
Deflection angle in the strong deflection limit for static and axisymmetric
spacetimes: Local curvature, matter fields, and quasinormal modes

Takahisa Igata *

Department of Physics, Gakushuin University, Mejiro, Toshima, Tokyo 171-8588, Japan

(Received 12 May 2025; accepted 5 January 2026; published 20 January 2026)

We investigate the deflection of photons in the strong deflection limit within static and axisymmetric
spacetimes possessing reflection symmetry. As the impact parameter approaches its critical value, the
deflection angle exhibits a logarithmic divergence. This divergence is characterized by a logarithmic
coefficient and a constant offset, which we express in terms of the coordinate-invariant curvature quantities
evaluated at the unstable circular photon orbit. The curvature contribution is encoded in the electric part of
the Weyl tensor, reflecting tidal effects, and the matter contribution is encoded in the Einstein tensor,
capturing the influence of local energy and pressure. We also express these coefficients using the Newman-
Penrose scalars. By exploiting the relationship between the strong deflection limit and the quasinormal
modes, we derive a new expression for the quasinormal mode frequency in the eikonal limit in terms of the
curvature scalars. Our results provide a unified and coordinate-invariant framework that connects observable
lensing features and quasinormal modes to the local geometry and matter distribution near compact objects.
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I. INTRODUCTION

Recent observational advances, such as the imaging of
black hole shadows by the Event Horizon Telescope [1,2]
and the detection of gravitational waves by LIGO and
Virgo [3], have significantly enhanced our capacity to
explore spacetime geometry in the strong-field regime. In
particular, the imaging of black hole shadows has revealed
how light propagates near compact objects, through the
observed emission from the surrounding accretion flow. At
the same time, gravitational lensing has long provided a
theoretical basis for understanding the motion of photons
through curved spacetimes (see, e.g., Ref. [4] for a review).
When light rays pass extremely close to a compact object,

the deflection angle becomes large. In this regime, the strong
deflection limit (SDL) provides a useful approximation
for analyzing gravitational lensing. The deflection angle
diverges logarithmically as the impact parameter approaches
its critical value, with a characteristic rate and a constant
offset, known as the SDL coefficients. A systematic
description of this behavior was developed by Bozza [5],
and has since been refined and extended in several works
[6,7]. These methods have been widely applied to various
static and spherically symmetric spacetimes, including the
Schwarzschild spacetime [8], the Reissner-Nordström

spacetime [9,10], regular black hole spacetime [11], naked
singularity spacetime [12], wormhole spacetimes [13–19],
gravastar spacetimes [20], higher-dimensional black hole
spacetimes [21], and black hole spacetimes with quantum
corrections [22,23]. Bozza’s method has also inspired
several extensions, such as finite-distance corrections
[24,25], the case of massive particles [26], different source
configurations [27], and marginally unstable photon spheres
[28]. Furthermore, the same formulation applies to the
reflection-symmetric plane of axisymmetric spacetimes,
including the Kerr [29,30], the Kerr-Newman [31,32], the
Majumdar-Papapetrou [33], and the Zipoy-Voorhees space-
times [34].
Recently, it was shown that, in static and spherically

symmetric spacetimes, the SDL coefficients can be
expressed in terms of local geometric and matter field
quantities at the photon sphere [35]. This coordinate-
independent formulation refines earlier coordinate-based
approaches and provides a framework that links local
curvature and matter distribution to observable features of
strong gravitational lensing. However, whether a similar
local and coordinate-independent description remains valid
in less symmetric spacetimes has not yet been fully clarified.
Independent of these developments, quasinormal mode

(QNM) frequencies have also been found to reflect the
properties of unstable circular photon orbits in the eikonal
limit. Ferrari and Mashhoon [36] first established the
correspondence between QNM frequencies and the orbital
parameters of the unstable circular photon orbit in this
limit. Subsequently, Cardoso et al. [37] generalized this
relation to a wide class of static and stationary spacetimes,
showing that the imaginary part of the QNM frequency is
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determined by the Lyapunov exponent of the unstable
photon orbit. Stefanov et al. [38] first pointed out a
quantitative connection between the SDL and QNMs,
showing that the imaginary part of the QNM frequency
in the eikonal limit is inversely proportional to the
logarithmic coefficient in the SDL. Raffaelli [39] further
clarified the geometrical interpretation of this correspon-
dence and discussed its implications for wave propagation
near compact objects. More significantly, recent work [35]
has shown that, in static and spherically symmetric space-
times, the QNM frequency in the eikonal limit can be
expressed in terms of local geometric and matter field
quantities evaluated at the photon sphere. This coordinate-
invariant formulation provides a physical insight into the
QNM frequency as a manifestation of both spacetime
curvature and matter distribution near the unstable photon
orbit, thereby offering a unified geometric perspective
complementary to that of the strong deflection limit.
The relation between QNMs and the SDL is particularly

significant in light of recent gravitational wave observa-
tions, where the ringdown phase has been detected and
found to be consistent, within the current observational
uncertainties, with the theoretical predictions of general
relativity [3,40–42]. This consistency between the mea-
sured and predicted QNM frequencies provides empirical
support for the validity of the underlying theoretical
framework and motivates further efforts to connect these
modes with other observable phenomena in strong gravi-
tational fields. Since the QNM frequencies in the eikonal
limit are determined by the properties of unstable photon
orbits, this underscores the importance of understanding the
local geometry near the photon sphere in interpreting
strong-field gravitational wave signals.
In this work, we generalize the coordinate-invariant

formulation of the deflection angle in the SDL to static
and axisymmetric spacetimes with reflection symmetry. We
show that the SDL coefficients can be expressed in terms of
local geometric and matter field quantities evaluated at the
unstable circular photon orbit. Furthermore, we reformulate
these coefficients using curvature-based quantities, such as
the electric part of the Weyl tensor and Newman-Penrose
(NP) scalars and apply the formalism to several explicit
spacetimes to illustrate its physical relevance. Using the
relation between the SDL and the QNM, we derive a new
expression for the QNM frequency in terms of local
curvature and matter field quantities.
This paper is organized as follows. In Sec. II, we

introduce the general formalism of photon dynamics in
static and axisymmetric spacetimes and derive the con-
ditions for the existence of circular photon orbits. In Sec. III,
we derive the deflection angle in the SDL by isolating the
logarithmically divergent contribution from the photon
trajectory integral. In Sec. IV, we recast the SDL expression
in a coordinate-invariant form, demonstrating that it
depends only on the circumferential radius of the unstable

circular photon orbit and local curvature. In Sec. V, we relate
this expression to the matter field quantities. In Sec. VI, we
further recast the deflection angle in terms of the NP scalars.
In Sec. VII, we present several applications of the formalism
developed herein. In Sec. VIII, we establish the correspon-
dence between QNM frequencies and SDL coefficients in
static and axisymmetric spacetimes. Finally, in Sec. IX, we
summarize our findings and discuss their implications for
gravitational lensing in the SDL.
Throughout this paper, we employ the abstract index

notation [43] and use geometrized units in which the
gravitational constant and the speed of light are set to unity.

II. UNSTABLE CIRCULAR PHOTON ORBITS IN
STATIC AND AXISYMMETRIC SPACETIMES

We consider a general static and axisymmetric space-
time, which admits Killing fields corresponding to time
translations and rotations, adapted to the time coordinate t
and the azimuthal coordinate φ, respectively. The canonical
form of the line element is given by

ds2 ¼ −e2ψdt2 þ e−2ψ ½e2γðdρ2 þ dζ2Þ þW2dφ2�; ð1Þ

where ψ , γ, andW are functions of the spatial coordinates ρ
and ζ in the meridional plane, which can be regarded as
cylindrical ρ − z-type coordinates in a particular gauge
[44]. We assume a reflection symmetry (i.e., a Z2 sym-
metry) with respect to the ζ ¼ 0 plane, which requires that
ψ , γ, and W are even functions of ζ:

ψðρ;−ζÞ ¼ ψðρ; ζÞ; γðρ;−ζÞ ¼ γðρ; ζÞ;
Wðρ;−ζÞ ¼ Wðρ; ζÞ: ð2Þ

We define the auxiliary function

Rðρ; ζÞ ¼ e−ψW; ð3Þ

which represents the circumferential radius around the
symmetry axis (ρ ¼ 0). We assume ρ∈ ð0; ρ∞Þ and that
R diverges as ρ → ρ∞ for any fixed ζ. Furthermore, on the
ζ ¼ 0 plane, we assume that the spacetime is asymptoti-
cally locally flat; that is, as ρ → ρ∞, the metric functions
approach the Minkowski values: e2ψ → 1, e2γ → 1, and
W → ∞. Note that asymptotic flatness assumed only on the
equatorial plane does not guarantee asymptotic flatness off
the plane. However, since the following analysis considers
the deflection angle of null geodesics confined to the
equatorial plane, this assumption is sufficient for our
purpose.
We assume that photons follow null geodesics.

