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Deflection angle in the strong deflection limit for static and axisymmetric
spacetimes: Local curvature, matter fields, and quasinormal modes
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We investigate the deflection of photons in the strong deflection limit within static and axisymmetric
spacetimes possessing reflection symmetry. As the impact parameter approaches its critical value, the
deflection angle exhibits a logarithmic divergence. This divergence is characterized by a logarithmic
coefficient and a constant offset, which we express in terms of the coordinate-invariant curvature quantities
evaluated at the unstable circular photon orbit. The curvature contribution is encoded in the electric part of
the Weyl tensor, reflecting tidal effects, and the matter contribution is encoded in the Einstein tensor,
capturing the influence of local energy and pressure. We also express these coefficients using the Newman-
Penrose scalars. By exploiting the relationship between the strong deflection limit and the quasinormal
modes, we derive a new expression for the quasinormal mode frequency in the eikonal limit in terms of the
curvature scalars. Our results provide a unified and coordinate-invariant framework that connects observable
lensing features and quasinormal modes to the local geometry and matter distribution near compact objects.
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I. INTRODUCTION

Recent observational advances, such as the imaging of
black hole shadows by the Event Horizon Telescope [1,2]
and the detection of gravitational waves by LIGO and
Virgo [3], have significantly enhanced our capacity to
explore spacetime geometry in the strong-field regime. In
particular, the imaging of black hole shadows has revealed
how light propagates near compact objects, through the
observed emission from the surrounding accretion flow. At
the same time, gravitational lensing has long provided a
theoretical basis for understanding the motion of photons
through curved spacetimes (see, e.g., Ref. [4] for a review).

When light rays pass extremely close to a compact object,
the deflection angle becomes large. In this regime, the strong
deflection limit (SDL) provides a useful approximation
for analyzing gravitational lensing. The deflection angle
diverges logarithmically as the impact parameter approaches
its critical value, with a characteristic rate and a constant
offset, known as the SDL coefficients. A systematic
description of this behavior was developed by Bozza [5],
and has since been refined and extended in several works
[6,7]. These methods have been widely applied to various
static and spherically symmetric spacetimes, including the
Schwarzschild spacetime [8], the Reissner-Nordstrom
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spacetime [9,10], regular black hole spacetime [11], naked
singularity spacetime [12], wormhole spacetimes [13-19],
gravastar spacetimes [20], higher-dimensional black hole
spacetimes [21], and black hole spacetimes with quantum
corrections [22,23]. Bozza’s method has also inspired
several extensions, such as finite-distance corrections
[24,25], the case of massive particles [26], different source
configurations [27], and marginally unstable photon spheres
[28]. Furthermore, the same formulation applies to the
reflection-symmetric plane of axisymmetric spacetimes,
including the Kerr [29,30], the Kerr-Newman [31,32], the
Majumdar-Papapetrou [33], and the Zipoy-Voorhees space-
times [34].

Recently, it was shown that, in static and spherically
symmetric spacetimes, the SDL coefficients can be
expressed in terms of local geometric and matter field
quantities at the photon sphere [35]. This coordinate-
independent formulation refines earlier coordinate-based
approaches and provides a framework that links local
curvature and matter distribution to observable features of
strong gravitational lensing. However, whether a similar
local and coordinate-independent description remains valid
in less symmetric spacetimes has not yet been fully clarified.

Independent of these developments, quasinormal mode
(QNM) frequencies have also been found to reflect the
properties of unstable circular photon orbits in the eikonal
limit. Ferrari and Mashhoon [36] first established the
correspondence between QNM frequencies and the orbital
parameters of the unstable circular photon orbit in this
limit. Subsequently, Cardoso et al. [37] generalized this
relation to a wide class of static and stationary spacetimes,
showing that the imaginary part of the QNM frequency is
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determined by the Lyapunov exponent of the unstable
photon orbit. Stefanov et al. [38] first pointed out a
quantitative connection between the SDL and QNMs,
showing that the imaginary part of the QNM frequency
in the eikonal limit is inversely proportional to the
logarithmic coefficient in the SDL. Raffaelli [39] further
clarified the geometrical interpretation of this correspon-
dence and discussed its implications for wave propagation
near compact objects. More significantly, recent work [35]
has shown that, in static and spherically symmetric space-
times, the QNM frequency in the eikonal limit can be
expressed in terms of local geometric and matter field
quantities evaluated at the photon sphere. This coordinate-
invariant formulation provides a physical insight into the
QNM frequency as a manifestation of both spacetime
curvature and matter distribution near the unstable photon
orbit, thereby offering a unified geometric perspective
complementary to that of the strong deflection limit.

The relation between QNMs and the SDL is particularly
significant in light of recent gravitational wave observa-
tions, where the ringdown phase has been detected and
found to be consistent, within the current observational
uncertainties, with the theoretical predictions of general
relativity [3,40—42]. This consistency between the mea-
sured and predicted QNM frequencies provides empirical
support for the validity of the underlying theoretical
framework and motivates further efforts to connect these
modes with other observable phenomena in strong gravi-
tational fields. Since the QNM frequencies in the eikonal
limit are determined by the properties of unstable photon
orbits, this underscores the importance of understanding the
local geometry near the photon sphere in interpreting
strong-field gravitational wave signals.

In this work, we generalize the coordinate-invariant
formulation of the deflection angle in the SDL to static
and axisymmetric spacetimes with reflection symmetry. We
show that the SDL coefficients can be expressed in terms of
local geometric and matter field quantities evaluated at the
unstable circular photon orbit. Furthermore, we reformulate
these coefficients using curvature-based quantities, such as
the electric part of the Weyl tensor and Newman-Penrose
(NP) scalars and apply the formalism to several explicit
spacetimes to illustrate its physical relevance. Using the
relation between the SDL and the QNM, we derive a new
expression for the QNM frequency in terms of local
curvature and matter field quantities.

