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In this paper, we present two novel analytic anti-de Sitter (AdS) black hole solutions in a two-
dimensional dilaton gravity theory with two scalar fields nonminimally coupled to gravity. Our solutions
contain two arbitrary integration constants in the blackening factor f(r), allowing for an extremal
configuration. Solution I reproduces a previously reported AdS black hole when one of the integration
constants in f(r) vanishes. For our black hole configurations, the scalar curvature is constant and negative,
corresponding to the AdS, spacetime. In order to elucidate their black hole nature, we explore the causal
structure of these solutions with the aid of suitable Kruskal-like coordinates and Penrose diagrams. By
employing the Hamilton-Jacobi method, we construct a boundary counterterm that renders a renormalized
action with a vanishing variation. We use this finite action for the partition function in the semiclassical
approximation. We establish a consistent thermodynamics, verified by the first law, for our black hole
solutions, including the extremal case. Finally, we perform a holographic analysis of the effective theory at
the boundary of the black hole solution I. This theory is characterized by a Schwarzian action supplemented
by a black hole mass term determined by the two integration constants in f(r). We also examine the

holographic implications of the boundary counterterm.

DOI: 10.1103/ymyh-x9gp

I. INTRODUCTION

The gauge/gravity correspondence [1], based on the
relationship between a gravitational background and a
quantum field theory living at the boundary, has shown
to be a valuable tool for studying strongly coupled field
theories.

In the gauge/gravity duality, the nongravitational system
in thermal equilibrium at temperature 7 is in direct
correspondence with a black hole with the Hawking
temperature 7. An anti-de Sitter (AdS) black hole in
D + 1 dimensions is described by
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dr?

r*f(r)

ds = (—rzf(r)dt2 + + rzdx,-dx’) . (1)

where [ stands for the AdS radius, r is the holographic or
extra coordinate, x; labels the coordinates in the spatial
sector with i =1,2,...,D — 1, and the function f(r),
known as the blackening factor, must asymptotically
approach unity in order to recover the AdS background
at infinity.

In this paper we present two families of AdS, black hole
analytical solutions within the framework of a two-dimen-
sional dilaton gravity theory with two scalar fields non-
minimally coupled to gravity and a metric given by

fga) e

ds =12 <—r2f(r)dt2 +

Two-dimensional black holes have been studied exten-
sively in the literature, as they serve as models for testing
ideas about the physics and thermodynamics of black
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holes, with the intention to give insight into quantum
gravity in higher dimensions. The novel AdS, black hole
solutions coupled to scalar fields presented here pursue the
aim of contributing in this direction by incorporating in the
blackening factor an extra constant of integration into play
and by serving as toy configurations that could be
straightforwardly generalized to higher dimensions.

Two-dimensional anti—de Sitter, AdS,, is a maximally
symmetric spacetime invariant under the SO(2, 1) group.
This invariance is relevant in the AdS/CFT duality because
it corresponds to the conformal invariance of the theory
living on the AdS, boundary.

AdS, holography has been extensively considered since
the early days of the AdS/CFT correspondence, see for
instance [2-11]. In pure AdS, gravity, any finite-energy
excitation above the vacuum solution induces a strong
backreaction on the spacetime, leaving the ground states
as the only consistent configurations [5]. However, in [12] it
was shown that the gravitational backreaction can be
regulated by considering a nontrivial dilaton field in the
Jackiw-Teitelboim (JT) model [13,14], which allows for
finite-energy states.

In JT gravity, the nearly AdS, geometry leads to an
effective boundary theory described by a Schwarzian action
that is invariant under the SL(2, R) symmetry [12,15,16]. It
has been shown that this very action describes models of
quantum mechanical Majorana fermions, as is the case of
the Sachdev-Ye-Kitaev (SYK) theory [17,18]. The duality
between SYK and AdS, gravity was first proposed in [19];
further studies include [20-23]. Taking into account the
two constants of integration in the blackening factor, we
analyze the effective theory living at the boundary of our
black hole configurations, the corresponding solutions, and
their thermodynamical properties.

Furthermore, the AdS, holography has provided an
unparalleled toolkit for studying quantum chaos, see,
e.g., [15,16,24-27]. In the boundary theory, out-of-time-
ordered four-point functions exhibit exponential growth
with a Lyapunov-type behavior that saturates the chaos
bound established in [28].

On the other hand, dilaton gravity models with one or
multiple scalar fields have been used to study holograph-
ically nonconformal field theories with an underlying
generalized conformal structure [29]. These theories are
scale invariant, provided that their couplings also scale. The
structure of these models is captured by Ward identities,
relating the stress-energy tensor and scalar operators, which
imply restrictions to the correlation functions of the scalar
operators. The SYK theory has an associated generalized
conformal structure, studied holographically by two-
dimensional dilaton gravity models with one or multiple
scalar fields. It has been shown that the Ward identities
governing this structure are obtained by means of the dual
two-dimensional dilaton gravity theories.

As exemplified above, two-dimensional dilaton gravity
models are frequently found in the literature as a result of

dimensional reduction of systems defined in higher dimen-
sions. The most known example is the extremal Reissner-
Nordstrom (RN) black hole solution of four-dimensional
Einstein-Maxwell gravity (see, for instance, [15]). In this
example, near AdS, spacetime arises as the near-horizon
geometry of the near-extremal RN black hole. For our two-
dimensional black hole solutions, the extremality condition
arises as a relation between the constants of integration in
the metric, even in the absence of an electric charge.
Interestingly, in this extremal scenario, pure AdS, space-
time emerges in the whole manifold, not only near the
horizon.

Thus, with the aim of studying the global spacetime
structure of our black hole solutions, we employ an
Eddington-Finkelstein type of transformation of coordi-
nates to show the causal structure of spacetime through the
behavior of the light cones. Then, we construct a set of
Kruskal patches and corresponding diagrams, adequate to
explore the regions containing the outer and inner horizons.
We depict interesting properties of these spacetimes mak-
ing use of the appropriate Penrose diagram.

In particular, it is possible to deduce the thermodynamic
quantities for black holes in two dimensions using the
Euclidean path integral approximation for the partition
function [30],

Z ~exp <—%1E>, (3)

where [ represents the Euclidean action evaluated in the
classical solutions of the field equations and 7 is the Planck
constant. In order to use the saddle point approximation in
(3), it is necessary to have an action that is finite on shell
and whose variation 6/ vanishes. In general, these con-
ditions are not necessarily met by an action. As in higher
dimensions, the on-shell action might diverge. This issue is
commonly solved by the method of background subtraction
[30,31], which has been applied, for example, to study the
thermodynamics of the Witten black hole [32—34]. For our
black hole solutions presented below, both the on-shell
action and o/ diverge. Following the techniques developed
in [35] and generalized in [36], we apply the method of
Hamilton-Jacobi [37] to remove the aforementioned diver-
gences. This method is based on constructing a boundary
counterterm that renders a renormalized action I" with
suitable properties to be used in the approximation (3).
Once we have the improved action I" at hand, we compute
the thermodynamics of the black hole configurations in the
canonical ensemble using the standard approach and show
that our field configurations accomplish the first law, even
in the extremal case.

In the remainder of this paper, in Sec. II, we present two
families of AdS black hole solutions in two dimensions
with two scalar fields that solve the field equations derived
from the corresponding scalar-tensor theory. In Sec. III, we
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extend the spacetime of our solutions, transforming first to
Eddington-Finkelstein coordinates, and then to Kruskal
coordinates designed to go through the outer and inner
horizons; finally, we present the Penrose diagram for these
spacetimes. In Sec. IV, we develop a consistent thermo-
dynamics for the black hole configurations presented in this
work. In order to do so, first we deduce the Hawking
temperature by demanding regularity of the Euclidean
spacetime with periodic time. We then show in detail how
to construct the counterterm for the scalar-tensor or dilaton
gravity theory in two dimensions considered here, obtaining
in this manner a renormalized action. This enables us to
employ the approximation (3) to deduce consistent thermo-
dynamic properties by means of the first law fulfillment. We
compute the total energy M for the black hole solutions
employing the gravitational Hamiltonian. In Sec. V we
compare our system with previously reported dilatonic
models. In Sec. VI we employ holography to study the
effective theory living at the boundary cutoff of our black
hole spacetime solution I, the solutions to the equation of
motion and the thermodynamics. Finally, we conclude in
Sec. VII with some remarks.

