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Detecting black hole microstates
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We demonstrate that the Euclidean two-point function of an appropriately chosen probe operator can
detect the microstate of an asymptotically AdS black hole. This detection, which requires a tuned, state-
dependent choice of probe, is the result of a new gravitational saddle, which dominates over the usual
saddles. The gravitational result can be explicitly reproduced in the dual boundary CFT if we assume the
eigenstate thermalization hypothesis. We also discuss a binary search protocol to detect the black hole

microstate from a candidate list.
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I. INTRODUCTION

Classically, there is no measurement at asymptotic
infinity that detects the microstates that explain the
Bekenstein-Hawking entropy of black holes. Indeed, this
is why black hole spacetimes have classical horizons.
Quantum mechanically we might hope that there would
be some signal at infinity about the microstate, but any
detection of such a signal must require nonperturbatively
precise measurements or exponentially difficult computa-
tions [1-5].

In this work, we examine these issues in an explicit
construction via the Euclidean path integral of black hole
microstates, namely the shell microstates [6—8]. These
microstates have coarse-grained descriptions as shells of
dust propagating in the black hole interior and are created in
the dual field theory by the insertion of a heavy operator. The
results in [9,10] show that these states span the complete
Hilbert space of states of one- and two-boundary quantum
gravity. Naively, they are overcomplete but nonperturbative
effects in the gravitational path integral reduce the dimen-
sion of the space to precisely what we expect from the
Bekenstein-Hawking formula. These results have been ex-
tended to include quantum corrections to the entropy [11]
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and out-of-equilibrium settings [12]. Thus the naive effec-
tive field theory Hilbert space of the gravitational theory has
enormously many null states, as expected, for example, from
the toy model in [13]. One consequence within the AdS/CFT
correspondence is that the encoding of the bulk effective
field theory of the black hole into the dual field theory will be
nonisometric [14]. Thus, reconstruction or detection of the
microstate must be state dependent [15]. We will see this
explicitly in our setting.

Specifically, we identify Euclidean computables that are
sensitive to the shell microstates. If we have a microstate
|¥p) corresponding to the interior shell operator O, then the
single-sided Euclidean two-point function (¥p|1; ®
w(t)yw'(1))z|Po) is sensitive to the choice of the probe
operator y. For suitably chosen Euclidean times 7, 7,, this
two-point function has a huge spike if and only if the probe
operator y matches the interior shell operator O, precisely as
anticipated in [16]. The key ingredient is a new gravitational
saddle—dubbed the annihilation saddle—wherein two
probe operators in the Euclidean past and future “annihilate”
the corresponding shell operators. This saddle is only
present when the shell and probe operators are not orthogo-
nal. For appropriately tuned probe insertion times, the
annihilation saddle dominates over the usual propagation
saddle in which the shell and probe operators do not interact.
We provide a detailed description of the propagation and
annihilation saddles in later sections and describe them
briefly here. The gravity calculation for the Euclidean two-
point function (¥p|1, & yw(z,)y' (7))x|Wo) is dominated
by a gravitational saddle that has a Euclidean boundary with
four operator insertions—two shell operators O, O and two
probe operators y, ' . In the gravitational saddle, these four
operator insertions are connected by two shell trajectories. If
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(a) The shell trajectory (red line) from the point of the operator insertion (red dot) on the right side of the Euclidean geometry,

where we can see that the condition imposed by (2.9) is realized. (b) The state preparation beginning with the Euclidean geometry to
prepare the two copies of the CFT up until the point of time-reflection symmetry, after which we continue to Lorentzian signature,

resulting in the eternal Schwarzschild-AdS black hole geometry.

the interior shell operators O, O are connected through one
shell trajectory and the probe operators y, " are connected
through the other, we have the propagation saddle. If O is
connected to w' and O is connected to y, we have the
annihilation saddle. The sharp peak in the Euclidean two-
point function signals whether a black hole is in a given shell
microstate |¥) or not. Given a finite list of candidate shell
operators {0y, ..., Oy}, we can then use a binary search to
detect which operator corresponds to the black hole
microstate.

In Sec. II, we use the gravitational path integral to
compute the Euclidean two-point function and demonstrate
the presence of the annihilation saddle for a suitable probe
operator. We demonstrate this explicitly in two settings—
the limit of large shell mass in arbitrary dimensions and for
any mass in the (2 + 1)-dimensional case. We also discuss
how to use a binary search protocol to detect the black hole
microstate from a given set of candidates. In Sec. III, we
reach the same conclusions from the boundary perspective
by assuming the eigenstate thermalization hypothesis. In
Sec. IV, we show that our results to robust to statistical
variance arising from ensemble averaging. We conclude by
discussing some directions for the future in Sec. V.

II. GRAVITY CALCULATION

We consider states in a theory of gravity with two
asymptotic AdS boundaries with topology S%~! x R, where
R represents time. Quantum gravity with such boundary
conditions is equivalent to the physics of two copies of a
conformal field theory (CFT), labeled CFT; and CFTg,
living at the left and right boundaries and with Hamiltonians
H; = Hy = H. We define the energy eigenbasis as

Hyla.b) = E,|a.b).

