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Soft factorization theorems can be reinterpreted as Ward identities for (asymptotic) symmetries of
scattering amplitudes in asymptotically flat space-time. In this letter we study the symmetries implied by
the all-loop soft-photon theorems when all the charged particles are highly energetic and the relation
ω ≪ m ≪ E holds where E is the typical energy of a charged particle, m is the typical mass and ω is the
soft photon energy. Loop-level soft theorems are qualitatively different from the tree-level soft theorems
because loop-level soft factors contain multiparticle sums. If we want to interpret them as Ward identities or
define Celestial operator product expansion between soft and hard operators then we need to introduce
additional fields which live on the Celestial sphere but do not appear as asymptotic states in any scattering
experiment. For example, if we want to interpret the one-loop exact OðlnωÞ soft theorem for a positive
helicity soft photon (with energy ω) as a Ward identity then we need to introduce a pair of antiholomorphic
currents on the Celestial sphere which transform as a doublet under the SLð2;RÞR. We call them dipole
currents because the corresponding charges measure the monopole and the dipole moment of an electrically
charged particle on the Celestial sphere. More generally, the soft photon theorem at Oðω2j−1ðlnωÞ2jÞ for
every j∈ 1

2
Zþ gives rise to (2jþ 1) antiholomorphic currents which transform in the spin-j representation

of the SLð2;RÞR. These currents exist in the quantum theory because they follow from loop-level soft
theorems. We argue that under certain circumstances the (classical) algebra of the higher-spin currents is the
wedge subalgebra of the w1þ∞.

DOI: 10.1103/ypp6-3nyh

Introduction. Soft factorization theorems can be reinter-
preted as Ward identities for symmetries of scattering
amplitudes in asymptotically flat space-time. These sym-
metries are known as the soft symmetries. This is a central
point in our current understanding of flat space holography
and the framework in which such reinterpretation becomes
natural is known as the Celestial holography [1–3].
Celestial holography posits that the holographic dual theory
of the quantum theory of gravity in asymptotically flat four
dimensional space time is a CFT2 living on the celestial
two-sphere. The correlation functions of the Celestial CFT2

are related to the bulk scattering amplitudes by an integral
transformation known as the Mellin transformation. As a

result, the soft symmetries of the scattering amplitudes
become symmetries of the Celestial CFT2 and in many
cases it is infinite dimensional [4–11]. In this letter we
study the soft symmetries of the scattering amplitudes
implied by the soft photon theorems in QED which remain
valid even at the loop level. So we start by briefly reviewing
various soft photon theorems in QED.
It is well known that the leading soft photon theorem

[12] is all-loop exact [13]. However, since four-dimensional
S-matrices are infrared divergent due to the long-range
interactions mediated by massless particles, deriving finite
subleading corrections has long remained a challenge [15].
This program was successfully carried out in [16], with
a proof of universality subsequently established in [17].
The resulting subleading soft photon theorem appears at
OðlnωÞ in the soft photon energy ω and is one-loop exact.
The OðlnωÞ soft factor consists of two distinct contribu-
tions, termed the “classical” and “quantum” parts in [16].
The classical contribution encodes information about the
classical electromagnetic waveform in the low-frequency
expansion, as demonstrated through independent clas-
sical analyses in [18,19]. In contrast, a clear physical
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interpretation of the quantum contribution remains elusive
to date. We fill up this gap in this letter.
From a four-dimensional bulk perspective, the classical

part of the subleading soft photon theorem at OðlnωÞ has
already been understood as aWard identity associated with a
largegauge symmetry. This symmetry acts on chargedmatter
fields as a local enhancement of global phase rotations,
referred to as “superphaserotations” in [20–22]. In the
present work we provide an interpretation of the quantum
contribution to theOðlnωÞ soft photon theorem in QED as a
symmetry of the dualCelestialCFT2 in the high-energy limit.
Furthermore,we analyze higher subleading corrections to the
soft photon theoremat ordersωnðlnωÞnþ1 as conjectured and
explicitly derived up to subsubleading order in [23,24], and
argued to be (nþ 1)-loop exact.
Loop-level soft theorems are qualitatively different from