The equations of motion following from this action read

II. TWO-DIMENSIONAL SCALAR-TENSOR
THEORY AND AdS BLACK HOLES

We shall start by considering the following action in
1 4+ 1 dimensions:

s= [ dxy=gel (R+;ﬂbc<w¢b><aﬂ¢c.> -21).
@)

where R is the Ricci scalar, g is the determinant of the
metric, A is the cosmological constant, ¢, is a set of scalar
fields, y, are arbitrary real constant numbers, 3. stands for
a square symmetric matrix whose elements are arbitrary
real constant numbers, and a,b,c = 1,2, ..., n, where n is
the number of scalar fields. The action (4) has been
employed in [29] to realize, holographically, the general-
ized conformal structure [38—40] of theories involving
multiple scalar field operators, such as the SYK theory
[17,18].

1
R;w =+ Zﬁabaﬂ¢aav¢b - Eg/u/ (R =+ Zﬂabap¢aap¢b - ZA) - Z}/avyavcﬁa
ab ab a

- ZyaYbau¢aau¢b + 9w (Zyaybaﬂ¢a0p¢b + Zyav2¢a> = O’ (5)
a,b a,b a
Ya [R + Zﬁbcad¢baa¢c - 2A} = 2Zﬁac <v2¢c + vﬂ¢czydaﬂ¢d) : (6)
b,c c d

Here a slight difference is noted in comparison to [29] where the overall factor 2 is missing in the right-hand side of this

equation.

Given that the product (0¢,)(d,¢.) is commutative, the matrix f,. is symmetric, therefore, we can diagonalize it
through an SO(n) transformation and obtain the matrix with diagonal elements f3,. Thus, the action (4) in the diagonal

frame is

S = / Lx/=geLoul b (R + ijﬁbw“m)(a,,m) - ZA). (7)

The corresponding field equations derived from this action are

1
R/w + Zﬁaay¢aau¢a - Eg/w <R + Zﬂaapqﬁaapgba - 2A> - ZYavyavd)a

- ZyaJ/baﬂ¢aau¢b + [ (Zyaybao¢aap¢b + Zygv2¢a) =0, (8)
ab a,b a
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Ya [R + > B0 p0shy — 2A] =2, <v2¢a + VﬂaﬁaZyda,m) : 9)
b d

We further consider a static configuration of two scalar fields under the metric ansatz (2) and arrive at the following

Einstein equations:
rr.

w7+ pot o+ (2 ED) g0+ (B L) + T o (10)
1.
n0) + 50 + (7 =5 )07+ (=2 )
#2850+ (34 L) )+t + oo (1)
and the scalar field equations

D)+ B0 = o + 28 50 -2 (4L ) s
+ rz?(r) [P 17 (r) + 4rf'(r) + 2f (r) + 2PA] = 0, (12)

240) = st (07 + Berso? + 28t 5 -2 (42 ) )
+ r2?(r) [Pf(r) +4rf'(r) + 2£(r) + 212A] = 0. (13)

A. AdS, black hole solutions

In this section we present two novel analytic AdS, black
hole solutions for the previous field equations (10)—(13). To
obtain the metric solutions and the scalar field configura-
tions that support them, we first decouple the field
equations for the functions ¢,(r) and f(r) by solving
the Euler differential equation obtained from (12) and (13):

r2f"(r) +4rf'(r) + 2f(r) + 2PA = k, (14)

where k is an arbitrary real constant. Consequently, we find
that the blackening factor is given by

F=f-S4 2 fo=t-ra (15)
roor 2
where c;, ¢, are arbitrary real constants.
Solution I. In order to derive this solution we manipulate
algebraically the field equations. We first subtract the tt
equation (11) from the scalar field ones, (12) and (13), in

such a way that we eliminate the terms containing the factor
@' (r)@}(r). Second, we use the rr relation (10) to obtain

two equations without the term J;((rr)) @', (r) that we add to get

a single equation for ¢; and ¢, that we separate in the
following way:

B

! A (r)? ——=0, 16
N+ A+ s (16)
2 f(n)
" Cqd' 2 2 - !
) + Cor + 2 (24 E ) s
B

l—u)———=0, 17
=0 s (17)
_ BU(+B)B=73)—Pors _ (B=Bar)k+4p 1 fo A
where Az_ A B ="
C= %W and u is an arbitrary constant such

that the sum of the above relations results in the above-
mentioned single equation. In order to solve (16) and (17)
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for the scalar fields, we impose a condition over k to get
B =0,

46 B A
=P (13
bari — 72
obtaining in this manner the following scalar fields:
- 71
& —C3—X10g(r+c4), (19)
r2, [@fory —c1)(2for —c1)
= =1
’ CS+C og{ folerr=ey)r?
2for —c
-4 tanh | —————— . 20
pow (G ) el

By observing the scalar field in (20), we realize that in order
to have a real arctanh function its domain requires that

ro<r<rg, (21)

with

_ C1 :l: C% —4C2f0
2fo

Nevertheless, relations (22) represent the zeros of the
function (15) indicating the locations of the black hole
horizons. Therefore, in order to have a physical meaningful
scalar field configuration, we have to consider just one
nontrivial scalar field ¢, (r), requiring y, = 0.

After substituting y, = 0, the restriction for k, the
resulting scalar fields and the function f(r) into the field
equations (10)—(13), we find that if ¢, = ZILTIA and f; =0
(which implies that k = 0 and f;, = —[?A) all of the field
equations are satisfied and therefore admit the following
AdS black hole solution:

ry (22)

ds* =1 —(1—ﬁ+c—§) 2di? + (23)
In this process we have chosen A = —liz for convenience,
leading to
¢ c
fr)y=1--+=2, (24)
roor

in order to evidently recover the AdS metric at r — oo.
Thus, the scalar field configuration that supports this
metric consists of just one nontrivial scalar field,

no=etioe(r=5). p)=e (9

where c¢3, c5 are arbitrary real constants. Given that the
scalar field solution ¢; was obtained keeping the constant
y; completely arbitrary, we rescale the scalar field so
that Y1 = 1.

From relations (22) and the choice f, = 1, the outer r
and inner r_ horizons for this solution are located at

2
ri:i\/%—cz+%. (26)

In order to preserve the signature of the metric, that is
f(r) > 0, and for the scalar field to be well behaved for
r>r, >0, one of the following two conditions is

required:
c? c? c
c; >0, ZIZCZ’ r> Zl_c2+?1, (27)
C% Cq
CISO, 0250, r > Z—CQ‘I—E. (28)

Solution II. Provided that A =0, p; = —f,, the field
equations (10)—(13) admit the same black hole solution
(23), but for a different scalar field configuration,

¢1(r) = c5 +1og[(r? = c17 + ¢2)71],

$r(r) = cq +log[(r? — 17+ ¢)™], (29)
where c¢3, ¢4 are arbitrary real constants, o; = ﬁ
0y = _2}_12‘ For this solution it is required that y; =y,

and as y, remains completely arbitrary we rescale the scalar
fields so that we have y, = 1.

Again, in order to preserve the metric signature and for
the scalar fields to be well defined for r > r, > 0, one of
the conditions (27) or (28) needs to be fulfilled.

Extremal case. We would like to note that the extremal
configuration,

dr?
(=5

of our black hole solutions with metric (23) is obtained by
imposing the following relation between the constants of
integration:

2
ds? = I? —(1 —%) Pde + (30)

r

2
c
szzl. (31)

As a result of this identification the horizon, ry = %‘,
emerges as the union of the outer and inner horizons. In
order to clarify this point, we study the spacetime structure
of our solutions in Sec. III.
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X(r)
12,

10}

8t

0 2 4 6 8 10 12r
FIG. 1. Graphical representation of an example of the dilaton
field X(r)=e? 7 =r—% in solution 1. We employ the
following particular values: ¢; =c¢5 =0, ¢; =4, ¢cob =2. We
observe a finite value of the dilaton field X(r) at the horizon
r, = V242, represented here with the dashed vertical line, and
its asymptotically singular behavior.

An important remark is that the solution (23) reproduces,
as a particular case when ¢; = 0, the two-dimensional AdS
black hole configuration in the group of the a — b family of
solutions in [36,41], for b = 1.

Constant curvature. Finally, we would like to highlight
that, for the solutions presented above, the curvature scalar
derived from the ansatz (2),

B r2f"(r) +4rf'(r) + 2£(r)

R=g¢g"R, = i ,

(32)

results in a constant and negative quantity, an intrinsic
property of the AdS, spacetime,

2

upon substitution of the metric function (24). Moreover, we
would like to note that, even though the field configuration
II has a null cosmological constant, the resulting spacetime
solution possesses the above constant and negative
curvature.

