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We analyze the pole expansion of the two-hadron imaginary-time correlation function. We first explain
the general idea that the imaginary-time correlation function is expressed as a sum of the pole terms, the
Mittag-Leffler expansion, in terms of the uniformization variable, which makes the S-matrix single-valued.
We then derive explicit expressions of the pole expansion for the single-channel (ρmeson) and two-channel
[Λð1405Þ] examples and demonstrate that the pole expansion actually holds employing phenomenological
models, the vector-dominance model for the ρ meson and the chiral unitary model for Λð1405Þ. From this
observation we propose the pole expansion as a method to extract information of unstable states such as
masses and widths from the two-hadron imaginary-time correlation functions obtained by lattice quantum
chromodynamics (QCD) simulations.
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One of the most unique phenomena in strong interaction
physics is the existence of hadron resonances. In the study
of hadron resonances by lattice quantum chromodynamics
(QCD) [1–16], the information of hadron interactions is
extracted from the imaginary-time correlation function of
two hadrons. The method of extraction most often used is
generically called the Lüscher method [17–19], in which
the energy shifts of two hadrons in a finite volume are
related to the infinite-volume scattering amplitude by the
Lüscher quantization condition. The HALQCD method is
another method [20,21], where the Nambu-Bethe-Salpeter
wave function is calculated and used to determine a
potential between two hadrons. Recently, lattice QCD
has started to be applied to hadron resonances in the
coupled-channel scatterings [11–16]. Even though these
attempts are groundbreaking, there is still much room for
improvement. In Refs. [14,15] several steps are needed in
order to obtain masses and widths of resonances from the
imaginary-time correlation function and also some arbitrary

assumptions are made in the parametrization of the
K-matrix, which can be improved in our opinion.
In the present paper we analyze the pole expansion of the

imaginary-time correlation function in general and derive
explicit expressions of the pole expansion for single and
coupled two-channels. The method has been developed and
applied to the study of unstable states in coupled channels in
Refs. [22–25], where unstable states refer to poles more
general than resonances and will be hereafter used. We
neglect the left-hand cuts and three- or more-body channels
and assume that the correlation function is a meromorphic
function of an appropriate variable, the uniformization
variable,whichmakes the correlation function single-valued.
Then, the correlation function is expanded as a sum of pole
terms by virtue of the Mittag-Leffler theorem. The obtained
results directly relate the imaginary-time correlation func-
tions with the masses and widths of unstable states since the
pole expansion is parametrized by the pole positions and
residues of unstable states. We then demonstrate the pole
expansion both for the single-channel (ρ meson) and two-
channel [Λð1405Þ] examples. From this observation we
propose the pole expansion of the imaginary-time correlation
as a method to extract information of unstable states such as
masses and widths from the imaginary-time correlation
functions obtained by lattice QCD simulations.
Consider the imaginary-time correlation function

CijðτÞ ¼ h0jOiðτÞOj†ð0Þj0i ¼
Z

∞

εmin

dp0

2πi
e−p0τDiscDijðp0Þ:

ð1Þ
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Oi andOj are interpolation operators with momenta pi and
pj, respectively (pi ¼ pj ≡ p), which are chosen depending
on the channel of interest, εmin is the minimum energy and
DiscDijðp0Þ ¼ Dijðp0 þ iηÞ −Dijðp0 − iηÞ. (Dijðip0Þ is
the Fourier transform of the imaginary-time correlation
function, CijðτÞ.) As a function of p0,Dijðp0Þ has a branch
cut starting from each multihadron threshold and is multi-
valued. It is known, however, that as a function of an
appropriate variable Dijðp0Þ becomes single-valued. Such
a procedure is called uniformization [26]. The uniformiza-
tion variable, u, for the single and two-channel systems can
be given as follows.

(i) single-channel with ε ¼ mþm0, where m and m0
are masses of hadrons in the channel

u ¼ k ¼ 1

2
ðp2

0 − p2 − ε2Þ1=2: ð2Þ

(ii) two-channel with ε1 ¼ m1 þm0
1 < ε2 ¼ m2 þm0

2,
wherem1 andm0

1 (m2 andm0
2) are masses of hadrons

in the channel 1 (2)

u ¼ z ¼ k1 þ k2
Δ

¼ 1

2

ðp2
0 − p2 − ε21Þ1=2 þ ðp2

0 − p2 − ε22Þ1=2
Δ

; ð3Þ

where Δ ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε22 − ε21

p
[27,28].

