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We show that the chiral algebra bootstrap, which computes form factors of twistorial theories, can help
determine two-loop amplitudes in massless QCD. We give an n-gluon result for a previously unknown
partial amplitude of the two-loop all-plus-helicity QCD amplitude by utilizing supersymmetry Ward
identities and known chiral algebra bootstrap results. We then show that the full-color two-loop n-gluon
amplitude of QCD with nf quark flavors can be obtained from certain two-loop form factors of twistorial
theories and one-loop and tree-level amplitudes. Chiral algebra bootstrap results exist for these form factors
when all gluons have positive helicities. Hence, the bootstrap simplifies the computation of these two-loop
amplitudes by one loop level.
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I. INTRODUCTION

Over the last few decades, there has been dramatic
progress in the computation of higher-point and higher-
loop scattering amplitudes in quantum field theories. This
endeavor has led to an improved understanding of the
mathematical structure of many theories (see Ref. [1] for a
review), while also providing more precise predictions for
physical observables [2].
Many of the advances in our understanding of ampli-

tudes have come from theories with relatively nice ana-
lytical structures, such as N ¼ 4 supersymmetric Yang-
Mills (SYM) [3–7]. However, progress in nonsupersym-
metric gauge theories, such as QCD, has been much slower.
The first two-loop results were given in Refs. [8–15] for the
scattering of four partons. There have been remarkable
recent advances in computing the full-color all-helicity
massless QCD amplitudes for the scattering of five partons
at two loops [16–18] and for the scattering of four partons
at three loops [19–21]. For the all-plus-helicity configura-
tion (when all scattering partons are outgoing gluons with
positive helicities), the full-color pure Yang-Mills (YM)
amplitudes have been computed for the scattering of up to
seven gluons [22,23], while n-gluon results and conjectures
exist for certain partial amplitudes [23–25]. Full-color QCD
amplitudes have a rather intricate analytic structure, and

pushing directly to one more loop or one more leg may be
difficult.
A few years ago, Costello and Paquette proposed a novel

bootstrap method to compute nonsupersymmetric gauge
theory amplitudes, dubbed the chiral algebra bootstrap
[26,27]. It exploits the fact that YM theory can be obtained
from a perturbation around the self-dual sector. Positive-
and negative-helicity states of self-dual Yang-Mills (sdYM)
can be shown to be in one-to-one correspondence with the
operators of a two-dimensional chiral algebra (CA), whose
operator product expansions (OPEs) capture the holomor-
phic collinear limits of the field-theory states [26].
Correlation functions of the CA give form factors of the
field theory, and certain sdYM form factors reproduce
amplitudes of ordinary YM. The CA bootstrap computes
these form factors by using the CA OPEs to constrain their
functional forms.
The main limitation of this bootstrap method is that it

only computes loop-level YM amplitudes when special
matter content is added to the theory. These theories contain
fermions that transform in special representations of the
gauge group and/or a scalar with a fourth-order kinetic term
that couples to the topological term trðF ∧ FÞ of the theory.
Four-dimensional theories with such matter are called
twistorial. The question remains: can the CA bootstrap
aid in the computation of amplitudes in nontwistorial
theories, like QCD?
In this paper, we answer this question in the affirmative.

Using supersymmetry Ward identities, we show that a CA
bootstrap result of Ref. [28] gives a hitherto unknown
partial amplitude appearing in the trace-basis color decom-
position of the two-loop n-gluon all-plus-helicity QCD
amplitude. We then show that the full-color n-gluon QCD
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amplitude is given by lower-loop-level amplitudes and
two-loop twistorial amplitudes, the latter of which are
computable using the CA bootstrap for the all-plus-helicity
configuration. The two-loop QCD amplitude is a sum
of three gauge-invariant quantities with different partons
running in the loops: the pure-gluon amplitude, the single-
fermion-loop contribution, and the two-fermion-loop con-
tribution. Determining all three contributions to the QCD
amplitude will require using three twistorial theories, whose
properties we now explain.

II. TWISTORIAL THEORIES

It has been shown that positive- and negative-helicity
states of sdYM on twistor space are in one-to-one
correspondence with local operators in a CA supported
on a Riemann sphere [26]. The conformal blocks of the
algebra correspond to local operators of the field theory;
so, correlation functions in the CA give form factors of
sdYM. Moreover, the OPEs in the algebra correspond to
holomorphic collinear limits of the gluonic states. This
equivalence suggests that the analytic properties of the
chiral algebra OPEs can be used to “bootstrap” sdYM form
factors. Indeed, this chiral algebra bootstrap has been
employed to compute form factors that give one- and
two-loop amplitudes in ordinary SUðNcÞ gauge theories
[26–29], and it can compute, in principle, other form factors
to higher loop orders using the results of Ref. [30].
A requirement for the existence of a CA is the associa-