Dilaton field. Atthis point, itis helpful to define the dilaton
field X(r) as the exponential function in the action (7)

X(r) = et (34)

Here a = 1,2; see Fig. 1. As we will corroborate in the
following sections, this quantity is essential in two-dimen-
sional dilaton gravity models; for instance, it is associated
with a conserved charge, defining in this way the corre-
sponding dilatonic potential and determining the thermody-
namical properties of the black holes. In addition, the value of

the dilaton field at the horizon is encountered to define the
entropy, giving the dilaton a relevant physical significance
[32,34-36,42,43].

B. AdS, geometry

As commented above, the AdS, geometry emerges as the
near-horizon limit of, for instance, the 4D extremal or near-
extremal RN black hole; for a pair of nice reviews, see
[44,45]. In this example it is usually shown that, with an
appropriate change of variables, the product of AdS, space
and a two-dimensional sphere S,, with radius equal to the
dilaton, is obtained near the event horizon. That suitable
change of coordinates makes use of a small parameter that
sizes the separation from the horizon; eventually this
parameter is set to zero as a part of the near-horizon limit.

As stated in the last section, if the relation (31) is met in
our two-dimensional solutions, the black holes become
extremal. In this scenario we can implement the following
change of coordinates:

2.
r:%(l—i—?) and t:C—lt, (35)

where there is no near-horizon parameter and the 7
coordinate has its origin at the horizon ry = 5.

Employing the change of coordinates (35) in the metric
describing the extreme black hole solution (30), the
resulting geometry description is given by the metric of

the two-dimensional anti—de Sitter spacetime AdS,,

~2
ds? = P2 <—72d22 + d—r>. (36)

"7.2

It is important to note that the fact that there is no need to
use a parameter that imposes the near-horizon validity of
the change of coordinates tells us that we have an AdS,
spacetime in all the region ry < r. However, we also point
out that, despite the constant curvature of our solutions, the
global causal structure of the manifold, which we study in
detail in the following section, reveals their black hole
nature; see for instance [46] for another example of
this kind.

III. BLACK HOLE GLOBAL CAUSAL STRUCTURE

Employing the coordinates (%, r), the components of the
metric (23) have singularities at the outer and inner
horizons. Therefore, in order to extend the spacetime
through these surfaces, we need to construct suitable
coordinate patches.

In the case of our solutions, for radial null curves, the
coordinates ¢ and r are related in the following way:

104037-6
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1 Vi —4 -2
t= iz—log Cé 2t . + constant,
Vey—4de ey —de,—cp +2r
(37)

where the upper/lower sign refers to null curves in the
direction of increasing/decreasing r (outgoing/ingoing light
rays). From relation (37) we define the coordinate

1 Ve —4 -2
rt = log Gi_teto -4 . (38)
Ve —de, V3 —dey —cp +2r
such that t = +r* + constant.
Now we introduce the null coordinates
u=t—-r" and v=r1+r", (39)

which are properly adapted to the description of null geo-
desics. It is easy to verify that ingoing null geodesics are
described by v = constant while the outgoing ones obey
u = constant. We can use the original coordinate r and
replace ¢ with the coordinate » or u. For example, if we
choose the (v,r) coordinate system, known as ingoing
Eddington-Finkelstein coordinates, the metric (23) takes
the form

s> = - (1 Ay c_§> dv? +2dvdr.  (40)
r r

We can verify that radial null curves satisfy the following

conditions:
dv 0
Ty -2
dr r(1=H3)

from which we see that the light cones remain well behaved at
r, and r_. Furthermore, given that the function f(r) =
1 =< 4+% <0forr_ < r < r, all future directed paths of
null or timelike particles are in the direction of decreasing r.
This is not the case for the region 0 < r < r_ where
f(r) > 0; consequently, the future directed paths are not
necessarily pointing inwards. Below we study these and
other properties of the causal structure of our solutions by
means of Kruskal coordinates.

ingoing

outgoing, (41)

A. Kruskal extension
From definitions (38) and (39), we see that the surface
r = r, is found to be at u = oo or v = —o0, s0 it is a good
choice to construct the following null Kruskal coordinates:
U, =F e7™H, V, =7, (42)

where the upper signin U is used for r > r_ and the lower
sign for r_ < r < r; the quantity

r 1
Ky E%f’(’%) 5V ¢ —4c, (43)

is known as surface gravity [47]. Here the prime denotes
derivatives with respect to r and we have made use of
relation (26).

In order to have a metric with one timelike coordinate
and one spacelike, we define the following Kruskal
coordinates:

1
T, =5V, +U,),

2 Ry =

(Vi-Uy),  (44)

N —

in terms of which the metric (23) becomes

4

ds? = —
YT IR 1y

(—dT2 +dR%),  (45)

where we used the following identities:

22r—cy)

2r —c +\/c%—4c2.

The form of the metric (45) tells us that our solutions are
conformally equivalent to flat spacetime.
Using Eq. (46) to evaluate the metric (45) at r,

T2 -REL=U,V,=1- (46)

ds* = 4(—dT?% + dR?%), (47)

we appreciate the nonsingular nature of the outer horizon.
Some important remarks for these coordinates are
(i) From (45) we see that radial null curves look like
they do in two-dimensional flat spacetime, 7, =
+R, + constant. In particular, from (46) we see that
the outer horizon r, is described by the straight
lines T, = £R .

(i) From Eq. (46) we realize that r = constant curves are
described now by hyperbolae T3 — R% = constant.
In particular, we see that the AdS, boundary r — oo is
depicted by T2 — R2 - —1.

(iii) The range for these coordinates is —oco < 7, < o0,
R <T2+1.

(iv) By virtue of Egs. (26) and (46), we see that the inner
horizon r_ is located at 72 — R3 — oo; conse-
quently, we need a new set of Kruskal coordinates
to extend the spacetime in that direction.

We can draw the Kruskal diagraminthe plane 7, — R, as
shown in Fig. 2, which illustrates the regions outside (I and
IV) and inside (Il and III) r, up to an arbitrary cutoff surface
ry > r_. We see that for r_ < r < r_ all null and timelike
future directed paths are in the direction of decreasing r
revealing that the null surface r, is an event horizon.

As for the outer horizon r, case, we construct a new set
of Kruskal coordinates 7_ and R_ adapted to the inner
horizon r_. In this case we define the null coordinates

104037-7
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r = const

r = const

-1.0 -0.5 0.0 0.5 1.0

FIG. 2. Kruskal diagram in coordinates (7, R.).

U_=Fe*4,  V_=—¢", (48)

where the upper sign in U_ is used for r > r_ and the lower

. 2 .
sign refers to r < r_ and x_ = 5 f'(r_). The surface r_ is
located at v — o0 or u — —o0. As in the previous case, we
define the following Kruskal coordinates:

R.=~-(V_—U.), (49)

N =

1
T_=-(V_+U.),

2
in terms of which the metric (23) becomes

4
ds*> = 5 (—dT? + dR?%), (50)

(T2 —R%2 +1)
where we used the identities

22r—cy)

2r—c; =/ —4c;

The former equation (51) becomes identically zero when
evaluated at the inner horizon r_ (26). Using this fact in
Eq. (50), we realize that the metric is manifestly regular at
r_, ie., ds*> = 4(—dT* + dR?).

With this knowledge at hand, we draw the Kruskal
diagram, as illustrated in Fig. 3, for the region 0 < r < ry
that contains the inner horizon r = r_. A remarkable
feature is that, for r < r_, any surface r = constant is a
timelike surface, including the singularity » = 0. This is
due to the reinterpretation of r as a spacelike coordinate
because f > 0 for r < r_. Because of this, the singularity
can be avoided, if so decided, by observers moving within

T2—RZ=U_V_=1-

(51)

r v
r = const

r = const

-1.0 -0.5 0.0 0.5 1.0

FIG. 3. Kiruskal diagram for coordinates (7_, R_).

the region 0 < r < r_ of the black hole, since there, the
light cone’s direction allows for this kind of motion. We
illustrate this interesting feature in the following section.

B. Penrose diagram

In order to illustrate our two-dimensional spacetimes in
compact form, we construct their Penrose diagram, shown
in Fig. 4.