In terms of the uniformization variable, u, DijðuÞ can be
expressed as a sum of the pole terms, the Mittag-Leffler
expansion [29,30], as

DijðuÞ ¼
X
n

�
rijn

u − un
−

rji�n
uþ u�n

�
: ð4Þ

Substituting Eq. (4) into Eq. (1) we obtain

CijðτÞ ¼
X
n

ðrijn Cðτ; unÞ − rji�n Cðτ;−u�nÞÞ; ð5Þ

where

Cðτ; unÞ ¼
Z

∞

εmin

dp0

2πi
e−p0τDisc

1

uðp0Þ − un
: ð6Þ

It is worth while special attention that the imaginary-time
correlation function is parametrized only by the pole
positions and residues. Therefore, we can determine the
pole positions and residues by fitting Eq. (5) together with
Eq. (6) to the results of the lattice QCD simulations. The
pole position in the uniformization variable directly gives
the complex energy of the unstable state and the Riemann
sheet on which the unstable state is located and the residue
is related to the information, such as the form factor
(coupling constant) or the scattering amplitude. In the
following we explain more details of the pole expansion of
the imaginary-time correlation function taking specific
examples of single- and two-channels.
First, we take the ρ meson as an example of the unstable

state in the ππ single-channel, which has been studied most
extensively by lattice QCD simulations [4–11]. Following
Ref. [4] we consider two interpolating operators,

Oρ
μðp; τÞ ¼ ρμðp; τÞ

Oππðq1; q2; τÞ ¼
1ffiffiffi
2

p ðπ−ðq1; τÞπþðq2; τÞ

− πþðq1; τÞπ−ðq2; τÞÞ; ð7Þ

where ρμðp; τÞ and πðq; τÞ are interpolating operators for
the ρ and π mesons with the spatial momentum p and q,
respectively. Then, we construct a 2 × 2 matrix of the
imaginary-time correlation function in the center-of-mass
frame, p ¼ 0,

�
CρρμνðτÞ Cρππμ ðτÞ
Cππρν ðτÞ CππππðτÞ

�
¼
 

h0jOρ
μð0; τÞOρ†

ν ð0; 0Þj0i h0jOρ
μð0; τÞOππ†ðq0;−q0; 0Þj0i

h0jOππðq;−q; τÞOρ†
ν ð0; 0Þj0i h0jOππðq;−q; τÞOππ†ðq0;−q0; 0Þj0i

!

¼
 R∞

2mπ

dp0

2πi e
−p0τDiscDρρ

μνðp0Þ
R∞
2mπ

dp0

2πi e
−p0τDiscDρππ

ν ðp0ÞR
∞
2mπ

dp0

2πi e
−p0τDiscDππρ

μ ðp0Þ
R
∞
2mπ

dp0

2πi e
−p0τDiscDππππðp0Þ

!
ð8Þ

From Dρρ
μν, Dππρ

μ , Dρππ
ν , and Dππππ , we define Dρρ, Dππρ, Dρππ , and Dππππ for convenience by Dρρ

ij ¼ δijDρρ,
Dππρ

i ¼ 2qiDππρ, Dρππ
i ¼ 2q0iD

ρππ , and Dππππ ¼ 4q · q0Dππππ (and accordingly Cρρ, Cππρ, Cρππ and Cππππ). Dρρ, Dππρ,
Dρππ , and Dππππ are diagrammatically represented as
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ð9Þ

As a function of the uniformization variable, k, defined by Eq. (2), the pole expansion of Dρρ, Dππρ, Dρππ, and Dππππ is
given as

Dρρ ¼
X
ρ

�
rρρρ

k − kρ
−

rρρ�ρ

kþ k�ρ

�

Dππρ ¼
X
ππ

�
rππρππ

k − kππ
−

rρππ�ππ

kþ k�ππ

�
þ
X
ρ

�
rππρ�ρ

k − kρ
−

rρππ�ρ

kþ k�ρ

�

Dρππ ¼
X
ππ0

�
rρππππ0

k − kππ0
−

rππρ�ππ0

kþ k�ππ0

�
þ
X
ρ

�
rρππρ

k − kρ
−

rππρ�ρ

kþ k�ρ

�

Dππππ ¼
X
ππ

�
rππππππ

k − kππ
−

rππππ�ππ

kþ k�ππ

�
þ
X
ππ0

�
rππππππ0

k − kππ0
−

rππππ�ππ0

kþ k�ππ0

�
þ
X
ρ

�
rππππρ

k − kρ
−

rππππ�ρ

kþ k�ρ

�
ð10Þ

The poles at k ¼ kρ and −k�ρ, are dynamical and due to the

propagation of the ρ and higher unstable states, ,
which are independent of the momentum of the interpolat-
ing field of the pions, q (q0). The lowest pole position gives
the mass and width of ρ as mρ − iΓρ=2 ¼ ð4m2