Restricting our analysis to the reflection-symmetric plane
ζ ¼ 0, where every initially confined photon remains there,
we obtain the reduced Lagrangian

TAKAHISA IGATA PHYS. REV. D 113, 024036 (2026)

024036-2



L ¼ 1

2
½−e2ψ ṫ2 þ e−2ψðe2γρ̇2 þW2φ̇2Þ�; ð4Þ

where ψ , γ, and W are evaluated at ζ ¼ 0, and the overdot
denotes differentiation with respect to an affine parameter
along the null geodesic. Since L is independent of t and φ,
the corresponding conjugate energy and angular momentum,

E ¼ e2ψ ṫ; ð5Þ

L ¼ e−2ψW2φ̇; ð6Þ

respectively, are conserved.
By combining the null condition L ¼ 0 with Eqs. (5)

and (6), we obtain

ρ̇2 þ e−2γ
�
e4ψ

W2
L2 − E2

�
¼ 0: ð7Þ

Assuming that φ̇ ≠ 0, we divide Eq. (7) by φ̇2 to yield the
radial orbital differential equation:

�
dρ
dφ

�
2

þ VðρÞ ¼ 0; ð8Þ

where the effective potential VðρÞ is defined as

VðρÞ ¼ e−2γW2

�
1 −

e−4ψW2

b2

�
; ð9Þ

with the impact parameter defined as b≡ L=E.
Next, we consider circular orbits, for which ρ̇ ¼ 0 and

ρ̈ ¼ 0. Consequently, the effective potential V and its
derivative V 0 vanish at ρ ¼ ρm, where ρm denotes the
radius coordinate of the circular orbit. Setting VðρmÞ ¼ 0
immediately yields the critical impact parameter b ¼ bc
with

bc ≡ e−2ψmWm; ð10Þ

where, hereafter, the subscript m indicates evaluation
at ρ ¼ ρm and ζ ¼ 0 [e.g., ψm ≡ ψðρm; 0Þ and
Wm ≡Wðρm; 0Þ]. Furthermore, imposing V 0ðρmÞ ¼ 0
leads to

ψ 0
m ¼ W0

m

2Wm
: ð11Þ

Evaluating V 00 at ρ ¼ ρm for b ¼ bc, we obtain

V 00
m ¼ 2e−2γm ½2W2

mψ
00
m þ ðW0

mÞ2 −WmW00
m�; ð12Þ

which provides a criterion for the stability of the circular
orbits: the orbit is unstable if V 00

m < 0, and stable if V 00
m > 0.

In what follows, we focus on the unstable circular photon

orbits (i.e., V 00
m < 0), and hence,

2W2
mψ

00
m þ ðW0

mÞ2 −WmW00
m < 0: ð13Þ

III. DEFLECTION ANGLE IN THE STRONG
DEFLECTION LIMIT

In this section, we derive the deflection angle in the SDL,
following the approach in Ref. [5]. Let ρ0 denote the radial
coordinate of the closest approach, where Vðρ0Þ ¼ 0. Then,
the impact parameter is given by

b ¼ e−2ψ0W0: ð14Þ
Throughout the manuscript, the subscript 0 denotes evalu-
ation at ρ ¼ ρ0 and ζ ¼ 0 [e.g., ψ0 ≡ ψðρ0; 0Þ and
W0 ≡Wðρ0; 0Þ]. We define the integral

Iðρ0Þ ¼ 2

Z
ρ∞

ρ0

jdρjffiffiffiffiffiffiffi
−V

p ð15Þ

which represents the total angular change experienced by a
photon traveling from infinity to ρ0 and then back to
infinity. Since the radial coordinate ρ may decrease as it
approaches spatial infinity in the chosen coordinate system,
the absolute value ensures that the integrand remains
positive regardless of whether ρ increases or decreases
relative to the turning point ρ0. Finally, the deflection angle
is defined by

αðρ0Þ ¼ Iðρ0Þ − π: ð16Þ
To analyze the behavior of the deflection angle in the

SDL, we introduce a new variable, as proposed in Ref. [35],
defined by

z ¼ 1 −
R0

R
; ð17Þ

where R is defined in Eq. (3) as a function of ρ and ζ and is
evaluated on the ζ ¼ 0 plane. In terms of this variable, the
integral Iðρ0Þ becomes

Iðρ0Þ ¼ 2

Z
1

0

dzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− ðR0Þ2

R2
0

ð1 − zÞ4V
r ; ð18Þ

where R0 denotes the derivative of Rðρ; 0Þ with respect to ρ.
By expanding ðR0Þ2 and V, as given in Eqs. (3) and (9), in
powers of z, we obtain

ðR0Þ2 ¼ ðR0
0Þ2 þ 2R0R00

0zþOðz2Þ; ð19Þ

V ¼ R0V 0
0

R0
0

zþ
"�

R0

R0
0

−
R2
0R

00
0

2ðR0
0Þ3

�
V 0
0 þ

R2
0

2ðR0
0Þ2

V 00
0

#
z2

þOðz3Þ; ð20Þ
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where we have used Eq. (17). Hence, truncating the
expression under the square root in Eq. (18) to second
order in z yields

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1zþ c2z2

p
. Accordingly, we define the

corresponding integral as

IDðρ0Þ ¼ 2

Z
1

0

dzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1zþ c2z2

p ; ð21Þ

where the coefficients are given by

c1 ¼ −
R0
0V

0
0

R0

; ð22Þ

c2 ¼ 3

�
R0
0V

0
0

R0

−
R00
0V

0
0

2R0
0

�
−
V 00
0

2
: ð23Þ

The integral ID isolates the leading-order divergent
behavior of the total integral I in the SDL, i.e., as
ρ0 → ρm. Since V 0

0 → 0 in this limit, the integrand in
Eq. (18) reduces to 1=ð ffiffiffiffiffi

c2
p

zÞ, which leads to a logarithmic
divergence. Thus, we identify ID as the divergent part of I,
and define the regular part as

IRðρ0Þ ¼ Iðρ0Þ − IDðρ0Þ: ð24Þ

The regular part IR typically may require numerical
evaluation depending on the global structure of the space-
time. Evaluating the integral (21) yields

