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Multiplicity distribution of produced gluons in deep inelastic scattering:
Main equations and their homotopy solutions for heavy nuclei
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In this paper we discuss the multiplicity distribution in the deep inelastic processes in the frame work of
high energy QCD. We obtained three results. First, we get the new derivation of the equations for the cross
sections of productions of n-cut Pomerons in the final states (o,). These equations coincide with the
equations that have been derived using the Abramovsky-Gribov-Kancheli cutting rules but based on the
dipole approach to QCD. Second, we developed the homotopy approach for finding the solutions to these
equations. It consists with the analytic solution for the first iteration and the converge procedure of
calculating the next iterations using computing. Third, we found the analytical solution for ¢, at large
n 2 N(z) = 2Nyzexp(z2/(2x)) with z = In(r?Q?). Using this solution we calculate the entropy of the
produced gluons at large z: Sp = In (N(z)), where the saturation momentum Q; and all constants are

discussed in the text.

DOTI: 10.1103/ypc9-j9by

I. INTRODUCTION

We continue [1,2] to develop the approach for the
solution of the nonlinear evolution equations that govern
the deep inelastic scattering (DIS) processes in QCD. In
this paper we are going to discuss the multiplicity
distribution of the produced gluons in QCD. This distri-
bution has become a hot subject during the past several
years [3-21] especially because of the new view on the
entropy in DIS. In Ref. [7] it was proposed that the entropy
in DIS is closely related to the entropy of entanglement
between the spatial region probed by deep inelastic
scattering and the rest of the proton.

Our approach is based on two main ideas: the homotopy
approach to the solution of nonlinear equations [22,23] and
Abramovsky-Gribov-Kancheli (AGK) cutting rules [24].
The AGK cutting rules allow us [25] to relate the gluons
that come to detectors (f = oo in Fig. 1) with the dipoles
that have been in the wave function of the fast hadron
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W(r,b,{r;,b;}). The coherence of this wave function is
destroyed at time ¢ = 0 in Fig. 1. We will discuss these
ideas in the next section, while in this Introduction we
summarize our theoretical understanding of DIS processes
(see Ref. [26] for the review).

(1) The scattering amplitude of the colorless dipole with
the size x(;, which determines the DIS cross section,
satisfies the Balitsky-Kovchegov (BK) nonlinear
equation [27]

J Qs 2 X
a—YNm(Y) = d xzxgzﬁz [Noz(y) + Npp(Y)

= Not(¥) = Noo(")Npa(¥)] (L)

where N (Y) = N(Y,x;,b) is the scattering am-
plitude of the dipoles with size x; = |x;| = |x; —
x| and with rapidity Y at the impact parameter
b= (xO —|—x1)/2

(2) In Refs. [28-30] it has been shown that Eq. (1.1)
leads to a new dimensional scale: saturation
momentum [30], which has the following Y depend-
ence:

Q3(Y.b) = Q}(Y =Y,.b)e™ ") (1)
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FIG. 1.
hadron is destroyed at t = 0, while the gluons can be measured at t = .
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interaction

The interaction of fast hadron (dipole) with the virtual photon (y*). The coherence of the partonic wave function of the fast

where Y, is the initial value of rapidity and « and y,
are determined by the following equations':

X(e) _ _dx(rer)
1 - Yer dycr
and  y(y) =2w(1) —y(y) —w(l —7).

(1.3)

It is shown [28] (see also Ref. [29]) that in the
vicinity of the saturation scale the scattering ampli-
tude takes the following form:
N(z) = Const(x3,0%(Y,b))” = Conste’,  (1.4)
with 7 =1 — .. In Eq. (1.4) we introduce a new
variable z, which is equal to
z=1In(x3,03(Y,b)) = ask(Y =Y, ) + & (1.5)
where & = In (x3,03(Y = Y, b)).
Inside the saturation region: x3,02(Y) > 1 the scat-
tering amplitude Ng; (Y, xq;, b) is a function of one
variable x3, 02(Y) (geometric scaling behavior), viz.
N(Y.xp;.b) = N(x3,0(Y.b)).  (1.6)
It is important to note that this behavior has been
proven on general theoretical grounds [33] and has
been seen in the experimental data on DIS [34].
Finally, in Ref. [35] it is shown that the solution to

Eq. (1.1) deep into the saturation region for z > 1
has the following form:

"Y(y) is the Balitsky-Fadin-Kuraev-Lipatov (BFKL) kernel
[31] in anomalous dimension (y) representation. y is the Euler y
function [see Ref. [32] formula (8.36)].
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N(z)=1- C(z)exp<—§—2>, (1.7)

K

where C(z) is a smooth function of z.

The saturation region has been defined as
x3,02(Y,b) > 1 (see Fig. 2). However, in Refs.
[36,37] it has been noted that actually for very large
impact parameters the nonlinear corrections become
small and we have to solve the linear BFKL
equation. This feature can be seen directly from
the eigenfunction of this equation. Indeed, the
eigenfunction has the following form for any kernel
that satisfies the conformal symmetry [38,39]:

r2R2 )yh>>r.rR

¢7(r’R’b)_<(b+%(r—R))2(b—%("—R))2 -

r2R2 Y
( N ) — e’ with 0<Rey <1, (1.8)

where & = ln(’;’fz). In Eq. (1.8), R is the size of the
initial dipole at Y = 0, while r = x;, is the size of
the dipole with rapidity Y. However, we consider the
DIS with nuclei and for such target in Ref. [1] it has
been shown that we can absorb all dependence on
the impact parameter in the b dependence of the
saturation scale.

Figure 2 shows the typical kinematic regions in DIS.
As has been mentioned, we are dealing with the
saturation region in this paper. However, this region
for the elastic amplitude has to be divided in two
parts: region I and region II (shown in Fig. 2). In
region I, we expect the geometric scaling behavior of
the scattering amplitude. This amplitude in the
vicinity of the saturation scale (red curve in Fig. 2)
has the behavior of Eq. (1.4). We use this behavior to
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FIG. 2. Saturation region of QCD for elastic amplitude. The
critical line (z = 0) is shown in red. The initial condition for
scattering with the dilute system of partons (with proton) is given
at £, = 0. For heavy nuclei, the initial conditions are placed at
Y, =(1/3)InA > 1, where A is the number of nucleon in a
nucleus. Two blue lines show the kinematic regions for the initial
conditions: the upper one for nuclei and the lower one for proton.

put the boundary condition to the saturation region
on the red line. They have the form

N(z = &) = No; (1.92)
dInN(z)

1.9b
I (1.90)

:7:1_7cr;

where Y, =InA'3 and A is the number of the
nucleons in a nucleus.

For & > &) we use the McLerran-Venugopalan formula
for the initial condition at ¥ = Y4 for DIS with nuclei’ (see
Fig. 2),

N(Y =Y, x01,b) = 1 —exp(—=r*Q3(Y = Y4,b)/4)

1
=1—exp <—4e5>,

where r = x(; and we will use this notation for the size of
the dipole below.

In the next section, we will discuss our approach. It is
based on two main ideas. The first is the derivation of the
amplitude given by the BK equation using only the wave
function of the dipoles W¥(r, b, {r;, b;}). The second is the
AGK [24] approach to the gluon production. In these
approaches we are dealing with the cross sections of
production of n-cut Pomerons (62%%) which we introduce
in this section. We derive the evolution equation for ¢,°K,

(1.10)

*We use the simplified form of the McLerran-Venugopalan
formula given in Ref. [40]. The exact form of this formula can be
found in Ref. [41].

Our derivation does not use the AGK cutting rules in the
explicit form, as it was done in Ref. [25], based on the main
features of the BFKL cascade. We generalized the approach
for the process of diffraction production of Refs. [26,42] to
the general case and show that this approach leads to the
same set of equations as the AGK cutting rules. In
particular, in this section we discuss how to calculate the
multiplicity distributions of the produced gluons using
646K and the Poisson distributions for the produced gluons
for the BFKL Pomeron.