π þ 4k2ρÞ1=2.
The poles at k ¼ kππ and −k�ππ (k ¼ kππ0 and −k�ππ0) are
kinematical, due to the propagation of noninteracting ππ

and higher unstable states, which are dependent on q

(q0), kππ ¼ jqj − iη (kππ0 ¼ jq0j − iη) for the lowest ππ pole.
On the other hand, the residue of the lowest ππ pole
gives the form factor and that of the lowest ρ pole includes
the ππ scattering volume for q ¼ 0. We note here that P and
CP symmetry results in Dππρ ¼ Dρππ , which means
rππρ ¼ rρππ , and Cππρ ¼ Cρππ (real) for q ¼ q0 in the
present definition.
Before we present the results of our analysis we briefly

review Ref. [31] in which Maiani and Testa studied the ππρ
three-point imaginary-time correlation function and derived
a theorem relating their asymptotic behavior and the
scattering length (volume), which is closely related to
our results for the two-point imaginary-time correlation
function, Cππρ. In our notation the three-point imaginary-
time correlation function is

h0jπðq; τ1Þπð−q; τ2ÞJið0Þj0i ¼ 2qiCππρðτ1; τ2Þ: ð11Þ
Jμ is the vector current, which plays a role of the
interpolating operator for the ρ meson, ρμ of Eq. (7) up

to normalization. They showed that for q ¼ 0, τ1 → ∞ and
0 ≪ τ2 ≪ τ1,

Cππρðτ1; τ2Þ ≈
Zπ

2m2
π
e−mπτ1e−mπτ2fð4m2

πÞ

×

 
1 −

1ffiffiffi
2

p vmπ

6τ2

ffiffiffiffiffiffiffiffiffi
mπ

4πτ2

r
þ � � �

!
; ð12Þ

where Zπ is the pion-field renormalization, v is the ππ
scattering volume, related to the phase shift as
δ ¼ 1

3
vq3 þ � � �, and f is the vector form factor

2EqhπþðqÞπ−ð−qÞoutjJið0Þj0i ¼ qifð4E2
qÞ; ð13Þ

while for q ≠ 0, the coefficient of the negative power of τ2
is proportional to an off-shell amplitude with no direct
meaning in terms of observable quantities.
For q ¼ 0, the pole expansion of Dππρ is

Dππρ ¼ sππρππ

k2
þ
X
ππ

�
rππρππ

k − kππ
−

rππρ�ππ

kþ k�ππ

�

þ
X
ρ

�
rππρρ

k − kρ
−

rππρ�ρ

kþ k�ρ

�
: ð14Þ

The first term ofDππρ in Eq. (10) is explicitly separated into
the lowest ππ pole contribution, the first term, and the rest,
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the second term in Eq. (14) where
P0

ππ means that the
lowest ππ pole of kππ ¼ 0 is excluded in the sum.
Just above the ππ threshold, ImDππρ behaves as

ImDππρ ¼ −sππρππ πδðk2Þ − 2 Im

 X
ππ

rππρππ

k2ππ
þ
X
ρ

rππρρ

k2ρ

!
k

þ � � � : ð15Þ

Then, the long-time behavior of Cππρ is

CππρðτÞ ≈ −
sππρππ

4mπ
e−2mπτ − Im

 X
ππ

rππρππ

k2ππ
þ
X
ρ

rππρρ

k2ρ

!