We employ the coordinate transformation,

U, =arctan(U,) and V. = arctan(V,), (52)

over the null Kruskal coordinates (42) and (48). The
relations (44), (49), and the range of the coordinates
(T.,R,), which is the same for (7_,R_), are employed
to deduce that the range of the coordinates (U,, V) and
(U_,V_) is given by

—o<U;<oo and —-1<U.V,. (53)

Taking into account this last relation and the transformation
(52), we easily realize that the (U,,V,) and (U_,V_)
coordinate domains are defined by the intersection of

_z <Vy< i and
—1 < tan(V,)tan(T ). (54)
From the relations (44) and (49), the metric expressions

(45) and (50), and the transformation (52), we find the
metric form
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---- r —constant surfaces

FIG. 4. Conformal diagram for our AdS, black holes. The spacetime boundary r — oo is represented by the dashed vertical straight
lines and the singularity » = 0 is depicted by the zigzag vertical ones. Here we illustrate a particular motion through a timelike path.

AU, av,

ds2 — —4%
cos? (U4 =V,)

(55)

From this equation we observe that the light cones are
depicted with lines U, = constant or V_ = constant. The
outer and inner horizons r, and r_ are described with the
same straight lines U/, V, = 0 as in Kruskal coordinates.
The timelike boundary r — oo is now depicted in a finite
form by straight lines between the future timelike infinity
i and the past timelike infinity i~ which, in the same way,
are the past and future end points of the surfaces
r = constant. Similarly, the singularity » = O is illustrated
by straight lines in this conformal diagram.

We use the Penrose diagram to illustrate the motion of an
observer inside these AdS, black holes, as shown in Fig. 4.
Once the observer has crossed the outer horizon r = r,

when moving towards the interior of the event horizon, the
only possible direction implies decreasing r; in this region
the coordinate r is timelike. After crossing the inner
horizon r = r_ the coordinate r becomes spacelike and
any direction is possible. If the observer decides to return to
the inner horizon he will cross another copy of r_. After
that, the only option for the observer is to go towards the
outer horizon because now the coordinate » becomes once
again timelike. The observer goes out, from another copy of
the outer horizon, to a new asymptotically AdS, spacetime.

IV. THERMODYNAMICS

For higher dimensional black holes, the standard
Bekenstein-Hawking relation states that the entropy is
always found to be one quarter of the horizon area, in
Planck units,
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S=74 (56)

In [36] it was shown that this formula also holds for the two-
dimensional dilaton-gravity case with an effective Newton
constant defined in terms of the dilaton field at the horizon

G
G = ﬁ, namely,

4Geff '

(57)

To see how this relation takes place, we first recall that a
sphere of radius r in d spatial dimensions has an area
Ay = 27%?r%1/T'(d/2). Then we make use of this formula
inthed — 1 limittocompute A; = 2. When considering that
in one dimension the sphere consists of two disjoint points,
only one of them is associated with the horizon, such that
Ay = A, /2 = 1. By substituting this result into (57) we are
led to

1 Xy
4Gy 4Gy

(58)

by further setting 87G, = 1 we obtain the known result
for the entropy of two-dimensional black holes [32,34—
36,42,43],

S = 27Xy, (59)

a quantity that is completely determined by the event horizon.
It is worth noticing that this is a universal result valid for any
dilaton gravity model.

In this section, we verify this result for our solutions by
employing the Euclidean treatment of quantum gravity [30].
In this approach, the partition function Z is obtained by
computing the path integral over the space of all periodic field
configurations in Euclidean time. As stated above, the path
integral is given by the approximation (3) under certain
conditions. With this in mind, we construct a renormalized
actionT'y,, with aregulating boundary r = r., and obtain the
partition function for the canonical ensemble in this way.
Finally, we compute the thermodynamic properties for our
two black hole configurations. We verify the results by
accomplishing the quasilocal form of the first law of
thermodynamics.

A. Temperature

In order to deduce the Hawking temperature, following
the approach first presented in [30], we consider regularity
at the Euclidean horizon. As usual, see for example [48],
we first Taylor expand the metric (2) near the outer horizon
r, and obtain

dr?
)
(60)

ds?> =1 (—ri(r— r)f'(r)dt* + >
+

Subsequently, we perform the Wick rotation t — —it = 1,
and carrying out the change of coordinates

2
=————pn, (61
& f’(”+)r3—n (61

we find the near-horizon Euclidean metric to be
ds* = p*dnp* +dp* + - - -, (62)

which we identify as Euclidean space in two dimensions in
polar coordinates. In order to avoid a conical singularity at
the Euclidean horizon p = 0 it is necessary to take into
account the periodicity

_4r
f/(”+)ri'

Recalling that, if we have a quantum field theory with a
Wick rotated periodic time, with period f, then we have a
theory with finite temperature 7 = % assuming 7 = 1.
Therefore we have found that the Hawking temperature
of the black hole solution considered here is

n~n-+2mn, whichmeans 75 ~ 1 + (63)

f(r)rk

T = ,
47

(64)

which, as we can appreciate from (43), is related to the
surface gravity in the following way:

K 1
:i:a et —4e,. (65)
From this equality it is easy to see that the extremal
configuration (30) has zero temperature because of the
relation (31).

We see that the temperature (65) reproduces as a
particular case, when c¢; = 0, the Hawking temperature
for the AdS black hole of the a — b family presented in
[36,41] for b = 1.

In Sec. IV C, it will be helpful to relate the Hawking
temperature 7 to a local proper temperature 7, measured at
an arbitrary surface r = r,, > r,. Given that the Hawking
temperature is established by requiring the periodicity (63)
in the Euclidean time ¢z (or in the coordinate f), we can
employ the Euclidean relation between tz (or f) and the
proper time 7,, for a static observer placed at r,,,

dt% = g,(r,)dtt = r2f(r,)dr*, (66)
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to obtain the redshift or Tolman relation [49,50]

T,=———oT. (67)

B. AdS,; black hole partition function in two dimensions

From this section we consider the Euclidean version of
the action (7) in 1 4+ 1 dimensions,

I= /M d*x\/gX <R + ;ﬁb(&‘g{)b)(dﬂfﬁb) - 2A>
+2 / dx7XK, (68)
oM

where, as stated above, X = eza %« stands for the dilaton
and a,b =1,2. We have added the Gibbons-Hawking-
York term [30,51] where y;; = g, is the induced metric on
the boundary [52] r = constant, with r — oo, and K is the
trace of the extrinsic curvature or second fundamental form.

We compute the thermodynamical properties for the two
black hole solutions presented in Sec. II A employing the
partition function Z given by the path integral weighted by
the exponential of the Euclidean action [ [30],

2= [Dpp,e (~4100d). @

with Dg and D¢, denoting some measure for the metric
and the scalar fields, respectively.

We might assume that the dominant contribution for the
path integral comes from the solutions to the classical field
equations, so that we can approximate

Z~ exp <_%I[gcl7 ¢a,cl]> . (70)

Nevertheless, in order for the assumption to be valid, it is
necessary to have an action that is finite on shell and whose
variation &/ vanishes for the classical solutions g,
and d)a,cl .

To evaluate the action (68), we shall incorporate an
auxiliary regulator r < ry,, treating the surface r = r,, asa
finite boundary; we recover the full spacetime by taking the
limit r.., — oo. For instance, computing the regulated on-
shell action for our solution I we arrive at

ci\2 27 c?
Leg = 2x0/)’Krreg —5) +x—0X+T— (Zl—cz)} (71)

2
where X = x(\/< — ¢, is the value of the dilaton at the
horizon r, the constant x, = €7 and remember that the
period f = % with T being the Hawking temperature (65).

Note that the limit r., — oo in Eq. (71) diverges for the on-
shell action 1. Similarly, we further verify that variations of
the fields, which preserve the boundary conditions in this
solution, lead to

6l = limé6l,,, — oo. (72)

Following the techniques developed in [35,36] we apply
the method of Hamilton-Jacobi [37] to remove the diver-
gences. This approach enables us to construct a boundary
counterterm [ that renders the action finite on shell and
that is extremized by classical solutions of the field
equations. This counterterm action is related to (68) in
the following way:

I=1,+T, (73)

where the resulting renormalized action I is the one we are
allowed to employ in the saddle point approximation (70).
The boundary integral /., may depend on the fields and
only on their tangential derivatives to the boundary in order
for the actions 7 and T’ to lead to the same field equations.