tivity of its OPEs. Associativity fails at the first loop
correction for pure sdYM. This failure is traced back to the
fact that the one-loop all-plus amplitude is anomalous in
the six-dimensional twistor space uplift of the theory. The
twistor anomaly can be removed via a Green-Schwarz
mechanism [31] by including a fourth-order scalar field
that couples to the Yang-Mills topological term trðFF̃Þ
[26,27,32]. However, this quartic “axion” can only remove
double-trace contributions to the all-plus amplitude. Thus,
this anomaly-cancellation mechanism requires that the
gauge group have a quartic Casimir structure proportional
to its quadratic one. Alternatively, the anomaly can be
cured by introducing Weyl fermions living in a real
representation whose quartic Casimir equals the adjoint
representation’s [28]. A combination of the axion and
fermions can also be employed simultaneously. A four-
dimensional theory with an anomaly-free twistor space
description is called twistorial.
The full anomaly-free sdYM Lagrangian on Minkowski

space is given by

trðBF−Þ þ ψ̄ =DRψ −
1

2
ð∂2ρÞ2 þ g2λG;R

8π
ffiffiffi
3

p ρtrðFF̃Þ; ð1Þ

where F− is the anti-self-dual component of the field
strength F, B is an anti-self-dual two-form Lagrange
multiplier field, F̃μν ≔ i

2
ϵμνρσFρσ is the dual of F, ψ is a

Weyl fermion, ρ is a real scalar field, and g is the gauge
coupling. The real matter representation R and the value of
the constant λG;R must satisfy the anomaly-free condition

trGðX4Þ − trRðX4Þ ¼ λ2G;RtrðX2Þ2; ð2Þ

where X is any Lie algebra element. The trace without a
subscript is taken over the defining representation of the
gauge group; trG denotes the trace over the adjoint
representation; and trR denotes the trace over the matter
representation R.
Twistorial theories have a trivial S matrix on flat space-

times [26,32]. However, they have nonvanishing form
factors, which are amplitudes in the presence of local
operators. Form factors with multiple insertions of 1

2
trðB2Þ

are of particular interest, as they reproduce amplitudes of
non-self-dual gauge theory after sending the operator
momenta to zero. This fact is seen by adding the term
1
2
trðB2Þ to the Lagrangian (1) and integrating out B,

yielding the YM Lagrangian plus a theta term. Form
factors with a single insertion of 1

2
trðB2Þ reproduce two-

minus-, one-minus-, and all-plus-helicity amplitudes in
ordinary YM at the tree, one-loop, and two-loop level,
respectively, with more insertions giving higher-loop and
more generic helicity amplitudes. Even though twistorial
theories have no amplitudes, we refer to the 1

2
trðB2Þ form

factors with zero operator momenta as amplitudes, by a
slight abuse of terminology.
Because we will relate amplitudes of twistorial theories

to those of QCD, we restrict ourselves to twistorial theories
that have gauge group SUðNcÞ and with Weyl fermions
transforming under R ¼ nfðF ⊕ F̄Þ, with the values of
Nc, nf, and λ2Nc;nf

≡ λ2SUðNcÞ;nfðF⊕F̄Þ tuned to satisfy the

anomaly-free condition (2). We consider three classes of
such twistorial theories, and they are defined in Table I by
the different possible choices for these three numbers.
The CA bootstrap can compute the two-loop all-plus-

helicity gluon amplitude for the three twistorial theories
in Table I [27–29]. For SUð2Þ and SUð3Þ, these ampli-
tudes are given by two-loop all-plus QCD amplitudes
with specific values for the number of quark flavors nf,
as well as lower-loop amplitudes involving internal axion

TABLE I. This table provides the specific values of Nc, nf, and
λ2Nc;nf

that define the three classes of twistorial theories that we

use. The massless Dirac fermions transform in nf copies of the
fundamental representation of SUðNcÞ. These numbers allow for
the anomaly-free condition (2) to be satisfied.

Theory Nc nf λ2Nc;nf

I 2,3 0 Nc þ 6
II 2,3 Nc þ 6 0
III arbitrary Nc 6
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propagators. In the next section, we review the various
components of two-loop gluon amplitudes in QCD, in
preparation for relating them to twistorial amplitudes.

III. COMPONENTS OF TWO-LOOP GLUON
AMPLITUDES IN QCD

Two-loop gluon amplitudes in QCD can be decomposed
into three gauge-invariant components distinguished by the
type of particles running in the loops:

Að2Þ
QCD ¼ Að2Þ

G þ nfA
ð2Þ
F þ n2fA

ð2Þ
F2 : ð3Þ

The first term of the above decomposition, Að2Þ
G , is the

pure-glue (YM) amplitude, in which all the particles in the

loops are gluons. The second term, Að2Þ
F , is the sum of all

Feynman diagrams that contain a single fermion loop, and

the third term, Að2Þ
F2 , has two fermion loops.

