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We study the evolution of Q-balls under a spontaneously broken global U(1) symmetry. Q-balls are
stabilized by the conservation of U(1) charge, but when the symmetry is spontaneously broken, the
resulting Nambu-Goldstone boson can carry charge away from the Q-ball, potentially leading to charge
leakage. To study this process in a controlled setting, we consider a scenario whereQ-balls first form under
an unbroken U(1) symmetry, which is then spontaneously broken. We introduce two complex scalar fields:
one responsible for forming the Q-ball, and the other for spontaneously breaking the U(1) symmetry,
allowing us to clearly separate the formation and symmetry-breaking phases. Using numerical simulations
in a spherically symmetric system, we find that the evolution ofQ-balls depends sensitively on the structure
of the interaction between the two fields and the magnitude of symmetry breaking. Depending on
parameters, Q-balls can completely decay, evaporate into smaller, stable Q-balls, or transition into
oscillons/I-balls. In particular, we find that stable, localized remnants often survive the evolution over long
timescales, especially when the symmetry-breaking scale is small. These results demonstrate that, even
though spontaneous U(1) breaking can lead to significant energy and charge loss from Q-balls, stable
localized objects with reduced or no charge can frequently survive and potentially contribute to
cosmological relics.
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I. INTRODUCTION

Q-balls [1] are nontopological solitons arising in scalar
field theories with a global U(1) symmetry. They are
stabilized by a conserved U(1) charge and appear as
localized lumps of a complex scalar field, with the charge
carried by the coherent phase rotation of the field.
Classically, Q-balls are stable as long as the underlying
U(1) symmetry is preserved.
However, it is generally believed that any global U(1)

symmetry is explicitly broken, for example, by non-
renormalizable operators suppressed by a high energy scale
such as the Planck scale. This expectation is motivated by
arguments from quantum gravity, which suggest that exact
global symmetries are incompatible with the principles of
black hole physics [2]. Therefore, global U(1) symmetries
observed in nature are, at best, approximate.

Baryon and lepton numbers are typical examples of such
approximate global U(1) symmetries. They are well con-
served at low energies, and can support the formation
and stability of Q-balls. However, they are expected to
be violated at high energies–for instance, through non-
renormalizable operators. In the Affleck-Dine (AD) mecha-
nism [3,4], one of the flat directions in the minimal super-
symmetric standard model (MSSM) carries the baryon
and/or lepton number and receives an explicit U(1)-breaking
A-term in the potential. This A-term gives a kick in the phase
direction, initiating rotation in field space and generating a
net baryon and/or lepton charge. Depending on the potential
shape, the flat direction may experience spatial instabilities
to fragment into Q-balls [5–12]. Since the U(1) breaking
A-term becomes more effective when the field amplitude is
large, its impact is particularly significant whenQ-balls carry
large charge or grow in charge after formation. In such cases,
the A-term could destabilize Q-balls or hinder the growth
of the Q-ball charge [13–16]. The (in)stability of Q-balls
affects, for instance, the viability of Q-ball dark matter
[6,17,18] and the constraint on Q-balls by the observations
of neutron stars [19,20]. Thus, the stability of Q-balls
depends critically on how well the underlying global U(1)
symmetry is preserved.
A different class of global U(1) symmetry appears in the

Peccei-Quinn (PQ) mechanism [21,22], which offers the
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most compelling solution to the strong CP problem. In this
case, the global U(1) PQ symmetry must be of extremely
high quality—that is, any explicit breaking must be highly
suppressed—to ensure the effectiveness of the PQ mecha-
nism. The PQ symmetry is spontaneously broken by
the vacuum expectation value (VEV) of a complex scalar
field Ψ, giving rise to the axion as a (pseudo-)Nambu-
Goldstone (NG) boson [23–25].
This raises a central question: CanQ-balls remain stable

when the global U(1) symmetry is spontaneously broken?
A Q-ball is, by definition, a localized configuration with
finite charge and energy, realized by a coherent phase
rotation of the scalar field within the Q-ball. The field
amplitude vanishes at spatial infinity ensuring that the total
energy remains finite. In this setup, there are no light
degrees of freedom associated with the phase at large
distances. However, if the same complex scalar field also
spontaneously breaks the U(1) symmetry, it must acquire
a nonzero VEV even far from the Q-ball core. In that
regime, the phase direction corresponds to a massless NG
mode and remains dynamical at spatial infinity. In a
single-field setup, this means that the rotational degree
of freedom associated with the Q-ball’s charge at the
core necessarily extends to the region where the field
asymptotes to a nonzero VEV. As a result, any stationary
configuration would require the phase rotation to persist
all the way to spatial infinity, leading to infinite charge
and energy. This suggests that a single complex scalar
field attempting to form a Q-ball while simultaneously
breaking the U(1) symmetry cannot yield a stable,
localized solution in vacuum.
To resolve this tension between a localized Q-ball