In order to obtain the counterterm, the Hamiltonian
derived from the action / is required to satisfy the constraint
‘H = 0. For the action (68), the associated Hamiltonian
density is

H = —4p1By(7y;j)? + dxly,;(Bamy, + P17y,
+(my, = 74,)* + 8(B1 + o) XA (74)

here the canonical momenta, 7/ and 74, conjugates to the
fields are defined in terms of the change of the fields along
the r direction [53].

Varying the action with respect to the fields and
evaluating it for a solution of the field equations, momenta
appear as boundary terms,

2
510n—shell = AM dT\/}7 |:7Tij57/ij + Z ”qﬁa 5¢a:| ’ (75)
a=1

in such a way that we can write them as functional
derivatives of the on-shell action with respect to the fields
at the boundary,

- 1 6
”¢a_\/775¢a

With Eq. (74) and the result (76), the Hamiltonian
constraint H = (0 is written as a nonlinear functional
differential equation for the on-shell action, the
Hamilton-Jacobi equation.

Given that the counterterm action is, in the same way,
required to solve the Hamilton-Jacobi equation, we must
have

- 1 9
pry - W%(Im_sheu), (Zonshen)- (76)
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= A4p1Balrij (0, 1e)? + 47450, 1) [B2(04, Iet) + P1 (9, 1c0)]
+[(9g,Iet) = (9p,1c)]* + 8(B1 + o) X*A = 0. (77)

In order to solve the above nonlinear differential equation,
we take advantage of the symmetries that /. must fulfill.
First, it must be invariant under diffeomorphisms of dM;
accordingly, the boundary integral takes the form

Iy = / dey/7La(dr. o). (78)
oM

where the scalar £ does not depend on tangential
derivatives to the boundary because the scalar fields ¢,
are invariant over time. Second, the action (68) is invariant
under the transformation

1
9w = —>»
1t

1
by = Py + Elog (19uel)- (79)

1
d1— +§10g(|9n|)a

We expect that the resulting action I' respects the sym-
metries that the action I possesses, therefore /., must be
invariant under (79). This is achieved by taking the ansatz:

I.=cC / dvy et (80)
oM

where C is an arbitrary constant.

The remaining part is to substitute the above expression
for I into the Hamilton-Jacobi equation (77), then it is
straightforward to determine that

G+p)-pp) Y

According to (68), (73), and (80), the action I" becomes

c—m/ﬂ(z bt b )%

I'= /M d*x\/9X <R + ;ﬂb(aﬂﬁbb)(au(ﬁb) - 2/\)

+2 / dx\JyXK - C / dr\/7X. (82)
oM oM

Returning to the case of our solution I, substituting the
values for A and f; in (81) produces a counterterm with
C= % As before, employing the regulatory boundary
I = Iy, We compute the regulated on-shell action Iy,
for this case:

c\?2 2= c2
Iﬁreg _2x0ﬂ|:<rreg _?1> +X_0X+T_ <Z1_C2>

/) (0= 5 ) | (83)

Removing the regulator by taking the limit

_ 2r 1[c}
rr}:TooFreg - 2)C0ﬂ |:)COX+T - 5 <4 - c2):| ’ (84)
we verify the finite result for the renormalized on-shell
action I'. Furthermore, we compute that all variations of the
fields, preserving the boundary conditions, lead to

6T = 1im 6T, = 0. (85)

Treg =00

Considering the result (84), we develop the remaining
thermodynamic properties for the black hole solution I in
the following section.

Equation (81) shows that there is no counterterm for the
remaining solution II presented in this work, as A = 0 in
this case. However, we find that the on-shell action is an
appropriate finite action, with null variation, to be used in
the semiclassical approximation, allowing us to develop the
thermodynamic properties presented below.

C. Canonical ensemble

In usual thermodynamics, a canonical ensemble is
defined by the temperature and a variable determining
the size of the system, that is to say, the volume. In [55], the
author designs a system consisting of a spherical cavity,
delimited by a cavity wall at radius r, enclosing a black hole
at the center. The canonical ensemble of such a system is
defined by the local constant temperature 7',(r) and the
area of the cavity wall. The size of the system is not
specified by spatial volume because the volume of a black
hole is not defined at a constant Euclidean time.

Following the approach consisting in enclosing a black
hole in a cavity developed in [32,35,36], here we perform a
similar analysis. We give a physical meaning to the surface
I'reg Dy imagining that it represents the wall of a “cavity” r,,
that maintains boundary conditions. The local temperature
T,, measured at the wall is given by the Tolman relation-
ship (67).

In two dimensions we can construct a conserved current
J# from any regular function f(®) of a scalar field in the
following way:

J=e"V,f(®), (86)

where ¢ is the Levi-Civita tensor in two dimensions. The
associated conserved charge is

D, = f(®,) = /2 dry/Gmiun. (87)

where X is a surface of constant time with unitary normal
vector 7* and a boundary located at r = r,,. Following [32]
we choose the function f(®) = X, with ® = ¢, + ¢», so
that we have the conserved dilaton charge,
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D, =X,, (88)

where the subscript w indicates to us that the charge
depends on the location of the wall. Thus, Eq. (88) gives
us the dilaton charge contained within the cavity wall r,,.
We assign to X, an analogous role to that of the area of the
cavity wall in higher dimensions.

As aresult we have designed a cavity delimited by a wall
r,, where we keep the temperature 7', and dilaton charge
X,, fixed; hence, the approximation (70) accounts for the
partition function in the canonical ensemble,

Z(va Xw) = €xp (_Fw)’ (89)

where we have made 7 = 1.
The corresponding Helmholtz free energy F,, is given by

FW<TW’XW) =T, IOgZ = _TWFW(TW’XW)’ (90)
where, again, the subscript reminds us that F,, is the
Helmholtz free energy for the system inside the wall
r=r,.

On the other hand, the first law of thermodynamics
corresponding to this canonical ensemble reads

dEw = deSw - l//devw (91)
where E, is the internal energy, S,, is the entropy, and y,,, is
the chemical potential associated with the dilaton charge;
the minus sign is intended to preserve the analogy with
pressure in standard thermodynamics. As usual, see for
instance [56], from (91) and the Legendre transformation,

FW(TW’XW) = EW(SW7 XW) - TWSW’ (92)
we arrive to the equivalent formulation,

dF,, = -=S,dT, —y,dX,, (93)

which in turn defines the entropy,

oF,,
S, =——>=| , (94)
a7, |y,
and the dilaton chemical potential,
oF
== . 95
Yo =Tl (95)

We also ensure thermodynamic stability of our black
hole systems by verifying that their specific heat at constant
dilaton charge is positive. This guarantees as well that the
canonical ensemble and the saddle point approximation for
the partition function are well defined.

In order to attain this aim, we employ the definition for
the specific heat at constant dilaton charge given by

oE
C,=—1 . 96
w aTW X, ( )
1. Solution 1

Applying these definitions to our black hole solution I,
we first use Eqgs. (67), (83), and (90) and the fact that

X,, = xg <rw - %) (97)
to calculate F,, and obtain
X T 2n
Fw = 2.X'0 <x—:—T—w—x—0X+TW> (98)

Based on (98) and (94), we compute the entropy of the
black hole as follows [57]:

2
—4nX, = 4dmxo\ /L — ey (99)
X, 4

where we have used the relation [58]

T |
w

0

JF,,

§ —§=_w
v aT,

(100)

We observe that the entropy of the black hole does not depend
on the location of the wall r,, but on the value X, of the
dilaton at the horizon, just as in higher dimensions it depends
on the area of the horizon. A universal form for the expression
of the entropy is noted in (99) when compared to other two-
dimensional dilaton gravity models [34-36,42,43].

As we deduced in (95), the chemical potential y,,
associated to the conserved charge (88) is

i)
T, T xo

where relations (98) and (100) were used.

Following Brown and York [59], we derive the quasi-
local energy E,, from the surface stress-energy-momentum
tensor,

oF,
X,

W = (101)

2 80
VIOt

by contracting 7% with &;¢;, being &; = /g,,67 the Killing
vector related to time translations. Varying the action (82),
we encounter that

Tij —

(102)

(103)
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accordingly

X, T
E, = &&T = 2x, <x—>zo, (104)

0 Tw

where the restrictions (27) and (28) have been used to assert
that E,, is positive or zero.

On the other hand, performing a Legendre transforma-
tion on (92), we obtain that the internal energy E,, should
obey

E,(S.X)

= Fo(Ty.X,) +T,S.  (105)

Hence, from Egs. (98) and (99) we found that

E,(S.X,) = 2x (X——1>,

v T, (106)
and we see that the internal energy deduced in this manner
is in complete agreement with the result (104).