Hgla.b) = Ej|a.b). (2.1)

Following [6,7], we prepare a ket state via the Euclidean
path integral—the shell operator O is inserted on a spatial
slice, and then we evolve this over a Euclidean time /3 /2 to
the left and fg/2 to the right. The bra state is prepared
analogously, and we glue them together to evaluate
correlation functions. Note that the physical inverse tem-
peratures of the black hole, f;, fr, are distinct from the
Euclidean preparation times f; , fr. The physical inverse
temperature corresponds to the circumference of the full
Euclidean disk, whereas the preparation time corresponds
to a segment of this circumference between the shell
insertions as shown in Fig. 1(a). Hence, a fixed-temperature
microstate of a two-sided black hole with distinct inverse
temperatures fr and fp can be constructed using
appropriately chosen Euclidean preparation times f; /2
and fg/2 as

1 B, ~
¥ob = p 1 Orpuy2) = 7z 2 A Oupla )
a,b

(2.2)

where the normalization is

Z, = Tr(OF e PLH Op=Prl), (2.3)

This is explicitly shown in Fig. 2. These fixed-
temperature states (2.2) are black hole microstates within
the canonical ensemble. The authors of [9,10] show that
these states form a basis and also analyze the micro-
canonical and single-sided microstates. See [17,18] for
discussion of the existence and stability of these and related
states.
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FIG. 2. The gravitational saddle corresponding to Z; in (2.3).
This depicts the Euclidean disk geometries of the left and right
black holes being glued along the shell trajectory.

Let us describe the geometry associated with this state.
We prepare the state in Euclidean signature and continue to
Lorentzian signature at the 7 = 0 slice. On the Euclidean
boundary, we insert the operator O which creates a thin
spherical dust shell. The mass of the shell is taken to be
large, so the backreaction on the geometry is significant.
This shell divides the Euclidean manifold into two con-
nected components X® with geometries described by

dr?
dszR.L = fR,L(")dlez,L + e + rzdgg_l, (2.4)
where
}"2 — SGMR,L’ d= 2,
= 2.5
Sro(r) 2 _(;E:;)GVMQI;’L_Z, d>2 (2.5)

Here, r is the Euclidean radial coordinate and zg are
Euclidean times with the periodicity being the inverse
temperature of the black hole ﬂRL.l We define the
black hole radii 7z and ry as solutions to the equations
fr(rg) =0 and f1 (r.) = 0, respectively.

The trajectory of the shell is given by (r,7g;) =
(R(T).7r(T)), where T is the shell’s proper time which
parametrizes this trajectory. Since this shell serves as an
interface between the left and right black holes, its
trajectory should satisfy Israel’s junction conditions [19]:

(d—R>2 + Vegr(R) = 0, (2.6)

dr
where

4zGm 2
(d— 1)VQRd—2> (2.7)

R e

'We work in units where the AdS radius 7 = 1.

is the effective potential and Vg is just the volume of the
unit transverse sphere. The shell trajectory begins at the
boundary as shown in Fig. 1(a), where R = r, and falls
inward toward the Euclidean horizon of the black hole.
Upon reaching a minimum radius R =R, > r, 1y, it
bounces back toward the boundary at r., the bounce
naturally being at the point of time-reflection symmetry.
From the perspective of the right observer, the Euclidean
time that passes throughout this journey of the shell is
given by

Jr(R) + Ve (R)
_Veff<R)

arlpip) =2 [ f:(’;) 2.8)

Requiring that the backreaction of the shell gives the
correct asymptotic mass on both sides, we get the relation
between preparation times and inverse temperatures:

P = Pr — Az(BL: Br). Pr = Pr — At(fripr). (2.9)
Note that this is precisely the condition we get from
minimizing the action of the geometry. This construction
can easily be extended to the Lorentzian section, although
our work in this article will only focus on Euclidean
signature.

The normalization Z; can be computed using the action
of the gravitational saddle, which is sketched in Fig. 2. The
Euclidean action corresponding to this saddle is a sum of
three terms—the action of the two disks and the action
associated with the shell:

Ip = PLF(PL) + PrF (Br) + I(Br. BL)- (2.10)
Here, F(f3) is the renormalized free energy of the black hole
given by [20]

Va

1
F(p) == 5log 2() = 1

p

(= + 2 4 cp),  (210)

where ry is the black hole radius at inverse temperature /3
and ¢, accounts for the Casimir energy of the CFT in even
dimensions [21]. Also, I (Bg,p.) is the renormalized
action associated with the shell:

d d d-2
L(Br.PL) = 302G VOsR T o= Vol + mmL[YW]'

(2.12)

Here we have expressed the action of the shell as the sum of
three terms—the volume as seen on the right side, the
volume as seen on the left side, and the term containing the
proper length of the shell’s trajectory L[y Explicitly,
these expressions are
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2Vq [r« dR  [fr(R) + Ve (R)
Vol = (RY - rd
PR d [e* fr(R) )

_Veff(R) ' o R
(2.13)
_2Vqo [re dR  [fL(R) + Vex(R)
Vel = d Jr fL(R) —Vei(R) (R = 1),
(2.14)
L[}’W] = ZA \/ﬁ, (2.15)
* — Veff

where we will take the limit r,, - co. We obtain the
normalization

Z,=e'r =exp (_/}LF(/}L) _BRF(ﬂR) = I(Br.PL)).
(2.16)

A. Detecting microstates

The states constructed above have bulk duals that
contribute to the semiclassical black hole Hilbert space
and thus are valid microstates. Indeed, they form a
complete basis, as shown in [9,10,22]. A natural question
to ask is whether or not these microstates can be detected by
asymptotic correlation functions. The reason to think this
might be possible is that, while the classical geometry
outside the horizon contains no trace of the shell behind it,
the quantum state does [6], so that there is a form of
“quantum hair.” In this section, we address this question by
computing the single-sided Euclidean two-point function’

(ol @u(z)w'(11)z|¥o)

1 . . .
— Z—TT(OT€_<‘BR/2)HV/(72)II/T (7))ePr/2HQOe=PLH) (2.17)
1

and showing how this quantity depends on the relationship
between the interior shell operator O and the probe
operator .