In Sec. Il we develop the homotopy approach for
solutions of these equations. This method was discussed
in our previous papers (see Refs. [1,2]). It is based on the
idea [22,23] to divide the general nonlinear equation in two
parts,

Llu] + N u] =0, (1.11)
where L[u] include the linear evolution and part of the
nonlinear corrections, which can be treated analytically (or
almost analytically). The nonlinear part A ;[u] has an
arbitrary form. As a solution, we introduce the following
equation for the homotopy function H(p, u):

H(p.u) = Luy) + pN[u,] = 0. (1.12)
Solving Eq. (1.12) we reconstruct the function
up(Y,x10,b) = uo(Y,x10,b) + puy(Y,x10,b)
+p2u2(Y,x10,b)+... (113)

with L[uy] = 0. Equation (1.13) gives the solution to the
nonlinear equation at p = 1. The hope is that several terms
in the series of Eq. (1.13) will give a good approximation
in the solution of the nonlinear equation. In Sec. III we
discuss the particular form of this approach and show that
we can choose L[u] as the BK equation with the simplified
leading twist BFKL kernel. It should be emphasized that
we change the homotopy approach of Refs. [22,23] taking
for L[u] the simplified nonlinear equation, which has the
analytic solution. In Sec. IV we solve the equations for o,
at large n: n 2 N(z) = 2Npzexp (z2/(2«)). We show that
these cross sections have the Koba-Nielsen-Olesen (KNO)
[43-45] scaling behavior. We calculate the entropy (Sg) of
the produced gluons and show that S; = In Np;g where
Npys is the multiplicity in the deep inelastic scattering
process, confirming the main ideas of Ref. [7]. In the
Conclusion, we discuss our main results.

I1I. MAIN EQUATIONS
A. Setting the problem

As has been mentioned in the Introduction, we discuss
the multiplicity distributions of produced gluons at t = +o0
in Fig. 1. The distribution of dipoles at # = 0 is given by the

114021-3
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dipole wave function of the fast dipole with size r and
rapidity Y. From r = 0 and t = oo, the dipoles can interact.
We use the AGK cutting rules, which give us an economical
way to treat a mess of dipole interactions during propaga-
tion of the dipole cascade (see Fig. 1) from the moment of
interaction of the dipole with the target (+ = 0 in Fig. 1)
until it reaches the detectors (f = oo in Fig. 1).

In our treatment of the multiplicity distributions, we are
going to explore that the scattering amplitudes at high
energy in QCD, which can be found as the solution to the
BK equation [see Eq. (1.1)], on the other hand, are the sum
of the “fan” diagrams of the BFKL Pomeron calculus [31].
Generally, the scattering amplitude can be represented as
the sum of multipomeron exchanges,

(5]

N(Y,r,b) Z

k=1

D C(r,b)(Im Gp(Y,r,b))*

F(Yrb)

(2.1)

where F, is the contribution of the exchange of k Pomerons
to the cross section. The total cross section o, is therefore

o(Y.r.b) =2 (=1)F(Y.r k). (22)
k=1

Our approach is based on two main ideas. First, we recall
that it is proven in Refs. [31,46] that the s-channel unitarity
for the BFKL. Pomeron has the form
2ImGp(Y,r,b) = B™KL(Y, rb), (2.3)
where Gp is the Green’s function for the BFKL Pomeron
and 6BFKL s the inelastic cross sections of produced gluons
with mean multiplicity 7 = ApY, where Ap = 4agIn?2 is
the intercept of the BFKL Pomeron. We also know that
produced gluons have the Poisson distribution with this
mean multiplicity (see Ref. [46] and Appendix A in
Ref. [47]). Equation (2.3) gives us connection between
the Pomeron Green’s function and the cross section of
produced gluons and determines the so-called cut Pomeron.
The next problem is to rewrite the scattering amplitude as
the sum of contributions with n-cut Pomeron (¢29%). The
AGK cutting rules [24] solve this problem and allow us to
calculate the contributions of n-cut Pomerons if we know
F;.: the contribution of the exchange of kK Pomerons to the
cross section. They take the form

ot SK(Y,r,b) = Zaﬁ(Y,r,b); with

k=n
—DkQk—-2)F,(Y,r,b forn=0
ey~ | VDR
(1) = n)',ﬂ2 Fi(Y,r,b) forn>1,
(2.4)

where o denotes the cross section with the multiplicity of
produced dipoles, which is much less than ApY. In other
words, it is the cross section of the diffraction production.

Finally, we can discuss the multiplicity distributions of
produced gluons, calculating the cross section of produc-
tions of n gluons in the final state (5,). Our master formula
for (6,) takes the form of convolution for the cross section
of produced k-cut Pomerons with the Poisson distributions
of gluons in these k Pomerons,

k
kApY
> HPQ(APY):% AT = P (kApY).
n; i=1 ———————
Z\k/ Poisson distribution
(2.5)
Finally,
5.(V.r8) = 32 oA (v.r.8)
-
oc(o'ﬁFKL(Y,r,b))k
Y>1
PE(kARY)' 260K | (V.rb).  (2.6)

In the last equation we used that the Poisson distribution
with average number of gluons kApY is a much steeper
function than 62K with typical k of the order of Gp.

Let us 111ustrate the procedure by obtaining the initial
condition for 629X, The initial conditions for the scattering
amplitude of Eq. (1.10) can be rewritten as

) 5 k
k+1 ( > , (27)
k=1

oY =Y4.r.b) =2 (-1

Fi(Yarb)

where  Fy(Y4,r,b) =5 (ImGp(Y =Y, r,b))F  and
Gp(Y =Yy, r,b) are the initial conditions for the BFKL
Pomeron, which is the scattering amplitude of the dipoles
with exchange of two gluons. Using Eq. (2.4) we calculate
the initial conditions for the cross section of n-cut
Pomerons,

Y =Yarb) = (1) o 2 Fy (Y, rb)
k=n (k - I’l)
(%eé)" 1 :
= exp( —5e ). (2.8)
Note that, in Eq. (2.8), 1 ¢¢ is 265* where 6B is the cross

section of two dipoles scattenng in the Born approximation
of perturbative QCD. In the equation, Y, = In A'/3 and A is
the number of the nucleons in a nucleus. For nuclei, the b
dependence of Q,(Y 4, b) is determined by the optical width
of the nucleus 74 (b), which gives the number of nucleons

114021-4
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FIG. 3. 67K for the scattering amplitude of Eq.

at a given value of impact parameter b: Q(Y,,b) =
Q0T a(D).

The amplitude in the form of Eq. (2.1) as well as 656K
have been found for the BK cascade in Ref. [25].

Therefore, in this paper we calculate’ ¢, = 626X or, in
other words, the cross section of n-cut Pomerons in the
framework of the AGK approach. For the sake of illus-
tration, we show in Fig. 3 629K for the scattering amplitude

of Eq. (2.1).

B. AGK equations without AGK cutting rules

The main equation for o, has been written in Ref. [25],
where they were derived from the AGK cutting rules. In
this section, we are going to rewrite them in the dipole
approach to QCD [48] without addressing the AGK cutting
rules in the explicit form. We have two indications that we
can do this. First, it was shown in Refs. [26,42] that this can
be done for the processes of diffraction production. The
equations in Ref. [25] include these processes and this
indicates that we can rewrite the result of Ref. [25] in a such

aY 2

9 sy b)—@/dzﬂr—zs Yo b—2—r))s(v.r—r.b—2r) = s(v.r.b)
I0) = r/z(r_r/)z o, 2 r T ’ 21‘ r, .

K(rr')

1
= s
gy S -
goog * §®§ = G
[e{0te0)} &
313 g &
I > ¥
' 5P ‘2 P
Co2eepPn  Cys@cp O,

(2.1). The vertical dashed lines show cut Pomerons.

way. Second, in the simple but instructive one-dimensional
models for ¢, the evolution equation can be written for o,
which does not address the AGK cutting rules in an explicit
way [47].

As has been discussed in Refs. [26,42] the derivation of
the evolution equation for the diffractive production is
based on two principal ingredients. The first one is that only
dipoles in the parton wave function of the fast hadron at
t - —oo in Fig. 1 can be produced at ¢t — +oco and
measured by our detectors. This point was proven in
Refs. [26,42] and the proof used the results of Ref. [49].
In these papers, it was shown that neither production of the
new partons nor annihilation of the partons in the hadronic
wave function contribute to process of diffractive produc-
tion. Actually, the proof is general for any final state and
does not depend on specific interaction between dipoles. It
has been demonstrated [42] that the AGK cutting rules
provide these features in the framework of the dipole
approach for the diffractive production.

The equation for the S-matrix in the BFKL cascade has
the following form [48] in the dipole approach to QCD:

(2.9)

The equation for the cross section of the diffractive production can be written in the same form as Eq. (2.9) but for [42]

SP(Y,r;b) =1 =2N(Y,r;b) + 6,4(Y,r;b).

(2.10)

Indeed, plugging in Eq. (2.9) SP and rewriting the equation for 64 (Y,r;b) = 1 — SP(Y,r;b) we obtain

oY

0 a
—oq(Y.ro.b) = ﬁ/ d*raK (ro1[r12.702) [0 (Y. 112, D) + 654(Y. 702 b) — 654(Y 701, b)

+0a(Y.r12.0)0,,(Y. 1. b) —264(Y,r12,b)N (Y, 1. b)

—2N(Y.r15,b)64 (Y. 700, b) +2N(Y,r15,b)N(Y, 1. b)].