Using the identity (100) and the expressions for entropy
(99) and dilaton chemical potential (101), we verify the
relation (91) for the internal energy (104) by showing that it
obeys the first law of black hole thermodynamics.

By taking the differential of (104), we find that

)b o)

W

o

[ R

= _l//dew + deS7

where in the third equality we can track back how the
divergences in y,, and T',, cancel each other at r,, = r_; that
is to say, at X,, = X, verifying that dE,, remains regular
for all r,, >r,, while in the fourth equality we used
X, =2axyT. Here the subscript w indicates to us that
Eq. (107) remains valid no matter where the cavity wall is
located along the r coordinate.

Relation (107) is one of the main results of this section
and shows that our black hole configuration I possesses a
consistent thermodynamics.

It is important to note that under the extremality
condition (31) the entropy (99) of this black hole vanishes;

2
recall that X, = Xo\/z — ¢,. Furthermore, it is easy to see

that, when using relation (31), y,, = E,, = T, = 0. Hence,
the first law is trivially fulfilled in the extremal case.

Black hole mass. Employing the ADM (1 + 1) decom-
position, we compute the Hamiltonian for the Lorentzian
version of the action (82) and arrive at

H= [ drNH )+ Vet NPl (108)
%

Here we foliate the spacetime in spacelike hypersurfaces %,
with boundary B, N represents the lapse function and N" is
the shift vector, H and H, are the Hamiltonian and
momentum constraint, respectively, and P,, denotes the
canonical momenta conjugate to the induced metric g,, in
%,. We verify that ¢ corresponds to the quasilocal energy
E,,, defined in the second equality of Eq. (104).

]

T dS]

\/XZ X2 2

(107)

Evaluating the Hamiltonian (108) with a solution of the
field equations, we obtain

— (Ne+N'P,,)ls. (109)

As stated in [60], this represents the total energy M for
spacetimes whose lapse function does not asymptotically
approach unity.

Substituting our solution in Eq. (109), noting that P, = 0
for a static solution and N = 4/|g,|, we arrive at the total

energy of the black hole:

C2 X2
M = Ne|y = lim NE,, :x()(Zl—cz) ==*, (110)

X0

where we observe that the two constants of integration in the
blackening function (24) are involved in the definition of the
black hole mass. As the last equality states, the mass is
proportional to the squared dilaton evaluated at the event
horizon.

From (110) we easily see that the internal energy E,, is
asymptotically equal to the mass M, redshifted by the
Tolman factor:

. . M
lim E,, = lim
r,—00 r,—o p

W)

Specific heat. By using the aforementioned definition for

the specific heat (96) and the internal energy of this black
hole solution (106), we arrive at

(111)
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_2x-x

C El
v X0 T

(112)

where we have employed the expression for the Tolman

factor %:%\/X%—Xﬁ. As we see from (112), the

specific heat for this solution is always positive or zero,
given that X, <X, by design, yielding a stable
configuration.

Recalling that solution I reproduces, as a particular case
when c¢; = 0, the two-dimensional AdS black hole con-
figuration in the group of the a — b family of solutions with
b =1, given in [36,41], and taking into account that
solution I accomplishes the Smarr-like formula

(113)

we observe that the thermodynamics of the black hole
solution I and the one for the aforementioned a — b solution
are equivalent. For a given Hawking temperature (65), the
two configurations present the same entropy (99) and
therefore the same energy (113).

2. Solution I1

In the case of solution II, the counterterm action (80)
obtained by the Hamilton-Jacobi method is identically zero,
since A = 0: see Eq. (81). However, computing the on-
shell action for this solution we find that
€1

I'= —X0

1—‘reg = T

(114)

is defined by the geometry of the black hole configuration
and is a constant value independent of the position of the
regulatory boundary r,.,. Moreover, evaluating éI" for this
solution, preserving the boundary conditions, we find a null
variation. Given these properties, we are allowed to employ
the semiclassical approximation (89) for the partition
function. In this case, the system has a constant dilaton
field X = x, and, thus, a trivial dilatonic charge.

Making use of the same definitions as above, we deduce
the Helmholtz free energy,

T,
FW(TW?XW) = _TWFIXOCITW’ (115)
which we employ to compute the entropy
0FW Cq C
S,y=8=- =—Xg= = —4r———=x;, (116
a1, |x, °T Vet —4e, o (116)

which is a constant quantity proportional to the value of the
constant dilaton x,. With these two last results and making
use of the Legendre transformation (105), we deduce that
the internal energy

(117)

for this black hole solution. This is corroborated by the
definition of Brown and York,
where in the second equality we make use of the relation
(76) and the definition (102). In the third equality we
employ the result

7 =yin'V X, (119)
for a constant dilaton X.

Consequently, with the results for E,, and S, we easily
realize that the thermodynamics of this system is consistent
in a trivial manner,

dE,, =T,dS =0, (120)
as expected for two-dimensional models with constant
dilaton.

Besides, by making use of the definition (96) we trivially
obtain a null C,,, rendering a stable black hole solution.

From this last result and the corresponding outcome
(112), we conclude that the specific heat at constant dilaton
charge is either positive or zero for our solutions, inde-
pendently of the location of the cavity wall X, employed in
the canonical ensemble. In other words, there is no critical
value X.; > X, at which the specific heat becomes
negative. This fact ensures that our black hole field

configurations are thermodynamically stable without the
need of a cavity wall.

V. OUR SETUP WITHIN DILATONIC ACTION
FRAMEWORKS

We would like to recall that the action (7) involving two
scalar fields,

S — /d2x\/__geh(/)l+hl/’z[R + p10" 90,0,
+ Br¥padugpy — 2], (121)

upon substitution of solution I, possesses a null kinetic
term, allowing its expression in the dilatonic form [36],

I;= / d’x/—g[XR - U(X)0*X0,X —=2V(X)].  (122)

where X = e?' and the potential functions of the dilaton
field

V(X) = XA. (123)
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From these relations, we realize that we are considering the
Jackiw-Teitelboim theory [13,14,61].

On the other hand, a solution-generating scheme for the
field equations derived from the action (122)

1

U(X)VMXVL/X - Eg,uuU(X)(VX)Z - g,uuV(X)
+V,V,X-g,V*X=0,

R+0xyU(X)(VX)?2+2U(X)V2X =205V (X) =0, (124)

is presented, for instance in [36,62], and is given by the
following relations [63]:

1

X =X(r), ds* = &(r)de® + EE) dr?, (125)
with
9,X = e 2,
2M
= X1 - ==
E(X) = w(X)elX (l w(X)) (126)
given that

0(X) = Qo + / Lavu(y).

X
w(X) = wy =2 / dyv(y)elW), (127)
Thus, by further considering the dilaton field
X:x()(r—%), (128)

of solution I, recalling that x, = ¢“**“, and by implement-
ing the solution-generating scheme for solutions (125)—
(127) in order to obtain the metric function

E(r) = (1 —c—;+%>r2,

where ¢; and ¢, are real constants of integration, we get our

full asymptotically AdS black hole solution with A = — llz

(129)

SJ:
M,

+VI(X.Y)V XVPY + VX, Y) + VIX.Y) f1(Sus VaSp. -],

Therefore, our field configuration solves the field equa-
tions (124) derived from the JT action. As a consequence of
the identification of these actions, the thermodynamic
properties for this solution can be obtained following the
method presented in [36,62].

We would like to notice that in [36] it was shown that the
metric function £(X), derived in accordance to (126), is
parametrized by a single constant of integration, while in
our solution, (129) is determined by fwo integration
constants. To the best of our knowledge, this solution
has not been explicitly presented and studied elsewhere
within the framework of the JT theory.

It is worth mentioning as well that in [36,62,64] the
authors report a similar asymptotically flat black hole
solution with two constants of integration in the metric
with a designed potential of the form

oM Q2
VX)) =-S5+

(130)
where M and Q are constants of integration.

The difference in the asymptotic properties of these
black hole field configurations originates in the distinct
potential functions (123) and (130) of the dilaton field
employed when constructing the corresponding solutions.

For solution II, the metric function &(r) also has the form
(129) and the scalar field configuration (29) leads to a
constant dilaton field X = x, and therefore a trivial kinetic
term, with no cosmological constant.