IDðρ0Þ ¼
4ffiffiffiffiffi
c2

p log

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1 þ c2

p þ ffiffiffiffiffi
c2

pffiffiffiffiffi
c1

p : ð25Þ

To express the SDL (i.e., ρ0 → ρm) in a coordinate-
independent manner, we adopt the impact parameter b as a
natural measure. This approach directly relates the deviation
of b from its critical value bc to the small difference
ðρ0 − ρmÞ. In particular, expanding b in Eq. (14) around
ρ0 ¼ ρm and using the circular-orbit condition (11), which
eliminates the linear term, we obtain

b ¼ bc

�
1−

e2γmV 00
m

4W2
m

ðρ0 − ρmÞ2 þO

��
ρ0
ρm

− 1

�
3
��

: ð26Þ

Now, we assume that R0
m ≠ 0 in what follows (see

Appendix A for the case R0
m ¼ 0). Similarly, the coefficients

c1 and c2 can be expanded in terms of ðρ0 − ρmÞ as follows:

c1 ¼ −
R0
mV 00

m

Rm
ðρ0 − ρmÞ þO

��
ρ0
ρm

− 1

�
2
�
; ð27Þ

c2 ¼ −
V 00
m

2
þO

�
ρ0
ρm

− 1

�
: ð28Þ

Alternatively, by inverting Eq. (26), we can express Eqs. (27)
and (28) as

c1 ¼ 2eψm−γmR0
m

ffiffiffiffiffiffiffiffiffiffi
−V 00

m

p �
b
bc

− 1

�
1=2

þO

�
b
bc

− 1

�
; ð29Þ

c2 ¼ −
V 00
m

2
þO

��
b
bc

− 1

�
1=2

�
: ð30Þ

Using Eqs. (29) and (30), we can expand Eq. (25) in terms of
ðb=bc − 1Þ as

IDðρ0Þ ¼ −

ffiffiffiffiffiffiffiffiffiffiffi
−

2

V 00
m

s
log

�
b
bc

− 1

�

þ
ffiffiffiffiffiffiffiffiffiffiffi
−

2

V 00
m

s
log

�
−
e2ðγm−ψmÞ

ðR0
mÞ2

V 00
m

�

þO

��
b
bc

− 1

�
1=2

log

�
b
bc

− 1

��
: ð31Þ

This result shows that the leading divergence is logarithmic.
Consequently, the deflection angle in the SDL is given by

αðρ0Þ ¼ −ā log
�
b
bc

− 1

�
þ b̄

þO

��
b
bc

− 1

�
1=2

log

�
b
bc

− 1

��
; ð32Þ

where the SDL coefficients ā and b̄ are defined as

ā ¼
ffiffiffiffiffiffiffiffiffiffiffi
−

2

V 00
m

s
; ð33Þ

b̄ ¼ −ā log
�
ā2

2
ðR0

mÞ2e2ðψm−γmÞ
�
þ IRðρmÞ − π: ð34Þ

Here, ā quantifies the strength of the logarithmic divergence,
while b̄ represents the constant offset, i.e., the regular part of
the deflection angle after subtracting the logarithmic diver-
gence. These expressions are fundamental to determining the
deflection angle in the SDL in a coordinate-invariant manner.

IV. COORDINATE-INVARIANT FORM OF THE
STRONG DEFLECTION COEFFICIENTS VIA

LOCAL CURVATURE

In this section, we formulate the deflection angle in the
SDL (32)–(34) using local and coordinate-invariant geo-
metric quantities. To this end, we introduce the following
tetrad:

eað0Þ ¼ e−ψ ð∂=∂tÞa; ð35Þ

eað1Þ ¼ eψ−γð∂=∂ρÞa; ð36Þ

eað2Þ ¼ eψ−γð∂=∂ζÞa; ð37Þ

eað3Þ ¼
eψ

W
ð∂=∂φÞa: ð38Þ
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Here and hereafter, indices with parentheses, such as (μ)
and (ν) with μ, ν ¼ 0, 1, 2, 3, denote the components in the
orthonormal tetrad basis, whereas unparenthesized indices
represent the abstract tensor indices introduced in the
Introduction. Here, eað0Þ represents the four-velocity of
static observers. The tetrad components of the Einstein
tensor, GðμÞðνÞ ¼ GabeaðμÞe

b
ðνÞ, have the following nonzero

components:

Gð0Þð0Þ ¼ e2ðψ−γÞ
�
2ðψρρ þ ψζζÞ − ψ2

ρ − ψ2
ζ − γρρ − γζζ

þ 2ðψρWρ þ ψζWζÞ
W

−
Wρρ þWζζ

W

�
; ð39Þ

Gð1Þð1Þ ¼ e2ðψ−γÞ
�
−ψ2

ρ þ ψ2
ζ þ

γρWρ − γζWζ

W
þWζζ

W

�
;

ð40Þ

Gð2Þð2Þ ¼ e2ðψ−γÞ
�
ψ2
ρ − ψ2

ζ −
γρWρ − γζWζ

W
þWρρ

W

�
; ð41Þ

Gð1Þð2Þ ¼ e2ðψ−γÞ
�
−2ψρψζ þ

γρWζ þ γζWρ

W
−
Wρζ

W

�
; ð42Þ

Gð3Þð3Þ ¼ e2ðψ−γÞðψ2
ρ þ ψ2

ζ þ γρρ þ γζζÞ; ð43Þ

with subscripts indicating partial differentiation (e.g.,
ψρ ≡ ∂ψ=∂ρ and ψρρ ≡ ∂

2ψ=∂ρ2).
Let Cabcd denote the Weyl tensor, which encodes the free

gravitational field in the spacetime. The electric part of the
Weyl tensor with respect to the four-velocity eað0Þ (see, e.g.,
Ref. [45]) is defined by

Eab ¼ Cacbdecð0Þe
d
ð0Þ: ð44Þ

The nonzero tetrad components of Eab, defined by
EðμÞðνÞ ¼ EabeaðμÞe

b
ðνÞ, are given by

Eð1Þð1Þ ¼
e2ðψ−γÞ

6

�
4ψρρ − 2ψζζ þ 8ψ2

ρ − 4ψ2
ζ − γρρ − γζζ − 6ðψργρ − ψζγζÞ

−
Wρð2ψρ − 3γρÞ

W
−
Wζð2ψζ þ 3γζÞ

W
−
Wρρ − 2Wζζ

W

�
; ð45Þ

Eð2Þð2Þ ¼
e2ðψ−γÞ

6

�
4ψζζ − 2ψρρ þ 8ψ2

ζ − 4ψ2
ρ − γρρ − γζζ þ 6ðψργρ − ψζγζÞ

−
Wρð2ψρ þ 3γρÞ

W
−
Wζð2ψζ − 3γζÞ

W
−
Wζζ − 2Wρρ

W

�
; ð46Þ

Eð3Þð3Þ ¼
e2ðψ−γÞ

6

�
−2ðψρρ þ ψζζÞ − 4ðψ2

ρ þ ψ2
ζÞ þ 2ðγρρ þ γζζÞ

þ 4ðψρWρ þ ψζWζÞ
W

−
Wρρ þWζζ

W

�
; ð47Þ

Eð1Þð2Þ ¼ Eð2Þð1Þ ¼ e2ðψ−γÞ
�
ψρζ þ 2ψρψζ − ψργζ − ψζγρ þ

Wργζ þWζγρ −Wρζ

2W

�
: ð48Þ

Since the spacetime is static, the magnetic part of Cabcd
identically vanishes. Moreover, because the Weyl tensor is
trace-free, we have

Eð1Þð1Þ þ Eð2Þð2Þ þ Eð3Þð3Þ ¼ 0: ð49Þ

Due to the Z2 symmetry about the ζ ¼ 0 plane [see
Eq. (2)], we obtain

ψζðρ; 0Þ ¼ 0; γζðρ; 0Þ ¼ 0; Wζðρ; 0Þ ¼ 0: ð50Þ

Furthermore, any term involving an odd number of
ζ-derivatives (e.g., ψρζ) vanishes on the plane. Con-
sequently, the off-diagonal components of both the electric
part of theWeyl tensor and the Einstein tensor vanish on the
plane (i.e., Eð1Þð2Þ ¼ Eð2Þð1Þ ¼ 0 and Gð1Þð2Þ ¼ 0 at ζ ¼ 0).
Using the curvature quantities defined above, the coor-

dinate derivatives in Eq. (12) can be rewritten in terms of
the tetrad components of the curvature tensors given in
Eqs. (39)–(48). Applying the Z2 symmetry conditions (50)
on the ζ ¼ 0 plane and evaluating the result at ρ ¼ ρm with
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the circular-orbit condition (11), we obtain1