the tree-level ones [25] because they involve multiparticle
sums. It turns out that if we want to interpret them as Ward
identities of symmetries of a Celestial CFT2 or define a
Celestial operator product expansion (OPE) between a hard
and a soft operator then we need to introduce chiral currents
of all spins on the Celestial sphere which do not appear as
asymptotic states in any scattering experiment. We show
that depending on the value of a real parameter k the
algebra of the higher-spin currents can be Abelian (k ¼ 0)
or the wedge subalgebra of w1þ∞ [28–31] in the semi-
classical limit k → 0.
Appearance of higher-spin currents is not new in the

context of Celestial holography. Both (tree-level) soft
gluons and gravitons generate infinite dimensional
higher-spin algebras known as the S-algebra and the wedge
subalgebra of w1þ∞ [8–11,32–34], respectively. However,
the infinite number of higher-spin currents we get in the
high-energy limit and the symmetries they generate are
robust against quantum corrections.

All-loop soft theorems at high-energy limit. Consider the
scattering of massive charged particles and photons in a
generic theory of quantum electrodynamics in four space-
time dimensions, where, apart from electromagnetism, no

other long-range interaction is present. Now let AðemÞ
Nþ1

denotes the scattering amplitude of N finite-energy charged
particles with charges feag and momenta fpag together

with one outgoing photon, while AðemÞ
N denotes the scatter-

ing amplitude for the same process without the external
photon. The photon carries polarization εhμ, helicity h, and
momentum kμ ¼ −ωnμ, where ω is the photon energy and
nμ ¼ ð1; n̂Þ is a null vector with n̂ being the unit spatial
vector specifying the photon emission direction. Given this
the soft photon theorem, valid to all orders in perturbation

theory, relates the scattering amplitude AðemÞ
Nþ1 to the

amplitude AðemÞ
N [35] and has the following structure:

AðemÞ
Nþ1 ¼ω→0Semðfea; pag; ðεh; kÞÞAðemÞ

N þRðemÞ
Nþ1; ð1Þ

where Sem represents the universal soft photon factor
determined only in terms of the scattering data specified

in its argument and RðemÞ
Nþ1 represents the nonfactorized part

of AðemÞ
Nþ1 in the soft limit [37]. They have the following

expansion in the soft limit:

Semðfea; pag; ðεh; kÞÞ ¼ω→0
X∞
n¼−1

SðnÞ
em × ωnðlnωÞnþ1;

RðemÞ
Nþ1 ¼ω→0

X∞
n¼0

Xn
t¼0

Rðn;tÞ
em;Nþ1ω

nðlnωÞt: ð2Þ

The soft factor Sð−1Þ
em was derived in [12], Sð0Þ

em in [16], and

Sð1Þ
em in [23], for the scattering of massive charged particles.

The universality of Sð0Þ
em was established in [17]. For general

n, SðnÞ
em was conjectured in [23], up to an undetermined

function, to be (nþ 1)-loop exact, and its full classical
contribution was evaluated in [24] as a low-frequency
expansion of the electromagnetic waveform.
From the soft expansion (1) and (2), the soft factor

coefficient SðnÞ
em can be extracted by using the projection

operator

SðnÞ
em ¼ 1

ðnþ 1Þ! limω→0

dnþ1

dωnþ1
ω
Ynþ1

l¼0

1

l!

×

�
ω

d
dω

− ðl − 1Þ
�

l
"
AðemÞ

Nþ1

AðemÞ
N

#
; ð3Þ

where the projection operator for n ¼ 0 was already found
in [20].