Consider an arbitrary probe of the form

v =woO + Zwiﬁbi’ (2.18)

where w, € [0, 1] represent weights for the operators and
{O, ¢} is some orthonormal basis of operators. (We have
absorbed phases in coefficients into the definitions of the
operators.) One way to construct such a basis is to begin
with a complete set of shell states and to then use a Gram-

’A  related computation that is not sensitive to the
black hole microstate is the thermal two-point function

Trel,;RH Tr(e Py 2y (7))

Schmidt procedure to obtain an orthogonal set of states. We
can insist that O is a specific shell operator if we want, but
many of the ¢; operators will no longer be shell operators
but will rather be complicated linear combinations con-
structed from them. However, the details of these ¢;
operators are not important to us. All we require is that
an orthonormal basis exists with O being a basis element,
so any operator y can be decomposed into a component
along O and a component in its orthogonal complement.

We can assume that the probe operator is normalized, so
the weights satisfy wg, + >, w? = 1. It follows that the
numerator of the two-point function in (2.17) can be
expressed as

T, = WéTr(OTe_/}RH/zo(T2)OT (Tl)e‘BRH/ZOe‘[’LH)
+ ) wiTe(OTe Pty (0,) ] () FHPOH),

(2.19)

We can evaluate these traces using gravitational saddle-
point analysis. For the second term in (2.19), the gravita-
tional saddle is shown in Fig. 3—we call this the propa-
gation saddle. For the first term in (2.19), there are two
possible saddles—the propagation saddle and another one
shown in Fig. 4, which we call the annihilation saddle. The
annihilation saddle allows us to detect the state, since it
exists if and only if the probe operator matches the interior
shell operator.

The Euclidean actions for each of these saddles can be
computed as in (2.10). The actions for the propagation and
the annihilation saddles, respectively, are

Ip = BLF(BL) + BcF (Be) + BrF (Br)

+ I(Br.Be) + I(Be. Br). (2.20)
1y = BrF(Br) + PuF (Bu) + BeF(Bs)
+Is(ﬁT7ﬁM) +IS(BM?ﬁB)? (221)

where the physical inverse temperatures f;’s appearing in
these equations must be computed by solving the corre-
sponding saddle-point equations. The equations for the
propagation saddle are

BL =P+ AT(BL;ﬁC)’
Be = Pr — (2 —71) + At(Be: ) + Ar(Be: Br).

Br =1, — 71 + At(fr: i) (2.22)

and for the annihilation saddle are

046020-4
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Br/2— 1

T2 —T1

Br/2+ 1

FIG. 3.
exists for any choice of the probe operator.

Br = Br/2 — 72 + At(Brs fu).
Bw = P+ 12 — 71 + At(Byi: Br) + At(Bui: Ba).

e = Br/2 + 71 + At(B: Bu)- (2.23)
Thus, we get the final result
T, =TV +wiTH, (2.24)

where 71 ~ 7’7 and T4 ~ e~ are the contribution from
the propagation and annihilation saddles, respectively.

BR/2—7'2

BL 2T

BR/2+T1

FIG. 4. A sketch of the annihilation saddle. In this saddle, the
two probe operators in the Euclidean past and future “annihilate”
the corresponding interior shell operators. This saddle only exists
if the probe operator matches the interior shell operator, so it is
crucial for detectability.

A sketch of the propagation saddle. In this saddle, the interior shell and probe do not interact with each other, so this saddle

To detect the interior state, the annihilation saddle should
dominate over the propagation saddle. This can be achieved
by tuning 7, and 7,. If Bg/2 + 7, or Br/2 — 7, is made
sufficiently small, the respective free energies F (,BT) or
F (ﬁB) become large. By making either one or both of these
contributions large, we can always tune 77 to be signifi-
cantly larger than 77. Below, we demonstrate explicitly in
two representative cases that the Euclidean correlators have
a large enough signal to detect the interior state. It is worth
mentioning that the Lorentzian correlators also receive a
small contribution from the annihilation saddle, but this
signal is small and noisy; see [23] for an analysis of the
Lorentzian setting.

Finally, consider also the case where the probe operator
y is light, so that it does not interact with the shell operator
O in an operator-dependent way. Because the probe is light,
there is negligible backreaction on the geometry and so the
operator never sees the black hole microstate—this is
depicted in Fig. 5. Detection of the black hole microstate
depends entirely on the existence of the annihilation saddle,
which is absent now as the first term in (2.19) does not
arise. Hence, we conclude that a light operator cannot
detect the black hole microstate.

A
l/J light

Plight

FIG. 5. Insertion of a light operator which does not backreact
on the geometry cannot detect the black hole microstate. The
resulting gravitational saddle is identical to Fig. 2.
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B. Large mass limit Z, = Z(BL)Z(Br)e ), (2.26)
We first demonstrate that one can detect a particular
black hole microstate explicitly in the limit of large shell ~ where we have omitted subleading contributions, including
rest mass, m — oo. This is the limit in which the shell mass  the one-loop corrections. For the annihilation and propaga-
significantly exceeds the asymptotic mass of the black hole.  tion saddles, the saddle-point equations are
Crucially, in this limit, the shell action (2.12) no longer
depends on the inverse temperatures of the Euclidean /}T — P21,

geometries [6]: Pu=PBL+m—71, Ps=Pr/2+71.

(2.27)
I(Br. Br) = I(m) = 2m log R,, (2.25)
where R, ~ Gm. Moreover, the Euclidean time elapsed by Pe=lr=(m=n)., fr=n-t. fpL=p. (228
the shell trajectory vanishes, Az(fg;p;) =~ 0. Therefore,
using (2.9), it follows that By ~f; and fg~ fr, Thus, these saddle-point contributions simplify to
respectively.
We can now evaluate the saddle-point contributions to the TP = Z(BL)Z(Be)Z(Pg)e 2, (2.29)
two-point function. Each contribution can be expressed as a
product of partition functions for the disks and shells " R N oy
involved in each diagram. This simplification arises because T = Z(Pr)Z(Pum)Z (ﬁB) (2.30)
the shell action I is independent of the disk parameters.
Therefore, the normalization factor simplifies to The explicit answers for (d + 1) dimensions are
|
1% 27\ d-1 27\ d-3 2 d-1 o) d-3
et )" B ) ()
8G | \SL pr RT71—T RT71—7
o) d-1 2 d-3 L
+( § ) —( - ) +2ncd<ﬂL+ﬂR)] —21,(m), (231)
=T =T
log T4 ~ Va 2\ 2w\ n 27 ¢t (ﬁ 27 )d—3
78G ﬁ“ -7 x =1, fL+7 -1 pL+1 -1
d-1 d-3
2z 2r ~ ~
13 {7 +2rcq(PL + Pr) | — 2L(m), (2.32)
TR + 71 7R + 71