V 00
m ¼ −2R2

m

�
Em
ð2Þð2Þ − Em

ð1Þð1Þ −
Gm

ð0Þð0Þ þ Gm
ð3Þð3Þ

2

�
; ð51Þ

where the subscript m of EðμÞðνÞ and GðμÞðνÞ indicates
evaluation at ρ ¼ ρm and ζ ¼ 0. For the circular photon
orbit to be unstable, we require that V 00

m < 0; hence,

Em
ð2Þð2Þ − Em

ð1Þð1Þ >
Gm

ð0Þð0Þ þ Gm
ð3Þð3Þ

2
: ð52Þ

This inequality establishes a local, coordinate-invariant
relation between the Weyl and Einstein tensors (through
their tetrad components) at the unstable circular photon
orbit (see also Ref. [46]). In the following section, we
reinterpret this inequality in terms of the relationship
between the matter field quantities and the tidal forces.
Finally, the SDL coefficients given in Eqs. (33) and (34)

can be expressed in terms of curvature quantities as

ā ¼ 1

Rm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Em
ð2Þð2Þ − Em

ð1Þð1Þ −
1
2
ðGm

ð0Þð0Þ þ Gm
ð3Þð3ÞÞ

q ; ð53Þ

b̄ ¼ −ā log
�
ā2

12
R2
mð6Em

ð3Þð3Þ þ Gm
ð0Þð0Þ − Gm

ð3Þð3Þ

þ 2Gm
ð1Þð1Þ þ 2Gm

ð2Þð2ÞÞ
�
þ IRðρmÞ − π; ð54Þ

where R0
m ≠ 0. These expressions show that the contribu-

tions from ID to the SDL coefficients depend solely on Rm
and the local, coordinate-invariant curvature quantities,
Em
ðiÞðiÞ and Gm

ðμÞðμÞ. A comparison with the static and

spherically symmetric analysis [35] reveals a key differ-
ence: whereas the electric part of the Weyl tensor is absent
in that case, it is essential in the present analysis. This
underscores the influence of the tidal effects in more
general spacetimes.
We note that, although the contribution to b̄ arising from

ID is fully determined by local curvature quantities, the
remaining part IR may involve global information about the
spacetime. In particular, the decomposition into divergent
and regular parts is not unique, and depends on the choice
of the variable z.

V. RELATION BETWEEN STRONG DEFLECTION
LIMIT COEFFICIENTS AND MATTER

FIELD QUANTITIES

In this section, we relate the SDL coefficients to the
matter field quantities. We define a tensor TðμÞðνÞ via the

relation

GðμÞðνÞ ¼ 8πTðμÞðνÞ; ð55Þ

which, in the context of general relativity, represents the
Einstein equations with TðμÞðνÞ interpreted as the energy-
momentum tensor. In alternative theories of gravity, how-
ever, TðμÞðνÞ may be understood as a more general tensor
that not only encodes the energy-momentum distribution of
matter fields but also incorporates additional curvature
contributions. Without assuming a fixed physical interpre-
tation for TðμÞðνÞ, we establish a framework in which the
SDL coefficients remain independent of any specific
gravitational theory. For simplicity, we will henceforth
refer to TðμÞðνÞ as the matter field quantities.
Let Tm

ðμÞðνÞ denote the value of TðμÞðνÞ evaluated at ρ ¼ ρm
on the ζ ¼ 0 plane (i.e., at the unstable circular photon
orbit). Then, V 00

m given in Eq. (51) can be written as

V 00
m ¼ −2R2

m½Em
ð2Þð2Þ − Em

ð1Þð1Þ − 4πðTm
ð0Þð0Þ þ Tm

ð3Þð3ÞÞ�:
ð56Þ

For V to exhibit a local maximum at ρ ¼ ρm on the ζ ¼ 0
plane, we require that V 00

m < 0; equivalently,

Em
ð2Þð2Þ − Em

ð1Þð1Þ > 4πðTm
ð0Þð0Þ þ Tm

ð3Þð3ÞÞ; ð57Þ

as stated in Eq. (52). In other words, the existence of an
unstable circular photon orbit requires that the difference
between the tidal components, Em

ð2Þð2Þ − Em
ð1Þð1Þ, is suffi-

ciently large compared to the net contribution from the
local matter fields Tm

ð0Þð0Þ þ Tm
ð3Þð3Þ. When the net matter

contribution is negligible (e.g., typically in vacuum of
general relativity), the tidal effects alone determine the
orbital instability as

Em
ð2Þð2Þ − Em

ð1Þð1Þ > 0: ð58Þ

Conversely, if the matter contribution is too large relative to
the tidal difference, the condition in Eq. (57) is violated,
and the circular photon orbit becomes stable rather than
unstable.
Finally, the SDL coefficients ā and b̄ can be expressed in

terms of local matter field quantities as

ā ¼ 1

Rm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Em
ð2Þð2Þ − Em

ð1Þð1Þ − 4πðTm
ð0Þð0Þ þ Tm

ð3Þð3ÞÞ
q ; ð59Þ

b̄ ¼ −ā log
�
ā2

6
R2
m½3Em

ð3Þð3Þ þ 4πðTm
ð0Þð0Þ − Tm

ð3Þð3Þ

þ 2Tm
ð1Þð1Þ þ 2Tm

ð2Þð2ÞÞ�
�
þ IRðρmÞ − π; ð60Þ1A brief outline of how Eqs. (39)–(48) are combined to obtain

Eq. (51) is presented in Appendix B.
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where R0
m ≠ 0. These expressions reveal that the contri-

butions from ID to the SDL coefficients are determined
locally by Rm, Em

ðiÞðiÞ, and the matter field quantities

Tm
ðμÞðμÞ. In particular, the coefficient ā is entirely governed

by the balance between the tidal contribution,
R2
mðEm

ð2Þð2Þ − Em
ð1Þð1ÞÞ, and the matter field contribution,

4πR2
mðTm

ð0Þð0Þ þ Tm
ð3Þð3ÞÞ. Similarly, the contribution to b̄

associated with ID depends on ā and the local balance
between the tidal effects, 3R2

mEm
ð3Þð3Þ, and the matter

effects, 4πR2
mðTm

ð0Þð0Þ − Tm
ð3Þð3Þ þ 2Tm

ð1Þð1Þ þ 2Tm
ð2Þð2ÞÞ.

The coordinate-invariant expressions for the SDL coef-
ficients derived above indicate a direct link between the
curvature and matter quantities and observable lensing
features near compact objects. If Rm is known, the
observationally inferred ā directly reflects information
about the local tidal structure and matter distribution. In
combination with accurate modeling of the background
geometry, even the subleading term b̄ may provide addi-
tional insights into the curvature and matter profile near the
unstable circular photon orbit.
We focus on the special case where the following

relations are satisfied:

Tm
ð1Þð1Þ þ Tm

ð2Þð2Þ ¼ Tm
ð3Þð3Þ ¼ −Tm

ð0Þð0Þ; ð61Þ

which are trivially satisfied in the vacuum of general
relativity. Under these conditions, the expressions (59)
and (60) reduce to

ā ¼ 1

Rm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Em
ð2Þð2Þ − Em

ð1Þð1Þ
q ; ð62Þ

b̄ ¼ −ā log
�
ā2

2
R2
mEm

ð3Þð3Þ

�
þ IRðρmÞ − π: ð63Þ

These results indicate that, when the matter field quantities
satisfy the balance condition given in Eq. (61), the SDL
coefficients are determined solely by the free gravita-
tional field.

