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We present the first rainbow-ladder Dyson-Schwinger equations study of the pion’s chiral-odd, twist-3
parton distribution eqðxÞ. By deriving a novel Dyson–Schwinger equation for the pion’s quark–quark
correlation matrix, we simultaneously extract from it both the unpolarized twist-2 parton distribution function
fqðxÞ and the twist-3 distribution eqðxÞ. Our results show that chiral symmetry strongly suppresses the twist-2
component of eqðxÞ, leaving the genuine twist-3 quark-gluon component dominant and featuring a node. We
therefore argue that the genuine twist-3 term can make a substantial contribution to hadronic eðxÞ, producing
a nonmonotonic structure that is a clear imprint of intrinsic quark-gluon correlations. We point out that the
existence of a humplike feature is compatible with, although not uniquely indicated by, recent proton
extractions and awaits more precise determination.
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Introduction. Parton distribution functions (PDFs) encode
the nonperturbative quark and gluon structure of hadrons
and are probed in high-energy inclusive and semi-inclu-
sive scattering processes. They comprise a variety of
unpolarized and polarized distributions, with or without
transverse-momentum dependence, and appear at different
orders in the 1=Q expansion, where Q is the hard scale of
the process. Leading contributions scale as 1=Q0 and
originate from twist-2 QCD operators, while power-sup-
pressed corrections (1=Q; 1=Q2, etc.) arise from operators
of higher twist. The unpolarized quark and gluon PDFs,
fðxÞ and gðxÞ, are twist-2 and have a clear single-particle
probabilistic interpretation. In contrast, higher-twist distri-
butions involve multiparton correlations, offering deeper
insight into hadron structure but posing greater theoretical
challenges [1,2]. Upcoming measurements, including those
at the planned electron-ion collider, are expected to shed
new light on these higher-twist effects [3,4]. Herein we
study the chiral-odd twist-3 unpolarized distribution eqðxÞ
of the pion, aiming to illuminate the structure of twist-3

distributions in general. Possible extension to the nucleon
eqðxÞ distribution is considered, for which preliminary data
are already available.

The twist-3 PDF eqðxÞ. The unpolarized twist-3 PDF eqðxÞ
for quark flavor q in hadron h, in Minkowski metric, is
defined as [1,5]

eqðxÞ ¼
P · n
Mh

Z
dλ
4π

eixP·nλhPjψ̄qð0ÞI4W½0; λn�ψqðλnÞjPi;

ð1Þ

whereW½0; λn� is the Wilson line gauge link. This Lorentz
invariant form is facilitated by the light cone basis vector n,
which in the target rest frame is n ¼ ð1;−1; 0⃗Þ, and thus
a · n ¼ aþ ¼ a0 þ a3 [1,5]. This twist-3 PDF encodes
novel features that are absent in twist-2 PDFs such as
the unpolarized quark PDF fqðxÞ. The latter is given by
replacing the unit matrix I4 by γ · n and removing the
prefactor P · n=Mh. To separate the genuine twist-3 and
twist-2 components of Eq. (1), an expansion of the nonlocal
quark field current operator about its local limit (λ ¼ 0) has
been explored [2,6] through use of the QCD equation of
motion for the quark field. This leads to the gauge invariant
decomposition [2,6]

eqðxÞ ¼
hhjψ̄qð0Þψqð0Þjhi

2Mh
δðxÞ þ emass

q ðxÞ þ etw3q ðxÞ; ð2Þ
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in which the pure quark term emass
q ðxÞ is twist-2, while

etw3q ðxÞ is generated from quark–gluon correlations and is
genuinely twist-3. Some exact features of the three terms
have been derived [2] in terms of their Mellin moments
hxmie ¼