This paper is organized as follows. In Sec. II, we
introduce the general formalism of photon dynamics in
static and axisymmetric spacetimes and derive the con-
ditions for the existence of circular photon orbits. In Sec. III,
we derive the deflection angle in the SDL by isolating the
logarithmically divergent contribution from the photon
trajectory integral. In Sec. IV, we recast the SDL expression
in a coordinate-invariant form, demonstrating that it
depends only on the circumferential radius of the unstable

circular photon orbit and local curvature. In Sec. V, we relate
this expression to the matter field quantities. In Sec. VI, we
further recast the deflection angle in terms of the NP scalars.
In Sec. VII, we present several applications of the formalism
developed herein. In Sec. VIII, we establish the correspon-
dence between QNM frequencies and SDL coefficients in
static and axisymmetric spacetimes. Finally, in Sec. IX, we
summarize our findings and discuss their implications for
gravitational lensing in the SDL.

Throughout this paper, we employ the abstract index
notation [43] and use geometrized units in which the
gravitational constant and the speed of light are set to unity.

II. UNSTABLE CIRCULAR PHOTON ORBITS IN
STATIC AND AXISYMMETRIC SPACETIMES

We consider a general static and axisymmetric space-
time, which admits Killing fields corresponding to time
translations and rotations, adapted to the time coordinate ¢
and the azimuthal coordinate ¢, respectively. The canonical
form of the line element is given by

ds? = —e2d2 + e [e¥ (dp? + d2%) + W2dg?], (1)

where y, y, and W are functions of the spatial coordinates p
and ¢ in the meridional plane, which can be regarded as
cylindrical p — z-type coordinates in a particular gauge
[44]. We assume a reflection symmetry (i.e., a Z, sym-
metry) with respect to the { = 0 plane, which requires that
v, v, and W are even functions of {:

r(p, =) =r(p, ),
W(p,—¢) = W(p, Q). (2)

We define the auxiliary function
R(p.{) = e"'W, (3)

which represents the circumferential radius around the
symmetry axis (p = 0). We assume p € (0, p,,) and that
R diverges as p — p, for any fixed . Furthermore, on the
¢ = 0 plane, we assume that the spacetime is asymptoti-
cally locally flat; that is, as p — p,, the metric functions
approach the Minkowski values: e* — 1, ¢ — 1, and
W — 0. Note that asymptotic flatness assumed only on the
equatorial plane does not guarantee asymptotic flatness off
the plane. However, since the following analysis considers
the deflection angle of null geodesics confined to the
equatorial plane, this assumption is sufficient for our
purpose.

We assume that photons follow null geodesics.
Restricting our analysis to the reflection-symmetric plane
¢ = 0, where every initially confined photon remains there,
we obtain the reduced Lagrangian
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1 .
7 > [~ 12 + e~ (e )2 + W2¢?)], (4)

where y, y, and W are evaluated at { = 0, and the overdot
denotes differentiation with respect to an affine parameter
along the null geodesic. Since . is independent of 7 and ¢,
the corresponding conjugate energy and angular momentum,

E = e™i, (5)
L =e YW, (6)
respectively, are conserved.

By combining the null condition . = 0 with Egs. (5)
and (6), we obtain

e
pPr+e <WL2 - E2> =0. (7)

Assuming that ¢ # 0, we divide Eq. (7) by ¢? to yield the
radial orbital differential equation:

dp\2
— Vip) =0, 8
(&) +ve) )
where the effective potential V(p) is defined as
e—4y/w2
V(p) = e 2rW? (1 - B2 ), 9)

with the impact parameter defined as b = L/E.

Next, we consider circular orbits, for which p = 0 and
p = 0. Consequently, the effective potential V and its
derivative V' vanish at p = p,,, where p,, denotes the
radius coordinate of the circular orbit. Setting V(p,,) =0
immediately yields the critical impact parameter b = b,
with

be=e MW, (10)

where, hereafter, the subscript m indicates evaluation

at p=p, and (=0 J[e.g, ywn=w(pn 0) and
W= W(pn, 0)]. Furthermore, imposing V'(p,) =0
leads to

_Wa
2w,

/

Y

(11)
Evaluating V" at p = p,, for b = b, we obtain

Vi = 26 2Wawt + (W) = WaWal. - (12
which provides a criterion for the stability of the circular

orbits: the orbit is unstable if V/, < 0, and stable if V/, > 0.
In what follows, we focus on the unstable circular photon

orbits (i.e., Vi, < 0), and hence,

2W2yth + (W) = WWh < 0. (13)

III. DEFLECTION ANGLE IN THE STRONG
DEFLECTION LIMIT

In this section, we derive the deflection angle in the SDL,
following the approach in Ref. [5]. Let p, denote the radial
coordinate of the closest approach, where V(py) = 0. Then,
the impact parameter is given by

b = e 20w, (14)

Throughout the manuscript, the subscript 0 denotes evalu-
ation at p=p, and (=0 [e.g, wo=w(py,0) and
Wo = W(pg,0)]. We define the integral

re|dp|
Po V=V

which represents the total angular change experienced by a
photon traveling from infinity to p, and then back to
infinity. Since the radial coordinate p may decrease as it
approaches spatial infinity in the chosen coordinate system,
the absolute value ensures that the integrand remains
positive regardless of whether p increases or decreases
relative to the turning point p. Finally, the deflection angle
is defined by

I(pg) =2 (15)

a(po) = 1(po) — 7. (16)

To analyze the behavior of the deflection angle in the
SDL, we introduce a new variable, as proposed in Ref. [35],
defined by

=1-— 17
=120 (17)
where R is defined in Eq. (3) as a function of p and { and is
evaluated on the { = 0 plane. In terms of this variable, the
integral 1(p,) becomes

1 dz
1oo) =2 | ,
=2t

where R’ denotes the derivative of R(p, 0) with respect to p.
By expanding (R')? and V, as given in Egs. (3) and (9), in
powers of z, we obtain

(18)

(R = (RY? +2RoRYz + O(2),  (19)
Ry | [(Ry_ R3R; 3
V = A U A4 2
Ry T [(Re TADMBETTATIN
+0(2%), (20)
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where we have used Eq. (17). Hence, truncating the
expression under the square root in Eq. (18) to second

order in z yields \/c,z + ¢,z%. Accordingly, we define the
corresponding integral as

1 dz
SRR (S
0 1z + 0222
where the coefficients are given by
R/ V/
¢ =——270 (22)
Ry
R/ V/ R//vl V//
=3(0_—00)__0 23
“ < R, 2R,) 2 (23)