where the first term on the right side comes from the disk actions and the second term comes from the shell actions. For
detection, 7 should be significantly larger than 7. This can be achieved by tuning the Euclidean insertion times 7, and 7,

for the probe operators. Note that the annihilation saddle contribution 7 has a divergence at 7, = —7; = ﬂ2“, SO we can
make it sufficiently larger than 7% by choosing 7, and 7, close to this divergence. Apart from the Hawking temperature, no
specific knowledge about the shell operator is needed for this tuning. As mentioned, this tuning does not work in the
Lorentzian correlators—the divergence in question can only be achieved in the Euclidean correlator.

More concretely, the explicit answers in the simplest case of (2 + 1) dimensions are

1 1 | -
log7h ~-— +~—> +——(f + + 4m log Gm, 2.33
o7l (o e ) Faag e e 2.33)
log T4 ~ ”2 Loy ) (B + ) +4m log G (2.34)
) _ _ m log Gm. .
s Br/2—12 Pr/2+7T PLtT—T 3G TR s

The switchover of dominance between these saddles occurs when the difference

2 1 1 1 1 1 1
log 7% —log T} ~ {(ﬂ + —|—~—) - (ﬁ += += )] (2.35)
4G —-(p—7) -7 f R/2=7 Pr/2+7T PLtT—1
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(a) Br, = 10
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0.2} 0.2]
€ 0.0 €' 0.0
-0.21 -0.2}
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T T
(c) A =0.2 (d) A =0.1

FIG. 6. The switchover of dominance between the annihilation and propagation saddle in the large mass limit m — co. We set fg = 1
and vary f; to see which saddle dominates as a function of the Euclidean preparation times 7, and 7,. The annihilation saddle dominates
in the blue region, whereas the propagation saddle dominates in the red region. The gray area with 7, < 7; is forbidden.

vanishes. When this difference is positive, the propagation
saddle dominates; otherwise, the annihilation saddle domi-
nates. Clearly, rescaling all parameters fg, By, 7;, and 7, by
the same factor does not affect the sign of this difference.
Thus, we can set g = 1 and then study the effects of
varying the other parameters.

Figure 6 shows the dominant saddle as a function of 7,
and 7, at various values of ;. When fj is large, i.e.,
B~ (BL + 1, — 1), the j; -dependent contributions to the
propagation and annihilation saddle are almost equal. Thus,
B drops out of the difference in (2.35) and the switchover
of dominance is not sensitive to it. This feature can be seen
in Figs. 6(a) and 6(b), which are almost identical.
Physically, this makes sense because the left Euclidean
boundary is far from the interior shell, so it does not affect
the interaction between the shell and probe operators. Now
consider the other scenario where we make f; small. In this
limit, the propagation saddle dominates because interior
shell operators prefer to connect to each other rather than to
the probe operators as needed for the annihilation saddle.
Thus, it gets harder to detect the microstate and we need to
choose larger values for the Euclidean preparation times
(—7,), 7, for the annihilation saddle to dominate. This can
be seen in Figs. 6(b)—(d), where the annihilation saddle
dominates over a smaller region in parameter space as we
increase f3; .

C. (2+1)-dimensional case for generic mass

We would like to understand if our general results in the
large mass limit extend to generic interior shell operators
that are sufficiently heavy to backreact on the geometry.
First, we need to solve for the saddle-point configuration at
arbitrary shell mass. Thus, we have to compute the inverse
temperatures of the Euclidean disks, i.e., Js, by solving the
saddle-point equations in (2.22) and (2.23). This cannot be
done analytically because the shell propagation time Az
depends implicitly on the inverse temperatures. Hence, we
resort to numerical analysis, which is difficult in arbitrary

spacetime dimensions because the implicitﬁ dependence is
more complicated. Consequently, we work in (2 + 1)
dimensions, where we can write the shell propagation

time [6]
= ﬂ—R arcsi ®
P R.)

Having determined the inverse temperatures, we can
compute the saddle actions and determine saddle domi-
nance depending on the rest mass of the shell. Recall from
(2.17) that we are acting with y' (7, )y (7, )—we want (7, )
to be inserted close to the shell operator in the
Euclidean past, and ' (7,) to be inserted close to the shell
operator in the Euclidean future. Therefore, we choose
7, = —7; > O—the annihilation saddle can be made to
dominate for this choice of parameters, as seen in the large
mass limit case using (2.35). We determine whether or not
we get annihilation saddle dominance for a given rest mass
of the interior shell, having taken a sufficiently large value
of 7,. The exchange of dominance of saddles in this setup is
depicted in Fig. 7, where we show the switchover times 7,
for different interior shell masses. Here we have fixed the
units of mass by setting G = 1. Since we are concerned
with masses sufficiently heavy to backreact on the geom-
etry, we will ignore the lower shell mass values.