VI. STRONG DEFLECTION LIMIT
COEFFICIENTS AND NEWMAN-

PENROSE SCALARS

To clarify the connection between the SDL coefficients
and the intrinsic curvature of spacetime, we recast these
coefficients in terms of NP scalars. This coordinate-invari-
ant formulation directly links the observable features of
gravitational lensing in the strong field limit to the
fundamental curvature components of spacetime.
We introduce a null tetrad constructed from the ortho-

normal basis given in Eqs. (35)–(38). Specifically, we
define

la ¼ 1ffiffiffi
2

p ðeað0Þ þ eað3ÞÞ; ð64Þ

na ¼ 1ffiffiffi
2

p ðeað0Þ − eað3ÞÞ; ð65Þ

ma ¼ 1ffiffiffi
2

p ðeað1Þ þ ieað2ÞÞ; ð66Þ

m̄a ¼ 1ffiffiffi
2

p ðeað1Þ − ieað2ÞÞ; ð67Þ

where i denotes the imaginary unit. These null vectors
satisfy the standard normalization conditions lana ¼ −1
and mam̄a ¼ 1, with all other scalar products vanishing.
We now project curvature tensors onto this null tetrad to

obtain the NP scalars. Following Ref. [45], we define the
Weyl scalars as

Ψ0 ¼ Cabcdlamblcmd; ð68Þ

Ψ1 ¼ Cabcdlanblcmd; ð69Þ

Ψ2 ¼ Cabcdlambm̄cnd; ð70Þ

Ψ3 ¼ Cabcdlanbm̄cnd; ð71Þ

Ψ4 ¼ Cabcdm̄anbm̄cnd: ð72Þ
These scalars encode the free gravitational field in a
coordinate-invariant manner. The relation between the
electric part of the Weyl tensor EðiÞðjÞ and the NP Weyl
scalars ΨA (A ¼ 0; 1;…; 4) follows from the standard
decomposition of the Weyl tensor in the NP formalism
(see Ref. [45]). In a static spacetime with Z2 symmetry, the
conditions Ψ1 ¼ Ψ3 ¼ 0 and Ψ0 ¼ Ψ4 (real on the ζ ¼ 0
plane) hold, and the nonvanishing components of EðiÞðjÞ on
the ζ ¼ 0 plane are given by

EðiÞðjÞ ¼

2
64
Ψ4 − Ψ2 0 0

0 −Ψ4 − Ψ2 0

0 0 2Ψ2

3
75: ð73Þ

We also introduce the NP-Ricci scalars as

Φ00 ¼
1

2
Rablalb; ð74Þ

Φ11 ¼
1

4
Rabðlanb þmam̄bÞ; ð75Þ

Φ22 ¼
1

2
Rabnanb; ð76Þ

Φ01 ¼
1

2
Rablamb; ð77Þ
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Φ02 ¼
1

2
Rabmamb; ð78Þ

Φ12 ¼
1

2
Rabmanb: ð79Þ

These scalars encode the local matter contributions via the
Einstein equations. By using Gab ¼ Rab − 1

2
Rgab and the

null tetrad conditions, the Ricci scalar R drops out ofΦAB, so
that Rab inΦAB can be simply replaced withGab. For a static
spacetime, we find that Φ01 ¼ 0, Φ12 ¼ 0, and Φ00 ¼ Φ22.
Moreover, Z2 symmetry about the ζ ¼ 0 plane enforces that
Φ02 is real on that plane. Under these conditions with
Eqs. (64)–(67), the nonvanishing NP-Ricci scalars on the
ζ ¼ 0 plane are related to the tetrad components of the
Einstein tensor GðμÞðνÞ as

Φ00 ¼ Φ22 ¼
Gð0Þð0Þ þ Gð3Þð3Þ

4
; ð80Þ

Φ11 ¼
Gð0Þð0Þ −Gð3Þð3Þ þ Gð1Þð1Þ þ Gð2Þð2Þ

8
; ð81Þ

Φ02 ¼
Gð1Þð1Þ −Gð2Þð2Þ

4
: ð82Þ

We denote by Ψm
0 , Ψm

2 , and Ψm
4 the Weyl scalars

evaluated at ρ ¼ ρm on the ζ ¼ 0 plane (i.e., at the unstable
circular photon orbit). Similarly, the NP-Ricci scalars at the
same location are denoted by Φm

00, Φm
11, and Φm

22. Recalling
Eqs. (51), we find that V 00

m is given by

V 00
m ¼ 4R2

mðΨm
0 þΦm

00Þ: ð83Þ

Since the orbit is unstable [i.e., V 00
m < 0 as required in

Eq. (52)], it follows that

Ψm
0 þΦm

00 < 0; ð84Þ

which encapsulates the necessary balance between the free
gravitational field—encoded in Ψm

0 (or Ψm
4 )—and the local

matter contributions—captured by Φm
00. Thus, the NP

formalism greatly simplifies the criterion for the instability
of circular photon orbits.
Finally, we obtain the alternative forms of the SDL

coefficients in terms of the NP scalars as

ā ¼ 1

Rm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2ðΨm

0 þΦm
00Þ

p ; ð85Þ

b̄ ¼ −ā log
�
ā2R2

m

�
Ψm

2 þΦm
11 −

Rm

24

��
þ IRðρmÞ − π; ð86Þ

where Rm denotes the Ricci scalar at ρ ¼ ρm and ζ ¼ 0.
The coefficient ā scales only with R2

mðΨm
0 þΦm

00Þ,

revealing that the tidal effects are captured by Ψm
0 , while

the matter contributions are reflected in Φm
00. Similarly,

the contribution to b̄ from ID depends on ā and on
R2
mðΨm

2 þΦm
11 −Rm=24Þ. These expressions relate the

observable deflection angle in the SDL to specific combi-
nations of NP scalars in the strong gravitational field
regime. In particular, if the circumferential radius Rm is
known, the combination Ψm

0 þΦm
00 can be extracted from

observational data. Furthermore, by adopting a specific
model, we can estimate Ψm

2 þΦm
11 −Rm=24 based on

observations. This NP-based formulation thus provides a
coordinate-invariant framework for connecting lensing
observations with local spacetime curvature, and may serve
as a practical tool for probing strong gravity regions near
compact objects.

VII. EVALUATION OF THE FORMALISM IN
SPECIFIC GEOMETRIES

We illustrate the consistency and physical relevance of
the general formalism by evaluating the SDL coefficients in
several explicit static and axisymmetric spacetimes, show-
ing how local curvature and matter fields determine light
propagation near unstable photon orbits.

A. Zipoy-Voorhees spacetimes

We consider the Zipoy-Voorhees spacetimes, which
satisfy the vacuum Einstein equations. The metric functions
in Eq. (1) are given by

e2ψ ¼
�
Rþ þ R− − 2l
Rþ þ R− þ 2l

�
δ

;

e2γ ¼
�ðRþ þ R−Þ2 − 4l2

4RþR−

�
δ2

; W ¼ ρ; ð87Þ

with

R� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ðζ � lÞ2

q
: ð88Þ

Here, l and m are positive constants, and the deformation
parameter δ is defined by

δ ¼ m
l
: ð89Þ

When δ ¼ 1, this metric reduces to the Schwarzschild
metric.
Solving Eq. (11) yields the coordinate radius of the

circular photon orbit as

ρm ¼ m

ffiffiffiffiffiffiffiffiffiffiffiffi
4 −

1

δ2

r
; ð90Þ

which implies that ρm exists only for δ > 1=2. The
corresponding circumferential radius of the circular photon
orbit, Rm, and the critical impact parameter, given in
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Eq. (10), are

Rm ¼
�
2þ 1

δ

��
2δ − 1

2δþ 1

�1−δ
2

m; ð91Þ

bc ¼
�
2þ 1

δ

��
2δ − 1

2δþ 1

�1−2δ
2

m: ð92Þ

Note that these results satisfy the following relation:

bc ¼
�
2δþ 1

2δ − 1

�δ
2

Rm: ð93Þ

When δ ¼ 1 (i.e., the Schwarzschild case), Rm ¼ 3m and
bc ¼ 3

ffiffiffi
3

p
m. The second derivative of the effective poten-

tial at the circular photon orbit is given by

V 00
m ¼ −2R2

mðEm
ð2Þð2Þ − Em

ð1Þð1ÞÞ ¼ −2
�
4δ2 − 1

4δ2

�
1−δ2

< 0;