(2.11)

Equation (2.11) is the equation of Ref. [42] for the cross section of the diffractive production with all possible rapidity gaps
for the same scattering process. N(Y,rq;,b) = 1 — S(Y,ry;,b) is the imaginary part of the elastic scattering amplitude of
the dipole with the size ry, = r and rapidity Y at the impact parameter b. We use notations rg, =+ and rp, =r —r'.

3 . . . .
'We apologize for any inconvenience that these notations may cause.

114021-5
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FIG. 4. (a) The graphic form of Eq. (2.12) for the interaction of one dipole which is denoted by two parallel horizontal lines with
opposite directions of arrows. All notations in the caption of Fig. 5. (b) The evolution equation for Sj,.

We propose Eq. (2.9) for S;,(Y,r;b) which is equal to

Sin(Y.r.b) = 1 =2N(Y.r.b) + 64(Y.r.b) + Y 0,(Y.r.b) (2.12)

n=1

with additional selection for finding o,: the fixed multiplicity, which is equal to nApY, for each term.
The equation has the form

aY

select fixed multiplicity terms select fixed multiplicity terms

7 | 1
O s (Y.rb) = (2"—5/ LK (r.r) {Sm (Y,ﬂ,b -5 (- ﬂ))sin <Y,r —r.b- 5r’) — Sin(Y, r,b)} . (2.13)
~—— T

In Figs. 4(a) and 4(b), one can see the graphic form of Eqgs. (2.12) and (2.13), respectively.
The equation for o, takes the following form from Eq. (2.13):

0 a
—0,(Y.ro1.b) = ﬁ/dzrzl{(roﬂ"lz,"oz) |:5n(Y’r121b) +0,(Y,r02,b) — 0,(Y,r01,b)

oY
n—1
+0,(Y.r12,0)04(Y.r02.b) + 0,(Y. 102, b)054(Y . 112.b) + Zgn—k(Y’ ro2. b)oy(Y.r2.b)
k=1
— 26”(Y,r]2,b)N(Y, roz,b) - 26,1(Y, roz,b)N(Y, rlz,b):| s (214)

where o4 is the cross section for the diffraction dissociation.

Equation (2.14) coincides with the equations that have been derived in the BFKL Pomeron calculus in QCD from the
AGK cutting rules [25] (see also Ref. [50]). It is instructive to note that all these equations have a natural coefficient for each
term. To illustrate this point, we present all these equations in Fig. 5. Note that all these coefficients reproduce the AGK
cutting rules.

The main point is that these coefficients are natural if you account for the dipoles in the initial wave function and only
they go to the detectors. Let us consider the equation of o, [see Fig. 5 and Eq. (2.14) with n = 2]. The first stage is the decay
of the dipole with the size ry; = r into two dipoles ro, = ' and r|, = r — ¥’ which is described by K (r, 7). The first terms
describe the linear evolution of o,. It should be noted that we put coefficient 1 in front of this term.” Actually, this term has
the form (Fig. 6)

a
ﬁ/ a1y K (ro1|ria,102) [0, (Y, 702, b) + 0, (Y, 112, b) — 6, (Y, 101, b)) (2.15)

*This coefficient is correct in the one-dimensional model, which could be viewed as QCD but with fixed dipole size [47].

114021-6
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oYy
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v

' | s,
O -=| = = .=,
0 - == :
0 o
) | Z= |

FIG.5. The graphic form of Eq. (2.14) for the interaction of one dipole, which is denoted by two parallel horizontal lines with opposite
directions of arrows. The first stage of the interaction is the decay of one dipole to two, which is described by the kernel K(r,r’). The
vertical dashed lines denote time r = 0 in Fig. 1 where the interaction with the target occurs in the amplitude and complex conjugated
amplitude. The vertical line denotes ¢ = +o0, where our detectors are placed. The Pomeron intercept is absorbed in the definition of Y.
The coefficients reproduce the AGK cutting rules. Note that the linear term has the form of Eq. (2.15).

for any value of n including elastic amplitude and the cross  fifth term is the shadowing in the initial state induced by the
section of diffraction production. In the second and third  elastic amplitude. Factor 2 stems from the fact that any of
term, one dipole interacts with the target with 6, while the  two dipoles can interact in the initial state. The last term is

second dipole interaction is still 6,. Note, that the multi-  the same shadowing but in the final state. Hence, you see
plicity of the final stage is 2ApY which is the same as for  that all these coefficients have a simple meaning.
0,. Agpky. 1s the intercept of the BFKL Pomeron. We have It is instructive to note that the equation for the inelastic

two such diagrams, since any of two dipoles can interact  cross section, oy, (Y,ro;,b) =Y % 0,(Y,re,b), which
with o,4. The fourth term is the interaction of both dipoles ~ we obtain by summing o,(Y,ry,b) of Eq. (2.14), has
with o1, which again gives us the multiplicity 2ApY. The  the following form:

0 a
a_YGin<Yvr01’b) = ﬁ/ dz”zK(rm\"127"02)[Uin(Y’r127b) + 0 (Y. 102,b) — 65 (Y. 701, D) + 03 (Y, 712,b)03 (Y, 72, b)

= 0in(Y,r12,b) 2N (Y, 702, b) — 64(Y.702. b)) — 6in(Y. 702, b) 2N (Y, 112, b) — 644(Y,112,b))].  (2.16)

From the s-channel unitarity constraints 2N (Y,r;,b) = 64(Y,ry,b) + 0;,(Y, 1, b), one can see that Eq. (2.16) takes
the form

d |- - - -]- - =

v —_— [%C

=1

FIG. 6. The graphic form of the first term in each equation of Fig. 5 [see Eqgs. (2.13) and (2.14)] for the interaction of one dipole, which
is denoted by two parallel horizontal lines with opposite directions of arrows. The first stage of the interaction is the decay of one dipole
to two, which is described by kernel K (r; |72, 72 ). The vertical dashed lines denote time 7 = 0 in Fig. | where the interaction with the
target occurs. The vertical line denotes ¢ = +o0, where our detectors are placed.
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0 a
a_YGin(Yvr()lvb) = ﬁ/ d2”2K(r01\"127"02)[Uin(Y,"127b) + 0 (Y, r02,b) = 6:(Y.701,b) = 64 (Y, 712,b)0, (Y. 702, b)].

Therefore, we obtain the BK equation for oy, as it is expected from the unitarity constraint.

Concluding this section, we state that we found the evolution equations for 629X which reproduce the AGK cutting rules.
However, it is well known that AGK cutting rules are violated in QCD [51-57]. We wish to recall that all these violations are
related to the emission of the measured gluon from the triple Pomeron vertex. Calculating ¢,, = 646X we integrated over all

momenta of emitted gluons and for such processes AGK cutting rules are correct.

III. LEADING TWIST BFKL KERNEL: HOMOTOPY APPROACH FOR THE SOLUTIONS

All equations for 6, depend on the amplitude N (Y, ry,b) = 2N(Y,ry,b) — 644(Y,ri, b). Introducing A(Y,ry,b) =
1 =N (Y,ry.,b), we rewrite Eq. (2.14) as follows:

0 a
a—Yﬂn(Y"’m’b) = ﬁ/dzrzK("oﬂruJ‘oz) [—Un(Y""m’b) +0,(Y.r12.0)A(Y,r02,b) + A(Y,r15,b)0, (Y, 7. b)

n—1
+

an_k(Y,r02,b)ak(Y,rlz,b)]. (31)
k=1

The homotopy approach for finding A(Y,r;, b) has been developed in our previous paper (see Ref. [2]). We wish only to
point out that, for the equation of &,,, which we consider in this paper, we find o4 with rapidity gaps larger than z, (see
Ref. [2]). We fix zy = 2 since we can consider the Pomeron exchange only at ¥ > 2.