Amplitudes in a non-Abelian gauge theory can be decom-
posed into a basis of color traces taken over the fundamental
(defining) representation of the Lie algebra of the gauge
group. The color decomposition for two-loop amplitudes of
SUðNcÞ gauge theory with nf quark flavors is

Að2Þ
n ¼ gnþ2

X
σ ∈ Sn=Zn

trðtaσ1 � � � taσn ÞAn;1;1ðσ1;…; σnÞ

þ DTþ TT; ð4Þ

where DT and TT are double- and triple-trace terms,
respectively. The full color decomposition is given in
Appendix B. The partial amplitude An;1;1 can be expanded
in terms of powers of Nc and nf as

An;1;1 ¼ N2
cA

ð2;0Þ
n þ Að0;0Þ

n þ NcnfA
ð1;1Þ
n þ nf

Nc
Að−1;1Þ
n

þ n2fA
ð0;2Þ
n : ð5Þ

The partial amplitudes Að2;0Þ
n , Að1;1Þ

n , Að−1;1Þ
n , and Að0;2Þ

n are
solely built from the single-trace terms of planar Feynman

diagrams, whereas Að0;0Þ
n only has nonplanar contributions.

The topologies for the amplitudes with fermion loops

are shown in Fig. 1. Even though Að−1;1Þ
n is subleading

in powers of Nc, it only receives contributions from planar
diagrams with the P3 topology. We prove this statement
in Appendix A.

IV. AN n-GLUON PARTIAL AMPLITUDE RESULT

We now show that the leading-color result for the two-
loop all-plus n-gluon amplitude of theory III gives the

partial amplitude Að−1;1Þ;all-plus
n . The argument requires the

supersymmetry Ward identity [33–36]

Aall-plus
N¼1SYM ¼ 0: ð6Þ

The vanishing of the all-plus amplitude in N ¼ 1 SYM
happens order by order in the loop expansion. Recall that
N ¼ 1 SYM is the supersymmetric SUðNcÞ gauge theory
with massless Weyl fermions transforming in the adjoint
representation.
Amplitudes of N ¼ 1 SYM are comprised of the same

diagrams that give the QCD amplitude but with the fermion
color matrices tanfðF⊕F̄Þ replaced with adjoint representation

matrices taG. Thus, all planar diagrams with fermion loops
contribute to the leading-color single-trace terms of the
N ¼ 1 SYM amplitude. At two loops, the leading-color
partial amplitude of N ¼ 1 SYM in terms of the partial
amplitudes (5) is

Að2;0Þ
N¼1;n ¼ Að2;0Þ

n þ Að1;1Þ
n þ Að0;2Þ

n − Að−1;1Þ
n : ð7Þ

The minus sign in front of Að−1;1Þ
n follows from the fact

that the single-trace term coming from planar diagrams
with the P3 topology is N2

ctrð…Þ when the fermions live in
the adjoint, whereas it is − nf

Nc
trð…Þ when they live in the

fundamental. The latter results from applying the SUðNcÞ
Fierz identity

ðtaÞijðtaÞkl ¼ δilδ
k
j −

1

Nc
δijδ

k
l ð8Þ

to these diagrams. When restricted to the all-plus-helicity
configuration, the supersymmetric partial amplitude (7)
vanishes:

Að2;0Þ;all-plus
N¼1;n ¼ 0: ð9Þ

FIG. 1. Two-loop topologies of diagrams contributing to Að2Þ
F

and Að2Þ
F2 . Planar diagrams are given by attaching tree graphs to

any black line at a single leg. Nonplanar diagrams are those with
topologies P1 and P3 with trees that attach to the red propagator

shared by the two loops. The partial amplitudes Að1;1Þ
n , Að−1;1Þ

n , and

Að0;2Þ
n are completely built from the single-trace terms of planar

graphs with topologies P1 and P2, P3, and P4, respectively.
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Now consider the leading-color partial amplitude of
twistorial theory III. This amplitude is given by setting
nf ¼ Nc in the QCD amplitude (5) and extracting the
OðN2

cÞ term

Að2;0Þ
III;n ¼ Að2;0Þ

n þ Að1;1Þ
n þ Að0;2Þ

n : ð10Þ

This partial amplitude does not receive contributions
from diagrams involving the internal exchanges of the
axion; single-trace axion contributions occur at OðN0

cÞ.
Restricting to the all-plus amplitude and using Eqs. (7) and

(9), the leading-color partial amplitude of theory III (10)
reduces to

Að2;0Þ;all-plus
III;n ¼ Að−1;1Þ;all-plus

n : ð11Þ

The n-gluon all-plus single-trace partial amplitudes of
theory III were computed with the CA bootstrap in