ð94Þ

which indicates that the circular photon orbit is unstable.
The tetrad components of the Einstein tensor identically

vanish. The nontrivial components of Em
ðμÞðνÞ are

R2
mEm

ð1Þð1Þ ¼ −
5δ2 − 1

8δ2

�
4δ2

4δ2 − 1

�
δ2

; ð95Þ

R2
mEm

ð2Þð2Þ ¼
3δ2 − 1

8δ2

�
4δ2

4δ2 − 1

�
δ2

; ð96Þ

R2
mEm

ð3Þð3Þ ¼
1

4

�
4δ2

4δ2 − 1

�
δ2

: ð97Þ

Correspondingly, the nontrivial NP scalars are given by

R2
mΨm

0 ¼ R2
mΨm

4 ¼ −
1

2

�
4δ2 − 1

4δ2

�
1−δ2

; ð98Þ

R2
mΨm

2 ¼ 1

8

�
4δ2

4δ2 − 1

�
δ2

: ð99Þ

Finally, we obtain the explicit forms of Eqs. (62) and
(63) as

ā ¼
�

4δ2

4δ2 − 1

�1−δ2
2

; ð100Þ

b̄ ¼ ā log

�
2
4δ2 − 1

δ2

�
þ IRðρmÞ − π: ð101Þ

The result of ā coincides with that of Ref. [34], providing
a concrete example that supports our main results. As

mentioned in Sec. IV, the contribution from ID to b̄
depends on the choice of z.
In the static and spherically symmetric limit, we

obtain ā ¼ 1 and b̄ ¼ log 6þ IRðρmÞ − π (see, e.g.,
Refs. [5,6,35]). This limiting case implies

Em
ð2Þð2Þ ¼ Em

ð3Þð3Þ ¼ −
Em
ð1Þð1Þ
2

¼ 1

3R2
m
: ð102Þ

Here, the equality Eð2Þð2Þ ¼ Eð3Þð3Þ follows directly from
spherical symmetry, and the trace-free property of the
Weyl tensor then yields Eð1Þð1Þ ¼ −2Eð2Þð2Þ. This degen-
eracy in EðiÞðjÞ, together with the absence of matter
fields, results in the universal value ā ¼ 1. Under this
degeneracy, the NP scalars reduce to

R2
mΨm

4 ¼ R2
mΨm

0 ¼ −
1

2
; R2

mΨm
2 ¼ 1

6
: ð103Þ

B. Reissner-Nordström spacetimes

We consider the Reissner-Nordström spacetimes char-
acterized by mass M and electric charge Q. In the metric
form presented in Eq. (1), the metric functions are given by
(see, e.g., Ref. [44])

e2ψ ¼ ðRþ þ R−Þ2 − 4d2

ðRþ þ R− þ 2MÞ2 ; e2γ ¼ ðRþ þ R−Þ2 − 4d2

4RþR−
;

W ¼ ρ; ð104Þ

where d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 −Q2

p
and R� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ðζ � dÞ2

p
. When

Q ¼ 0, this metric reduces to the Schwarzschild metric.
Solving Eq. (11) yields the coordinate radius of a circular

photon orbit:

ρm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðRm −MÞ2 − d2

q
; ð105Þ

where Rm is given by

Rm ¼ 3M þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9M2 − 8Q2

p
2

; ð106Þ

indicating that the circular photon orbit exists only when
0 ≤ Q2 ≤ 9M2=8. The critical impact parameter (10) is

bc ¼ Rm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

1 −Q2=R2
m

s
: ð107Þ

The second derivative of the effective potential at the
circular photon orbit is given by

V 00
m ¼ −2

�
2 −

3M
Rm

�
: ð108Þ
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The condition V 00
m < 0 further restricts the electric charge

to the range 0 ≤ Q2 < 9M2=8. This confirms that Rm
corresponds to the unstable circular photon orbit. Note
that for M2 < Q2 ≤ 9M2=8 (i.e., the over-extremal
regimes), another circular photon orbit appears at

Rm;− ¼ ð3M −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9M2 − 8Q2

p
Þ=2, which corresponds to a

stable circular photon orbit. In the extremal case Q2 ¼ M2,
this orbit coincides with the horizon radius and therefore
does not represent an independent stable circular photon
orbit outside the horizon.
The nontrivial components of Tm

ðμÞðνÞ are given by

Tm
ð0Þð0Þ ¼ Tm

ð2Þð2Þ ¼ Tm
ð3Þð3Þ ¼ −Tm

ð1Þð1Þ ¼
3M − Rm

16πR3
m

: ð109Þ

From these expressions, the corresponding components of
Gm

ðμÞðμÞ can be derived. The nontrivial components of Em
ðμÞðνÞ

are given by

Em
ð2Þð2Þ ¼ Em

ð3Þð3Þ ¼ −
Em
ð1Þð1Þ
2

¼ Rm −M
2R3

m
; ð110Þ

which reflects a degeneracy of the Weyl tensor due to
spherical symmetry. Correspondingly, the nontrivial NP
scalars are given by

Ψm
4 ¼ Ψm

0 ¼ −3Ψm
2 ¼ −

3ðRm −MÞ
4R3

m
; ð111Þ

and

Φm
00 ¼ Φm

22 ¼
Q2

2R4
m
; Φm

11 ¼ 0; Rm ¼ 0: ð112Þ

Finally, the coefficients ā and b̄ given by Eqs. (59)
and (60), or equivalently, Eqs. (85) and (86), are

ā ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Rm

2Rm − 3M

s
; ð113Þ

b̄ ¼ ā log

�
8 −

4M
Rm −M

�
þ IRðρmÞ − π: ð114Þ

These results coincide with those obtained in
Refs. [9,10,35], providing a consistency check for both
ā and b̄. When Q ¼ M, the coefficients reduce to ā ¼ ffiffiffi

2
p

and b̄ ¼ ffiffiffi
2

p
log 4þ IRðρmÞ − π.

C. Majumdar-Papapetrou dihole spacetimes

We consider the Majumdar-Papapetrou dihole space-
times, in which two extremal Reissner-Nordström black
holes of equal mass M are held in static equilibrium at a
separation a. In the metric form presented in Eq. (1), the

metric functions are given by

e2ψ ¼
�
1þ M

Rþ
þ M
R−

�
−2
; γ ¼ 0; W ¼ ρ; ð115Þ

where R� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ðζ � aÞ2

p
. When a ¼ 0, the solution

reduces to a single extremal Reissner-Nordström black hole
with total mass 2M and charge 2M. In what follows, we
set M ¼ 1.
Solving Eq. (11) yields three distinct solutions for the

coordinate radius of the circular photon orbit on the plane
ζ ¼ 0. Here, we select the branch corresponding to the
unstable orbit, which is given by [33,47,48]

ρm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

9

�
1þ 2 cos

�
1

3
arccos

�
1 −

27a2

4

���
2

− a2

s
:

ð116Þ

The instability of this orbit is confirmed by

V 00
m ¼ 2þ

8ρ2m
h
2ρ2m þ ða2 − 2ρ2mÞð2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2m þ a2

p
Þ
i

ðρ2m þ a2Þ2ð2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2m þ a2

p
Þ2

< 0;

ð117Þ

for 0 ≤ a < a∞ ≡ 2
ffiffiffi
6

p
=9 [49]. The corresponding cir-

cumferential radius and the critical impact parameter are
given by

Rm ¼ ffiffiffiffiffiffi
ρm

p �
1þ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ρm þ a2
p �

; ð118Þ

bc ¼
ffiffiffiffiffiffi
ρm

p �
1þ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ρm þ a2
p �

2

: ð119Þ

The nontrivial components of Tm
ðμÞðνÞ are

Tm
ð0Þð0Þ ¼ Tm

ð2Þð2Þ ¼ Tm
ð3Þð3Þ ¼ −Tm

ð1Þð1Þ

¼ ρ2m

πðρ2m þ a2Þ2ð2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2m þ a2

p
Þ2
: ð120Þ

From these expressions, the components of Gm
ðμÞðμÞ can be

derived. The nontrivial components of Em
ðμÞðνÞ are

Em
ð1Þð1Þ ¼

2ρ2m
h
2a2 þ ða2 − 2ρ2mÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2m þ a2

p i
R2
mðρ2m þ a2Þ2ð2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2m þ a2

p
Þ2

; ð121Þ

Em
ð2Þð2Þ ¼

2ρ2m
h
−4a2 þ ðρ2m − 2a2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2m þ a2

p i
R2
mðρ2m þ a2Þ2ð2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2m þ a2

p
Þ2

; ð122Þ
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Em
ð3Þð3Þ ¼

2ρ2m½2a2 þ ðρ2m þ a2Þ3=2�
R2
mðρ2m þ a2Þ2ð2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2m þ a2

p
Þ2
: ð123Þ

Correspondingly, the nontrivial NP scalars are given by

Ψm
4 ¼ Ψm

0 ¼
3ρ2m

h
a4 − ρ4m þ 2a2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2m þ a2

p i
R2
mðρ2m þ a2Þ5=2ð2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2m þ a2

p
Þ2
; ð124Þ

Ψm
2 ¼ ρ2m½2a2 þ ðρ2m þ a2Þ3=2�

R2
mðρ2m þ a2Þ2ð2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2m þ a2

p
Þ2
; ð125Þ

and

Φm
00 ¼ Φm

22 ¼ −Φm
02 ¼

2ρ2m

R2
mðρ2m þ a2Þ2ð2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2m þ a2

p
Þ2
;