We observe that for sufficiently large 7, the annihilation
saddle dominates. Additionally, there is an increase in
the switchover time 7, as we increase the rest mass of the
interior shell, which plateaus to the switchover value in the
large mass limit. The physical intuition for the increase in
switchover time is that increasing the rest mass of the shell
causes it to be located deeper in the interior. The annihi-
lation channel is unfavorable when this happens, as the
interior shell and probe trajectories are increasingly sepa-
rated. Hence, at larger mass, we need a larger 7, value for
the annihilation saddle to dominate. Further, similar to the
large mass limit case, we observe that fixing f; while

increasing pfr similarly requires us to increase 7, for

Az(Br;pL) (2.36)
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(a) Br =1, fr. =5

(b)fr=1,5L=1

m

(c) Br=1, A =02

FIG. 7. The switchover of dominance between the annihilation and propagation saddle is shown as a function of insertion time
7, = —7; and shell mass m. The blue regions indicate the dominance of the annihilation saddle, and the red regions indicate the
dominance of the propagation saddle. The black dashed line indicates the switchover value in the large mass limit, which we see the
switchover lines here asymptote to. We observe that detection is always possible for sufficiently large 7z, in the generic mass case.

annihilation saddle dominance. As explained earlier, at
smaller f;, the propagation saddle dominates because
interior shell operators prefer to connect to each other
rather than to the probe operators as needed for the
annihilation saddle. Thus, it gets harder to detect the
microstate, and we need a larger 7, for the annihilation
saddle to dominate. Evidently, for a generic shell mass in
(2 + 1) dimensions, we can tune our parameters such that
the annihilation shell dominates, allowing us to detect the
interior shell or, equivalently, the shell microstate.

D. Detecting the microstate from a candidate list

We have demonstrated so far that the Euclidean two-
point function receives a large contribution from the
annihilation saddle if the probe operator is appropriately
chosen. A question one might ask is how an observer could
detect the black hole microstate by using the signal from the
annihilation saddle to identify the shell operator. We
address this issue by demonstrating how an observer can
detect a fixed-temperature black hole microstate given a
finite list of such candidate microstates. First, consider the
simplest case in which we are given a list of N such shell
states with corresponding operators O, fori € {1, ..., N}—
we are told that exactly one of them corresponds to the
black hole microstate and that there are no overlaps
between any of these N states. The other states are not
required to be shell states in this first instance. In this
scenario, one can perform a simple binary search to detect
the microstate.

We choose a probe operator given by a uniform linear
combination of the first |N/2] states:

L

(2.37)

We input this probe operator into our Euclidean two-point
function (2.17) with appropriately chosen Euclidean prepa-
ration times. If we detect a signal from the annihilation
saddle, indicating that one of the candidates matches the
interior shell operator, then we repeat this search protocol
on these first |5 | operators. Otherwise, we take the second
set of operators and do the same. Thus, we will find the
operator that matches the interior shell operator in
O(log, N) steps. Note that at each step of this protocol,
we need to compute the Euclidean two-point function in the
shell microstate being detected.

Now, let us relax the constraint that other operators have
no overlap. It was shown in [6] that two arbitrary shell
states have an exponentially small overlap. These overlaps
will mean that we also get an exponentially small annihi-
lation saddle contribution from each of these operators.
Since these overlaps are exponentially suppressed, the
binary search protocol in O(log, N) steps will still be
successful as long as N is parametrically smaller than ¢S+,

ITII. BOUNDARY DETECTION VIA EIGENSTATE
THERMALIZATION HYPOTHESIS

In this section, we study black hole microstate detection
from the perspective of the dual boundary theory. Having
found the annihilation and propagation saddle in the bulk
AdS theory, a natural next question is if we can find the
corresponding saddles in the dual CFT. The current under-
standing is that the semiclassical gravitational path integral
computes some kind of coarse-grained average over an
underlying ensemble, although precisely what this ensem-
ble consists of is not yet settled [13,24-28]. In the
AdS/CFT correspondence, there is evidence that the coarse
graining in question occurs, at least for relatively simple
probe operators, because CFT states dual to heavy AdS
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configurations should satisfy the eigenstate thermalization
hypothesis (ETH). ETH provides a coarse-grained statis-
tical description that takes a universal form [6,29-34]: the
expectation values of operators in the dual CFT are given by
a diagonal matrix comprised of the microcanonical expect-
ation values plus corrections that are exponentially sup-
pressed. This idea has been studied in great detail in
Jackiw-Teitelboim (JT) gravity [35-37]. The ETH ansatz
states that matrix elements of any operator in the energy
basis takes the form® [39-41]

(alp|b) = W(E,)8,, + e/ EaED2RY, © (3.1)
where (E,) is the average value of the operator in the
microcanonical energy band and f¥(E,, E},) characterizes
the variance. Both of these functions are expected to be
smooth and depend on the details of the operator and the
system. R,, ~N(0,1) is a complex Gaussian random
matrix that gives a statistical interpretation to the correc-
tions. This ETH ansatz has been extensively used to study
the ensemble averages that are computed by the gravita-
tional path integral [6,7,42—45].

Recall that the fixed-temperature black hole microstate is
given by

1 U3 B 47
— - . _ Y PLE,+PRE
1) = 95, O0p ) = e B B0 1),
(3.2)
Using (3.1) for the operator O, this state can be written as

1

) = _ZlZe—%(ﬁLEﬁi?REb—fo(Ea~Eb))Rab a,b), (3.3)
v a.b
where the normalization is given by
Z, = tr(o-}'e_ﬁLHOe_ﬁRH> ~ Ze_ﬁLEa_ﬁREb_fO(EmEb).
a,b
(3.4)

Here we used the average value O(E) =0 which is
required for consistency with the gravitational calculations
[29]. Having prepared our states in this way, we can
construct the density matrix representation for our pure
state as

p= ¥

, (3.5)
which enables us to define the reduced density matrices on

the left and right boundary CFTs by tracing out the
complementary subsystem as

*See also [38] for another approach.

PR = 1 e RH O T O o EH.