Ref. [28]. Using their result for Að2;0Þ;all-plus
III;n , we get an

n-gluon result for Að−1;1Þ;all-plus
n :

Að−1;1Þ;all-plus
n ð1; 2;…; nÞ ¼ 1

2ð4πÞ4
X

1≤i<j<k<l≤n

½ij�hjki½kl�hlii þ hiji½jk�hkli½li�
h12ih23i � � � hn1i : ð12Þ

This expression, which uses standard spinor-helicity nota-
tion, is recognized to be proportional to the so-called
“even” part of the one-loop all-plus amplitude [37,38],
named as such because the numerator of this expression is
even under a parity transformation of the outgoing gluon
momenta. We have checked Eq. (12) for n ¼ 4 and n ¼ 5
using the results of Refs. [8,39,16], respectively [40].
The result (12) is consistent with four-dimensional

unitarity cuts. Unitarity cuts of Að−1;1Þ;all-plus
n always result

in a product involving at least one tree amplitude with a
quark-anti-quark pair and gluons of positive helicity only;

these tree amplitudes are zero. Thus, Að−1;1Þ;all-plus
n must be a

rational function in the kinematic variables.
The expected factorization properties provide further

evidence to support the validity of Eq. (12). Two-loop
collinear limits dictate that [41]

Að−1;1Þ;all-plus
n ð…; a; aþ 1;…Þ

⟶
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

zð1 − zÞp ha; aþ 1iA
ð−1;1Þ;all-plus
n−1 ð…; P;…Þ; ð13Þ

where the momenta of the two color-adjacent gluons are
taken to pa → zP and paþ1 → ð1 − zÞP, with P being a
lightlike four-momentum and z a number. A simple
computation shows that the partial amplitude (12) satisfies

the collinear limit (13) [37]. Also, Að−1;1Þ;all-plus
n lacks

multiparticle factorization poles at P2
i;j ¼ 0, where Pi;j ¼

pi þ piþ1 þ � � � þ pj for 1 ≤ i < j ≤ n and iþ 2 ≤ j, as
expected for this partial amplitude with this helicity
configuration.
The expression (12) could have been guessed based on

these factorization properties and knowing the four-point
and five-point amplitudes, similar to how the one-loop all-
plus amplitude was originally computed in Ref. [37].
However, one often does not have control over the terms

that are regular in these on-shell factorization limits. In
contrast, the symmetries of the CA can determine the terms
regular in OPE limits [26–29].

V. FROM TWISTORIAL THEORIES TO QCD

Significant effort has been made to compute two-loop
QCD amplitudes, with the state-of-the-art being all five-
parton QCD amplitudes [16–18] and the seven-point all-
plus pure YM amplitude [23]. The goal of this section is to
show that the full-color n-gluon QCD amplitude can be
obtained from two-loop amplitudes of the twistorial the-
ories and one-loop and tree amplitudes involving the axion.
When restricting to the all-plus-helicity configuration, two-
loop twistorial amplitudes are computable using the CA
bootstrap [27–29], thus, reducing the computational diffi-
culty of the QCD amplitude from two loops to one loop.
The two-loop gluon amplitude in the theory of QCD plus

the axion is

Að2Þ
QCDþax ¼ Að2Þ

QCD þ λ2Nc;nf
Að1Þ

ax þ ðλ2Nc;nf
Þ2Að0Þ

ax2 : ð14Þ
The two-loop amplitudes of the three twistorial theories
are obtained from Eq. (14) by setting nf and λ2Nc;nf

to the

specific values given in Table I. The factor of g2 appearing
with the axion-gluon interaction term in the Lagrangian (1)
implies that the amplitude (14) receives contributions

from one-loop amplitudes Að1Þ
ax built from diagrams with

a single axion propagator (e.g., Fig. 2) and from tree

amplitudes Að0Þ
ax2

with two axion propagators (e.g., Fig. 3).
The one-loop axion amplitude is given by a sum of three
gauge-invariant terms,

Að1Þ
ax ¼ A½g→ax�

ax þA½g�
ax þ nfA

½f�
ax ; ð15Þ

where the superscripts denote the particle circulating in the
loop. Gluons and fermions receive the superscripts [g] and
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[f], respectively. The superscript ½g → ax� denotes that the
axion is one of the propagators in the loop, with the
remaining particles in the loop being gluons.