× e−2mπττ−3=2
ffiffiffiffiffiffi
mπ

4π

r

≈ −
sππρππ

4mπ
e−2mπτ

�
1 −

2

3

vmπ

τ

ffiffiffiffiffiffiffiffi
mπ

4πτ

r �
; ð16Þ

where the scattering volume, v, is related to the residues of
the poles together with the pole position as

v ¼ lim
k→0

3

k3
Im ½k2Dππρ�
Re½k2Dππρ�

¼ −
6

sππρππ
Im

 X
ππ

rππρππ

k2ππ
þ
X
ρ

rππρρ

k2ρ

!
: ð17Þ

Equation (16) should be compared with Eq. (12). In the
former τ2 ¼ τ1 ¼ τ while in the latter τ2 ≪ τ1, though both
τ1 and τ2 are taken to be large in both cases.
Now, we demonstrate the pole expansion of the imagi-

nary-time correlation function adopting the vector domi-
nance model [32] with the interaction Lagrangian,

L ¼ igρμðπþ∂μπ− − π−∂μπ
þÞ: ð18Þ

First we directly calculate Dij diagrammatically repre-
sented as Eq. (9) with one-loop diagram of pion as the
self energy for the ρ meson. We follow Ref. [33] for the
details of the calculation with the parameters,
mπ ¼ 0.140 GeV, mρ ¼ 0.760 GeV, Γ ¼ 0.160 GeV and
g ¼ 6.05. We consider two cases of jqj ¼ 0 and 1 GeV.
Then we analytically continue them and obtain pole

TABLE I. List of poles of Dππρ in the vicinity of interest for cases jqj ¼ 0 (above) and 1 GeV (below). Pole
positions are given in terms of the uniformization variable k, energy E and the Riemann sheet ([b] and [t] mean
Im k < 0 and Im k > 0, respectively). Note that residues rππρ (sππρ) are the values on the k plane.

pole k [GeV] E [GeV] rππρ½GeV−4� (sππρ½GeV−3�)
ρ �0.354 − 0.039i 0.760∓ 0.073i [b] �28.93þ 2.27i
ππ 0 0.279 [b] −19.18

pole k [GeV] E [GeV] rππρ½GeV−4�
ρ �0.354 − 0.039i 0.760∓ 0.073i [b] ∓0.571þ 0.101i
ππ �1 2.019 [b] 0.221 − 0.068i

FIG. 1. Pole positions of Dππρ in the k plane for cases jqj ¼ 0 (left) and 1 GeV (right). The labels correspond to the poles listed in
Table I. The red line shows the physical region.
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positions and residues. Finally, we use Eq. (1) to find Cij

from Dij. At the same time contributions of pole terms
are calculated by Eq. (4) for Dij and by Eq. (5) together
with Eq. (6) for Cij using obtained pole positions and
residues.
The noninteracting ππ propagation is trivially given by a

pair of poles in the present demonstration and we found
only a pair of ρ poles in the region of interest. Table I shows
the positions and the residues of the poles in the uniform-
ization variable, k, together with the complex pole energy
and Fig. 1 shows the pole positions in the complex k plane.
We show ReDππρ, ImDππρ, and Cππρ in Figs. 2, 3, and 4,

respectively. The direct calculation and the sum of con-
tributions of the ρ pole and the ππ pole almost perfectly
coincide not only forDππρ but also for Cππρ, for jqj ¼ 0 and
1 GeV. For jqj ¼ 0, the energy of the ππ pole is much lower
than that of the ρ pole, Eππ ≪ mρ, andCππρ is dominated by
the ππ pole contribution. While, for jqj ¼ 1 GeV, the

energy of the ρ pole is much lower than that of the ππ
pole, mρ ≪ Eππ , and Cππρ is dominated by the ρ pole
contribution. Therefore, the pole position of the ρ meson
would be efficiently obtained from Cππρ for large values of
q (mρ ≪ Eππ) though in principle it can be obtained for any
value of q if the ππ pole and the ρ pole contributions can be
separated in Cππρ.
Now, we would like to discuss how the mass and the

width affect Cππρ. Figure 5 shows how the contribution of
the ρ pole is affected if the mass, mρ, and the width, Γρ,
change�20% for jqj ¼ 1 GeV. One sees that the change of
the mass is reflected as the change of the shape, mainly as
the slope, while that of the width is reflected in the
magnitude of the contribution but hardly in the change
of the shape. In fact the residues, rρρρ , rρππρ , rππρρ , and rππππρ

respectively depend on the coupling constant, g, as Oðg0Þ,
OðgÞ, OðgÞ, and Oðg2Þ and therefore on the decay width Γ
as OðΓ0Þ, OðΓ1=2Þ, OðΓ1=2Þ, and OðΓÞ.

FIG. 2. p0 dependence of the real part of Dππρ and its pole contributions for cases jqj ¼ 0 (left) and 1 GeV (right). The exact (total)
Dππρ is shown by the orange line. The blue, green, and red-dotted lines correspond to the contribution from the ρ pole, the contribution
from the ππ pole and the sum of the two contributions, respectively. The energy, p0, follows the red line of Fig. 1 on the complex-energy
Riemann sheet, [t].