High-energy limit: In this letter we want to study the soft
expansion (2) in the high-energy limit,

ω2 ≪ m2 ≪ jpa:pbj ∼ E2; ∀ a ≠ b; ð4Þ

where m represents the typical mass of a charged particle
and E is the characteristic energy scale of the hard
scattering process.
In the high-energy limit (4) the expressions for the soft

factors simplify considerably. For example, the OðlnωÞ
soft factor derived in [16] admits an expansion in the limit
(4), yielding

Sð0Þ
em ¼ −

1

4π2
XN
a;b¼1
b≠a

e2aeb
pa:pb

εμnν

pa:n
ðpμ

apν
b − pν

ap
μ
bÞ

þO
�
m4

E5
log

m4

E4
;
m4

E5

�
: ð5Þ

We observe that Sð0Þ
em contains a leading Oð1=EÞ term and

subleading power-law and logarithmic corrections. In this
letter, we focus on the leading contribution only [39].
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Motivated by the analysis presented in the Supple-
mental Material [40] and inspired by Refs. [23,24],
we can write down the expressions for the leading
terms of the logarithmic soft factors in the high-energy
limit (4) as

Sð−1Þ
em ¼ −

XN
a¼1

ea
εhμp

μ
a

pa:n
; ð6Þ

SðnÞ
em ¼ −

1

ðnþ 1Þ!ð4π2Þnþ1

XN
a;b¼1
b≠a

e2aeb
pa:pb

εhμnν

pa:n

× ðpμ
apν

b − pν
ap

μ
bÞ

0
B@XN

c¼1
c≠a

eaec
pa:pc

ðpc:nÞ

1
CA

n

; ð7Þ

where n ≥ 0. The SðnÞ
em for n ≥ 0 presented above are

intrinsically quantum contributions to the soft photon
theorems since the classical contributions are subleading
in the high-energy limit.

Soft theorems in conformal primary basis. In the high-
energy limit (4), hard particles are effectively massless
at leading order, since finite-mass corrections are sup-
pressed by powers of m=E. We can therefore parametrize
the soft momentum kμ, the positive-helicity photon polari-
zation vector εþμðkÞ, and the momentum pμ of a hard
particle as

kμ ¼ ηωnμðw; w̄Þ;ω → 0þ;

nμðw; w̄Þ ¼ ð1þ ww̄; wþ w̄;−iðw − w̄Þ; 1 − ww̄Þ;

εþμðkÞ ¼ 1ffiffiffi
2

p ðw̄; 1;−i;−w̄Þ;

pμ ¼ ηωnμðz; z̄Þ; ð8Þ

where η ¼ �1 for an incoming (outgoing) particle and
ðw; w̄Þððz; z̄ÞÞ represent the (stereographic) coordinates of
the Celestial sphere. We also define celestial primary field

ϕðηÞ
h;h̄
ðz; z̄; eÞ by Mellin transforming the creation and

annihilation operators b† and b as [2]

ϕðþ1Þ
h;h̄

ðz; z̄; eÞ ¼
Z

∞

0

dωωΔ−1b†ðp; σ; eÞ;

ϕð−1Þ
h;h̄

ðz; z̄; eÞ ¼
Z

∞

0

dωωΔ−1bðp; σ; eÞ; ð9Þ

where Δ is in general a complex number, σ ∈ 1
2
Z is the

helicity of the particle and e is the electric charge. One can
show that under Lorentz transformation which acts on the
Celestial sphere as the group [SLð2;CÞ] of global conformal

transformations, the field ϕðηÞ
h;h̄
ðz; z̄; eÞ transforms as a con-

formal primary with left and right conformal dimensions
given by h ¼ 1

2
ðΔþ σÞ and h̄ ¼ 1

2
ðΔ − σÞ, respectively.

In the conformal primary basis, the soft photon theorems
associated with the soft factors in (6) and (7) can be recast as
relations among celestial correlation functions as given by