In twistorial theories, the QCD amplitude Að2Þ
QCD con-

tributes to Að2Þ
QCDþax with specific values of nf. The QCD

amplitude can be decomposed into three gauge invariant
parts corresponding to different powers of nf, as in Eq. (3).
Having three twistorial theories should then allow us to
solve for these three amplitudes that comprise the full
QCD amplitude. Restricting to Nc ¼ 2 or 3, we get three
equations for the three classes of twistorial theories
appearing in Table I:

Að2Þ
I ¼ Að2Þ

G þ ðNc þ 6ÞðA½g→ax�
ax þA½g�

axÞ þ ðNc þ 6Þ2Að0Þ
ax2

ð16Þ

Að2Þ
II ¼ Að2Þ

G þ ðNc þ 6ÞAð2Þ
F þ ðNc þ 6Þ2Að2Þ

F2 ð17Þ

Að2Þ
III ¼ Að2Þ

G þ NcA
ð2Þ
F þ N2

cA
ð2Þ
F2

þ 6ðA½g→ax�
ax þA½g�

ax þ NcA
½f�
ax Þ þ 62Að0Þ

ax2
: ð18Þ

The solution to this system of equations is

Að2Þ
G ¼ Að2Þ

I − ðNc þ 6ÞðA½g→ax�
ax þA½g�

axÞ − ðNc þ 6Þ2Að0Þ
ax2

ð19Þ

Að2Þ
F ¼ −

2Nc þ 6

NcðNc þ 6ÞA
ð2Þ
I −

Nc

6ðNc þ 6ÞA
ð2Þ
II

þ Nc þ 6

6Nc
Að2Þ

III þA½g→ax�
ax þA½g�

ax

− ðNc þ 6ÞA½f�
ax þ 2ðNc þ 6ÞAð0Þ

ax2 ð20Þ

Að2Þ
F2 ¼ 1

NcðNc þ 6ÞA
ð2Þ
I þ 1

6ðNc þ 6ÞA
ð2Þ
II

−
1

6Nc
Að2Þ

III þA½f�
ax −Að0Þ

ax2
; ð21Þ

where, again, the expressions are only valid for Nc ¼ 2, 3.
The above solution expresses the full-color two-loop

QCD amplitude with arbitrary nf (3) in terms of two-loop
amplitudes of the three twistorial theories, one-loop ampli-
tudes involving a single axion propagator, and a tree-
level amplitude with two internal axion propagators. The

computational benefit is that Að2Þ
I , Að2Þ

II , and Að2Þ
III can be

computed using the CA bootstrap when restricted to the
all-plus-helicity configuration. However, we expect that
the CA bootstrap only gives the finite remainder of these
twistorial amplitudes when computed with dimensional
regularization, as was found for the four-point amplitude in
twistorial theory II [29]. So, Eqs. (19)–(21) become
equalities at the level of the finite remainders, and the
divergent terms are determined by Catani’s formula [42]. In
Appendix B, we review what is known and what remains to
be computed of the amplitudes appearing on the right-hand
sides of Eqs. (19)–(21). To summarize, all single-trace
terms are either known or conjectured, while the rational
parts to the double- and triple-trace terms remain
undetermined.
Finally, we emphasize that Eqs. (19)–(21) hold for

generic helicities. Similar equations can also be derived
for amplitudes involving two or more external quark-anti-
quark pairs. Extending the CA bootstrap to more generic
helicity configurations and including external fermions is
under active investigation.

VI. CONCLUSIONS

The CA bootstrap computes form factors of twistorial
theories. Form factors with insertions of 1

2
trðB2Þ give

helicity amplitudes of the full, non-self-dual gauge theory
in the zero-operator-momenta limit, but these theories
still contain matter content in their spectra that does not
describe the interactions of QCD. We have nonetheless
used the CA bootstrap to compute parts of ordinary two-
loop QCD amplitudes. In particular, we have 1) com-

puted the partial amplitude Að−1;1Þ;all-plus
n , valid for arbi-

trary Nc, by using supersymmetry Ward identities to
relate it to a partial amplitude of twistorial theory III,
which was computed using the CA bootstrap in Ref. [28],
and 2) shown that the full-color all-plus-helicity n-gluon

FIG. 3. An example of a Feynman diagram that contributes to
the tree-level amplitude with two axion propagators Að0Þ

ax2
. The

extra power of g8 coming from the four axion-gluon-gluon
vertices implies that tree-level diagrams involving two internal
axions contribute to two-loop QCD amplitudes.

FIG. 2. Examples of Feynman diagrams that contribute to the
one-loop amplitude with a single axion propagator Að1Þ

ax . The left,

middle, and right diagrams contribute to the amplitudes A½g→ax�
ax ,

A½g�
ax , and A½f�

ax , respectively. Each axion-gluon-gluon vertex
contributes a power of g2, so that n-gluon one-loop diagrams
involving a single internal axion contribute to QCD amplitudes at
Oðgnþ2Þ, i.e., two loops.
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amplitude in QCD with an arbitrary number of quark
flavors nf is given by CA bootstrap results and one-loop-
and tree-level amplitudes involving the quartic axion,
when Nc ¼ 2 or 3. This latter result allows for these two-
loop amplitudes to be computed using computationally
tractable techniques like generalized unitarity [43,44] and
on-shell recursion [45–49], bringing an n-gluon result for
this helicity amplitude in reach [50]. These results are
invaluable for understanding the analytic structure of
QCD amplitudes and for making precise predictions
for observables at hadron colliders.
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APPENDIX A: DIAGRAMS CONTRIBUTING
TO Að− 1;1Þ