Φm
11 ¼ 0; Rm ¼ 0: ð126Þ
Finally, the coefficients ā and b̄ given by Eqs. (59) and

(60), or equivalently, Eqs. (85) and (86), are

ā ¼
"
−1 −

4ρ2m½2ρ2m þ ða2 − 2ρ2mÞð2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2m þ a2

p
Þ�

ðρ2m þ a2Þ2ð2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2m þ a2

p
Þ2

#−1=2

;

ð127Þ

b̄ ¼ ā log

"
2ρ2mðρ2m þ a2Þð2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2m þ a2

p
Þ4

ā2R2
mð2a2 þ ðρ2m þ a2Þ3=2Þ2

#

þ IRðρmÞ − π: ð128Þ
We find that ā coincides with the result in Ref. [33],
providing another concrete example that supports our main
results. As mentioned in Sec. IV, the contribution from
ID to b̄ depends on the choice of z. When a ¼ 0, these
coefficients reduce to those for Q ¼ M in Sec. VII B.

VIII. STRONG DEFLECTION LIMIT AND
QUASINORMAL MODES

A well-established connection exists between QNM
frequencies and the instability of circular photon orbits
in spherically symmetric spacetimes, particularly in the
eikonal limit [36,37]. The real part of the QNM frequency
corresponds to the angular frequency of the circular photon
orbit Ωc ¼ 1=bc, while the imaginary part is determined by
the Lyapunov exponent λL characterizing the instability of
the orbit

ωQNM ¼ Ωcl − i

�
nþ 1

2

�
λL; ð129Þ

where n is the overtone number and l is the angular
momentum of the perturbation [37]. The Lyapunov exponent
is given by

λL ¼ 1

bc

ffiffiffiffiffiffiffiffiffiffiffi
−
V 00
m

2

r
: ð130Þ

Note that this expression is rewritten using the present
notation, for consistency with our SDL formalism, rather
than the original expression in Ref. [37]. Several studies have
further explored a potential correspondence between QNM
parameters and the SDL coefficient that governs the loga-
rithmic divergence rate [38,39]

λL ¼ 1

bcā
; ð131Þ

which indicates that the Lyapunov exponent appearing in the
QNM frequency expression is proportional to the inverse of
the SDL coefficient ā. Notably, a similar approach has also
been employed on the reflection-symmetric plane of axi-
symmetric spacetimes, where QNM frequencies are com-
puted using equatorial circular photon orbits. These results
suggest a deep geometric link between wave dynamics and
lensing in strong gravity.
Recently, an explicit expression for λL in spherically

symmetric spacetimes has been derived in terms of local
geometric and matter field quantities [35]:

λL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8πR2

mðρm þ ΠmÞ
p

bc
: ð132Þ

Here, ρm and Πm denote energy density and tangential
pressure evaluated at the photon sphere with the areal
radius Rm. This result reveals the relation between the
damping rate of QNMs and the local matter field quantities.
Our results in the present paper extend the formula (132)

to static and axisymmetric spacetimes. Using Eqs. (59) or
(85), we recast λL in the form of Eq. (131) as

λL ¼ Rm

bc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Em
ð2Þð2Þ − Em

ð1Þð1Þ − 4πðTm
ð0Þð0Þ þ Tm

ð3Þð3ÞÞ
q

; ð133Þ

or equivalently,

λL ¼ Rm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2ðΨm

0 þΦm
00Þ

p
bc

: ð134Þ

These expressions are determined by the coordinate-inde-
pendent, local curvature, and matter field quantities evalu-
ated at the unstable circular photon orbit. This indicates that
the damping rate of QNMs is directly linked to the local
geometric and matter field properties at the radius of the
unstable circular photon orbit.
In the following, we test our geometric expression for the

Lyapunov exponent in several static and axisymmetric
spacetimes. For each case, we evaluate the NP scalars at
the circular photon orbit and confirm agreement with the
result obtained from the effective potential. Explicit com-
putations are given in Sec. VII.
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In the case of the Zipoy-Voorhees spacetimes in
Sec. VII A, where Φm

00 ¼ 0, substituting Eqs. (91), (92),
and (98) into the formula (134), we obtain

λL ¼ 1

2mδ

�
4δ2 − 1

4δ2

��
2δ − 1

2δþ 1

�
δ

: ð135Þ

Expanding around δ ¼ 1, we obtain

λL ¼
1

3
ffiffiffi
3

p
m

�
1þ

�
2 log

2

3

�
ðδ− 1ÞþOððδ− 1Þ2Þ

�
; ð136Þ

which agrees with the result obtained in Ref. [50]. The
leading term 1=ð3 ffiffiffi

3
p

mÞ corresponds to the value for the
Schwarzschild case.

In the case of the Reissner-Nordström spacetime in
Sec. VII B, substituting Eqs. (106), (107), and (111) into
the formula (134), we obtain

λL ¼ 1

Rm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
2

3
−

M
Rm

��
1 −

Q2

R2
m

�s
; ð137Þ

which agrees with the result obtained in Ref. [51]. When
Q ¼ M, the expression reduces to λL ¼ 1=ð4 ffiffiffi

2
p

MÞ.
In the case of the Majumdar-Papapetrou dihole space-

times in Sec. VII C, substituting Eqs. (118), (119), (124),
and (126) into the formula (134), we obtain

λL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d4mð4þ 4dm − d2mÞ − 4a2dmð6þ 5dmÞ þ 4a4ð4þ 3dmÞ

p
ð2þ dmÞ3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2m − a2

p ; ð138Þ

which agrees with the result obtained in Ref. [47]. When
a ¼ 0, the expression reduces to λL ¼ 1=ð8 ffiffiffi

2
p Þ.

These consistent results support the validity of the
geometric formula (134) for the Lyapunov exponent in
static and axisymmetric spacetimes.

IX. SUMMARY AND DISCUSSION

We have studied the deflection angle of photons in the
SDL in static and axisymmetric spacetimes with reflection
symmetry across the equatorial plane. Following the
standard method of isolating the logarithmic divergence,
we have introduced a new variable that enabled a coor-
dinate-invariant formulation of the SDL. We have shown
that the two SDL coefficients, which characterize the
logarithmic divergence and its offset, are determined by
the second derivative of the effective potential evaluated at
the unstable photon circular orbit. We further have dem-
onstrated that this second derivative can be expressed in
terms of local curvature and matter field quantities, yielding
a coordinate-invariant expression for these coefficients.
This local curvature consists of two distinct contributions:
the tidal effects associated with the free gravitational field,
described by the electric part of the Weyl tensor, and the
matter-induced curvature, encoded in the Einstein tensor,
representing the influence of matter fields. We have also
recast the SDL coefficients in terms of NP scalars, offering
a geometric perspective aligned with the null structure of
the spacetime. This formulation suggests a promising
framework for interpreting observational data in terms of
fundamental curvature quantities, particularly through
coordinate-invariant combinations of NP Weyl and Ricci
scalars. We have confirmed the consistency of our formu-
lation by applying it to several known spacetimes.