The integral I isolates the leading-order divergent
behavior of the total integral / in the SDL, ie., as
Po = Pm- Since Vi — 0 in this limit, the integrand in
Eq. (18) reduces to 1/(,/c5z), which leads to a logarithmic
divergence. Thus, we identify /I as the divergent part of /,
and define the regular part as

Ir(po) = 1(po) — In(po)- (24)

The regular part Iy typically may require numerical
evaluation depending on the global structure of the space-
time. Evaluating the integral (21) yields

4 Jatatya
\/alog—\/a . (25)

To express the SDL (i.e., pg = p,) In a coordinate-
independent manner, we adopt the impact parameter b as a
natural measure. This approach directly relates the deviation
of b from its critical value b, to the small difference
(po — pm)- In particular, expanding » in Eq. (14) around
Po = pm and using the circular-orbit condition (11), which
eliminates the linear term, we obtain

2ym ! 3
b=b|1-¢ Vm(po—pm)z—i—O(([f—O—l) >] (26)

In(po) =

4w? m

Now, we assume that R/ #0 in what follows (see
Appendix A for the case R}, = 0). Similarly, the coefficients
¢ and ¢, can be expanded in terms of (py — py,) as follows:

cr= =000 = o) 0 (2-1)7). )

Rm m

V//
cz——7m+0<p—°—1). (28)

Alternatively, by inverting Eq. (26), we can express Egs. (27)
and (28) as

1/2
CI:ZeV’m‘7mR{n\/—Vﬁl<b£—l> +0<bﬁ—1), (29)

vy, b\
=—"yo((—-1 . 30
am-Fro((z-)7) @

Using Egs. (29) and (30), we can expand Eq. (25) in terms of
(b/b.—1) as

In(po) = =] = log <,i— 1)

2 62<7m_l’/m) "
-\ (- )

b 1/2 b
ol |—-1 1 —=1)]. (31
cof(gmt) e ) o

This result shows that the leading divergence is logarithmic.
Consequently, the deflection angle in the SDL is given by

b -
a(py) = —alog (b__ 1) +b

C

o) ) e

where the SDL coefficients @ and b are defined as

[ 2
a= _V//’ (33)
m

=2
b= —alog |5 (R )| 4 In(o) = (34

Here, a quantifies the strength of the logarithmic divergence,
while b represents the constant offset, i.e., the regular part of
the deflection angle after subtracting the logarithmic diver-
gence. These expressions are fundamental to determining the
deflection angle in the SDL in a coordinate-invariant manner.

IV. COORDINATE-INVARIANT FORM OF THE
STRONG DEFLECTION COEFFICIENTS VIA
LOCAL CURVATURE

In this section, we formulate the deflection angle in the
SDL (32)—(34) using local and coordinate-invariant geo-
metric quantities. To this end, we introduce the following
tetrad:

el = e~V (d/ot)?, (35)

efy = e"77(d/op)*, (36)

ety = v 1(9/a)", (37)
v

ety = eW (0/9)°. (38)
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Here and hereafter, indices with parentheses, such as (u)
and (v) with 4, v = 0, 1, 2, 3, denote the components in the
orthonormal tetrad basis, whereas unparenthesized indices
represent the abstract tensor indices introduced in the
Introduction. Here, e‘(lo) represents the four-velocity of
static observers. The tetrad components of the Einstein
tensor, G,),) = GabeE’mef’y), have the following nonzero

components:

Goyo) = v (2('//pp +w) - W? - W% ~Vpp ~ Ve

2(p , W, +y W, o+ W
n (w,W, +w W) o ©) (39)
w w

- roWo—reWe W
Gy = ”<—Wﬁ+‘/’§+ T g*#)

(40)

ez(ll/_Y)

B y,W,—yW:, W
Gy = ”(Wﬁ—wﬁ—ip ST C+#>, (41)

- rpWetr W, W,
Gy — 2w-) (_21/,[)1/%4_%_# . (42)

Gaa) =W +vi+r,,+re).  (43)

with subscripts indicating partial differentiation (e.g.,
w, = oy/op and y,, = 0*y/dp?).

Let C,;,.q denote the Weyl tensor, which encodes the free
gravitational field in the spacetime. The electric part of the
Weyl tensor with respect to the four-velocity 3?0) (see, e.g.,

Ref. [45]) is defined by
E, = Cacbde(co) e?())‘ (44)

The nonzero tetrad components of E,,, defined by
Eyyw) = Eapef,ef,, are given by

Epo =—¢— [4wpp = 2w + 8y — AWt =1y — e — 6w, —yire)

_ W/,(ZI[//, - 37//1) _ WC(ZWC + 37/C) _ W/I/) - ZWCC (45)
w W ’
62<'//_7) 5 ’
Epo) =—¢ [44’44 =20 + 8wz = A, — 1, = e 6wy, —were)
_ Wp (lelp + 37/,0) _ Wc(zlllc — 3}/@‘) _ Wé’(_,’ - 2pr (46)
w W ’
e2y-7) ) )
Eee =4 {—Z(WW +we) =4 +wE) +20r + 1)
w W
_ Wye +Wey,—W
Eqyp) = Egjn) = 207 |:l//p§ R T A E (48)

Since the spacetime is static, the magnetic part of C,p.4
identically vanishes. Moreover, because the Weyl tensor is
trace-free, we have

Emm +Epe) + E@e = 0. (49)

Due to the Z, symmetry about the { = 0 plane [see
Eq. (2)], we obtain
we(p,0) =0,

7e(p,0) =0, We(p,0) =0. (50)

|
Furthermore, any term involving an odd number of
{-derivatives (e.g., w,;) vanishes on the plane. Con-
sequently, the off-diagonal components of both the electric
part of the Weyl tensor and the Einstein tensor vanish on the
plane (i.e., E(l)(2) = E(z)(1> =0 and G(l)(z) =0atf=0).

