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We introduce a new coherent state expansion of the exponential representation of the S-matrix for
the classical gravitational two-body problem. By combining the Kosower-Maybee-O’Connell (KMOC)
formalism with the Dirac bracket structure emerging in the classical limit, we derive compact and gauge-
invariant expressions for scattering observables in the presence of radiation. This causal formulation
bypasses the calculation of KMOC cuts and provides a direct link between observables and a minimal set of
classical matrix elements extracted from amplitudes. We illustrate our method with several examples,
including the impulse, spin kick, angular momentum, waveform and the related radiative fluxes. Finally,
using our formalism we evaluate for the first time the spin kick and the change in angular momentum of

each particle up to OðG2sj11 s
j2
2 Þ with j1 þ j2 ≤ 11.

DOI: 10.1103/ykgq-jqd5

I. INTRODUCTION

The detection of gravitational waves from binary sources
has opened a new window into the Universe, allowing us to
probe the nature of black holes and other compact objects
with unprecedented precision. The success of this endeavor
relies on our ability to provide fast and accurate waveform
templates, therefore calling for the development of new
theoretical tools to improve the analytic description of the
classical two-body problem.
Various perturbative techniques have been developed in

the past century to solve Einstein’s equations. Among these
are the post-Newtonian (PN) expansion for slow-motion,
weak-field systems; the post-Minkowskian (PM) expansion
for relativistic systems in weak fields; and the self-force
(GSF) approach, which expands in the binary’s mass ratio
while remaining valid in strong-field regimes. Analytical

and numerical data from these methods can be combined
together in the powerful effective-one-body framework.
However, this often involves using gauge-dependent quan-
tities like the Hamiltonian and matching various observ-
ables in different regimes.
Focusing on the simplicity on the scattering scenario

for generic spinning binaries, we ask here the following
questions: What is the minimal set of gauge-invariant data
from which all observables can be derived? How can all
these observables then be efficiently computed?
It is now understood that, in the conservative sector,

the radial action serves as the generating functional of all
binary observables [1–6]. In the scattering case these
include the impulse, spin kick, angular momentum (which
will be discussed here) as well as the time delay and the
elapsed proper time [7]. This mirrors the role of the
Hamiltonian in classical systems, where the total energy
is conserved and the equations of motion determine the
corresponding observables. Remarkable progress has been
made in recent years on the scattering radial action. At
OðGÞ, it is known to all orders in the spins of both black
holes [8]. At OðG2Þ, the current state of the art reaches
OðG2sj11 s

j2
2 Þ with j1 þ j2 ≤ 11 [9]. At OðG3Þ, for systems

with one spinning and one spinless black hole, results are
available up to quartic order in spin [10]. For a probe
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spinning particle moving in Kerr spacetime, the expansion
is known to all PM orders through Oðs11s∞2 Þ [5].
In general, though, radiation has to be incorporated in the

system and it is unclear what is the natural extension of
the radial action. Formally, in the GSF context a gauge-
dependent pseudo-Hamiltonian [11,12]—which includes
both conservative and dissipative information—has been
defined and recently linked to the first law of black hole
mechanics [7,13]. Alternatively, an in-in action can be
defined [14–16], which however requires the doubling of
the degrees of freedom and to go beyond the computation
of time-ordered matrix elements. To keep working with
gauge-invariant amplitudes, one available option is the
radiative generalization of the eikonal formalism [17–24],
which is however formulated in a basis which is less
convenient for the purpose of this work.
In this paper, we show that the exponential representa-

tion of the S-matrix [25,26], denoted by N̂, provides a
natural way to define gauge-invariant matrix elements
which are classical generating functionals of all scattering
observables. In the conservative regime, it has been proven
that the four-point matrix element of the N̂ operator with
external massive particle states is exactly the radial action
[7,26]. In Sec. II we will develop a coherent state expansion
of the N̂ operator, where higher-point matrix elements with
graviton states are required to define the minimal set
of gauge-invariant data. In Sec. III we then combine this
novel representation with the Kosower-Maybee-O’Connell
(KMOC) formalism, showing how the recently introduced
Dirac brackets and the graviton commutation relations
provide a new formula to compute classical scattering
observables. Finally, in Sec. IV we apply our findings to
compute the spin kick and the angular momentum of
spinning bodies at 2PM and to higher orders in spin. In
particular, we compute the latter up to the eleventh order in
the spin, generalizing the quadratic in spin results [27].
Conventions For the (4þ N)-point matrix elements

M4þNðp1; p2;p0
1; p

0
2; k

0
1;…; k0NÞ, we will label the

momenta of the incoming (respectively, outgoing) massive
legs with pμ

1; p
μ
2 (respectively, p0μ

1 , p0μ
2 ), while the N

outgoing gravitons will have momenta k0μ1 ;…; k0μN . We
further define the momentum transfers qμj ¼ ℏq̄μj and the
classical 4-velocities vμj ¼ p̄μ

j =m̄j with j ¼ 1, 2

pμ
1 ¼ p̄μ

1 þ ℏ
q̄μ1
2
; p0μ

1 ¼ p̄μ
1 − ℏ

q̄μ1
2
;

pμ
2 ¼ p̄μ

2 − ℏ
q̄μ2
2
; p0μ

2 ¼ p̄μ
2 þ ℏ

q̄μ2
2
; ð1Þ

where in the classical limit m̄j → mj. We write index
symmetrization and antisymmetrization as 2xðμyνÞ ¼
xμyν þ xνyμ and 2x½μyν� ¼ xμyν − xνyμ, respectively. We
also adopt the shorthand notation δ̂nð·Þ ¼ ð2πÞnδð·Þ and
d̂nq ≔ dnq=ð2πÞn, and we denote the on-shell phase space
integral as

R
k ¼

R
d̂3k=ð2EkÞ. Finally, we use the mostly

plus ð−þþþÞ signature convention for the metric.

II. COHERENT STATE EXPANSION
OF THE N OPERATOR

In this section, we introduce the exponential representa-
tion of the S-matrix [25] in terms of the operator N̂

Ŝ ¼ exp

�
i
ℏ
N̂

�
; ð2Þ

and we discuss its coherent state expansion for the
gravitational two-body scattering problem. Having defined
the external scalar and graviton free field quantization

ϕjðxÞ ¼
Z
p
½b̂†jðpÞe−i

p·x
ℏ þ H:c:�; j ¼ 1; 2;

hμνðxÞ ¼
1ffiffiffi
ℏ

p
X
σ¼�

Z
k

h
ε�σμνðkÞâ†σðkÞe−ik·xℏ þ H:c:

i
; ð3Þ

we can expand the N̂ operator as1

N̂ ¼
Z
p1;p2;p0

1
;p0

2

�
ðKÞŴ2−body

p0
1
;p0

2
;p1;p2

þ 1ffiffiffi
ℏ

p
X
σ1

Z
k0
1

ðK5;RÞa†σ1ðk01ÞŴ2−body
p0
1
;p0

2
;p1;p2

þ 1

2!ℏ

X
σ1;σ2

Z
k0
1
;k0

2

ðKA
6;RÞa†σ1ðk01Þa†σ2ðk02ÞŴ2−body

p0
1
;p0

2
;p1;p2

þ 1

2!ℏ

X
σ1;σ2

Z
k1;k02

ðKB
6;RÞa†σ2ðk02ÞŴ2−body

p0
1
;p0

2
;p1;p2

aσ1ðk1Þ þ � � � þ H:c:

�
; ð4Þ

in terms of the two-body operator

Ŵ2−body
p0
1
;p0

2
;p1;p2

¼ b†1ðp0
1Þb†2ðp0

2Þb1ðp1Þb2ðp2Þ; ð5Þ

1We added a convenient ℏ normalization for the radiative kernels so that the corresponding tree-level amplitude has the correct

classical scaling Mð0Þ
4þN ∼ℏ→0ℏ−3−N=2, as established in [20,28].