solution in vacuum and the spontaneous breaking of
the U(1) symmetry, we consider a scenario where Q-balls
first form under an unbroken U(1) symmetry, which is
then spontaneously broken.1 To this end, we introduce
two complex scalars Φ and Ψ. In the absence of
interactions between them, the system would have a
Uð1ÞΦ × Uð1ÞΨ global symmetry. We introduce an inter-
action term that explicitly breaks one linear combination
of these symmetries, leaving a single global U(1). In our
setup, Φ first begins oscillating and fragments into
Q-balls while the U(1) symmetry is still effectively
unbroken. Subsequently, as the Universe expands, Ψ
develops a nonzero VEV, spontaneously breaking the
remaining U(1). By separating the Q-ball formation and
spontaneous symmetry breaking (SSB) in time, we can
examine how Q-balls evolve once the supporting U(1) is
spontaneously broken.
In this paper, we study the dynamics ofQ-balls under the

spontaneously broken U(1) symmetry. Specifically, we
consider a setup where the field Φ has a mass potential

with a logarithmic correction, enabling the existence of
Q-ball solutions before symmetry breaking. The field Ψ,
on the other hand, has a wine-bottle potential and acquires a
nonzero VEVat low energies, breaking the remaining U(1).
An interaction of the form ∝ Φn1Ψn2 þ H:c: transmits the
effect of U(1) breaking to the dynamics of Φ through the
VEV of Ψ. Although this resembles the A-term in super-
symmetric models, here Ψ is a dynamical field and receives
backreaction from Φ. This backreaction is crucial since the
remaining U(1) symmetry is not explicitly broken, and the
breaking is purely spontaneous. To keep the system
numerically tractable, we mainly focus on renormalizable
interactions, while A-terms in supersymmetry (SUSY)
models are typically higher-dimensional. We perform
spherically symmetric numerical simulations, varying the
powers ðn1; n2Þ and the VEV of Ψ, η. We find a general
trend that larger η makes the Q-ball more unstable.
However, the fate of the unstable Q-ball depends on
ðn1; n2Þ: it can completely decay, shrink into a smaller
remnant, or transform into an oscillon/I-ball [27–29] and
their variants. We also find that stable localized objects with
reduced or vanishing charge often survive the evolution
over long timescales, particularly when the SSB scale η is
relatively small. These remnants may remain in the later
universe, potentially contributing to cosmological relics
such as dark matter. In addition, scalar radiation and
gravitational waves emitted during the Q-ball evolution
may leave observable imprints and serve as cosmological
probes of this scenario.
The rest of this paper is organized as follows. In Sec. II,

we briefly review the Q-ball solution in a single-field
model and explain the two-field model we explore. In
Sec. III, we describe our numerical setup and show the
results. The last section is devoted to the summary of our
results.

II. Q-BALL AND TWO FIELD MODEL

First, we briefly review the Q-ball solution in a global
U(1) theory with one complex scalar field, Φ. We consider
the Lagrangian:

L ¼ j∂μΦj2 − VΦðjΦjÞ: ð1Þ

The total energy and charge are given by

E ¼
Z

dx3ðjΦ̇j2 þ j∇Φj2 þ VΦðjΦjÞÞ; ð2Þ

Q ¼ i
Z

dx3ðΦ̇�Φ −Φ�Φ̇Þ: ð3Þ

The Q-ball solution exists as the lowest energy state for a
fixed U(1) charge when the potential satisfies certain
conditions given later. To obtain the Q-ball solution, we

1See also Note added for the related work [26] that accom-
panies the present paper.
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introduce a Lagrange multiplier, ω, and minimize the
following functional:

Eω ¼ Eþ ω

�
Q − i

Z
dx3ðΦ̇�Φ −Φ�Φ̇Þ

�

¼ ωQþ
Z

dx3ðjΦ̇ − iωΦj2 þ j∇Φj2

þ VΦðjΦjÞ − ω2jΦj2Þ: ð4Þ

The first term in the integral is minimized by

Φðt; xÞ ¼ 1ffiffiffi
2

p ϕðrÞeiωt; ð5Þ

where r ¼ jxj, and we used the fact that the lowest energy
state is spherically symmetric [1]. We can regard ϕðrÞ as a
real function because the complex phase of ϕðrÞ should be
independent of r after the minimization of the gradient
energy. Then, Eω can be rewritten as