7 (3.6)

We are now ready to compute the two-point functions for
the boundary CFTs. We will insert the probe operators on
the right, so the relevant two-point function is

(w(z)y'(72)) ),
= tr(y (7)) (22)pr)

— i tr(e(fl _ER/Z)Hwe(Tz_TI )wae_(TZ‘H}R/Z)HOe_/}LHOT)'
1

(3.7)

Similar to the gravity computation, we define the
numerator as

Tl = tr(e(fl _BR/z)Hwe(TZ_Tl)Hl//‘%e_(72+/}R/2)HOe_ﬁLHOT).
(3.8)

We can evaluate these terms by taking the continuum
limit under which the energy difference between adjacent
states is taken to zero, so the sum over energy eigenstates in
the trace gets replaced by an integral >, — [dE,e5E). In
this limit, the normalization in (3.4) becomes

Zl = /dEudEbES(Eu)J"S(Eb)e_(/.}REaJ",BLEb)_fO(EmEb)‘ (39)

To evaluate these integrals, we use saddle-point analysis.
The saddle-point equations are

SI(E(/I) = ﬁR + aE,,fO(Ea»Eb)’

S'(Ey) = P + 05, fO(E,. Ep). (3.10)

Note that these equations match with the gravitational
saddle-point equations in (2.9) if we identify fO(E,, E,)
appropriately. Explicitly, we have

Az(B(E.); B(ED))
B(E,)

n Az(B(Ey); B(EL))
B(Ep)

+ I(B(E,). B(

JO(E. Ep) = S(E,)

S(Ep)

Ey)), (3.11)
where the functional forms for Az and [ are given in (2.8)
and (2.12), respectively. The conformal dimension of a
CFT, boundary operator is related to the shell mass in the
bulk geometry via

d [ &2
A—§+ m +Z.

(3.12)
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The large mass limit on the gravity side corresponds to the
limit of large conformal dimension, and A = m in this limit.
The gravitational results can be recovered from these
expressions by choosing € to match the corresponding
quantities computed on the bulk side. In the limit of large
conformal dimension, this expression simplifies to

fO(E, E,) ~I,(m) = 2Ap logR,, (3.13)
because the shell propagation times vanish, and the shell
action becomes independent of the inverse temperatures as
in (2.25). In the remainder of this section, we will be
agnostic to the particular functional form of the f©
function.

After choosing the appropriate f© function, the saddle-
point equations in (3.10) have the simultaneous solutions
E, = Mpg and E, = M;, corresponding to the masses of
the left and right black holes, respectively. Also, we can
identify the inverse temperatures of these black holes as

B = S'(My),

Pr =S (Mg). (3.14)

This concludes the analysis for the normalization Z;.

A. Light operators

We first consider light probe operators. Recall that from
the bulk perspective, these light probes do not backreact on
the geometry, so the gravitational saddle is unchanged.
Thus, these probes should not allow us to detect the
microstate. In this subsection, we confirm this by perform-
ing an ETH calculation in the dual CFT.

Employing the ETH ansatz in (3.1),

Ouy = (alOlb) ~ e °(Ex RS,

Wap, = (alw|b) W (E,)Su + e_fw(E"’E")/zRva (3.15)
where for the operator corresponding to the black hole shell
microstate O, we assume O(E,) = 0. This can be achieved
by redefining the operator with the average value subtracted
out. Note that this O(E,) = 0 condition is imperative if we
want the ETH results to match the gravity results [6,29]. It
is also possible to choose (E,) = 0, but we will keep it
arbitrary.

Since the operators y and O are uncorrelated, we can
assume that the random matrices R¥ and R are indepen-
dent. Under this assumption, the numerator term becomes

TV = /dEadEdeS(Ea)+S(Ed)e_(ﬁREa"'ﬁLEd)_fo(Ea-Ed)|l/_/<Ea>|2

_|_/dEadEdedeS(Ea)+S(E17)+S(Ell)e_(BRJ"Tl_TZ)Ea_(TZ_Tl)Eh_/}LEd_fw(Ea’Eb)_fO(Ea’Ed)_

(3.16)

We now take the limit in which the probe operator is light, which means that its conformal dimension is A, = d + e with e
small. In this limit, we can use saddle-point analysis to obtain

’T'{’ ~Z X (|l/_/(MR)|2 + /dEbeS(Eb)—(Tz—Tl)(MR—Eb)—f“'(MR»Eb)) .

(3.17)

This is because the light operator must not affect the saddle-point configuration. Thus, the Euclidean correlator evaluates to

W)W (), = FMRP + [ Ayt 5,

(3.18)

We can compare this result to the thermal two-point function

e (2))e = 20 =

where the normalization is

Zy = tr(e PrH),

=0 ¢
Zy Zy

(e(Tl_Tz_i}R)HlI/e(TZ_Tl)HW%), (319)

(3.20)

Using a similar analysis as above, we obtain that for a light probe operator y

TO — /dEaeS(Ea)e_ﬂREa

l/_/(Ea)|2 +/dEadEng(Ea)+S(Eb)e—(ﬁk+71—72)Ea—(72—71)Eb—f"/(Ea-,Eb)

(3.21)
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and

Zy = / dE, eS\Ed)~FrEq, (3.22)

Taking the probe operator to be light, it follows that

Ty~2, (|¢<MR>|2+ / dEbeS(Eb)‘(TZ‘TI)<MR‘Eb>_f"'(MR’E")>,
(3.23)

so the thermal two-point function is

(w(e)w' (22))m = [ (Mg)]?

n / AE, 5B~ (2= (M Ey)=1* My By,

(3.24)

This matches the result in (3.18). Evidently, it is impossible

to distinguish between the black hole microstate and the

thermal state by using the Euclidean two-point function for
a light probe.

Tglb = /dEadEbdEdeS(Ea)+S(Eb)+S(Ed>e_(ﬁREa'hELEd)"'(TZ_TI)(Ea_Eb)_fO(EavEd)e_f¢(Ea~Eb)'

B. Heavy operators

In this subsection, we consider the case of probe
operators with large conformal dimension corresponding
to massive shells that significantly backreact on the dual
bulk geometry. Thus, they should have a nontrivial impact
on the saddle point, unlike the previous case of light probe
operators.