ALESSIO, GONZO, and SHI PHYS. REV. D 112, 104060 (2025)

104060-2



and of the following two-massive-particle-irreducible
(2MPI) kernels shown in Fig. 12

hp0
1p

0
2jN̂jp1p2i ¼ Kðp1; p2; qÞδ̂4ðq1 þ q2Þ;

hp0
1p

0
2k

0
1jN̂jp1p2i ¼ K5;Rðp1; p2; q1; q2; k01Þ

× δ̂4ðq1 þ q2 − k01Þ;
hp0

1p
0
2k

0
1k

0
2jN̂jp1p2i ¼ KA

6;Rðp1; p2; q1; q2; k01; k
0
2Þ

× δ̂4ðq1 þ q2 − k01 − k02Þ;
hp0

1p
0
2k

0
2jN̂jp1p2k1i ¼ KB

6;Rðp1; p2; q1; q2; k1; k02Þ
× δ̂4ðq1 þ q2 þ k1 − k02Þ: ð6Þ

Note that all the radiative kernels include both connected
and disconnected contributions, as we will show later. The
kernels KA

6;R and KB
6;R are evidently related by crossing

symmetry, but we label them separately, as establishing this
relation can be subtle for higher-point amplitudes [29].
Moreover, in general (4þ N)-point kernels K4þN;R with
N > 2must be introduced, although these are not needed at
the order considered in this paper.
We now study the evolution of the state jini ¼ jp1p20i

of two massive scalar particles initially separated by
the impact parameter bμ ¼ bμ2 − bμ1. We can simplify the
action of the Ŝ-matrix (2) on such state by working in
impact parameter space, where the superclassical iterations
manifestly exponentiate in the heavy-mass expansion
[20,21,30–33]. Introducing the Fourier conjugate represen-
tation of the kernels in the classical regime

K̃clðbÞ ¼
Z

d̂4qδ̂ð2p̄1 · qÞδ̂ð2p̄2 · qÞeiðq·bÞ=ℏKclðqÞ;

K̃cl
4þN;Rðb1; b2;fkjgj¼1;…NÞ

¼
Z

d̂4q1d̂
4q2δ̂ð2p̄1 · q1Þδ̂ð2p̄2 · q2Þδ̂4

�
q1 þ q2 −

XN
j¼1

kj

�

× eiðq1·b1þq2·b2Þ=ℏKcl
4þN;Rðq1; q2;fkjgj¼1;…NÞ; ð7Þ

we can equivalently write the action on the state as3

exp

�
i
ℏ
N̂

�
jini ∼ℏ→0Ŝcljp̄1p̄2i; ð8Þ

as a coherent state expansion

Ŝcl ¼ exp

�
i
ℏ

�
K̃clðbÞ þ

X
σ1

1ffiffiffi
ℏ

p
Z
k0
1

α̂cl5;Rðk01Þ

þ
Xþ∞

N¼2

1

N!ℏN=2

X
σ1;…;σN

Z
k0
1
;…k0N

α̂cl4þN;Rðk01;…; k0NÞ
��

;

ð9Þ

in terms of the operators α̂cl4þN;R which encode the con-
tributions of N graviton emissions. The first radiative
operator with one graviton mode (i.e., N ¼ 1) corresponds
to a single coherent state [20,21,28]

iα̂cl5;Rðk01Þ ¼ iK̃cl
5;Rðb1; b2; k01Þa†σ1ðk01Þ

− ðiK̃cl
5;Rðb1; b2; k01ÞÞ�aσ1ðk01Þ; ð10Þ

while the higher order operators N > 1 correspond to
deviations from a Poissonian distribution. Up to the
perturbative order considered in this work, only the N ¼ 2
operator—describing with (10) a two-mode coherent
squeezed state [34,35]—is potentially relevant4

α̂cl6;Rðk01; k02Þ ¼ K̃Acl
6;Rðb1; b2; k01; k02Þa†σ1ðk01Þa†σ2ðk02Þ

þ K̃A�cl
6;R ðb1; b2; k01; k02Þaσ1ðk01Þaσ2ðk02Þ

þ K̃Bcl
6;Rðb1; b2; k1; k02Þa†σ2ðk02Þaσ1ðk1Þ

þ K̃B�cl
6;R ðb1; b2; k1; k02Þa†σ1ðk1Þaσ2ðk02Þ; ð11Þ

although it has been shown to be quantum suppressed in the
analysis of the variance [20,28] and the impulse [26] at the
first order in which it appears, i.e. at 4PM. Here we adopt
a cautious approach and retain it explicitly, although the
classical scaling imposed in (9) will force some contribu-
tions to vanish. The generalization of (10) and (11) to the
case of N-graviton operator α̂cl4þN;Rðk01; k02Þ is straightfor-
ward, and will not be discussed further here.

FIG. 1. Relevant 2MPI kernels considered in this work.

2The definition of N̂ matrix elements naturally involve
subtracting two-massive-particle reducible contributions from
the T̂ operator matrix elements, see [25,26] for further details.

3While this has not been proven to all orders in perturbation
theory, explicit calculations both for the 4-point [32] and 5-point
[32] amplitude at loop order fully support this conjecture. 4See also [36,37] for other interesting works in this direction.
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Finally, it is easy to see that the proposed coherent state
expansion of the S-matrix in (9)

Ŝcl ¼ exp

�
i
ℏ
½K̃cl þ

Xþ∞

N¼1

α̂cl4þN;R�
�
;

α̂cl4þN;R ≔
1

N!ℏN=2

X
σ1;…;σN

Z
k0
1
;…;k0N

α̂cl4þN;Rðk01;…; k0NÞ; ð12Þ

provides a unitary representation of the dynamics.