Using the curvature quantities defined above, the coor-
dinate derivatives in Eq. (12) can be rewritten in terms of
the tetrad components of the curvature tensors given in
Egs. (39)-(48). Applying the Z, symmetry conditions (50)
on the { = 0 plane and evaluating the result at p = p,, with
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the circular-orbit condition (11), we obtain'

Gl + G
_pn 20O TEOO]| )

"o 2 m
Vin = —2Ry | E (1) > :

22

where the subscript m of E(,,) and G, indicates

evaluation at p = p,, and { = 0. For the circular photon

orbit to be unstable, we require that V), < 0; hence,
G\ + GR

_Em 0)(0) 36

Ep ) > 2

2)(2) (52)
This inequality establishes a local, coordinate-invariant
relation between the Weyl and Einstein tensors (through
their tetrad components) at the unstable circular photon
orbit (see also Ref. [46]). In the following section, we
reinterpret this inequality in terms of the relationship
between the matter field quantities and the tidal forces.

Finally, the SDL coefficients given in Egs. (33) and (34)
can be expressed in terms of curvature quantities as

1

- 1 . (53)
R \/E(g)(z) = Eln —2(Gy0) + Giys)
_ (—12 X
— 7 - m m _ m
b= —alog Lsz(6E(3)(3) + G0~ Gy
+260m + ZGE%@))] + Ir(pm) = 7. (54)

where R}, # 0. These expressions show that the contribu-
tions from I, to the SDL coefficients depend solely on R,
and the local, coordinate-invariant curvature quantities,
E‘(‘l?)(i) and G‘(‘;)(ﬂ). A comparison with the static and

spherically symmetric analysis [35] reveals a key differ-
ence: whereas the electric part of the Weyl tensor is absent
in that case, it is essential in the present analysis. This
underscores the influence of the tidal effects in more
general spacetimes.

We note that, although the contribution to b arising from
I is fully determined by local curvature quantities, the
remaining part /r may involve global information about the
spacetime. In particular, the decomposition into divergent
and regular parts is not unique, and depends on the choice
of the variable z.

V. RELATION BETWEEN STRONG DEFLECTION
LIMIT COEFFICIENTS AND MATTER
FIELD QUANTITIES

In this section, we relate the SDL coefficients to the
matter field quantities. We define a tensor 7', via the

'A brief outline of how Egs. (39)—(48) are combined to obtain
Eq. (51) is presented in Appendix B.

relation
Gyw) = 87T (). (55)

which, in the context of general relativity, represents the
Einstein equations with 7', interpreted as the energy-
momentum tensor. In alternative theories of gravity, how-
ever, T, may be understood as a more general tensor
that not only encodes the energy-momentum distribution of
matter fields but also incorporates additional curvature
contributions. Without assuming a fixed physical interpre-
tation for 7'(,),), we establish a framework in which the
SDL coefficients remain independent of any specific
gravitational theory. For simplicity, we will henceforth
refer to T'(,)(,) as the matter field quantities.

Let T?;)(y) denote the value of 7', evaluated at p = py,

on the { =0 plane (i.e., at the unstable circular photon
orbit). Then, V7, given in Eq. (51) can be written as

Vi = —2R%[E™

2@ ~ Elo =451 (T 0) + TE)e))-

(56)

For V to exhibit a local maximum at p = p,, on the { =0
plane, we require that V},, < 0; equivalently,

Em

@@ ~Eh

hy > 47:(T?5)(0) + T 3) (57)

3)(3)

as stated in Eq. (52). In other words, the existence of an
unstable circular photon orbit requires that the difference
between the tidal components, E?é)@) —EI(‘})(I), s suffi-

ciently large compared to the net contribution from the
local matter fields T?(l))(o) + TE%)B)‘ When the net matter

contribution is negligible (e.g., typically in vacuum of
general relativity), the tidal effects alone determine the
orbital instability as

EIII

@@ ~Ed

My > 0. (58)

Conversely, if the matter contribution is too large relative to
the tidal difference, the condition in Eq. (57) is violated,
and the circular photon orbit becomes stable rather than
unstable.

Finally, the SDL coefficients @ and b can be expressed in
terms of local matter field quantities as

1

a— . (59)
m m m m
Ruoy /o) = Efhyy = 42Ty o) + Ty s)
_ a2 5
_ = @ m m _ 7m
b= alog[6 RuBER) ) +47(T{)0) = T3)3)
T 2T )]] + In(py) — 7, (60)
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where R}, # 0. These expressions reveal that the contri-
butions from Ip to the SDL coefficients are determined
locally by R, EI(?)(:‘)’ and the matter field quantities

T](T;;) )" In particular, the coefficient a is entirely governed

by the balance between the tidal contribution,
RIZH(E‘(‘%)(Q) — E{}y(1)), and the matter field contribution,

47:R§](T‘(?))(0) + T(3)3)- Similarly, the contribution to b
associated with Ip depends on a and the local balance
between the tidal effects, 3R%Eg)(3>, and the matter

effects, 47R%(T(5) o) = T3y + 2701y + 2T By 2))-

The coordinate-invariant expressions for the SDL coef-
ficients derived above indicate a direct link between the
curvature and matter quantities and observable lensing
features near compact objects. If R, is known, the
observationally inferred a directly reflects information
about the local tidal structure and matter distribution. In
combination with accurate modeling of the background
geometry, even the subleading term b may provide addi-
tional insights into the curvature and matter profile near the
unstable circular photon orbit.

We focus on the special case where the following
relations are satisfied:

Tm

mo T Tee =Tee = T

oo =The = Toho> 61
which are trivially satisfied in the vacuum of general
relativity. Under these conditions, the expressions (59)
and (60) reduce to

I
a= , (62)
Ry /ER)2) — Elyy

- _ az
b= —alog (?RIZHE‘(‘;)B)) + Ix(pm) — 7. (63)
These results indicate that, when the matter field quantities
satisfy the balance condition given in Eq. (61), the SDL
coefficients are determined solely by the free gravita-
tional field.

VI. STRONG DEFLECTION LIMIT
COEFFICIENTS AND NEWMAN-
PENROSE SCALARS

To clarify the connection between the SDL coefficients
and the intrinsic curvature of spacetime, we recast these
coefficients in terms of NP scalars. This coordinate-invari-
ant formulation directly links the observable features of
gravitational lensing in the strong field limit to the
fundamental curvature components of spacetime.