FIG. 3. p0 dependence of the imaginary part ofDππρ and its pole contributions for cases jqj ¼ 0 (left) and 1 GeV (right). Each line has
the same correspondence as that of Fig. 2.
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Second, we take Λð1405Þ as an example of the unstable state in the πΣ − K̄N coupled-channels, which has recently been
studied by lattice QCD simulations [14,15]. We consider two interpolating fields

OK̄NðtÞ ¼ 1ffiffiffi
2

p ðK−ðq; τÞpð−q; τÞ − K̄0ðq; τÞnð−q; τÞÞ;

OπΣðtÞ ¼ 1ffiffiffi
3

p ðπ−ðq0; τÞΣþð−q0; τÞ þ π0ðq0; τÞΣ0ð−q0; τÞ þ πþðq0; τÞΣ−ð−q0; τÞÞ; ð19Þ

where hðq; τÞ represents the interpolating operator for the hadron, h, on the right-hand side.

�
CK̄NK̄NðτÞ CK̄NπΣðτÞ
CπΣK̄NðτÞ CπΣπΣðτÞ

�
¼
 
h0jOK̄NðτÞOK̄N†ð0Þj0i h0jOK̄NðτÞOπΣ†ð0Þj0i
h0jOπΣðτÞOK̄N†ð0Þj0i h0jOπΣðτÞOπΣ†ð0Þj0i

!

¼
 R

∞
0

dp0

2πi e
−p0τDiscDK̄NK̄Nðp0Þ

R
∞
0

dp0

2πi e
−p0τDiscDK̄NπΣðp0ÞR

∞
0

dp0

2πi e
−p0τDiscDπΣK̄Nðp0Þ

R
∞
0

dp0

2πi e
−p0τDiscDπΣπΣðp0Þ

!
: ð20Þ

DK̄NK̄N , DK̄NπΣ, DπΣK̄N , and DπΣπΣ are diagrammatically represented as

FIG. 5. Dependence of pole contribution Cππρ
ρ on mass M (left) and width Γ (right) with jqj ¼ 1 GeV.

FIG. 4. τ dependence of the absolute value of Cππρ and its pole contributions for cases jqj ¼ 0 (left) and 1 GeV (right) in log scale. The
dot-dashed lines represent contributions with negative values.
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ð21Þ

Here, we consider DK̄NπΣ only. As a function of the uniformization variable, z, defined by Eq. (3) the pole expansion of

DK̄NπΣ is

DK̄NπΣ ¼
X
K̄N

�
rK̄NπΣ
K̄N

z − zK̄N
−

rK̄NπΣ�
K̄N

zþ z�̄KN

�
þ
X
πΣ

�
rK̄NπΣ
πΣ

z − zπΣ
−

rK̄NπΣ�
πΣ

zþ z�πΣ

�
þ
X
Λ

�
rK̄NπΣ
Λ

z − zΛ
−
rK̄NπΣ�
Λ
zþ z�Λ

�
: ð22Þ

Similarly to the single-channel case, the poles at z ¼ zΛ and
−z�Λ are due to the propagation of the Λð1405Þ and higher
unstable states, , while poles at z ¼ zK̄N and
−z�̄KN (z ¼ zπΣ and −z�πΣ) are due to the propagation of

noninteracting K̄N, .

We demonstrate the pole expansion of the imaginary-
time correlation function adopting the chiral unitary model
[34–37] with the interaction Lagrangian,

LTW ¼ i
Cji

4f2
ψ̄ jϕ

†
j ∂
↔
ϕiψ i; ð23Þ

where ϕ ¼ ðπ; K̄ÞT and ψ ¼ ðΣ; NÞT , respectively, f ¼
0.104 GeV and

C ¼

0
B@ 3 −

ffiffi
3
2

q
−

ffiffi
3
2

q
4

1
CA: ð24Þ

We refer to Ref. [23] for the details of the calculation. jqj
and jq0j are taken to be 1 GeV.
As in the single-channel case, the noninteracting K̄N or

πΣ propagation is trivially given by a pair of poles while we

found three pairs of Λ poles in the region of interest.
Table II shows the positions and the residues of the poles in
the uniformization variable, z, together with the complex
pole energy and Fig. 6 shows the pole positions in the
z plane.
We show ReDK̄NπΣ, ImDK̄NπΣ and CK̄NπΣ in Figs. 7 and