To find solutions of Eq. (3.1), we use the simplified BFKL kernel suggested in Ref. [35]. This kernel describes the high
energy asymptotic solution of the nonlinear BK equation and leads to the geometric scaling behavior,

= for z > &}, summing(z)";
x(r) =

Sl= =

for z < &, summing(—¢)",

where £ has been introduced in Eq. (1.8).
Since this kernel sums log contributions, it corresponds to the leading twist term of the full BFKL kernel. It has a very
simple form in the coordinate representation [35],

a as [ dr* ag 7 dr—=r| ag [¢ as (¢ £
o [arken S [7 T s e+ [ dza= | Ku(eg)g. (3)
o s - 6

™ 2wy 7P 2 Jorwny Ir—rRF 2 2 ),

where &; = In (r3,03(Y = Y4, b)) and & = agk(Y — Y ). Note that the logarithms originate from the decay of a large size
dipole into one small size dipole and one large size dipole [35]. However, the size of the small dipole is still larger

than 1/Q2 = & 7%,

s
The equations o, of Eq. (3.1) for the leading twist BFKL kernel, Eq. (3.3), take the form

0
Gn(Y’rOl’b) = —2&5 In (rOIQs(va))Un<Y’r015b)

oY
_ In(r3,) 5 ~ In(r3,) )
+ asdn(Y, rOl,b) dln(roz)A(Y, r()z,b) -+ aSA(Y,rOI,b) dln(roz)on(Y, roz,b)
In (Q7*(Y.)) In (07(Y.))
B n-l ln(rgl) 5
+ GSZ dIn(rgy)o, (Y, 1. b)or (Y, ro;.b). (34)
=1 /In(Q:*(Yh))

Introducing z = In (r3,02(Y,b)) (z' = In (r3,0%(Y,b))) and 6Y = ag(Y — Y,) we rewrite Eq. (3.4) as follows:
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0 - 0 = - - - - z -
—06,(6Y,2) + k—0,(6Y,2) = —z0,(6Y,2) + 6,(6Y, 2) /Z d7 A(6Y,7") + A(SY, z)/ d7c,(6Y,7)
06Y 0z & &

0

n—1 z N B
S / 26, (67, 2)ou (67, 2). (3.5)
=1 7%
In the following subsections, we develop the homotopy approach [1,22,23] for solving Eq. (3.5) for small n.

A. GI(Y, r,b)

1. Region 1

For z > & and & < & we are in region I (see Fig. 2). For this region, we anticipate the geometric scaling (GS) behavior
of ¢, and Eq. (3.5) for n = 1 takes the form

Kdi}iz) = —z201(z) + 01(2) L ; dz A(Z) + A(z) /g ; d7o((2). (3.6)

Splitting the integrals into two parts, we have

Z (&) (&) Z &) [5e)
[Laza@) = [Taa) - [Taa@y [fata@) = [Caa@ - [Tan@. 60
& & z & & z
=2a =5a(2) =00,1 =5(2)

Using Eq. (3.7) we can rewrite Eq. (3.6) as

doy(z)

k= (=2 + 2a(2))o1(2) + 001A(2) — AR (2)- (3.8)
Z _
=T(z)

In the homotopy approach, we rewrite Eq. (3.8) in the form of Eq. (1.11) with the following choice of L[s;] and N /[s]:

do)(z)

Loy =« =

+T(2)01(2) = 001 A(2), (3.92)

Niloi] = A(2)Z(2). (3.9b)

Following the procedure that we have discussed in the Introduction [see Eqgs. (1.12) and (1.13)] with E[a(lo)] =0,
Eq. (1.13) gives the solution to the nonlinear equation at p = 1. The hope is that several terms in series of Eq. (1.13) will
give a good approximation to the solution of the nonlinear equation. This method has been applied to the solution of the BK
and KL equations in Refs. [1,2,58] with encouraging results.

First consider p = 0. Equation E[a(lo)] = 0 has the form

doy""(2) (0.1
KT = —T(Z)Ul ’ (Z) + 00’1A(Z). (310)

The solution of Eq. (3.10) consists of a homogeneous equation plus a particular solution, viz. aﬁ I)(z) = ¢1(2) + A4, (2).

The solution of the homogenous equation is given by

de(z)
dz

K =T () hi(z) =Cy exp (—%/{; dz’T(z’)> (3.11)

and the particular solution of the nonhomogenous equation reads
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A, (z) = %exp < 1/50 d7'T(z )) /ﬁ; dz’ A(Z) exp (%/ggj dz”T(z”)). (3.12)

Finally, we write the full solution for the zeroth iteration as

o0 (2) = d1(2) + Ay, (2) = exp (_%/égdﬂ(z/)) {"21/§A A7 A() exp G/a 42T (2 >>+c§;>}. (3.13)

(0)
1

o.1)

o [

(n _

From the initial condition at z = & [see Eq. (2.8)], we find Cy fA 0 exp (——e‘fn) We draw your attention to the

(Z—ZA) _|_(~fo —Za)

5 5 ) This asymptotic behavior coincides

asymptotic behavior of the solution of Eq. (3.11): ¢, =l ¢tV » €XP (—
with the solution with the general BFKL kernel [35].

For the next homotopy iteration, we need to account for the linear terms in p in Eq. (1.12),

£l + poy") + pN o) = 0. (3.14)
The equation takes the form
dol1D )
A - 1)) - aE ) (3.15)
where Z< = [ d? 61 ( "). The solution of Eq. (3.15) takes the form
1 1 1 [7
a(ll'[)(z) = ——exp ——/Zdz’T(z’) / dz A(Z)%; SO () exp —/Z daz'T(Z") ). (3.16)
K K 56\ §A K 58

In general, the equation for the p iteration (p > 1) in region I takes the form

dd(p’l) z o
E &) - 1ol (2) - AEE () (3.17)
with solution
(p.1) 1 Loz / (17 1) 1 [ " on
6" (z) =——exp | —— | dIT(Z) “dz AN ()exp | = | dZ'T(Z") ). (3.18)
K K 58 4:0 K 58
2. Region I1

In region II for & > &} (see Fig. 2) there is no GS behavior of ¢, and we need to find a function that depends both on 5Y
and &. In this region, Eq. (3.5) for n = 1 takes the form

90, (87, 2) e d6,(8Y,z2)

~ ~ z
Y - 57,
ot o (oh.2) + e (oF.2) |

; d7 A(6Y,7) + A(6Y,2) / 476, (67.7).  (3.19)
0

&

Splitting the integrals in the following form:
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MULTIPLICITY DISTRIBUTION OF PRODUCED GLUONS IN ... PHYS. REV. D 113, 114021 (2026)

/ CdZ A7, 7) = / NGO A / T dZ A7, 2); (3.20a)
é & z
=za(8Y) =£,(8Y.2)
Z - (s (9] ~ o0 -
/ d7c\(6Y,7) _/ dz/al(z/)—l—/A dz'(01(5Y,z’)—61(z’))—/ d76\(6Y,7) (3.20b)
0 50 50 Z
_
=00, =53, (67) =%,(6Y,2)

we can rewrite Eq. (3.19) as

d6,(8Y,z2) iy d6,(5Y,z)

367 P —(z = 2a(8Y) + £4(6Y.2))01 (Y. 2) + 00,1 A(67. 2)

=T(6Y,2)
— A(6Y,2)0%,(8Y) + A(6Y,2)Z, (67, 2). (3.21)

Developing the homotopy approach in this region in a similar way as in region I, we choose

_ doy (6):/, 2) n K()al (6Y,72)

Llon] 957 oz

+T(8Y,2)0,(6Y,2) — 60, A(6Y, 2), (3.22a)

N loi] = A(6Y,2)6%,(8Y) — A(6Y, 2)%, (67, 2). (3.22b)

For the zeroth iteration (i.e., for the solution of the equation E[o-gO)} =0), we search a solution in the form
0(10’”) (6Y,z) = ¢, (6Y.2) + A, (6. z). The homogeneous equation for ¢, (Y, z) looks as follows:

0p,(0Y.2)  0hi(6Y.9) _

57 PR (6Y,2)¢, (67, 2) (3.23)

with the general solution

$1(6Y,7) = @ (—kSY + z)exp (— / 'W dsy'T(5Y', —x(6Y — 6Y") + z)> (3.24)
0

:a(l)/ (6Y.2)

with arbitrary function @;. For the particular solution, searching in the form A, (6Y,2) = 6V (67, 2)8Y (87, z), we have the
following equation for 5 (6, z):

951 (6Y.2) 981(8¥.2) o,

- K =———A(5Y,2). 3.25
o5Y 0z oY (8Y,z) ( ) (3.25)
:Rl(fsi’»Z)
Using the @ representation for 6‘1)/,
L etico (] .
& (57.7) = / | 2—2(3“’5”&? (@.2) (3.26)

we obtain
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, 06" (w,
w6 (w,2) + o1 (@.2) 20,1 Alw, 7). (3.27)
9z o} (.2)
=R (0,z)
As function of 8Y Eq. (3.27) gives
' 1 [z S
& (67.2) = | aZr (67 -""2.7) +c,. (3.28)
K Jer K !

