
Three-flavor neutrino oscillations using the phase space approach

Mariane Mangin-Brinet *

Laboratoire de Physique Subatomique et de Cosmologie, CNRS/IN2P3, 38026 Grenoble, France

Angel Bauge and Denis Lacroix †

Université Paris-Saclay, CNRS/IN2P3, IJCLab, 91405 Orsay, France

(Received 25 July 2025; accepted 23 December 2025; published 26 February 2026)

The phase-space approximation (PSA) approach, originally applied in [Phys. Rev. D 106, 123006 (2022)]
to describe neutrino oscillations from a dense astrophysical source such as a core-collapse supernova in the
two-flavor limit, is extended here to describe the more realistic case where neutrinos can oscillate between
three different flavors. The approach is successfully validated against the exact solutions up to eight neutrinos.
In all cases where the exact solution is feasible, the PSA provides excellent reproduction of the neutrino
oscillation dynamics. By replacing the full problem with a set of simple mean-field equations, the PSA offers
a versatile, predictive, and easily parallelizable approach for tackling three-flavor problems. This enables the
simulation of large-scale neutrino oscillations, as illustrated here with simulations involving up to 300
neutrinos. Even if direct comparison to exact solutions is only feasible for small systems (up to eight
neutrinos), where PSA shows excellent agreement, its applicability in the large-N regime appears promising,
although a full quantitative validation remains beyond current computational capabilities. Additionally, the
method also provides insight into the system’s equilibration properties.

DOI: 10.1103/yr2g-1g2g

I. INTRODUCTION

Understanding the oscillations of neutrinos emitted from
high-density astrophysical environments—most notably
core-collapse supernovae and neutron-star merger remnants
—is a complex problem that involves numerous interrelated
physical processes. These include their creation within stellar
objects, interactions with electrons, and direct neutrino–
neutrino interactions occurring shortly after emission
[1–6]. To gain insight into these dynamics, simplified models
have been proposed and used to study how such interactions
influence neutrino oscillations, including the possible entan-
glement between different neutrino beams [7–23]. These
models have revealed a variety of intriguing phenomena,
such as beam-splitting processes, neutrino entanglement,
equilibration arising from mutual neutrino interactions, and
decoherence effects induced by interactions between neutrino
beams and their surrounding environments.
With the recent rise of quantum computing, simplified

Hamiltonian simulations of neutrino oscillations in flavor

space have attracted considerable attention. In recent years,
several research groups have investigated the potential of
using the neutrino oscillation problem as a pilot application
for current and future quantum computing platforms, either
within the simplified two-flavor framework [24–30], or in
the more realistic three-flavor case [31–33]. Due to the
limitations of present-day quantum hardware, simulations
have so far been restricted to relatively small numbers of
neutrinos and short evolution times. Initial steps have also
been taken toward understanding the quantum information
aspects of the three-flavor case [34,35], as well as exploring
the classical simulability of the problem through the
quantification of quantum “magic” [36].
These developments have, in parallel, motivated the

exploration of classical computational methods aimed at
pushing the limits of how many neutrinos, including their
mutual interactions, can be accurately simulated. Exact
solutions are typically feasible only for relatively small
systems; up to about 20 neutrinos in the two-flavor approxi-
mation and no more than 10 neutrinos in the three-flavor
case. Tensor network methods have also been explored,
though so far only for two-flavor systems [14,15]. These
methods allow simulations of a few tens of neutrinos,
provided that the entanglement entropy does not grow too
fast. However, tensor networks such as matrix product states
(MPS), while viable in some contexts, are not ideally suited
for systems with all-to-all interactions, such as those between
neutrinos in different beams. An alternative approach, called
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phase-space approximation (PSA), has been recently
applied to the neutrino oscillation problem. This method
has a long history in low-energy nuclear physics and has
been successfully applied to systems with all-to-all inter-
actions [37–46]. By mapping a quantum many-body prob-
lem into a statistical set of “simple” trajectories propagated
in phase-space, PSA offers an approximate yet scalable
approach capable of handling systems composed of large
numbers of particles. The PSA method was first adapted to
the neutrino oscillation problem in the case of two interact-
ing neutrino beams [18], demonstrating strong predictive
power, including the ability to capture entanglement proper-
ties. In this context, a “beam of neutrinos” refers to a set of
neutrinos that share similar properties. The approach was
subsequently extended to an arbitrary number of beams, still
within the two-flavor approximation [23]. In particular, it
was shown that it can simulate several hundred neutrinos on
a standard personal computer.
We believe that the development of such an approach is

crucial for several reasons. First, by enabling simulations of
systems ranging from very few to many neutrinos, it offers
the potential to explore and to understand the transition from
the microscopic to the macroscopic regime—a key aspect in
the context of neutrino physics. Second, one can see how
physical phenomena related to the many-body problem,
such as entanglement, scale with the number of particles.
Third, assuming that quantum computers continue to
advance and eventually support the accurate simulation of
systems with large numbers of qubits or particles, the PSA
approach could serve as a valuable classical benchmark for
comparison. Finally, demonstrating the efficiency of PSA,
which is inherently a classical computational method, might
be a way to explore in practice the limit of classical
simulability for complex quantum systems.
The main objective of the present work is to extend the

PSA method to the treatment of three-flavor neutrino
oscillations. After recalling the Hamiltonian commonly used
on quantum computers to model the three-flavor oscillation
problem in the presence of neutrino-neutrino interactions, we
describe in detail how the PSA framework can be adapted to
this more complex problem. We then benchmark it against
the exact solution when available. Finally, we demonstrate
the scalability of the approach by presenting simulations
involving several hundred neutrinos.