Eω¼ωQþ4π

Z
drr2

�
1

2
ð∂rϕÞ2þVϕðϕÞ−

1

2
ω2ϕ2

�
; ð6Þ

where VϕðϕÞ≡ VΦðϕ=
ffiffiffi
2

p Þ. The Euler-Lagrange equation
becomes

d2ϕ
dr2

þ 2

r
dϕ
dr

þ ω2ϕ −
∂VϕðϕÞ
∂ϕ

¼ 0: ð7Þ

We consider the solution to this equation of motion with the
boundary condition

ϕðr → ∞Þ ¼ 0; ∂rϕð0Þ ¼ 0: ð8Þ

This problem can be mapped to the dynamics of a
homogeneous scalar field in an expanding universe by
interpreting r as cosmic time. In this analogy, the potential
for the scalar field is given by

UðϕÞ≡ 1

2
ω2ϕ2 − VϕðϕÞ: ð9Þ

The equation of motion admits solutions satisfying the
boundary conditions (8) if

min

�
2VϕðϕÞ

ϕ2

�
< ω2 <

∂
2VϕðϕÞ
∂ϕ2

����
ϕ¼0

: ð10Þ

An example of the potential satisfying this condition is

VΦðjΦjÞ ¼ m2

�
1 − K log

jΦj2
Φ2

c

�
jΦj2; ð11Þ

where m is the mass of Φ at the scale of Φc, and K is a
real, positive, dimensionless constant. This type of
potential arises in gravity-mediated SUSY breaking
scenarios within the MSSM [7,8]. Then, the equation
of motion becomes

d2ϕ
dr2

þ2

r
dϕ
dr

þω2ϕ−m2

�
1−K−K log

ϕ2

2Φ2
c

�
ϕ¼0: ð12Þ

It is known that the solution ϕðrÞ can be given by a
Gaussian ansatz [7]:

ϕðrÞ ¼ ϕce−r
2=R2

; ð13Þ

where ϕc is the value of ϕðrÞ at r ¼ 0, and R is the radial
scale of the Q-ball solution. By substituting the ansatz
into the equation of motion, we obtain

4r2

R4
−

6

R2
þ ω2 −m2

�
1 − K þ 2K

r2

R2
− K log

ϕ2
c

2Φ2
c

�
¼ 0:

ð14Þ

Taking ϕc ¼
ffiffiffi
2

p
Φc, we obtain

R ¼
ffiffiffiffi
2

K

r
1

m
; ω ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2K
p

m: ð15Þ

Note that this solution does not exist when K is negative.
To incorporate the SSB of the U(1) symmetry, we

introduce another complex scalar field, Ψ, which has a
nonzero VEVat low energies. Specifically, we consider the
following Lagrangian:

L ¼ j∂μΦj2 þ j∂μΨj2 − VðΦ;ΨÞ; ð16Þ

with the potential VðΦ;ΨÞ given by

VðΦ;ΨÞ ¼ m2

�
1 − K log

jΦj2
Φ2

c

�
jΦj2 þ λ

4
ðjΨj2 − η2Þ2

− ðκΦn1Ψn2 þ H:c:Þ: ð17Þ

Here, η is the VEVof jΨj, n1, and n2 are positive integers,
and λ and κ are real positive constants. Although κ can be
complex in general, it can be made real by redefining the
phase of Φ or Ψ.
In the following, we investigate the Q-ball dynamics in

the presence of the coupling between Φ and Ψ, which
explicitly breaks one linear combination of two U(1)
symmetries associated with Φ and Ψ. The orthogonal
combination of the U(1) symmetries remains unbroken,
and it can be identified with the PQ symmetry. Under the
remaining U(1) symmetry, we assign charges n2 and −n1
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to Φ and Ψ, respectively.2 Although the nonzero VEV at
low energies, jΨj ¼ η, spontaneously breaks the remaining
U(1) symmetry, the symmetry can be restored at high
temperatures where Ψ is stabilized at zero. In this case,
Q-balls of Φ can form and remain stable, as in single-field
models.
On the other hand, once Ψ develops a nonzero VEV, the

remaining U(1) symmetry is spontaneously broken, and it
becomes nontrivial whether the Q-ball can remain stable.
Suppose thatΦ still constitutes aQ-ball even after the SSB.
Inside the Q-ball, the direction ∝ −n2θΦ þ n1θΨ remains
massless, corresponding to the NG mode, and the orthogo-
nal direction becomes massive due to the κ term. Here, θΦ
and θΨ denote the complex phases ofΦ andΨ, respectively.
Although this massless NG mode exists, it cannot undergo
stationary rotation inside the Q-ball for the following
reason. Let us first assume that the Q-ball rotates only
in the massless direction, keeping the massive combination
static. This implies a time evolution of θΨ. However,
outside the Q-ball, Ψ has a nonzero VEV throughout
space, and both its temporal and spatial derivatives must be
suppressed as r → ∞ to ensure finite charge and energy.
As a result, the rotation of θΨ inside the Q-ball cannot be
coherent with the exterior, and the phase motion would
propagate outward and carry away the conserved charge
from the Q-ball. Thus, for theQ-ball to remain a stable and
localized object, only θΦ can rotate, as in ordinary Q-balls,
even though it is no longer a massless degree of freedom
due to the κ term. As a result, the trajectory of Φ in the
complex plane becomes perturbed,3 and Ψ also acquires
time dependence inside the Q-ball. If the effect of the
interaction term is sufficiently small, these perturbations
remain mild, and the Q-ball may remain approximately
stable. On the other hand, a sizable interaction destabilizes
the Q-ball. As we will see in the next section, the fate of
such unstable Q-balls depends on quantitative parameters
such as the magnitude and the powers of the interac-
tion term.