We introduce a null tetrad constructed from the ortho-
normal basis given in Eqgs. (35)—(38). Specifically, we
define

1
4 = E (6(0) + 6(3)), (64)
a 1 a a
n? = 7 (ef) — €(3))- (65)
a 1 a T o
m :75(6(1) +l€(2)), (66)
q 1 a r o
= ﬁ(e(l) - 16(2)), (67)

where i denotes the imaginary unit. These null vectors
satisfy the standard normalization conditions [“n, = —1
and m“m, = 1, with all other scalar products vanishing.

We now project curvature tensors onto this null tetrad to
obtain the NP scalars. Following Ref. [45], we define the
Weyl scalars as

Wy = Capegl®mbicm?, (68)
W, = Cupeqlénblcm?, (69)
W, = Cupeal®mPmcn, (70)
¥y = Cpeqlnmnd, (71)
Y, = C peam®nlmn. (72)

These scalars encode the free gravitational field in a
coordinate-invariant manner. The relation between the
electric part of the Weyl tensor E;)(;, and the NP Weyl
scalars ¥4, (A=0,1,...,4) follows from the standard
decomposition of the Weyl tensor in the NP formalism
(see Ref. [45]). In a static spacetime with Z, symmetry, the
conditions ¥; = W3 =0 and ¥, = ¥, (real on the { =0
plane) hold, and the nonvanishing components of E;)(;, on
the { = 0 plane are given by

Y, -Y, 0 0
0 0 2¥,

We also introduce the NP-Ricci scalars as

1
q)oo = ERablalb, (74)
1
CI)U = ZRab(lanb + m“ﬁib), (75)
1 a,b
Oy = ERabn n’, (76)
1 A ,,,b
Dy, :ERabl m”, (77)
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1

Dy, = ERabmambv (78)
1 b

q)12 = ERabm"n . (79)

These scalars encode the local matter contributions via the
Einstein equations. By using G, = R, — %Rga,, and the
null tetrad conditions, the Ricci scalar R drops out of @4, so
that R,;, in ® 45 can be simply replaced with G ,. For a static
spacetime, we find that ®,; = 0, ®;, = 0, and @y = D»,.
Moreover, Z, symmetry about the { = 0 plane enforces that
@, is real on that plane. Under these conditions with
Egs. (64)—(67), the nonvanishing NP-Ricci scalars on the
{ =0 plane are related to the tetrad components of the
Einstein tensor G,)(,) as

Dyy = Dy, = 1 . (80)
G0 = Gi)y3) T Gy + Go)e
o, = S —Son* Sun + Gera (g
Giym — G
&y, = S0~ Gy (82)

We denote by Y7, W7, and W' the Weyl scalars
evaluated at p = p,, on the { = 0 plane (i.e., at the unstable
circular photon orbit). Similarly, the NP-Ricci scalars at the
same location are denoted by ®f, ®f}, and ®7}. Recalling
Egs. (51), we find that V7, is given by

VI =4R% (P + OF ). (83)

Since the orbit is unstable [i.e., V7% < 0 as required in
Eq. (52)], it follows that

Yy + P < 0, (84)

which encapsulates the necessary balance between the free
gravitational field—encoded in ¥§' (or W}')—and the local
matter contributions—captured by ®g. Thus, the NP
formalism greatly simplifies the criterion for the instability
of circular photon orbits.

Finally, we obtain the alternative forms of the SDL
coefficients in terms of the NP scalars as

a= ! (85)

Run/=2(%5 + @f)

L Rm

+ Ir(pwm) — 7. (86)

where R™ denotes the Ricci scalar at p = p,;, and { = 0.
The coefficient a scales only with RZ(¥D+ @),

revealing that the tidal effects are captured by W', while
the matter contributions are reflected in @f,. Similarly,
the contribution to b from Ip depends on & and on
R (WD + @™ — R™/24). These expressions relate the
observable deflection angle in the SDL to specific combi-
nations of NP scalars in the strong gravitational field
regime. In particular, if the circumferential radius R, is
known, the combination W§' + @ can be extracted from
observational data. Furthermore, by adopting a specific
model, we can estimate V5 + @, — R™/24 based on
observations. This NP-based formulation thus provides a
coordinate-invariant framework for connecting lensing
observations with local spacetime curvature, and may serve
as a practical tool for probing strong gravity regions near
compact objects.

VII. EVALUATION OF THE FORMALISM IN
SPECIFIC GEOMETRIES

We illustrate the consistency and physical relevance of
the general formalism by evaluating the SDL coefficients in
several explicit static and axisymmetric spacetimes, show-
ing how local curvature and matter fields determine light
propagation near unstable photon orbits.

A. Zipoy-Voorhees spacetimes

We consider the Zipoy-Voorhees spacetimes, which
satisfy the vacuum Einstein equations. The metric functions
in Eq. (1) are given by

o _ (Re R =20\
R, +R_+2¢)"°

o _ Ry +R) — 42
AR, R_

) W=p (&)

with

Ry =\/p*+((£0) (88)

Here, ¢ and m are positive constants, and the deformation
parameter 0 is defined by

6=—. 89
2 (39)
When 6 = 1, this metric reduces to the Schwarzschild
metric.

Solving Eq. (11) yields the coordinate radius of the
circular photon orbit as

/ 1
Pm = m 4_§’ (90)

which implies that p,, exists only for 6 > 1/2. The
corresponding circumferential radius of the circular photon
orbit, R, and the critical impact parameter, given in
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Eq. (10), are
1 /26 -1\%
Rn,=(2+= . 91
m ( +5><25+1> " G
1 /(26 -1\
be=|24+=<)({=— . 92
¢ ( +5><25+1> " 52)
Note that these results satisfy the following relation:

26+ 1\3
b.=|— | R.. 3
= (37) o 93)

When 6 =1 (i.e., the Schwarzschild case), R,, = 3m and

b. = 3y/3m. The second derivative of the effective poten-
tial at the circular photon orbit is given by

yr— orrem _gm - (41T
m = ~2Rn(ED) ) ~ Ely) = 2| 42 <9
(94)

which indicates that the circular photon orbit is unstable.