II. HAMILTONIAN, NOTATIONS AND
PARAMETERS

We start with a system of N neutrinos having three
possible flavors ðe; ν; τÞ. We assume that their evolution is
governed by the following Hamiltonian [31–36] expressed
in the mass basis:

H ¼ Hν þHνν ¼
XN
α¼1

B⃗ ·Q⃗ðαÞ þ
XN
α≠β

μαβQ⃗ðαÞ · Q⃗ðβÞ: ð1Þ

The term Hν is a one-body term describing vacuum
oscillations, while Hνν is the two-body term describing
coherent neutrino-neutrino interaction. Indices α, β label the
neutrinos, μαβ is the coupling strength between the neu-

trinos, and the set of operators Q⃗ are given by

QmðαÞ ¼
1

2

X3
i;j¼1

a†i ðαÞðλmÞijajðαÞ; ð2Þ

where λm are the Gell-Mann matrices (m ¼ 1;…; 8).
ða†i ðαÞ; aiðαÞÞ operators are the creation and annihilation
operators of neutrino α in the mass basis. Since we consider
three-flavor neutrinos, i ¼ 1, 2, 3. There exist many con-
ventions and sets of parameters for the Hamiltonian, namely
the choice of B⃗ and μαβ. We will stick to one set of
parameters, those used in [31], with which we will compare
our results. In this reference, the coupling between neutrinos
is assumed to be time-independent. Nevertheless, it should
be stressed that our method does not depend on the specific
Hamiltonian considered but can be applied to any
Hamiltonian, including time-dependent ones (see, for in-
stance, Ref. [18], where the PSA approach is applied for a
time-dependent Hamiltonian for the two-flavor application
case). This specificity is a clear asset of the PSA method.
For the sake of clarity, we briefly recall the notations and

parameters used in [31] below. The vacuum interaction is
given by

Hν ¼
μ

N

XN
α¼1

�
−

ω

2Ω
λα3 þ

ω − 2Ω
2

ffiffiffi
3

p
Ω

λα8

�
; ð3Þ

where the oscillation frequencies are defined by

ω ¼ Δm2
21

2E
; Ω ¼ Δm2

31ffiffiffi
3

p
E
;

where Δmij ¼ m2
i −m2

j is the squared mass difference
between two mass-eigenstate neutrinos. Note that all
neutrinos have the same energy E. The neutrino-neutrino
interaction term is

Hνν ¼
μ

N

XN
α<β

ð1 − cos θαβÞλ⃗α · λ⃗β:

We will use for B⃗ and μαβ the following values (in mass
basis):

B⃗T ¼
�
0; 0;−

ω

Ω
; 0; 0; 0;−

2Ω − ωffiffiffi
3

p
Ω

�
;

μαβ ¼ 2
μ

N
ð1 − cos θαβÞ;
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with θαβ ¼ arccosð0.9Þ jα−βjN−1 , and where the neutrino cou-
pling constant μ has been defined such that the one-body
and two-body terms have the same magnitude. Following
[31], we will display the results in unit of this coupling
constant μ.
In the following, we will always start from an initial

state given in the flavor basis, to study the oscillation of
neutrinos from one flavor to the others. We then have
two possible choices; either we rotate the mass-basis
Hamiltonian and perform the evolution in the flavor basis,
or we rotate the initial state from the flavor basis to the
mass basis, perform the evolution in the mass basis, and

rotate back the propagated solution to the flavor basis. In
the former case, the two-body interaction is left invariant
under the basis change, and we only need to consider the
effect of the rotation on the vacuum interaction term,
Eq. (3). If we write the one-body Hamiltonian in the mass
basis as Hν ¼

P
α H

ðαÞ
ν , each one-neutrino term HðαÞ

ν is
transformed as

HðαÞ;fl
ν ¼ UPMNSH

ðαÞ
ν U†

PMNS;

where UPMNS is the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrix, given by

UPMNS ¼

0
B@

c13c12 c13s12 s13e−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

1
CA:

Notations cij and sij are used to denote cos θij and sin θij,
respectively, and δ is the CP violation phase. If the
evolution is performed in the mass basis, then the Ham-
iltonian is directly given by Eq. (1), but the initial state is
rotated from the flavor basis to the mass basis using the
PMNS matrix, and the final state undergoes reverse
rotation.
The parameters we use in the following calculations are

taken from Refs. [47,48], assuming normal ordering, and
are the same as those used in [31]. For the sake of
completeness, these parameters are given in Table I.
Due to the rapidly increasing size of the Hilbert space

(Ω ¼ 3N), an exact solution of the problem is feasible only
for a relatively small number of neutrinos (N ≤ 10). Such
exact solutions can be obtained simply by directly diag-
onalizing the Hamiltonian in the full Hilbert space. In the
present work, we developed such an exact treatment, which
we validated by comparing to the results reported in [31].
Wherever exact solutions are available, they will be used to
assess the predictive power of the PSA approach for the
three-flavor neutrino oscillation problem.