In static and spherically symmetric spacetimes, the SDL
coefficients can be expressed solely in terms of the areal
radius of the photon sphere and the local energy density and
pressure [35]. In contrast, in static and axisymmetric
spacetimes, the deflection angle in the SDL is governed
not only by local matter fields but also by the free
gravitational field encoded in tidal distortions, leading to
a more intricate geometric structure. Nevertheless, the
leading logarithmic divergence of the deflection angle is
still determined entirely by local quantities with clear
geometric meaning at the unstable circular photon orbit.
This ensures that the formulation retains its coordinate-
invariant character.
These results provide a geometrically transparent foun-

dation for connecting theoretical predictions with obser-
vations. By expressing the SDL coefficients entirely in
terms of coordinate-invariant local quantities, the present
formalism establishes a clear link between observable
lensing features and the underlying geometry and matter
distribution near the unstable circular photon orbit. This, in
turn, opens up the possibility of inferring local geometric or
matter-field properties—such as tidal forces, energy den-
sity, and pressure—from precise measurements of strong
gravitational lensing near compact objects. Although the
deflection angle itself is not directly measurable, it deter-
mines the observable quantities such as the image posi-
tions, magnifications, and time delays through the lens
equation (see, e.g., Refs. [5,52]). Therefore, the local
curvature expressions of the SDL coefficients obtained
in this paper can be directly applied to interpret these
measurable lensing features in a coordinate-invariant
manner.
Through the connection between the QNM and SDL, we

have expressed the QNM frequency in terms of local
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curvature and matter field quantities. This formulation
opens up the possibility of probing the local matter and
geometry near the unstable circular photon orbit through
gravitational wave observations. Furthermore, our findings
may shed light on a universal upper bound on chaos in
thermal quantum field theory [53,54], which provides an
inequality between the Lyapunov exponent and the surface
gravity of the horizon, a relation whose generalization to
the photon sphere has recently been discussed [55,56].
At present, it remains challenging to observationally

compare the quantities related to the deflection angle in the
SDL with the QNM frequencies because the typical targets
of these observations are different: observations of black
hole shadows are feasible only for supermassive black
holes, whereas QNM frequencies are detected from merg-
ers of stellar-mass binary black holes. However, if the
gravitational-wave source itself acts as a lens, it would in
principle be possible to observe both phenomena within a
single system. Although such a self-lensing scenario is
beyond the scope of this work, which considers only static
and axisymmetric systems, it would provide a natural
setting in which the geometrical and wave aspects of
strong gravity could be observed simultaneously.
The present formalism provides a practical framework

for extracting physical information—such as energy den-
sity, pressure, and tidal structure—from the deflection
angle near ultracompact objects. Applied to specific mod-
els, it may offer valuable insights into the physics of strong
gravity and serve as a probe of alternative theories of
gravity. A natural extension of this work is to generalize the
formalism to stationary and axisymmetric spacetimes; this
development is already underway and will be presented in a
separate publication.
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APPENDIX A: ANALYSIS OF THE R0
m = 0 CASE

We consider the case R0
m ¼ 0, which, for example, is

encountered in wormhole geometries. Since this condition
implies that W0

m ¼ Wmψ
0
m, combining it with Eq. (11)

yields W0
m ¼ 0. In this case, the coefficients given in

Eqs. (22) and (23) are expanded about ρ0 ¼ ρm as

c1 ¼ −
R00
mV 00

m

Rm
ðρ0 − ρmÞ2 þO

��
ρ0
ρm

− 1

�
3
�
; ðA1Þ

c2 ¼ −2V 00
m þ

�
−
3

2

R000
mV 00

m

R00
m

−
V 000
m

2

�
ðρ0 − ρmÞ

þO

��
ρ0
ρm

− 1

�
2
�
: ðA2Þ

Inverting Eq. (26) allows us to rewrite Eqs. (A1) and (A2)
in terms of ðb=bc − 1Þ as

c1 ¼ 4RmR00
me2ðψm−γmÞ

�
b
bc

− 1

�
þO

��
b
bc

− 1

�
3=2

�
;

ðA3Þ

c2 ¼ −2V 00
m −

eψm−γmRmffiffiffiffiffiffiffiffiffiffi
−V 00

m

p �
3R000

mV 00
m

R00
m

þ V 000
m

2

��
b
bc

− 1

�
1=2

þO

�
b
bc

− 1

�
: ðA4Þ

Using Eqs. (25), (A3), and (A4), we obtain the deflection
angle in the SDL (32), with the corresponding SDL
coefficients given by

ā ¼
ffiffiffiffiffiffiffiffiffiffiffi
−

2

V 00
m

s
; ðA5Þ

b̄ ¼ −ā log
�
ā2

4
RmR00

me2ðψm−γmÞ
�
þ IRðρmÞ − π: ðA6Þ

Note that the coefficient ā is identical to that obtained in the
R0
m ≠ 0 case; consequently, Eqs. (53), (59), and (85) remain

unchanged. On the other hand, b̄ is expressed in terms of
the Einstein tensor as

b̄ ¼ −ā log
�
ā2

16
R2
m½2ðEm

ð2Þð2Þ − Em
ð1Þð1ÞÞ − Gm

ð0Þð0Þ

− Gm
ð3Þð3Þ þ 2Gm

ð2Þð2Þ�
�
þ IRðρmÞ − π; ðA7Þ

in terms of matter field quantities as

b̄ ¼ −ā log
�
ā2

8
R2
m½Em

ð2Þð2Þ − Em
ð1Þð1Þ − 4πðTm

ð0Þð0Þ

þ Tm
ð3Þð3Þ − 2Tm

ð2Þð2ÞÞ�
�
þ IRðρmÞ − π; ðA8Þ

and in terms of the NP scalars as

b̄ ¼ −ā log
�
ā2

8
R2
m

�
−2ðΨm

0 þΦm
00 −Φm

11 þΦm
02Þ −

Rm

4

��
þ IRðρmÞ − π: ðA9Þ

DEFLECTION ANGLE IN THE STRONG DEFLECTION LIMIT … PHYS. REV. D 113, 024036 (2026)

024036-13



APPENDIX B: OUTLINE OF THE DERIVATION
OF V00

m IN TERMS OF CURVATURE
QUANTITIES

In this appendix, we provide a brief outline of how the
coordinate derivatives in Eq. (12) are reorganized into the
curvature quantities appearing in Eq. (51), using the tetrad
components of the Einstein and Weyl tensors. Using the Z2

symmetry conditions (50) on the ζ ¼ 0 plane, the tetrad
components of the Einstein tensor and the Weyl tensor
simplify considerably. In particular, the combination
Gm

ð0Þð0Þ þ Gm
ð3Þð3Þ takes the form

Gm
ð0Þð0Þ þ Gm

ð3Þð3Þ

¼ 2e2ðψm−γmÞ
�
ψm
ρρ þ ψm

ζζ þ
ðWm

ρ Þ2
2W2

m
−
Wm

ρρ þWm
ζζ

2Wm

�
; ðB1Þ

where we have used Eq. (11) to eliminate ψm
ρ . Similarly, the

difference of the tetrad components of the electric part of

the Weyl tensor on the ζ ¼ 0 plane reduces to the following
expression:

Em
ð2Þð2Þ − Em

ð1Þð1Þ

¼ e2ðψm−γmÞ
�
ψm
ζζ − ψm

ρρ −
ðWm

ρ Þ2
2W2

m
þWm

ρρ −Wm
ζζ

2Wm

�
; ðB2Þ

where we have used Eq. (11). Then we have

Em
ð2Þð2Þ − Em

ð1Þð1Þ −
Gm

ð0Þð0Þ þ Gm
ð3Þð3Þ

2

¼ −
e2ðψm−γmÞ

W2
m

½2W2
mψ

m
ρρ þ ðWm

ρ Þ2 −WmWm
ρρ�: ðB3Þ

Substituting this result into Eq. (12) and using the defi-
nition of R in Eq. (3), we immediately obtain V 00

m in the
form of Eq. (51).
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