III. NUMERICAL RESULTS

To investigate the fate of a Q-ball, we numerically solve
the equations of motion for the complex scalar fields.
To make the system numerically tractable, we consider
spherically symmetric configurations, Φ ¼ Φðt; rÞ and
Ψ ¼ Ψðt; rÞ. In our numerical simulations, we use dimen-
sionless variables defined by

t̃≡mt; r̃≡mr; Φ̃≡ Φ
Φc

; Ψ̃≡ Ψ
Φc

: ð18Þ

Using these variables, we define the dimensionless poten-
tial as

ṼðΦ̃; Ψ̃Þ≡ VðΦ;ΨÞ
m2Φ2

c

¼ ½1 − K log ðjΦ̃j2 þ ϵÞ�jΦ̃j2 þ λ̃

4
ðjΨ̃j2 − η̃2Þ2

þ ðκ̃Φ̃n1Ψ̃n2 þ H:c:Þ; ð19Þ
with

λ̃≡Φ2
c

m2
λ; κ̃≡Φn1þn2−2

c

m2
κ; η̃≡ η

Φc
: ð20Þ

Here, we introduce a small constant 0 < ϵ ≪ 1 to regu-
larize the potential near jΦ̃j → 0 in the numerical simu-
lations. Then, the equations of motion become

̈Φ̃ −
�
∂
2

∂r̃2
þ 2

r̃
∂

∂r̃

�
Φ̃þ ∂ṼðΦ̃; Ψ̃Þ

∂Φ̃� ¼ 0;

̈Ψ̃ −
�
∂
2

∂r̃2
þ 2

r̃
∂

∂r̃

�
Ψ̃þ ∂ṼðΦ̃; Ψ̃Þ

∂Ψ̃� ¼ 0; ð21Þ

where the dots denote the derivatives with respect to t̃. In
the following, we omit the tildes for notational simplicity.
We now aim to simulate the evolution of the Q-ball

during and after the SSB. In a realistic cosmological
setting, the Φ field begins to oscillate and form Q-balls,
after which the Ψ field develops a VEVand spontaneously
breaks the U(1) symmetry. However, in this case, the
dynamics of Ψ becomes highly nontrivial, making it
difficult to investigate how the spontaneous breaking of
U(1) symmetry affects the time evolution of Q-balls due to
the interaction between Q-balls and the Ψ field excitations.
Therefore, we initialize the Ψ field with a constant expect-
ation value from the beginning and gradually turn on the
interaction between Φ and Ψ, in order to focus on the
effects of the U(1) symmetry breaking on Q-balls. To this
end, we introduce a time-dependent coupling while keep-
ing the potential forΨ fixed. Specifically, we replace κ with
a time-dependent coupling κt given by

κtðtÞ ¼
κ

2

�
1þ tanh

t − tc
Δt

�
; ð22Þ

which smoothly increases from κt ≃ 0 for t ≪ tc to κt ≃ κ
for t ≫ tc. In the following, we set tc ¼ 150 and Δt ¼ 10π.
With this choice, the interaction is negligibly small at the
initial time, t ¼ ti ¼ 0. Therefore, we adopt the Q-ball
solution in a single-field model as the initial condition:

Φðti; rÞ ¼ e−r
2=R2

; Φ̇ðti; rÞ ¼ iωe−r
2=R2

;

Ψðti; rÞ ¼ η; Ψ̇ðti; rÞ ¼ 0: ð23Þ

2The charges could be divided by the common divisors of n1
and n2.3The perturbed trajectory resembles that in the presence of the
explicit U(1) breaking [13,16,30].
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As for the boundary condition, we use the Neumann
boundary condition at the inner boundary, r ¼ 0, and the
absorbing boundary condition [31] at the outer boundary,
r ¼ rmax:

∂rΦjr¼0 ¼ ∂rΨjr¼0 ¼ 0;�
∂rΦ̇þ Φ̇

r
þ 1

2

∂V
∂Φ

�
r¼rmax

¼
�
∂rΨ̇þ Ψ̇

r
þ 1

2

∂V
∂Ψ

�
r¼rmax

¼ 0:

ð24Þ

To quantify the field evolution, we define the U(1)
charges associated with Φ and Ψ as

