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We analyze the pole expansion of the two-hadron imaginary-time correlation function. We first explain
the general idea that the imaginary-time correlation function is expressed as a sum of the pole terms, the
Mittag-Leffler expansion, in terms of the uniformization variable, which makes the S-matrix single-valued.
We then derive explicit expressions of the pole expansion for the single-channel (p meson) and two-channel
[A(1405)] examples and demonstrate that the pole expansion actually holds employing phenomenological
models, the vector-dominance model for the p meson and the chiral unitary model for A(1405). From this
observation we propose the pole expansion as a method to extract information of unstable states such as
masses and widths from the two-hadron imaginary-time correlation functions obtained by lattice quantum

chromodynamics (QCD) simulations.
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One of the most unique phenomena in strong interaction
physics is the existence of hadron resonances. In the study
of hadron resonances by lattice quantum chromodynamics
(QCD) [1-16], the information of hadron interactions is
extracted from the imaginary-time correlation function of
two hadrons. The method of extraction most often used is
generically called the Liischer method [17-19], in which
the energy shifts of two hadrons in a finite volume are
related to the infinite-volume scattering amplitude by the
Liischer quantization condition. The HALQCD method is
another method [20,21], where the Nambu-Bethe-Salpeter
wave function is calculated and used to determine a
potential between two hadrons. Recently, lattice QCD
has started to be applied to hadron resonances in the
coupled-channel scatterings [11-16]. Even though these
attempts are groundbreaking, there is still much room for
improvement. In Refs. [14,15] several steps are needed in
order to obtain masses and widths of resonances from the
imaginary-time correlation function and also some arbitrary
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assumptions are made in the parametrization of the
K-matrix, which can be improved in our opinion.

In the present paper we analyze the pole expansion of the
imaginary-time correlation function in general and derive
explicit expressions of the pole expansion for single and
coupled two-channels. The method has been developed and
applied to the study of unstable states in coupled channels in
Refs. [22-25], where unstable states refer to poles more
general than resonances and will be hereafter used. We
neglect the left-hand cuts and three- or more-body channels
and assume that the correlation function is a meromorphic
function of an appropriate variable, the uniformization
variable, which makes the correlation function single-valued.
Then, the correlation function is expanded as a sum of pole
terms by virtue of the Mittag-Leffler theorem. The obtained
results directly relate the imaginary-time correlation func-
tions with the masses and widths of unstable states since the
pole expansion is parametrized by the pole positions and
residues of unstable states. We then demonstrate the pole
expansion both for the single-channel (p meson) and two-
channel [A(1405)] examples. From this observation we
propose the pole expansion of the imaginary-time correlation
as a method to extract information of unstable states such as
masses and widths from the imaginary-time correlation
functions obtained by lattice QCD simulations.

Consider the imaginary-time correlation function

Ci(z) = (0|Oi(z) O/T(0)|0) = /ood—p(,)e‘POTDiscDif(po).

(1)
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O' and O are interpolation operators with momenta p; and
pj, respectively (p; = p; = p), which are chosen depending
on the channel of interest, &, is the minimum energy and
DiscD"/(py) = D"(po + in) — DY (po — in). (DY(ip) is
the Fourier transform of the imaginary-time correlation
function, C(z).) As a function of p,, D'/ (py) has a branch
cut starting from each multihadron threshold and is multi-
valued. It is known, however, that as a function of an
appropriate variable D (p,) becomes single-valued. Such
a procedure is called uniformization [26]. The uniformiza-
tion variable, u, for the single and two-channel systems can
be given as follows.

(i) single-channel with € = m + m’, where m and m’

are masses of hadrons in the channel

u=k=z(-p - (2

(ii) two-channel with &; = m; + m| < & = m, + m),
where m; and m'| (m, and m,) are masses of hadrons
in the channel 1 (2)

pe kit
YA
1(p§ —p*—€})'* + (pf —p* — €3)"?
=2 A ()

where A =11/e3 — €7 [27,28].

In terms of the uniformization variable, u, D"/ (u) can be
expressed as a sum of the pole terms, the Mittag-Leffler
expansion [29,30], as

Dii(u) = Z ri - i’ ) (4)
—\u—u, u+u,
Substituting Eq. (4) into Eq. (1) we obtain

Cii(z) = (HlCr.u,) = rl*C(r.=u})), (5

n
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oo dpy e~ P DiscDy™ (po)

where

®d |
c@m:/@emmC. (6)
Emin 277.'[ u(pO) - M}’l

It is worth while special attention that the imaginary-time
correlation function is parametrized only by the pole
positions and residues. Therefore, we can determine the
pole positions and residues by fitting Eq. (5) together with
Eq. (6) to the results of the lattice QCD simulations. The
pole position in the uniformization variable directly gives
the complex energy of the unstable state and the Riemann
sheet on which the unstable state is located and the residue
is related to the information, such as the form factor
(coupling constant) or the scattering amplitude. In the
following we explain more details of the pole expansion of
the imaginary-time correlation function taking specific
examples of single- and two-channels.