One way to see that the action (122) and the correspond-
ing field equations lead to a different family of solutions
from our solution II consists in substituting the latter
conditions [V, X = 0 = V(X)] into (124) and comparing
the properties of the resulting field configuration with those
of our solution II. Thus, by doing this we obtain a
configuration with R = 0, while solution II corresponds
to an AdS black hole with constant and negative curvature
R = —l%, unveiling the novelty property of our solution.

Two-dilaton theories. Finally, we would like to note that
two-dimensional dilaton gravity models of the form (121)
have been studied previously within the so-called two-
dilaton theories classification [65]. In that work the
following action is presented:

d*x\/=g|V{(X,Y)R + V{(X,Y)V,XV°X + V5(X,Y)V,YV?Y

(131)

where R is the curvature scalar, X and Y are the dilaton fields, the functions V{ (X, Y) define the theory, and f,, represents
functions of some matter fields S,,. By employing the following identifications,
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Y X
Vé:XY, V{:Eﬂl, V‘ézyﬂz,
Vi =0, Vi = —2AXY, vi=0,

with X = e?1, Y = e, (132)

we realize that the system (121) corresponds to a particular
case of the models studied in the above reference.

A. Constant dilaton vacua in
our setup and their stability

In order to study the possibility that our black hole
solutions decay into field configurations with lower free
energy within our setup, we look for constant dilaton vacua
(CDV) [36] with the same boundary conditions in the
canonical ensemble for our two solutions.

CDV are solutions that accomplish the field equa-
tions (124) with a constant boundary condition for the
dilaton field X = X, that renders V(X) =0, a metric
function (126) given by

§:c+ar—%ir2, (133)
where a, ¢, and A are constants, and the following condition
for the curvature scalar,

RV = —g7& = 2 =20xV (X)), (134)
which determines A. This boundary condition is valid for
both the CDV and our black hole solutions in the canonical
ensemble.

On the other hand, the canonical ensemble is determined
by a cavity wall located out of the event horizon X, > X,
defining the same boundary condition for the dilaton,
therefore Xy = X,,, and hence X, > X, .

Consequently, we further need to express the dilaton
field evaluated at the outer horizon X, of a given black hole
solution and compare it to X, in order to elucidate whether
the canonical ensemble and the corresponding free energy
of the CDV are well defined. If this is the case, we finally
need to compare the free energies of both field configu-
rations in order to establish which one is thermodynami-
cally favored, i.e., whether tunneling from a black hole
solution into a CDV or vice versa is a favorable process.

For solution I of our model, we see from the second
relation in (123) that the restriction V(X) = 0 necessarily
implies X, = 0. Given that the horizon is positive by
definition X, > 0, we see that for this case X, > X,
meaning that the obtained CDV solution does not possess a
meaningful free energy since the cavity wall would be
inside the event horizon.

Although it is impossible to reduce the action (121) into
(122) for configuration II, we look for an analogous
solution to the CDV by employing constant scalar fields

¢ and ¢,, arriving to a null scalar curvature R = 0, a result
that differs from the negative and constant scalar curvature
of our black hole configuration. This implies that the
boundary conditions for the analogous CDV differ from
the boundary conditions of solutions II in the same
canonical ensemble, avoiding the comparison of their free
energies.

Thus, our model does not exhibit appropriate CDV with a
well-defined free energy that can be compared to the free
energy of our black hole solution and investigate the
possibility of tunneling from one configuration into another.

VI. BOUNDARY EFFECTIVE THEORY

In this section, we study the effective theory living at the
boundary of our AdS, black hole solution I. With this
purpose, we stay in Euclidean signature and consider the
change of coordinates r — 1/z and ¢ — ¢, such that we
express the metric (23) and the dilaton field (97) as follows:

2 r 2 dz? 1 2
ds =2 <f(z)dt +%>, f2) =1=ciz+ 277,
(135)
X(z) = OC—Czl) (136)

Although the boundary is now located at z =0, we
consider to cut off the spacetime along a trajectory given by
the parametrized curve (#(u), z(u)), where the parameter u
is usually interpreted as the time in the boundary theory.
From (135) we have that the induced metric g,, on this
curve is given by

22

ds> = Z_2 (f(Z)tz + ‘%) du* = guuduzv (137)

where a dot denotes a derivative with respect to the
parameter u.

If we consider the spacetime cutoff near the boundary,
where z — 0 and therefore

2. .
Yuu = guu|bdy = Z_2 (tz + Zz)? (138)
we demand that, following [15], the induced metric at this
new boundary trajectory

1
guu'bdy 26_2’ (139)

where € is a small parameter. This condition leads to the
relation
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z=let + O(€).

Evaluating our action

r [ @xvix(r+ S A ) ) - on)v2 [ avyixk-c [ asyx

with solution I, the bulk term vanishes identically, only the surface terms contribute to the on-shell action.
Computing the trace of the extrinsic curvature K at a parametrized curve (#(u),z(u)) results in

_ i
WP+ 2P+ )

* {fzi(i2 + 22 +z%) —sz—zi{T(F -2)+(fP-1)z

(140)
(141)

/ tE s £2 23 0l
fr .tH;zJJ:;f; ffH‘ (142)

Here, f = f(z) is the blackening factor in (135) and the prime denotes a derivative with respect to the variable z.
Using the boundary relation (140) in (142), we obtain the trace of the extrinsic curvature at the boundary curve,

Klpay = % {1 + {Sch(t(u), u) + M

where the Sch(#(u),u) term is the SL(2,R) invariant
Schwarzian derivative [18,23],

207 372

Sch(t(u), u) ST

(144)

which is supplemented by a new finite temperature term
parametrized by the mass M of the black hole solution I,

Mx(c—%— )
= Xy 4 Cy .

It is worth noting that, in the construction of (143), the €?
term collects an additional black hole mass contribution
determined by the corresponding constants of integration,
as shown in (145). Consequently, these integration con-
stants will characterize the effective boundary action and its
corresponding solutions. The aforementioned black hole
mass term apparently breaks the SL(2, R) invariance of the
boundary trace of the extrinsic curvature (143). However, it
will be shown that this relevant symmetry becomes explicit
under a suitable time reparametrization that involves the
black hole mass, as it will be discussed below.

On the other hand, in the limit when the black hole mass
vanishes, we recover the Schwarzian derivative of pure
AdS, gravity [12,15], as expected. More importantly, the
same boundary Schwarzian derivative arises for extremal
AdS, black hole configurations that satisfy the relation
(31), a novel situation that takes place thanks to the
existence of the two integration constants, ¢; and c,, in
the blackening factor of our solution.

Moreover, considering (140) into (136), we obtain the
boundary condition for the dilaton field:

(145)

;—;J 2 + 0(63)}, (143)

|
X0

X|bdy = E (146)

Finally, we compute the effective action by substituting
into the surface terms of the action (141) the boundary
value (143) and the boundary conditions (139) and (146):

du 2 du
r=2 —X|, .. K|, —— — X1,
AM ¢ ‘bdy |hdy ZLM |bd}
d 12
= 2x0/ e [Sch(t(u), u) —|—M—]
om 1

= 2x, /)M dii {Sch(z(u), u) + Mi} . (147)

2)(0

Here, we have substituted the value C = 2/ for the solution I
counterterm, computed in Sec. [V B. Moreover, we observe
that the divergent item in the Gibbons-Hawking-York term is
removed by the counterterm. On the other hand, we can
always remove the overall factor 1/7 in the second line by
considering a new boundary time coordinate with du = dii 1,
as we do in the last line.
If we consider the function

7(u) = tan <\/gt(u)>,

we are allowed to implement the composition rule for the
Schwarzian of a composite function f o g(u),

(148)

S(fog.u) = S(g(u).u) + FS(f(g9).9). (149)

to obtain that the effective action adopts the form

104037-18



AdS BLACK HOLES IN TWO-DIMENSIONAL DILATON ...

PHYS. REV. D 112, 104037 (2025)

2
r= 2x0/ du {Sch(l‘(u), u) + M
oM 2Xxg

— 2, / du[Sch(t(u), u) + 2Sch(z(t). 1)
oM

= 2x, AM du([Sch(z(u), u)). (150)

Thus, by varying with respect to z(u) the action in the last
line, we deduce the equation of motion for our effective
action,

Sch(r(u),u) _o. (151)
T

From (148) and (150), we realize that if #(u) is a linear
function of u we have a nonconstant z(«) with a constant
Sch(z, u); therefore, we have a family of solutions to
Eq. (151). Moreover, recalling from Sec. IVA, our
Euclidean time (1) is periodic with period 1/T = 27/3.
Hence, the family of solutions for (151) is given by (148)

with
[Xo U u
t - 2 — = = =,

where the periodicity of #(#) demands the periodicity of the
boundary time u; with period /3, this leads us to the boundary
temperature 7 = 1/p.