III. DIRAC BRACKETS FOR ALL SCATTERING
OBSERVABLES

In the novel representation (12), which is valid also
for the spinning case, the kinematic phase space of the
two-body problem is

H ¼ H2−body ∪ HR;

H2−body ¼ fv1; v2; s1; s2; b1; b2g;
HR ¼ fk1;…kNg: ð13Þ

We consider the variation of a classical observable Ô [38],

ΔÔ ¼ ðŜclÞ†ÔŜcl − Ô; ð14Þ

and we use the Campbell identity

eÛÔe−Û ¼
Xþ∞

n¼0

1

n!
½Û; ½Û;…; ½Û|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

n times

; Ô���; ð15Þ

which can be conveniently recasted in terms of the iterated
commutator

eÛÔe−Û ¼
Xþ∞

n¼0

1

n!
½ðÛÞ⊙n; Ô�;

½ðÛÞ⊙n; Ô� ≔ ½Û; ½Û;…; ½Û|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
n times

; Ô���; ½ðÛÞ⊙0; Ô� ¼ Ô: ð16Þ

Applying (16) iteratively to (14), we obtain

ΔÔ ¼
Xþ∞

n¼1

ð−iÞn
ℏn

1

n!

��
K̃cl þ

XN
j¼1

α̂4þj;R

�
⊙n
; Ô

�
; ð17Þ

which is an important result for classical observables.
Note, in particular, that (16) allows one to write the
contributions of the form T†ÔT coming from the expansion
S ¼ 1þ iT—also called KMOC cut—in a completely new
fashion, as also emphasized in [26,39]. We will now show
that the classical limit of the nested commutators in (17)
gives an iterative master formula for the calculation of a
generic observables from the classical phase space.

In general, the operator definition of radiative (ÔR) and
two-body (Ô2−body) observables involves either classical
kinematic variables or the graviton mode oscillators

Ô2−body ¼ fOðv1; v2; s1; s2; b1; b2Þ;
ÔR ¼ gOða; a†Þ; ð18Þ

where fO and gO have a polynomial dependence on their
arguments, but are otherwise generic. When computing the
commutators, we use the free graviton algebra5

½aðkÞ; a†ðk0Þ� ¼ 2Ekδ̂
3ðk − k0Þ; ð19Þ

and also the classical Dirac brackets [5]

½fð·Þ; gð·Þ� → iℏffð·Þ; gð·ÞgDB: ð20Þ

Notice that in general we will have contributions both
from (20) and from (19). The structure of the Dirac brackets
follows from the quantization of a relativistic system of
interacting spinning point particles, after imposing a set of
constraints on the usual Poisson brackets

fbμi ; vνjgPB ¼ δij
ημν

mi
;

fSμνi ; Sαβj gPB ¼ δij½Sμαi ηνβ − Sμβi ηνα − ðμ ↔ νÞ�; ð21Þ

valid for both particles i ¼ 1, 2 with their spin tensor Sμνi .
Then, if the spin supplementary condition (SSC) vi;μS

μν
i ¼0

is imposed, the Poisson brackets (21) become the primed
brackets [40]

fbμi ; vνjg0 ¼ δij
ημν

mj
; fbμi ; bνjg0 ¼ δij

Sμνi
m2

i
;

fbμi ; sνjg0 ¼ δij
2s½μi v

ν�
i

mj
; fsμi ; sνjg0 ¼ δij

Sμνi
m2

i
; ð22Þ

where we have defined Sμνi ¼ miϵ
μν

ρσv
ρ
i s

σ
i .

Finally, after imposing also the on shellness vj · vj ¼ −1
and the transversality constraints ðb2 − b1Þ · vj ¼ 0 for
j ¼ 1, 2 we obtain the Dirac brackets [5]

fbμi ; vνjgDB ¼ δij
ημν

mj
þ ð−1Þδij P

μν
i

mj
; ð23aÞ

fbμi ; sνjgDB ¼ δij
sμi v

ν
i

mj
þ ð−1Þδij P

μρ
i sjρvνj
mj

; ð23bÞ

5While it is possible to promote this to an algebra of the
graviton field [39], we find it more convenient to have a mixed
representation in the spirit of the eikonal formulation.
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fbμi ; bνjgDB ¼ vi · vj
σ2 − 1

�
sgni

bμvνj
mi

− sgnj
bνvμi
mj

�

þ δij
Sμνi
m2

i
þ ð−1Þδij

�
Pμρ

i

Sjρν

m2
j
− Pνρ

j

Siρμ

m2
i

�
;

ð23cÞ

fsμi ; sνjgDB ¼ δij
Sμνi
m2

i
; ð23dÞ

where we have defined σ ≔ −v1 · v2, and

sgn1 ≔ −1; sgn2 ≔ þ1; ð24Þ

Pμν
1 ≔

vμ1ðvν1 − σvν2Þ
σ2 − 1

; Pμν
2 ≔

vμ2ðvν2 − σvν1Þ
σ2 − 1

: ð25Þ

A. Impulse, spin kick and angular momentum

We now apply our formalism to the calculation of two-
body observables Ô2−body, such as the impulse, the impact
parameter shift and the spin kick for generic spinning
binaries. Denoting λμ ¼ fvμ1; vμ2; sμ1; sμ2; bμ1; bμ2g, we obtain
the following expression valid up to 5PM order

hΔλμijOðG5Þ ¼
Xþ∞

n¼1

1

n!
fðK̃clÞ⊙n; λμgDB

−
i
2!

Z
k



K̃�cl

5;RðkÞfK̃cl
5;RðkÞ; λμgDB − c:c

�
−

i
3!

Z
k



K̃�cl

5;RðkÞfK̃cl
5;RðkÞ;fK̃cl; λμgDBgDB − c:c:

þ K̃�cl
5;RðkÞfK̃cl;fK̃cl

5;RðkÞ; λμgDBgDB − c:c:þfK̃cl; K̃�cl
5;RðkÞfK̃cl

5;RðkÞ; λμgDBgDB − c:c:
�

−
i
4!

Z
k



K̃�cl

5;RðkÞfK̃cl
5;RðkÞ;fðK̃clÞ⊙2; λμgDBgDB − c:c:þ K̃�cl

5;RðkÞfðK̃clÞ⊙2;fK̃cl
5;RðkÞ; λμgDBgDB − c:c:

þ fðK̃clÞ⊙2; K̃�cl
5;RðkÞfK̃cl

5;RðkÞ; λμgDBgDB − c:c:þ K̃�cl
5;RðkÞfK̃cl;fK̃cl

5;RðkÞ;fK̃cl; λμgDBgDBgDB − c:c:

þ fK̃cl; K̃�cl
5;RðkÞfK̃cl

5;RðkÞ;fK̃cl; λμgDBgDBgDB − c:c:þ fK̃cl; K̃�cl
5;RðkÞfK̃cl;fK̃cl

5;RðkÞ; λμgDBgDBgDB − c:c:
�

þ 1

3!

Z
k1;k2



fK̃cl

5;Rðk1Þ; λμgDBK̃cl
5;Rðk2ÞK̃A�cl

6;R ðk1; k2Þ þ fK̃�cl
5;Rðk1Þ; λμgDBK̃�cl

5;Rðk2ÞK̃Acl
6;Rðk1; k2Þ

− fK̃A�cl
6;R ðk1; k2Þ; λμgDBK̃cl

5;Rðk1ÞK̃cl
5;Rðk2Þ− fK̃Acl

6;Rðk1; k2Þ; λμgDBK̃�cl
5;Rðk1ÞK̃�cl

5;Rðk2Þ
�

þ 1

3!