III. PHASE-SPACE APPROACH FOR THE THREE-
FLAVOR NEUTRINO OSCILLATIONS

The phase-space approximation, originally developed in
the context of nuclear physics problems [37,38] (see also
[40] for a review) maps the complex evolution of interact-
ing particles onto a statistical ensemble of independent,
simpler trajectories, each initialized with stochastically
sampled initial conditions.
This approach was originally introduced to overcome the

limitations of mean-field theory, which, while often accurate
in predicting the expectation values of one-body observables,
typically fails to describe the quantum fluctuations of these

observables stemming from genuine many-body correlations
beyond the independent quasiparticle picture.
The approach relies on two key ingredients: (i) The

strategy used for the initial sampling; (ii) The choice of the
“simple” trajectories. While the probability distribution to
sample initial condition is not unique [23,41,44], the
sampling strategy we used is designed to ensure that the
statistical average over the ensemble of initial conditions
accurately reproduces the quantum fluctuations, with at
least the requirement that the first and second moments of
the one-body observables are correctly reproduced. As for
the trajectory, the simplest and most commonly adopted
choice, also employed in the present work, is to evolve each
trajectory according to the mean-field equations of motion.
Previous applications of the PSA to neutrino systems

have been limited to the two-flavor approximation, in
which the problem can be formulated within the SU(2)
framework. In this case, the PSA treatment closely resem-
bles its earlier use in models such as the Lipkin model
[38,41,44]. A central objective of the present work is to
extend the PSA approach to the more realistic three-flavor
scenario, corresponding to the SU(3) case. The equations of
motion and the initial sampling technique are presented
below, followed by an illustration of the approach.

TABLE I. Parameter values used in our simulation (taken from
Refs. [47,48]).

Parameter Values in [31]

δm2 7.41 × 10−17 MeV2

Δm2 2.505 × 10−15 MeV2

θ12 33.67o

θ13 8.58o

θ23 42.3o

δ 232o
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A. Mean-field equations of motion

In its standard formulation, the equations of motion used
along each trajectory of the phase space approach are simply
considered to be the mean-field equations of motion. These
equations are rather standard and well-established in the
literature [35,49]. However, to avoid any confusion due to
the variety of notations commonly used, and although this
derivation is relatively standard, we find it useful to recall
here some of the key steps to obtain these equations of
motion using the Ehrenfest theorem for the set of one-body
operators Qm.
The operators Q⃗ðαÞ defined by Eq. (2) satisfy the

following commutation relations:

½QmðαÞ; Qm0 ðβÞ� ¼ iδαβ
X8
c¼1

fmm0cQcðαÞ;

where fmm0c are the SU(3) structure constants. The
Ehrenfest theorem applied to operators Q⃗ reads

i
d
dt

hQmðαÞi ¼ h½QmðαÞ; H�i:

Using the previous commutators and the mean-field
approximation,

hQmðαÞQm0 ðβÞi ≃ hQmðαÞihQm0 ðβÞi; ð4Þ
we obtain the following equations of motion (where we
have also taken into account the fact that the coupling
constant μαβ is symmetric):

d
dt

hQmðαÞi ¼
X8
c¼1

X
m0

Bm0fmm0chQcðαÞi þ 2
X
β≠α

μαβ

×
X8
c;m0<c

fmm0cðhQcðαÞihQm0 ðβÞi

− hQm0 ðαÞihQcðβÞiÞ:
Defining a generalized cross product of two 8-dimen-

sional vectors as ðA⃗ × B⃗Þa ¼
P

b;c f
abcAbBc, the previous

equations take the compact form,

d
dt

!hQiðαÞ ¼ B⃗ × hQ⃗iðαÞ þ
X
β≠α

μαβhQ⃗iðβÞ × hQ⃗iðαÞ:

FIG. 1. Comparison of flavor evolutions of 8 interacting neutrinos, initialized to jνeνμνeντντνeνμνei. Panels (a)–(d) (from left to right
and top to bottom) show the flavor evolution of the first four neutrinos in the initial state. Since the initial state is symmetric, only the first
four lhs neutrinos are represented. The flavor evolution is computed exactly (solid lines) and using a mean-field approximation (dashed
lines). Mean-field solutions fail to describe the exact flavor evolution of neutrinos, even for short times.
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Note that here we restrict the application to one neutrino per
neutino beam. However, having more neutrino per beam in
the mean-field does not increase the numerical cost in
mean-field. The PSA method presented below inherited
also this from the mean-field. Finally, since we will focus
on determining the neutrino polarization, we substitute the
operators Q⃗ðαÞ by the (eight-component) polarization
defined as P⃗ðαÞ ¼ 2hQ⃗ðαÞi, and the equations of motion
finally read,

d
dt

P⃗ðαÞ ¼ B⃗ × P⃗ðαÞ þ 1

2

X
β≠α

μαβP⃗ðβÞ × P⃗ðαÞ: ð5Þ

For N neutrinos, the mean-field evolution reduces to a set
of 8N nonlinear coupled equation that can easily be solved
even for large N, using, for instance, the Runge-Kutta time-
integration method. An explicit expression of the 8N mean-
field equation can be, for instance, found in Appendix A of
Ref. [35]. In practice, we solve the mean-field equations of
motion using an adaptive fourth-order Runge-Kutta inte-
gration method, with 500 time steps (we remind that the
time is expressed in units of the inverse coupling con-
stant 1

μ).
As an illustration of the inability of the mean-field

method to describe quantum many-body correlations, we
compare in Fig. 1 the oscillation of the transition proba-
bility Pν→νXðtÞ of neutrinos in a 8-neutrino system. In the
flavor evolution Pν→νXðtÞ, the index ν denotes a given
neutrino and νX refers to any of the three possible flavors;
νe, νμ, or ντ. The system is initialized in the state
jνeνμνeντντνeνμνei. As can be seen from the figure, the
mean field solution rapidly deviates from the exact one and
fails to capture the main features of the oscillation prob-
abilities of different neutrinos. Although mean-field meth-
ods may provide reasonable estimates of one-body
observables at short times, they generally fail to reproduce
the damping seen in the long-time oscillations due to the
approximate treatment of the interaction between particles.

B. Initial sampling in the flavor basis for
the phase space approach

In the very limited number of studies conducted so far on
the three-flavor neutrino oscillation problem [31–36], the
initial conditions are typically chosen to be pure Slater
determinant states of the form jνz1 ;…; νzN i, where
fjνzαigα¼1;���N are flavor eigenstates, i.e., fzαg∈ ðe; μ; τÞ.
To allow for a direct comparison with these earlier works,
we also consider pure initial states in the present study.
However, it is important to emphasize that the phase-space
method is not limited to such configurations. Its appli-
cability extends to arbitrary initial states, including corre-
lated states and/or thermally equilibrated states [37,41].
This flexibility makes the approach a powerful and versatile
tool for exploring a wide range of physical scenarios.

1. General aspect of fluctuations in the PSA

For the initial states considered in recent applications,
initial quantum fluctuations of one-body observables are
easy to compute. Let us consider a generic one-body
observable, denoted by O and a system described initially
by a many-body density matrix Dð0Þ. The mean value and
quantum fluctuations of the observable can be evaluated
through

hOi ¼ TrðODð0ÞÞ; σ2O ¼ hO2i − hOi2:

For simple initial Slater determinant states, using the
Wick theorem, one can rewrite the fluctuations as

σ2O ¼ Tr½OROð1 − RÞ�;

where R denotes the one-body density matrix andO denotes
now the matrix elements of the one-body operator in
the single-particle basis. Denoting generically by jii the
canonical basis associated with the initial state, the one-
body density becomes: R ¼ P

i jiinihij with ni ¼ 1 (resp.
0) for hole/occupied (resp. particle/unoccupied) states.
Accordingly, we deduce,

hOi ¼
X
i

Oiini; σ2O ¼
X
i;j

OijnjOjið1 − niÞ: ð6Þ

The main idea at the heart of the PSA approach is to
introduce a statistical ensemble of one-body density matri-
ces, denoted by RðλÞ, where λ ¼ 1;…; Nevt labels individual
events in the ensemble. Each observable O is then
associated with a corresponding set of event-specific values
fOðλÞgλ¼1;…;Nevt

defined as OðλÞ ¼ Tr½ORðλÞ�. The expect-
ation values of the observable O are now replaced by
statistical averages over the ensemble, denoted by Ō. We
have, for instance,

Ō ¼ 1

Nevt

X
λ

OijR
ðλÞ
ji ; ð7Þ

O2 ¼ 1

Nevt

X
λ

OijOklR
ðλÞ
ji R

ðλÞ
lk ;

… ð8Þ

From this, we can also estimate the statistical fluctuations,

Σ2
Q ¼ 1

Nevt

X
λ

OijOklδR
ðλÞ
ji δR

ðλÞ
lk ; ð9Þ

where δRðλÞ
ij ≡ RðλÞ

ij − RðλÞ
ij . As first shown in Ref. [37] and

generalized in [39] for general quasiparticle vacuum, the
mean value and fluctuations obtained by the statistical
average identify with the quantum expectation value of the
initial state, provided that we have
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RnðλÞ
ij ¼ δijnj; ð10Þ

δRðλÞ
ij δR

ðλÞ
kl ¼ 1

2
δilδjk½nið1 − njÞ þ njð1 − niÞ�: ð11Þ

So, for simple states such as Slater determinants with ni ¼ 0
or 1, we only have fluctuations in the particle-hole channels.
It is worth noting that the present section outlines how

fluctuations in the one-body density matrices can be sys-
tematically obtained at the initial time. The PSA approach
preserves the statistical picture for all times, by propagating
each initial condition independently using the mean-field
equations of motion.
The expectation values of any observable at time t are

then obtained using expressions (7) or (8), where the
initial density is now replaced by the evolved set of
densities RðλÞðtÞ.

