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We continue our analysis of quantum corrections in the complex structure moduli space of four-
dimensional type IIB/F-theory compactifications with A" = 1 supersymmetry. We find that limits in the
complex structure moduli space of F-theory generically induce a strong backreaction on other sectors of the
theory, reflecting the nonfactorization of the field space in genuine A/ = 1 theories at the quantum level. Our
focus is on quantum corrections to the Kihler moduli in F-theory on Calabi-Yau fourfolds and proceeds in
two independent ways: A detailed analysis of the world sheet theory of candidate effective field theory strings
for pure complex structure infinite distance limits reveals a mismatch with expectations based on the classical
effective action and points to a quantum obstruction of the limit. Complementary to this, we confirm, in large
classes of theories, the existence of significant complex structure dependent quantum corrections to the
action of supersymmetric instantons which at tree-level are governed by the Kihler moduli. As the quantum
corrections become uncontrolled at large complex structure, they require a coscaling of the Kédhler moduli to
maintain perturbative control. As a result, the naive, classical effective action does not provide an accurate
description of pure large complex structure regimes. We comment on possible implications for string

phenomenology, specifically with regard to model building and moduli stabilization.
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I. INTRODUCTION

Quantum effects are known to play a key role for the
structure of string vacua. For example, in the framework of
type IIB/F-theory compactifications to four dimensions,
quantum effects are essential ingredients in the stabilization
of the volume moduli [1-3] and hence are central to any
attempt of identifying string vacua with a realistic phe-
nomenology or cosmology. At the same time, if quantum
effects become uncontrolled, the very framework of a
perturbative expansion of the effective action loses its
meaning unless a dual description encodes all quantum
effects in its classical formulation.

Quantum corrections to the effective action are often
severely constrained thanks to nonrenormalization theo-
rems. For instance, in theories with N = 2 supersymmetry,
the vector multiplet sector of the theory is protected against
spacetime quantum corrections. Furthermore, regions at
infinite distance in the vector multiplet moduli space
feature parametrically small gauge couplings and are hence
natural starting points to analyse the effective action.
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However, nonrenormalization theorems become substan-
tially less constraining once supersymmetry is broken to at
most four supercharges, as required in phenomenologically
more realistic contexts. Strikingly, even the A" = 1 descend-
ants of the asymptotic vector multiplet regimes can now be
subject to substantial quantum corrections. In [4], we have
explicitly analyzed this more general phenomenon in the
concrete context of type IIB orientifolds and their complex
structure moduli space. Our analysis has shown how quan-
tum effects in the type IIB string coupling g, substantially
change the asymptotics of this moduli space. As a drastic
example, entire regions at infinite distance in the vector
multiplet moduli space of a 4D N = 2 compactification of
type IIB string theory can be removed from the quantum
corrected moduli space once supersymmetry is broken to
N =1: The relevant modulus now parametrizes only a
finite-distance rather than an infinite distance direction. This
effect, while appearing radical from the point of view of the
effective action alone, is automatically incorporated in the
geometry of F-theory, which encodes the g,-exact open-
closed moduli space of type IIB compactifications with
7-branes. In particular, as shown in [5-8], the F-theory
complex structure moduli space incorporates the 7-brane
position moduli and the associated superpotential [9—13].
In the present work, we continue the analysis of [4]
with a focus on quantum corrections to Kihler moduli in
asymptotic regions of the complex structure moduli space
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of four-dimensional F-theory compactifications with min-
imal supersymmetry. Earlier works on the complex struc-
ture moduli spaces of Calabi-Yau fourfolds and concrete
examples can be found, e.g., in [14-23]. The quantum
corrections which we will identify not only affect the study
of the asymptotic physics in far-off regions of the moduli
space, for example from the point of view of the distance
conjecture [24] or the emergent string conjecture [25], but
they also appear to become essential in the context of
moduli stabilization and for analysing cosmological sol-
utions in extreme regimes of the moduli space.

The general principle underlying the importance of
quantum effects in the regime of large complex structure
is simple: The action of instantons satisfying the
Bogomol'nyi-Prasad—Sommerfield bound (BPS instantons)
which are classically controlled by g, or the Kihler moduli
can receive complex structure dependent threshold correc-
tions. At large complex structure, these may exceed the tree-
level contribution. This signals a departure from a pertur-
batively controlled regime and might, in particular, lead to
unsuppressed instanton effects. To restore computational
control, the modulus governing the tree-level action—g; in
the case of the effects studied in [4] or the Kdhler moduli for
the present paper—must be coscaled appropriately as the
complex structure is taken to infinity. This picture also
explains why, by contrast, large volume limits in 4D NV = 1
type IIB orientifolds/F-theory [26-29] are not quantum
obstructed. For large complex structure limits, however,
the effects may be significant and, as already pointed out
above, can remove classical infinite distance directions in
the full quantum corrected moduli space [4].

In the sequel, we will oftentimes refer to the effects
studied in [4] and the present paper as g, or Kihler
corrections because we are primarily interested in quantum
obstructions to limits in the pure complex structure moduli
space which can be avoided, at best, by a coscaling of g
and the Kiéhler moduli. From the point of view of the
effective action, however, these obstructions have their
origin in complex structure dependent corrections to BPS
quantities governed classically by g, or the Kéhler moduli,
as explained above.

Computing quantum corrections to the moduli space
geometry for a general 4D N =1 theory is a difficult
problem that has not been solved in full generality; see,
however, [27,30-43] for a selection of results in this
direction. Due to this difficulty, we are led to follow
alternative strategies to analyse the effect of the quantum
corrections. In [4], the geometry of F-theory came to the
rescue as it resums all g, effects exactly. For corrections to
the Kéhler moduli, no such dea ex machina is in sight.

As outlined in more detail in Sec. II A, we therefore
pursue two complementary approaches to identify correc-
tions to the Kéhler moduli which become relevant in
the large complex structure regime. In one approach, we
study the world sheet theory of so-called effective field

theory strings [28], EFT strings for short, which govern the
possible infinite distance limits of the supergravity effective
action. EFT strings in various 4D compactifications of
string theory have recently played a central role in the
investigations of [44-49]. Here, we focus on the less
explored EFT strings associated with complex structure
limits in type IIB/F-theory and in particular on their world
sheet theory. These strings can be analyzed by under-
standing the limits as semistable degenerations of the
compactification space [49,50]. In the N =1 context
studied in this paper, we observe a systematic mismatch
between the microscopics of the candidate EFT strings and
the expectations from the classical effective field theory:
The classical effective action fixes the scaling of the EFT
string tension and the quantum gravity cutoff in the infinite
distance regimes. Via an application of the emergent string
conjecture [25] these scaling then determine the features of
the dual frame that would have to emerge if the infinite
distance limits were unobstructed. Although the emergent
string conjecture plays an important role in our analysis, the
way we employ it differs significantly from previous
tests in concrete string theory setups, see [25-27,48-66]:
These previous works successfully identified the tower of
states predicted by the emergent string conjecture, thereby
confirming the latter in the considered infinite distance limit.
Here, we instead use the constraints implied by the emergent
string conjecture for the microscopics of the candidate EFT
strings. A violation of these constraints then signals a
quantum obstruction of the classical infinite distance limit
under consideration. This mismatch between the classical
effective action and the properties of the candidate EFT
strings can only be resolved by superimposing the complex
structure limit with an additional limit for the Kdhler moduli,
very much in the spirit of the discussion above. This is an
indirect sign of what we call aquantum Kahler obstruction of
the pure complex structure limit.

This indirect but powerful approach to detect quantum
Kihler obstructions can be further reinforced via a com-
plementary strategy, namely by explicitly identifying the
complex structure dependent quantum corrections to the
action of BPS instantons. As stressed already, the compu-
tation of these corrections is currently not possible in full
generality. Nonetheless, we can show that in large classes
of complex structure limits the leading complex-structure-
dependent corrections to the BPS instanton action imply a
Kihler obstruction of these limits. This lends further
support to the more generally applicable approach to detect
Kihler obstructions via the microscopics of the candidate
EFT strings. The analysis hence illustrates that arguments
developed in the context of the Swampland program [67],
see [68-70] for reviews, can be used to infer technical
features of quantum gravitational theories for which a direct
computation is challenging given the current techniques.

The upshot is that infinite distance regions in the
complex structure moduli space at finite values of the
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Einstein-frame Kihler moduli are beyond the regime of
perturbative control. That such a scenario is possible has
been anticipated in [71]. The results of this work show that
it is indeed realized. In particular, this loss of perturbative
control must be taken into account in attempts to stabilize
the moduli in large complex structure regimes, where the
structure of the flux induced superpotential is particularly
amenable to explicit computations.

Let us now summarize the content of our analysis in
more detail. In Sec. I, we give a general overview of the
notions of g, and Kihler obstructions to complex structure
limits (see in particular definitions 1 and 2) and explain in
greater depth our two complementary strategies to detect
these. The main results are captured in claims 1 and 2.

In Sec. IITA, we first review the classification of
complex structure infinite distance limits for F-theory on
elliptic Calabi-Yau fourfolds as limits of type II, III, IV and
V [20]. We then divide these into two classes depending on
whether or not the generic elliptic fiber degenerates:
Regular-fiber limits can be thought of as limits where only
the base degenerates, while in /,-type limits the elliptic
fiber degenerates in codimension-zero at least over some
components of the base. In Sec. III B, we explain how to
count the world sheet modes of EFT strings associated with
these limits via duality with M-theory. An outline of the
counting strategy for general complex structure EFT strings
in type IIB compactifications on Calabi-Yau threefolds,
based on their semistable degeneration [49,50], is provided
in Appendix A. The counting procedure developed in
Sec. III B is the basis for our first strategy to detect Kihler
obstructions to complex structure limits by observing that the
candidate EFT strings do not behave as they should if they
were to induce a well-defined infinite distance limit in the
complex structure moduli space.

In Sec. IV, we give a general argument along these
lines for all I,-type limits: In these cases, the existence of
vector multiplets on the EFT string candidates points to
an inconsistency of the naive complex structure limits. For
the standard Sen-limit [72,73], this is in agreement with
expectations from the effective field theory, as observed
already in [74], and can be resolved by a coscaling of the
Einstein-frame Kihler moduli. Furthermore, this argument
excludes all pure limits of type V because they necessarily
involve a degeneration of the elliptic fiber.

In Sec. V, we analyse regular-fiber limits. As we explain,
for limits of type II and III, the candidate EFT strings fail to
satisfy the constraints imposed by the effective action
of being critical or six-dimensional supercritical strings,
respectively. These results are also in agreement with our
second, complementary strategy based on the explicit
computation of quantum corrections, which is possible
in certain cases. For a special class of type II limits (in
which the F-theory elliptic fourfold is also K3-fibered with
base B,), duality with the heterotic string allows us to
explicitly confirm the existence of quantum corrections to

the volume of 3, whose magnitude depends on the
complex structure moduli. Similarly, for certain type III
limits for which the F-theory fourfold is fibered by a
Calabi-Yau threefold X3, a chain of dualities implies strong
quantum corrections to the volume of the base of X5 viewed
as an elliptic fibration. The only limits for which we cannot
directly point to an inconsistency are regular fiber limits of
type IV, but we view this more as a technical obstacle rather
than as pointing to special behavior of this class of limits.

In Sec. VI, we briefly discuss type IIA orientifolds which
are mirror dual to the perturbative type IIB orientifolds/
F-theory setups studied in the rest of our work. In
particular, we comment on how the obstructions to complex
structure limits in perturbative type IIB orientifolds trans-
late to the mirror dual type IIA side.

Finally, in Sec. VII we discuss the consequences of our
findings for moduli stabilization and the computation of the
effective action. The key message is that even in regions of
large complex structure, additional quantum effects in the
Kihler moduli can arise and imply a significant deviation
from the naive low-energy supergravity approximation
which must be addressed.

II. GENERAL OVERVIEW
AND A SIMPLE EXAMPLE

This work continues the analysis in the companion paper
[4] investigating the interplay between complex structure
degenerations and weak coupling limits for orientifolds of
type IIB Calabi-Yau threefold compactifications. The con-
clusion of [4] is that the perturbative type 1IB effective
action alone can miss crucial quantum effects that obstruct a
large class of complex structure deformations in the sense of

Definition 1. Consider type IIB string theory compacti-
fied on an orientifold of a Calabi-Yau threefold V with
orientifold action Q leading to O7/03-planes and consider
an infinite distance limit in the complex structure moduli
space M (V/Q). Such a limit is called g -obstructed if in
the g -corrected moduli space M, (V/Q) the following
two conditions cannot be satisfied simultaneously when
taking the limit:

(i) The type IIB string coupling remains finite, g; > 0,

along the limit.

(ii) The 4D N = 1 effective action derived from type
IIB string theory on V/Q remains under perturbative
control in g;.

These obstructions become apparent when studying the
actual geometry of the orientifolded Calabi-Yau threefold
and in particular its uplift to F-theory.

To study the infinite distance regimes in the g,-corrected
4D N = 1 moduli space, we directly consider the lift to

F-theory on an elliptically fibered Calabi-Yau fourfold

Its complex structure moduli space, M (W), encodes all
pure g, corrections, perturbative and nonperturbative, to the
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perturbative type 1IB effective action. We therefore focus
on M. (W) in F-theory and investigate whether there are
additional obstructions to infinite distance limits in this
moduli space due to o' and mixed g,, @ corrections.

A. Complex structure and Kéhler sector mixing

At the classical level, the A" = 1 moduli space M (W)

is given by the product

ME(W) = Moo (W) x Mg(W),  (2.2)
where the complex structure moduli space M (W) is the
g,-corrected type IIB moduli space encoding the type 1IB
axio-dilaton, the complex structure deformations of the
orientifold and the 7-brane moduli." The second factor is
the classical Kéhler moduli space of W that is spanned by
the Einstein-frame volumes of divisors of the base B5. The
factorization as in (2.2) is realized in the large volume limit
for the base B; of W.

While F-theory geometrizes all pure g, corrections
through the elliptic fibration of W, any finite volume
effects (perturbative as well as nonperturbative) constitute
quantum effects also from the F-theory perspective. Thus,
moving away from infinite Einstein-frame volumes, o' as
well as mixed g, @ corrections can spoil the classical
factorization in (2.2). In particular, this means that not all
infinite distance limits in M_ (W) can be necessarily
realized in the fully quantum-corrected moduli space
MG (W) at constant values for the Kihler moduli. Such
limits are then obstructed in the sense of

Definition 2. Consider F-theory compactified on an
elliptically fibered Calabi-Yau fourfold £ & W — Bj.
An infinite distance limit in the factor M, (W) of the
classical A" = 1 moduli space M/ (W) is called Kéhler-
obstructed if in the quantum-corrected moduli space the
following two conditions cannot be satisfied simultane-
ously when taking the limit:

(1) The classical Einstein-frame volume Vg)) of all effec-

tive divisors D € Eff!(33) remains finite, Vg)) < 0.
(2) The 4D N = 1 effective action as derived from the
classical geometry of W remains under perturbative
control in «'.
This definition can be viewed in analogy to definition 1
of g, obstructions reviewed above. While the question
whether or not a classical infinite distance limit in
M. (V/Q) is g-obstructed can be decided by lifting
the limit to the F-theory moduli space, a similar strategy is
not available for classical infinite distance limits in
M. (W): This would require a lift to a theory that is
both g,- and o’-exact. At present, no such theory is known,

'In the presence of spacetime-filling D3-branes there is an
additional factor corresponding to the position moduli of these
D3-branes along B;. We do not discuss this component of the
moduli space.

meaning that no general geometric argument can act as a
diagnostic for Kihler obstructions to a limit in M, ¢ (W).
Instead, we propose two different methods for detecting
Kihler obstructions. The first approach is based on explicit
knowledge of quantum corrections to divisor volumes:
Claim 1. Consider F-theory compactified on an ellipti-
cally fibered Calabi-Yau fourfold £ & W — B; and an
infinite distance divisor A ¢ M., (W) corresponding to
z — ioco for a suitable coordinate z on M., (W). Suppose
there exists a divisor D € Eff!(B;) for which the leading
corrections to the quantum volume are of the form

O0<aeR.
(2.3)

VD:Vg))—}—a(Imz)“—i-..., 0#a€eR,

Then, maintaining perturbative control over the 4D N = 1
effective action derived from the classical geometry of W in
the Im z — oo limit requires a coscaling of the classical

divisor volume Vg”b(lm z)%. In other words, if there exists
a divisor D € Eff'(B;) whose quantum corrected volume
behaves as in (2.3) near A, the corresponding limit in
M., (W) is Kihler-obstructed.

In the effective supergravity, the quantum correction
(2.3) can be interpreted as a field redefinition of the
modulus. This, however, does not mean that the quantum
corrections of modulus Vp, are innocuous. First, if a < 0, as
e.g., in the example of Sec. V B 2, the corrected modulus
tends to zero in the limit Im(z) — oo, leading to an
unsuppressed BPS instanton whose action is controlled
by the redefined modulus. Second, even for a > 0, the
classical supergravity action derived on the basis of the
factorization of the moduli space is not applicable. Indeed,
the corrections of the form (2.3) explicitly break the
factorization of the classical F-theory moduli space (2.2)
and are therefore genuine N = 1 effects. In Sec. V we
discuss specific cases of infinite distance limits in M ; (W)
for which corrections to divisor volumes of the form (2.3)
can be explicitly computed; these are (a) threshold correc-
tions to the gauge coupling of a dual heterotic string [75],
and (b) D-brane instanton corrections to the contact
potential in a dual type IIA setup [76]. These two examples
already highlight one important restriction of this method:
A duality frame must be known in which the relevant
quantum corrections can be computed explicitly. This is
notoriously hard to achieve in theories with minimal
supersymmetry. In fact, the corrections in cases (a) and
(b) mentioned above make explicit use of extended (world
sheet or spacetime) supersymmetry in the respective duality
frames.

To avoid the technical difficulties of computing the
corrections to general divisor volumes, we propose another
method for diagnosing Kihler obstructions to a given
infinite distance limit in M, (W). Assuming the classical
factorization (2.2), for a limit purely in the complex
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structure moduli space M, (W), the F-theory Kéhler
potential can be approximated as

Kp~K.,(z) =—log [AV QA 04]. (2.4)

Close to infinite distance singularities in M, (W), Kg
enjoys approximate shift symmetries as asymptotically
K., only depends on the saxions s’ =Im z/, but is
invariant under shifts of the axions a’ = Rez'. This can
be seen more explicitly using the growth theorem for the
limiting mixed Hodge structure associated to the infinite
distance singularity, see the discussion around (3.10).

As discussed in [28], given this approximate shift-
symmetry, the axions can be dualized into two-form
potentials B, ;. The objects charged electrically under these
two-forms are strings. In four dimensions, strings are (real)
codimension-two objects implying that their backreaction
induces a logarithmic profile that changes the asymptotics
of the theory. The strings carrying charge e = (¢!, ..., e"")
under the two-forms B, ; can then be described as cosmic
string solutions to the 4D AN =1 effective action of the
form [77]

ds? = —d? +dx? + e XKes dudi,

where (z,x) are the coordinates along the string and
u parametrizes the complex plane transverse to the
string such that the string is localized at u = 0. The
warp factor is given by the Kihler potential, which

depends on u through z*. A string with charge e € N2
induces a backreaction that realizes an asymptotic sin-
gularity in M, (W) as the string core is approached.
Such strings have been dubbed EFT strings in [28].
These EFT strings are the four-dimensional analog of
supergravity strings in higher dimensions that are either
critical strings or form black strings for high charges.
In [28] it was further conjectured that every infinite
distance limit in the moduli space of 4D N =1 low-
energy effective theories of quantum gravity (along
which all saxionic moduli are either constant or scale
to infinity at a fixed rate) can be realized through the
backreaction of such an EFT string.

Here, we use the EFT string perspective to study the fate
of classical infinite distance limits in M. (W) at the
quantum level. We therefore make use of a connection
between the EFT strings and the dual frame that emerges
asymptotically as predicted by the emergent string con-
jecture [25]. According to this conjecture, the dual theory
arising in an infinite distance limit is either a weakly
coupled, critical string theory or a higher-dimensional
theory, and the tower of states predicted by the distance

conjecture [24] corresponds to the excitation states of the
critical string or a KK-tower in the respective cases. Key for
the connection between EFT strings and the emergent
string conjecture is the relation between the tension of the
EFT string and the quantum gravitational scales associated
with the limit. The latter are given by the mass scale,
M ower» Of the tower of light states predicted by the distance
conjecture [24] and the quantum gravity cutoff Agg, or
species scale [78—80]. Instead, the tension of the EFT string
is simply given by2

Tger 4 OKp
= —ek—L,
M3, osk

(2.6)

There are four possibilities for the hierarchy of the three
scales:
(1) Critical string: The EFT string is a critical type II or
heterotic string that becomes weakly coupled and
tensionless such that asymptotically

V Tgpr ~ AQG ~ Mtower- (27)
(2) Higher-dimensional supergravity string: The

EFT string is a supergravity string in the higher-
dimensional theory to which the 4D theory de-
compactifies asymptotically. In this case, the mass
scales satisfy

V Tgpr ~ AQG > Mtower- (28)

(3) Higher-dimensional defect: If the limit is a decom-
pactification limit to a higher-dimensional theory, a
hierarchy of the form

V TEFT > AQG > Mtowerv (29)
signals that the EFT string is a higher-dimensional
defect in the asymptotic higher-dimensional theory.

(4) Nonperturbative brane of weakly coupled string
theory: If the limit is an emergent string limit, a
hierarchy of the form

V Tgpr > AQG ~ Mowers (210)

signals that the critical, emergent string is not the
EFT string but that the latter is a nonperturbative
brane configuration of the dual weakly coupled

string theory. An example are wrapped D-branes
in perturbative type II string theory.