�
S1ðw; w̄Þ

YN
i¼1

ϕðηiÞ
Δi

ðzi; z̄i; eiÞ
�

¼
XN
a¼1

ea
w − za

�YN
i¼1

ϕðηiÞ
Δi

ðzi; z̄i; eiÞ
�
; ð10Þ

�
S1−2jðw; w̄Þ

YN
i¼1

ϕðηiÞ
Δi

ðzi; z̄i; eiÞ
�

¼ 1

ð2jÞ!
XN
a¼1

e2jþ1
a η2ja
w − za

�XN
b¼1
b≠a

eb
w̄ − z̄b
z̄a − z̄b

�

×

�XN
c¼1
c≠a

ec
ðw − zcÞðw̄ − z̄cÞ
ðza − zcÞðz̄a − z̄cÞ

�
2j−1

�
ϕðηaÞ
Δa−2jðza; z̄a; eaÞ

YN
i¼1
i≠a

ϕðηiÞ
Δi

ðzi; z̄i; eiÞ
�
; ð11Þ

for j ¼ 1=2; 1; 3=2;…. In the above equations we have
kept the helicity and all other internal quantum numbers of
hard particles implicit because the soft factors depend only
on the electric charges and the momenta of them. The
conformally soft [26,41] photon SΔðw; w̄Þ is defined as

S1−2jðw; w̄Þ ¼ −
ffiffiffi
2

p
ð4π2Þ2j ð−1Þ

2j

ð2jÞ!
× lim

Δ→1−2j
ðΔþ 2j− 1Þ2jþ1Γþ

Δðw; w̄Þ;

Γþ
Δðw; w̄Þ ¼

Z
∞

0

dωωΔ−1bð−ωnðw; w̄Þ;σ ¼þ1Þ; ð12Þ

for j ¼ 0; 1=2; 1; 3=2;…. The left and right conformal
dimensions of S1−2j are h ¼ 1 − j; h̄ ¼ −j as follows from
the (Lorentz) conformal invariance of (10) and (11).
The leading soft theorem (10) is known to be equivalent

to the Ward identity of a Uð1Þ Kac-Moody algebra at level
zero [1]. In the rest of the letter we focus on the subleading
soft theorems (11).

OðlnωÞ Soft theorem as Ward identity and the dipole
current operator. In the conformal primary basis, the
OðlnωÞ soft theorem follows from (11) upon setting
j ¼ 1

2
. The expression (11) for j ¼ 1

2
, as it stands, does
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not allow us to define the Celestial OPE between soft and
hard operators because of the two particle summation. For
example, if we send w → za then the most singular term in
ðw − zaÞ

S0ðw; w̄ÞϕðηaÞ
Δa

ðza; z̄a; eaÞ

∼
ηae2a
w − za

0
B@XN

b¼1
b≠a

eb
w̄ − z̄b
z̄a − z̄b

1
CAϕðηaÞ

Δa−1ðza; z̄a; eaÞ; ð13Þ

does not have the standard form of an OPE. To cure this
problem we introduce the “dipole current operator” d̄ðw̄; z̄Þ
[42], whose correlation function with the charged operators
is given by

�
d̄ðw̄; z̄Þ

Y
i

ϕðηiÞ
Δi

ðzi; z̄i; eiÞ
�

¼
X
a

ea
w̄ − z̄a
z̄ − z̄a

�Y
i

ϕðηiÞ
Δi

ðzi; z̄i; eiÞ
�
: ð14Þ

Using the dipole current operator (13) can be rewritten as
an OPE,

S0ðw; w̄ÞϕðηaÞ
Δa

ðza; z̄a; eaÞ

∼
ηae2a
w − za

∶ d̄ϕðηaÞ
Δa−1∶ ðw̄; za; z̄a; eaÞ: ð15Þ

and the OðlnωÞ soft theorem can be recast as a Ward
identity,

�
S0ðw; w̄Þ

YN
i¼1

ϕðηiÞ
Δi

ðzi; z̄i; eiÞ
�

¼
XN
a¼1

ηae2a
w − za

×

�
∶d̄ϕðηaÞ

Δa−1∶ðw̄; za; z̄a; eaÞ
YN
i¼1
i≠a

ϕðηiÞ
Δi

ðzi; z̄i; eiÞ
�
: ð16Þ

Here the composite operator [43] ∶d̄ϕðηÞ
Δ ∶ is defined as

∶d̄ϕðηÞ
Δ ∶ðw̄; z; z̄; eÞ

≡ lim
ξ̄→z̄

�
d̄ðw̄; ξ̄ÞϕðηÞ

Δ ðz; z̄; eÞ − e
w̄ − z̄
ξ̄ − z̄

ϕðηÞ
Δ ðz; z̄; eÞ

�
:

ð17Þ

We emphasize that the existence of the dipole current
follows from the locality of the Celestial CFT2 in the
presence of loop corrections in the bulk.