2. Initial fluctuation for the neutrino case

In the previous section, we outlined the general philoso-
phy of the PSA approach and the prescription for the initial
sampling of a generic fermionic system. We now turn to
the neutrino oscillation problem, where each neutrino is
labeled by α ¼ 1; � � �N. We further focus on the setup
commonly considered in recent studies related to quantum
computing, in which the initial state is a Slater determinant
of the form jΨi ¼ ⊗

α
jνzαi.The reduced one-neutrino density

associated to a given neutrino is a 3 × 3matrix expressed as

RijðαÞ ¼ Trᾱ½jΨihΨj�; ð12Þ

where ᾱ denote the fact that the partial trace is made on all
neutrinos indices except α. Here i, j denotes the flavors
components, i.e., i; j∈ fνeðαÞ; νμðαÞ; ντðαÞg. Due to the
simple nature of the initial state, the exact one-body density
also verifies R ¼ ⊗

α
RðαÞ at t ¼ 0. These properties also

hold in the PSA approach and for each event λ we can write
the total one-body density as RðλÞ ¼ ⊗

α
RðλÞðαÞ. The reduced

density associated with the neutrino α verifies,

RðλÞðαÞ
ij ¼ δijnjðαÞ; ð13Þ

where njðαÞ ¼ 0 or 1 depending on which flavor is initially
occupied by the neutrino.
With the considered initial state it is also easy to verify

that different neutrinos are statistically independent, i.e.,

δRðλÞðαÞδRðλÞðβÞ ¼ 0; ð14Þ

for α ≠ β. Finally, applying the general prescription (11) in
the 3 × 3 reduced space of the neutrino α, we see that the
only nonzero components are between one occupied and

one unoccupied state. Specifically, for i (resp. j) occupied
(resp. unoccupied),

8><
>:

δRðλÞ
ij ðαÞδRðλÞ

ji ðαÞ ¼ δRðλÞ
ji ðαÞδRðλÞ

ij ðαÞ ¼ 1
2

δRðλÞ
ij ðαÞδRðλÞ

ij ðαÞ ¼ δRðλÞ
ji ðαÞδRðλÞ

ji ðαÞ ¼ 0

; ð15Þ

which can be simulated assuming two independent random
Gaussian variables with mean zero and variances equal to
1=4 (for ði; jÞ∈ particle-hole or hole-particle),

RðλÞ
ij ðαÞ ¼ δRðλÞ

ij ðαÞ ¼ xðλÞij ðαÞ þ iyðλÞij ðαÞ: ð16Þ

Once the initial fluctuations of the density matrix elements

RðλÞ
ij ðαÞ are determined, the corresponding fluctuations in

the polarization components—used as initial conditions for
the mean-field evolution equations [see Eq. (5)]—are
deduced from the relation,

P̃ðλÞ
m ðαÞ ¼ Tr½λmRðλÞ�;

which follows directly from Eq. (2).
To illustrate how the fluctuations change depending on

which flavor states are initially occupied, we give below the
three most common examples, assuming that the states are
ordered as fjνei; jνμi; jντig:

(i) If the neutrino α is initially in jνei: The matrix
RðλÞðαÞ is given by

RðλÞðαÞ ¼

0
BB@

1 δRðλÞ
12 ðαÞ δRðλÞ

13 ðαÞ
δRðλÞ

21 ðαÞ 0 0

δRðλÞ
31 ðαÞ 0 0

1
CCA:

This implies that ðδP1ðαÞ; δP2ðαÞ; δP4ðαÞ; δP5ðαÞÞ
are random initial variables with mean values zero
and variance equal to 1. Note that P6ðαÞ and P7ðαÞ
are nonfluctuating variables equal to zero. P3ðαÞ
and P8ðαÞ are also nonfluctuating with P3ðαÞ ¼ 1

and P8ðαÞ ¼ 1ffiffi
3

p ;

(ii) If α is initially in jνμi:

RðλÞðαÞ ¼

0
B@

0 δRðλÞ
12 ðαÞ 0

δRðλÞ
21 ðαÞ 1 δRðλÞ

23 ðαÞ
0 δRðλÞ

32 ðαÞ 0

1
CA:

ðδP1ðαÞ; δP2ðαÞ; δP6ðαÞ; δP7ðαÞÞ are random initial vari-
ables with mean values zero and variance equal to 1. P4ðαÞ
and P5ðαÞ are nonfluctuating variables equal to zero. We
have also P3ðαÞ ¼ −1 and P8ðαÞ ¼ 1ffiffi

3
p ; and
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(iii) If α is initially in jντi:

RðλÞðαÞ ¼

0
BB@

0 0 δRðλÞ
13 ðαÞ

0 0 δRðλÞ
23 ðαÞ

δRðλÞ
31 ðαÞ δRðλÞ

32 ðαÞ 1

1
CCA:

ðδP4ðαÞ; δP5ðαÞ; δP6ðαÞ; δP7ðαÞÞ are random initial vari-
ables with mean values zero and variance equal to 1. P1ðαÞ
and P2ðαÞ are nonfluctuating variables equal to zero. We
have P3ðαÞ ¼ 0 and P8ðαÞ ¼ − 2ffiffi

3
p .