Z
k1;k2



fK̃B�cl

6;R ðk1; k2Þ; λμgDBK̃cl
5;Rðk1ÞK̃�cl

5;Rðk2Þ þ fK̃Bcl
6;Rðk1; k2Þ; λμgDBK̃cl

5;Rðk1ÞK̃�cl
5;Rðk2Þ

�

−
2

4!

Z
k1;k2



K̃Bcl

6;Rðk1; k2Þ þ K̃B�cl
6;R ðk1; k2ÞÞðfK̃�cl

5;Rðk1Þ; λμgDBK̃cl
5;Rðk2Þ þ fK̃cl

5;Rðk1Þ; λμgDBK̃�cl
5;Rðk2Þ

�
; ð26Þ

which is a novel compact representation of generic observables in terms of gauge-invariant matrix elements that can be
extracted from amplitude calculations. For compactness, we omitted the sum over helicity states of the intermediate
gravitons.
A striking resummed pattern emerges in (26). Including only K̃cl and a single pair ðK̃�cl

5;R; K̃
cl
5;RÞ, and neglecting the

higher-order radiative kernels K̃cl
4þN;R with N ≥ 2, we obtain the simpler closed-form expression

hΔλμi ∼
Xþ∞

n¼1

1

n!
fðK̃clÞ⊙n; λμgDB

−
Xþ∞

n¼2

i
n!

X
a;b;c≥0

aþbþc¼n−2

Z
k


n
ðK̃clÞ⊙a; K̃�cl

5;RðkÞfðK̃clÞ⊙b; fK̃cl
5;RðkÞ; fðK̃clÞ⊙c; λμgDBgDBgDB

o
DB

− c:c:
�
; ð27Þ
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which suggests the possibility of resumming (26) into a
more compact expression. We also note that several terms
vanish as they are purely quantum, such as

ℏ
Z
k
fK̃cl

5;RðkÞ; fK̃�cl
5;R; λ

μgDBgDB ∝ OðℏÞ;

ℏ
Z
k1;k2

K̃Acl
6;RfK̃A�cl

6;R ; λμgDB ∝ OðℏÞ: ð28Þ

The latter suppression, established in [20,26,28], is a direct
consequence of the fact that pure graviton loops give
quantum effects.
Using the linearity of the Dirac brackets, we can also

compute the variation of the angular momentum for each
particle with the formula (26). Indeed, the angular momen-
tum consists of a mechanical and spin contribution

Jμνi ¼ 2mib
½μ
i v

ν�
i þ Sμνi ; i ¼ 1; 2; ð29Þ

whose variation depends only on the changes in position
hΔbμi i, velocity hΔvνi i and spin hΔsσi i,

hΔJμνi i ¼ 2mi



b½μi þ hΔb½μi i

�

vν�i þ hΔvν�i i

�
þmiϵ

μν
ρσðvρi þ hΔvρi iÞðsσi þ hΔsσi iÞ i ¼ 1; 2:

ð30Þ
It is worth making few remarks about (26). First, in the

conservative case K̃cl
4þj;R → 0; ∀ j ≥ 1, and the special

kinematics allow one to uniquely identify K̃clðbÞ with the
radial action IrðbÞ [26], confirming earlier expectations
[30,31,41–43]. Therefore, in such case only the first line
of (26) survives and it reduces to Eq. (37) of [5]. We also
notice that the 1PM spinless piece of the radial action is
infrared divergent. For hΔvμi i and hΔsμi i this is not
problematic, since the Dirac bracket with the regulator-
dependent part simply vanishes. However, for Δbμi , and
consequently for ΔJμνi , we obtain a nontrivial divergent
result. To deal with this problem, we subtract the leading
order divergence from the radial action, defining

K̃cljOðGs0
1
s0
2
Þ ≡ −

2Gm1m2ð2σ2 − 1Þ log jbjffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p : ð31Þ

Finally, including radiation up to G3, the second line of our
formula (26) agrees with the corresponding eikonal radi-
ation reaction contribution in the spinless case [20,21],
although our subtraction scheme for the exponentiation (9)
is different (see [22] for a detailed comparison).

B. Waveform and spinning fluxes

Using the mode expansion (3) for the graviton field, we
now discuss the perturbative expansion of the waveform
and the related fluxes (radiated linear and angular

momentum) using the master equation (17). Starting with
the former, we observe that

hκhμνðxÞi ¼
κℏ3=2

4πjx⃗j
X
σ

Z
dω
2π



eiωuεσμνðn̂Þhaσðωn̂Þi

þ e−iωuε�σμνðn̂Þha†σðωn̂Þi
�

ð32Þ

and therefore we need to evaluate only haσðωn̂Þi and its
conjugate ha†σðωn̂Þi using (17). A straightforward calcu-
lation, valid up to 4PM order, gives

κℏ3=2haσðωn̂ÞijOðG4Þ

¼ iκK̃cl
5;Rðωn̂Þ þ iκ

Xþ∞

n¼2

1

n!

n
ðK̃clÞ⊙ðn−1Þ; K̃cl

5;Rðωn̂Þ
o
DB

þ κ

2

Z
k
K̃�cl

5;RðkÞK̃Acl
6;Rðωn̂; kÞ

−
κ

4

Z
k



K̃Bcl

6;Rðωn̂; kÞ þ K̃B�cl
6;R ðωn̂; kÞ

�
K̃cl

5;RðkÞ; ð33Þ

where we have used the orthogonality of states with
different number of gravitons. To obtain ha†σðωn̂Þi, we
just take the conjugate of (33).
While the leading contribution in (33) corresponds to the

five-point amplitude identified in [44], higher order con-
tributions naturally involve iterations of the brackets
with the four-point kernel and also potential contributions
from the six-point and higher-point kernels. We notice, in
agreement with [39], that the one-loop waveform contri-
bution can be fully reproduced by the first and second
contribution in (33). Using

fK̃cl; ·gDB ¼ fK̃cl; bμjgDB
∂

∂bμj
þ fK̃cl; vμjgDB

∂

∂vμj

þ fK̃cl; sμjgDB
∂

∂sμj
; ð34Þ

we find that the term fK̃cl; K̃cl
5;Rðωn̂ÞgDB in the spinless

case corresponds to the rotation of the tree-level waveform
identified in [24,45,46]. We expect this to be also relevant
for spinning one-loop waveforms [47,48]. On a formal
level, the Dirac brackets effectively implement the causality
prescription, bypassing the subtleties involved in the
evaluation of KMOC cut contributions [49]. It would be
interesting to understand whether and how the six-point
and higher-point kernels enter in (33) for the two-loop
waveform computation.6