’As discussed in [49], we are actually interested in loop-
configurations of this EFT string in order to regulate its back-
reaction at infinity. In the following we will (implicitly) always
work with such a configuration.
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As we discuss in Secs. IV and V, the hierarchy between the
tension of the EFT strings and the quantum gravity cutoff in
the asymptotic regimes in M, , (W) can be determined at
the level of the effective action. Assuming that the classical
effective action is a good approximation to the low-energy
theory in infinite distance limits of M., (W), the tension
of the corresponding candidate EFT strings cannot be
parametrically larger than the quantum gravity cutoff.
Therefore, in infinite distance complex structure limits
only the first two possibilities can be realized. To see this,
recall that a good estimate for the quantum gravity cutoff
Aqg 1s given by the coefficient of the Gauss-Bonnet term in
the higher-derivative effective action [47,81,82], which
schematically reads

Spa D / d*x Fp(¢)R2. (2.11)

Here Fgg(¢) encodes the dependence of this coupling on
the scalar fields ¢ in the theory. The quantum gravity scale
is then approximated by [81,82]

AQG 1
Mp, Fop(®)

(2.12)

In type IIB compactifications on Calabi-Yau threefolds, the
dependence of Fgg on the complex structure moduli is
encoded in the genus-one free energy, which can be
computed from the topological string [83,84]. Crucially,
at infinite distance in the complex structure moduli space,
Fgp grows linearly in the complex structure moduli such
that the quantum gravity cutoff scales as the square root of
the EFT string tension. More generally, in 4D N =1
theories the Gauss—Bonnet term is generically (and at most)
linear in the saxions in the vicinity of infinite distance limits
as argued in [47]. Therefore, also in F-theory Fgg must be
linear in the complex structure moduli of the fourfold. This
implies that the tension of the candidate EFT string is of the
order of the quantum gravity scale. By comparison with
(2.7) and (2.8), consistency of the classical effective action
demands that an EFT string probing an infinite distance in
the classical moduli space M., (W) has to be a critical
string or a supergravity string in a higher-dimensional
theory of quantum gravity, in agreement with the emergent
string conjecture [25]. As we will discuss in detail in
Secs. IV and V, this poses certain constraints on the world
sheet theory on the string, see, e.g., [85,86]. For the
classical infinite distance limits to be consistent, these
constraints must be satisfied by the world sheet theory on
the candidate EFT strings.

In the infinite distance limit, the Calabi-Yau fourfold W
splits into a normal crossing variety W, made up of
multiple components intersecting normally. The world
sheet theory on the candidate EFT strings that probe
infinite distance limits in the classical moduli space

M. (W) can be inferred from the geometry of the
normal crossing variety W arising in this limit. This is
possible using a similar strategy as employed in [49] for
type IIB compactified on Calabi-Yau threefolds. The
world sheet theory can then be directly compared to
the above expectations from the effective field theory; in
particular, we argued above that the EFT string world
sheet theory has to be (super)critical and must satisfy the
constraints put on critical strings or supergravity strings in
higher-dimensional theories. If instead, the world sheet
theory of the candidate EFT string is subcritical or
violates the supergravity string constraints, this indicates
a Kihler obstruction to the classical infinite distance limit
in Mc.s.(W):

Claim 2. Consider F-theory compactified on an
elliptically fibered Calabi-Yau fourfold & & W — 55
and an infinite distance divisor A C M. (W) along
which the Calabi-Yau fourfold undergoes a semistable
degeneration W — W,. If the world sheet theory of the
candidate EFT string derived from the geometry of W,
is incompatible with the classical 4D N =1 effective
action in the vicinity of A, there are two options for the
uplift A of A in the quantum corrected 4D N =1
moduli space Mg (W):

(i) To reach A MG(W), an additional limit in the
Kihler moduli space of B; must be taken. In this
case, the EFT string responsible for the combined
limit is a bound state of the putative EFT string
associated with A and D3-branes wrapping suitable
movable curves inside B5. This results in a modified
limit different from the original one, for which the
inconsistency between the EFT string and the
asymptotic physics can be avoided.

(ii) The divisor A c Mg(W) can be reached without
taking a limit in the Kihler moduli space, but the
classical geometry of the degeneration W — W,
cannot be used to infer the world sheet theory on
the EFT string. This, in turn, means that the
geometric description of F-theory as a compacti-
fication on the geometric Calabi-Yau fourfold W is
invalid. In other words, the limit exists at finite
Vg, but the supergravity approximation of the 4D
N =1 effective theory is not under perturbative
control in o'.

Case i. violates condition 1 of Definition 2, whereas
case 7i. violates condition 2. We conclude that infinite
distance limits in M. (W) for which the candidate
EFT string world sheet theory is incompatible with the
classical 4D N =1 effective action are Kihler-
obstructed.

In Secs. III-V we discuss in more detail how to infer the
world sheet theory on candidate EFT strings associated
with complex structure degenerations of elliptic Calabi-Yau
fourfolds. We also analyze explicitly in which cases this
world sheet theory does not match the expectations of the
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emergent string conjecture, thus signaling a Kéhler obstruc-
tion of the limit.

B. A simple example: Kihler obstructions
in O-type B orientifolds

As a simple example of a Kéhler-obstructed limit, we
consider an orientifold of V = K3 x T2. In [4], we dis-
cussed two kinds of orientifolds based on this model that
were labeled O-type A and O-type B. Here, we focus on the
O-type B orientifold: The orientifold action is given by
Qp = Q,(—1)Ftp, where Q, is world sheet parity, F; the
left-moving spacetime fermion number and p is an anti-
symplectic involution on the K3, i.e., p*(wg3) = —wy; for
wks the holomorphic two-form on K3. The fixed point
locus of p consists of a union of curves Cj inside the K3,
corresponding to O7-planes wrapping C; x T~.

We further make the simplifying assumption that the K3
surface is itself elliptically fibered with generic fiber £ The
model considered here is then dual to the O-type A model
discussed in [4] by T-dualizing both the T2 factor and the
elliptic fiber £ of the K3. The classical vector multiplet
moduli space My (V/Qp) contains as a subspace

Myma(V/Qg) D Mg x My x My.  (2.13)
Here, U is the complex structure parameter of the torus,
whereas S and T denote the (Einstein-frame) volumes of
the divisors Dg = € x T? and D;, = P} x T? with P} the
base of the elliptically fibered K3. As the model is T-dual to
the model analyzed in [4], the quantum corrections to the
Kihler potential can be extracted from Appendix A of [4].
Before discussing the explicit corrections, we argue—
similar to what is done in Secs. IV and V—that the
Kihler obstruction to the limit can in fact be inferred from
the zero mode structure on the EFT string realizing this
limit at its core via an application of claim 2.

To this end, we recall that before orientifolding, the limit
U — ico is a (semistable) Tyurin degeneration3 of the
threefold V: V splits into the union of two threefolds V| U
V, which intersect over a K3 surface, called the double
surface of the degeneration. From [49] it is known that the
world sheet theory of the EFT string realizing the limit
U — ioo at its core is that of a critical heterotic string. The
zero modes on this string arise from the reduction of the
type IIB supergravity fields along the double surface as
well as geometric modes corresponding to the position of

3 After base change, the T2 develops a singularity of Kodaira
type I,, which is resolved into the union of two rational curves
intersecting at two points p;,. The double surface of the
semistable degeneration consists of two copies of the K3,
VinV,=(K3x{p})u (K3x{p,}). As discussed in [49],
considering both components in the zero mode counting on the
EFT string results in a double counting. In the following we focus
on one K3-component of the double surface.

the double surface inside V; U V, and the location of the
string in the 4D spacetime. The scalars on the string world
sheet are given by

(|Zo ,bo,i’o»bhbz’b3,q)’afg(lo))-

(2.14)

Here z, is the complex scalar parametrising the normal
directions of the EFT string in the 4D spacetime and @ is
the real position of the string along the degenerate T2. The
modes b, and b, are obtained via reductions of B, and C,,
respectively. Instead, b; and b, arise from C, reduced over
a (2, 2)-sublattice of the transcendental lattice A,,s(K3)
and b3 from C, reduced over a (1, 1)-sublattice of the
polarization lattice Ao (K3). These eight real scalars make
up the bosonic part of a hypermultiplet in the N' = (0, 8)
world sheet theory of the (} BPS) EFT string.*

Performing the orientifold projection g projects out
some of the type IIB supergravity fields and hence also
some of the zero modes that localize on the EFT string
world sheet. To make this more concrete, we start with the
world sheet part of the orientifold action which acts on the
type IIB fields as

=,
Cy) > —C,,

Bz = —Bz,
C4 (e C4.

gr>9

Q (=1)Fr:
p(=1) Co — Cy,

(2.15)

As B, and C, are projected out from the 10d spectrum, so
are the associated zero modes b, and b, on the string world
sheet. This already shows that the conformal anomaly of
the string is below criticality.

The remaining six scalars must assemble into 2D N =
(0,4) (twisted) hypermultiplets,’” meaning that two more
scalars must be projected out. To determine which, we
consider the geometric action of the orientifold projection:
Holomorphicity of p implies that A, (K3) is invariant such
that b5 is not projected out. On the other hand, since the
orientifold involution p is antisymplectic, Ay, (K3) is anti-
invariant, i.e., the zero modes b, are projected out.’
Therefore, the remaining scalars (|zy|, b3, @, arg(z,)) form
the bosonic part of an N' = (0,4) (twisted) hypermultiplet
on the EFT string realizing the orientifolded limit.

“In contrast to the A" = (0, 4) world sheet theory inspected in
[49], there are no interactions between the fields in the hyper-
multiplet due to the enhanced supersymmetry.

The universal zero modes listed in (2.14) are nonchiral scalars
in 2D. The only 2D N = (0, 4) multiplets containing full scalars
are (twisted) hypermultiplets containing four scalars each, see,
e.g., [87].

Assume that @ € Ay, (K3) is invariant under p. However,
since p is antisymplectic, @ needs to be a (1,1)-form, i.e., an
element in the Picard lattice of K3. This is a contradiction to
@ € Ajrans (K3) unless w = 0.
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We conclude that the candidate EFT string correspond-
ing to the limit U — ico in the classical type IIB Qg-
orientifold complex structure moduli space is subcritical.
By the arguments underlying claim 2, this means that the
O-type B limit is Kihler-obstructed. This means that, if we
insist on keeping the Kihler moduli at constant values,
the effective action must be significantly corrected in the
U — ico limit. This expectation is confirmed in the
following. Let us first notice that the limit lifts trivially
to the F-theory moduli space in the sense that there are no
pure g, corrections becoming unsuppressed in the limit.
This is seen most easily by noticing that with respect to the
limit U — ioo the orientifold projection Qp is of O-type B,
as introduced in [4]. Instead, there are D3-brane instantons
correcting the Kihler potential of the N =2 vector
multiplet moduli space.

As discussed above, our model is related through four
T-dualities along the generic elliptic fiber £ as well as the
T?-factor of V to the Q,-orientifold analyzed in [4]. The
D(—1)-instantons becoming unsuppressed in the O-type A
limit map to D3-branes wrapping & x T2, whereas the D3-
brane instantons wrapping the K3 in the O-type A orienti-
fold map to D3-branes wrapping the T2-factor of V as well
as the base P} of the K3.” Since the complex structure of
the T2 changes in a modular covariant way under the four
T-dualities, the analysis in [4] implies a correction due to
D3-brane instantons on the divisor Dg = £ x T? of V with
a large Im (U)-expansion given by

Vp, =V =Im U + ...

&

(2.16)

This is of the general form (2.3) with a = —1 and a = 1.
In fact, the same holds for D3-brane instantons on the
divisor D, = P} x T? as follows from the discussion in
Appendix A of [4]. By claim 1, the limit is thus Kdhler-
obstructed in the sense of definition 2. This simple example
shows in particular that the criterion for Kihler obstructions
following from claim 2 based on the properties of the EFT
strings goes hand-in-hand with claim 1: If the EFT string
associated with an infinite distance behavior does not have
the properties as required by the emergent string conjecture,
there are corrections of the form (2.3) to the classical
divisor volumes that render the classical effective action
invalid.

Let us stress that this example does not correspond to a
setup with 4D A =1 supersymmetry but in fact has
enhanced 4D N = 2 supersymmetry even after orientifold-
ing. Still, we observe Kihler obstruction to the U — ico
limit. This reflects that the fundamental origin for such
obstructions is not minimal supersymmetry in 4D, but the
orientifold action; the latter breaks the classical

"Notice that two T-dualities along the fiber £ of K3 relate the
setup considered here to the type I compactification considered
in [32,88,89].

factorization of the moduli space as in (2.13), which only
holds in the 4D N = 4 parent theory. This example thus
illustrates the importance of taking into account supersym-
metry breaking effects when studying the effective action
of string theory compactifications.

III. F-THEORY COMPLEX STRUCTURE LIMITS
AND EFT STRINGS

To see how the findings of the previous section general-
ize beyond this simple example, we now turn to infinite
distance limits in the F-theory complex structure moduli
space and study whether additional quantum effects—(non)
perturbative in both ' and g,—render the original infinite
distance limits Kihler-obstructed in the sense of defini-
tion 2. As preparation we first review in Sec. Il A the
structure of the 4D N = 1 effective action obtained from F-
theory compactifications and introduce the classical infinite
distance limits in the complex structure moduli space of a
Calabi-Yau fourfold. The geometric classification of these
limits parallels the discussion of semistable degenerations
of Calabi-Yau threefolds, see [4,50]. Since for F-theory
compactifications the elliptic fibration of the Calabi-Yau
fourfold is crucial, we will distinguish two different types
of degenerations for elliptically fibered Calabi-Yau four-
folds which we dub I,-fype and regular-fiber degenera-
tions, respectively. Their fate in the quantum-corrected
F-theory moduli space is discussed separately in Secs. IV
and V. The analysis will be based on the two comple-
mentary lines of arguments as outlined in the two claims 1
and 2 to determine a Kéhler obstruction.

The world sheet theory on the candidate EFT strings
realizing classical infinite distance limits in the complex
structure moduli space is essential for claim 2. For candidate
EFT strings arising in general asymptotic limits in the
complex structure moduli space of Calabi-Yau n-folds,
the world sheet theory has previously not been discussed
in the literature. A first step in this direction was achieved
in [49], where the world sheet theory was derived for EFT
strings arising in the vector multiplet moduli space of type
IIB compactified on Calabi-Yau threefolds in type II limits.
Applying a similar logic to complex structure degenerations
of Calabi-Yau fourfolds, we derive the world sheet theories
of F-theory candidate EFT strings in Sec. IIIB. For
completeness, we also derive the world sheet theory on
EFT strings inducing infinite distance limits of types III and
IV in the vector multiplet moduli space of type I1IB Calabi-
Yau threefold compactifications. Since this discussion is not
essential to the analysis of F-theory complex structure limits,
we have relegated it to Appendix A.

A. Complex structure degenerations
of Calabi-Yau fourfolds

The 4D N =1 low-energy effective action obtained
from F-theory has been derived in [90]. Here and in the
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following, we will denote by W the underlying elliptically
fibered Calabi-Yau fourfold, with z:£ & W — B; the
projection to the base threefold ;. The classically massless
scalar fields in the effective action are associated with the
complex structure deformations z, i = 1, ..., k1 (W), of
W and the Kéhler moduli of B; and form part of 4D N = 1
chiral multiplets.8 The Kéhler moduli

1

7;:-/‘a;+ug) (3.1)
2Dn 3

of B; classically correspond to the complexified Einstein-
frame volumes of the generators D, a = 1, ..., h"!(B3), of
the cone of effective divisors of B;. Here, Jp, is the Kéhler
form on 55 in the 10D Einstein-frame.

The factorization (2.2) of the classical chiral multiplet
moduli space is reflected in the classical F-theory Kihler
potential given by

Kr= Kc.s.(z> + KK(T)

:—log[/ QAQy —2logU J-;;]. (3.2)
w B

Here, Q, is the unique (4, 0)-form on W and the second
term should be viewed as a function of Im 7', defined in
(3.1). The complex structure parameters z' parametrize the
split of the middle cohomology of W as

H} (W.C) = H*(W.C) @ H>'(W.C) & H,,

hor

@ H'3(W,C) @ H**(W,C),

(W.C)
(3.3)

where horizontal refers to the part of the middle cohomol-
ogy that is generated by complex structure variations of W.
The classical metric on M, (W) C ME(W) is then
derived as

Gij = az,-az,-KF = —az,-az,- (log |:/W QA 94] ) , (3,4)

where we used that K¢ (7) is classically independent of the
complex structure moduli z'.

As stressed several times by now, @ and mixed g,, o
effects can become unsuppressed in the vicinity of singular
divisors in the complex structure moduli space of the
F-theory fourfold and spoil the factorization (2.2). In this
way, infinite distance limits in the fourfold complex
structure moduli space can be further corrected in the full
F-theory field space. This in particular applies to type 1IB
O-type B orientifolds, which, as explained in [4], survive
the (classical) F-theory lift.

$For simplicity, we ignore the axionic fields associated with
H>Y(W).

For now we stick to this classical factorization and
focus on infinite distance limits in the complex structure
sector of W. We are interested in asymptotic regimes in
M., (W) which correspond to normal-crossing singular-
ities Ay, C M (W). In local complex coordinates uy
on M, (W) these are given by

Akl...k,, = {Mkl =...= l/tk” = 0} (35)
In the vicinity of A, , , we can then define the covering
coordinates

1
ki — ki 4 ioki
M =ak +1isf = —1log u, , 3.6
i g Uy, (3.6)
in which the singularity corresponds to z¥1, ..., 7% — ico.

To describe the effective action derived from the Kihler
potential K (z) in the vicinity of a singularity A;,  , we
use the limiting mixed Hodge structure associated to
H} (W,C), see [20,22]. In short, in the vicinity of

Ay, ., we have the splitting

D 1714y, )

0<p.g<4

H4

hor(W’ C) = (37)

For the classification of infinite distance limits, the
dimensions

74 = dim (Ip’q(Akl_..kn)) (3.8)
are the key input. For Calabi-Yau fourfolds, the i”9 are
severely constrained. In particular, only one of the i*4 for
q€0,...,4} is nonzero. The primary classification of
complex structure degenerations is determined by the value
of ¢ for which i#7 # 0. In this way, we distinguish between
type I (¢ = 0), type II (¢ = 1), type Il (¢ = 2), type IV
(g = 3), and type V (¢ = 4) degenerations for Calabi-Yau
fourfolds.” From the limiting mixed Hodge structure
associated to the limit one can infer the asymptotic growth
of the Kéhler potential via the growth theorem [91,92]. To
this end, consider a growth sector approaching the singu-
larity Ay, i, defined as

N

ky ki
. . Lo A
Rk|-..kn:{zl:al+1sl STZ"."sTn’Skn>y}’ y>1

(3.9)

In this growth sector, the Kihler potential of M, (W)
scales as

°In addition to i*4 there are two further independent nonzero
i1 which determine the secondary singularity type. These will
not play a major role in our analysis and we refer to [20] for the
definition of the secondary singularity type for Calabi-Yau
fourfolds.
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x _ n ski \ ik
e s = [}[194 A 94 ~ H (Ski+1> ’ (310)
i=1

where s*+1 = 1and d, ; €{1,...,4} encodes the type of
the codim¢e = i singularity Ay i D Ay, 4, Withdy, . =
1, 2, 3, 4 corresponding to a type II/III/IV/V singularity,
respectively.

For our analysis of the fate of asymptotic limits in
M (W), this algebraic treatment of the singularities
AC M. (W) in terms of the limiting mixed Hodge
structure is not sufficient. Instead, we also require geo-
metric input about the geometry of W as we approach the
singularities. For the purposes of this paper, it is enough to
focus on codime = 1 singularities in M, (W). We can
hence focus on a single local coordinate u such that u = 0
corresponds to the singularity under consideration. As in
the threefold case, we consider a family of Calabi-Yau
fourfolds

W, o W
! (3.11)
D

varying over the unit disk D = {u € C||u| < 1}. All fibers
W o are assumed to be smooth, whereas the central fiber
W, is degenerate. In the remainder of this work, we make
the assumption that the central fiber W, has been brought
into a semistable form (as guaranteed by Mumford’s
semistable reduction theorem) such that it decomposes
into a union of N smooth components

Wo= U W, (3.12)

1

I'C=

1

intersecting transversally. We can define

W ZW,-U(\“-ﬂWik, (313)

i iy
and

0<k<4. (3.14)

The various types of limits now differ in the highest k£ such
that W&+ £ & If the type of an infinite distance
singularity A C M, (W) is characterized by the integer
d as defined below (3.10), we have WD £ @ and
W) = & for k > d. As for threefolds, the manifolds
W, i, contributing to W(“*!) are then Calabi-Yau (4 — d)-
folds (here a point counts as Calabi-Yau 0-fold). Moreover,
the dimension of the dual graph IT1(W)) of the degeneration
is again given by d, see [4,50] for a more detailed
discussion of the dual graph in the analog threefold case.

We can make an important refinement of the classifica-
tion of degenerations of elliptically fibered Calabi-Yau
fourfolds that is relevant for F-theory compactifications.
Given the special role of the elliptic fiber £ in the F-theory
context, we can distinguish between

(1) regular-fiber limits, in which each double threefold

Wi, is itself elliptically fibered with generic fiber &,
(i1) and I,-type limits, in which the generic fiber over at
least one component of the base develops a nonsplit
singularity of Kodaira type I,,."°
For regular-fiber limits it follows that also all higher
codimension loci W*tD | k < d, are elliptically fibered
with generic fiber £. Notice further that an [,,-type limit in
which the base does not degenerate and the generic fiber is
of nonsplit Kodaira type I, corresponds to the standard
Sen-limit [72,73]. By contrast, type V limits are always of
I,-type.

Finally, semistable degenerations have been analyzed in
detail in [57,58] for F-theory Weierstrass models of elliptic
K3 surfaces and in [61,62] for elliptic threefolds.

B. World sheet spectrum of EFT strings

In Sec. Il A, the relation between asymptotic limits in the
complex structure moduli space of a Calabi-Yau fourfold W
and EFT strings was reviewed. In particular, we argued that
with the help of the emergent string conjecture it is possible
to detect pathologies in classical infinite distance limits in
M (W) by looking at the world sheet theory of the
candidate EFT string. In this section, we provide details on
how to infer this world sheet theory from the geometry of
the normal crossing variety W, arising at an infinite
distance singularity in Mg (W).