IV. RESULTS OF THE PSA

A. Transition probabilities

To evaluate the performance of the PSA method, we first
consider systems with few neutrinos (6 and 8), for which
exact solutions can be computed, to compare them with
PSA. In practice, the exact solution can be calculated by
direct diagonalization of the Hamiltonian, or by an approxi-
mate evaluation of the evolution operator, for instance
using Padé approximation. Alternatively, one can use direct
propagation of the system through a quantum circuit using
the Trotter-Suzuki decomposition of the Hamiltonian. In
the present work, we computed the solutions both on a
classical computer using the Padé approximation of the
evolution operator, and on a quantum simulator, performing
the evolution with the QISKIT package [50].
Since the PSA relies on a finite set of sampled trajecto-

ries, it has an inherent statistical error which decreases as
the number of runs increases. To reliably estimate the error
on the observables, we apply the so-called jackknife
binning technique [51]. This procedure reduces the bias
in the estimations of statistical errors by systematically
leaving out a certain number of observations at a time and
recalculating the corresponding estimates. Since the polari-
zation is a primary quantity, the jackknife mean coincides
with the ensemble average.
We first consider six neutrinos initially in the state

jνeνμντντνμνei. This configuration is one of the bench-
marks used in Ref. [31]. The exact transition from the initial
flavor to different flavor populations are shown in Fig. 2
and compared with the PSA results. The latter uses 104

Metropolis iterations. The initial state being symmetric, the
last three neutrinos (most rhs) evolutions are identical to the
first three (most lhs) evolutions, so we plot only the results
for these latter. The flavor evolutions of these three
neutrinos are shown in Fig. 2. The PSA results are clearly
in very good agreement with the exact solutions. In
particular, in contrast to the standard mean-field approxi-
mation, the damping of the flavor oscillations induced by
the neutrino-neutrino interaction is now properly and
perfectly reproduced.
Next, we consider a system of eight interacting neu-

trinos, initially in the state jνeνμνeντντνeνμνei. This state is

chosen to compare with [31]. Figure 3 displays the exact
and the PSA calculations. For this comparison, we use a
larger time interval to also explore the asymptotic behavior.
At short times, the exact and PSA simulations are hardly
distinguishable, and we observed that the PSA performs

FIG. 2. Comparison of the flavor population evolutions of three
selected neutrinos from a system of six interacting neutrinos
initialized to jνeνμντντνμνei, computed with the exact algorithm
(solid line, dark colors), and PSA (dashed lines with error bars,
light colors). Panels (a)–(c) show the flavor evolution of the first
three neutrinos in the initial state. The error bars in the phase
space approach are computed using a Jackknife estimator. PSA
results show clearly excellent agreement with the exact solutions.
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even better than in the N ¼ 6 case. For longer times
(t > 100μ−1), some deviations between the PSA and exact
evolutions appear, but the PSA continues to closely track the
exact dynamics. At very long times, the system exhibits
flavor equilibration, eventually reaching an equipartition
where each flavor has a probability of 1=3. This equilibra-
tion is again properly captured by the PSA. Note, however,
that such an asymptotic behavior might not be realistic since
we consider here a constant two-body interaction while in
reality, when neutrinos are emitted from stellar objects, their
interaction is time-dependent and gradually vanishes as the
neutrinos escape from the source.

B. Dissipative aspects and single-neutrino entropy

To further investigate the equilibration process, we
perform a more detailed analysis of the evolution of the
one-neutrino entropy. Specifically, we first discuss here how
this quantity can be obtained within the PSA framework.
For a given neutrino α, the exact one-neutrino entropy can
be evaluated using, for instance, the technique discussed in
Refs. [34,35]. Let DðtÞ denote the exact many-body density
matrix. From this, the expectation values of the different
polarization components can be computed directly as

P⃗ðαÞ ¼ 2Tr½Q⃗ðαÞD�: ð17Þ

Given the eight polarization components, the exact reduced
density matrix corresponding to neutrino α can be con-
structed using the following expression:

RðαÞ ¼ 1

3

�
Iα þ

3

2

X
k

λkPkðαÞ
�
: ð18Þ

This technique offers an alternative but equivalent method to
perform the partial trace over all neutrinos except neutrino
α in the many-body density matrix. From the reduced
density matrix, we can obtain the single-neutrino entropy
defined as

SðαÞ ¼ −Tr½RðαÞ lnRðαÞ�; ð19Þ

where we adopt here the same definition of the entropy as
used in Ref. [34].
The exact one-neutrino entropy for N ¼ 8, using the

same initial conditions as in Fig. 3 is shown in Fig. 4. In this
figure, which follows the neutrino dynamics over a long
timescale, we observe a typical feature of interacting
systems; the single-particle entropy rises rapidly before
saturating towards an asymptotic fixed value, with potential
oscillations around the mean. For N ¼ 8, the average
asymptotic is close to, but slightly below, the maximum
accessible entropy value of lnð3Þ ≃ 1.1.
The corresponding one-neutrino entropy can also be

estimated from the averaged one-neutrino entropy RðαÞ,
obtained over multiple events following the same strategy.