The tetrad components of the Einstein tensor identically
m

vanish. The nontrivial components of E () () Are
Rail ) =~ (%) Lo
RED, ) = 35827;1 (%) g (96)
RAED, 5 = (%) " (97)

Correspondingly, the nontrivial NP scalars are given by

1 /46 =1\~
RLY = RLWY =—2<452 ) . (98)

1/ 48 \*
REWY = —(-—5— ] . 99
m g <452 - 1) (%9)
Finally, we obtain the explicit forms of Eqgs. (62) and
(63) as
482 \'F
a=(—5—] .
<452 - 1>

. 48 — 1
b =alog <2 5 > + Ij(pm) — 7. (101)

(100)

The result of @ coincides with that of Ref. [34], providing
a concrete example that supports our main results. As

mentioned in Sec. IV, the contribution from Ip to b
depends on the choice of z.

In the static and spherically symmetric limit, we
obtain @a=1 and b =1log6+ Ix(p,) —7 (see, e.g.
Refs. [5,6,35]). This limiting case implies

Em

@ = E@e =~

610 R

Here, the equality E(y) ;) = E(3)3) follows directly from
spherical symmetry, and the trace-free property of the
Weyl tensor then yields E )y = —2E (). This degen-
eracy in E(; ), together with the absence of matter
fields, results in the universal value a = 1. Under this
degeneracy, the NP scalars reduce to
2 \pm 2 \pm 1
Rm“P4 == RlTlLP() = —5,

1
RRWR =2, (103)

B. Reissner-Nordstrom spacetimes

We consider the Reissner-Nordstrom spacetimes char-
acterized by mass M and electric charge Q. In the metric
form presented in Eq. (1), the metric functions are given by
(see, e.g., Ref. [44])

v (R, +R_)>—4d*
(R, + R_+2M)*’
W =p,

where d = \/M? — Q* and R, = \/p* + ({ = d)*. When
Q = 0, this metric reduces to the Schwarzschild metric.

Solving Eq. (11) yields the coordinate radius of a circular
photon orbit:

(R, + R_)? — 4d>
AR,R_
(104)

2y

pm =1/ (R = M) = &, (105)
where R, is given by
3M + \/9M? — 8Q?
R, = > , (106)

indicating that the circular photon orbit exists only when
0 < Q* <9M?/8. The critical impact parameter (10) is

3
b =R\ | ——
© TV I-0/RE,

The second derivative of the effective potential at the
circular photon orbit is given by

vi=-2(2-3)
R

(107)

(108)
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The condition VI, < 0 further restricts the electric charge
to the range 0 < Q> < 9M?/8. This confirms that R,
corresponds to the unstable circular photon orbit. Note
that for M? < Q?> <9M?/8 (i.e., the over-extremal
regimes), another circular photon orbit appears at

R,_ = (3M — \/9M? — 80?)/2, which corresponds to a
stable circular photon orbit. In the extremal case Q% = M?,
this orbit coincides with the horizon radius and therefore
does not represent an independent stable circular photon
orbit outside the horizon.

The nontrivial components of T’(‘;) (v) are given by

- m o _m  _ MRy
—1o0 =TT 0 T Terrs

00 =T

0)0) (109)

From these expressions, the corresponding components of

G‘(‘I’O(ﬂ) can be derived. The nontrivial components of E?;)(D)

are given by

_m  __Eho _Ru-M

EG I A e

22

(110)

which reflects a degeneracy of the Weyl tensor due to
spherical symmetry. Correspondingly, the nontrivial NP
scalars are given by

3(Ry,—M
T?:Ta“:_f;l}‘gl:_%’ (111)
and
QZ
Oy =P = O =0 RT=0. (112)

Finally, the coefficients @ and b given by Egs. (59)
and (60), or equivalently, Egs. (85) and (86), are

R
= |—m 113
“=\ 2R, —3M° (113)

_ am

=al - 1 — 7. 114
b=atog (8- )+ Inlow) =7 (114
These results coincide with those obtained in

Refs. [9,10,35], providing a consistency check for both
@ and b. When Q = M, the coefficients reduce to a = V2
and b = \2log4 + Ix(py) — 7.

C. Majumdar-Papapetrou dihole spacetimes

We consider the Majumdar-Papapetrou dihole space-
times, in which two extremal Reissner-Nordstrom black
holes of equal mass M are held in static equilibrium at a
separation a. In the metric form presented in Eq. (1), the

metric functions are given by

, M M\~
el/I: 1+_+_ ) }/:0’

W =p.
R, R_ g

(115)

where R, = +/p?> + ({ + a)>. When a = 0, the solution
reduces to a single extremal Reissner-Nordstrom black hole
with total mass 2M and charge 2M. In what follows, we
set M = 1.

Solving Eq. (11) yields three distinct solutions for the
coordinate radius of the circular photon orbit on the plane
¢ = 0. Here, we select the branch corresponding to the
unstable orbit, which is given by [33,47,48]

4 1 274> 2
sz\/§<l+2005 {garccos (1— 74a )}) —a’.

(116)
The instability of this orbit is confirmed by
8pm [2/)%1 + (@ = 2p0) (2 + Vi + az)]
Vi =2+ <0,
(P + @2+ Vi + a*)?
(117)

for 0 <a < a, =2v6/9 [49]. The corresponding cir-
cumferential radius and the critical impact parameter are
given by

2
R, = v/)m<1+7>7 (118)
VP + @
o) 2
bC:,/pm<1+) . (119)
VPm + @
The nontrivial components of T‘(l;)(y) are
Too = Tae = Tee = Toho
2
P (120)

i+ @2+ Vh +aP

From these expressions, the components of GE‘;)W can be
derived. The nontrivial components of E‘(T;l) () are

205, [2612 +(a® = 2p5) VP + az]

) - (12h
Ru(pn+ @2+ Vi + a*)?
2p% [—402 + (o — 28/ pm + 02}
EDy o = (122)

RL(ph + a2+ \/ph +a?)?
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g 2m2d + (o + %)
R+ @Vt V@)

Correspondingly, the nontrivial NP scalars are given by

3pZ, [a“ —ph +2a%\/pk + az]

(123)

P = g — . (124)

YRR+ PR+ VR + @)

21942 2 2\3/2
Ra(pm+ @2+ Vpn + a*)?
and
2pm

D = O = - = ,

T R e+ Vit )
N =0, R"=0. (126)

Finally, the coefficients @ and b given by Egs. (59) and
(60), or equivalently, Eqs. (85) and (86), are

. [_1 _4oh20h + (@ = 208) 2 4+ Vi +ad)]|
(o + @PC+ Vi + ) |
(127)
b— alog lzpi@fn +a)(2+ ok + d)*
CRL(2a + (o + @)
+ I (pm) — 7. (128)

We find that a coincides with the result in Ref. [33],
providing another concrete example that supports our main
results. As mentioned in Sec. IV, the contribution from
Ip to b depends on the choice of z. When a = 0, these
coefficients reduce to those for Q = M in Sec. VII B.