R
dxxmeðxÞ, which produce

m ¼ 0 ⇒ hx0ieq ¼
σq
mq

; hx0iemass
q

¼ hx0ietw3q
¼ 0; ð3Þ

and

m ¼ 1 ⇒ hxieq ¼ hxiemass
q

¼ mq

Mh
; hxietw3q

¼ 0; ð4Þ

and

m ≥ 2 ⇒ hxmiemass
q

¼ mq

Mh
hxm−1ifq ; hxmietw3q

≠ 0: ð5Þ

It is important to note that the mq in the above exact results
is the current quark mass. We use σq to denote the quark
flavor q contribution to the hadron sigma term: σu þ σd
gives σπN for the nucleon, and σπ for the πþ.
Note that although the above is consistent with all moments

of xemassq ðxÞ ¼ mq

Mh
fqðxÞ, the expression mq

Mh
fqðxÞ=x does not

accurately account for emass
q ðxÞ itself, especially at small x,

since Eq. (3) would not be satisfied. The low moment
properties for the distribution xeqðxÞ [2] offer a strong hint
at dominant features for light quarks: the xemass

q ðxÞ term
should be a minor contribution due to the relatively small
current quark mass; the remaining xetw3q ðxÞ term integrates
to zero, hence it likely changes sign with at least one node,
assuming valence-quark dominance over antiquarks. These
features are therefore expected to hold for the physical
pion, a conclusion supported by our numerical results
presented below.
The topic of how to separate the three contributions of

Eq. (2) has attracted extensive discussion in theoretical
analyses [7–9] and nonperturbative models [10–12].
Unfortunately, lattice QCD has not yet constrained
etw3q ðxÞ [8], and existing nucleon extractions of the total
eqðxÞ from data carry large uncertainties [13,14]. In this work
we calculate the Mellin moments of the entire eqðxÞ of the
pion using a nonperturbative framework based on the rain-
bow-ladder truncation of the Dyson-Schwinger equations of
QCD [15–17]. We use this the rainbow-ladder truncation of
the Dyson-Schwinger equations (DSE-RL) approach to
obtain the moments of the twist-2 term xemassq ðxÞ and then
identify the remaining genuine twist-3 term xetw3q ðxÞ. The
calculation is performed in Euclidean space, where the
formulation in terms of integral equations enables an
effective resummation of infinite classes of diagrams for
two- and three-point functions. The DSE-RL framework
offers several key advantages for studying eðxÞ: (i) it retains

explicit gluon degrees of freedom, (ii) it generates dynami-
cal quark mass functions from current quark masses, and
(iii) it preserves chiral symmetry, which could strongly
influence xemass

q ðxÞ and thus the deduced xetw3q ðxÞ.

Pion’s quark-quark correlation matrix and rainbow-ladder
DSE approach. To facilitate a numerical momentum space
DSE-RL treatment of several different types of PDF for a
hadron we omit the gauge link and recast Eq. (1) into the
equivalent two-step form [18,19]

Φijðk; PÞ ¼
Z

d4ξ eikη·ξhPjψ̄ jð0Þψ iðξÞjPi; ð6Þ

followed by

FðxÞ ¼ 1

2

Z
d4k
ð2πÞ4 δðkη · n − xP · nÞTr½Φðk; PÞΓF�: ð7Þ

Here Φijðk; PÞ is the quark-quark correlator matrix for the
hadron and FðxÞ is the PDF associated with the choice of
Dirac matrix ΓF. The PDFs fqðxÞ and eqðxÞ follow from
Φijðk; PÞ with use of ΓF ¼ =n and ΓF ¼ I4 P·n

Mπ
, respectively.

Note we have chosen kη ≡ kþ ηP as the momentum of the
struck quark parton.
The rainbow-ladder truncation preserves the chiral sym-

metry of QCD and facilitates the associated consequences
such as its dynamical breaking to generate constituent quark
mass functions. It also implements color singlet vector
current conservation and the partial conservation of the
color singlet axial vector current. The DSE-RL approach
to QCD consists of truncated equations of motion (EOMs)
for generalized Green functions hΩjÔðψ ; ψ̄ ; AÞjΩi [15,20].
An overview of the QCD content appropriate to the present
task is illustrated in Fig. 1. There row 1 displays the dressed
quark propagator S ¼ hΩjT̂fψðxÞψ̄ðyÞgjΩi as given by the
rainbow-ladder integral equation. Row 2 displays the integral
equation for the Bethe-Salpeter (BS) bound state amputated
vertex hΩjT̂fψðxÞψ̄ðyÞgjPi for the pion. The four-point
function representing the amputated pion quark-quark cor-
relation matrix ΓΦ is depicted in row 3. The unamputated
version Φ, defined in Eq. (6), is depicted in row 4. They are
related by Φ ¼ SΓΦS.
Detailed momentum space representations within the