Since we are interested in codimc = 1 singularities in
M. (W), we focus on elementary string charges for which
only one charge e% # 0 such that at the string core we
realize the limit z% — ico. The world sheet spectrum on the
candidate EFT string can be determined via F-/M-theory
duality. To see how this works, consider M-theory com-
pactified on W. The analog of the EFT string in F-theory is
now a particle in the resulting 3d A/ = 2 theory which we
dub an EFT particle. In the remainder of this section
we drop the qualifier “candidate” for the classical string/
particle solutions realizing infinite distance limit in
M (W). The backreaction of the EFT particle can be
obtained from the solution (2.5) upon circle compactifica-
tion of the x-coordinate. In other words, the 3d EFT particle
can be obtained from the 4D EFT string by wrapping the
string around the circle. The world sheet theory on the EFT
string compactified on the circle gives rise to a one-
dimensional quantum mechanics. The solution of the 3D
N = 2 effective theory is locally of the form W x R with

"°In a Weierstrass model the only singular fibers in codimension-
zero which are of normal crossing type (and hence consistent with
semistability of the degeneration) are Kodaira-type I,,.
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W the total space of the family in (3.11). As before, we
interpret the disk D as the plane transverse to the worldline
of the EFT particle in 3D. Under the assumption that WV is
itself a Calabi-Yau fivefold, the quantum mechanical theory
localized at {u =0} C W is in fact an N =2 super-
quantum mechanics (SQM).11 In the following, we show
how the modes of the 1D SQM can be obtained by studying
the modes of M-theory compactified on WV localized to
u = 0 €D. The spectrum of the EFT string in F-theory is
then obtained by performing the F-theory uplift for these
localized quantum mechanics modes.

The counting of degrees of freedom of the SQM is very
similar to the counting of degrees of freedom on the EFT
string in type IIB complex structure degenerations that was
pioneered in [49] and for which we work out the gener-
alization in Appendix A. The modes of the SQM can be
split into geometric degrees of freedom and the degrees of
freedom arising from the reduction of the M-theory p-
forms along localized (p — 2)-forms.

Universal geometric mode. Irrespective of the type of the
degeneration, there is a universal geometric zero mode of the
SQM associated with the position of the EFT particle in the
spatial part of the 3D spacetime. We denote this mode by
zy = |zg|e! 2% It provides two real scalars for the SQM, a
noncompact scalar |zy| and a compact scalar arg(z).

Internal geometric modes. In addition, there are modes
associated with the location of the double threefolds V;; =
W; n W; inside the normal crossing variety W The number
of geometric modes is determined by the type of degener-
ation as it corresponds to the dimension of its dual graph
I1(W,), which is given by the integer d characterising the
primary singularity type. Accordingly, there are d real
scalars arising from the internal geometric modes of the
degeneration which we denote by ®,, i =1, ...,d.

Modes from p-forms. There are also localized modes
arising from a suitable reduction of the M-theory three-
form C; and six-form Cg. To extract these, one performs the
following reduction along the components W; of W:

C6:b“a)a/\du/\dﬁ, a)aEH4(Vij)®H4(Sijk)v

Cy=c"yoAdundi, y,eH'(V;))®H"(S;)®H (Cijn).
(3.15)

Here, V;; denote the double threefolds V;; = W; n W, S; i
the triple surfaces and C;j;; the quadruple curves of the
normal crossing variety W, Since the quadruple curves
are contained in all triple surfaces, and each triple surface

"Similar to the case of Calabi-Yau threefold degenerations
discussed in [49,50], W being a Calabi-Yau fivefold is not
necessarily compatible with the central fiber having only simple
normal crossing singularities. As in the cited references we expect
that also here additional singularities in the central fiber do not
alter the mode counting on the EFT strings.

is contained in multiple double threefolds, the expansions
as written in (3.15) in fact lead to an overcounting of
modes. To take care of this and to identify the independent
modes of the quantum mechanics theory, one has to take
into account the linear relations in (co)homology reflect-
ing the above inclusions. As this depends on the details of
the degeneration, we will not discuss this here in general-
ity. In Appendix A, the analogous counting problem is
analyzed in some more detail for Calabi-Yau threefold
degenerations.

Having established the counting of modes of the quantum
mechanics theory associated with the degeneration of W in
M-theory, we can now discuss their uplift to F-theory. From
the F-theory perspective, the M-theory dual arises by com-
pactifying the 4D effective theory on an additional circle. In
F-theory, the fivefold YV describes the total space of a
BPS string solution. If W is Calabi-Yau, the string world
sheet theory preserves 2D N = (0, 2) supersymmetry. The
M-theoretic quantum mechanics is then obtained by wrap-
ping this string on the additional circle. Since the elliptic fiber
& plays a central role for the uplift to F-theory, the world sheet
theory of the F-theory EFT string differs depending on
whether the limit in M, (W) is a regular-fiber limit or an
I,,-type limit as defined at the end of the previous section. We
now discuss these two cases in turn.

1. Regular-fiber limits

If all double threefolds W, ; of W, are themselves
elliptically fibered with generic fiber &, the degeneration of
W can be viewed as a degeneration of its base, B3 — Bs .
The situation is depicted in Fig. 1(a). The zero modes of the
M-theory SQM lift to F-theory as follows:

(1) Universal geometric mode: The two real modes of
the M-theory SQM associated with z, lift to two real
scalars of the F-theory string world sheet.

(2) Internal geometric modes: Since the degeneration of
W is induced by a degeneration of 33, the real modes
®; describing the internal geometric deformations of
the intersections are the coordinates of the degen-
eration within B; . These modes therefore survive
the F-theory lift and give rise to real scalars on the
world sheet of the string in 4D.

(3) Modes from p-forms: We are left with the modes ¢*
and b“ arising from localized p-forms in the ex-
pansion of C; and Cg4 in (3.15).

(a) The modes c¢* obtained from the reduction of C;
lift to real scalar fields on the F-theory string
world sheet if the y, are one-forms on the elliptic
fiber £. This is possible if either V;; or S, are
trivially fibered by & or C;jy; itself is &. In this
case, the c“ lift to the real scalar modes obtained
from Cg and Bg in the type IIB language.

(b) For the modes »“ obtained from the reduction of
Ce we have to distinguish whether a 4-form w,
appearing in the expansion (3.15) is vertical or
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(a) Regular-fiber limit

FIG. 1.
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(b) L,-type limit

The two classes of semistable degeneration limits W — W, for the elliptically fibered Calabi- Yau fourfold W. In (a) the double

threefold is itself elliptically fibered with generic smooth fiber £ corresponding to a regular-fiber limit, whereas in (b) the generic fiber
over one base component degenerates to &, corresponding to an I,-type limit.

not with respect to the elliptic fibration
7€ S WD & (WD) If @, is not verti-
cal, the associated mode b does not lift to a scalar
mode on the F-theory string world sheet. Corre-
spondingly, the entire multiplet associated with
b* in the M-theory SQM does not lift to a
multiplet of 2D N = (0,2) theory on the string
in F—theory.12 The remaining h-modes associated
with vertical 4-forms lift to modes on the F-theory
string world sheet. The modes obtained from
H*(V;) have definite chirality in the 2D world
sheet theory of the string in F-theory. To see this,
we notice that in the type IIB language, the
vertical modes of Cg become the modes of the
self-dual C,-form of type IIB. Since the F-theory
lift effectively projects the z-vertical forms in
H*(V;;) to two-forms on the base 3, ;; of V;, the
chirality of the »-modes can be read off from the
intersection form on H?*(B, ;). Instead, the 7-
vertical forms in H*(S, k) give rise to real scalar
fields upon reducing Cq over them.
Together with their fermionic partners, the above bosonic
modes fill out complete supermultiplets of the 2D
N = (0,2) supersymmetry on the world sheet. In the case
of regular-fiber limits we obtain chiral and Fermi multiplets
in this way.

"This can be compared to the lift of C¢ axions in the 3D
N =2 effective action of M-theory on an elliptically fibered
Calabi-Yau fourfold W. The axion in the 3D effective action
obtained by reducing Cg over the section of W is the axionic
partner of the volume modulus of the elliptic fiber and hence does
not lift to a modulus in the 4D N = 1 effective action obtained
from F-theory on W.

As a simple illustration, we now apply this general
procedure to a trivial fibration £ x V where the Calabi-Yau
threefold V undergoes an infinite distance degeneration and
show how the above counting of modes in F-theory
reproduces the type IIB counting.

Example: Type II limit in trivial fibration. Consider
M-theory compactified on £ x V, where £ is an elliptic
curve and V is a Calabi-Yau threefold viewed as the base of
the trivial elliptic fibration. Suppose there exists a limit in
M. (V) in which V undergoes a Tyurin degeneration, i.e.,
a semistable degeneration V, < ) — D for which the
central fiber V| splits as

VZ - V() = Vl UZ V2 (316)

with V|, Fano threefolds and Z = V| n V, a K3 surface.
In this case all triple surfaces and quadruple curves vanish.
From [49] it is known that the EFT string corresponding
to this infinite distance limit is a critical heterotic string.
To see this from the F-theory perspective, we follow
the general discussion above and write @, = wg A @&,
for the vertical 4-forms w, € H*(E x Z) appearing in
(3.15). Here wg is the 2-form on the elliptic fiber £ and
@, a basis of 2-forms on the K3 surface Z. Accordingly,
reducing Cg¢ over this basis yields zero-modes in the 1D
SQM that lift to 3 right-moving and 19 left-moving scalars
on the 2D F-theory world sheet. Since H'(Z) = 0, there are
only two 1D scalars coming from the reduction of C3 which
correspond to the two 1-forms y, € H'(€), a = 1, 2, on the
elliptic fiber £. Both of these scalars lift to real scalars on
the F-theory world sheet as argued above. From the
perspective of type IIB string theory on V, these correspond
to the two scalars obtained from the reduction of the
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type IIB 6-forms (Bg, Cg) along the unique element of
H*(Z) [49]. Together with the scalars z, and ®, describing,
respectively, the normal modes of the string in the 4D
spacetime and the location of the degeneration inside V, we
have thus confirmed the counting of [49] from the F-theory
perspective.

2. 1,-type limits

If instead we consider an [,,-type limit, the F-theory lift is
more subtle, since now & itself degenerates over some base
component(s) as illustrated in Fig. 1(b). As we now explain,
EFT strings in fact provide a physical interpretation for the
symmetry algebra associated with the codimension-zero
degenerate fibers since this will play an important role for
our arguments in Sec. IV.

Note first that while the lift of z, and the modes arising
from Cq and Cs is as in the previous case, a difference
occurs for the lift of the modes ®;. These do not all lift to
real scalar fields on the F-theory string world sheet. One or
several combinations of the coordinates ®; parametrize the
deformations of the M-theory EFT particle inside the
elliptic fiber £ normal to the degeneration. Without loss of
generality, we label these coordinates as ®; so that the
remaining ®;,; parametrize the location of the degener-
ation in the base B3y of Wy. In the F-theory lift, the
volume of all fibral components goes to zero. As a
result, the coordinates ®; do not lift to real scalars on
the F-theory string. Instead, in the M-theoretic SQM the
coordinates ®; correspond to the Coulomb branch param-
eters of vector multiplets. The scalars @, thus become part
of nondynamical vectors on the F-theory string. By
supersymmetry, these vectors reside in vector multiplets
of the 2D N = (0, 2) theory on the F-theory string which
contain as dynamical degrees of freedom a left-moving
Weyl fermion. Furthermore, there are additional massless
modes on the F-theory string world sheet that are
generically massive in the M-theory SQM. These are
charged under the gauge theory corresponding to the
vector multiplets. Their origin in M-theory is from M2-

branes wrapping additional fibral curves C{;C that are
localized on the degenerate fiber W, of )V, including
the extra fibral curves in codimension-zero over Bj.

Since all fibral curves shrink in the F-theory limit, the

M2-branes wrapping C{;C give rise to massless, charged

modes on the F-theory string that provide the W-bosons of
the non-Abelian gauge theory associated with the degen-
eration of the elliptic fiber in codimension-zero. As an
illustration, we now apply the above general discussion of
the mode counting to the standard Sen-limit.

Example: Standard Sen-limit. In the standard Sen-limit of
an elliptically fibered Calabi-Yau fourfold £ & W — Bjs,
the elliptic fiber £ degenerates in codimension-zero on 35 in
anonsplit I, singularity. After resolving the singularity [73],
the generic fiber factorizes into the union of two rational

curves, £ — Cy + Cyp. Let C; be the proper transform of the
elliptic fiber after resolution and Cy; the exceptional curve.
The curves Cy and Cy; intersect over two points. The two
intersection points are exchanged by a monodromy around
codimension-one loci in B3 and define a bisection that is a
double cover of the base B;. Due to the branching of the
fiber in codimension-one, this double cover of 55 is a
Calabi-Yau threefold [73]. The standard Sen-limit is hence
an example of a type II singularity for the fourfold for
which the two components W, and W, are given by the
fibration of the rational curves C; and Cy over Bs. Since
the intersection points of C; and Cy; are exchanged under
monodromy, the moduli space of Cy; is the bisection, i.e.,
the Calabi-Yau threefold. Wrapping M2-branes on Cj
therefore gives rise to vector multiplets that are localized
on the bisection and can be interpreted as the W-bosons of
a non-Abelian Sp(1) gauge group on the 2D string world
sheet. The Coulomb branch parameter for this gauge
group in M-theory is identified with the single internal
geometric scalar mode @, in the SQM of the EFT particle.
In the geometry, ®; can be identified with the blow-up
Kihler modulus resolving the I, singularity in codimen-
sion-zero. The existence of this Sp(1) gauge group on the
2D string world sheet is in accordance with the expect-
ation from the type IIB orientifold description of the Sen-
limit: Here the EFT string comes from a D7-brane
wrapping the Calabi-Yau threefold and indeed carries
gauge group Sp(1) [28].

In addition, the elliptic fiber £ degenerates in codi-
mension-one and higher on the base 35. From the type IIB
perspective, these are the loci of the D7-branes and
O7-planes. This degeneration in codimension-one is
already present away from the Sen-limit, which we take
to appear over a divisor u = 0 in the complex structure
moduli space. At u =0, the codimension-one degener-
ation worsens, reflecting an enhancement of the Kodaira
type due to the collision with the codimension-zero
degeneration. For example, let us assume that in the type
IIB orientifold, the tadpole is canceled locally by an
SO(8) stack of D7-branes on top of the O7-plane. For
u # 0, this leads to an Ijj singularity over a divisor D7 on
the base that corresponds to the lift of the O7-plane.
Resolving the associated I singularity in F-theory
yields four exceptional curves Cgo(s)’ i=1,...,4. Since
these additional fibral curves are not localized to u = 0,
M2-branes wrapping Ciso(s) do not give rise to localized

modes on the F-theory string world sheet, but are simply
the W-bosons of the spacetime SO(8) gauge group. At
u = 0 and over Dy, the Ij fibers collide with the I, fibers
which appear over generic points of the base at u = 0.
There are therefore additional modes coming from M2-
branes wrapping linear combinations of the resulting fibral
curves. Since these combinations involve curves that are
localized to u = 0, they yield localized multiplets on the
F-theory string world sheet that are charged under both the
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world sheet Sp(1) and spacetime SO(8) gauge groups.
Depending on the details of the geometry, these modes
yield either chiral or Fermi-multiplets on the string world
sheet. In fact, the net chiral index of these zero modes can
be computed as [93]

2

2(8) =3 (~)Hi(5.L ® V/Ky).

i=0

(3.17)

where S = D is the divisor in B3 wrapped by the D7-
branes and L is the vector bundle associated to world
volume flux. Charged chiral multiplets contribute posi-
tively to y(S), while charged Fermi multiplets give a
negative contribution."

Notice that since the Calabi-Yau threefold Vi, = W n
W, is a double-cover of the base B3, there are no vertical
four-forms that give rise to uncharged chiral fields arising
from Cg on the string world sheet. Similarly, H'(V,) = @
such that also C; does not contribute any uncharged modes
on the string.

IV. KAHLER OBSTRUCTIONS
FOR I,-TYPE LIMITS

We are now in a position to present our arguments why
infinite distance limits in M, (W) are Kihler-obstructed
in the sense of definition 2. The I,-type limits and the
regular-fiber limits will be treated separately, in this section
and Sec. V, respectively.

In Sec. IVA, we illustrate that the two complementary
lines of reasoning outlined at the beginning of Section III
both lead to the same conclusions. Specifically, we will
argue that the standard Sen-limit is Kéhler-obstructed,
first based on the properties of the world sheet theory on
the candidate EFT string and then by identifying the
relevant corrections to the effective action. We then
follow, in Sec. IV B, the approach based on the world
sheet theory on the candidate EFT strings in F-theory to
argue that also I,-type limits in M (W) are Kihler-
obstructed.

BFor § a spin manifold, the worldvolume flux can be chosen to
be trivial, L = Oy. By Hirzebruch’s signature theorem, the index
(3.17) is then given by

x(8) = —<0($). (3.18)

with 6(S) = b] — b5 the signature of the intersection pairing on
H?(S). Thus, for D7-branes wrapping a spin four-manifold §
with negative signature, we can conclude that there are charged
chiral multiplets, e.g., § =K3 has ¢(K3) = —16. Even for
surfaces with vanishing or positive signature, chiral multiplets
generically exist. Indeed, an example of vanishing signature is
given by T* for which h%(T*,V/K;4) = 1.

A. Standard Sen-limit

Consider an elliptically fibered Calabi-Yau fourfold W
for which we can take a standard Sen-limit in M (W) as
the limit z' — ico. In this case the Kihler potential K
takes the asymptotic form"*

K, = —log(Im z') —log P(z/) + ...,  (4.1)
where P(z/) is a degree-3 polynomial that can depend on
all complex structure moduli other than z'. In the follow-
ing, we drop the superscript and write z = z'. From a type

IIB orientifold perspective, we can identify the modulus z
with the axio-dilaton

i
7=Co+—.

N

(4.2)

The tension of the candidate EFT string realizing this limit,
see (2.6), has classical tension

— = (Im Z)_l =g, 0. (43)

The small g limit of type IIB string theory must correspond
to an emergent string limit with the role of the critical string
played by the fundamental type IIB string. After orienti-
folding, this string is non-BPS, but it should nonetheless be
the lightest string in the spectrum in the g; — O limit. To
compare the tension of the fundamental string with T,
we recall that the limit z — ico is taken at constant Einstein-
frame volume Vg(B3) of B; in order not to impose an
additional limit in the F-theory Kihler moduli space. The
tension of the fundamental type IIB string is given by
Tg N g§/2
M3 Ve(By)

(4.4)

such that, at constant Vg(Bs3), we realize the hierarchy
Tsen < Tgy. Thus, even though the g; — 0 limit is expected
to be an emergent string limit for the F1-string, the tension
of the candidate EFT string associated with the Sen-limit is
parametrically below this scale. For this to be possible, the
candidate EFT string would itself have to be a critical string
and thus feature at least four neutral chiral multiplets on its
world sheet to account for the 10-dimensional spacetime of
a critical string. However, as discussed in Sec. III B 2, this
is not the case: The candidate EFT string for the standard
Sen-limit only has a single neutral chiral multiplet whose
scalars correspond to the coordinates normal to the string in
4D. This excludes the candidate EFT string associated with

"“Here we assume that we take the standard Sen-limit without
superimposing it with an additional base degeneration. Other-
wise, as explained in [4], extra care has to be taken when
computing the Kéhler potential.
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the standard Sen-limit from being a critical string.]5 Thus,
according to claim 2, the classical limit z — ico has to be
Kihler-obstructed. As anticipated in claim 2, there are two
options for how this can be cured to lead to an infinite
distance limit in the quantum moduli space:

(1) An additional infinite distance limit in the Ké&hler
moduli space of Bj is taken. In this case, the EFT
string responsible for the combined limit in the
Kihler moduli space and z — ico would be a bound
state of the string described above and D3-branes
wrapping movable curves inside B;. The EFT
strings arising in F-theory from wrapped D3-branes
have been discussed in detail in [28,29]. For an EFT
string obtained in F-theory by wrapping a D3-brane
on a generator C“ of the cone of movable curves on
B3, the tension in Planck units is given by

TDS\Cu 1
M3  ImT,

.
m7T,=— | J,AJ,. (45
2g.v D, ( )

Here, D, is the generator of Eff!(B;) dual to C* and
J, the Kéhler form on B3 in string-frame. An
example of such a combined limit is to take g, —
0 without coscaling the string-frame Kihler form on
B;. The tension of the bound states of strings
realizing such a combined limit scales as

2

Tbound 2 M 11B

M2 ~Gs > 05 = M2
Pl Pl

(4.6)
Since this limit is the straightforward weak coupling
limit of type IIB string theory, the quantum gravity
cutoff is set by the fundamental type IIB string scale
M. As a result, in this combined limit we realize
the hierarchy Tgpp > Agg, more precisely the
relation (2.10); according to our general discussion,
the EFT string need therefore not be a higher-
dimensional supergravity or critical string. In any
event, the resulting limit in the quantum moduli
space does not satisfy condition 1 in the definition 2.

(2) A limit akin to z — ico at finite Vp, could exist, but
the geometry of the degeneration of W does not
correctly capture the world sheet degrees of freedom
on the EFT string. This is in principle a viable
option, but it would mean that the geometric
description of F-theory as a compactification on
the geometric background given by W would be
invalid. In other words, even if the limit were to exist

>The same conclusion can be reached directly from the type
IIB orientifold perspective. As already discussed in [28], the EFT
string realizing the g, — O limit corresponds to a D7-brane
wrapping the Calabi-Yau orientifold. Due to the absence of
one-cycles, the only scalars on the resulting string world sheet
arise from the scalar in the 8d vector multiplet corresponding to
the transverse coordinates of the string.

at finite Vp,, the supergravity approximation of the
4D N =1 effective theory would not be under
parametric control in o'. In this case, condition 2 in
definition 2 would not be satisfied.'®
Given the two possibilities above, we conclude that,
indeed, the standard Sen-limit is Kéhler-obstructed in the
sense of definition 2.

To understand the origin of the Kéhler obstruction, we
can consider the perturbative type IIB description of the
standard Sen-limit. For type IIB orientifolds, the classical
Einstein-frame divisor volumes are related to the string-
frame divisor volumes via

1
V<EO> (Da) - _VOI(Da)M‘sl’

9s

(4.7)

where D,, is a divisor D, € H4(B3) and M is the type IIB
string scale. To keep the Einstein-frame divisor volumes
constant in the g, — 0 limit, the string-frame divisor
volumes have to be coscaled to zero as well,

vol(D,)M$ ~ g, — 0. (4.8)
Thus, even though all nonperturbative g, effects are sup-
pressed in the standard Sen-limit at fixed Einstein-frame
volumes, non-BPS world sheet instanton corrections
become unsuppressed since the limit corresponds to the
small string-frame volume limit for ;.