First, we consider a heavy probe operator v = ¢ that is
orthogonal to O, the interior shell operator that prepares the
black hole microstate (3.2). In this case, the ETH ansatz
takes the following form:

Ou = (alO)b) e_fO<E“'E”)/2R?b’

ba» = (a|p|b) ~ e~ EE)2RD (3.25)

where we assume O(E,) = ¢;(E,) = 0 as explained ear-
lier. Note that the orthogonality condition above concretely
means that the random matrices R? and R® are completely
independent.

The numerator of the two-point function for this heavy
orthogonal probe is

(3.26)

As earlier, we can evaluate this using a saddle-point analysis. The saddle-point equations are

S(E)=pr+7 -1+ aEafO(Ea’Ed) + aEaf(p(Ea?Eb)’
S(Ep) =1 -1 + aEbf[ﬁ(Ea’Eb)’

S'(Ey) = Pr 4 0g,fO(E4 Ey).

(3.27)

These equations correspond to the propagation saddle in the gravitational analysis. Indeed, we exactly recover the
gravitational saddle-point equations in (2.22) after choosing f¢ and 79 in (3.11).

Next, we take the probe operator to be the interior shell operator y = O. Again, we compute the numerator of the two-
point function, which now has two copies each of R and (R®)T. Since we can contract these in two different ways, the

numerator is given by a sum of two terms:

T? = /dEadEdedeS(Eu)+S(Eb>+S(Ed)e_<ﬁREa+;BLEd)+(TZ_TI)(Ea_Eh)_fO(EavEd)e_fO(Eava)

+ / dE dE,dE, eSE+S(En+S(E) g=BrEa/LHPLE+BREe/2471 (Ey=Eo) 472 (Ec~Ey) o=f *(EpEc)=fO(Ew.Ep) (3.28)

The first term corresponds to the propagation saddle because the saddle-point equations are identical to (3.27). The saddle-

point equations for the second term are

1~
S'(E,) = E/J)R + 7+ aEafO(Ea’Eb)’

S(E)) =p.+1—71+ 0Ebe(Ebv E.)+ aEbe(Eav Ey),

S(E) =5

1-~
“Pr—1+ aE‘.fO(Eb’ E.).

(3.29)
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These equations correspond to the propagation saddle in
the gravitational analysis. As earlier, we recover the
gravitational saddle-point equations in (2.23) after choos-
ing f© appropriately.

Substituting the ETH ansatz in (3.25) for each operator on
the right side, we have

Lastly, we can decompose an arbitrary probe as a linear Yap = (a|y/|b>

Eng;?atlon of orthonormal operators {O, ¢, ¢, ...} asin zwoe‘fo<Ea'Eb)/2R§b 4 Zwie_fME“’Eb)/zRZZ’ (3.31)

i

w=woO+ > wid;. (3.30)
i so the numerator term evaluates to
Tl — WO/dE dEde e ( )+S(Eb)+S(Ed)e_(ﬁREaJrﬁLEd)""(TZ_TI)(Ea_Eb)_fo(EasEd)e_fO(EasEb)
+wl / dE dE,dE,eSE+S(E)+S(Ee) g=PrEa/ 24+PLEyHPRE /2471 (Ey=Eo)+72(Ec—Ey) o=f (Ep.E)=f O (EoEp)

+ szz / dE dE,dE jeSE)+SEN+S(Ed) g=(BrEatPLEd)+(e2=01) (Ea=Ep)=fO(EaLy) o= (Earp) (3.32)

Indeed, the first and third terms correspond to the propa-
gation saddle, which exists for all operators in the decom-
position in (3.30). The second term corresponds to the
annihilation saddle and only exists for the operator O. This
is the term that leads to detectability. From these results, we
can conclude that the ETH answers perfectly match the
gravitational path integral calculations.

IV. VARIANCE IN THE EUCLIDEAN
CORRELATOR FROM ENSEMBLE AVERAGING

This gravitational path integral is believed to compute an
average over an underlying ensemble, which we have
modeled in the dual CFT in terms of ETH. One natural
|

T\ =

)OI

ab,cdad b c.d

concern is that the results for a particular member
of the ensemble may be significantly different from the
average value, and the dominance of the annihilation
saddle could be overpowered by statistical fluctuations.
We can characterize these statistical effects in terms of the
variance of the numerator term JT In this section, we
show that the annihilation saddle can be made to dominate
over these statistical effects by tuning the parameters 7,
and 7,.

First, we compute the variance from the boundary
perspective by using ETH. The squared modulus of the
numerator term for an arbitrary probe operator, as in (3.30),
is given by

e~ (Pr/240 ) (EaHE ) ~(02=11 ) (Ep +Epy )= (Pr /2=0) (EAE )~ (Eq+E )

X (W(’)Oab + Zwi(¢i)ab> (w@OZb + ij(¢j):b> OcaO%4
i J

X <WOOZ’1)' + Zwi/((ﬁi/)z/b/) <W00c’b’ —+ ZW/I(¢/)
i J

We can evaluate this expression in terms of the ETH ansatz in
(3.25) by performing the contractions between the random
matrices R and R'. The variance only receives contributions
from terms where we contract at least some of unprimed
indices with primed indices. This is because the terms where
the unprimed and primed indices are respectively contracted
within themselves cancel when we subtract out 7| x 7.

c/b/>0i’d'oa/d/' (41)

We work in the limit of large conformal dimension to
simplify our computations, so we can use (3.13). As in the
previous section, we take the continuum limit for the
energy, such that the energy difference between adjacent
eigenstates is taken to zero, and then we evaluate the
integrals using saddle-point analysis. After an explicit
computation, we obtain the variance
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O

(a)

FIG. 8.