VIII. STRONG DEFLECTION LIMIT AND
QUASINORMAL MODES

A well-established connection exists between QNM
frequencies and the instability of circular photon orbits
in spherically symmetric spacetimes, particularly in the
eikonal limit [36,37]. The real part of the QNM frequency
corresponds to the angular frequency of the circular photon
orbit Q. = 1/b., while the imaginary part is determined by
the Lyapunov exponent 4; characterizing the instability of
the orbit

1

where n is the overtone number and [ is the angular
momentum of the perturbation [37]. The Lyapunov exponent
is given by

1 Vi

A =—1/——" 130

=5\ (130)

Note that this expression is rewritten using the present

notation, for consistency with our SDL formalism, rather

than the original expression in Ref. [37]. Several studies have

further explored a potential correspondence between QNM

parameters and the SDL coefficient that governs the loga-
rithmic divergence rate [38,39]

1
h=—,

. (131)

Q

which indicates that the Lyapunov exponent appearing in the
QNM frequency expression is proportional to the inverse of
the SDL coefficient a. Notably, a similar approach has also
been employed on the reflection-symmetric plane of axi-
symmetric spacetimes, where QNM frequencies are com-
puted using equatorial circular photon orbits. These results
suggest a deep geometric link between wave dynamics and
lensing in strong gravity.

Recently, an explicit expression for 4; in spherically
symmetric spacetimes has been derived in terms of local
geometric and matter field quantities [35]:

_ \/1 - Sﬂern(pm + Hm)
= b, .

AL (132)

Here, p,, and I, denote energy density and tangential
pressure evaluated at the photon sphere with the areal
radius R,,. This result reveals the relation between the
damping rate of QNMs and the local matter field quantities.

Our results in the present paper extend the formula (132)
to static and axisymmetric spacetimes. Using Eqgs. (59) or
(85), we recast 4, in the form of Eq. (131) as

R, - - — -
= b, \/E(2><2) ~Enya ~ 4”(T(0)(0) + T(s)(3))» (133)

or equivalently,

R/ —2(Y5' + ©p)

/1L - bc

(134)

These expressions are determined by the coordinate-inde-
pendent, local curvature, and matter field quantities evalu-
ated at the unstable circular photon orbit. This indicates that
the damping rate of QNMs is directly linked to the local
geometric and matter field properties at the radius of the
unstable circular photon orbit.

In the following, we test our geometric expression for the
Lyapunov exponent in several static and axisymmetric
spacetimes. For each case, we evaluate the NP scalars at
the circular photon orbit and confirm agreement with the
result obtained from the effective potential. Explicit com-
putations are given in Sec. VII.
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In the case of the Zipoy-Voorhees spacetimes in
Sec. VII A, where @, = 0, substituting Eqs. (91), (92),
and (98) into the formula (134), we obtain

i_1 48% —1\ /25— 1\°
L7 oms U 482 26+1)°

Expanding around 6 = 1, we obtain

(135)

2

a = Mﬁ [1 + (210g3> G-1)+0((6- 1)2)} . (136)

which agrees with the result obtained in Ref. [50]. The

leading term 1/(3v/3m) corresponds to the value for the
Schwarzschild case.

In the case of the Reissner-Nordstrom spacetime in
Sec. VII B, substituting Eqgs. (106), (107), and (111) into
the formula (134), we obtain

1 2 M 0?
=gy G-2) (%)

which agrees with the result obtained in Ref. [51]. When
O = M, the expression reduces to 4;, = 1/ (4\@M).

In the case of the Majumdar-Papapetrou dihole space-
times in Sec. VII C, substituting Eqgs. (118), (119), (124),
and (126) into the formula (134), we obtain

(137)

A

_ Vdn(4 +4dy, — d},) — 4a%dy, (6 + 5d,,) + 4a* (4 + 3d,,)

(2 +dy)?

which agrees with the result obtained in Ref. [47]. When
a = 0, the expression reduces to 4, = 1/(8v/2).

These consistent results support the validity of the
geometric formula (134) for the Lyapunov exponent in
static and axisymmetric spacetimes.

IX. SUMMARY AND DISCUSSION

We have studied the deflection angle of photons in the
SDL in static and axisymmetric spacetimes with reflection
symmetry across the equatorial plane. Following the
standard method of isolating the logarithmic divergence,
we have introduced a new variable that enabled a coor-
dinate-invariant formulation of the SDL. We have shown
that the two SDL coefficients, which characterize the
logarithmic divergence and its offset, are determined by
the second derivative of the effective potential evaluated at
the unstable photon circular orbit. We further have dem-
onstrated that this second derivative can be expressed in
terms of local curvature and matter field quantities, yielding
a coordinate-invariant expression for these coefficients.
This local curvature consists of two distinct contributions:
the tidal effects associated with the free gravitational field,
described by the electric part of the Weyl tensor, and the
matter-induced curvature, encoded in the Einstein tensor,
representing the influence of matter fields. We have also
recast the SDL coefficients in terms of NP scalars, offering
a geometric perspective aligned with the null structure of
the spacetime. This formulation suggests a promising
framework for interpreting observational data in terms of
fundamental curvature quantities, particularly through
coordinate-invariant combinations of NP Weyl and Ricci
scalars. We have confirmed the consistency of our formu-
lation by applying it to several known spacetimes.