8, respectively. In the present paper we just point out that

TABLE II. List of poles of DK̄NπΣ in the vicinity of interest for jqj ¼ 1 GeV and jq0j ¼ 1 GeV. Pole positions are
given in terms of the uniformization variable z, energy E and the Riemann sheet (for instance ½bt� means
Im kπΣ < 0; Im kK̄N > 0). Note that residues, rK̄NπΣ, are the values on the z plane.

pole z E [GeV] rK̄NπΣ ½GeV−5�
Λ1 �0.760þ 0.154i 1.435∓ 0.010i ½bt� �43.40 − 3.14i
Λ2 �0.413þ 0.395i 1.386∓ 0.072i ½bt� ∓10.27 − 24.09i
Λ3 �1.72 − 1.49i 1.396∓ 0.131i ½bb� ∓18.11þ 17.45i
πΣ �8.03 2.57 ½bb� �9.35 − 4.34i
K̄N �7.68 2.49 ½bb� ∓11.64þ 5.16i

FIG. 6. Pole positions of DK̄NπΣ in the z plane. The labels
correspond to the poles listed in Table II. The red line shows the
physical region.
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the pole expansion holds in the two-channel case as in the
single-channel case. More detailed results will be discussed
elsewhere.
In view of the above we conclude that the pole expansion

of the imaginary-time correlation function is valid not
only for single-channel but also for coupled-channel (two-
channel) scatterings. It is also suggested that the imaginary-
time correlation function can be parametrized by relatively
few number of pole positions and residues. From this
observation we propose the pole expansion of the imagi-
nary-time correlation as a method to extract information of
unstable states such as masses and widths from the
imaginary-time correlation functions obtained by lattice
QCD simulations. The next step is obviously to confirm
that we can really extract information of unstable states
such as masses and widths from the results of actual lattice
QCD simulation.

Finally, we would like to briefly discuss applicability of
our method formulated at infinite volume to the results of
lattice QCD simulations at finite volume. At finite volume
the imaginary-time correlation function is given by a sum
of the real-energy spectrum, Ei, as

CfiniteðτÞ ¼
X
i

ρie−Eiτ: ð25Þ

Also at infinite volume the imaginary-time correlation
function is given by an integral of the real-energy specrum,
E, but can be rewritten by the Mittag-Leffler theorem as a
sum of the pole terms with complex energies as

CinfiniteðτÞ ¼
Z

∞

εmin

dEρðEÞe−Eτ

¼
X
n

ðrnCðτ; unÞ − r�nCðτ;−u�nÞÞ; ð26Þ

where Cðτ; unÞ is given by Eq. (6). It is no wonder why the
results of lattice QCD simulations with real-energy eigen-
values can be analyzed by our method with complex-energy
pole terms becausewe believe that the correlation function at
finite volume approaches the correlation function at infinite
volume,CfiniteðτÞ → CinfiniteðτÞ, as thevolume increases. The
applicability of our method depends only on whether
CfiniteðτÞ is sufficiently close to CinfiniteðτÞ except for the
applicability of uniformization stated before and the
assumption of analyticity. Therefore, it is an important
question if there exist significant finite volume effects in
the two-hadron correlation function or not. In Ref. [1]
argument is given that the finite volume correction of the
resonance mass is small in the small width approximation
though its argument might be too simplistic. In our future
investigation an idea of Ref. [38], also used in Ref. [39],
might be relevant in which a double limit of finite-to-infinite
volume and complex-to-real energy is taken.

FIG. 8. τ dependence of CK̄NπΣ and its pole contributions for
jqj ¼ jq0j ¼ 1 GeV shown in log scale. The dot-dashed lines
represent contributions with negative values.

FIG. 7. p0 dependence of DK̄NπΣ and its pole contributions for jqj ¼ 1 GeV and jq0j ¼ 1 GeV. The exact (total) DK̄NπΣ is shown by
the red line. The other lines show the contributions from the poles given in Table II. The energy, p0, follows the red line of Fig. 6 on the
complex-energy Riemann sheet, ½tt�.
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As demonstrated in our paper the pole expansion itself
works almost perfectly even in cases like Λð1405Þ. Still, it
might be difficult to extract pole positions and residues from
the results of lattice QCD simulations for such as broad and
overlapping resonances. If so, the difficulty would be due
to the difficulty of determining such resonances from
imaginary-time correlation in the first place but not due to
the difficulty of the pole expansion. Anyway, we would like
to see such applicability in near future.
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