DSE-RL truncation are as follows. The dressed quark pro-
pagator is obtained from

SðkÞ−1 ¼ Z2ði=kþ Z4mqðμÞÞ

þ Z2
2

Z
Λ

q
g2DμνðqÞ

λa

2
γμSðk − qÞ λ

a

2
γν; ð8Þ

which is equivalent to the first row of Fig. 1, with the open
circle S0 denoting the bare quark propagator. Here

R
Λ
q

represents
R
d4q=ð2πÞ4 with a smooth Poincaré invariant
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ultraviolet regularization at mass-scale Λ. The mqðμÞ is the
current quark mass renormalized at scale μ. The Z2 and Z4

are the quark field and mass renormalization constants,
respectively. The factor Z2

2 preserves multiplicative renor-
malizability in solutions of the DSE and Bethe-Salpeter
equation (BSE) [21]. The Dμν is in Landau gauge and it
models a combination of quark-gluon vertex and gluon
propagator [15,20], with details specified later. The BS
bound state vertex is obtained via the integral equation

Γχðk;PÞ ¼ −Z2
2

Z
Λ

q
g2Dμνðk − qÞγaμSðqηÞΓχðq;PÞSðqη̄Þγaν ;

ð9Þ
with γaμ ≡ λa

2
γμ, and illustrated in the second row of

Fig. 1. The quark momenta are qη ¼ qþ ηP and qη̄ ¼
q − ð1 − ηÞP, with η ¼ 1

2
used throughout this work.

The amputated pion quark-quark correlation matrix ΓΦ is
the four-point function obtained via the integral equation

ΓΦðk;PÞ ¼ Γχðk;PÞSðkη̄ÞΓ̄χðk;−PÞ

− Z2
2

Z
Λ

q
g2Dμνðk − qÞγaμSðqηÞ

× ΓΦðq;PÞSðqηÞγaν ; ð10Þ
and illustrated in the third row of Fig. 1. The first term on
the right-hand side is the driving term and the second term
incorporates all ladder gluon dressings. It is important to
point out that this approach, centered around the collection
of all gluon ladders into ΓΦ, is quite different from DSE-RL

approaches to PDFs that collect all such ladders to calculate
a dressed quark vertex. This latter dressed quark vertex
approach, e.g., Refs. [22,23], has to be carried out separately
for each different bare quark vertex Dirac matrix associated
with the PDF of interest. In contrast, the ladder-summed
quark-quark correlation matrix ΓΦ depends only on the
hadron; it can be used in Eq. (7) with a variety of bare quark
vertices ΓF to yield a variety of PDFs.

Numerical implementation. Calculations are facilitated by
the Euclidian metric.1 In this work we employ for g2Dμν the
infrared term of the Maris-Tandy kernel [24] as sub-
sequently restructured [25]. Since the main features of
parton distributions are dominated by soft infrared dynam-
ics, we neglect the ultraviolet tail to facilitate this initial
numerical exploration of eqðxÞ based on the dressed quark-
quark correlator. Thus we use

g2DμνðkÞ ¼
8π2

ω4
D e−k

2=ω2

�
δμν −

kμkν
k2

�
: ð11Þ

Given this super-renormalizable form, the explicit
scale dependence of mq; Z2; Z4 is unnecessary, and
thus Z2 ¼ Z4 ¼ 1. Model parameters involved are the
current quark mass mu=d¼5.5MeV, ω¼0.5GeV and
Dω¼ð0.82GeVÞ3, which reproduce the physical pion
mass and decay constant as well as the ρ meson and
nucleon properties [25–27].
The general Dirac structure of the relevant functions is as

follows: SðkÞ−1 ¼ i=k Aðk2Þ þ Bðk2Þ, while the meson
bound state vertex Γχ from Eq. (9) has the form

Γχðk;PÞ ¼ γ5

 X4
i¼1

TiF χ;iðk2; k · P;P2Þ
!
; ð12Þ

and the amputated pion quark-quark correlation matrix ΓΦ
from Eq. (10) has the form