First, we take the p meson as an example of the unstable
state in the 7z single-channel, which has been studied most
extensively by lattice QCD simulations [4—11]. Following
Ref. [4] we consider two interpolating operators,

Op.7) = pulp.7)
cwwmw—%mewmw

-7 (q1.7)77 (2. 7)), (7)

where p,(p.7) and z(q,7) are interpolating operators for
the p and 7 mesons with the spatial momentum p and ¢,
respectively. Then, we construct a 2 x 2 matrix of the
imaginary-time correlation function in the center-of-mass
frame, p = 0,

mmmﬂwwwwwm>>

ﬁm%%eﬂﬂmwbﬁﬂmo> (8)
" 8

00 m —PoTT)y TTTTT
o, 2 € DiscD™ " (py)

From Dy, Dy, D, and D™, we define D, D™, D™, and D™ for convenience by DY = 65;D,

ij

D =2q, D™, D™ = 2¢'.D’™, and D™ = 4q - q'D™ (and accordingly C*?, C™, C’™* and C*™*). DP, D™,

D™ and D™ are diagrammatically represented as
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)
—(O— —(O— x
DPP(py)  DP™(po) ol A 9)
x —O—~ x —O— =
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As a function of the uniformization variable, k, defined by Eq. (2), the pole expansion of D, D™ D™ and D" is

given as

o
Drr — rP____r
Z (k - k k + k’j)

Dﬂﬂp B rggf) ’_5)177;'7[* + Z rzﬂp* ,‘Zﬂﬂ*

k—k,, k+£k, —\k—k, k+k,
Dpﬂ” B rﬂﬂﬂ rﬂﬂlll)* + Z r/ﬂ}ﬂ,’ﬂ rzﬂ'ﬂ*

k—kpw  k+ K, k—k, k+k

p
7[7[7[7[ rﬂﬂﬂﬂ* rﬂ';ﬂ:ﬂ rﬂﬂ'fﬂ'* rﬂﬂ'ﬂﬂ rﬂﬂﬂ][*

DR — nn . _ _nm P __Pr 10

( e H@)*%Q—m H@)+¥@—@k+@) (19)

The poles at k = k, and —k;, are dynamical and due to the
propagation of the p and higher unstable states, =O=
which are independent of the momentum of the interpolat-
ing field of the pions, q (¢'). The lowest pole position gives
the mass and width of p as m, — il',/2 = (4m2 + 4k2)"/2.
The poles at k = k,, and —k7, (k =k, and —k’ ) are
kinematical, due to the propagatlon of nomnteractmg nn

and higher unstable states, Wthh are dependent on ¢

@) kpr = |q| — in (kpw = |q | — in) for the lowest 7z pole.
On the other hand, the residue of the lowest zz pole
gives the form factor and that of the lowest p pole includes
the 7z scattering volume for ¢ = 0. We note here that P and
CP symmetry results in D™ = D**  which means
™ = P77 and C™ = CP™ (real) for ¢ =¢' in the
present definition.

Before we present the results of our analysis we briefly
review Ref. [31] in which Maiani and Testa studied the zzp
three-point imaginary-time correlation function and derived
a theorem relating their asymptotic behavior and the
scattering length (volume), which is closely related to
our results for the two-point imaginary-time correlation
function, C*. In our notation the three-point imaginary-
time correlation function is

(0lz(g, 71)7(=¢.72)/:(0)[0) = 2¢,C™ (71, 75).  (11)
J

4 1s the vector current, which plays a role of the
interpolating operator for the p meson, p, of Eq. (7) up

|
to normalization. They showed that for ¢ = 0, 7; — oo and
0k K1y,

€ (21.73) 5 2 et f ()

2
2my
m,

x(l— 4mz+--->, (12)

where Z, is the pion-field renormalization, v is the zx
scattering volume, related to the phase shift as
§=1vg®+---, and f is the vector form factor

1 vm,

V2 br,

2E,(n* (g)7 (—q)out|J;(0)[0) = q;f (4Eg).  (13)
while for g # 0, the coefficient of the negative power of 7,
is proportional to an off-shell amplitude with no direct
meaning in terms of observable quantities.

For ¢ = 0, the pole expansion of D™ is
s o
= 2+z: T
k k—ky, k+Kki,
¥.7.77] TIP*
p~_Tp
2 (k By k;) '

The first term of D™ in Eq. (10) is explicitly separated into
the lowest zz pole contribution, the first term, and the rest,

(14)
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TABLE 1.

