jrAj, they simply read

ALO
0 ¼ −

�
q1
r1

þ q2
r2

�
; ðC8Þ

VLO ¼ Gm1

r1
þ Gm2

r2
: ðC9Þ

It is straightforward to see that, once these expressions
are substituted in the right-hand side of Eq. (C7), the terms
A0∇2V and −V∇2A0 actually cancel each other out. The
retarded solution to the 1PN field equation of A0 is thus

A0ðx; tÞ ¼ −
Z

d3z
ρ
	
z; t − jx−zj

c



jx − zj ; ðC10Þ

where

ρðx; tÞ ¼ ρeðx; tÞ −
1

4πc2
∇2ðVLOALO

0 Þ: ðC11Þ

Similarly as before, we consider the PN expansion of
Eq. (C10) and isolate, in the so-obtained series of Poisson-
like integrals, the 1.5PN contribution we want to compute.
We find

A1.5PN
0 ¼ −

1

c3

Z
d3z

�jx − zj2
6

∂
3
t ρe

þ 1

4π
∂t∇2ðVLOALO

0 Þ
�
: ðC12Þ

The first integral, whose support is compact, is easily
solved

Z
d3z

jx − zj2
6

∂
3
t ρe ¼

q1
6

d3ðr21Þ
dt3

þ ð1 ↔ 2Þ: ðC13Þ

By order reducing the right hand side of the latter via the
EoMs (23), that is enough to use at leading order in this
case, we obtain

Z
d3z

jx − zj2
6

∂
3
t ρe ¼ −q1

�
Gm2

r2
−
q1q2
m1r2

��
n · v1 þ

1

3
r1 · ð3ðn · vÞn − vÞ

�
þ ð1 ↔ 2Þ; ðC14Þ

16In our case the first contributions of this kind would appear at the 3PN level, namely when the leading 1.5PN tail effects enter the
dipolar component of the energy flux, which is by itself a quantity that starts at the 1.5PN order.
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where we recall that v ¼ v1 − v2.
For the second integral of Eq. (C12), using Eqs. (C8) and (C9), we have

1

4π

d
dt

Z
d3z∇2ðVLOALO

0 Þ ¼ G
4π

d
dt

�
m1q11∂

2
i

Z
d3z

jz − y1j2
þm2q22∂

2
i

Z
d3z

jz − y2j2

þ ðm1q2 þm2q1Þ1∂i2∂i
Z

d3z
jz − y1jjz − y2j

�
; ðC15Þ

where, following Ref. [154], we replaced the partial derivatives ∂i acting on zi with the partial derivatives A∂i acting on y
i
A,

exploiting that ∂ijz − yAj ¼ −A∂ijz − yAj.
With the same strategy adopted for Eq. (5.4) of Ref. [154], the first two terms can be shown to give no contribution while

the last one is evaluated to

1∂i2∂i

Z
d3z

jz − y1jjz − y2j
¼ −2π1∂i2∂ir ¼

4π

r
; ðC16Þ

so that

1

4π

d
dt

Z
d3z∇2ðVLOALO

0 Þ ¼ Gðm1q2 þm2q1Þ
d
dt

1

r
: ðC17Þ

By combining Eqs. (C14) and (C17), explicitly evaluating the time derivative in the latter, we conclude

A1.5PN
0 ¼ −

Gm1

r2c3

�
m2q1

�
1 −

q1q2
Gm1m2

��
n · v1 þ

1

3
r1 · ð3ðn · vÞn − vÞ

�
þ q2ðn · vÞ

�
þ ð1 ↔ 2Þ: ðC18Þ

Let us finally move to the evaluation of Eq. (51). Now that
we have both A1.5PN

0 and A1PN
i , we only need to clarify how

to overcome the problem of the infinite self-field of point-
particles, which brings forth divergencies when quantities
are evaluated at the positions of the bodies.
Since we aim at a PN accuracy for which there is still no

need to resort to the dimensional regularization method
[137], we can simply regularize all the diverging quantities
by taking their Hadamard partie finie [149,150], of which
we review the main technical aspects below.
Let us consider a function FðxÞ that is smooth every-

where in space except at two isolated singularities, y1 and
y2. As the field point x approaches one of the singularities,
say y1 (i.e., r1 ¼ jx − y1j → 0), the function F admits the
powerlike singular expansion

Fðx; y1; y2Þ ¼
X

−k0≤k≤0
rk1fkðn1; y1; y2Þ þOðr1Þ; ðC19Þ

where n1 ¼ ðx − y1Þ=r1 and k∈Z. The Hadamard partie
finie of F at the singular point y1, which gives the
regularized value assumed by F when it is evaluated there,
is defined by

ðFÞ1 ≡
Z

dΩðn1Þ
4π

f0ðn1; y1; y2Þ; ðC20Þ

that is by an angular average of the k ¼ 0 term in the
expansion (C19), taken with respect to the direction n1 of
approach of the singularity y1.
We have now all we need to evaluate Eq. (51): we replace

the explicit expression of A1.5PN
0 and A1PN

i , respectively
Eqs. (C18) and (C5), we compute the derivatives while
order reducing each time derivative of the velocities via the
EoMs, and we ultimately evaluate everything at the
position of the bodies by taking the Hadamard partie finie.
The result is precisely Eq. (52) of the main text.
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