Therefore, the general solution to Eq. (3.11) takes the form

0" (57.2) = @ (=5 + 2)at (67.2) + of (57 . 2)57 (67 .2). (329)

The solution of Eq. (3.29) has to satisfy the initial condition of Eq. (2.8) at ¥ = 0 and boundary conditions that have the
following form:

0(10.1) (z= xSV + 58) _ 0(1011)(5?’2 = x6Y + 53) (3.30)

The initial conditions can determine the function ®,(—«8Y + z) = ®, (&), viz.
e 1 1 e e
V(Y =0,2 =)D (&) = Ee‘fexp (_565> —o¥(6Y =0,z =¢€)57) (6Y =0,z =¢). (3.31)

The boundary condition at & = &} allows us to determine C,,. However, before doing this, we need to consider the
integration over 7’ in Eq. (3.28). First, the argument §Y — Z‘TZ/ has to be larger than 0. Indeed, only for such 7z’ we are in

region II. For 6Y — Z_TZ/ < 0, we are in region I for A and A does not depend on §Y. Therefore, we can replace Eq. (3.28) by
the following expression:

s 1 [z - -7 1 [xo7+&r
& (67, 2) :_/Z dz’(ya#A(éY—Z < ,z’> +—/ " M A(Z) 4 G, (3.32)
K Jesv+er 0y (6Y,2) K K Jer 5§ )(Z/)

=5 (k¥ +&h)

(0),(,) and o(p),,) are taken from Eq. (3.62) and (3.69), respectively.
Indeed, from Eq. (3.30) we have
0" (z = koY + &) = & (87 + &) (51" (c67 + &) + C}))
= o672 = k87 + &) = oY (87, k87 + £){ @1 (&) + 5" (k67 + )+ C, | (3.33)

Constant C,, can be determined from Eq. (3.33) with solution C, = ((pl> -, (&).
The equation for the first iteration in the homotopy approach takes the form

(LI / o5 (LIT) / o5
0 oY, 0 5Y, . . _ o
o1 a(s(f/ L ai Z):—T((SY,z)aﬁ‘*’”(aY,z)—A(ay,z)((sz(lO)(aY)—2<1°>(5Y,z)). (3.34)

Searching for the solution in the for: cf(]’n)(Y, ro1,b) = 6V (6Y,z)6l (8, z), we obtain

do! (57, z) . 00{(57.2) __ A(SF. 2) (62 (57) - £(57 . 2)) (335)
5Y 0z oV (8Y,72) ' '

o
=RV (57.2)
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Region I: £<&; Region I1: £>£;' Region I: £=£{'
_— PR — _—

Region II: £>£(f
B E—

Region I: £<£; Region II: £>£;
0.2 0.2 02f —> B —
I o N o Qs
e e S
gvg Fs=0.2, Y=5 =c @5=0.2, Y=10 S¢ @s=0.2, Y=15
) — ! = -02 ! ) — !
rrrrr p=2 —eee- 22 -mee- p=2
p=3 p=3 p=3
04 - p=4 04 p=4 04 p=4
0 5 10 0 5 10 15 0 5 10 15 20 25
z z z
(a) (b) ()

FIG. 7. The ratio of R,(ff ) (67, z) versus z at different values of 5Y.

ratio RY” as a function of ¥,

Using the o representation for o},

ol (67,2) — / _:" j—zema{’(w, ) (3.36)
we obtain

s (0, 7) + K%Z)’Z) = R(11>(a), z)  (3.37)
with solution
o!'(67.7) = % /) “a7RY (5? - %Z/,z’) r . (3.38)

In general, for the p iteration (p > 1) in region II we
have

a6\ (5Y.2)  ao\P (57 .z)
= K
057 dz
= —T(67.2)o\""" (87, 2) — A(57.2) (527" (s7)
— 2067, 2)).

(3.39)

Searching in the form G(IPJI) (6Y,z) = oV (67, z)af/ (6Y,2),
we obtain

;o 1 [z -~
of (67.2) = /0 dZRV(57.7) +C¥). (3.40)

where CY)

z=¢&)=0.
- 0(111) 7
In Fig. 7, we plot RY)(67,7) =2 (‘5f*z)’®(§g —&)+

e (6Y .z

is found by requiring that o\"""(5¥ =0,

)
a(p'”)(éf’.z) . .
‘7) (& — &) up to fourth iteration. One can see that

(F(]OJI) (5?&

the fourth iteration gives an accuracy less than 2%.
Therefore, our choice of £ and N, looks rather good,

making the homotopy approach a regular procedure of
getting the solution.

No=022,7=0.63, & =0, zy = 2, z5 = 0.87. (a)~(c) show the

3. Corrections for the general BFKL kernel

For the general BFKL kernel, we need to add corrections
for the linear equation in the first iteration. They lead to

the following contribution to the linear part of the equation
for o;:

Al = / K r) = Kpp(r. P )} o\ (87, r:b).  (3.41)

In Fig. 8, we plot the ratio of Eq. (3.41) to the contribution
in the leading twist kernel approach, viz.

- AI(8Y,r,b)
[drK(r.r)e\" (57.7.b)

R(5Y,r,b) (3.42)

One can see that these corrections are small, especially at
large values of z. It does not look surprising since the

solution o exp (— %) stems from the general BFKL kernel.

0.01¢
10—7,

N q-12]
=10

10—17,

10—22 [ ]
5 10 15 20 25 30

z

FIG. 8. The ratio R of Eq. (3.42) versus z in region I of Fig. 2.
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B. 6,(Y,r,b)

1. Region I

From Eq. (3.5) we obtain the following equation for o,:

Kdﬁz(z)

A (2) + 02(2) /Z dz A7) + A(z) /Z d7o,(7) + /Az d7e\(7)o,(2). (3.43)

& & %

As discussed in the previous section, o1 (Y 4, 712, b)0( (Y4, ro2, b) ~ 62(Y 4791, b). Bearing this in mind. we suggest to add
the contribution of this term to the definition of the operator L,

o) = x 25 4 10100 - U300 (3440
Niloo] = A(2)Z(2), (3.44b)

where we have defined U,(z) = 69,A(z) + ng d7'6\()o1(z) and £5(z) = [* dZ'o,(2). The solution to L]o,] = 0 has
0
the form 020'1)(1) = ¢(z) + A,,(z), where

d 1 b4
R S G T NG ey [ ar) (3.45)
dz K Jeh
and the particular solution is given by
1 1 [z z 1 [7
A, (z) =—exp ——/ d7’T(Z) / dz'U,(Z') exp —/ dz'T(Z") |. (3.46)
2 K K 564 53 K 53
Finally,
(0.1) Lofz Lf= ’ | (2)
0y ' (2) = ¢a(2) + A, (z) =exp (== [ dZT(Z) )= | dZUs(d)exp (= [ dZ'T(Z") | +Cp, ¢ (3.47)
K 5/3 K 5/3 K 5/3
5(0) 5,<0-l)
2 2

Using the initial condition of Eq. (2.8) at & = &}, we find Cj;’

Performing the following iterations in a similar way as done for oy, we obtain (p > 1)

A
= Le¥iexp (—1ef).

) =~ tow (=1 [“a1()) [Faevse e (1 [ amen) (3.48)

K K§3 6\ K'ég

2. Region Il
In region II, Eq. (3.44a) takes the form

(0.11) / o5 (0.11) / o5
96 (57, a1 (57, _ _ _
% aa(f/ ! ai ) _ 1, 26D (87, 2) + U, (67, 2). (3.49)

The solution to the homogeneous part of this equation has the same form as Eq. (3.24),

- o - v - - -
@, (—k8Y + z)0) (8Y, 2) = ®y(—KkSY + z)exp (—A dsY'T(8Y', —k(8Y — 6Y') + z)) (3.50)

:0(2)/ (6Y.2)

with arbitrary function ®,.
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The general solution to Eq. (3.49) has the form  which leads to the general solution to Eq. (3.49),
09 (8Y,2)59 (6Y,z) with the following equation for

~0 Y, . ~ / g
o] (5Y, Z)- (O ”)(5}/ Z) 2(—K5Y + Z)U(z) (5Y, Z)
L L - +69(8Y,7)69 (87, 7). 3.53
059 (5Y,z)+K062(5Y,z)_U2(5Y,z) (3.51) 2 (87,2)57 (8%.2) (3:53)
= 3 =% .
oY ‘ w Equation (3.53~) has to satisfy the initial condition of
Ry (87 .2) Eq. (2.8) at 6Y =0 and boundary conditions that have

the following form:

The solution to Eq. (3.51) can be obtained following the
steps of Eqgs. (3.26) and (3.27). It has the form 6&0,1)(2 — k5T + 50) _ 0&0 A1) (5)?’ - 58)' (3.54)

!/
59 (8Y,2) = ! / ) d7'R, <5Y _izz , Z') +C,,. (352 The initial ~conditions determine the function
& K @, (—k3Y + z) = @y (&), viz.