QΦ≡4π

Z
rint

0

drr2qΦ≡4π

Z
rint

0

drr2iðΦ̇�Φ−Φ�Φ̇Þ; ð25Þ

QΨ≡4π

Z
rint

0

drr2qΨ≡4π

Z
rint

0

drr2iðΨ̇�Ψ−Ψ�Ψ̇Þ; ð26Þ

where the upper limit of the integration, r ¼ rint, is chosen
appropriately in each case to evaluate the contribution
from the Q-ball configuration while eliminating that from
outgoing waves. With the κ term, the combination of
Qcon ≡ n2QΦ − n1QΨ becomes the conserved charge, cor-
responding to the unbroken U(1) symmetry. In addition,
we evaluate the total energy, defined as

E≡ 4π

Z
rint

0

drr2ρ; ð27Þ

where the energy density ρ is given by

ρ≡ jΦ̇j2 þ j∂rΦj2 þ jΨ̇j2 þ j∂rΨj2 þ VðΦ;ΨÞ: ð28Þ

In the following, we show the numerical results classi-
fying the cases as ðn1; n2Þ ¼ ð1; 3Þ, (2, 2), and (3, 1). While
we vary n1, n2, and η, we fix

K ¼ 0.05; λ ¼ 1; κ ¼ 0.1: ð29Þ

In this case, the initial configuration contains the energy
and charge of

Eini ≃ 1121; QΦ;ini ≃ 1045; QΨ;ini ¼ 0: ð30Þ

When we adopt larger values of n1, such as
ðn1; n2Þ ¼ ð4; 1Þ, we find that it becomes difficult to
observe the effects of the SSB unless we extend our setup
by introducing a term that stabilizes the potential. This is
because the potential becomes unbounded from below due
to the κ term. Once we fix Ψ ¼ η, the effective potential for
Φ becomes shallow and unstable for large jΦj, particularly
along the direction where Φn1 is real and negative. This
instability becomes more pronounced for larger values
of n1. As a result, our analysis would be restricted to very

FIG. 1. Time evolutions of QΦ (top left), E (top right), Qcon=n2 (bottom left), and n1QΨ=n2 (bottom right) for ðn1; n2Þ ¼ ð1; 3Þ and
different values of η. For large η, the Q-ball decays, releasing its charge, while for small η, it remains as a remnant with slightly reduced
charge after emitting part of its charge.
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small values of η, which makes it difficult to probe the
effects of the κ term for n1 ≥ 4).

A. ðn1; n2Þ= ð1;3Þ
First, we consider the case with ðn1; n2Þ ¼ ð1; 3Þ. In this

case, the potential minimum deviates from ðjΦj; jΨjÞ ¼
ð0; ηÞ, and the potential value at the minimum, Vmin,
becomes negative. To evaluate the excitation energy due
to the initial Q-ball and its subsequent evolution, we
subtract Vmin from ρ:

E≡ 4π

Z
rint

0

drr2ðρ − VminÞ; ð31Þ

where we adopt rint ¼ 3R ≃ 19, which is large enough to
include the contribution from the localized condensate.
In Fig. 1, we show the time evolution of QΦ, E, Qcon,

and QΨ for different values of η. Here, Qcon and QΨ
are normalized according to the relation QΦ ¼ Qcon=n2 þ
n1QΨ=n2, and Qcon corresponds to the charge of the
remaining U(1) symmetry. While both the charge and

energy remain constant for η ≤ 0.2, they decrease for larger
η, and the Q-ball relaxes to a smaller, stable configuration.
For η ¼ 0.8, the Q-ball completely decays, leaving no
remnant. These results indicate that a Q-ball can survive in
the presence of the spontaneous breaking of U(1) sym-
metry, as long as its effect is not too large. Although QΦ
rapidly oscillates for some η, the behavior of Qcon is more
stable due to the underlying U(1) symmetry. Note that the
charge and energy at the final time do not exhibit a
monotonic dependence on η. In particular, the remaining
charge and energy are larger for η ¼ 0.6 compared to the
case with η ¼ 0.5.
To clarify what remains at late times, we show the field

configurations at t ¼ 5000 and the field trajectories at
r ¼ 0 for t ∼ 5000 in Fig. 2. Here, we consider cases with
η ¼ 0.5 and 0.6. While the spatial profiles of jΦj exhibit
similar shapes for both values of η, jΨj is more perturbed
for η ¼ 0.6. This tendency is also evident in the field
trajectory. From this difference, we expect that the signifi-
cantly large QΦ observed at η ¼ 0.6 in Fig. 1 is due to the
interplay of Φ and Ψ fields such as synchronized

FIG. 2. Field configurations and trajectories well after the κ term is turned on for ðn1; n2Þ ¼ ð1; 3Þ. We adopt η ¼ 0.5 for the top row
and η ¼ 0.6 for the bottom row. Left: spatial configuration of jΦj and jΨj at t ¼ 5000. Right: trajectory of Φ and Ψ at the origin for
4990 ≤ t ≤ 5000. The trajectories are shown in lighter colors for earlier times.
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oscillations. We also consider a situation where jΨj is fixed
to η due to large λ. We find that the energy at the final time
monotonically depends on η, supporting the above inter-
pretation. See Fig. 8 in the Appendix for details.