ΓΦðk;PÞ ¼
X4
i¼1

TiFΦ;iðk2; k · P;P2Þ: ð13Þ

We have used Dirac matrix covariants T ¼ fI4; P; k; ½=k; =P�g
consistent with parity, time reversal, and charge conjuga-
tion [28]. The A, B functions as well as the four amplitudes
F χ=Φ ¼fEχ=Φ;Fχ=Φ;Gχ=Φ;Hχ=Φg are Lorentz scalars. They
can be obtained numerically via a medium sized computer
cluster by combining Eqs. (8)–(13) to produce results for
the correlator Φðk;PÞ ¼ SðkηÞΓΦðk;PÞSðkηÞ.

Pion twist-2 and twist-3 PDFs. We obtain the Mellin
moments hxmiF ¼ R 1−1 dx xmFðxÞ via the momentum space

FIG. 1. First three rows are the rainbow–ladder truncatedDSEs for
dressed quark propagator S, the amputated Bethe-Salpeter bound
state vertex Γχðk;PÞ, and the amputated quark-quark correlation
matrix ΓΦðk;PÞ, respectively. The fourth row relates the unampu-
tated quark-quark correlation matrix Φðk;PÞ to ΓΦðk;PÞ.

1In the Euclidean metric we employ a4 ¼ ia0 for any space-
time vector, including n, while fγα; γβg ¼ 2δαβ with γ4 ¼ γ0.
Hence =a → −i=a while a · b → −a · b.
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approach given by Eq. (7), which yields

hxmiF ¼ 1

2P · n

Z
d4k
ð2πÞ4

�
kη · n

P · n

�
m
Tr½Φðk; PÞΓF�; ð14Þ

with Dirac matrix ΓF chosen so that F represents fq or eq.
The results are displayed in Table I. The fact that hxmieq
decreases rapidly between m ¼ 0 and m ¼ 1 is a signal of
significant strength in eqðxÞ near x ¼ 0. The analysis [2,6]
that underlies Eq. (2), and themoment properties, begins from
the local limit of the bilocal quark field operator in Eq. (1).
This emphasizes low x behavior by producing the δðxÞ term,
which generates the complete 0th moment σπ=2mq. Our
DSE-RL approach yields hx0iπeq ¼ 6.45 which is equivalent
to σπ ¼ 0.071 GeV. This is essentiallyMπ=2, an analytic σπ
result that follows from DSE rainbow-ladder truncation
[24,29] combined with the leading order departure of Mπ

from the chiral limit.
The δðxÞ term in eqðxÞ does not contribute to hard

scattering processes; it is always xeqðxÞ that shows up in
factorized cross sections [14,30,31]. It is therefore useful to
consider xeqðxÞ as the distribution of interest; all of its
moments are equivalent to the hxmieq for m ≥ 1. Our
DSE-RL results displayed in Table I indicate that the dis-
tribution xeqðxÞ has moments hxmiπxeq that do not monoton-
ically decrease with increasing m; there is a significant rise
from hx0iπxeq ¼ 0.113 to hx1iπxeq ¼ 0.303, followed by a slow
decrease thereafter. This suggests a distribution that changes
sign from negative at small x to positive at large xwith at least
one node. We find that if xeπqðxÞ is parametrized as

xeπqðxÞ ¼ Nð1 − xÞb½xa − 2xcð1 − xÞ�; ð15Þ

then an excellent fit to our DSE-RL moments displayed in
Table I is obtained with deviation less than 0.5%. We also
parametrize the twist-2 pion PDF via [32]

fπqðxÞ ¼ ð1 − xÞβ
X

i¼0;1;2

cixi; ð16Þ

and the DSE-RL moments given in Table I are fit with
deviation less than 1%. The resulting parameters are listed in
Table II.

We note from Eqs. (2), (4) that an exact QCD result for
parton momentum is hx0ixeq ≡ hxieq ¼ hxiemass

q
¼ mq=Mπ .