The o corrections in particular also correct the classical
expression for the Einstein-frame divisor volumes. To infer
the scaling of these corrections, we use that, from the
perturbative type IIB perspective, the candidate EFT string
realizing the standard Sen-limit corresponds to a D7-brane
wrapping the Calabi-Yau threefold V that arises as the
double cover of B; in the Sen-limit, see also [28,45]. Due
to the Chern—Simons coupling on the world volume of a
D7-brane, the string obtained from the D7-brane wrapping
V has induced D3-brane string charge. Concretely, the
charge corresponding to a D3-brane wrapping a generator
C* of the Mori cone of V is given by

Op3jee = =54 | (V) A D,. (4.9)

where D, is the generator of the Kihler cone dual to C°.
Since on a Calabi-Yau threefold V the integral of c,(V)
over elements in the Kéhler cone is positive, the induced
D3-brane charge on the D7-brane is negative, unless

“The resulting limit can be viewed in analogy to the F-theory
lift of the O-type A limits discussed in [4]. There we also saw that
there may exist an infinite distance limit once g, corrections are
taken into account, but the perturbative description in terms of a
type IIB orientifold breaks down. In particular, the geometry in
the F-theory lift is very different from what one would have
expected classically.
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V = T and the second Chern class vanishes identically. In
case V is an actual Calabi-Yau threefold, it is then clear that
the candidate EFT string given by the D7-brane wrapping V
is not an EFT string, but we have to add D3-brane charge
to obtain an actual EFT string.17 Moreover, the negative
D3-brane string charge on the candidate EFT string signals
that the corrected Einstein-frame divisor volumes go to zero
in the vicinity of this string. From the F-theory perspective,
this means that there is a correction to the Einstein-frame
divisor volumes of the form

Ve(D,) = VO(D,) <214/VCZ(V) /\Da> Imz+...

(4.10)

The classical term is given by (4.7), which is kept constant
for the EFT string realizing the standard Sen-limit. The
corrections to the divisor volumes are hence of the form
(2.3) with « =1 and a given by the induced D3-brane
charge. Using the type IIB perspective, we hence confirm
that the standard Sen-limit is Kdhler-obstructed. In fact, this
obstruction to the weak coupling limit is not a genuine
N =1 effect as it can already be observed in the hyper-
multiplet moduli space of type IIB compactifications on
Calabi-Yau threefolds. As discussed in [54], limits of the
same type as considered here are indeed not realized in the
quantum moduli space.

Notice that the standard Sen-limit is special since we can
describe it reliably using the perturbative type 1IB descrip-
tion. As stressed in [4], this is not the necessarily the case
for limits involving also complex structure degenerations of
the orientifold background V /Q. In these cases we have to
use the F-theory description.

B. General I,-type limits

Apart from the standard Sen-limit, we can also consider
general I, -type limits in which the generic fiber develops a
singularity of Kodaira type I, over some component(s) of
the base. We now argue that also these limits are K&hler-
obstructed. To see this, recall from Sec. II A that the EFT
strings associated with bona fide infinite distance limits in
M (W) correspond either to critical strings or to super-
gravity strings in a higher-dimensional theory to which the
theory decompactifies. However, as we argue in the
following, this is not possible for EFT strings realizing
I,,-type limits such that by claim 2 these limits are K&hler-
obstructed.

Let us assume first that the candidate EFT string corre-
sponds to a supergravity string in a higher-dimensional
theory. Since Minkowski vacua preserving four supercharges

""This is analogous to the adjustment of the lattice of EFT string
charges for Kidhler moduli limits in heterotic compactifications as
studied in [45], taking into account curvature corrections.

only exist in four dimensions, the higher-dimensional theory
must locally preserve at least eight supercharges..]8 This
imposes additional constraints on the world sheet theory
of the string. In particular, the massless spectrum on the
string must fill out multiplets of (at least) 2D N = (2,2) or
N = (0,4) supersymmetry. To show that the world sheet
theory on the candidate EFT string cannot correspond to a
supergravity string, we focus on the massless vector multip-
lets on the string world sheet. As discussed in Sec. III B 2, the
candidate EFT string associated with an I,-type limit
contains N = (0,2) vector multiplets associated with
a gauge group G on the world sheet."”

Consider a supergravity string in d > 4 dimensions.
Such strings are, by definition, gravitationally coupled, and
can form bound states of sufficiently high charge under the
2-forms to become black strings. In the sequel we will
constrain the world sheet theory of the black string and, as a
result, also the constituent candidate EFT string. In par-
ticular, we will argue that the black string should not carry a
gauge group G on its world sheet, which then implies that
also the original candidate EFT string cannot carry a gauge
group G. This rules out the candidate EFT strings in I,,-type
limits.

Coming back to a black string in d > 4 dimensions, its
near horizon geometry is AdS; x §%=3. This means that the
world sheet theory on the black string flows to an
interacting 2D CFT in the IR that is dual to the AdS;
factor. The entropy of the black string is then related to the
central charge of this CFT via the Cardy formula [94]. The
UV theory on the string world sheet can contain chiral
multiplets, Fermi multiplets and vector multiplets associ-
ated with a world sheet gauge group G. The overall world
sheet spectrum is constrained by bulk anomaly inflow onto
the string, see, e.g., [85,86], which in particular fixes the
difference c¢; — cp of the central charges. In the IR, the
interacting CFT that reproduces the black string entropy is
a sigma model whose target space is given by the Higgs
branch

Myiges = (chiral matter fields)/G. (4.11)
In addition, the IR CFT is characterized by a vector bundle
E over My;ge associated with the Fermi multiplets. The

18Globally, there can be supersymmetry breaking defects. The
%BPS EFT string preserves half of the local supercharges.

"The precise gauge group G depends on the details of the
geometry. To determine G, one has to identify the independent
exceptional curve classes arising from the resolution of fibral I,,-
singularities over the components of 5;,. M2-branes wrapping
these independent rational curves yield the W-bosons of the world
sheet gauge group G in the F-theory limit, exactly as exemplified
in the standard Sen-limit in Sec. III B 2. Smooth fibers or fibers of
type I; and II do not influence the world sheet gauge group. It is
then clear that in I,-type limits a nontrivial gauge group G must
exist on the string world sheet. The following argument is
independent of which group G is realized.
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central charges of the IR CFT are then given by

. 3.
L= dlmR(MHiggs) +1k(E), cgp= EdlmR(MHiggs)v

(4.12)

where by anomaly matching the difference ¢; — cy has to
match the value derived in the UV via anomaly inflow.
Since the fluctuations in 2D quantum field theories (QFTs)
are unbounded and hence cannot be localized around a
given point in the scalar field space [95], we have to take
into account the full Higgs branch to determine the IR
conformal field theory (CFT). This has two important
consequences:

(1) Additional massless modes arising at the origin of
the Higgs branch do not contribute to the central
charge. In particular, this means that vector multip-
lets are merely constraints from the IR CFT per-
spective.

(2) For a given chiral multiplet on the string, we have to
consider all possible values for its scalar fields such
that in particular we can consider points in M ;e at
which the gauge group on the string is maximally
Higgsed.

We argued in Sec. III B 2 that the EFT string realizing an
I,,-type limit can carry zero-modes charged under a gauge
group G on the string world sheet. Given our assumption
that the candidate EFT string is a supergravity string, to
compute the central charge of the IR CFT realized on the
world sheet of the black string obtained as a bound state of
this candidate EFT string, we have to consider the full
Higgs branch. If there are chiral multiplets charged only
under G, giving them a VEV (partially) Higgses the gauge
algebra on the string. The resulting degeneration then
carries a smaller gauge algebra. Either this gives rise to
a regular-fiber limit or to an I,-type limit with reduced
gauge algebra and without chiral matter charged only under
this gauge algebra. We can therefore assume from now on
that no chiral matter charged only under the world sheet
gauge group of the candidate EFT string is present.
Furthermore, if there is chiral matter charged also under
the spacetime gauge group, giving a VEV to the scalars in
the charged chiral multiplets on the string also Higgses part
of the spacetime gauge symmetry. This can be interpreted
as a recombination of the string with the spacetime-filling
7-branes supporting the spacetime gauge theory. In other
words, the string in the original background does not exist
altogether. Thus, our assumption that the candidate EFT
string is a supergravity string of a higher-dimensional
theory is wrong.

The above argument assumes that the world sheet theory
contains chiral multiplets that are charged under the world
sheet gauge symmetry G. It is also possible that the
candidate EFT string only hosts G-charged Fermi multip-
lets or no charged matter multiplets at all. We can now

again assume that the candidate EFT string is a higher-
dimensional supergravity string and consider the black
string formed by bound states of this candidate EFT string.
In both cases, the gauge symmetry on the black string world
sheet would remain intact in the IR and the IR CFT would
be a direct product
CFT; ® CFT,, (4.13)
where CFT, describes the interacting CFT made up from
the G-neutral multiplets whose central charge has to
reproduce the entropy of the black hole via Cardy’s
formula. CFT, instead is the decoupled sector associated
with G. The central charges of the latter are given by
¢ (CFTy) = npemig.  ¢r(CFT,) =0, (4.14)
where ngem; 1 the number of G-charged Fermi multip-
lets. If npemig iS nonzero, the interacting CFT, cannot
reproduce the entropy of the black string since
¢ (CFT;) — cg(CFTy) # ¢ — cp, (4.15)
i.e. the difference of central charges of the remaining
interacting CFT; does not match the UV value derived
from anomaly inflow onto the black string which includes
the contribution from CFT,. Thus, even if the charged
matter is neutral under the spacetime gauge symmetry, the
candidate EFT string cannot be a higher-dimensional
supergravity string.

The only option for the candidate EFT string realizing an
I,-type limit to be a supergravity string is thus that the
gauge theory on the string has no charged matter altogether.
However, also in this case, the IR CFT on a black string
obtained as a bound state of the candidate EFT string
factorizes as in (4.13), where now CFT, describes the
decoupled vector multiplets with no contribution to the
central charges. Thus, from the black string perspective,
the existence of the gauge theory on the string world sheet
is redundant since the IR theory on the black string cannot
detect whether or not such a gauge theory is realized. From
the perspective of the candidate EFT string, this manifests
itself geometrically in the degeneration: It implies that the
degeneration that naively leads to an I,-type limit can be
transformed into a regular-fiber limit. To see this, notice
that charged matter in the gauge theory on the string can
only be absent if the base B3 of the elliptic fibration
degenerates into multiple components in the I,-type limit;
furthermore, the elliptic fiber £ must degenerate in codi-
mension-zero over a component of the degenerate base 55
that is not intersected by the O7-plane. Otherwise, there is
always charged matter coming from the orientifold divisor
that lies on B;. Such configurations were encountered in
[4], where it was argued that in this case the component
over which £ degenerates can be blown down, whereby
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moving mutually local perturbative A-type 7-branes on top
of each other. This then yields a semistable degeneration
that is of regular-fiber type.

To conclude, for [,,-type limits there are two possibilities:

(1) The vector multiplets of the world sheet theory on
the candidate EFT string have charged matter that is
also charged under spacetime gauge symmetries.
The string can then not give rise to a supergravity
string, since either
(a) there are charged chiral multiplets so that on

generic points on its Higgs branch, the string
would recombine with the spacetime-filling 7-
branes, or,

(b) only charged Fermi multiplets exist which
decouple in the IR, such that the interacting
CFT on the string world sheet of a black string
obtained as a bound state of the candidate EFT
string fails to reproduce the entropy of this
black string.

(2) The vector multiplets on the string world sheet either
have no charged matter or matter only charged under
the world sheet gauge theory. In either case, the
degeneration realizing the I,,-type limit can be turned
into a regular-fiber limit by a birational transfor-
mation.

The above arguments demonstrate that the candidate
EFT string associated with an I,-type limit in M., (W)
cannot be a supergravity string of a higher-dimensional
theory due to the presence of the non-Abelian vector
multiplets with charged matter on its world sheet.”’
Moreover, for the same reason the candidate EFT strings
cannot be critical strings since critical strings are known to
not have any vector multiplets with charged matter on their
world sheet. Applying claim 2 to this case then establishes
that these limits are Kihler-obstructed in the sense of
definition 2.

*This can also be seen directly in concrete realizations of
supergravity strings. For example, in M-theory realizations of
5D N = 1 theories, supergravity strings with N = (0, 4) world
sheet supersymmetry are given by MSW strings [96] obtained
from M5-branes wrapping semiample divisors D of the Calabi-
Yau threefold X on which M-theory is compactified, see
also [86]. Vector multiplets now arise from reducing the
self-dual two-form on the M5-brane world volume theory over
elements of H'(D). If D is an ample divisor, then b,(D) = 0,
such that the M5-brane string on D does not contain any vector
multiplets. If, instead, D is semiample but not ample, it is either
the fiber of a surface fibration of X or a vertical divisor of an
elliptic fibration of X [97]. In the former case, b, (D) # 0 is
possible if and only if it is an Abelian surface, in which case
the string is a fundamental type II string which also does not
have vector multiplets with charged matter on its world sheet.
In the latter case, the supergravity string can be described in
F-theory on X as a D3-brane wrapping a movable curve. It was
found in [87] that also these strings do not carry vector
multiplets on their world sheet.

V. KAHLER OBSTRUCTIONS FOR
REGULAR-FIBER LIMITS

We now turn to the second class of complex structure
degenerations of elliptically fibered Calabi-Yau fourfolds,
for which all double threefolds are themselves fibered by &.
Unlike for the I,-type limits discussed previously, we
cannot give a general argument why these limits are
Kihler-obstructed, but instead discuss the various types
of degenerations separately.

A. Type II limits

We first analyse Kéhler obstructions to regular-fiber type
II limits. Using the logic underlying claim 2, we argue that
the world sheet theory of the candidate EFT string
associated with a general regular-fiber type II limit is
incompatible with the expectation of the emergent string
conjecture. We then show that in certain cases, namely
those corresponding to the semistable degeneration limits
underlying F-theory/heterotic duality, the quantum correc-
tions are of the form as in claim 1. This provides a second,
independent argument why these limits are Kihler-
obstructed in the sense of definition 2.

1. General discussion using EFT strings

Consider a regular-fiber type II limit for an elliptically
fibered Calabi-Yau fourfold £ & W — Bs. For simplicity,
we assume that the degeneration is of the form

W - WO = Wl UV Wz, (51)
where the intersection locus V is a Calabi-Yau threefold
that allows for an elliptic fibration with generic fiber &, i.e.,
zy: €5 V = By Following the procedure outlined in
Sec. III B, we can count the degrees of freedom on the
candidate EFT string associated with this degeneration. The
universal geometric modes provide two real, massless scalars
|zo| and arg(z,) on the string world sheet in addition to a
single real internal geometric mode @, associated with the
geometry of the type Il degeneration. Since H'(V) = @,
there are no modes arising from C;. The only additional scalar
modes arise from Cq4 reduced over zy-vertical cycles. The
resulting modes have definite chirality on the string in
F-theory. The chirality is determined by the signature

sgn(Hie(V)) = (1.b), (5.2)
for some b > 0, where we used the Hodge index theorem for
the base B3, of V. Accordingly, there is a single right-moving

*'For a type Il degeneration with more than two components,
all double threefolds W; N W; have to be Calabi-Yau and
moreover mutually isomorphic as complex manifolds, i.e., all
W; n W; are copies of V. Performing the counting in this case
therefore simply leads to a “double” counting of WS modes, see

also conjecture 2 of [49].
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scalar coming from Cg. Altogether, there are hence four right-
moving real scalar degrees of freedom that are part of two
chiral A" = (0,2) multiplets. This gives a right-moving
central charge of cp = 6, indicating that the candidate
EFT string for a regular-fiber type II limit is subcritical
and not gravitational in nature. From claim 2 it then follows
that regular-fiber type II limits are K&hler-obstructed.

It is instructive to compare this situation to the mode
counting on an EFT string in type IIB string theory
compactified on a Calabi-Yau threefold that realizes a type
I degeneration of the threefold. In F-theory language,
this setup corresponds to the trivial fibration V x £ and its
N = (0,4) supersymmetric EFT string discussed at the
end of Sec. III B 1. In this case, the mode counting of [49]
identified eight right-moving scalars, which are part of
four A = (0,4) chiral multiplets and result in ¢z = 12.
This is indeed the correct value for a critical string, in
agreement with the interpretation of the type II EFT string
as an emergent heterotic string. The difference in counting
comes from the fact that in the 4D N = 2 context, apart
from the geometric deformation modes, the type IIB
2-forms (B,,C,) give rise to a full scalar field each.
Furthermore, the 4-form C, contributes scalar modes with
signature (3,3 + n) associated with the lattice of integral
harmonic 2-forms on the double surface of the degener-
ation.”® If we think of the 4-fold type II degeneration (5.1)
as the F-theory uplift of a type IIB orientifold, then the
absence of modes from (B,, C,) is an immediate conse-
quence of the orientifold projection, under which (B,, C,)
are odd. Equivalently, the absence of these modes reflects
the nontrivial twist of the elliptic fibration compared to the
4D N = 2 setup in Sec. III B 1. Similarly, the orientifold
projection reduces the lattice of harmonic two-forms on the
double surface to a lattice of signature (1, ) in F-theory,
see (5.2).

2. Quantum corrections to the heterotic
semistable degeneration limit

Let us now consider the special case in which the
F-theory compactification on W has a heterotic dual. In
this context, we will show that in the type II limit under-
lying heterotic/ F-theory duality, complex structure moduli
dependent quantum corrections to divisor volumes become
uncontrollably large, see (5.19), and require a coscaling of
the Kéhler moduli for the theory to stay within the
perturbative regime. The corrections are of the form
advertised in claim 1 and give a complementary explan-
ation for the Kihler obstruction of the type II regular-fiber
limits.

The existence of a heterotic dual requires that the base B
of W be rationally fibered [98,99]

Here n = 16 if the double surface is a K3 surface and n = 0
if it is an Abelian surface.

p: Plo By = B,. (5.3)
If the heterotic dual of the F-theory compactification is an
Eg x Eg heterotic string, there must exist a type II limit in
the complex structure moduli space of W as in (5.1), where
now V is an elliptic fibration over the base B, of 5. For
simplicity, we assume V to be a smooth Weierstrass model.
The Calabi-Yau threefold V can then be identified with the
compactification manifold Vy of the heterotic Eg x Eg
string. To understand the fate of the type II large complex
structure limit at finite volume of B3, we must analyze the
analog of this limit in the heterotic language.

Let us denote by z the complex structure modulus of W
associated with the type II degeneration described above.
Heterotic/F-theory duality identifies

o= [ i) =t (5.4

where B is the heterotic two-form and Jy is the Kéhler
form on V measuring volumes w.r.t. the heterotic string
scale M. The heterotic volume moduli of the base 53, of V
are identified with p-vertical divisors of B;. For a curve
C; € H,(B,) we have

thE/(Bg—f-iJH):/ <C4+%J§33>, (5.5)
G P(C) ‘

where Jp, is the Kihler form on 53 measuring volumes
with respect to the type IIB string scale. While the 4D
heterotic dilaton S}, is identified with the volume of the
base B, of B3 measured in type IIB string units, the
holomorphic gauge kinetic functions of the two Eg factors
are classically given by

i
fE;]) =k, |:/s <C4 +§J%33>:| =k Sy,
1
i
fE;z) =k, {/g <C4 +§J%33>} = kyS,,
2

where S| and S, are the two sections of the rational
fibration p: By — B, satisfying

(5.6)

S =8 +pe(7), S15,85 =0, (57)
and k| , are the levels of the heterotic gauge group. In the
above expression 7 is the twist bundle of the rational
fibration p.

In the heterotic dual theory, the gauge couplings of the
Eg x Eg gauge theory receive threshold corrections [75] of
the schematic form (see [27] for a recent discussion
including the duality to F-theory)
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1672
g%{M,i

= k;Im Spo + AD (M, M). (5.8)

Here, M denotes the scalars in the 4D AN =1 chiral
multiplets in the heterotic theory and Sy, is the heterotic
4D dilaton. The contributions to A can be split into those
inherited from threshold corrections to the holomorphic
gauge kinetic functions and those arising from nonholo-
morphic corrections to the Kéhler potential,

| | (0 R
AO =272 Tm fO (M) + - K7 (M) = A + A,

one—loop 87

(5.9)

where ¢(?) is a one-loop coefficient of the ith gauge group,
see, e.g., [100]. The one-loop corrections encoded in Aé’>
have been computed in [75],

i) 1 dZT i _ i
Al _16772%(230(1,1)—;)0). (5.10)

%]

Here, b\ is the f-function coefficient of the ith gauge
group and 7 is the complex structure parameter of the world
sheet T2 integrated over its SL(2, Z) fundamental domain
I'. Finally, the integrand B is given by

B)(7,7) = [n(c)| Y (=1)"172 - By (5.7)

evens

“Tr, (07, (=1)24"¢"), (5.11)
where s, = 0, 1 denote NS, R boundary conditions of the
string, Q ;) the charge of the state under the heterotic gauge

group in the ith factor and H, H are the left- and right-
moving Hamiltonians of the internal CFT. A particularly
simple case corresponds to the heterotic standard embed-
ding for which the heterotic bundle in the first Eg is
identified with the tangent bundle of V5 while the bundle in
the second Ejy is trivial. In this case, the world sheet has
enhanced N = (2,2) supersymmetry and the world sheet
integral can be evaluated explicitly. In fact, up to group-
theoretic factors, the integral agrees with the genus-one free
energy of the topological string computed in [83,84]. We
are in particular interested in the dependence of the
threshold corrections on the heterotic moduli close to
infinite distance boundaries. From the behavior of the
genus-one free energy of the topological string for large
values of the Kéhler moduli, we infer

. (i)
(,)t—»oo b
AO _)W[/HJH VAN CZ(VH)'
(2)

For standard embedding, the hidden gauge group Eg
remains unbroken such that the p-function coefficient is

(5.12)

negative, b = —90. The gauge coupling of the hidden

ng)—factor gets corrected as

1672 |p?)|
2 = ky Im Shet_m v,

JH AN C2(VH) + A§2>
Iymp2

(5.13)

Notice that the second term is linear in the Kédhler moduli of

Vy. Since Agz) is proportional to the tree-level Kéhler

potential of the heterotic string, the Kéhler moduli only

appear logarithmically in A(12) such that the leading

correction is encoded in the second term in the above
expression. The corrections to the physical gauge coupling
induce a strong coupling behavior for large values of the
heterotic Kdhler moduli. The contribution of the Kéhler
modulus #¢ can be computed by first noticing that Im ¢ is
the coefficient of the shifted zero sectionof p: Vg — B, to
Jg. The shifted zero section is given by

Z, =Zy+ p*(ci(By)), (5.14)

where Z, is the zero section of p. Using that V; is a smooth
Weierstrass model, by adjunction we further have

e;(Vi) =p*ea(Ba) +12p*(¢1(Bo)) AZy = (pFey(By))?,

(5.15)
such that the ¢, dependent contribution to Aéz) is given by
6]
—Im (z¢) 1927 )y, Z, Ncy(Vi)
6] 2
= —1Im () - 1922 /s, (c2(By) + 11ci(By)).  (5.16)

The integral over the characteristic classes of 13, is positive,
e.g., for Hirzebruch or del-Pezzo surfaces such that the

te-dependent threshold corrections increase the gauge

coupling in the hidden Eéz). In particular, it is not possible

to take the 7o — ico limit while maintaining a perturbative
heterotic description of the theory.