Conformal transformation of the dipole operator: Under an
SLð2;RÞR transformation z̄ → z̄0 ¼ az̄þb

cz̄þd with a; b; c; d∈R

and ad − bc ¼ 1, the invariance of the correlation function
(14) requires the dipole current d̄ðw̄; z̄Þ to transform as

d̄ðw̄; z̄Þ → d̄0ðw̄; z̄Þ ¼ cw̄þ d
cz̄þ d

× d̄ðw̄0; z̄0Þ: ð18Þ

Now the rhs of (14) is a polynomial of degree one in w̄. So
following [6–8] we Taylor expand d̄ðw̄; z̄Þ in w̄ coordinate
and write,

d̄ðw̄; z̄Þ ¼ d̄
1
2

−1
2

ðz̄Þ þ w̄d̄
1
2
1
2

ðz̄Þ: ð19Þ

Then the transformation law (18) shows that the doublet

ðd̄1
2
1
2

ðz̄Þ; d̄1
2

−1
2

ðz̄ÞÞ transforms in the tensor product of two

SLð2;RÞR representations: a conformal highest-weight
representation with weight h̄ ¼ 1

2
and the two-dimensional

spin-1
2
representation. Under the latter, the fields d̄

1
2

�1
2

ðz̄Þ
carry weights � 1

2
(see Supplementary Material [40] for

details).
To make this manifest we use the two component

SLð2;RÞ spinor notation [46] and rewrite (19) and the
soft photon S0ðw; w̄Þ as

d̄ðw̄; z̄Þ ¼ W̄αd̄
1
2
αðz̄Þ; S0ðw; w̄Þ ¼ W̄αS0

αðwÞ; ð20Þ

for α ¼ � 1
2
. In the spinor notation the dipole Ward identity

(14) and the OðlnωÞ soft theorem (16) become

�
d̄

1
2
αðz̄Þ

Y
i

ϕðηiÞ
Δi

ðzi; z̄i; eiÞ
�

¼
X
a

ea
Z̄aα

z̄ − z̄a

�Y
i

ϕðηiÞ
Δi

ðzi; z̄i; eiÞ
�
; ð21Þ

and

�
S0
αðwÞ

YN
i¼1

ϕðηiÞ
Δi

ðzi; z̄i; eiÞ
�

¼
XN
a¼1

ηaea2

w − za

×

�
∶d̄

1
2
αϕ

ðηaÞ
Δa−1∶ ðza; z̄a; eaÞ

YN
i¼1
i≠a

ϕðηiÞ
Δi

ðzi; z̄i; eiÞ
�
; ð22Þ

respectively.

Oðω2j−1ðlnωÞ2jÞ Soft theorem and the Celestial OPE. In
this section, we show how to write down the OPE between
a conformally soft photon for general values of j and a hard
charged operator. As w → za the singular parts of the
leading (10) and the subleading soft theorems (11) can be
combined to give
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�
S1−2jðw; w̄Þ

YN
i¼1

ϕðηiÞ
Δi

ðzi; z̄i; eiÞ
�

w→za

¼ 1

ð2jÞ!
η2ja e

2jþ1
a

w − za

"XN
b¼1
b≠a

eb
w̄ − z̄b
z̄a − z̄b

#
2j

×

�
ϕðηaÞ
Δa−2jðza; z̄a; eaÞ

YN
i¼1
i≠a

ϕðηiÞ
Δi

ðzi; z̄i; eiÞ
�

þ nonsingular terms; ð23Þ

where j ¼ 0; 1
2
; 1;…. The singular terms (23) contain

multiparticle sums for j ≥ 1=2. Therefore to make the
OPE interpretation possible we show that for general values