FIG. 3. Comparison of the flavor population evolution of eight
interacting neutrinos, initialized to jνeνμνeντντνeνμνei, computed
exactly (solid lines), and with PSA (dashed lines with error bars).
Considering the symmetry of the initial state, only the first four
neutrinos are displayed in panels (a) to (d). PSA results and exact
ones can hardly be distinguished from each other. This has to be
compared with the failure of the mean-field approximation,
Fig. 1. The PSA method, although based on mean-field equa-
tions, is thus much more accurate in reproducing the exact
evolution, even at long times.
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Specifically, one can directly use Eq. (18), substituting the
polarization components fPkðαÞg with their averaged coun-
terparts fPkðαÞg. The results are also reported in Fig. 4,
including error bars reflecting the finite number of sampled
events. As expected—given that the transition probabilities
are already accurately reproduced—the entropy growth and
its saturation toward the asymptotic value are also perfectly
reproduced. This confirms that the PSA framework success-
fully accounts for the system’s disorder and dissipation. Note
that, in contrast, the mean-field theory completely fails to
reproduce this behavior.
These comparisons with exact results validate the PSA

method for SU(3) neutrinos. In the next section, we demon-
strate that the phase space approach can be applied to systems
with far more neutrinos than can be simulated exactly.

C. Large-scale phase space simulations

In previous illustrations of the PSA approach, we focused
on small systems with a number of neutrinos that does not

exceed eight. In this case, the exact solutions are computable
without difficulty and serve as reliable benchmarks to assess
the accuracy of approximate methods. With this, we were
able to demonstrate that the PSA can be efficiently extended
to treat the three-flavor case, providing a highly predictive
framework. One of the key advantages of the PSA lies in the
fact that it is based on independent mean-field trajectories.
This offers two major benefits: (i) It enables simulations of
many-body systems with particle numbers well beyond the
reach of exact methods; (ii) Since trajectories are indepen-
dent, this approach can be straighforwardly parallelized
simply by sending each trajectory to a different CPU. In this
section, we showcase the scalability of the PSA approach
by applying it to systems containing a large number of
neutrinos, ranging from 10 up to 300.
Just to illustrate the computational challenge, consider a

system of 300 neutrinos. Representing such a system on a
quantum processor using qutrits would require 300 qutrits,
corresponding to a Hilbert space having of the order of
1.37 × 10143 states. Using a quantum computer based on
qubits, the Hilbert space dimension must satisfy 2q ≥ 3300.
Assuming an efficient encoding scheme for three-flavor
neutrinos on qubits, this condition implies that at least
q ¼ 476 qubits would be required to represent the system.
An interesting observable to consider is the evolution of

the inversion probability of one neutrino with the total
number of neutrinos N. In previous figures, we used the
convention of Ref. [31], where the time is normalized to
μ−1 that itself scales as N−1, which is impractical for
comparing different N. For this reason, in the present
section, we have also normalized the time unit so that it no
longer depends on the total neutrino number. For the initial
state, we considered a generalization of the previously
discussed cases with N ¼ 6 and N ¼ 8, where each
neutrino is initialized periodically (from left to right) within
the flavors fjνμi; jνei; jντig.
In Fig. 5 the flavor oscillation probabilities of the first

neutrino (initially fixed to νμ) are displayed as a function of
time, for a total number of neutrinos varying between 10
and 300. The three panels represent, respectively, the
oscillation probability of the first neutrino in each of the
three possible flavors; (a) Pνμ⟶νe , (b) Pνμ⟶νμ , and
(c) Pνμ⟶ντ . We observe several interesting features.
First, whatever the number of neutrinos N, the three
probabilities reach asymptotically in average an equiprob-
able partition of the neutrino flavors with a probability 1=3
to be in a given flavor. Second, the more neutrinos are
present, the shorter is the time to reach the equipartition
between flavors, and the fewer oscillations are observed
around the average asymptotic probabilities over a long time.
To quantify the timescale associated with the initial rise

of the one-neutrino probability during the early stages of
the evolution, Fig. 6 presents the time required for the
probabilities shown in Fig. 5 to reach their first maximum
or minimum. This figure confirms that the rising time

FIG. 4. PSA results for single neutrino entropy (solid lines
with error bars) compared to exact ones (solid lines) for eight
neutrinos. The initial state is jνeνμνeντντνeνμνei. Since the initial
state is symmetric, only the first four lhs neutrinos are
represented. Panel (a) and (b) show respectively the electron
neutrinos, and the μ and τ neutrinos. The dashed horizontal line
represents the theoretical maximal value allowed for a system in
the SU(3) limit.
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decreases significantly as N increases. Within the consid-
ered range of N shown in this figure, it is not possible to
have a definitive conclusion on the scaling properties of the
time needed to increase/decrease the populations. we found
that both a scaling in

ffiffiffiffi
N

p
and lnðNÞ can reproduce the

different points shown in Fig. 6.