Via (5.6) we see that the heterotic gauge coupling can be
identified with the action of a D3-brane instanton wrapping
S,. As discussed in [27], a subset of the threshold
corrections to the heterotic gauge coupling are encoded
in the classical F-theory geometry. Concretely, the geom-
etry encodes the contribution to the threshold corrections
linear in the Kéhler moduli of the base B, of V such that
for large #%; we identify
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Im(S,) ~Im (S,) = /B By npt(er(T))

/’ll'](Bz

)
= Z Imté’(’almtgA((]l)‘_F’almtgA(()Z)
i=1

).

(5.17)

where we used b®) = —|b?)|. Instead, the dependence of
the threshold corrections on f¢ is not captured by the
classical geometry of the F-theory base but has to arise as a
quantum correction to the D3-brane instanton action. For
standard embedding and with b = —90 we then have

15
Im Sp3/5, =Im Sz—ImZ‘W/B (c2(By) +11c¢3(By)).
2

(5.18)

In the large Im z limit realizing the type II degeneration
for the F-theory fourfold W, the instanton action of the

D3-brane wrapping S, hence becomes unsuppressed.

Correspondingly, the Eéz) gauge theory realized on S,

becomes strongly coupled. This strong coupling behavior
of the Eg gauge theory is the F-theory analog of the strong
coupling singularity of the heterotic string with asymmetric
instanton embedding first discussed in [101]. Whereas
classically this strong coupling singularity acts as a finite-
distance boundary of the moduli space, it gets resolved at the
quantum level by nonperturbative effects from brane instan-
tons as discussed in [42], implying that the moduli space
continues into a strongly coupled phase. In genuine N = 1
compactifications, the nature of this phase and in particular
whether it features infinite distance limits along the original
direction has not yet been investigated. However, in closely
related heterotic ' = 2 setups, it was shown in [102] that
the strong-coupling phase that is present due to the non-
perturbative effects in four dimensions indeed does not
feature a noncompact direction replacing the classical
infinite distance direction.”

Conversely, we can interpret the corrections in (5.18) as
corrections to the quantum volume of S, as

23Concretely, in the setup studied in [102], the classical infinite
distance limit corresponds to a decompactification limit of the
heterotic string to Horava-Witten M-theory. At the quantum level,
the HW interval is replaced by a domain wall interpolating
between the visible 9-brane and a supersymmetric AdSs vacuum.
As gravity is confined to a regime close to the visible brane, the
resulting theory is not a theory with gravity propagating in a five-
dimensional bulk theory. For this reason, the original large
interval limit does not correspond to a decompactification limit
and does not feature a light tower of KK-states or an emergent
string.

Vs

2

=Im(S;) —a Im z, (5.19)
———r

YO
=)

where a can be read off from (5.18). The corrections to Vs,
are hence of the form given in (2.3) with & = 1 such that
using claim 1 we conclude that the type II limit corre-
sponding to the heterotic semistable degeneration limit is
indeed Kihler-obstructed.

B. Type III limits

Another class of regular-fiber limits corresponds to type
I limits. Here, the Calabi-Yau fourfold W degenerates as

n

W W, = iyl Wi, (5.20)
where n > 3 and Wkt!) = @ for k > 2. The triple surfaces
Wi.i,i, are K3 surfaces which are elliptically fibered with
generic fiber &, i.e., the fiber of 7: W — Bs is smooth over
generic points in the base of W; ; ;. In the following, we do
not provide a general argument why all possible type III
limits of F-theory fourfolds have to be obstructed, but focus
on two relevant cases. In the first case, we assume the type
IIT degeneration to be minimal in the sense that the central
fiber Wy, is the union of three components W, ;. In this
case, we can compute the central charge of the world sheet
theory of the candidate EFT string. Based on this, we will
see that the string is not a 6D supergravity string, contrary
to what one would expect for a type III limit in the complex
structure moduli space based on the behavior of the
classical effective action in this limit. This shows that
the corresponding limits are Kéhler-obstructed via claim 2.
The second example are type III degenerations for four-
folds that are Calabi-Yau threefold fibered and for which
the Calabi-Yau threefold fiber undergoes a type III degen-
eration.”* In the adiabatic limit, the corrections to certain
divisor volumes can be computed within the 6D parent
theory and are of the form (2.3) such that by claim 1 also
these limits are Kédhler-obstructed. This argument in fact
generalizes to all type II, III or IV limits, of regular fiber
type (unless we are in type IV) or I, type, which arise as
corresponding limits of a Calabi-Yau threefold fiber.

1. EFT strings and minimal type III degenerations

Consider a type III degeneration of a Calabi- Yau fourfold
W that is of minimal type as introduced above. For
simplicity, we assume that W can be described as a smooth
Weierstrass model over some base 33 with generic fiber .
In this type III limit in the complex structure moduli space
of W, the fourfold splits into three components W, W,, W5

At the end of Sec. V B 2 we comment on generalizations of
the obstructions to arbitrary degenerations of the Calabi-Yau
threefold fiber.
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which intersect over the double threefolds

V12:W10W2, V13:W10W3 V23=W20W3.

(5.21)
In addition, there is a single triple surface

W123 - W] N W2 N W3. (522)
All double threefolds and triple surfaces are themselves
elliptically fibered with generic fiber £ We denote the
respective projections associated with these fibrations by

”ij: gL)Vij_)BZ,iﬁ 123 gL)W123—>[FD1. (523)
According to our count of degrees of freedom in Sec. 111 B,
the candidate EFT string associated with this classical
type III degeneration has four massless real scalars on its
world sheet. These are the universal |zy| and arg z,-modes
and the two internal deformations @ ,. Since H'(V;;) =
H'(W,,3) = @, there are no scalar modes coming from the
M-theory 3-form Cs. Instead, there are modes arising from
Ce when reduced over elements of H*(V;) and H*(Wy3).
As discussed in Sec. IIIB, only modes arising from
z-vertical four-forms survive the F-theory lift to modes
on the string world sheet, i.e., from forms that are the pull-
back of two-forms on the base of V;; or W 3. The chirality of
the modes on the string world sheet is then determined by the
properties of the two-form.

Concretely, since the base of W3 is simply a P!, the
M-theory mode arising from C4 reduced over H*(W,3)
yields a real scalar field on the string in the F-theory uplift.
Furthermore, the signature of the base of 3, ;; of V;; is
sgn(H*(B,,;)) = (1.d,;) for some 0 < d;;. For this reason,
Cg reduced over each of the double threefolds yields exactly
one right-moving scalar degree of freedom, in addition to a
number of left-moving ones, whose number depends on d;;.
In total, the M-theory Cy-form hence contributes four right-
moving scalars in addition to the four geometric right-
moving scalars (see Appendix A2 for the analogous
counting in type IIB). These scalars form part of the 2D
N =(0,2) chiral multiplets such that the total right-
moving central charge for the candidate EFT string
realizing a minimal type III limit is ¢z = 12. By contrast,
for the left-moving central charge we obtain the bound

5<¢c. (5.24)
We now argue that these central charges are inconsistent
with the asymptotics of the classical effective action,
thereby indicating that there have to be significant quantum
corrections arising in the type III limit.

To this end, we focus first on the effective action
obtained from the classical 4D AN = 1 Kihler potential.
For simplicity, let us assume that the type II limit

corresponds to a one-parameter limit obtained by sending
z — ico while keeping all other moduli of the theory fixed.
In this case, the Kéhler potential behaves to leading order as

K = —-2log(Im z) +.... (5.25)
Choosing a scaling of the form Im z ~ A, the distance

between the loci of points corresponding to A = 4, and
A = 2, in the classical moduli space grows logarithmically as

A llde

In particular, the coefficient of the leading logarithm is one.
Under the assumption that the classical theory correctly
describes the physics in the type Il limit, the quantum gravity
cutoff as a function of A has to scale as

A
&N e_A/z_

5.27
M, (5.27)

Here we used that the quantum gravity cutoff has to be linear
in Im z if the limit is unobstructed [47], as discussed around
(2.12). The scaling of the quantum gravity cutoff as a
function of the distance is characteristic for a decompacti-
fication from four to six dimensions [82]. If the limit exists,
the candidate EFT string realizing this limit then has to be a
supergravity string of a six-dimensional supergravity theory.
However, as we now argue, the candidate EFT string
cannot be a supergravity string in a 6D theory of super-
gravity. To see this, it is sufficient to consider BPS
supergravity strings in minimal 6D N = (1, 0) supergrav-
ity. The goal is to show that such strings cannot have
cg = 12. For a BPS string in a 6D AN = (1,0) theory
carrying charges Q“ under the 2-forms of the 6D bulk
theory, the central charges of the string world sheet theory
are determined via anomaly inflow and are given by [85]
. =30%-90-a+6, cx=30°-30-a+6. (5.28)
Here, a* encodes the contribution to the gravitational
anomaly polynomial and the inner product is with respect
to the intersection form with signature (1, ny), where ny is
the number of 6D tensor multiplets. Since all quantities in
the above expression are integers, the difference of left- and
right-moving central charges satisfies the quantization
condition
CL—CR€6Z. (529)
For cr = 12 this constrains the left-moving central charge
to be ¢; = 12 + 6k for —1 < k€ Z. In terms of k we then
obtain

(5.30)
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FIG. 2. The left-hand side depicts an elliptic Calabi-Yau fourfold W that in addition allows for a compatible Calabi-Yau threefold
fibration. The right-hand side illustrates a regular-fiber type III limit of W that is induced by a degeneration of the generic Xs-fiber over
P!, such that the elliptic fiber £ remains smooth in the limit. Here we have depicted the minimal case in which Xj q splits into three

components X, X,, X3.

Notice that for k =2 the string would correspond to a
critical heterotic string. However, for critical EFT strings
the relation between the moduli space distance and tension
setting the quantum gravity cutoff does not scale as in
(5.27) such that the candidate EFT string realizing the type
IIT limit cannot be a critical string. Instead, for k = —1, 0, 1
we obtain subcritical strings which therefore cannot be
supergravity strings of the 6D " = (1, 0) theory.” Finally,
for k > 2, the string has Q?> + Q- a < —2 and therefore
does not satisfy the unitarity bounds for 6D supergravity
strings [85].%° We thus conclude that for the minimal type
IIT degenerations, the candidate EFT strings do not corre-
spond to 6D supergravity strings such that by claim 2 these
limits are Kiahler-obstructed.

A simple class of fourfolds that feature a minimal type 111
limit are obtained as O-type B orientifolds of minimal type

For k=0 and k=1 the central charges are (c;,cg) =
(12,12) and (c;,cg) = (18,12), which for nonchiral N =
(2,2) theories would signal a critical and, respectively, a super-
critical string. For the chiral A" = (0,2) theories we consider,
these central charges correspond to a subcritical string. Even if we
allowed for enhanced N = (2, 2) supersymmetry, these cases can
be excluded: The case (¢, cg) = (12, 12) is not possible because
a critical EFT string would imply an emergent string limit, in
contradiction with the behavior of the EFT, while (¢, cg) =
(18, 12) is incompatible with left-right symmetric supersymmetry.

5 Another way to see this is that in the F-theory realization of
6D A = (1,0) theories, Q? corresponds to the self-intersection
of the curve wrapped by the D3-brane that gives rise to the
supergravity string. For k > 2, the corresponding curve would
have negative self-intersection such that it is shrinkable at finite
distance implying that the associated string is not a supergravity
string.

I limits of Calabi-Yau threefolds. An example for
this based on the hypersurface Calabi-Yau threefold
P35253112]/(Z6 x Z3) has been discussed in detail in [4].

2. Kdhler obstructions from explicit quantum corrections

We now consider a second class of type III limits in

which the Calabi-Yau fourfold W allows for a fibration

K: X; 9 W P! (5.31)
where the generic fiber X5 is itself a Calabi-Yau threefold.
As always in F-theory, W has to allow for a genus-one
fibration 7: £ & W — B;. In the following, we assume the
fibrations 7 and x to be compatible. In particular, this
implies that the generic fiber of « is itself elliptically fibered
zy: £ X3 — B, such that the generic fiber of zy is the
same as the generic fiber of 7. The setup is depicted on the
left-hand side of Fig. 2.

For such a Calabi-Yau fourfold, we consider a type III
limit in the complex structure moduli space of X5 that is of
regular-fiber type. This means that X5 undergoes a degen-
eration

X3 = Xs0= U X;. (5.32)
i=

where X; N X; N X, N X, =@ forall i, j,k, le{1,....n}

and at least one triple curve X; N X; N X, is nonempty. All

nonempty triple curves are copies of the smooth elliptic

fiber £ of 7y : X3 — B,. This limit in the complex structure

moduli space of X3 induces a type III limit for W in which
the generic fiber of x degenerates. This is the analog of a
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Vpl — 00
F-theory on W

F-theory on X3

Mc.& (W) — Mc4s4 (XS)
n

6d, N'=(0,1)
Mini

T? comp. c-map
ITA on X3 1IB on X3
Mc.s.(X3) Mc4s4 (XS)
QIA HIIB
Mpyy —— Myy

FIG. 3. Dualities used in excluding regular-fiber type III limits in Calabi-Yau three-fibered Calabi-Yau fourfolds. After taking the
adiabatic limit of large base P!, the theory is best described as F-theory on the generic fiber Calabi-Yau threefold. Our interest lies in the
(geometric) hypermultiplet moduli space of this 6D theory, which is the same as the (geometric) hypermultiplet moduli space as probed
by type IIA on the generic fiber Calabi-Yau threefold. Finally, the c-map relates this to the vector multiplet moduli space of type 1IB

compactified on the same threefold.

Sen-limit for Calabi-Yau threefold fibrations.”” The min-
imal case in which X3 splits into three components is
depicted on the right-hand side of Fig. 2.

The main result of this section is that this limit by itself is
Kihler-obstructed in the spirit of claim 1. In particular, we
will show that in this limit there are quantum corrections of
the form (2.3) to the classical volume of the divisor B, in
Fig. 2. To achieve this, we will make use of a chain of
dualities that eventually relates the current setup to type II
Calabi-Yau compactifications, see Fig. 3. Similar chains of
dualities have been used, e.g., in [103,104] to determine
quantum effects in F-theory compactifications.

As a first step, unlike in previous cases, we superimpose
the considered type III degeneration of W with a limit in the
Kéhler moduli space of W corresponding to the limit of
large volume, Vp1 — oo, for the P! that is the base of the
k-fibration while keeping the volume of the generic fiber X;
fixed. This is the limit for x in which the variation of the
fiber X3 of « is adiabatic. In the limit Vp1 — o0, the theory
is best described by a six-dimensional A" = (1,0) theory
obtained as an F-theory compactification on X5. This limit
is depicted in the first two columns of Fig. 3. We now argue
that already in this 6D theory, the type III limit for X5 is
obstructed if the volume of the base B, of the fibration 7y is
kept constant.

To show this, we recall that the complex structure moduli
of X5 form part of the hypermultiplet sector of the 6D N =
(1,0) effective theory obtained from F-theory on X;. Its
hypermultiplet moduli space has quaternionic dimension
h*'(X3) + 1. The saxionic parts of the scalars in the
h*'(X3) hypermultiplets can be identified with the com-
plex structure moduli z/, i =1,...,h>'(X3) of X5. In
addition, there is the universal hypermultiplet, whose
saxionic component is the volume Vz, of B,. In the
following, we ignore all the axions and focus on the
saxionic components of the hypermultiplets as these are

*TLet us stress that by assumption the fiber of z remains finite
in this type III limit even though the generic fiber of x is not
smooth.

the most relevant ones for the study of classical infinite
distance limits.

Recall that the limit we are interested in corresponds to a
limit in the complex structure moduli space of X5 at fixed
volume of B,. For simplicity, we take a one-parameter limit
obtained as

(5.33)

Z — loo.

We thus take a one-dimensional limit in the geometric part
of the hypermultiplet moduli space while keeping the
universal hypermultiplet constant. This type of limits has
been investigated in different contexts in [53,54,56]. More
specifically, the analysis of [53,54] studies classical infinite
distance limits in the Kihler moduli space of type IIB
Calabi-Yau threefold compactifications at constant 4D
dilaton, which are related to the ones considered here
via mirror symmetry. For our purposes, it is crucial that the
hypermultiplet moduli space of F-theory on X3 is identical
to the hypermultiplet moduli space of F-theory on X5 x T2,
The reason is that the geometric moduli of the T2 factor
form part of the vector multiplet sector of the resulting 4D
N =2 effective action and therefore decouple from the
hypermultiplet sector. Thus, the hypermultiplet sector is
insensitive to the additional decompactification, see again
Figure 3. For this reason, we can first discuss the obstruc-
tion to type III limits of X5 in the type IIA compactification,
which we then translate into an obstruction in the 6D
theory.

To summarize the discussion so far: Obstructions to a
type III degeneration of the generic fiber X5 of the F-theory
fourfold W (at fixed Vj, and large Vpi) can be inferred
from obstructions to limits in the hypermultiplet moduli
space of type IIA compactified on X3 (at fixed universal
hypermultiplet).

The relevant corrections have been computed using
twistor techniques in [76]. We will not review the details
of this computation here, but refer to the original references
and the review [105] for details. In the type IIA formu-
lation, the relevant corrections in the type III limit arise
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from D2-brane instantons wrapping certain three-cycles.
The instanton corrections to the hypermultiplet moduli
space are encoded in the so-called contact potential e®,
which can be viewed as the quantum corrected version of
the 4D type IIA dilaton. If we denote by e® the classical
4D dilaton, then the corrected 4D dilaton is given by [76]

> yz|—1<1 (2am|W,|).

yEH3(X5) m>0

o _ 0 )((Xx) L
¢ ¢ +1927[+87T2

(5.34)

Here, y(X3) is the Euler characteristic of X5 and the sum
runs over integer three-cycles y of X3, for which n, is
associated the BPS invariant. Moreover, W, is the action of
a D2-brane instanton on y and K; denotes the Bessel
function. For simplicity, we set all RR-axions to zero in the
above expression.

For instantons to become relevant for the physics of the
type III limit, their classical action has to go to zero in the
limit, [W, | — 0. To understand the scaling of W,, we use
the c-map to map type IIA compactified on X5 to type 1IB
compactified on X3; this is depicted in the two rightmost
columns of the diagram in Fig. 3. Since the D2-brane action
W, is identified with the mass of a D3-brane wrapping y
under the c-map, we can infer the scaling of the former
from the scaling of the latter.*® At constant e®, the scaling
of the D2-brane instanton action in complex structure limits
is then given by the behavior of the central charge of the
type 1IB BPS-particles in asymptotic limits of the vector
multiplet moduli space. Let us denote by Zyy; the subset of
three-cycles y for which the instanton action vanishes at the
fastest rate in the type III limit.” Crucially, these instantons
are always mutually local such that their contribution to the
corrected contact potential is indeed as given in (5.34).
Keeping only the contribution of these instantons, we
approximate

x(X3)
1927

sy ey

y€Zly m>0

@ <I)III

e® P = %P0

am|W,|). (5.35)

**Indeed, type IIA on X5 x S' is T-dual to type IIB on X3 x S'.
Under T-duality, BPS particles obtained from type IIB D3-branes
wrapping 3- cycles y € H3(X3) map to D2-brane instantons on the
same 3-cycles in the type ITA frame.

P As discussed in [54], the relevant instantons for possible
obstructions are always those whose action vanishes at the fastest
parametric rate. On the c-dual type IIB side, these instantons
correspond to those BPS particles obtained from wrapped
D3-branes which become massless at the fastest parameteric
scale. As shown in [50], these particles are purely electric, which
in turn means that the leading instantons on the type IIA side are
mutually local.

Through the connection of D2-brane instantons in type
ITA on X5 to D3-brane BPS particles of type 1IB on X3,
we can use the results of [50] to determine the elements
of Zy;; and the associated BPS indices. The key point is
that general type III limits for Calabi-Yau compactifica-
tions of type IIB string theory are decompactification
limits to a 6D N = (1, 0) theory of gravity. The tower of
massless states in this limit then corresponds to the KK
modes of the 6D theory. For type IIB compactified on X3,
the Hodge numbers h>!(X3) and h'!'(X;) count the
number of massless multiplets that are uncharged under
a possible gauge group G of the 6D theory. More
precisely, we have

W (X3) = ny +1kG + 2, X3)=n -1,

h (X (5.36)

where ny is the number of tensors in the 6D theory and
n\ the number of neutral hypers. The extra 2 in h2!
accounts for the two KK photons arising in the com-
pactification to 4D. We can then split the lattice Zyj into

charge sectors

Iy = @Im (5.37)

Here, q is the charge of a state under the Cartan subgroup
of G. The central charge of the D3-brane BPS particles
becoming massless in type III limits of type IIB on X5 is
characterized by the charge q in addition to the two KK
momenta (k, ) along the two directions that decompac-
tify in this limit.** In the z — ico limit, the mass of these
states scales as

1 -

Here, 7 is the complex structure of the torus £ that is the
triple curve arising in the type III degeneration of X3 and

the complex vector E € C*C encodes the Coulomb branch
parameters of the 6D gauge group after compactification
to 4D. For the limit to be a type III limit, the Coulomb
branch parameters have to satisfy || <1 for
i=1,...,1kG. Since (k,I) are just the KK-momenta,
the BPS invariant for a state with charge (k,[,q) is
independent of (k, /) such that we can simply denote it by

nflo). In particular, for the q = 0 sector we have [50]

n) = =2(ny + kG +3 - n\) = 4(X;5).  (5.39)
The “+3” accounts for the graviphoton and the two

KK photons obtained after compactification to 4D.