B. ðn1; n2Þ= ð2;2Þ
Next, we consider the case with ðn1; n2Þ ¼ ð2; 2Þ.

In Fig. 3, we show the time evolution of the charges
and energy with rint ¼ 3R. We can see that QΦ and Qcon

decrease for any η and completely vanish within the
simulation time for large ηð≥ 0.3Þ. On the other hand,
the energy density remains nonzero and becomes almost

constant at late times. These results indicate that the Q-ball
effectively releases the charge and transforms into a
compact object with a negligibly small charge.
We show the field configuration and the field trajectories

at r ¼ 0 for η ¼ 0.5 in Fig. 4. Both Φ and Ψ are excited
near the center, and their trajectories are aligned with the
imaginary and real axes, respectively. When focusing on
the behavior of Φ, this structure can be interpreted as an
oscillon/I-ball [27–29], which often arises in real scalar
field theories. The appearance of an oscillon can be
understood as follows. If we assume Ψ to be fixed at η,
the κ term results in a trough along the imaginary axis of Φ
for κ > 0. Due to the existence of this trough, Φ comes to

FIG. 3. Same as Fig. 1 except for ðn1; n2Þ ¼ ð2; 2Þ. Although the charge efficiently escapes from the Q-ball, the energy remains
confined in the form of oscillons/I-balls.

FIG. 4. Same as Fig. 2 except for ðn1; n2Þ ¼ ð2; 2Þ and η ¼ 0.5. After the charge has leaked out, ΦðΨÞ oscillates along a single
direction inside the oscillon.
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oscillate along the imaginary axis after κ is turned on.
Since the potential for Φ with a logarithmic correction
admits an oscillon solution [29], the Q-ball finally
becomes an oscillon. Since Ψ is dynamical, it receives
backreaction from Φ through the κ term and oscillates in a
similar manner.
Indeed, the time evolution of the energy exhibits a step-

like behavior for η ¼ 0.7 and 0.8, which is a characteristic
feature of oscillons. UnlikeQ-balls, oscillons do not carry a
conserved charge associated with a global symmetry. Their
longevity instead relies on the approximate conservation of
the adiabatic invariant [29,32]. Then, it gradually decays
radiating high-frequency waves of the scalar field. Its decay
rate depends on the powers of the radiation modes, which
oscillate depending on the oscillon mass. When the power
of the primary radiating mode vanishes, an oscillon decays
only via higher-frequency modes, resulting in a long-lived
state. Once the oscillon mass decreases enough and the
decay by the primary mode becomes efficient again, the
oscillon rapidly decays to the next long-lived state. See,
e.g., Refs. [33–36] for more detailed discussions.

C. ðn1; n2Þ= ð3;1Þ
Finally, we consider the case with ðn1; n2Þ ¼ ð3; 1Þ. We

show the time evolution of the charges and energy in Fig. 5.
Here, we adopt rint ¼ 15R ≃ 95. If we chose much smaller
rint, QΦ, and E would not monotonically decrease since the
structure of Φ spreads out of the integration range (see the
left panel of Fig. 6). For all η shown there, QΦ is perturbed
for t≳ tc and decays after some oscillations. Note thatQcon

remains almost constant for t≲ 1000 while QΦ oscillates.
Although QΦ and E start to decrease at similar times for
any η, they decrease more rapidly for larger η. Note thatQΨ
significantly oscillates once the Q-ball starts to decay. This
comes from the outgoing waves of the phase component of
Ψ. Although free-propagating waves decrease its amplitude
as ∝ r−1,Ψ itself is almost constant outside theQ-ball. As a
result, the outgoing waves contribute to qΨ as r−1 [see
Eq. (26)], and the integrated charge QΨ grows as ∝ rint.
Since we now take a relatively large value of rint, the
oscillations in QΨ and Qcon become more evident.
We show the field configuration and the field trajectories

at r ¼ 0 for η ¼ 0.5 in Fig. 6. While Φ concentrates near
the center, its shape is perturbed compared with the initial
Gaussian configuration, and the trajectory significantly
deviates from a circle. Ψ is also perturbed near the center
with smaller amplitudes. As shown in Fig. 5, QΦ becomes
much smaller than its initial value at t ¼ 5000, while E
remains about half of its initial value. This suppression
of QΦ results from cancellation between different radial
regions. In Fig. 6, for example, Φ has a negative charge
density for r≲ 20 and a positive charge density for
20≲ r≲ 40.4

Note that QΦ finally approaches a certain negative value
for, e.g., η ¼ 0.8 although QΦ;ini is positive. To see if this
relies on the specific initial condition, we also simulate the
field dynamics for different initial conditions changing

FIG. 5. Same as Fig. 1 except for ðn1; n2Þ ¼ ð3; 1Þ. Both the charge and energy decrease significantly, but for large η, the charge
appears to asymptote to a negative value.