To complete our study, Fig. 7 presents the time evolution
of the average one-neutrino entropy for various total
numbers of neutrinos N. This figure again illustrates that
the entropy increases more rapidly asN increases. Moreover,
the larger the value of N, the closer the asymptotic entropy
approaches its maximum allowed value ln(3).
Besides the entropy itself, we also analyzed the

decoherence process for a single neutrino embedded in a
set of neutrinos. Using the simplified Hamiltonian for
neutrino oscillations, we clearly observed that the diagonal
elements of the one-neutrino density matrix are much larger
than the off-diagonal matrix elements, especially at large
time and in the large-N limit. Again, keeping in mind that
the use of a constant two-body interaction is unrealistic, in
the present case, this tends to indicate that a single neutrino

FIG. 5. Oscillation probability of one neutrino embedded
within a set of N − 1 neutrinos for different total number of
neutrinos N. The initial state is chosen as jνμνeντνμνeντ…i.
Panels (a), (b), and (c) represent respectively the probability of
the first (left most) neutrino to be in the state (a) νe, (b) νμ, or
(c) ντ as a function of time. In this figure, to compare different N,
we have also normalized the time unit so that it does not depend
on the neutrino number anymore.

FIG. 6. Normalized time at which the oscillation probability
Pνμ⟶ντ (resp. Pνμ⟶νμ ), shown in Fig. 5 reaches its first
maximum [black filled circles] (resp. minimum [red filled
squares]) as a function of the total number of neutrinos. The
initial state is given in the text.

FIG. 7. Average one-neutrino entropy as a function of the
renormalized time for different total number of neutrinos N
obtained with the PSA approach.
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embedded in a large set of neutrinos might behave similarly
to the impurity model, widely used in condensed matter
[52], where a subset of degrees of freedom in a lattice is
immersed into a large set of degrees of freedom that acts,
and can be treated as system coupled to complex environ-
ments. Note however that the neutrino problem differs from
condensed matter systems, due to the all-to-all coupling
nature of the interaction.

V. CONCLUSION

We extend here the phase-space approximation, previ-
ously applied to the two-flavor case [18,23] to describe
neutrinos oscillating between three flavors and interacting
with one another. In the small number of neutrinos regime
(N < 10), by comparing with the exact solution, we show
that the PSA improves significantly upon the mean-field
approximation, by properly capturing the dissipative effects
arising from two-neutrino interactions. In all cases studied,
PSA shows a remarkable agreement with the exact non-
equilibrium dynamics, not only for the short-time evolution
but also over longer timescales, where flavor populations
equilibrate. Specifically, the timescale over which the one-
neutrino entropy increases and then saturates is perfectly
accounted for.
We stress that the present validation of PSA against exact

quantum solutions is limited to small neutrino numbers
(6–8 neutrinos), for which exact integration remains
feasible. The excellent agreement in these benchmarks
provides strong support for the PSA framework, although it
cannot by itself fully establish the method’s behavior in
much larger systems (hundreds or more neutrinos). The
large-N simulations presented here should therefore be
viewed as well-motivated extensions of a thoroughly tested
approximation. Further work—ideally involving comple-
mentary approximation schemes or advanced computa-
tional techniques—will help to refine and quantitatively
validate the PSA in realistic astrophysical environments.
Our overall conclusion is that the PSA method offers

very high predictive power for describing neutrino oscil-
lations involving all three flavor components. Unlike many
other approaches, the PSA has a numerical cost that scales

linearly with the number of neutrinos and is naturally suited
to parallelization, enabling simulations with large number
of neutrinos. In this work, we present simulations involving
up to 300 neutrinos. These features make PSA a highly
competitive tool for studying the dynamics of neutrino
systems across a wide range of sizes—from a few to
hundreds of particles. This also makes the approach a
serious competitor and/or a classical computing reference
for future applications of neutrino physics using quantum
computers.
Finally, we would like to stress that the PSA technique is

not restricted to pure initial states as considered in this
work, but can also be applied to initially correlated states or
a thermal ensemble. It could also be further generalized to
include the coupling to a surrounding environment, such as
electrons, and thus allowing for the inclusion of effects like
the so-called Mikheïev-Smirnov-Wolfenstein mechanism
[53,54]. We are convinced that the PSA approach, by
enabling the treatment of both neutrino-neutrino and
neutrino-matter interactions, together with the possibility
to treat a number of neutrinos between very few to many,
offers a valuable bridge between brute-force many-body
simulations and more phenomenological methods (see
discussions in Refs. [55,56]).
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