6In particular, note that the term on the third line in (33)
involving the six-point kernel would naturally contribute, to-
gether with a genuine two-loop contribution to K̃cl

5;R generated by
gluing a five-point and a six-point tree amplitude across a three-
particle cut [50], to the nonlinear memory effect [51–53] for the
waveform which starts at 3PM order [54].
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We now focus on the spinning fluxes using the master
formula (17). Starting with the radiated momentum

Kμ ¼
X
σ

Z
k
kμa†σðkÞaσðkÞ; ð35Þ

we obtain the expression valid up to 5PM order

hKμijOðG5Þ

¼
Z
k
kμK̃�cl

5;RK̃
cl
5;R

þ 1

2

Z
k
kμ
h
K̃cl

5;RfK̃cl; K̃�cl
5;RgDB þ K̃�cl

5;RfK̃cl; K̃cl
5;RgDB

i

þ i
2

Z
k1;k2

kμ1
h
K̃cl

5;Rðk1ÞK̃cl
5;Rðk2ÞK̃A�cl

6;R ðk1; k2Þ

− K̃�cl
5;Rðk1ÞK̃�cl

5;Rðk2ÞK̃Acl
6;Rðk1; k2Þ

i
: ð36Þ

Note that we could have derived (36) by using momentum
conservation, given that hKμi þm1hΔvμ1i þm2hΔvμ2i ¼ 0.
Indeed, a quick computation reveals that the symmetry
properties of the Dirac brackets under the exchange 1 ↔ 2
imply the cancelation of many contributions in (26),
leaving behind only (36) (see Appendix A for details).
In a similar way, we can also compute the radiated

angular momentum [55,56] using the operator

Jμν ¼
X
σ¼�

Z
k
εαα

0
σ ðkÞa†σðkÞ½ðJ Þμναα0ββ0 �ε�ββ

0
σ ðkÞaσðkÞ;

J μν
αα0ββ0 ¼ −iηαβηα0β0k½μ

∂

↔

∂kν�
− 2iηα0β0δ

½μ
α δ

ν�
β ; ð37Þ

where f ∂
↔
g ¼ f∂g − g∂f, which is independent of any SSC

condition unlike the single particle expressions (29). To
verify angular momentum conservation, following [57], we
convert the angular momentum to the vector representation
in the center-of-mass (CM) frame,

Jμ ≔
1

2E
ϵμνρσJνρðm1v1 þm2v2Þσ; ð38Þ

with the CM total energy E ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þm2
2 þ 2m1m2σ

p
.

We verify that the angular momentum is conserved
hJμi þ ΔJμ1 þ ΔJμ2 ¼ 0. Obviously, this formalism applies
also to the differential fluxes in the same way; see [58] for
example for their covariant operator formulation.

IV. 2PM SPIN KICK AND ANGULAR MOMENTUM
TO HIGHER ORDERS IN SPIN

In this section, we now apply our Eq. (26) for the
calculation of the impulse, the spin kick and the angular
momentum for generic spinning binaries at 2PM order. To

do so, we need to consider both the 2MPI 4-point kernelKcl

and the 5-point one Kcl
5;R. First, we write

ð39Þ

in terms of the classical tree-level t-channel diagram
and the one-loop amplitude coming from the triangle

topologies Mð1Þ
4;△ þMð1Þ

4;▽. Up to 2PM order, the eikonal

and the conservative N̂ matrix element are equivalent [22],
and here we directly import the recent one-loop results at
higher orders in spin [9] (see also [59–72]). Our calculation
relies on the same assumptions as in [9,73,74] regarding the
contact terms in the Compton amplitude beyond quartic
order in spin, which stem from unresolved ambiguities in
the matching with the corresponding wave scattering
problem on Kerr black holes.
When accounting for radiation, it is useful to distinguish

between contributions from positive-energy gravitons—
hereafter referred to as dynamical–and those from zero-
energy gravitons, which we call static. For example, the
radiative kernel admits the decomposition [21,33,56]

Kcl
5;RðkÞ ¼ lim

ω�→0
½Θðω� − ωÞKstat

5;RðkÞ þ Θðω − ω�ÞKdyn
5;RðkÞ�;

ð40Þ

where ω� denote the graviton frequency cutoff marking the
separation between the two terms.7 We note that only the
static part contributes at 2PM order, and it can be written in
terms of the Weinberg soft factor [76]

Kstat
5;RðkÞ ¼ i

κ

2

X
j¼1;2;10;20

εμνðkÞpμ
jp

ν
j

ηjpj · k − i0
; ð41Þ

where ηj ¼ 1 if j ¼ 10; 20 and ηj ¼ −1 if j ¼ 1, 2, which is
therefore sensitive only to the initial pμ

1; p
μ
2 and final

momenta p0μ
1 , p

0μ
2 . In the conservative case we express

the final momenta in terms of the initial one

p0μ
j ¼ pμ

j þ ð−1ÞjQμðb; v1; v2; s1; s2Þ; ð42Þ

where Qμ is the conservative 2PM spinning impulse which
depends only on bμ ¼ bμ2 − bμ1.
Using the results for the kernels (39) and (41), we have

then computed using (26) the impulse and the spin kick up
to OðG2sj11 s

j2
2 Þ with j1 þ j2 ≤ 11

7This decomposition can be better understood at the off-shell
level [75], we choose to focus on the on-shell S matrix in this
work.
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Δvμi ðb; vj; sjÞjOðG2Þ; Δsμi ðb; vj; sjÞjOðG2Þ: ð43Þ

We recover here the impulse computed in [9], while the
spin kick is new and generalizes the quadratic in spin result
in [27]. Moreover, we have computed the variation of the
single particle angular momentum in (30) up to
OðG2sj11 s

j2
2 Þ with j1 þ j2 ≤ 11 by combining the dynami-

cal contribution derived from the radial action

hΔJμνi idynjOðG2Þ ¼ fK̃cl; Jμνi gDB þ 1

2!
fðK̃clÞ⊙2; Jμνi gDB;

ð44Þ

with the static angular momentum coming from the
radiative bracket contribution8

hΔJμνi istatjOðG2Þ ¼
i
2!

Z �

k



K̃cl

5;RðkÞfK̃�cl
5;RðkÞ; Jμνi gDB

− K̃�cl
5;RðkÞfK̃cl

5;RðkÞ; Jμνi gDB
�
: ð45Þ

We present an exact derivation of the static contribution at
all orders in spin in Appendix B, which gives

hΔJμνi istatjOðG2Þ ¼ −2p½μ
i hΔbν�i istatjOðG2Þ

¼ −sgni
κ2

32π
IðσÞp½μ

i Q
ν�: ð46Þ

where IðσÞ is defined in (B20). Interestingly, our calcu-
lation reveals that the static angular momentum change
stems from the change of the impact parameter Δbμi ,
implying that it is sensitive to the Bondi-Metzner-Sachs
frame [77–82], which might also be related to the sub-
traction scheme (31) of the radial action. In the spinless
case our results are consistent with the ones obtained in the
eikonal formalism [21,56,83], but their generalization to
higher orders in spin is completely new.
The explicit expressions of our results are given in the

ancillary files. Specifically, we provide the velocity change
Δvμ1, spin kick Δsμ1, as well as the change of the impact
parameter Δbμ1 (including radiative contributions), which
are sufficient to reconstruct the orbital angular momentum

change ΔLμν
1 ¼ðb½μ1 þΔb½μ1 Þðvν�1 þΔvν�1 Þ−b½μ1 v

ν�
1 . For com-

pleteness, we also provide the change of the total angular
momentum vector in the CM frame ΔLμ with
Lμ ¼ ϵμνρσbνv

ρ
1v

σ
2=E.