With our current mass valuemq ¼ 5.5 MeV, this would give
0.039, but we obtain 0.113. The difference arises because the
DSE-RL truncation approach, based on ladder sums of
quark-quark interactions, can not exactly preserve the trans-
formation of the quark-quark correlation under the QCD
EOM for the quark field operator that underlies the above.
However, our hx0ixeq is still much smaller than the next
moment hxiπxeq ¼ 0.303 and that dominates the consequent x
dependence. Moreover, we have verified that hxieq → 0 as
mq → 0. This is a direct consequence of chiral symmetry:
near the chiral limit the Gell-Mann–Oakes–Renner relation
implies mq ∝ M2

π , which leads to hxieq ¼ mq=Mπ → 0. We
therefore expect pion’s hxieq to remain numerically small for
physical current quark masses, largely independent of the
truncations and approximations used here.
The considered DSE-RL diagrams in Fig. 1 only con-

stitute a subset of all possible QCD diagrams, e.g., quark-
antiquark pair creation and annihilation from the vacuum
are ignored. This associates a model scale μ0 to our
approach, at which intrinsic sea quark PDFs are absent,
i.e., fq̄ðx; μ0Þ ¼ eq̄ðx; μ0Þ ¼ 0. Given fqð−xÞ ¼ −fq̄ðxÞ
and eqð−xÞ ¼ eq̄ðxÞ by definition [1,2], the obtained
PDFs fqðx; μ0Þ and xeqðx; μ0Þ are thus only nonzero in
the domain x∈ ½0; 1�. The results from fitting the moments
are shown in the upper panel of Fig. 2. The model scale
μ0 ≈ 0.63 GeV is determined after QCD evolution as
described below. Noticeably, the xeqðxÞ is comparable
with fqðxÞ in magnitude. Regarding the decomposition
in Eq. (2), we estimate for the pion xemass

q ðxÞ≡ 0.113fqðxÞ,
which saturates the present DSE-RL result hxieπq ¼ 0.113.
As a result, the upper panel of Fig. 2 shows that the

TABLE I. Computed Mellin moments of unpolarized pion PDFs fqðxÞ for twist-2 and eqðxÞ for twist-3. Two
components of eqðxÞ are shown and we note that emass

q ðxÞ is an estimated maximum as discussed in the text.

n 0 1 2 3 4 5 6 7 8

hxmifqðxÞ 1.00 0.372 0.202 0.129 0.0910 0.0680 0.0531 0.0428 0.0358
hxmieqðxÞ 6.45 0.113 0.303 0.278 0.231 0.191 0.159 0.134 0.115
hxmiemass

q ðxÞ 0 0.113 0.0419 0.0228 0.0146 0.0103 0.00773 0.00604 0.00488
hxmietw3q ðxÞ 0 0 0.261 0.255 0.216 0.181 0.151 0.128 0.110

TABLE II. Fitting parameters for the pion PDFs in Eqs. (15)
and (16).

fπqðxÞ β c0 c1 c2
0.704 1.737 −0.3587 0.4464

xeπqðxÞ N a b c

8.493 0.4496 0.7528 0.5512
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resulting genuine twist-3 contribution xetw3q ðxÞ ¼ xeqðxÞ −
xemass

q ðxÞ strongly dominates the full xeqðxÞ. Moreover,
due to the sum rule constraint hx0ixetw3q

¼ 0, the x shape of

xetw3q ðxÞ is oscillatory, analogously for the total xeqðxÞ. The
Mellin moments of the estimated pion emass

q ðxÞ and the
deduced etw3q ðxÞ are displayed in Table I.
The QCD evolution equations of eqðxÞ were developed

in [6,35,36]. At largeNc and in the chiral limit, the moments
of the valence eqðxÞ obey the simple DGLAP equation
similar to fqðxÞ

hxmifqðμÞ ¼ Lγfn=β0hxmifqðμ0Þ; n ≥ 0 ð17Þ

hxmieqðμÞ ¼ Lγen=β0hxmieqðμ0Þ; n ≥ 2 ð18Þ

with L ≡ αsðμÞ=αsðμ0Þ, γen ¼ 2NcðSn − 1
2ðnþ1Þ −

1
4
Þ,

γfn ¼ 4
3
ð4Snþ1 − 3 − 2

ðnþ1Þðnþ2ÞÞ, Sn ≡Pn
i¼1

1
i, and β0 ¼

11 − 2
3
Nf. Equation (18) was found to be a good approxi-

mation to the exact one [35]. Here at leading order we take
Nf ¼ 3 and ΛQCD ¼ 0.35 GeV and evolve the PDFs to the