of j we need to introduce higher-spin currents built from
the normal-ordered products of the dipole current. It is not
difficult to see this. First let us note that the conformal
invariance determines the two point function of the dipole
current to be [47]

hd̄1
2
αðz̄1Þd̄

1
2

βðz̄2Þi ¼ k
ϵαβ

z̄1 − z̄2
; ð24Þ

where k is a real parameter which can be zero also. This
together with the boundary condition that in the absence of

any operator insertion at infinity d̄
1
2
αðz̄Þ → 1=z̄ as z̄ → ∞

determine the correlation function with multiple insertion
of the dipole currents to be

�
d̄

1
2
α1ðξ̄1Þ

Yn
p¼2

d̄
1
2
αpðξpÞ

Y
i

ϕðηiÞ
Δi

ðzi; zi; eiÞ
�

¼
�X

a

ea
Z̄aα1

ξ1 − z̄a

��Yn
p¼2

d̄
1
2
αpðξpÞ

Y
i

ϕðηiÞ
Δi

ðzi; zi; eiÞ
�

þ
Xn
a¼2

k
ϵα1αa
ξ̄1 − ξ̄a

�
d̄

1
2
α2ðξ2Þ � � � d̄

1
2
αaðξ̄aÞ � � � d̄

1
2
αnðξ̄nÞ

Y
i

ϕðηiÞ
Δi

ðzi; z̄i; eiÞ
�
: ð25Þ

Using (25) we can define a spin-j current d̄jα1���α2j as the
normal ordered product of 2j dipole currents [48], i.e.,

d̄jα1���α2j ¼ ∶d̄
1
2
α1 d̄

1
2
α2 � � � d̄

1
2
α2j∶ ; ð26Þ

whose correlation function with the charged operators is
given by

�
d̄jα1α2���α2jðξ̄Þ

Y
i

ϕðηiÞ
Δi

ðzi; z̄i; eiÞ
�

¼
Y2j
k¼1

�X
a

ea
Z̄aαk

ξ̄ − z̄a

��Y
i

ϕðηiÞ
Δi

ðzi; z̄i; eiÞ
�
: ð27Þ

The current d̄jα1α2���α2j is completely symmetric in the spinor
indices and transforms in the tensor product of two
SLð2;RÞR representations one of which is a conformal
highest-weight representation of weight h̄ ¼ j and the other
one is the (2jþ 1)-dimensional spin-j representation [40].
In order to extract the OPE between the conformally soft

photon and a hard operator we write the soft operator in
spinor notation,

S1−2jðw; w̄Þ ¼ 1

ð2jÞ! W̄
α1W̄α2 � � � W̄α2jS1−2j

α1α2���α2jðwÞ: ð28Þ

Now using (28) and comparing (23) and (27), it is easy to
find the OPE between the soft operator S1−2j

α1α2���α2jðwÞ and a

hard operator ϕðηaÞ
Δa

ðza; z̄a; eaÞ

S1−2j
α1α2���α2jðwÞϕðηaÞ

Δa
ðza; z̄a; eaÞ

∼
η2ja e

2jþ1
a

w − za
∶d̄jα1α2���α2jϕ

ðηaÞ
Δa−2j∶ ðza; z̄a; eaÞ; ð29Þ

for j∈ 1
2
Zþ. Now unlike the j ¼ 0 and j ¼ 1

2
cases, the

higher j soft theorems cannot be written as Ward identities
using the higher-spin currents alone. However, as Eq. (29)
shows the singular term in the OPE is completely deter-
mined in terms of the higher-spin current. To write the soft
theorems as Ward identities for j ≥ 1 we need to under-
stand the part of the soft theorem which does not have a
pole in w. We leave this interesting question for future
investigation.