V. CONCLUSIONS AND OUTLOOK

The importance of being able to identify the minimum
set of gauge-invariant data required for a full description
of the classical two-body problem cannot be overstated,

as this provides an important bridge for the comparison
between the different perturbative approaches (PM, PN and
GSF) to various observables.
An important step forward in this endeavor is a formu-

lation of what is the classical generating functional of all
observables, starting from the scattering scenario where the
S-matrix description is available. Here, we have combined
three powerful techniques to achieve this task: the KMOC
formalism, the exponential representation of the S-matrix
and the newly introduced Dirac brackets.
First, inspired by the eikonal formalism [22], we have

developed a coherent state expansion of the N̂ operator.
We introduced the classical (4þ N)-point gauge-invariant
kernels, making then contact with the conjectural expo-
nentiation of the classical S matrix in impact parameter
space. This allows one to obtain a novel representation of
the classical S-matrix (12), which can be combined with the
KMOC formalism to write a master formula to compute all
observables (17), as in [26].
Exploiting the properties of the Hilbert space for the two-

body kinematics, we proposed a method to turn commu-
tators into Dirac brackets for the generic radiative case (see
also [6,39] and our earlier work [5]). The algebra of the
graviton mode oscillators can then be resolved, yielding
new formulas for the impulse, spin kick and angular
momentum of each particle (26) and for the waveform (33)
and related fluxes (36). We find that in principle these
observables depend on the higher-point radiative kernels
(with two or more gravitons), although such contribution is
suppressed at the lowest order in which it appears [25,28],
consistently with the uncertainty principle [20]. It is left for
the future, however, to clarify this point at higher orders in
perturbation theory.
Our results suggest that—as in the eikonal formalism,

but with the N̂ operator prescription—in-in scattering
observables can be derived from the gauge-invariant
4-point K̃cl and 4þ N-point kernels K̃cl

4þN;R by applying
the Dirac brackets. We tested our equations in various
limits, computing also for the first time the 2PM spin kick
and spinning angular momentum up to OðG2sj11 s

j2
2 Þ with

j1 þ j2 ≤ 11which are provided in ancillary file. Relatedly,
we have also linked the radiated part of the angular
momentum at 2PM to a nonzero variation of Δbμ in the
intrinsic frame, shedding light on its dependence on the
Bondi-Metzner-Sachs (BMS) frame from a classical
perspective.
Our work opens the door to many future investigations.

As a first step, it would be nice to have a formal proof of
our Dirac bracket formalism and to clarify the role of the
higher-point radiative kernels. Second, our derivation
suggests a generalization of the first law of black hole
mechanics with dissipation and spin, where our observables
are linked to the variation of our kernels in phase space. It
would be nice to find an efficient way to obtain our kernels
either using the PM, PN or GSF perturbative approaches; so8We defined

R �
k ≔ limω�→0

R
d4kδ̂ðk2ÞΘðk0ÞΘðω� − ωÞ.
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far we showed only how the conservative kernel can be
simply extracted from the impulse in Appendix D. Finally,
it is desirable to apply our Dirac bracket formalism at
higher orders in perturbation theory (see also [10] for a
recent application).
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APPENDIX A: TEST OF THE DIRAC BRACKETS:
MOMENTUM CONSERVATION

In this appendix, we test momentum conservation for the
impulse by showing the equivalence

hKμi ¼ −hΔp̄μ
1i − hΔp̄μ

2i; ðA1Þ

between (26) and (36). First, note that given that K̃cl

depends only on bμ ¼ bμ2 − bμ1 we have

fK̃clðσ; bÞ; p̄μ
1 þ p̄μ

2gDB ¼ 0; ðA2Þ

because of the antisymmetric structure of the Dirac
brackets (23). Then, restricting for simplicity to 4PM order,
we can use the linearity of the integration and of the
brackets in (26) to write

hΔp̄μ
1 þΔp̄μ

2ijOðG4Þ ¼
i
2!

Z
k
ðK̃cl

5;RðkÞfK̃�cl
5;RðkÞ; p̄μ

1 þ p̄μ
2gDB − K̃�cl

5;RðkÞfK̃cl
5;RðkÞ; p̄μ

1 þ p̄μ
2gDBÞ

þ 2i
3!

Z
k
ðK̃cl

5;RðkÞfK̃cl;fK̃�cl
5;RðkÞ; p̄μ

1 þ p̄μ
2gDBgDB − K̃�cl

5;RðkÞfK̃cl;fK̃cl
5;RðkÞ; p̄μ

1 þ p̄μ
2gDBgDBÞ

þ i
3!

Z
k
ðfK̃cl; K̃cl

5;RðkÞgDBfK̃�cl
5;RðkÞ; p̄μ

1 þ p̄μ
2gDB − fK̃cl; K̃�cl

5;RðkÞgDBfK̃cl
5;RðkÞ; p̄μ

1 þ p̄μ
2gDBÞ: ðA3Þ

We now use the definition of K̃cl
5;R in (7)

K̃cl
5;Rðb1; b2; k1Þ ¼

Z
d̂4q1d̂

4q2δ̂ð2p̄1 · q1Þδ̂ð2p̄2 · q2Þδ̂4ðq1 þ q2 − k1Þeiðq1·b1þq2·b2Þ=ℏKcl
5;Rðq1; q2Þ; ðA4Þ

to show how we can simplify the action of the Dirac brackets (23) at the integrand level. Indeed, because the integrand
representation of (A4) still contains the transversality constraints, the action of the Dirac brackets reduces to the Poisson
brackets f·; ·gDB → f·; ·gPB

fK̃cl
5;R; p̄

μ
1 þ p̄μ

2gDB ¼
Z

d̂4q1d̂
4q2δ̂

4ðq1 þ q2 − kÞδ̂ð2p̄1 · q1Þδ̂ð2p̄2 · q2Þfeiðq1·b1þq2·b2Þ=ℏ; p̄μ
1 þ p̄μ

2gPBKcl
5;Rðq1; q2Þ

¼
Z

d̂4q1d̂
4q2δ̂

4ðq1 þ q2 − k1Þδ̂ð2p̄1 · q1Þδ̂ð2p̄2 · q2Þeiðq1·b1þq2·b2Þ=ℏðiqμ1 þ iqμ2ÞKcl
5;Rðq1; q2Þ