394D states that are charged in addition under those U(1)’s that
descend from tensor multiplets in the 6D theory do not become
massless.
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With this input, we can now rewrite the expression for
eq)lll as3l

Oy LD )((X3) L (0) |k+11+q §|
T o0, +z37z2qu:"‘* B

k.l m>0

Ky (2zm(Imz)~' [k + 7l + q - {])
] .

As in the type IIB case discussed in [76], the above
expression is the Poisson resummation over n of

2(X3)

DOy — P
M T

1—|—271'|mz T4
|mz_1 +n?

x e=27|m|(Im z)! (11'2+(I'C2), (540)

where 7, = Im 7 and 5’2 =Im E Let us again set all
RR-axions to zero. In the limit 7z — ico, only terms
with n =0 contribute significantly such that we can
approximate

I
N = 09>
=0 m>0
1+ 2zm|z7 Y (Iz, +q - C_fz)
x 3

x =2mm(im )7 (lr+q o) (5.41)
where we also dropped the constant term proportional to
x(X3). We can then split the above sum into contribu-
tions from /=0 and from /# 0 and find, to leading
order in the limit z — ioo,

e®m — e®o ~ (Im ) (@(3) (X3)
+ Zn((IO)Li3 (e—Zn:(Im z)7! qu))

q#0

| (Im2) S0 14 2am|z (I, +q-5))

2 q 3
167 q 1,m>0 m

% e—2rzm(lmz)’l(lfz+qu). (5.42)

3'Notice that the 7 used in [76] and the 7 used here are
unrelated. More concretely, 7jo.cii = (Im z)~'. Moreover, notice
that the integer k can be viewed as the analog of the D(—1) charge
in a mirror description in case the type III limit allows for such a
mirror description.

The last sum is divergent in the limit Im 7 — o0, and we
can estimate the rate of divergence using

e—xn1(172+q) at

FORY).  (5.43)

3 =
o m 90x7,

To leading order we then find

( (X3) —|—an )+Olmz)

q#0

7 (Im
1440 1,

Dy _ Py —

e e

(5.44)

We can further evaluate the last bracket using that the
massless W-bosons contribute —2 to the BPS index and
massless charged hypermultiplets +2.% We can then
evaluate

2(X3)+ 3 ng = —Z(nT +1KG 43— n§3>)

q#0
—2(dim G — 1kG) + 2n5eed

= —2(3+nT+nV—nH). (545)
Here, ny and ny respectively count the total number of
vector and hypermultiplets in the 6D A = (1,0) theory
that arises in the type III limit of fype IIB compactified
on X5. For this 6D N = (1,0) theory, gravitational
anomaly cancellation imposes

273 =291y = ny — ny. (5.46)
For type IIA compactified on X3, this means that the
corrected contact potential can be written as

7z (Im z)?

<I)III [
1440 1,

D, _

ePm — e (540 — 60n7) + O(Im z).

(5.47)

We thus see that for ny # 9, the correction to the contact
potential in the type III limit diverges as (Im z)?; the
sign is determined by the number of tensor multiplets
arising in the 6D theory to which fype IIB on Xj
decompactifies in this limit.

Using the duality between type IIA on X5 and F-theory
on X5 x T?, the above correction to the type IIA contact
potential can be translated into a correction to the 6D
dilaton e?s. In 6D F-theory compactifications, the 6D
dilaton can be identified with the volume of the base 13,

32Supersymmetry demands that the gauge representation of a
charged hypermultiplet is quaternionic. This means that for each
representation g of G, also its complex conjugate g = —g is part
of the hypermultiplet.
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in 10D Einstein-frame units and the corrections to e?s can
be interpreted as quantum corrections to the classical
volume

7 (Imz)?
1430 1,

Vi, =V + (540 —60n7) + O(Imz). (5.48)

For the X5-fibered Calabi-Yau fourfold W, the 6D dilaton
becomes a Kihler modulus of W. The correction (5.48)
then translates to a correction to the volume of the divisor
B, of B; which is of the form (2.3), implying a Kihler
obstruction for the limit z — ico. Indeed, regardless of the
sign, in the generic case the coefficient of the (Imz)?
correction is nonzero, such that perturbative control is lost
in the Im z — oo limit. This indicates that we leave the
regime in the quantum moduli space of F-theory on W in
which we can trust the supergravity approximation. The
nature of the breakdown of the supergravity approximation
is different depending on the value of ny:

(i) If ny <9, the correction to Vg, is positive. This
means that while perturbative control over the
supergravity approximation is lost, the quantum
corrections simply induce an additional infinite
distance limit (the large volume limit for B,) in
the Kihler moduli space of W.

(i) If ny > 9, the correction to Vg, is negative. This
means that we lose the supergravity approximation
and enter the small volume regime for 53,. Again,
perturbative control over the supergravity is lost.
From our analysis it is not clear whether this regime
still has a noncompact infinite distance direction at
the quantum level.

(iii) If ny =9, the leading correction cancels. This does
not exclude subleading corrections at O(Im z)
which still diverge in the limit. Depending on their
sign, the same interpretations as before hold.

We thus conclude that in the simple class of Calabi-Yau
fourfolds that are CY3-fibered, a regular-fiber type III limit
cannot be taken while maintaining control over the classical
supergravity approximation of the 4D A =1 theory.
Notice that our analysis was performed in the adiabatic
limit for the x-fibration which by itself is a limit in the
Kihler moduli space. Our point here is that the type III limit
induces an additional limit in the K&hler moduli space of W
on top of the k-adiabatic limit.

Comment on the origin of the corrections. One might
wonder about the physical origin of the corrections to the
volume Vg, from a type IIB orientifold perspective. In this
picture, one can split the g, corrections into contributions
that are inherited from the A/ =2 parent theory, corre-
sponding to type IIB compactified on a Calabi-Yau three-
fold, and genuine N = 1 corrections that arise due to the
orientifolding procedure. The N = 2 corrections include
in particular D1 — D(—1)-brane instanton corrections to
the hypermultiplet moduli space as computed in [76].

However, unlike the corrections appearing in (5.48), these
only depend on the string coupling and the curve volumes
of the Calabi-Yau threefold and are independent of the
complex structure parameters. From the type IIB orientifold
perspective, the corrections appearing in (5.48) should
hence be interpreted as genuine A = 1 effects induced
by the orientifold action. On the other hand, we used the
same corrections computed in [76] to determine the
corrections in (5.48) which we claim to be inherited from
an N =2 parent theory. From the type IIB orientifold
perspective this looks like a contradiction, in particular
because the duality chain in Figure 3 maps the D2-brane
instantons of type IIA string theory that enter in (5.34) to
[p, g]-string instantons wrapping certain curves inside 53, in
F-theory. However, as we will clarify in the following, this
is not a contradiction, but rather a consequence of the fact
that a 4D NV = 1 theory can be obtained from two distinct
N = 2 theories, only one of which corresponds to type 1B
compactified on a Calabi-Yau threefold. In other words,
this illustrates yet again that by sticking to a type IIB
orientifold perspective of 4D A =1 theories one misses
crucial information about the full 4D N = 1 theory.

To understand the two N = 2 origins of the 4D N = 1
theories obtained from F-theory/type IIB Calabi-Yau
orientifolds, let us begin with F-theory compactified
on £ x K3 x T?, or equivalently, type IIB on K3 x T2,
Here, we denote by & the F-theory torus such that its
complex structure 7z encodes the type IIB axio-dilaton.
The resulting 4D theory preserves A = 4 supersymmetry,
which is realized by four pairs of Weyl spinors (Q/, 0),
I =1, 2, 3, 4. There are now two ways of breaking this
N = 4 symmetry to A = 2. These correspond to the two
possible ways of turning the direct products in € x K3 x T?
into nontrivial fibrations; each of the two operations
removes a different subset of covariantly constant spinors
of the original fourfold:

(1) Let us start by replacing the first product by a

nontrivial fibration. For the F-theory fourfold and
the preserved supercharges this means

Ex K3 x T? — E-B,xT?,
——

=X; (5.49)

(Q1,2,3,4 _1,2,3,4) N ( (11,2’Q(1i,2)'

a s i

Here, X5 is a Calabi-Yau threefold and without loss
of generality we assumed that the first two pairs of
Weyl spinor supercharges survive the N =4 —
N =2 breaking. The type IIB dilaton encoded in
7¢ now varies nontrivially over the base B,. The
details of the nontrivial fibration are encoded in the
complex structure of X5. This indicates that the 6D
dilaton and the complex structure moduli of X3
interact and are hence in the same sector of the 4D
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N =2 moduli space. This is the N =2 parent
theory that we considered to derive (5.48).

(ii) If instead we turn the second product into a non-
trivial fibration, the resulting F-theory geometry and
preserved supercharges are

ExK3xT? — Ex(K3-P,

——
-1 (5.50)

( (11,2.3,4’Q0!l,2,3,4) N ( (1){,3’Q0![,3)'

The resulting F-theory compactification can be
interpreted as type IIB compactified on a Calabi-
Yau threefold X5 which in general is different from
X;. Notice that the subset of the original V' =4
supercharges that is preserved in this N' = 2 theory
differs from the supercharges preserved in the
breaking in (5.49). The properties of the nontrivial
K3-fibration of X; are encoded in the complex
structure moduli of X5. The complex structure of
£ being constant is a signal that the dilaton and the
complex structure of X5 decouple and are hence in
different sectors of the N =2 theory, as is well
known to be the case for type IIB compactifications
on Calabi-Yau threefolds. This is the A/ = 2 parent
theory from the perspective of type IIB Calabi-Yau
orientifolds.
By replacing the remaining product in (5.49) and (5.50) by
a nontrivial fibration, we can obtain the same 4D N = 1
theory in which only (Q/, Q}) are realized as preserved
supercharges

E-ByxT? — E—5B,—»P!' «— Ex(K3-P)
H)/(—’ ——
=:X3 =:)'(3

(0:2.0i%) — (Qi0h)  — (2:°.05Y).
(5.51)

Following the arrow from right to left corresponds to
orientifolding the type IIB compactification on Xj.
Viewing the N/ =1 theory as such a Calabi-Yau orienti-
fold, it is clear why the corrections to Vg, in (5.48) are a
genuine N = 1 effect: the ' = 2 algebra preserved in the
breaking (5.49) only shares an N = 1 subalgebra with the
N =2 algebra preserved in the breaking (5.50).
Generalization to arbitrary limits of the X3-fiber. The
logic followed in this section can be generalized to all
complex structure limits in which the Calabi-Yau threefold
fiber X3 appearing in (5.31) undergoes an infinite distance
degeneration. This analysis therefore directly points to the
origin of the quantum Kihler obstructions also for type II
and III degenerations of the fiber X3, both of regular-fiber
and I,,-type, as well as type IV degenerations of X3 which
are necessarily of I,-type. In the type IIB duality frame
appearing on the right in Fig. 3, the leading quantum

corrections come, in all these cases, from the three-cycles
on X; whose volume vanishes at the fastest rate, as
analyzed in [49,50].

For example, for type IIB string theory compactified on
X3, a type II limit of X3 corresponds to an emergent string
limit [49]. If the double surface of the degenerating X5 is a
K3, the asymptotic duality frame is that of the heterotic
string on K3py X TZ,. In this duality frame, the BPS
particles that induce the corrections are the winding states
along Tﬁet, whose multiplicity is encoded in certain
meromorphic Jacobi forms. Even without working out
the resulting corrections explicitly, we can conclude that,
in the c-dual hypermultiplet moduli space of type IIA on
X3, these will lead to a quantum correction analogous to
(5.48). Combined with the discussion in Sec. VA 2, we
have therefore found a direct argument for the Kihler
obstruction of regular-fiber type II degenerations whenever
the F-theory base 35 is rationally fibered over base 3, as in
(5.3), or surface fibered over P! with fiber 3,, as in the left
picture in Fig. 2; in the latter case the analysis also applies
to I,,-type limits.™

C. Type IV limits

We are left with type IV limits of the regular-fiber kind.
In these limits, the Calabi-Yau fourfold undergoes a
degeneration such that the components of W, still have
vanishing quintuple intersection, but some quadruple inter-
sections W, are nonzero and copies of the smooth elliptic
fiber £ of W. For these limits, our arguments detecting
Kihler obstructions invoked in the previous cases do not
apply. Based on the classical effective action in a type IV
limit, the candidate EFT string realizing such a limit should
correspond to a supergravity string in a five-dimensional
theory since, classically, the type IV limit is a decom-
pactification limit to five dimensions, see [50]. However,
unlike for the other limits analyzed in this work, there is no
obvious reason why the world sheet theory on the candidate
EFT string realizing a regular-fiber type IV singularity of an
elliptically fibered fourfold is incompatible with the string
being a 5D supergravity string. In particular, similar argu-
ments to those presented in Secs. IV B and V B cannot be
applied in this case for the following reasons:

(1) Unlike the strings realizing I,-type limits discussed
in Sec. IV B, the candidate EFT string realizing the
classical regular-fiber type IV limit does not have
any (non-)Abelian vector multiplets on its world
sheet. A similar reasoning as in Sec. IV B can
therefore not be applied to argue for an obstruction
to this limit.

(i) For 5D supergravity strings, the central charges are
less constrained than their 6D counterparts. In

BFor type II degenerations of the standard Sen-type, already
the discussion in Sec. IVA identifies quantum corrections
directly in the effective field theory.
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particular, the analog of (5.29) in 5D only tells us
that the left- and right-moving central charge differ
by an integer, which is satisfied for the EFT strings
in type IV limits. The central charges of type IV
candidate EFT strings hence do not hint toward an
apparent inconsistency.
Notice that this does not mean that these strings have to be
5D supergravity strings and, accordingly, the regular-fiber
type IV limits are not Kihler-obstructed. It just means that
claim 2 cannot be straight-forwardly applied to show a
Kihler obstruction.™
Instead of considering the world sheet theory on the
candidate EFT strings, we could also try to use claim 1 to
show that regular-fiber type I'V limits are Kéhler-obstructed
by computing corrections to the F-theory Kihler moduli as
we did in the case of type II and Il regular-fiber limits. In the
examples of type Il and III limits, for which we had access to
these corrections, we used a specific fibration structure of 55
to obtain a dual description in which the relevant corrections
are computable. In particular, the duality singled out certain
Kéhler moduli for which the dependence of the corrections
on the complex structure modulus that is sent to infinity can
be computed in the dual frame:

(i) For type II limits that correspond to the standard
semistable degeneration limit underlying F-theory/
heterotic duality, we used this duality to infer the
corrections to the volume of the base of the ration-
ally fibered F-theory base. Geometrically, the divisor
for which the duality determines the corrections to
the volume modulus is transverse to the degener-
ation associated with the type II limit.

(ii) For type III limits in CY3-fibered Calabi-Yau four-
folds for which the generic fiber undergoes a type 111
degeneration, we used the duality to a 6D theory to
infer corrections to the volume modulus of the base
of the CY3-fiber. In this type III limit, the base of the
threefold itself degenerates such that the degener-
ation occurs parallel to the divisor for which the
duality determines the corrections to the volume
modulus.

For regular-fiber type IV limits, the situation is different
since the entire base 3; of W degenerates. This does not
single out a particular divisor because each divisor has
directions parallel and transverse to the degeneration. For
this reason, there is no obvious duality that can be used to
compute the dependence of the corrections to certain divisor
volumes on the complex structure modulus that induces the
type IV limit. Instead, one would have to compute correc-
tions to divisor volumes directly in F-theory, which is
beyond the scope of this paper.

*In Sec. VI, we comment on the possibility of applying
claim 2 to EFT strings realizing the mirror duals of regular-fiber
type IV limits in orientifolds of type IIA.

For the reasons outlined above, the techniques used in
this paper do not lead to a clear verdict on the fate of
regular-fiber type IV limits in the quantum moduli space of
F-theory compactifications. Let us stress that these are the
only type of limits where our arguments do not establish a
Kihler obstruction for at least a subclass of limits.
However, notice that by continuity regular-fiber type IV
limits that are obtained as enhancements of the kind of type
II and III limits considered in this paper also have to be
Kihler-obstructed. We hope to investigate quantum cor-
rections arising in general regular-fiber type IV limits in
future work.

VI. COMMENTS ON OBSTRUCTIONS
IN TYPE ITA ORIENTIFOLDS

While our focus, both in this work and in [4], has been on
corrections to the effective action of type IIB orientifolds/F-
theory, we now comment on the mirror dual picture. By
mirror symmetry, a perturbative type IIB orientifold with
07/03-planes on V is dual to an orientifold of type IIA
compactified on the mirror Calabi-Yau threefold V with
O6-planes.

From the dual type IIA perspective, it becomes even
more evident why 4D AN =1 infinite distance limits
descending from the vector multiplet moduli space of
the 4D N =2 parent theory are obstructed by unsup-
pressed quantum corrections. To see this, we recall that on
the type IIA side, the vector multiplet moduli space is
spanned by the Kihler moduli of V. Importantly, the four-
dimensional dilaton,

e—2¢4.llA — & , (61)

is part of a hypermultiplet. Here, Vy is the volume of 1%
measured in type IIA string units, which is a function of the
Kihler moduli

f= /C (By+iJy). (6.2)

In this expression, C' are generators of the Mori cone of V,
B, is the type IIA NS-NS 2-form and Jy, the Kéhler form on
V. Infinite distance limits in the vector multiplet sector, at
fixed hypermultiplets, are then obtained by sending some
of the Kihler moduli to infinity, # — ico, while coscaling
the 10d dilaton g, — oo to keep the four-dimensional
dilaton constant. In the 4D A/ = 2 theory obtained from
type IIA on V, this strong-coupling regime can be taken
reliably due to the factorization of the moduli space
between the hyper- and vector multiplet sector; in particular
there are no g, corrections to the two-derivative effective
action for the vector multiplet sector. The large g, limit then
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simply corresponds to the M-theory limit of type IIA string
theory, in which we obtain M-theory compactified on V.
Consider now an orientifold of this theory given by

Q= (-1)"Q,3. (6.3)
where & is an antiholomorphic isometric involution of V.
The 4D N =1 tree-level effective action resulting from
this orientifold projection has been derived in [106]. Since
the Kihler form Jy is odd under 6 and B, is odd under
(=1)f1Q,,, the Kihler moduli that survive the orientifold
action are counted by hL!(V). In addition, there are

h21(V) + 1 chiral multiplets from expanding the combi-
nation

Q, = C; + 2iRe(CQy), (6.4)

where C; is the type IIA 3-form, Q the holomorphic (3,0)-
form on V and the normalization C is given by

s\l
C = €_¢4’HA </ 93 N 93) .
Vv

The holomorphic coordinates associated with complex

structure variations of V are then obtained from the
expansion

(6.5)

Q. = Ny ax. (6.6)

where ay is a basis of H3 (V). The moduli fo)) control

the classical holomorphic gauge kinetic functions of the
6-branes in the type IIA orientifold and also the classical
actions of BPS D2-brane instantons wrapping special
Lagrangian 3-cycles. For this reason, the moduli fo»

are the analog of the complexified classical divisor volumes
T, in the type IIB/F-theory dual. The analog of the type
[IB/F-theory complex structure deformations are instead
the Kihler moduli #, i = 1, ..., hl! (V) The pure complex
structure infinite distance limit in the type IIB orientifold/
F-theory compactifications discussed in this paper is mirror

dual to t' — ico while keeping all fo)) constant.™ In

particular, this requires e?+14 to remain constant in the
large volume limit. As in the type IIA compactification on
V, this can only be achieved if the 10D string coupling is
coscaled to infinity, g, — 0.

However, after orientifolding, there is no nonrenormal-
ization theorem ensuring the absence of quantum

35Strictly speaking, only those limits in the complex structure
moduli space on the type IIB side that are connected to the large
complex structure point are mirror dual to large volume limits in
the type IIA moduli space. We restrict to these for the rest of the
discussion of corrections in type ITA orientifolds.

corrections in the g, — oo, i.e., M-theory, limit. In fact,
if g, corrections to the type IIA effective action are present,
these become unsuppressed in this limit. The results of this
paper for the mirror dual type IIB/F-theory setup imply that
such g, corrections are indeed nonzero also on the type IIA
side. Concretely, our results summarized by claim 1
indicate that there are corrections to the complex structure
moduli N¥ of the form

Im NK =Im N{%) + aK.l‘(Im ti)a’('i + ...

0#£a€R, a>0, (6.7)

which become unsuppressed in the ' — ico limit and
dominate over the classical term for

Im N < (Im /)%

(6.8)
For toroidal orientifolds, the corrections to the gauge
kinetic function on D6-branes, and hence to NX, have
been computed in [107-109] which indeed are of the form
(6.7). For the type ITA orientifold this means that the
decompactification limit to M-theory is obstructed. This is
similar to the obstruction to taking the Horava-Witten limit
for compactifications of the heterotic string with asym-
metric instanton embedding [101], see also [42,102].
Also in the type IIA orientifold setups one could argue
for the quantum obstruction to the limits considered here
using a strategy similar to the one underlying claim 2. In
this case, the candidate EFT strings are NSS5-branes
wrapping movable divisors in V/Qy as has been dis-
cussed already in [28] and more recently in [48]. Before
orientifolding, the strings obtained from NS5-branes
on movable divisors of V descend from MS5-branes in
M-theory wrapping the same divisor and are hence indeed
supergravity strings of a higher-dimensional theory (or
critical strings). In particular, the world sheet theory on the
type IIA EFT strings is the same as the world sheet theory
on the supergravity strings in M-theory. However, the world
sheet theory on the NS5-brane strings can be sensitive to
the orientifold projection. For this reason, the world sheet
theory of candidate EFT strings of the 4D A =1 theory
may differ from the world sheet theory on the M5-brane
supergravity strings in M-theory, and our results on the
mirror dual type IIB side suggest so. As a consequence, by
claim 2, the corresponding limit in the Kdhler moduli space
of the type IIA orientifold should be obstructed and must, at
the very least, be accompanied by a coscaling of the type

ITA complex structure moduli N{%). It would be very

interesting to work out the exact action of the type IIA
orientifold on the NS5-branes and in particular the interplay
between the world sheet theory and the O6-planes. In
particular, this provides a promising avenue to argue for the
obstruction of regular-fiber type IV limits via an application
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of claim 2 in the mirror dual theory to which we hope to
return in the future.