n

In this section, we show that Að−1;1Þ
n is solely built from

planar Feynman diagrams with the topology P3 shown in
Fig. 1, i.e., it does not receive any nonplanar contributions.
For n ¼ 4, it was shown that this statement is true for the
all-plus-helicity configuration in Ref. [39], and we have
checked that it is true for n ¼ 5 with generic helicities
by generating the explicit Feynman diagrams using
QGRAF [57]. This statement contradicts a claim made

in Ref. [17] that Að−1;1Þ
5 receives contributions from non-

planar diagrams.
The color factor(s) of any nonplanar Feynman diagram

can be decomposed into a linear combination of color

factors of the form shown in Fig. 4, where each term is
related to each other by a permutation of the external legs
denoted by ai. The rules for reading color diagrams are

ðA1Þ

The decomposition of color factor(s) of Feynman diagrams
into a permutation sum of terms of the form shown in Fig. 4
follows from using the commutation relation

ðA2Þ

or by applying the Jacobi identity to contractions of
structure constants

ðA3Þ
We will show that the diagram in Fig. 4 does not have a

single-trace term, proving that Að−1;1Þ
n does not receive

nonplanar contributions. To see that this color diagram has
no single-trace terms, use the commutation relation (A2) to
express the diagram as a sum of diagrams of the form
shown in Fig. 5. In symbols,

FIG. 4. Nonplanar color diagrams contributing to Að2Þ
F are of the form shown. The dots represent other external legs.
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trðtai � � � taj tb1tak � � � tal tb2Þifb1amc1ifc1amþ1c2 � � � ifcn−1anb2
¼

X
R⊆M

ð−1ÞjLjtrðtai � � � taj tb1tak � � � tal taRtb2taLÞifb1amb2 ;

ðA4Þ
where M ¼ ðamþ1; amþ2;…; anÞ is an ordered list, R is a
sublist of M ordered with respect to the ordering ofM, and
L ≔ MnR is also ordered with respect to M. We use the
notation taS to denote the product

taS ¼ tS1tS2 � � � tSjSj ðA5Þ

for some ordered list S ¼ ðS1; S2;…; SjSjÞ. For a given
sublist R, we apply the commutation relation (A2) and the
SUðNcÞ Fierz identity

ðtaÞijðtaÞkl ¼ δilδ
k
j −

1

Nc
δijδ

k
l ðA6Þ

to get

trðtai � � � taj tb1tak � � � tal taRtb2taLÞifb1amb2 ¼ trðtai � � � taj tbtak � � � tal taRtamtbtaLÞ − trðtai � � � taj tbtak � � � tal taRtbtamtaLÞ

¼ trðtak � � � tal taRtamÞtrðtaLtai � � � tajÞ − 1

Nc
trðtai � � � tal taRtamtaLÞ

− trðtak � � � tal taRÞtrðtamtaLtai � � � tajÞ þ 1

Nc
trðtai � � � tal taRtamtaLÞ

¼ trðtak � � � tal taRtamÞtrðtaLtai � � � tajÞ − trðtak � � � tal taRÞtrðtamtaLtai � � � tajÞ; ðA7Þ

proving the claim. In fact, we have shown that two-loop
nonplanar diagrams involving a fermion loop only con-
tribute to double-trace terms of OðN0

cÞ. Moreover, by
taking the lists ðak; akþ1;…; alÞ and R to both be empty,
this argument shows that diagrams with topologies P1 and
P2 do not produce nf=Nc single-trace terms. So, we can

conclude that Að−1;1Þ
n only receives contributions from

planar diagrams with topology P3.

APPENDIX B: REVIEW OF KNOWN RESULTS

Let us review what is known and what still needs to be
computed of the amplitudes on the right-hand sides of
Eqs. (19)–(21), when all helicities are positive. A summary
is given in Table II.
To discuss the various components of these amplitudes,

we need the color decomposition for two-loop amplitudes
of SUðNcÞ gauge theory with nf quark flavors. It is

FIG. 5. The left side of the equation is a diagram representation of a term in the sum appearing in Eq. (A4). The right side of the
equation is the result of applying the commutation relation (A2).

TABLE II. A table summarizing the known and unknown parts of the amplitudes appearing on the right-hand
sides of Eqs. (19)–(21), when all gluons have positive helicities. By “known” we mean that an n-gluon expression
has been computed; some of these amplitudes listed as unknown have known low-point results. The abbreviations
ST, DT, TT, and CC mean “single-trace,” “double-trace,” “triple-trace,” and “cut-constructable,” respectively. The
cut-constructable terms are those which can be completely determined from four-dimensional unitarity cuts. The
result for Ag→ax

ax is given by a conjectured result in Ref. [25].