0'271 R [Z(BR + ZTI)Z(ﬁR -
+ ZWOZ(BﬁR/Z 27, + 14

+ ZWO
+2WO 3ﬂR/2_12+27’-1
+ 2WOZ ZﬂR

+wiZ(Br +27))Z(Br/2 - 1,)*

VA BR %) —l—Tl)ZZ
+ 2wl Z(2fx

+ w‘(‘a
- 27,'2 + 2T])Z(2,BL + 272

Note that each of these terms is in a one-to-one corre-
spondence with a diagram contributing to the gravitational
path integral. For instance, the diagrams corresponding to
the first two terms are shown in Fig. 8. Although we have
used the ETH analysis here, we could also have computed
the variance directly using the gravitational path integral
and drawing all relevant diagrams.

We can now compare the variance 627 to the annihilation
saddle contribution” in (2.30)

*We have included the factor of w2, in this expression.

27,)Z (27, = 27)) Z(
+Z(2Pr = 215 + 221) Z(r2 — 71)*Z(251)
VZ(Pr/2 +11)Z(2p
+2wHZ(3PR/2 — 72+ 211)Z(Pr/2 — T

(3Pr/2 =255 + 7)) Z(Br/2 + 7)) Z(Pr. + 27, — 271) Z(B1)
( VZ(Pr/2 = ©2)Z(Pr, + 27, —
( 20, +21))Z(Br + 12 — 71) Z (22 — 71) Z(By)
( Z(2p + 21,
+WwoZ(Pr/2 + 1) Z(Br = 20)Z(2Py + 27, = 211)

( Pr+1—71)
— 7+ 1) Z(Br/2 + 7)) Z(Pr/2 — ©2) Z(2BL + 27, - 27)
—27)] xe

—
=

Two diagrams that contribute to the variance 0271.

25,
+ (2'/BR 2T2 + 271>Z(2T2
pr+ 1 —11)Z(1, — 11)

- 20)Z(pL)’?

ZQ2P+ 1 —11)Z(1 — 11)

22)Z(pr)

- 21y)

—4(m), (4.2)

T4 =whZ(Br/2—1)Z(BL+72—71)Z(Br/2+7))e 2.

(4.3)

Recall that the annihilation contribution becomes large
when the probe operators are inserted close to the interior
shell operators, i.e., 7; - —fr/2 and 7, — fr/2. This
tuning was crucial to get the annihilation saddle to
dominate over the propagation saddle and achieve detect-
ability. One can check that in this limit, none of the terms in
(4.2) grows as rapidly as (7). The intuition behind this
result is that the variance only receives contributions from
connected diagrams. These diagrams have the topology of
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either an annulus (Euler characteristic yr = 0) or an
annulus with a handle (y; = —2). However, (74)? is given
by two disconnected disks (yz = 2), so it can be made to
dominate over the variance.

We can see this explicitly in the particular case of
7, = —7,. In the limit 7, — ﬁR /2, the dominant contribu-
tion to the variance is

0%, 22w+ whH)Z(Pr — 212)

X Z(ﬁR/Z - Tz)ZZ(Z,BL + 4T2)€_415(m). (44)
We can divide this by (74)? to obtain
o7, S 2+ 2w Z(Br — 212)Z(2py. + 415) (4.5)

(71) wo  Z(Pr/2 - 1) Z(PL + 272)°
Using (2.11), we can see that this term be made small if we
choose 7, appropriately close to fg/2. Moreover, this is
precisely the tuning needed for the annihilation saddle
contribution to dominate over the propagation saddle
contribution. In conclusion, the statistical variance does
not affect black hole microstate detectability if the
Euclidean preparation times are chosen appropriately.

V. DISCUSSION

The results presented in this paper demonstrate that
Euclidean correlation functions computed at asymptotic
infinity can detect the microstate of a black hole in any
dimension through nonperturbative gravitational effects. In
the gravitational analysis, this detection is a consequence of
the annihilation saddle. This new saddle causes a large
spike in the Euclidean two-point function when the probe
operator matches the shell operator. We use this signal to
detect a fixed-temperature black hole microstate by iden-
tifying the shell operator in the black hole interior. In
particular, we show that for an observer with a finite
“candidate list” of possible shell operators, such black hole
microstate detection can be done by using a binary search
protocol. We also reproduce these results from the per-
spective of the boundary CFT by using the eigenstate
thermalization hypothesis. Our analysis in this work was
restricted to Euclidean quantities that are not directly
detected by asymptotic Lorentzian observers. Indeed, the
single-sided Lorentzian two-point function does not have

an exponentially large annihilation saddle contribution
because we can no longer tune the insertion times to be
close to a divergence. That said, previous work has argued
that complex states of gravity, including black hole micro-
states, could be identified in Lorentzian signature by
sufficiently precise asymptotic measurements of quantities
like the mass [1] or multipole moments [46] of the
spacetime. Likewise, see [23] for a recent analysis of
Lorentzian quantities that can identify the interior state
of a black hole.

In this paper we only dealt with the two-sided eternal
black hole in the canonical ensemble for AdS spacetimes. It
would be interesting to extend our analysis to asymptoti-
cally flat space, to single-sided black holes, and to fixed
energy states rather than the fixed-temperature ones that we
considered here. We have also not addressed what happens
if the spacetime is in a superposition of states, one of which
we seek to detect. In fact, because any sufficiently large set
of shell states provides a basis [6,9], we could regard any
given microstate as a superposition of a great many others.
In that case, the amplitude for any superposition component
will be exponentially small in the entropy. However, we
could take a black hole to be in, for example, an equal
superposition of two shell states and ask how to interpret a
measurement of the state from the point of view of a bulk
observer. Operationally this would presumably require a
description in terms of a collapse of the wave function
behind the horizon [47].
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