VII. DISCUSSION AND IMPLICATIONS
FOR MODEL BUILDING

In this work and in the companion paper [4], we have
investigated quantum obstructions to infinite distance limits
in the classical moduli space of 4D A/ = 1 compactifica-
tions of type IIB string theory/F-theory. We have focused
on infinite distance limits in the complex structure moduli
space of Calabi-Yau threefolds in type 1IB orientifolds or of
Calabi-Yau fourfolds in F-theory. Our results demonstrate
that these limits are generically g,- and/or Kéhler-
obstructed in the sense of definitions 1 and 2.

The reason why these limits are obstructed, whereas
infinite distance limits in, for instance, the F-theory Kihler
moduli space are unobstructed, is a consequence of
supersymmetry: Even in theories with minimal supersym-
metry there exist nonrenormalization theorems ensuring
that certain holomorphic couplings are not renormalized
beyond a specific order in perturbation theory. The exist-
ence or obstruction of infinite distance limits in the moduli
space is then tied to the behavior of these holomorphic
couplings. In 4D AN =1 theories an example of such a
coupling is the holomorphic gauge kinetic function, which
is not corrected beyond one-loop but receives nonpertur-
bative corrections from BPS instantons. For an infinite
distance limit in the classical moduli space to be unob-
structed at the quantum level the corrections due to BPS
instantons have to vanish asymptotically.

In theories with extended supersymmetry, the factoriza-
tion of the moduli space can ensure that the nonperturbative
corrections to the gauge kinetic function vanish identically.
However, in 4D N = 1 theories, there is no such factori-
zation of the moduli space. In our concrete case of
F-theory/type 1IB orientifolds, BPS instantons arise from
D(—1) and D3-brane instantons wrapping holomorphic
divisors in the base B; of the F-theory fourfold. For this
reason, the absence of nonperturbative corrections requires
weak-coupling, g, — 0, and large FEinstein-frame divisor
volumes. Thus, in particular, classical infinite distance limits
in the F-theory Kihler moduli space are not obstructed as
long as all divisor volumes are parametrically large.

By contrast, our results imply that infinite distance limits
in the classical complex structure moduli space of F-theory/
type 1IB orientifolds (and their type IIA mirror duals) are
different because in these limits the BPS instanton actions
are not necessarily suppressed due to threshold corrections
to the classical instanton actions. Concretely, our results
can be summarized as follows:

(a) Consider type IIB string theory compactified on a
Calabi-Yau threefold V and let € be an orientifold
projection leading to O3- and O7-planes. For an infinite
distance complex structure degeneration ¢p — oo of V,
the local geometry of the singular Calabi-Yau was

established in [49,50]. Depending on the interplay of Q
with this local geometry, the orientifold is said to be of
O-type A/B with respect to the degeneration ¢ — 0.
Based on the F-theory uplift of these orientifolds,
infinite distance O-type A limits (in which by definition
the O7-plane lies on one of the double surfaces of the
degeneration) are found to be g,-obstructed in the sense
of definition 1 [4].

(b) The infinite distance limits of the 4D N = 1 moduli
space that survive in the g,-corrected moduli space are
best described directly in the F-theory uplift of the type
IIB orientifold. While this moduli space is g,-exact,
there are further nonperturbative corrections—both in
o and mixed o', g,—obstructing asymptotic regions of
the classical F-theory complex structure moduli space
in the sense of definition 2. These obstructions can
either be detected by considering the world sheet theory
on candidate EFT strings realizing the classical infinite
distance limits or by studying the corrections to BPS
instanton actions. The results of Secs. IV-V imply that
both strategies are consistent with each other such that,
in particular, in general infinite distance limits in the
complex structure moduli space of F-theory, there are
divisor volumes that are corrected as in (2.3).

In the remaining part of this section, we discuss some
implications of our analysis for string theory model
building, see [110,111] and references therein on the
current status. Concretely, in Sec. VII A, we begin with
the implications of the analysis in [4] for model building
scenarios based on the large complex structure regime of
perturbative type IIB orientifolds. In Sec. VII B, we analyse
the implications of Kaihler obstructions for proposals to
realize asymptotic accelerated expansion in string theory.
Finally, in Sec. VIIC, we turn to the problem of Kihler
moduli stabilization in light of the results of this work.

A. Type IIB orientifolds at large complex structure

Despite much effort, identifying a string vacuum that
correctly captures all properties of our Universe remains an
open problem. At a technical level, the challenge arises
because full computational control can only be achieved for
highly unrealistic string theory compactifications. String
theory based model building hence has to identify a middle
ground in which computational control can be achieved while
important features of our Universe can still be realized. In this
context, a well-studied corner of string theory is the large
complex structure (LCS) regime in type IIB orientifolds V/Q
at weak string coupling Im 7 > 1, see [110,111] for reviews.

At tree-level in the string coupling, the AV =1 closed
string moduli Kéhler potential takes the form

K = —log <i/Y{23 A s‘z3> _ log (=i(z = 7))

—2log (Vg(V)). (7.1)
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Here Qj is the holomorphic 3-form on V, 7 is the axio-
dilaton with Im 7 = g;! > 1 and Vg(V) is the Einstein-
frame volume of V. Correspondingly, the closed string
moduli space factors at tree-level as

Mi\lle = Mcs(V/Q) x M, x MK(V/Q) (72)
This factorization is a remnant of the extended N =2
supersymmetry of the parent type IIB compactification on
V. Using this N = 2 parent theory and mirror symmetry at
LCS to a large volume compactification of type IIA on the
mirror Calabi-Yau of V, the first and third term in (7.1) can
be computed exactly, including all perturbative as well as
nonperturbative corrections in & that survive the orientifold
projection. As discussed for example in [112], the search
for (semi)realistic (A)dS string vacua is commonly per-
formed at the level of the effective action derived
from (7.1).

One of the main outcomes of the companion analysis [4]
is that the effective action derived from the Kihler potential
(7.1) at string tree-level misses potentially dangerous
corrections in g,. This applies most prominently to O-type
A limits which are g -obstructed, see definition 1. To
connect this analysis to type IIB model building, recall that
from the perspective of the underlying Calabi-Yau threefold
V, the LCS limit is a type IV degeneration and as such of
O-type A with respect to any orientifold projection Q. As
the F-theory lift of an O-type A orientifold shows, the
classical factorization of the moduli space is badly broken
once g, corrections are taken into account, meaning that the
Kihler potential (7.1) does not correctly capture the physics
of the LCS limit. As already stressed in Sec. 4.4 of [4], it is
important to note that while our analysis is phrased in terms
of strictly asymptotic regimes in moduli space, the g,-
obstructions to O-type A limits affect also the interior of
moduli space. Concretely, the effective action derived from
(7.1) can at best be trusted in the parametric regime

||
Im (z)

>1 asl<Im(z)< oo, (7.3)

where z is the complex structure modulus of V realizing the
LCS limit as Im (z) — oco. Notice that, as discussed in [4],
there are cases for which the strict limit Im (z) = oo
is never within the regime of validity of the effective
action derived from (7.1). These are precisely the O-type A
limits, for which even at g, = 0 the orientifold picture
breaks down.

The expression on the left hand side of this parametric
bound is a control parameter for the perturbative type 1B
approximation to the effective action. The role of this
parameter is not directly obvious from the effective 4D
N = 1 action since there is no BPS instanton for which the
action is given by (7.3). Instead, from the perturbative type
IIB perspective, the ratio in (7.3) is a genuine quantum

gravitational control parameter whose role only becomes
visible if the details of the underlying Calabi-Yau geometry
are considered.

As such, this parameter is commonly overlooked when
performing a control analysis in the LCS regime of type IIB
orientifolds. Notice furthermore that for fixed string cou-
pling g, this bound works against the common lore that
computational control is gained in the LCS regime. Indeed,
while the computation of the periods of €23 is simple in the
Im (z) > 1 regime, it is also in this regime that g, effects
become important (and potentially even unsuppressed),
which makes it inaccessible to the perturbative type IIB
description.

To perform a quantum-gravitational control analysis in a
given perturbative type IIB orientifold, the couplings of the
4D N =1 theory have to be computed directly in the
F-theory uplift of the theory and subsequently compared to
the perturbative type IIB prediction. Typically, the dimen-
sion of M, of a smooth Weierstrass model is very large
such that a general computation of the exact periods of the
fourfold uplift of the orientifold is challenging. To delineate
the exact regime of validity of the string tree-level 4D
N =1 effective action one thus has to go case-by-case,
which clearly goes beyond the scope of this paper. In any
event, the important implication of the analysis in [4] for
model building is that a purely classical (in g) analysis of
the LCS regime in type IIB orientifolds at finite string
coupling is not justified.

B. Flux potentials in F-theory

The problem of g, corrections is avoided if we directly
work with F-theory compactifications. In this work, we
have considered F-theory compactifications on an ellipti-
cally fibered Calabi-Yau fourfold W in the absence of
fluxes. The possible fluxes are best described via their dual
M-theory description in terms of four-form fluxes Gy
satisfying [113]

W
Gﬁ% e HY (W, Z).

(7.4)
Of particular interest for four-dimensional model building
are fluxes satisfying J A G4, = 0, where J is the Kihler
form on W. These fluxes induce a superpotential [114]

WF - / G4 AN 94. (75)
w

After uplift to F-theory, the superpotential gives rise to a
scalar potential
Vi =M} EKF(gi}DiWFD}WF =3|We?). (7.6)

where D; is the Kéhler covariant derivative and the index
runs over all chiral fields in the theory. The superpotential
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and the resulting scalar potential are derived within the
supergravity approximation to the 4D effective theory. In
particular, in the supergravity approximation the Kéhler
potential is given by the classical Kihler potential in (3.2).
One then finds

My - _ .
(g”DiWFDjWF = 3|Wgel?),

Vp=—"HB
Vi, Iu]?

(7.7)
where

2 = | @ng, (7.8)

As discussed in detail in [20], the complex structure
dependence of Vp depends on the chosen fluxes.
Suppose we consider a one-parameter limit in the classical
complex structure moduli space M., (W) given by
7z — ioo. Depending on the type of the limit, the complex
structure dependence of V is bounded as

2

M
stv—P‘ Vo(Im z)4, (7.9)

2
Bs

where we used the nilpotent orbit theorem [91]
to estimate WyS(iIm z)4, V, is the flux-dependent
coefficient of the leading contribution to the scalar
potential and d =1,...,4 for a singularity of primary
singularity type II, ..., V. If we were able to take the
limit z — ico within the validity of the supergravity
approximation to the low-energy EFT, the above scaling
would be problematic. The reason is that consistency of
the effective theory requires that the potential is bounded
as [115-117]

Vi < Ade (7.10)

which is clearly violated by (7.9) in the limit Im 7z — oo
at constant Vg, and nonzero V. Suppose that we could
trust the effective action derived from supergravity in this
regime, i.e., that there were no corrections to the
effective action arising in the large Im z limit at constant
Vg,. The fact that we can turn on fluxes leading to
nonzero V, in (7.9) then means that supergravity is not
self-consistent as (7.10) is violated and the effective
theory should anyway not be trusted.

The results in this paper resolve this contradiction since
we saw that the limit Im z — oo at finite Vp, cannot be
taken within the regime of validity for the supergravity
effective action. Instead, to remain within the supergravity
regime we have to coscale the Einstein-frame volume of at
least one divisor D in Bj as

Vpz(Im z)%, (7.11)

for some a > 0.°° In the regime where the supergravity
approximation is valid, the quantum gravity cutoff is given
by the 10D Planck scale

M3, = V;g;Ml%l, (7.12)
such that for Im z — oo
Vi
—— <5 —V,(Im z)“. (7.13)
Ao~ Vs,

For a fixed choice of fluxes, the condition (7.10) is hence
satisfied if
Vp,z(Im z)4. (7.14)
To decide whether such a coscaling is indeed required by
the corrections to the divisor volume we have to explicitly
determine « in (7.11). As we mentioned repeatedly in this
paper, this is in general a very difficult task. However, using
dualities we computed the corrections to the volume of
specific divisors D for examples of type II and III limits in
M., (W). From (4.10), (5.19), and (5.48) we find that in
these cases the volume of the relevant divisors D has to be
coscaled as in (7.11) with @ = d. Using
Vp,ZVp,zIm (2)4, (7.15)
we find that in these examples the condition (7.14) is
satisfied. Hence, the condition for staying within the
supergravity approximation imposed by the correction
automatically guarantees that the flux-induced scalar poten-
tial parametrically satisfies (7.10). In other words, at least in
the examples where the explicit corrections can be com-
puted via duality, these corrections ensure that the super-
gravity approximation is self-consistent.”’
Our results, however, are not just relevant for flux
choices that classically lead to a divergent scalar potential
in the asymptotic regimes of M., (W). Instead, for

%Notice that in [118] it has already been stressed that the
volume Vp, of the F-theory base can depend on the complex
structure moduli of the fourfold W. However, the kind of complex
structure dependence of the base volume is different from what
we discuss in this paper. We consider additive corrections to the
volume of divisors, whereas [118] considers multiplicative
corrections such as the factor of the dilaton appearing in the
definition of the Einstein-frame volume that enters the Kéhler
pot%ntial.

°’A similar situation arises for the nonperturbative scalar
potential of 4D N = 1 toroidal compactifications of the heterotic
string. Using modular invariance, it can be shown [119-121] that
the scalar potential diverges in certain classical infinite distance
regimes. However, as shown in [42], this divergence of the scalar
potential is accompanied by nonperturbative corrections to the
effective action becoming unsuppressed. This indicates that the
original perturbative description of the theory becomes invalid
similar to what happens for the F-theory setups discussed here.
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phenomenological applications scalar potentials that clas-
sically decay in asymptotic regimes of M, (W) are more
interesting as they could be cosmological models that
feature asymptotic accelerated expansion. This possibility
was analyzed in detail in the F-theory context in [122],
where in particular a candidate for a flux potential based on
the supergravity expression (7.7) was identified that can
lead to asymptotic accelerated expansion along its gradient
flow. However, as stressed in [122], whether or not this
gives rise to an actual string theory realization of cosmic
acceleration depends on whether full moduli stabilization
can be achieved, including the K&hler moduli. The results
in our paper indicate that even if full Kihler moduli
stabilization can be achieved, this does not yet guarantee
that these models lead to accelerated expansion. Indeed, if
all classical divisor volumes are set to some fixed value, we
have seen that asymptotic limits in M., (W) (such as those
underlying the proposal for accelerated expansion in [122])
cannot be described within the supergravity approximation.
However, the potential (7.7) used in the analysis of [122]
has been derived within supergravity. Hence, even if there
exist asymptotic limits in the quantum moduli space of the
kind considered in [122] realized at constant classical
volume, these lie outside the regime of validity of the
supergravity approximation underlying the analysis of
asymptotic accelerated expansion.

C. Kihler moduli stabilization

Instead of considering cosmological solutions that
dynamically realize asymptotic limits in the complex
structure moduli space of F-theory, one can also attempt
to find actual vacua in the interior of moduli space. For
F-theory compactifications, the complex structure moduli
can be classically stabilized by fluxes. However, Kihler
moduli stabilization is famously hard in type IIB/F-theory
compactifications. The reason is that there are no fluxes that
can stabilize the Kéhler moduli at tree-level such that one
has to rely on perturbative and nonperturbative corrections
to stabilize the Kihler moduli. For these to have a sizable
effect, they cannot be entirely negligible in the effective
action. Therefore, scenarios such as KKLT [1] and LVS
[2,3], which rely on quantum corrections to achieve Kéhler
moduli stabilization, cannot be realized in the strict
asymptotic regime of the moduli space. The challenge of
Kihler moduli stabilization via quantum corrections to the
effective action is thus to identify points in the interior of
the moduli space where the quantum corrections required
for moduli stabilization are strong enough to create a
nontrivial vacuum, while at the same time quantum
corrections that would spoil the validity of the effective
action can still be safely ignored.

In the context of AdS vacua in the LVS and KKLT
scenarios, the separation of quantum corrections can
potentially be achieved since the nonperturbative correc-
tions arise from rigid subsectors of the full theory of

gravity. The reason is that, for a D3-brane instanton to
contribute to the nonperturbative superpotential it has to
wrap arigid (or rigidified) divisor in the base of the Calabi-
Yau fourfold. Rigid sectors can be decoupled from the
theory of gravity. Geometrically this amounts to shrinking
the corresponding divisor without shrinking the entire
manifold.™ In other words, the proposed scenarios attempt
to find gravitational vacua within the regime of validity of
the supergravity approximation using as central input
nonperturbative effects in a field theory sector.

As the volumes of all movable, and hence gravitational,
divisors have to be stabilized by the nonperturbative field
theory effects as well, also these divisor volumes cannot be
arbitrarily large. In other words, the field theory sector
cannot completely decouple from gravity. To check
whether the point in moduli space at which the proposed
vacuum is realized lies within the regime of validity of the
supergravity approximation, one has to check whether
possible corrections to the effective action are under
control. Recall that in type IIB/F-theory compactifications
the classical effective action is derived from dimensional
reduction of the 10D supergravity effective action. Already
at the level of the supergravity, one can infer the strength of
nonperturbative corrections to a given coupling in the
effective action. These arise from instantons, i.e., solutions
to saddle points of the classical Euclidean action. Consider
the coefficient, F,,, of some operator in the effective action.
At the two-derivative level we could for example consider
the Kéhler covariant superpotential

G =K +log|W}%, (7.16)
but F, could equally well correspond to some higher-
derivative term in the effective action. Schematically, we
can then write

F,=F+6F,=F}+ Y Ale™%,  (7.17)
a

where F¢ is the classical term obtained from dimensional
reduction of the corresponding term in the 10d effective
action. The sum in the last term runs over all possible

instantons with classical instanton action S¢ and Ai”)
encodes the quantum fluctuations around the a-th
Euclidean saddle. For type IIB/F-theory compactifications,

*The actual statement of decoupling is that the gauge coupling
of a 7-brane gauge theory can be made parametrically stronger
than the gravitational coupling. In 4D this means that the gauge
kinetic function for this 7-brane gauge theory can vanish. Without
fluxes, this is the case for shrinkable divisors. In the presence of
fluxes, one has to take into account flux-induced corrections to
the gauge kinetic function. If a divisor is rigidified by fluxes, as
discussed for D3-brane instantons for example in [123], the gauge
kinetic function can then also vanish even if the classical volume
of the divisor cannot vanish.
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an important class of Euclidean saddles corresponds to a
Euclidean D3-brane wrapping a divisor D, € H4(BB3) with
classical action

. (7.18)

SD3|D(, =2r V(DO: + IA C4

Thus, the classical divisor volumes Vg)n) are good candi-
dates for control parameters to check whether the correc-
tions in (7.17) are small and the effective action is well-
described by the dimensional reduction of the 10D effective
action. In particular, if all classical divisor volumes are
large, the volume of Bj is large as well and we have to
reproduce the classical 10D supergravity effective action.
However, this is a purely classical control analysis, since
the actual quantum nature of the corrections in (7.17) is

encoded in the one-loop determinant AEZ"). From a field

theory perspective, the .AS’) can simply be constants.
Indeed, [124] identifies rigid, i.e., field theory divisors

with constant A"
In quantum gravity, we instead expect the A to be

moduli-dependent. In fact, the leading contribution to AE{”
is expected to be moduli-dependent reflecting that quantum
gravitational theories are not field theories. The results
presented in this paper imply that this is indeed the case. To

see this, we interpret the logarithm of a nonzero .AE,"”) asa
correction to the instanton action (setting the axions to zero
for simplicity)

Spy,, = 21V —log| AL, (7.19)

In other words, log A" is a contribution to the quantum

volume of the divisor. The corrections to the divisor
volumes can schematically be split as (see, e.g., [112])
Vp, = Vi) + SVE=2 + svy =, (7.20)
where the second term encodes the A = 2 corrections to
the divisor volume already present if the elliptic fibration of
the Calabi-Yau fourfold is trivial, i.e., in type IIB com-
pactifications on Calabi-Yau threefolds. Instead, the third
term encodes genuine N =1 corrections to the divisor
volumes which are absent in type IIB Calabi-Yau com-
pactifications. This term is generated by genuine quantum
gravitational effects of the 4D N = 1 theory. Computing
these corrections directly in type IIB orientifolds is very
difficult. In this work, we analyzed examples in F-theory
where the moduli-dependence of SVJI\)C 1:1 can be computed

using duality and showed that they are very sensitive to the
complex structure sector,

SV~ ~(Imz)* a>0, (7.21)

for Im 7 — oo. Moreover, the Kéhler obstruction argued for
via the world sheet theory of the candidate EFT strings
implies that in general asymptotic limits in M (W) a
correction of the form (7.21) arises for some divisors of
Bs. Via the relation between the divisor volume and the
D3-brane instanton action, the correction log A&”(’) to the
instanton action gets related to 6V/L§/u =1

Notice that even though the instanton may correct the
effective action at a higher-derivative level, the shift in the
D3-brane instanton actions implies that also the two-
derivative effective action is corrected. The reason is that
the holomorphic D3-brane instanton actions correspond to
the complex scalar fields in the 4D A = 1 multiplets.
Therefore, a correction to the volume as in (7.21) will
manifest itself in a perturbative correction to the Kihler
potential. Indeed, since the Kihler potential in 4D N = 11is
not related to a holomorphic object, it can receive correc-
tions at all orders in perturbation theory. To ensure validity
of the effective action, this perturbation theory must be
under control. The results in this paper imply that in the full
theory of quantum gravity, the control parameter for
validity of the supergravity action is hence not simply

given by the classical divisor volume Vg)a). If quantum
gravity was describable as an ordinary quantum field
theory, the classical divisor volume could be a good control
parameter. However, since quantum gravity is very differ-
ent from a quantum field theory, actual control over the
supergravity effective action requires

YO

Di 5
(Im z)* =

(7.22)

which ensures that the perturbative corrections to the two-
derivative action are small compared to the tree-level term
and that instanton corrections to any coupling in the full
effective action are suppressed. This illustrates, once again,
that a simple supergravity control analysis is insufficient
since quantum gravity behaves very differently from the
naive supergravity expectation.