Amplitudes Að2Þ
I Að2Þ

II Að2Þ
III A½g→ax�

ax A½g�
ax A½f�

ax Að0Þ
ax2

Known ST Fully ST Fully CC � � � � � �
Unknown DT, TT � � � DT, TT � � � Rational Fully Fully
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Að2Þ
n ¼

Xbn=3cþ1

b¼1

Xbðnþbþ1Þ=2c

c¼2b−1

X
σ ∈ Sn=Sn;b;c

Grn;b;cðσÞ × An;b;cðσÞ;

ðB1Þ
where

Grn;b;cð1; 2;…; nÞ
¼ trðta1 � � � tab−1Þtrðtab � � � tac−1Þtrðtac � � � tanÞ ðB2Þ

with

Grn;1;1ð1; 2;…; nÞ ¼ N2
ctrðta1 � � � tanÞ ðB3Þ

Grn;1;cð1; 2;…; nÞ ¼ Nctrðta1 � � � tac−1Þtrðtac � � � tanÞ; ðB4Þ

and Sn;b;c is the set of all permutations that leave Grn;b;c
invariant. Here, the normalization of An;1;1 differs from
that of the main body by an overall factor of N2

c. This
difference in normalization does not affect the values of

the Aði;jÞ
n in Eq. (5).

We begin with the twistorial amplitudes. The single-

trace terms of Að2Þ
II and Að2Þ

III have been computed in
Ref. [28] using the CA bootstrap, and the double- and

triple-trace terms of Að2Þ
II were computed in Ref. [29].

The single-trace terms of Að2Þ
I have not been explicitly

written out, but they can be extracted from work done
in Ref. [28]. The result for the single-trace partial
amplitude is

Að2Þ
I;n;1;1ð1; 2;…; nÞ ¼

X
1≤i<j<k<l≤n

hijihjkihklihlii
h12ih23i � � � hn1i

�
−
N2

c þ 4

2ð4πÞ4
� ½ij�½kl�
hijihkli þ

½jk�½li�
hjkihlii

�
þ 4

ð4πÞ2
½ik�½lj�
hikihlji

−
4Nc

ð4πÞ2
½ij�½kl�ðhikihjli þ hilihjkiÞ

hiji2hkli2 þ 4Nc

ð4πÞ2
½il�½jk�ðhikihlji þ hijihlkiÞ

hili2hjki2
�
: ðB5Þ

The double- and triple-trace terms ofAð2Þ
I andAð2Þ

III have not
been published, but they will appear in a forthcoming paper
by the author of this paper.
It should be noted that the classification of partial

amplitudes into single-, double- and triple-trace terms for

the amplitude Að2Þ
I is not well defined, since the trace

structures are no longer independent from each other in
SUð3Þ. By the double- and triple-trace terms, we actually
mean the terms that are determined by CAOPEs involving
the axion, which naturally give double- and triple-trace
contributions for generic values of Nc.
Parts of the one-loop all-plus amplitude with a single

axion exchange Að1Þ
ax are known, and other parts can be

obtained from a conjecture of Ref. [25]. The single-trace

part of this amplitude, A½g→ax�
ax , is related to the conjecture

of Ref. [25], which gives an n-point formula for the

subleading-in-color partial amplitude Að0;0Þ;all-plus
n [58]. In

particular, if we write A½g→ax�
n in the trace basis as

A½g→ax�
ax ¼

X
Sn=Zn

trðtaσ1 � � � taσn ÞA½g→ax�
n ðσÞ; ðB6Þ

then

A½g→ax�
n jtran ¼

1

6
Að0;0Þ
n jtran ðB7Þ

A½g→ax�
n jrat ¼

1

6
ðAð0;0Þ

III;n − Að0;0Þ
n jrat − Að−1;1Þ

n Þ; ðB8Þ

where we have split the partial amplitudes into the sum

A ¼ Ajdiv þ Ajtran þ Ajrat: ðB9Þ

The term Ajdiv contains the IR and UV divergences in
dimensional regularization as determined by Catani’s for-
mula after choosing a UV renormalization scheme [42].
The term Ajtran consists of all the transcendental functions
of the finite remainder, and Ajrat is finite and a purely
rational function in the kinematic variables. Equations (B7)