6) (6Y =0,z =)D, (&) = éezé‘ exp <—%e5> —0)(6Y =0,z =§)5) (6Y =0,z = &). (3.55)

We need to use Eq. (3.32), which looks as follows for o,:

e 1 - -7 1 [xs7+er Us(7
59 (57,2) = - / © 4R, <5Y— S ,z’) +- / " a7 (02)(2) +C,,. (3.56)
KOV +E4 K K Jer &) (ZI)
From Eq. (3.56), our solution to Eq. (3.54) is C,, = Cf;) — @, (&).
(p.II)

For iterations p > 1, one finds a similar expression to that obtained for o, ’. Searching in the form
(pu)(st 7) = o) (67, z)02 (8Y,7), we obtain

’ ~ 1 4 ~
of (57.2) = /0 dZRY(87.,7) + CP, (3.57)

where R\ (57, 2) = —%@i’;ﬂ and C) is found by requiring that 6" (67 = 0,z = &) = 0.

(p.I1

(p.I)
The numerical calculations of RY (67, z) = 0%0, (6F.2) Q&8 — &) + 620,,& (& — &) are shown in Fig. 9. One can see
%

that they show the same pattern as the calculation for oy (see Fig. 7): The flrst 1teration is about 50% of the first at low values
of z but decreases faster that the corrections of o;. Also, we see the fourth iteration gives an accuracy of less than 3%.

Region I: £<£;' ; Region II: £>¢;f Region I: £<&;f ; Region II: £>&; Region I: £<£; ; Region I1: £>¢;'
02f - 02f
® o N A
.~ Of By 0 .
] @s=0.2, Y=5 / @s=02,v=10 | S @5=0.2, Y=15
¢ : S5
& 02 —p=l : — =l itb -0.2 —p=l
,,,,, p=2 : —eees p2 e p=2
p=3 : p=3 p=3
~0.4 o i pest -0.4 pet
0 5 10 0 5 10 15 0 5 10 15 20 25
z z z
(a) (b) ©)

FIG. 9. The ratio of Rl(,f) (87, z) versus z at different values of 6Y. Ny = 0.22,7 = 0.63, &} = 0, 7y = 2, zo = 0.87. (a)—(c) show the

ratio RE;) as a function of Y.
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C.o3(Y,r,b) and 6,(Y,r,b)
1. Region I
Equation (2.14) for o5(Y, ro;; b) has the form

003()], r()],b) o &S

aY 27 Jroo>1/05(v)
r12>1/05(Y)

+03(Y, 112, b)0q(Y. 102, b) + 63(Y, rop. b)o4 (Y, 712, b)
+03(Y, r12,b0)01 (Y, 702, b) + 65 (Y, 1o, b)oy (Y, 112, b)
— 263(Y, rio, b)N(Y, 7"02, b) — 203(Y, roz, b)N(Y, rio, b)} (358)

dz"zK(701|”12» roz){%(yv r127b) + 03(Y7 "ozvb) - 03(Y’ To1, b)

Our choice of L(s3) follows the same reasoning as in the previous sections, but with the inclusion of an additional term
x 20,(Y,r;b)o; (Y, r; b). The equation in region I takes the form

o 0D , . .
Ka3T(Z) = ~T(2)o""(z) + 603A(z) + o) (Z)/ d7 o, (7)) + az(z)/ dZ'6,(7) (3.59)

& &

0 0

Us(2)

with solution

ogo'[)(z) = 3(2) + A,,(z) =exp (—%/Ej dz’T(z’)) {%/5; dz'U;(Z') exp G /; dz”T(z”)) + C;?)} . (3.60)

.1
3

&Y &
Using the initial condition of Eq. (2.8) at & = &}, we find Cf;) = ¥ exp (—1e).

a8
Equation (3.60) can be easily generalized for 05,0’1)(Y ,r;b) and it takes the form

(0.1)
a n
90 (z)

= 1) + 00,0 + Z / RERCE (3.61)

U,(z)

with the following solution:

1 [z 1 [z 1 [7 n
0;0,1)(2) = Q’)n(Z) + Agn(Z) = exp <—;/§g dZ’T(Z’)) {E/gg dZ/U”(Z/) exp (E Lé dZ”T(Z”)) 4 C((/))}, (362)

~ ~(0.1
On G(n )

(n)

where the constant C P is fixed from the initial condition of Eq. (2.8),

cl — (27 e (3.63)

For p > 1, it takes the form
(p.0) 1 [z / ’ 1 [z / N (p=1) s 1 [ " " (n)
o () =exp | == [ dIT(Z) )= [ dZU()E"(Z)exp (= [ dZ"T(") ) +Cy ¢ (3.64)
K 56\ K ‘58 K 53
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Region I: £=¢]! Region II: £>&; 0.4} RegionI: &6 Region I1: £&>¢;' Region I: £=&;' Region I1: £>£;
0.4p 27 50 - Tt -~ 0.4 e -~
0.2
S
x>.:
@5=0.2, Y=5 @5=0.2, Y=10 S @s=0.2, Y=15
¢
—p=1 —p=1 = —p=1
,,,,, p=2 ceeee 2 B
p=3 p=3 p=3
p=4 p=4 p=4
15 20 25
z z z
(@ (b) (©
FIG. 10. The ratio of R{(,f) (517, ) versus z at different values of 5Y. No =0.22,7 = 0.63, 5/3 =0, z9 = 2, zpo = 0.87. (a)—(c) show the
ratio RY” as a function of .

One can see that Eq. (3.62) leads to the cross section that decreases as e~ —

(=2h)?
. We need to find the solution to o, at large n to

see how the summation over n will result in the inelastic cross section of about a constant. We will do this in Sec. IV.

2. Region I

In region II, Eq. (3.58) takes the form
aago’m(é)?,z) K@ago 11)(517, ) ~T(57, 7)o} (0, 11)(2)
a5y 0z

~ ~ 2 ~ ~ z ~
+003A(8Y,2) +06,(6Y,2) / d7'6,(8Y,7) + 06,(6Y,2) / d7e(6Y.7))  (3.65)
& &
Us(67 2)
with the general solution
oM (57, 2) = @3(—k8Y + 2)0? (67, 2) + 02 (8Y.2)5% (87, 2), (3.66)

where

/

- e . z-—
52(5Y,z):;/ dz’R3<5Y—ZKZ 7
&

) +C,,. (3.67)

We need to use the same procedure as was described for

(0 1 (87, ) to find all unknown functions. For the p > 1
iteration, we search in the form o-(p ”)(5Y 7) =
69 (8Y,2)0 (57, z) with solution

. 1 -
of (67.2) = / CaZRP (Y. + . (3.68)
0
(p.0) (s
The numerical calculations of RE,J(&Y 7) = % X
& —¢) + T O(&— &) are shown in Fig. 10.

One can see that they show the same pattern as the
calculation for ¢; (see Fig. 7) and for o,: The second
iteration is about 30% of the first, but the fourth iteration
gives an accuracy of less than 3%.

The common feature of ¢}, 6,, and o3 calculations (see
Figs. 7-10) is that corrections at large z are very small. The
equation can be generalized to arbitrary n as follows:

06&0 1) (517, 2) . 00&0 1) (517, )
_ K
o06Y 0z
= —T(57.2)0\""(67.2)

- ” z - -
PNCEESS / ©d/0,.,(67. )0, (67.)
%

U,(6Y.2)
(3.69)
with the solution
o857, 2) = @, (—x8Y + 2)6Y (57, 2)
+ 69 (8Y,2)8Y9 (67, 2), (3.70)
where
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s 1 . z—7
59 (8Y,7) _—/Z dZR, (5Y—Z < ,z’> +C,. (3.71)
K & K '

with R, =U,/o) and the functions C, and ®, are
determined to satisfy the initial condition given by
Eq. (2.8). For the p > 1 iteration, the solution takes the

form o\ (87, 2) = 6% (57, 2)oL (57, z), where

o~ 1 ~
ol (67.2) = - / “aZRY (7. + Y, (372)

K.Jo

where R&”(af/, 7) = —A%gi';)] and Cf,f) is found by

requiring that og,p’”)(éff =0,z=¢)=0.
As an application for the results of general n, we plot the
quantity (see Fig. 11)

One can see that the first iteration turns out to be rather
large in the small-z region which corresponds to region I
in Fig. 2. Note, that the behavior in region II of the same
figure gives a small contribution. Despite the fact that,
after an appropriate number of iterations the corrections
become small, the approach may break down for a
sufficiently large n. For this reason, we use this method
only for small values of 7. In the next section, we solve the
equation in the large-n limit and study the possible
matching with this solution. We will show that actually
at small values of z the solution at large n is prevailed, and
therefore, the large corrections in this region for o5, for
example, do not look important.