Evaluating the action (150) with the solutions (152), we
obtain the on-shell action

(152)

- 2

r:zc;, C = 2x,. (153)

In order to obtain the thermodynamics for the boundary
theory, we apply the definitions in Sec. IV C. First, we
compute the Hembholtz free energy,

F = -TT = —-C22*T?. (154)

With this result we derive the entropy S, energy E, and
specific heat C as follows:

z—ﬁ—&mzr, E=F+TS=C27>T? =Sch(z,u),
0E . -

C=—=C4r’T (155)
oT

We would like to note here the following: Even though
our solutions (152) are determined by the Hawking temper-
ature 7 and therefore by the two integration constants c;
and c,, the resulting on-shell action (153) is not different
from the one for an AdS, spacetime without a black hole

causal structure, leading to the same thermodynamical
properties for the boundary theory.

Given that, under the extremality condition (31) we have
a null black hole mass M and Hawking temperature 7', the
effective action (150) is only given by the Sch(7(u), u) and
the Euclidean time #(u), with 0 < #(u) < 1/T, is no longer
periodic. Thus, in order to obtain the thermodynamics for
the boundary theory, we follow [15] and change to the

Euclidean Rindler time, setting #(u) = tan @, with 7
periodic with period 2z. Then we apply the composition

law for the Schwarzian and obtain

=2 /a  dulSeh(1(u).)

= 2xg AM du [Sch(r(u), u) + 12—2] . (156)

Similarly as above, this tells us that the solutions to the
equation of motion for this action are given by

o

7(u) u. (157)

Substituting these solutions into (156), we obtain the same
on-shell action (153) and therefore the same thermody-
namics for the extremal case.

A final remark is warranted regarding the holographic
description of the boundary theory in solution II. As shown
in Sec. IV C 2, the dilaton is constant in this case, leading to
a vanishing spacetime energy. The dual theory is a trivial
one-dimensional conformal field theory (CFT;) with no
dynamical degrees of freedom [15]. For further discussion,
see [66], where the authors presented a comprehensive
holographic analysis of a generic two-dimensional dilaton-
gravity model coupled to a Maxwell field, which admits
AdS, solutions with a constant dilaton field. By computing
the canonical charges and the quantum gravity partition
function, they demonstrate the triviality of AdS, hologra-
phy under constant dilaton boundary conditions.

VII. CONCLUSIONS

In this paper we have presented two novel analytic AdS
black hole solutions with two constants of integration in the
blackening factor, for two-dimensional dilaton gravity
models whose action is described by Eq. (7).

We have demonstrated in solution I that the scalar field
configuration supporting the metric (23), within a theory
with a nonvanishing cosmological constant, must consist of
only one nontrivial scalar field.

In the particular case when c¢; =0, our solution I
coincides with the two-dimensional AdS black hole con-
figuration presented in [36,41] as a part of the a — b family
of black hole solutions, when his parameter b = 1.
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For the presented solutions, we have extended the
spacetime toward the interior of the black hole employing
appropriate Kruskal-like coordinates, a construction devel-
oped in Sec. III, in order to prove the black hole nature of
our black hole configurations. We have found a resem-
blance with the causal structure of the RN black hole,
revealing the event and apparent horizon character of r__
and r_, respectively; we have illustrated this spacetime
structure, in a compact form, with a Penrose diagram.

Under the extremality condition (31) and making use of
an appropriate change of variables (35), we were able to
show that our solutions present an AdS, geometry outside
the black hole, and not only at the near horizon region, as is
the case for the extremal black hole configurations in higher
dimensions, for example, the 4D extremal RN black hole.

We have deduced a formula for the Hawking temperature
that can be expressed in terms of the surface gravity x for
our solutions. In particular, this quantity turns out to be null
in the case of the extreme configuration.

Finally, we have developed consistent thermodynamics
for the black holes presented in this work. For this purpose,
we have employed the approximation (70) for the partition
function Z in the canonical ensemble. In order to use this
approximation, we have constructed a renormalized action
I" (82) with the Hamilton-Jacobi method explained in detail
in Sec. IV B. The essential part of this method is the
construction of a boundary counterterm (80) that removes
the divergences in the on-shell action and leaves a renor-
malized action that is certainly extremized by the solutions.
In this procedure, we have defined the regulated on-shell
action ', (83), with finite boundary r.,, as a part of the
limiting procedure for evaluating the on-shell action I'.
Besides, we have employed I', as the argument of the
exponential in the approximation (89) for the partition
function.

Following the approach of York [55], we have to think of
the black hole as being in a cavity or a box whose frontier is
placed at the wall r,, = r, that is in equilibrium with a
thermal reservoir. In this manner, we have introduced the
partition function in the canonical ensemble for our black
hole configurations. This ensemble is defined by the local
temperature 7,,, which we have related to the Hawking
temperature 7 employing a Tolman factor in Eq. (67), and a
dilaton charge D,, (88), introduced in Sec. IV C. We have
computed the Helmholtz free energy F,, in order to calculate
the entropy S, and the dilaton chemical potential y,,.

As we noted above, the entropy for the black hole in
solution I,

Sy =8=4nX_, (158)
does not depend on r,, but on the value of the horizon r_;
this is analogous to the case in higher dimensions where the
entropy depends on the area of the event horizon. We have
found that the form of (158) is in accordance with distinct

dilaton gravity models, for example [34-36]. Following
Brown and York [59], we have derived, from the quasilocal
stress tensor (102), the proper energy density given by
(104). This internal energy is also encountered in the
Legendre transformation (105). Finally, we have verified
that the first law of black hole thermodynamics is fulfilled
for the system enclosed by the cavity wall r,,, remaining
regular for all r,, > r,. This fact provides physical con-
sistency to our black hole configuration I, rendering a
viable model from the thermodynamic viewpoint.

We have found that there is no counterterm for the black
hole solution II, with cosmological constant A =0, in
accordance with Eq. (81). Nonetheless, we have encoun-
tered the on-shell action for this solution to be adequate for
the semiclassical approximation method with which we
deduce a consistent thermodynamics. In this case, the
constant dilaton leads to trivial thermodynamics.

We have calculated the mass M of the black hole
solutions, defined by the solution-valued Hamiltonian with
a lapse function different from unity. For the black hole
solution I, the mass is proportional to the squared dilaton
evaluated at the event horizon X7 ; particularly, M depends
on the two constants of integration ¢; and ¢, of the
blackening function f(r).

We have computed the specific heat at constant dilaton
charge, and we have found that C,, is a positive or null
quantity for our solutions, independently of the location of
the cavity wall X,,. This fact ensures the thermodynamic
stability of our field configurations without requiring a
finite cavity.

Based on the Smarr-like formula (113), we found that
solution I is thermodynamically equivalent to the AdS,
black hole configuration in the a — b family of solutions
with b = 1, given in [36,41]. Requiring equality for the
Hawking temperature 7 in both configurations yields the
same entropy S and energy M.

We have performed a holographic study of the effective
boundary theory of our AdS, black hole solution 1. We
have verified that the counterterm deduced for this bulk
solution eliminates exactly the divergent term arising in the
boundary action. This effective action is defined by a
Schwarzian derivative plus a term involving the mass M of
the bulk theory. This fact leads us to have solutions #(u)
determined by the Hawking temperature 7', and therefore
by the two integration constants c¢; and ¢, of the blackening
factor. Nevertheless, the boundary on-shell action for these
solutions remains the same as the one for an AdS,
spacetime without a black hole causal structure, producing
in this manner the same thermodynamics of a theory living
at the boundary of a zero-temperature AdS, spacetime.

We would like to point out that it would be interesting to
explore whether is it possible to generalize the results of
this work to higher dimensions employing multiple scalar
fields and considering anisotropy between the time and the
spatial sector as in Lifshitz spacetimes.
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Note added. Recently, a parallel work was published [67],
where similar results were obtained (in particular, the
metric of our solutions) within the two-dimensional dilaton
gravity with a different scalar field setup (with potentials U
and V that differ from ours). The effective scalar-tensor
theory emerges as the D — 2 limit of Einstein gravity with
a cosmological constant upon a Kaluza-Klein dimensional
reduction.
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