4Such a counter-rotating region is also observed in a different
setup with a spontaneously broken U(1) symmetry [37].
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the initial phase and the charge sign. Specifically, we set the
initial conditions for Φ as

Φðti;rÞ¼e−r
2=R2þiθ; Φ̇ðti;rÞ¼�iωe−r

2=R2þiθ; ð32Þ

while using the same initial conditions as Eq. (23) for Ψ.
The plus and minus signs of Φ̇ correspond to the positive
and negative initial charge of the Q-ball, respectively.
Considering ðn1;n2Þ¼ð3;1Þ, we can identify θ∼θþ2π=3
by the redefinition of the complex phase ofΦ. We show the
time evolution of the charge for different values of θ with
the positive and negative charge of the Q-ball in Fig. 7. We
find that, while the intermediate evolution depends on the
initial conditions, the charge finally converges to a certain
value. This implies that there is an attractor configuration
with a negative charge.

IV. SUMMARY

In this paper, we have investigated the evolution of
Q-balls in the presence of spontaneous breaking of a global
U(1) symmetry. The stability of Q-balls relies on the
conservation of global U(1) charge, but when the symmetry
is spontaneously broken, a massless NG boson emerges
and provides a channel through which the charge can

escape. This process may significantly affect the long-term
behavior of Q-balls and their role in cosmology. To
examine the effects of this symmetry breaking, we studied
a system of two complex scalar fields, Φ and Ψ: the Φ field
is responsible for forming the Q-ball and the Ψ field
develops a VEV that spontaneously breaks the U(1)
symmetry. This setup allows us to isolate the impact of
SSB onQ-ball evolution in a simple and controlled manner.
Specifically, we considered the interaction of Φn1Ψn2 þ

H:c: with ðn1; n2Þ ¼ ð1; 3Þ, (2, 2), and (3, 1). In all cases,
we observed that the Q-ball loses its charge and energy
more significantly for larger values of the VEVofΨ. On the
other hand, for relatively small η, stable and localized
objects often survived the evolution. The final configura-
tion after the evolution, however, is qualitatively different
for different choices of ðn1; n2Þ.
In the case of ðn1; n2Þ ¼ ð1; 3Þ, the Q-ball relaxes into a

smaller Q-ball. The charge of the remaining Q-ball does
not exhibit a monotonic dependence on η, which may come
from the synchronized oscillation ofΦ andΨ. In the case of
ðn1; n2Þ ¼ ð2; 2Þ, the Q-ball is deformed into an oscillon/
I-ball. In the case of ðn1; n2Þ ¼ ð3; 1Þ, the Q-ball decays
at a certain time after the interaction term is turned on.
While the charge decreases rapidly, the energy decreases
more gradually. Interestingly, the final charge approaches a

FIG. 7. Time evolutions ofQΦ for ðn1; n2Þ ¼ ð3; 1Þ and different values of θ with the positive (left) and negative (right) initial charges
of the Q-ball.

FIG. 6. Same as Fig. 2 except for ðn1; n2Þ ¼ ð3; 1Þ.
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specific value regardless of the initial phase of the Q-ball.
This may suggest the existence of an attractor solution.
In these results, both Φ and Ψ are dynamically perturbed

due to their mutual interaction; i.e., the backreaction
between the two fields modifies their trajectories and field
values compared to the cases where Φ forms a Q-ball in
isolation or Ψ acquires a constant VEV independently. To
clarify the importance of the dynamical degrees of freedom
of Ψ, we also consider a setup in which the radial
component of Ψ is effectively frozen by fixing jΨj ¼ η,
so that only the phase degree of freedom remains. As a
result, we find that the evolution of Q-balls is altered in the
absence of the radial dynamics of Ψ, although certain
qualitative features remain similar for the same choice of
ðn1; n2Þ. In particular, the charge dissipation still occurs,
indicating that the presence of a massless NG mode outside
the Q-ball–arising from the spontaneous breaking of the
global U(1) symmetry–is the key factor governing the
Q-ball decay. The detailed results of this analysis are
presented in the Appendix.
The purpose of this work is to show the variety of the