and (B8) follow from the fact that Að0;0Þ
III;n is finite, rational

[28], and given by

Að0;0Þ
III;n ¼ Að0;0Þ

n þ Að−1;1Þ
n þ 6A½g→ax�

n ; ðB10Þ

where Að0;0Þ
III;n is the OðN0

cÞ single-trace partial amplitude of

the two-loop all-plus amplitude Að2Þ
III . It is easy to check

Eq. (B7) for n ¼ 4. The amplitude A½g→ax�
4 only has triangle

generalized-unitarity cuts, meaning that A½g→ax�
4 jtran ¼ 0,

which agrees with known results [8,13,25]. Though we do
not do it here, it would be good to have an independent
check of Eq. (B7) for n ¼ 5 and Eq. (B8) for n ¼ 4, 5.
It is interesting that the “odd” part of the one-loop

all-plus amplitudes is missing in our expression (12) for

Að−1;1Þ
n , but it appears in the conjecture for the partial

amplitude Að0;0Þ
n jrat [25]. Moreover, the partial amplitude

Að0;0Þ
n jrat is missing the even part. Perhaps one can interpret

these facts as a consequence of the supersymmetry Ward
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identity (6) and the amplitudes’ relation to form factors of
twistorial theories.
The remaining terms in the one-loop axion-exchange

amplitude (15), namely A½g�
ax and A½f�

ax , are computed
by sewing together the one-loop amplitude of positive-
helicity gluons and one external off-shell axion, denoted

A½J�
ρ ≡A½J�

ρ ðpρ; 1;…; nÞ with J ¼ g, f, and its tree-level

equivalent Að0Þ
ρ ≡Að0Þ

ρ ðpρ; 1;…; nÞ, where the first argu-
ment pρ is the off-shell momentum of the external axion.
This sewing is the same procedure described in Ref. [59] to
compute the one-loop all-plus amplitude from two copies

of Að0Þ
ρ , except the permutation sum is slightly different.

The sewing procedure is

A½J�
ax ð1; 2;…; nÞ ¼

Xn−1
c¼3

A½J�
ρ ð−P1;c−1; 1;…; c − 1Þ −i

P2
1;c−1P

2
c;n

Að0Þ
ρ ð−Pc;n; c;…; nÞ þ P

�
n

c − 1

�
; ðB11Þ

where þPð n
c−1Þ instructs one to sum over all ð n

c−1Þ permu-
tations of placing c − 1 gluon momenta in the loop
amplitude and n − cþ 1 momenta in the tree amplitude.
This sewing of two amplitudes at an off-shell scalar leg is
depicted in the middle and right diagrams of Fig. 2.

The tree amplitudeAð0Þ
ρ was computed in Ref. [60] as the

amplitude for gluon fusion into a Higgs boson in an
effective field theory in which the top quark has infinite
mass. The cut-constructible part of the one-loop amplitude

with a gluon loop A½g�
ρ is known for any number of external

gluons [61]. The rational part of A½g�
ρ is only known up to

n ¼ 4 gluons [61–63]. The fermion-loop amplitude A½f�
ρ

has no four-dimensional unitarity cuts, so it is completely
rational. It, too, is only known up to n ¼ 4 gluons [61–63].
It should be possible to compute the rational terms using an
augmented version of Britto-Cachazo-Feng-Witten recur-
sion [45,46], similar to what was done for other one-loop
amplitudes [48,62].
Finally, the remaining piece needed for the two-loop

all-plus QCD amplitude as determined by Eqs. (19)–(21)
is the tree amplitude Að0Þ

ax2
, which has two internal axion

propagators, as depicted in Fig. 3. To compute this
amplitude, one needs to sew together three amplitudes
as follows:

Að0Þ
ax2
ð1; 2;…; nÞ ¼

Xn−3
b¼3

Xbðnþbþ1Þ=2c

c¼bþ1

2 − δ2c;nþbþ1

2
Að0Þ

2ρ ðPb;c−1; Pc;n; 1;…; b − 1Þ

×
−i

P4
b;c−1

Að0Þ
ρ ð−Pb;c−1; b;…; c − 1Þ −i

P4
c;n

Að0Þ
ρ ð−Pc;n; c;…; nÞ þ P

��
n

b − 1

�
×

�
n − bþ 1

c − b

��
;

ðB12Þ

where þPfð n
b−1Þ × ðn−bþ1

c−b Þg instructs one to sum over all
ð n
b−1Þ × ðn−bþ1

c−b Þ permutations of placing b − 1 momenta in

Að0Þ
2ρ , c − bmomenta in one copy of Að0Þ

ρ , and the remaining

n − cþ 1 momenta in the other copy of Að0Þ
ρ . The factor of

ð2 − δ2c;nþbþ1Þ=2 accounts for the fact that adding all of

these permutations over counts by a factor of 2 when

2c ¼ nþ bþ 1. The amplitude Að0Þ
2ρ ðpρ1 ; pρ2 ; 1;…; nÞ is

the tree-level amplitude with n positive-helicity gluons and
two external, off-shell axions. There is no known result for
this amplitude.
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