Algebra of higher-spin currents. To summarize we have
shown that if we want the Celestial CFT2 to be local, in
particular, if we want the Celestial OPE to exist then we
need to introduce an infinite number of higher-spin currents
which live on the Celestial sphere. So a natural question is
what is the algebra generated by the higher-spin currents?
To answer this we first note that the contraction between
two dipole currents d̄

1
2 is a c-number (24) and so we can

compute the singular terms of the OPE between the
currents defined in (26) using Wick’s theorem. The result
can be summarized as follows. The currents d̄1αβ generate a

SLð2;RÞ Kac-Moody algebra and the currents d̄1=2α and d̄1αβ
form a closed subalgebra. However, starting from j ¼ 3=2
the OPE of the currents do not close among themselves as
discussed in detail in the Supplementary Material [40].
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However, in the semiclassical limit k → 0, the problematic
terms which are all of Oðk2Þ and higher are subleading. If
we keep only the leading terms of OðkÞ then we get the
closed form OPE,

d̄j1α1���α2j1 ðz̄1Þd̄
j2
β1���β2j2 ðz̄2Þ

∼ k
ϵα1β1 d̄

j1þj2−1
α2���α2j1β2���β2j2 ðz̄2Þ þ Contractions

z̄1 − z̄2
þOðk2Þ:

ð30Þ

Now we show that the global part of the algebra generated
by the higher-spin currents in the semiclassical limit k → 0
is the wedge subalgebra of the w1þ∞ algebra. We denote the
wedge subalgebra by ∧ w1þ∞.
We define the global modes of the spin-j current by

wp
n ≡ 1

2

I
dz̄
2πi

d̄jα1α2���α2jðz̄Þ; ð31Þ

where

p ¼ jþ 1; n ¼
X2j
i¼1

αi; αi ¼ � 1

2
; j∈

1

2
Zþ; ð32Þ

with the restriction 1 − p ≤ n ≤ p − 1. It is easy to see that
in terms of the generatorswp

n the algebra following from the
OPE (30) is

½wp
m; w

q
n� ¼ k½mðq − 1Þ − nðp − 1Þ�wpþq−2

mþn ; ð33Þ

with p; q ¼ 3
2
; 2; 5

2
; 3;… and the value for w1

0 ¼ 1
2
appears

when p ¼ q ¼ 3
2
. The algebra (33) subject to the restriction

1 − p ≤ n ≤ p − 1 is well known to be the wedge sub-
algebra∧ w1þ∞ [28–31]. If k ¼ 0 then of course this reduces
to an infinite dimensional Abelian algebra. However, we
emphasize that the existence of the higher-spin currents and
the symmetries of the scattering amplitudes they generate
via the Ward identities (14) and (27) do not depend on the
value of k.

Discussion. In this letter we have shown that in the high-
energy QED when quantum corrections in the bulk are
taken into account the locality of the dual Celestial CFT2

requires the existence of an infinite number of higher-spin
currents. These currents generate higher-spin symmetries
of the S-matrix of QED. The algebra of the higher-spin
currents depends on a real parameter k and a nonvanishing
k is essential for the emergence of ∧ w1þ∞ in the

semiclassical (k → 0) limit. To determine the value of k
we need to calculate celestial correlators or S-matrix
elements of the form,

�
d̄j1ðw̄1Þd̄j2ðw̄2Þ

YN
i¼1

ϕðηiÞ
Δi

ðzi; z̄i; eiÞ
�
: ð34Þ

in QED. However, we do not know the Feynman diagram
representation of (34) because the higher-spin currents do
not appear as asymptotic states in a scattering experiment
in an obvious way. Understanding this better is one of the
most important problems posed by our finding. Another
important problem is to understand the breaking of the
higher-spin symmetry at not so high energy. Recently ∧
w1þ∞ was shown [32,49] to be the symmetry of any 4D
CFT on Minkowski space. It will be very interesting to
explore the relation between this and our work. And last but
not the least it will be very interesting to understand how
one can constrain the QED amplitudes at high energy using
the higher-spin symmetry along the lines of [6,50].
To summarize, it turns out that higher-spin symmetry is

ubiquitous in flat space holography [8–11,32–34] and a
proper understanding of this will shed light on the nature of
quantum gravity and the high-energy symmetries of string
theory. We hope to return to this very interesting topic in
future.
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