evolution of a Q-ball in a system with the spontaneously
broken U(1) and to establish a basis for further research
on their cosmological implications. However, we briefly
mention possible cosmological implications. In our analy-
sis, we have assumed Q-balls as initial conditions without
any explicit or spontaneous breaking of the associated
global U(1) symmetry. Nevertheless, our results can be
applied to Q-balls formed via the AD mechanism where
the U(1) symmetry is explicitly broken by the so-called
A-terms. This is because A-terms typically originate from
higher-dimensional operators suppressed by a high-energy
scale, and their effects become negligibly small once the
field amplitude decreases in the expanding universe. By the
time Q-balls form, the effect of the A-term has typically
become negligible, as it affects the dynamics only near the
onset of oscillations of the corresponding flat direction.
Furthermore, even in the absence of U(1) charge asym-
metry, the oscillating scalar field is known to evolve into
Q-balls with both positive and negative charges [38,39].
One can also consider a scenario involving multiple flat
directions, whereQ-balls are formed from the oscillation of
one flat direction, and at a later stage, another flat direction
develops a nonzero VEV. This leads to spontaneous U(1)
symmetry breaking, which can give rise to the types of
effects discussed in this work. Thus, we can discuss the
cosmological implications of our findings for a broad range
of Q-ball formation mechanisms. For instance, when
Q-balls decay or deform to smaller Q-balls or oscillons,
their charge and energy are radiated to the Universe. While
these radiations can modify the thermal history of the
Universe or affect cosmological observables such as big
bang nucleosynthesis, cosmic microwave background, and
large-scale structure, the remaining objects can serve as
dark matter. In addition, gravitational waves can be emitted

at that time although it requires deviation from spherical
symmetry in the evolution of Q-balls. Further investigation
in these directions is left for future studies.
Finally, we comment on possible extensions of our

analysis. First, our analysis assumes spherical symmetry
of the system and adopts the ideal Q-ball configuration as
the initial condition. To study more realistic evolution
including the Q-ball formation, we need to conduct three-
dimensional lattice simulations. Second, we studied the
renormalizable interaction terms and found the various
results for different powers. We can also study higher-order
operators, including the U(1) conserving and breaking
ones, which are well-studied in the context of supersym-
metric models.
Third, in our analysis, the spontaneous breaking of the

remaining U(1) symmetry by Ψ influences the dynamics of
Φ through the interaction term (the κ term), modifying the
potential structure. One can also consider more drastic
effects where the VEVofΨ significantly alters the potential
of Φ. For instance, if the potential for Φ becomes steeper
than a quadratic potential for all phases of Φ, neither
Q-balls nor oscillons are expected to survive. Also, there
may be cases where the VEVof Ψ induces a nonzero VEV
for Φ. In fact, we have observed such behavior in the case
of ðn1; n2Þ ¼ ð1; 3Þ. A more extreme example is an
interaction like jΦj2jΨj2, which can destabilize the origin
of Φ. Another possible extension of the present work is to
explore different forms of the potential for Φ. While we
have adopted a mass term with a negative logarithmic
correction,Q-ball solutions are known to exist for a broader
class of potentials that are flatter than the quadratic one.
In such cases, it is nontrivial whether oscillons remain
stable after the spontaneous breaking of the U(1) symmetry,
since their longevity is due to the adiabatic invariant which
is specific to the quadratic potential [29]. Understanding
how robust Q-balls are in such cases is crucial for studying
their cosmological evolution. We leave these issues for
future work.

Note added. Recently, we became aware that another group
was independently investigating a related subject [26].
After discussing with them, we agreed to coordinate and
submit our papers on the same day.We appreciate the helpful
interaction. While our study focuses on a two-field setup,
Ref. [26] considers a single-field model with spontaneous
U(1) symmetry breaking, in a different context.
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APPENDIX: HEAVY LIMIT OF jΨj
To clarify the effect of the degree of freedom of Ψ,

we investigate the case where the radial component
of Ψ is effectively fixed to jΨj ¼ η by taking extremely
large λ ¼ 104.

We show the results for ðn1; n2Þ ¼ ð1; 3Þ in Fig. 8.
Compared with the results in the main text, the initial
Q-ball is stable for larger η, and QΦ shows oscillations for
large η. While QΦ exhibits small and rapid oscillations on
large and slow ones, Qcon exhibits only the slow oscil-
lations. In contrast to the results in the main text, the final
energy and charge monotonically depend on η, which
implies that the nonmonotonic dependence shown in
Fig. 1 relies on the radial component of Ψ.
We show the results for ðn1; n2Þ ¼ ð2; 2Þ in Fig. 9. While

the existence of stable configurations with small or vanish-
ing charges is common with the results in the main text, the
decrease in the charge and energy is milder.
We show the results for ðn1; n2Þ ¼ ð3; 1Þ in Fig. 10.

Compared with the results in the main text, theQ-balls start
to decay later. In addition, the decrease in the charge and
energy is milder and has the opposite dependence on η.

FIG. 9. Same as the upper panels in Fig. 3 except for fixing jΨj ¼ η.

FIG. 8. Same as the upper panels in Fig. 1 except for fixing jΨj ¼ η.
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