: 138
7o (138)

In static and spherically symmetric spacetimes, the SDL.
coefficients can be expressed solely in terms of the areal
radius of the photon sphere and the local energy density and
pressure [35]. In contrast, in static and axisymmetric
spacetimes, the deflection angle in the SDL is governed
not only by local matter fields but also by the free
gravitational field encoded in tidal distortions, leading to
a more intricate geometric structure. Nevertheless, the
leading logarithmic divergence of the deflection angle is
still determined entirely by local quantities with clear
geometric meaning at the unstable circular photon orbit.
This ensures that the formulation retains its coordinate-
invariant character.

These results provide a geometrically transparent foun-
dation for connecting theoretical predictions with obser-
vations. By expressing the SDL coefficients entirely in
terms of coordinate-invariant local quantities, the present
formalism establishes a clear link between observable
lensing features and the underlying geometry and matter
distribution near the unstable circular photon orbit. This, in
turn, opens up the possibility of inferring local geometric or
matter-field properties—such as tidal forces, energy den-
sity, and pressure—from precise measurements of strong
gravitational lensing near compact objects. Although the
deflection angle itself is not directly measurable, it deter-
mines the observable quantities such as the image posi-
tions, magnifications, and time delays through the lens
equation (see, e.g., Refs. [5,52]). Therefore, the local
curvature expressions of the SDL coefficients obtained
in this paper can be directly applied to interpret these
measurable lensing features in a coordinate-invariant
manner.

Through the connection between the QNM and SDL, we
have expressed the QNM frequency in terms of local
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curvature and matter field quantities. This formulation
opens up the possibility of probing the local matter and
geometry near the unstable circular photon orbit through
gravitational wave observations. Furthermore, our findings
may shed light on a universal upper bound on chaos in
thermal quantum field theory [53,54], which provides an
inequality between the Lyapunov exponent and the surface
gravity of the horizon, a relation whose generalization to
the photon sphere has recently been discussed [55,56].

At present, it remains challenging to observationally
compare the quantities related to the deflection angle in the
SDL with the QNM frequencies because the typical targets
of these observations are different: observations of black
hole shadows are feasible only for supermassive black
holes, whereas QNM frequencies are detected from merg-
ers of stellar-mass binary black holes. However, if the
gravitational-wave source itself acts as a lens, it would in
principle be possible to observe both phenomena within a
single system. Although such a self-lensing scenario is
beyond the scope of this work, which considers only static
and axisymmetric systems, it would provide a natural
setting in which the geometrical and wave aspects of
strong gravity could be observed simultaneously.

The present formalism provides a practical framework
for extracting physical information—such as energy den-
sity, pressure, and tidal structure—from the deflection
angle near ultracompact objects. Applied to specific mod-
els, it may offer valuable insights into the physics of strong
gravity and serve as a probe of alternative theories of
gravity. A natural extension of this work is to generalize the
formalism to stationary and axisymmetric spacetimes; this
development is already underway and will be presented in a
separate publication.
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APPENDIX A: ANALYSIS OF THE R, =0 CASE

We consider the case R}, = 0, which, for example, is
encountered in wormhole geometries. Since this condition
implies that W, = W,,w1,, combining it with Eq. (11)
yields W, = 0. In this case, the coefficients given in
Egs. (22) and (23) are expanded about py = p,,, as

RuVin p ’
S <po—pm>2+o((p—°— 1) ) (A1)

R

¢y =2V + <_§R—§§l_ > )(Po—ﬂm>

(A2)

Inverting Eq. (26) allows us to rewrite Eqgs. (A1) and (A2)
in terms of (b/b. — 1) as

b b 3/2
¢; = 4R Rl ¢*WnTn) <b— - 1) +0 ( (b— - 1) ) ,

(A3)
e¥m~rm R IRy V" b 12
= 2Vl — m(Zmim Tm) (2
o= () ()
b
+0(7-—1). (A4)

Using Egs. (25), (A3), and (A4), we obtain the deflection
angle in the SDL (32), with the corresponding SDL

coefficients given by
_ 2
a — - W,
m
72

b= —alog h RmR;;ewm—rm)] FIg(py) — 7. (A6)

(AS)

Note that the coefficient a is identical to that obtained in the
R}, # 0 case; consequently, Egs. (53), (59), and (85) remain
unchanged. On the other hand, b is expressed in terms of
the Einstein tensor as

-
b= _alog{RRm[z(Ea)(z) ~Elh) = Gloyo)

- G]@)(s) + ZG?E)(z)]} + IR (Pm) — 7. (A7)
in terms of matter field quantities as
_ _ a2 5
b=—a log{ng[E(z)m —Efy) - 47;(T(0)(0)

+ TE%)@) - 2Tr(3)(2))]} + I (pm) — 7, (A8)
and in terms of the NP scalars as
= _ a> ) Rm

+ Ir(pm) — 7. (A9)
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APPENDIX B: OUTLINE OF THE DERIVATION
OF V;;, IN TERMS OF CURVATURE
QUANTITIES

In this appendix, we provide a brief outline of how the
coordinate derivatives in Eq. (12) are reorganized into the
curvature quantities appearing in Eq. (51), using the tetrad
components of the Einstein and Weyl tensors. Using the Z,
symmetry conditions (50) on the { = 0 plane, the tetrad
components of the Einstein tensor and the Weyl tensor
simplify considerably. In particular, the combination

Gloyo) + G5 takes the form

Gloyo) T 66)i)

wm?2 o W+ W
_ 2(Wm—Ym m m ( P __rr 44
=22l -yl + 2W2 W, ]

(B1)

where we have used Eq. (11) to eliminate . Similarly, the
difference of the tetrad components of the electric part of

the Weyl tensor on the { = 0 plane reduces to the following
expression:

Ede) —El)
w2z W — W
— L2(Wm—rm m _ ,,m _( I rp &
= e (Wm=7m) WCC Wﬂp 2W%1 2Wm s (B2)
where we have used Eq. (11). Then we have
m _gm G001 %0
2)(2) (1) 2
e2<’//m_}’m) ) 2
= RWayp, + (W))? =W, Wi (B3)

Substituting this result into Eq. (12) and using the defi-
nition of R in Eq. (3), we immediately obtain V, in the
form of Eq. (51).
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