scale of μ ¼ 1.3 GeV. The initial scale μ0 is determined by
matching to the JAM global fit result hxifqv ¼ 0.268 [33].
Note the valence combination is defined as fqv ≡ fq − fq̄,
and analogously for eqv. All other moments of fqðx; μÞ and
eqðx; μÞ are thus predictions.
The evolved valence PDFs of the pion are shown in

the lower panel of Fig. 2. Our fπ
þ

uv ðx; μÞ compares well
with the JAM analysis at Next-to-Leading Order (NLO)
[33], and applying NLO evolution produces only minor
modifications. Meanwhile, eπ

þ
uv ðx; μÞ exhibits two salient

features: (i) its magnitude remains comparable to that of
the twist-2 PDF fπ

þ
uv ðx; μÞ; (ii) the zero-crossing node

evident at model scale persists, albeit shifted toward
smaller x.
A rainbow-ladder DSE computation of the nucleon’s

eðxÞ can be carried out analogously by extending the
method developed in this work, albeit at a significantly
higher computational cost. In this case, however, the
dominance of the genuine twist-3 contribution etw3q ðxÞ in
the proton may be less pronounced at hadronic scales, since
effective constituent-like quark degrees of freedom become
relevant in xemass

q ðxÞ ¼ mq

Mh
fðxÞ, as chiral symmetry is less

constraining than in the pion.2 In various model studies,
the effective quark mass is found to lie in the range
100–400 MeV [2,37–40], reflecting the enhancement
induced by infrared dynamics at hadronic scales.
Nevertheless, it remains possible that etw3q ðxÞ still contrib-
utes substantially. If so, its nodal structure would leave a
characteristic imprint—a nonmonotonic hump in eðxÞ at
experimental scales. Such a feature would be absent if eðxÞ
were dominated by the mass term emass

q ðxÞ and its evolution
pattern. For illustrative purposes, Fig. 2 shows the isospin-
averaged proton eqðxÞ extracted from the CEBAF Large
Acceptance Spectrometer (CLAS) [14] together with the
central MSHT20nlo fit of fqðxÞ [34]. The two datasets are
seen to be comparable in magnitude. A humplike feature is
compatible with, although not uniquely indicated by, the
data, given the sizable experimental uncertainties.

Summary and outlook. We present the first rainbow-ladder
Dyson-Schwinger study of the pion’s twist-3 PDF eqðxÞ. The
Mellin moments are computed first and the x distribution is
derived from them. The results strongly support the QCD
equation-of-motion decomposition of Eq. (2), exhibiting the
δðxÞ singularity and a chiral-symmetry suppression of the
twist-2 term emass

q ðxÞ. These findings provide a new picture
for the pion eqðxÞ: the twist-3 quark-gluon piece, rather than

FIG. 2. Upper panel: The pion PDFs at model scale
μ0 ¼ 0.63 GeV. Lower panel: The pion PDFs fqðxÞ and eqðxÞ
at μ ¼ 1.3 GeV with fqðxÞ compared to the JAM analysis at
NLO [33]. Also shown for comparison are isospin averaged
proton PDF data: the eqðxÞ CLAS data points at approximately
1 GeV [14], and the MSHT fit of the proton fqðxÞ [34] for
illustrative purposes only.

2We emphasize that this discussion is restricted to a model
or effective-theory calculation at a hadronic scale. At higher
experimental scales, proton’s emass

q ðxÞ is strongly suppressed by
the factor mq

Mproton
, so that only etw3q ðxÞ could potentially play a

dominant role.
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the commonly assumed twist-2 term, dominates the distri-
bution. A characteristic feature of the resulting eðxÞ is a
nodal structure and the associated hump. The presently
available data, limited by large uncertainties, can neither pin
down nor exclude the existence of a hump. Higher-precision
measurements are required to clarify this point, and extend-
ing measurements to lower x at an electron ion collider may
determine whether the hump evolves into a zero crossing at
lower x [3,4,41].
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