IV. MULTIPLICITY DISTRIBUTION
AT LARGE n

5D ( 57 2) A. Solutions to the equations
Rf,f)(éY ,7) = ?(>J)7~’®(§8 -¢) In this section, we solve the equation for o, at
o5 (8Y.2) large n: n 2z N(z), where the typical multiplicity N(z)
O—gl’*” >(5f/, 2) 3 we have to find from the solution. The equation takes the
+ WG@ - &)- (3.73)  form
o5 (6Y.2)
|
do,(2) S A -
k= =20, H AR (@) + | A A (2) + > 2, (2)ox(z). (4.1)
k=1
where £,(z) = [§dZ0,(Z).
We suggest that the solution has the following form:
Z(2) = p(z) exp (—n®@(z)). (4.2)
Functions ®(z) and ¢(z) we will find from Eq. (4.1). First, we note that
n—1 n—1
1d n—-1d ,
Z4(@)ox(a) =572 2 Zak@% (@) = 5= () exp (-n®(2)). (4.3)

»
i
[N
T
[

Equation (4.1) can be rewritten as

08 Region I: Esf.f Region II: 5>§u4 038 Region I: gsf,f Region II: f)ff 0.8 Region I: 55;;,‘ Region II: 5>§§,‘
0.6f ————> -~ 0.6f = B E— 0.6f . —— -~
04 ’ : 04
028 Tl A 02
R U3
By 02 @5=0.2, Y=5 @s=0.2, Y=10 By 02 @5=0.2, Y=15
=04 2p04
b b
R -0.6 —p=1 —p=l & -0.6 —p=1
-08¢ /i e =2 | =08 /i e p=2 -0.8¢ /b e p=2
1 p=3 p=3 1 p=3
“12 e p=t Z12 e
-4 10 15 -4 5 10 15 20 25
z z z
(a) (b) (c)
FIG. 11. The ratio of R,(,’;) (8Y, z) versus z at different values of 5Y. Ny = 0.22,7 = 0.63, 5’3 =0, z9 = 2, zpo = 0.87. (a)—(c) show the

ratio R as a function of ¥,

114021-18



MULTIPLICITY DISTRIBUTION OF PRODUCED GLUONS IN ... PHYS. REV. D 113, 114021 (2026)

d*s d d n—1d
n_ _ % (> 3 Z (= (2 — by 4.4
K = g (@) + 2u(0) + - (Ba(2)Za () + = - (922 (2) (4.4)
with ¥, (z) = [*dz’A(). Introducing S, (z) = [*dZ'E, ('), we reduce Eq. (4.4) to the following equation:
d*T d d d n—1d
= —— (22 — —(Z,(2)Z — Y . 4.
(EF = = () + 60+ (5 (DEa() + T () (43)

Assuming that all functions decrease at large z, we have

KT = () + 5,0 + 5,540+ I, )
- -1
(2= 22)%,(2) + 8,(2) = Zu(2)Za(2) + - 5 $()%(2) (4.6)
with £, (z f°° dz' A(7).
Using that = (¢'(z) — ngp(2)@'(z)) exp (—n®(z)) and equating terms that are proportional to n, we obtain
1 1 b4
V(@) =5 b 00 =g [(ae@) 47)
From this equation, S,(z) = 2exp (—n®(z)) and Eq. (4.6) takes the form
- 2
(@) = ~(z = 2)b(e) - E2(D) + o =1 (). (48)
Neglecting the term X at large n, we solve the homogenous equation
< 1
K/ (2) = (2 = 28 + 2a(2))9(2) = 54°(2). (4.9)
—_—

T(z)

Introducing ¢(z) = ZK%, we obtain for function U the following equation:

1 [z , 1 [Z
kU"(z) =-T(z2)U'(2);U'(z) = Cf;)exp <—;/Z dz/T(z/)> ;U(z) = Cl(ﬁl) /Z d7 exp (—;/Z dz”T(z”)) + C((/,Z). (4.10)
Therefore, for the solution of the homogenous equation ¢,(z), we have

exp (-1 [*dZT(2))

P(z) =2
j‘z d7 exp (_%IZI dZ”T(ZH)> + Cf]bz)/cgbl)
N _=za)?
oy — S ¢ = 210, B = puml(e). (411)
fzzA dZe” ="+ Cy"/Cy %erf(i}%ﬁ) +C(</)2)/Cl(/)

In Eq. (4.11) the arbitrary constants C, Cfpl), and C ((/)2) have to be chosen from the matching of our solution with the initial
conditions of Eq. (2.8).
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Plugging Egs. (4.7) and (4.11) into Eq. (4.2) we obtain X,, which is equal to

—20)? C © —zp)?
2, (2) = ¢(z) exp(—n®d(z)) =1 C(/,e—% exp (—n2—¢/ d e )
Zz

K
2-zp)? C - 2-zp)? 1 (TN 2
= C¢€_(TA) exp (—n 7"5 A /%erfc (Z\/2_1A>> = C,ﬁ‘% exp <—nC¢ 22 e ) . (4.12)
From this equation, we can calculate the value of ¢, at large n, which is equal to
>1
Oy (Z) = —qﬁ(z)nq)'(z) exp(—n(D(z)) Z_) ¢asym(_nq);sym(z)) exp{_nq)asym(z)}' (413)
¢asym

From Eq. (4.12). one can see that @, (z) = ~52* and, therefore, at large z the multiplicity distribution follows the almost
KNO [43-45] scaling behavior,

, , n>N(z) 2 Z2 _n . R
oule) = (#(0) = @V ) exp (-n0(2) = 2T w(e= ) W —seh @y
with
N(2) = 1/@yyn(z) = 2250 (4.15)
Cy

B. Entropy of produced gluons

Since oy, = > %, 0, at large z tends to 1 [see Eq. (2.17) and the next subsection], the probability to have n-cut Pomerons
in the final sate from Eq. (4.14) is equal to

aGK, o0 (z) 2 2 n
PAGK(7) = UﬁGK(Z) = ;N(Z) ‘P(N(Z)> (4.16)

The entropy content of multiplicity distributions is defined by

Sp(z) = =) _Pa9(2) In (PA9(2)). (4.17)

n

which we interpret as the entropy for the produced gluons. Using Eq. (4.16) in Eq. (4.17) we find that the von Neumann
entropy at large z is equal to

it = 2w (522) - 322 (s (v (7))

"'

1 Const
2
Z 2 ng no
=In(N —In(—)-2In24+-———=2 -
n(N(z)) n<2K> "2+ NG eXP< N(z))
—_——
1 see Eq. (4.31)
— )2 C 2 . 2
_ema) () L2 B (4.18)
2K K K 2K

In this equation, we introduce ny ~ N(z), which we will explain below [see Eq. (4.31)]. Choosing the value of n, from the
condition that 3, _, &, = Const, we get the second term in Eq. (4.18) is equal to In 2. Therefore, in QCD Sg(z) =
InN(z) = é—i in accordance with the result of Refs. [7,59,60]. It should be noted that we assume that Eq. (4.16) described all

nhaving %, P29 (z) = 1. As we will discuss below in Sec. IV E the main contribution to the total inelastic cross section
comes from n > N(z). Based on this fact, we can safely consider Eq. (4.16) for calculation of Sg.
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C. Inelastic cross section
The inelastic cross section can be found as

[e+] d [s+]
Uin(z) = Z Gn(Z) = IZZ Zn(z)' (419)
n=1 n=1
Using Eq. (4.12), we obtain
= - Pas m(Z) Pas m(Z) QP m( ) Z>>1
=30 =23 P ey (< Pl V@) (420)
nz::l nz::l 2Z 2Z eXp <¢asym( )) — 1 Y

Finally, from Eq. (4.20), 6;,(z) = Z{ (z) = 2 at large z. It is instructive to note that this cannot be obtained using Eq. (4.14)
at large n. We need to use the first equation [see Eq. (4.14) which is correct at any value of n for our solution and expand
®(z) at large z within accuracy 1/z3.

The limit ¢}, = 2 at large z contradicts the unitarity constraints that lead to ;,(z) — 1 at large z. The unitarity limit can be
found from Eq. (2.17). Indeed, the inelastic cross section oy, = » % o, satisfies the BK equation, as has been

n=1

demonstrated in Eq. (2.17). For the leading twist BFKL kernel, it takes the form

Kdo;Z(z) = 201, + A(2)Zi(2) + A d7 A(Z)oin(2) + Zin(2)0in(2), (4.21)

where %;,(z) = [ dZ'6, ().
Introducing 6;,(z) =1 —A,(z) and %;,(z) = z— Ag(z) with Ag(z) = [§dZ’A,(Z), we reduce Eq. (4.21) to the
following form:

R = 8n(0)(1 - 8,(2) - 280 + 8283(0) — [ dAR) 1 - ,(2) (4.22)
z 0
|
The solution of this equation is A;(z) = A(z). Indeed, dz, 2k ~
for this solution, Eq. (4.32) reduces t(SZ) ) K dZ(Z) =—(z-22)%,(2) + <S"(Z) _7) ~Z,(2)2a(2)
n—1
B a0+ A, (423) o HmG). 429)

dz

For solving Eq. (4.25). we are searching the solution in the
form ¢(z) = ¢5(z) +Ay(z) and neglecting the AZ(z)
contribution. The equation for A,(z) takes the form

which is the BK equation for our kernel.
Finally,

1

oin(z) — 1 - A(z). (4.24) 2k
kBy(2) = =(T(2) + #(2)) Ay (2) + -~ (exp (n®(2)) — 1).