¼
Z

d̂4q1d̂
4q2δ̂

4ðq1 þ q2 − k1Þδ̂ð2p̄1 · q1Þδ̂ð2p̄2 · q2Þeiðq1·b1þq2·b2Þ=ℏðikμÞKcl
5;Rðq1; q2Þ ðA5Þ

¼ ikμK̃cl
5;R: ðA6Þ

Taking the conjugate of this expression we also obtain fK̃�cl
5;R; p̄

μ
1 þ p̄μ

2gDB ¼ −ikμK̃�cl
5;R, which allows us to combine the

remaining contributions in (A3) as

hΔp̄μ
1 þ Δp̄μ

2ijOðG4Þ ¼ −
Z
k
kμK̃�cl

5;RK̃
cl
5;R −

1

2

Z
k
kμ
h
K̃cl

5;RfK̃cl; K̃�cl
5;RgDB þ K̃�cl

5;RfK̃cl; K̃cl
5;RgDB

i
; ðA7Þ
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giving back (36) as desired. Following the same steps, we
can generalize the arguments made here for the canonical
angular momentum (cf. [57]) to obtain

hJμνi ¼ −hΔJμν1;cani − hΔJμν2;cani: ðA8Þ

APPENDIX B: DETAILS ABOUT THE STATIC
ANGULAR MOMENTUM INTEGRALS

In this appendix, we evaluate the static contribution to
the variation of the angular momentum at 2PM order and at
all orders in spin using (45) and the radiative kernel (41),
which is expressed in terms of the incoming kinematics and
the conservative impulse [8]

Qμðb; vj; sjÞ ¼ −
Gm1m2ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p
X
h¼�

fhðσÞ
bμh
b2h

;

fhðσÞ ¼


2σ2 − 1þ 2hσ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p �
;

bμ� ¼ Πμνbν �
ϵμνρλs

νþv
ρ
1v

λ
2ffiffiffiffiffiffiffiffiffiffiffiffiffi

σ2 − 1
p ; ðB1Þ

where sμþ ¼ sμ1 þ sμ2 and Πμν is the two-body projector

Πμν ¼ ημν −
1

σ2 − 1



vμ1v

ν
1 þ vμ2v

ν
2 − 2σvðμ1 v

νÞ
2

�
: ðB2Þ

The advantage of writing (B1) in terms of the projector is
that there is a simplification happening when we consider
the Dirac brackets of two functions Jμν1 and K̃�cl

5;R which are
invariant under

bμ1 → bμ1 þ α1v
μ
1; bμ2 → bμ2 þ α2v

μ
2; ðB3Þ

namely that their Dirac bracket (23) reduces to the primed
ones (22) (see Appendix C for a full proof)

fK̃�cl
5;R; J

μν
1 gDB → fK̃�cl

5;R; J
μν
1 g0: ðB4Þ

Hence, we can simplify the Dirac bracket in (45) to

fK̃�cl
5;R; J

μν
1 gDB

¼ fK̃�cl
5;R; J

μν
1 g0

¼ ∂K̃�cl
5;R

∂bα1

∂Jμν1
∂bβ1

fbα1; bβ1g0 þ
∂K̃�cl

5;R

∂vα1

∂Jμν1
∂bβ1

fvα1; bβ1g0

þ ∂K̃�cl
5;R

∂sα1

∂Jμν1
∂bβ1

fsα1; bβ1g0 þ
∂K̃�cl

5;R

∂bα1

∂Jμν1
∂vβ1

fbα1; vβ1g0

þ ∂K̃�cl
5;R

∂bα1

∂Jμν1
∂sβ1

fbα1; sβ1g0 þ
∂K̃�cl

5;R

∂sα1

∂Jμν1
∂sβ1

fsα1; sβ1g0: ðB5Þ

Evaluated on the static contribution, this becomes

fK̃�cl
5;R; J

μν
1 gDB ¼ 2b½μ1

∂K̃�stat
5;R

∂bν�1
þ 2v½μ1

∂K̃�stat
5;R

∂vν�1
þ 2s½μ1

∂K̃�stat
5;R

∂sν�1
:

ðB6Þ

We can then evaluate (45) explicitly

hΔJμν1 istatjOðG2Þ ¼ i
Z �

k

�
b½μ1 K̃

stat
5;R

∂

↔

∂bν�1
K̃�stat

5;R

þ v½μ1 K̃
stat
5;R

∂

↔

∂vν�1
K̃�stat

5;R þ s½μ1 K̃
stat
5;R

∂

↔

∂sν�1
K̃�stat

5;R

�
:

ðB7Þ

In the spinless limit, this expression resembles the proposal
in Eq. (6.1) of [83].9 From the above equation we see that
we need to compute the following integrals

−i
Z �

k
K̃stat

5;R
∂

↔

∂xμi
K̃�stat

5;R ; xμi ¼ ðvμi ; sμi ; bμi Þ ðB8Þ

where the static kernel K̃stat
5;R is given in (41) and, since it

depends on the initial and final momenta in (42), it has an
implicit dependence on ðsi; biÞ through the conservative
impulse QμðxiÞ in (B1) and both an explicit and implicit
dependence on ðviÞ. Therefore

∂

∂vμ1
K̃�stat

5;R ¼ m1

�
∂

∂pμ
1

K̃�stat
5;R þ ∂

∂p0μ
1

K̃�stat
5;R

�

þm1

∂Qν

∂pμ
1

∂

∂Qν K̃
�stat
5;R ; ðB9Þ

∂

∂bμ1
K̃�stat

5;R ¼ ∂Qν

∂bμ1

∂

∂Qν K̃
�stat
5;R ; ðB10Þ

∂

∂sμ1
K̃�stat

5;R ¼ ∂Qν

∂sμ1

∂

∂Qν K̃
�stat
5;R ; ðB11Þ

with

∂

∂Qν K̃
�stat
5;R ¼

�
∂

∂p0ν
2

−
∂

∂p0ν
1

�
K̃�stat

5;R ; ðB12Þ

where we used (42). Hence, the family of integrals we need
to compute are

Iμ;i ≔ −i
Z �

k
K̃stat

5;R
∂

↔

∂pμ
i
K̃�stat

5;R ; ðB13Þ

9Equation (6.1) in [83] is written in terms of ũi, which are
classically different from vi we are using here.
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giving (see e.g. [22] for more details)