The tension between supergravity and quantum gravi-
tational control analysis implied by our results challenges
customary attempts for Kéhler moduli stabilization, which
typically rely on a supergravity control analysis. In par-
ticular, the quantum corrections discussed in this paper may
exacerbate the difficulties in finding controlled string vacua
following the KKLT [1] or LVS [2,3] approaches. This
would be consistent with (yet completely independent of)
the holographic arguments questioning the existence of
controlled KKLT-like AdS vacua put forward in [125].
Unfortunately, so far, our results only indicate that the
supergravity control analysis is insufficient and that an
actual quantum gravity control analysis will considerably
narrow down the regime of validity of the supergravity
approximation. However, apart from some examples where
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we can compute 5ng =! using dualities, we do not yet have

a reliable tool to actually implement the quantum gravita-
tional control analysis in a practical way. This would
require a theory that encodes all &' corrections in the 4D
N =1 theory similar to what F-theory achieves for the
pure g, corrections to perturbative type IIB orientifolds.
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APPENDIX A: EFT STRINGS IN TYPE IIB
CALABI-YAU COMPACTIFICATIONS

In this appendix, we develop the mode counting on
complex structure EFT strings of type IIB string theory
compactified on Calabi-Yau threefolds. For the special case
of Tyurin type II degenerations of Calabi-Yau threefolds,
this was pioneered in [49]. Here, we extend this procedure
to general Calabi-Yau threefold degenerations including
those of type III and IV. We start by outlining the general
strategy which we then exemplify for infinite distance
limits in the complex structure moduli space of the mirror
quintic in section A 1 and the mirror of P, ¢o[18] in
Appendix B. We further comment on the effect of ori-
entifolding on the spectrum of EFT strings in
Appendix A 3.

Consider a semistable degeneration of a Calabi-Yau
threefold V as studied in [4,49,50,66]. The family V, <
YV — D can be viewed as a 4D EFT string configuration
with the coordinate on the disk D identified with the
coordinate u transverse to the string. The degrees of
freedom that propagate along the EFT string correspond
to modes associated with the intersections of the compo-
nents V; of V. Recall from [4,50] that infinite distance
limits in the complex structure moduli space of Calabi-Yau
threefolds can be classified by the dimension of the dual
graph of the degeneration or, equivalently, the largest

integer d such that V; ; is nonempty. Concretely, for
type II degenerations this means that only double surfaces
S;; = X; N X; appear with all triple intersections of the
components V; empty. Instead, type III degenerations are
characterized by nonvanishing triple curves C;; = X; N
X;n X, for some i# j#k but vanishing quadruple
intersections. type IV singularities also have nonvanishing
quadruple points P;;; = X; N X; N X, N X;.

Paralleling our analysis in Sec. IIIB, the massless
degrees of freedom on the EFT strings associated with
any degeneration of type II, IIT or IV have three different
origins.

Universal geometric mode. Irrespective of the type of
the degeneration there is a universal geometric zero mode
on the string associated with the position of the string in
the 4D spacetime. As in [49] we denote this mode by
zy = |zo|e' * % providing two real scalars on the world
sheet, which we choose to be the noncompact scalar |z|
and the compact scalar arg(z).

Internal geometric modes. In addition to the mode
describing the motion of the string in the four-dimensional
extended spacetime, there are additional modes associated
with the location of the intersection inside the normal
crossing variety V. The number of geometric modes is
determined by the type of degeneration as it corresponds to
the dimension of the dual graph of the degeneration. The
dual graph of type Il degenerations being one-dimensional,
the EFT string realizing a type II limit has a single real
scalar degree of freedom @®; coming from the internal
geometric sector. Instead, EFT strings associated with type
IIT degenerations have two real scalar modes, ®;, ®,, on
their world sheet and type IV degenerations three real scalar
modes @, ®,, 5 arising from the internal geometry of the
degeneration.

Modes from p-forms. In addition to the geometric
modes, there are massless degrees arising from modes of
the p-forms of 10D supergravity that localize to the
intersections of the components of V,. We therefore
consider the harmonic forms in H*(S;;) and H'(Cyj).
As in [49], we obtain a degree of freedom propagating
along the string by reducing a p-from potential C,, over a
harmonic (p — 2)-form w,_, as

Cp = B(z) /\C()p_2+ ceey

(A1)
The dz A dz component of the two-form B, then gives
rise to a scalar mode b that can be interpreted as a mode on
the string. In type IIB we can thus consider C,, Cg and By
and reduce them as

Co=C'ray), Be=B*rnol o) e@HS,)
i<j

(A2)
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and

C,=C'na? +C A a)l(.z), with @ e BH*(S;)).

i<j

o e @ H(Cy). (A3)

i<j<k

For type II degenerations, there are no triple curves such
that all modes come from the two-forms on the double
surfaces S;;. Using that these are all expected to be K3
surfaces, [49] showed that the EFT string associated with a
type II degeneration is a critical heterotic string. Since for
types III and IV singularities the surfaces S;; intersect
nontrivially, the expansions above generally overcounts the
number of two-forms in this case, as the forms in
@i ;H (S;;) and @, ;- H"(C;ji) are not all independent
but satisfy linear relations. The exact counting of massless
degrees of freedom on the string world sheet must take into
account these linear relations, which depend on the details
of the degenerate geometry.

The string world sheet has 2D N = (0,4) supersym-
metry such that the degrees of freedom must organize into
full multiplets of the right-moving supersymmetry algebra.
So far, we have only considered the scalar degrees of
freedom. By reducing the fermionic partners of the 10D
p-form potentials, we generate fermions that complete the
right-moving degrees scalars into (twisted) hypermultip-
lets. In the following, we discuss the counting in concrete
examples of type III and IV degenerations. Let us notice
that, in case the degeneration in the complex structure limit
has a mirror dual description in terms of a large volume
limit in a geometric compactification of type IIA string
theory, the counting of the zero modes and hence the central
charge of the string world sheet theory can be compared to
the mirror dual of the type IIB EFT string corresponding to
type IIA NS5-branes wrapping certain divisors in the
mirror Calabi-Yau threefold V. For type II limits, the
mirror map to type ITA NS5-branes has been discussed
in detail in [49]. For more general limits, we notice that the
central charges on the mirror dual string obtained by
wrapping an NS5-brane on a nef and effective divisor D

in V are given by [96]

O B
cr=D*+-c,(V)-D,

2 e =D+c,(V)-D,

(A4)

where ¢,(V) is the second Chern class of V. These
properties of D guarantee that the resulting string is
(super)critical.

In the following, we apply the procedure outlined above
to two EFT strings arising in concrete Calabi-Yau com-
pactifications of type IIB string theory and furthermore
discuss an EFT string point of view on the results of the
companion paper [4].

1. Type IV example: Mirror quintic

The mirror quintic is given by the hypersurface

P=x]+x+x+x,+x—5pxixx3x,05 =0 (A5)
inside P*/Z3, and the large complex structure limit yr — oo
corresponds to a type IV singularity. In this limit, the
threefold degenerates into a union of five threefolds,

(A6)

We are interested in the world sheet theory of the EFT
string realizing the limit y — co. Before we come to the
mode counting using the strategy outlined above, we
discuss the mirror of this EFT string. To this end, we
consider type IIA compactified on the quintic threefold in
P*, i.e., we do not orbifold the ambient space by Z3. The
mirror dual of the EFT string realizing the large complex
structure limit of the mirror quintic corresponds to a type
IIA NS5-brane wrapping the hyperplane divisor D on the
quintic. Using the topological data of the quintic,

(A7)

we find from (A4) that the left- and right-moving central
charges of the string obtained from the NS5-brane wrapped
on D are cg =30 and ¢; = 55. The string world sheet
theory thus contains five (twisted) hypermultiplets contrib-
uting cg(hyper) = 6 each. Therefore, the NS5-brane string
associated with the large volume limit of the quintic is a
supercritical string.

Returning to the EFT string in type IIB string theory, we
now describe how the counting outlined above can be
applied to the degeneration of the mirror quintic in (A6). In
the following, we focus on the right-moving sector.
The EFT string realizing the large complex structure limit
for the mirror quintic contains five real scalars correspond-
ing to the universal and internal geometric modes
|o|, arg(zy), @1, 3. To count the independent two-forms
(and thus world sheet scalars on the string), we have to
determine the number of independent double surfaces and
triple curves and their cohomology classes.

The degenerate geometry consists of (3) = 10 double
surfaces §;;, the same number of triple curves C;j; as well
as five quadruple points. The double surfaces have
the topology of P2, whereas the triple curves are P! s.
The double surfaces satisfy linear relations as divisors
in the components X; = {x; = 0}. To determine these, we
notice that for y — oo, the zero section of the polynomial P
defined in (A5) restricts trivially to X; = {x; = 0}, i.e.,

div(P|y ) = 0€Div(X,). (A8)
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On the other hand, we have

div(Ply) =X; n ) X, (A9)
i#]
implying that for each i =1, ..., 5 there is a linear relation

satisfied by the S;; = X; N X in Div(X;). The number of
independent double surfaces is thus reduced to
10 — 5 = 5.% Similarly, the number of independent triple
curves is also reduced to five.

From the five independent double surfaces we obtain five
pairs of two-forms upon reducing C¢ and By along the top-
form on the surfaces whose dz A dZ component gives real
scalar fields f* and y*, a =1,...,5 along the string. To
determine the number of world sheet modes coming from
C,, we first consider the triple curves. Since there are five
independent triple curves, these give rise to five two-forms
C', i=1,...,5, upon reducing C, along them. On the
world sheet, these give rise to five real scalars ¢'. Inside
S = P2, the triple curves C; jx (if nonzero) are represent-
atives of the hyperplane class. Thus, reducing C,4 over the
elements in H?(S,;) does not yield any additional degrees
of freedom on the string. In total, there are therefore 15
additional modes in the right-moving sector coming from
the type IIB p-forms. Together with the geometric modes,
these form the scalar degrees of freedom of five (twisted)
hypermultiplets. Along with their fermionic partners, these
indeed give cx = 30, consistent with the prediction from
mirror symmetry.

2. Type III example: P{, | ¢ o[18]/(Z5 x Z)

To study an EFT string realizing a type III degeneration,
we consider the mirror V of the (resolved) Calabi-Yau
threefold V =P}, | ,[18]. We provide details about
this manifold in Appendix B. As established there, the
degeneration

3 ~
Vo=Vioo = 'Ul{x? = 0}/Gep (A10)
=
is a semistable type III degeneration. For the mode counting
on the EFT string realizing this limit at its core, the
geometry of the intersections of the components X; is
important. We first note that by adjunction the triple curve
Ci3 = X; N X, N X5 is an elliptic curve,
Cl(C123) = (18-3)(6)1‘1|C123 =0. (All)
To specify the geometry of the double surfaces S;;, i < j,
we find (again by adjunction) ¢ (S},) = 6H|s , where H is

#Over Q, not all linear relations are independent since they
satisfy themselves one linear relation, showing that over Q there
are only four relations for the double surfaces. Here, however, we
work over Z so that we have five independent relations.

a generic hyperplane of V,. With H = {x; =0} we
conclude K, = —6Cjp;. As g(Cjp3) = 1, adjunction for
C123 C SIZ tells us that 0 = KS]Z . C123 —+ C%Z?, = —5C%23,
i.e., Cyp3 is an elliptic fiber inside S;,. From the Hodge-
Deligne diamond associated with the degeneration we get
h?0(S1,) = 0. Furthermore, h'9(S},) = ¢g(X), where X is
the base curve of the elliptic fibration of S;,. The projection
S, — X is given by

[0:0:x3: x4:x5] > [x4:x5], (A12)
showing that ¥ ~ [P’é’9 ~ P!, Hence, h'°(S,,) = 0, so that
the Kodaira dimension of S, is k(S},) = —oco and Sy, is a
rational elliptic surface, i.e., Sj, ~ dP9.40

Using our strategy outlined at the beginning of this
section, we now describe the world sheet theory on the
EFT string realizing the ¢ — oo limit. As before, it is
instructive to consider first the mirror dual of this string
corresponding to a type ITA NS5-brane wrapping a divisor in
the mirror threefold. The mirror V of V is an elliptic fibration
over P2, The string dual to the EFT string realizing the type
I limit corresponds to the NS5-brane wrapping the vertical
divisor D, over the hyperplane class & of P2. Using ﬁft =0
and ¢, - D), = 36, the central charges are of the string are
given by

cg =18, cp = 36. (A13)
Notice that the string can be viewed as a bound state of three
E-strings, each contributing ¢z =6 and c¢; = 12. The
contributions to ¢; come from the left-moving Eg-algebra
on each of the three E-strings.

To reproduce the central charge directly for the type IIB
EFT string, we first collect the geometric modes. The
modes transverse to the degeneration z, and @, ®, provide
in total four real scalars on the string world sheet. To count
the modes arising from localized p-forms, we first notice
that only two out of the three double surfaces S;,, S5 and
S,; are independent as divisors in V. We thus obtain four
real scalars %, y*, a = 1, 2, from reducing By and C¢ over
the top forms of these two independent surfaces. The
counting of the modes arising from C, is more involved.
We first notice that the single triple curve Cj,3 yields a
single real scalar b' arising from the component of C,
along the unique element in H?(C}y3). Each of the three
double surfaces is a dPy such that

DH(S;j. Z) = UD @ (—Eg)®,

i<j

(A14)

which has signature

4OAlternatively, Theorem 6.12 of [126] can be used to
determine the full Hodge diamond of S;,. It indeed coincides
with that of dPy.
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sgn {@HZ(S,-J-)} = (3.27). (A15)

i<j

There is a second linear relation as the elliptic triple curve
C»3 is contained in all three double surfaces. The con-
tribution of this elliptic curve to the massless degrees of
freedom is therefore already accounted for by b'. In
@, ;H*(S;j, Z), we thus have to consider the complement
of this two-form which is given by

[@H%S,,-, z>/~} — (0% @ (-E)®.  (Al6)

i<j

What remains of the hyperbolic U-planes are three null-
directions. Reducing C, along these null-directions gives
modes b', i = 2, 3, 4, without a definite chirality and hence
three real scalars on the world sheet of the EFT string. In
summary, we thus have 12 right-moving and 36 left-
moving scalar degrees of freedom which, taking into
account the right-moving supersymmetry, reproduces the
central charges in (A13).

3. EFT strings and orientifolds

In the previous subsection we saw that—similar to the
type II limits analyzed in [49]—also for limits of type III
and IV the number of double surfaces arising at the
degeneration are crucial in order to determine the zero
mode spectrum on the EFT string associated with the
degeneration. More specifically, an EFT string realizing a
type III or IV degeneration can be viewed as a bound state
of multiple strings, one for each double surface V; ; of the
degeneration.

Taking an orientifold of the Calabi-Yau threefold V
introduces two effects that have an impact on the world
sheet spectrum of the original EFT string. First, since the
orientifold projects out certain type IIB supergravity fields,
also the corresponding zero modes are projected out. For
O-type B limits as introduced in [4] this is the only relevant
effect and since these limits lift trivially to F-theory, we
refer to the main text for an analysis of the world sheet
spectrum of the associated EFT string.

Apart from this truncation due to the orientifold action
on the type IIB supergravity fields, in O-type A limits there
is a second effect acting on the EFT string world sheet as in
these limits the number of double surfaces arising at the
degeneration is reduced. Correspondingly, the EFT string
realizing the orientifolded limit in the AV = 1 moduli space
is very different from the original EFT string in the N = 2
moduli space. For type II O-type A limits, there is no
double surface and hence the EFT string disappears
altogether. Thus, also the EFT string perspective confirms
that for type II limits, there is no infinite distance limit left
in the F-theory uplift of an O-type A orientifold as the
resulting type I singularity of the fourfold is at finite

distance in moduli space and therefore not associated with
an EFT string. For type III and IV limits in O-type A
orientifolds, the EFT string does not have to disappear
altogether but only some components of the bound state
survive the orientifold action. Thus, there is still a string
associated with this limit although its world volume theory
is very different from the original EFT string in the 4D
N = 2 parent theory. In line with the general discussion of
the F-theory uplift of O-type A orientifolds in Sec. 4 of [4],
the EFT strings associated with O-type A limits are best
described directly in F-theory, as done in the main text of
this article.

APPENDIX B: DETAILS ON
P11 169(18]/(Z1s x Zs)

In this section, we consider the 2-parameter mirror V of
the resolved Calabi-Yau threefold V' = P | | ¢,[18]. The
only singularities on the Calabi-Yau hypersurface are those
inherited from the ambient space X = P?,1,1,6,9’ which
occur along the curve C = {x; =x, =x3 =0} and at
the two points p, =[0:0:0:1:0] and p; = [0:0:0:0:1].
As mentioned in [127], the curve intersects the hypersur-
face in the point p; = [0:0:0: — 1:1], while p, 3 do not lie
on the hypersurface. To arrive at a smooth Calabi-Yau we
therefore have to perform a single blow-up of the point p;.
To do this, we first blow-up the ambient space along the
curve C,

7. X =Bls(X) — X, (B1)

such that X c P* x P2 . . is defined by the
1,1.1,6,9 i y2iysl

equations x;y; = x;y; for i, j€{1,2,3}. The exceptional

divisor E is a P?-bundle over C with fiber coordi-

nates [y;: y,:ys)-
Inside the original weighted projective space X, we

consider the zero locus

{P=xI®+x¥ + x1® + x3 + x2 — 18y xax3x4x5

= 3¢x§x5x§ + 270 terms = 0} C X, (B2)

defining a singular Calabi-Yau threefold. The smooth
threefold V = P} | | ¢ ,[18] is given by the proper transform

of this zero locus in the resolved ambient space X. Expressed
in local coordinates in a neighborhood intersecting £ such
that E = {t = 0} and x; = ty, for i € {1, 2,3}, this proper
transform (which due to the genericity of P coincides with
the total transform) is given by

V={P=15({"+ 33" +3*) + x5 +3
— 18y 2y y2y3x4%5 = 31" y7y5y§ +270 terms = 0}.
(B3)
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As expected, the intersection of V with E is given by
the P2-fiber of E above the point p,, which therefore
constitutes a second divisor class on the hypersurface
defined by (B3). This hypersurface defines the smooth
Calabi-Yau threefold V = P}, | ¢,[18] with Hodge num-
bers K1 (V) = 2, K21 (V) = 272.

The mirror V of V is given by {P = 0}/Ggp, where
Ggp describes the action of the Greene-Plesser group
Ggp = Z¢ X Z1g in the blow-up. Generators of Ggp are
given by [127]

g1 =1(0,1,3,2,0), ¢% =(1,-1,0,0,0). (B4)
Generators of Ggp that leave C invariant act on our chosen
local coordinates [f:y;: y,:y3:x4:xs5] as
31 =(0,0,1,3,2,0), 3% =(1,0,-2,-1,0,0).  (B5)
Similar to [127] one can show that the terms written
explicitly in (B3) are the only degree 18 terms invariant
under Ggp. Thus,

V= {t"(y1® 4+ y3¥ + y1%) + x3 + x3 — 18y Py yry3x4xs
- 3¢t18y?y§y§ = 0}/GGP’ (B6)

where the quotient introduces new cyclic quotient
singularities. Since we are interested in complex struc-
ture degenerations, their resolution is not of importance
to us.

Type Il degeneration. The complex structure moduli
space of the smooth Calabi-Yau V is two-dimensional and
parametrized by (y,¢). In Appendix A, we consider the
type III degeneration ¢p — oo of V, for which we now
show that it is semistable in the sense of Deligne—
Mumford. To this end, we first notice that, at the level
of the unresolved Calabi-Yau V' = {P = 0}, the degen-
eration gives rise to a threefold V{ = {x8x5x$ = 0} which
does contain the two singular points p, and p;. Moreover,
these singular points lie on the triple curve C of the
degeneration. Thus, we first have to blow-up the singu-
larities in the triple curve, then the residual singularity at
the level of double surfaces and finally all singularities
that are still left from the threefold perspective. In the
following we focus on the blow-ups of p, € C. The
analysis for p; works the same.

(i) The singularity (C, p,) is of type §(3), which we

resolve by introducing the exceptional divisor
Ep = | = {r=0} with x; =1tu; for

[y upius

i =1, 2, 3. The proper transform of V|, is then
given by {uSuSu§ = 0}.
(i) Notice that the singularity is not fully resolved yet.

Indeed, the double surface {u$ = u$§ = 0} intersects
Ep); in the point [0:0:u3 = 1]€E) ;. On the
normal coordinates there is a residual Zj-action,
yielding a %(1,1,1) singularity in E,.*' This
can again be blown-up by introducing an excep-
tional divisor E5) 1, = [P’[sz: syiny] = 1512 = 0} with
S1ov9 =t and s1,v; = u;, i = 1, 2. We find similar
relations for the other two double surfaces.

The total transform of Vj after these blow-ups is then

given by

1812 12 12666 _
{#1%s13523513272523 = 0}

= {20282§ = 0} + 18E(y); + 12E(3) 1

+ 12E<2)!23 —+ 12E(2)!13, (B7)
from which the proper transform is again obtained by
subtracting the exceptional contributions. Translating this
to the resolved mirror V constructed before, we find

3
q}lm V= (AU]{Zi6 = O} + 18E(2)1 + 12(E(2)y12

+Epo2s+ E(z),13)) /Gap. (B8)

which coincides with the total transform of the central
fiber of the degeneration ¢ — oo in the unresolved
Ving = P11 160[18]/Ggp. As we are interested in the
proper transform, however, we have to subtract from
(B8) the exceptional contributions. Thus, the central fiber
of the type III degeneration ¢» — oo in the smooth mirror
V of V is given by

Vgoo = U {20 =0}/ G, (89)
where due to the action of Ggp all components V; =
{Z? =0}/ GG are reduced so that V_,, only has simple

normal crossing singularities and the degeneration of V in
the type III limit, ¢p — oo, is semistable.

“The tangent directions, including x4, are fixed, which means
that only those 1 € Zy with A3 = 1 have a residual action on the
normal coordinates.
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