Comparing this expression with Eq. (4.2) we can see that (4.26)

solution of Eq. (4.2) deciphers what 1 means in Eq. (4.24)
from the point of production processes.
For large z we can rewrite this equation as

D. Corrections 1/n

Plugging solutions of Egs. (4.12) and (4.13) into  KAy(2) ==(T(2) + ¢,(2))Ay(z) + / dz'¢,(2). (4.27)
Eq. (4.5), we can see that our assumption that S(z) ‘

. >, . .
decreases at large z is not correct: S(z)— £ Hence, Hence, the particular solution of the nonhomogenous
Eq. (4.6) takes the form equation is equal to
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1
s Lo -
1 (Z - ZA)z
1 — .
— C,In(z) exp < o )

Finally, the solution to Eq. (4.25) is

¢n.h< (Z)

Plugging Eq. (4.29) into Eq. (4.7) we see that

1 C R
q)(Z) :—/ d7' (ﬁ,,h Z>>1 ¢/ dz e‘ zK

2K

= ¢h(Z) +A(/J( )_)¢a§ym( )(l +1I’IZ).

! / 42 (T(2) + qﬁh(z’))) / iz ( / ” quﬁh(Z)) exp (1 / a2 (T(") + ¢h<z”>>)

(4.28)

1

(4.29)

1 +1In(Z)) = (4.30)

@ym(2)(1 +Inz).

Therefore, these corrections do not change our solution, adding only weak In z dependence of N(z).

E. Discussion of the solution

Concluding this section, we infer that each o, of our
solution decreases as exp (—z*/(2x)) as it follows from the
solutions of Sec. III. We consider this property as an
attractive feature of the solution. On the other hand, the
inelastic cross section is equal to 2 at large z instead of 1 as
expected from the unitarity constraints.

This shortcoming is closely related to the fact that
we do not know from which value of n we can trust our
solution. Coming back to Eq. (4.20), let us introduce

ol = > 5, 0, For o}?, Eq. (4.20) takes the form
1 n
6" (2) =5 2exp <— WOZ)> (4.31)

From this equation, it follows that we can trust our solution
for ng ~ N(z). Indeed, for such ny sum of all ¢, with n >
no will give the cross section smaller than 1.

Hence, we conclude that we need to solve a difficult
problem of matching our solution with the solution for
n < N(z), which we have not found. To illustrate the
difficulties we could face in finding such a matching, we
note that our solution at large n leads to ¢, at 7 — 0, which are
constants with quite different n dependence than the initial
conditions of Eq. (2.8). Indeed, n dependence of our solution
at z = 01is 0, «x nexp (—Constn) 1nstead of oc Comst”,

The question arises whether > " | o, could glve the
substantial part of the inelastic cross section. As has been
discussed in Sec. III, o, at small n in the homotopy
approach takes the following form for large z:

Pmax (D)
0,(2) = i’ (2) (1 + Z”U—@>

=1 0n (2)

= o).

(4.32)

where p.. 1S the maximum number of iterations taken in
the homotopy approach. Using this equation, we compute
>" , 6,(z) in order to see if it is much less than 1. As can
be seen in Fig. 12, it approaches O for sufficiently large z.
Therefore, it is expected that the sum over n < ng leads to
the negligible contribution to the inelastic cross section.
Hence, in spite of the fact that we do not know solutions for
n < N(z), we obtain correct estimates for the entropy of the
produced gluons since this result is based on the expect-
ation that the main contributions come from n ~ N(z).
Coming back to the problem of matching of our solution
at large n with the solution of Eq. (4.13), we could estimate
the value of n =n,, at which we expect the matching
occurs. This value is the solution to the following equation:

Py (P
Osmalln = GS!E?(Z) (1 + Z (81)( ))

p=10n, (2)
2 2 n,,
_EW\P<N(Z)>' (4.33)

= Olargen

FIG. 12. Plot of Y

21 0,(z) for different values of n.
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40
30
S
2 20
=
10 — Exact
— £In(Z)+4
0
2 4 8 10
VA
FIG. 13. Solution of Eq. (4.33) for 58 = 0and z, = 0.87 (blue

line), together with the approximating function (purple line).

Figure 13 shows the value of n,,(z), which is the solution to
Eq. (4.33) for & = 0 and z5, = 0.87 (exact in Fig. 13). This
solution is compared in this figure with the approximate
analytic solution g—iln(é) + 4.

Therefore, we see that we can hope for finding a
matching procedure at rather large n but much smaller
than N(z).

Considering
Op (Z) = Glargen(z)(a(zm - Z) + Usmalln(z)(a(z - Zm) (4'34)
in Fig. 14, we plot o1y, 059 to show explicitly the
transition. One can see that we have not solved the
problem of matching the solutions at large and small n.
Note that z,(n) in Eq. (4.34) is the inverse function
of n=n,,(z).

V. CONCLUSIONS

In this paper we discuss the multiplicity distribution
in the deep inelastic processes in the framework of high
energy QCD. We obtained three results. First, we give a
new derivation of the equations for the cross sections of
productions of n-cut BFKL Pomerons in the final states
[6,, see Eq. (2.14) and Fig. 5]. This derivation is
carried out in the framework of the dipole approach
to high energy QCD and it is not based on the
Abramovsky-Gribov-Kancheli cutting rules but repro-
duces them.

Second, we developed the homotopy approach for
finding the solutions to these equations. It consists of
the analytic solution for the first iteration and the
convergent procedure of calculating the next iterations
using computing. We demonstrated that we need three
iterations to obtain the solution within 0.2% accuracy.
Using this approach, we can calculate several o46K

n
with small n = 1,2, .... Having these cross sections, we

{Tllaggeni a_sl?)lalln
: a_lza(;gcni ol
-
~ '
N s ;
b: 10 : '
i i
i i
— 010(2) is 18
— 020(2) IS v
Lo e
HN f=1
1071 '
5 10 15
Z

FIG. 14. The cross sections oy, 65y showing the transition at
n = n,, [see Eq. (4.34)].

can calculate the moments of our multiplicity distribu-
tions [61,62] and obtain the multiplicity distribution
P,(z) since

of )
P = § 5 (5.1)

2mi v

where the contour of integration is the circle around
the point 1 =0 and f(4) is the cumulant generating
function, which is defined as

fa =3 Sy, (52)

where C, are cumulants [63]. The first cumulant
C, =n is the average number of produced gluons,
the second is the variance, and the third is the third
central moment of our distributions (see Refs. [62,63]
for more information). All cumulants can be calculated
in the BEKL Pomeron approach, using that 629 (z)’
gives the kth moment of the multiplicity distribution
[(n*) = 620K (z) nk]® [24,61]. The distributions with
the first two cumulants are given in Ref. [61].
Hence, using the procedure suggested in this paper,
we can describe the experimental data using several
626K This approach will be the subject of our future
publications.

Third, we found an analytical solution for o, at large

2

nzN(z)= g—Ze : [see Eq. (4.16)]. This solution has

(z=2p
bre

o 2
two remarkable features: (i) it decreases as exp (— %) at

large z; and (ii) it gives o;, — Const at large z. In spite of

’Recall that o, is given at fixed b which enters the definition
of z.

®np is the multiplicity of the produced gluons in the BFKL
Pomeron.
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this, Const turns out to be larger than 1 that comes from the
s-channel unitarity constraints; we argue that we can trust
this solution for n > N(z). The first property we observed
in Sec. Il from the homotopy approach to finding the
solution to the main equations.

The problem that has not been solved in the paper is the
matching of our solution with the initial condition of
Eq. (2.8). 0, in our solution tends to the value at z — 0
which has a different n dependence than the initial
conditions. In Sec. IVE we argued that the matching
occurs at large multiplicities proportional to z2/(2k),
which, however, are much smaller than N(z). Therefore,
we need to find a solution for small n, which has been
discussed in Sec. III, at rather large n. We expect that this
will be a difficult problem.

Finally, our solution leads to the value of the entropy of
the produced gluons S; = In(N(z)) which confirms the
result of Refs. [7,59,60].

We hope that this paper will contribute to the gradual
but inevitable understanding of the main features of the
Pomeron calculus approach to high energy QCD.
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