Iμ
i ¼

κ2

4

X
j¼1;2;10;20

αj;ip
μ
j þ βj;ip

μ
i ; ðB14Þ

with coefficients

αj;i¼π
2ηið2σ2ij−1ÞþσijΔijðηj−ηiÞð2σ2ij−3Þ

4ð2πÞ2ðσ2ij−1Þ ; ðB15Þ

βj;i ¼ π
mj

mi

Δijðηj − ηiÞ − 2ηjσijð2σ2ij − 1Þ
4ð2πÞ2ðσ2ji − 1Þ ; ðB16Þ

and

Δij ¼
arccoshσij
ðσ2ij − 1Þ12 ; σij ¼ −vi · vj; ðB17Þ

with σ12 ¼ σ1020 ¼ σ, σii ¼ σi0i0 ¼ 1, and

σ120 ¼ σ210 ¼ σ −
Q2

2m1m2

; ðB18Þ

σ110 ¼ 1þ Q2

2m2
1

; σ220 ¼ 1þ Q2

2m2
2

; ðB19Þ

as follows from (42). It is convenient to introduce

1

2
IðσÞ ≔ 8 − 5σ2

3ðσ2 − 1Þ þ
σð2σ2 − 3Þ
ðσ2 − 1Þ32 arccoshσ; ðB20Þ

in terms of which we get10

hΔLμν
1 istatjOðG2Þ ¼ −

κ2

16π

Gm1m2ð2σ2 − 1Þ
b2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p IðσÞp½μ
1 b

ν�;

ðB21Þ

in the spinless case, whereas in the spinning case we find

hΔJμν1 istatjOðG2Þ ¼ −
κ2

32π

Gm1m2ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p IðσÞ
X
h¼�

fhðσÞ
p½μ
1 b

ν�
h

b2h
;

ðB22Þ

which correctly reduces to (B21) for sþ ¼ 0. Both
Eqs. (B21) and (B22) can be compactly written as

hΔJμν1 istatjOðG2Þ ¼
κ2

32π
IðσÞp½μ

1 Q
ν�: ðB23Þ

This stems from the fact that the radiated impulse and spin
kick vanish at 2PM, and the radiative contribution to
angular momentum change is thus purely from

hΔbμ1istatjOðG2Þ ¼ −
κ2

32π
IðσÞQμ: ðB24Þ

The expression for particle 2 is obtained by simply
replacing 1 ↔ 2 in the above equation and multiplying
it by an overall minus sign. Then it is immediate to show
that, going back to canonical spin variables,

hJμνijOðG2Þ ¼ −hΔJμν1;canijOðG2Þ − hΔJμν2;canijOðG2Þ; ðB25Þ

where hJμνijOðG2Þ was first computed in [85] (see
[21,56,83,86–89] for the spinless result, and [90] for an
alternative derivation from the worldline trajectory).

APPENDIX C: FROM DIRAC BRACKETS
TO PRIMED BRACKETS

We consider the generic Dirac brackets between two
functions f̃ðbj; vj; sjÞ and g̃ðbj; vj; sjÞ. We claim that if f̃, g̃
are invariant under

bμ1 → bμ1 þ α1v
μ
1; bμ2 → bμ2 þ α2v

μ
2; ðC1Þ

then the constrained Dirac brackets (23) reduce to the
primed ones (22).
First, we assume that f̃ is invariant under bμ1 →

bμ1 þ α1v
μ
1. Infinitesimally, this means

0 ¼ f̃ðb1 þ α1v1;…Þ − f̃ðb1;…Þ

¼ α1v
μ
1

∂f̃ðb1;…Þ
∂bμ1

þOðα21Þ; ðC2Þ

and repeating the argument for both shifts in (C1) we obtain

vμ1
∂f̃ðb1; b2;…Þ

∂bμ1
¼ vμ2

∂f̃ðb1; b2;…Þ
∂bμ2

¼ 0: ðC3Þ

Clearly, the same holds for g̃ if it is invariant under (C1).
This implies some simplification of the Dirac brackets

10Notice that there is a discrepancy between our result in (B21)
and the one in [21,22]. However, at the level of the four-
dimensional vector in (38) they agree and therefore, in the
CM frame, they are equal up to a 0i component.
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fg̃; f̃gDB ¼
X
i;j¼1;2

�
∂g̃
∂bαi

∂f̃

∂bβj
fbαi ; bβjgDB þ

∂g̃
∂bαi

∂f̃

∂vβj
fbαi ; vβjgDB

þ ∂g̃
∂bαi

∂f̃

∂sβj
fbαi ; sβjgDB þ

∂g̃
∂vαi

∂f̃

∂bβj
fvαi ; bβjgDB

þ ∂g̃
∂sαi

∂f̃

∂bβj
fsαi ; bβjgDB þ

∂g̃
∂sαi

∂f̃

∂sβj
fsαi ; sβjgDB

�
;

because (C3) sets to zero some of the contributions
proportional to vμ1 and vμ2 in the Dirac brackets (23).
Upon inspection, we find the brackets exactly reduce the
primed brackets in (22).
Finally, notice that if f̃ or g̃ depend only on the transverse

components of bμ ¼ bμ2 − bμ1 (i.e., b · v1 ¼ b · v2 ¼ 0), we
can write bμ in terms of the projected vectorΠμνbν, with the
two-body projector Πμν in (B2). Doing so, we can make
manifest the invariance under (C1), allowing us to simplify
the Dirac brackets to the primed ones.

APPENDIX D: EXTRACTING THE RADIAL
ACTION FROM THE CONSERVATIVE IMPULSE

With the conservative formula (26), we can extract the
nPM radial action directly from the nPM conservative
momentum impulse. Firstly, we subtract all the contribu-
tions from iterations of lower order radial action from the
nPM impulse, obtaining the Dirac brackets of the nPM
radial action and the initial momentum,

fK̃clðnÞ;p̄μ
1gDB¼Δp̄ðnÞ;μ

1 −
Xn
j¼2

1

j!
fK̃cl;…;fK̃cl|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

jtimes

;p̄μ
1g…gjnPM:

ðD1Þ

Similar to the spinless case, we essentially integrate (D1) to
get K̃clðnÞ. We note that the radial action depends on the
initial vectors ðbμ; vμ1; vμ2; sμ1; sμ2Þ. We find it convenient to
write the radial action in terms of the module jbj and
direction b̂μ of the impact parameter separately with
jbj ≔ ffiffiffiffiffiffiffiffiffiffi

bμbμ
p

; b̂μ ≔ bμ=jbj. On our constraints, the Dirac
bracket with vμ1 can be written as,

fK̃clðnÞ; p̄μ
1gDB ¼ ∂K̃clðnÞ

∂jbj fjbj; p̄μ
1gDB þ ∂K̃clðnÞ

∂b̂ν
fb̂ν; p̄μ

1gDB

¼ ∂K̃clðnÞ

∂jbj b̂μ þ ∂K̃clðnÞ

∂b̂ν
ε̂νε̂μ

jbj ; ðD2Þ

where ε̂μ ≔ ϵμνρσb̂
νvρ1v

σ
2=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p
is a unit vector orthogo-

nal to bν; vρ1; v
σ
2. We note that the term proportional to b̂μ

comes only from the scalar derivative with respect to jbj.
Taking of this advantage, we can just take the coefficient of
b̂μ, write it in terms of ðjbj; b̂μ; vμ1; vμ2; sμ1; sμ2Þ, and perform
the integration over jbj to obtain the radial action. Practically,
this is trivial to do, as the radial action at a given PM and spin
order is homogeneous in jbj by dimensional analysis.
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