List of poles of D™ in the vicinity of interest for cases |g| = 0 (above) and 1 GeV (below). Pole

positions are given in terms of the uniformization variable k, energy E and the Riemann sheet ([»] and [7] mean
Imk < 0 and Im k > 0, respectively). Note that residues ™ (s™) are the values on the k plane.

pole k [GeV] E [GeV] 7 [GeV™] (s™[GeV~3])

p +0.354 — 0.039i 0.760 ¥ 0.073i [b] £28.93 4 2.27i

nr 0 0.279 [b] —19.18

pole k [GeV] E [GeV] " [GeV~4]

P +0.354 — 0.039i 0.760 F 0.073i [b] F0.571 +0.101i

nr +1 2.019 [b] 0.221 — 0.068i
the second term in Eq. (14) where )/ means that the 3 Im [k> D™

v =

lowest 7z pole of k,, = 0 is excluded in the sum.
Just above the zz threshold, Im D™ behaves as

TP
Im D™ = —s 7z5(k?) — 2Im <Z 2”2” + Z & )
T

Foee (15)

Then, the long-time behavior of C* is
Ry r r
cr ~— i =2m,T _ Im ”” P
e (T TS

m
X e—2m,,‘r,z.—3/2 r
47

np
~ _sﬂ”e—zmﬂ<1 _2vmy m,,>
~ )

4m, 3 1 4rt

(16)

where the scattering volume, v, is related to the residues of
the poles together with the pole position as

|

TTTT

o X

—11

FIG. 1.
Table I. The red line shows the physical region.

QR YE] Re[k>D™™)
6 rzmp rimp
=——1Im o 2. 17
5P (m klzrﬂ + Z k2 ) (17)

Equation (16) should be compared with Eq. (12). In the
former 7, = 7| = 7 while in the latter 7, < 7, though both
7; and 7, are taken to be large in both cases.

Now, we demonstrate the pole expansion of the imagi-
nary-time correlation function adopting the vector domi-
nance model [32] with the interaction Lagrangian,

= igpt(a*to,m~ — a0 m"). (18)

First we directly calculate D" diagrammatically repre-
sented as Eq. (9) with one-loop diagram of pion as the
self energy for the p meson. We follow Ref. [33] for the
details of the calculation with the parameters,

= 0.140 GeV, m, = 0.760 GeV, I" = 0.160 GeV and
g = 6.05. We consider two cases of |¢g| =0 and 1 GeV.
Then we analytically continue them and obtain pole

o X

—11

Pole positions of D™ in the k plane for cases |g| = 0 (left) and 1 GeV (right). The labels correspond to the poles listed in
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FIG. 2. p, dependence of the real part of D™ and its pole contributions for cases |g| = 0 (left) and 1 GeV (right). The exact (total)
D7 is shown by the orange line. The blue, green, and red-dotted lines correspond to the contribution from the p pole, the contribution
from the 7z pole and the sum of the two contributions, respectively. The energy, p,, follows the red line of Fig. 1 on the complex-energy

Riemann sheet, [7].

positions and residues. Finally, we use Eq. (1) to find C"
from D/. At the same time contributions of pole terms
are calculated by Eq. (4) for DV and by Eq. (5) together
with Eq. (6) for CY using obtained pole positions and
residues.

The noninteracting 7z propagation is trivially given by a
pair of poles in the present demonstration and we found
only a pair of p poles in the region of interest. Table I shows
the positions and the residues of the poles in the uniform-
ization variable, k, together with the complex pole energy
and Fig. 1 shows the pole positions in the complex & plane.

We show ReD™, Im D™ and C™ in Figs. 2, 3, and 4,
respectively. The direct calculation and the sum of con-
tributions of the p pole and the zz pole almost perfectly
coincide not only for D but also for C*, for |g| = 0 and
1 GeV. For |q| = 0, the energy of the zz pole is much lower
than that of the p pole, E,, < m,, and C* is dominated by
the zz pole contribution. While, for |g| =1 GeV, the

400
200}
0
>
[}
<
~ —200r
=
Q — Dﬂﬂp
£ —400f W
DP
—600+ —_— D:gﬂ
""""" Dy + Dz
~800 0.5 1.0 15 3.0
po [GeV]

FIG. 3.
the same correspondence as that of Fig. 2.

energy of the p pole is much lower than that of the zx
pole, m, < E,;, and C™ is dominated by the p pole
contribution. Therefore, the pole position of the p meson
would be efficiently obtained from C** for large values of
q (m, < E,;) though in principle it can be obtained for any
value of ¢ if the zz pole and the p pole contributions can be
separated in C™,

Now, we would like to discuss how the mass and the
width affect C*. Figure 5 shows how the contribution of
the p pole is affected if the mass, m,, and the width, I',,
change +20% for |g| = 1 GeV. One sees that the change of
the mass is reflected as the change of the shape, mainly as
the slope, while that of the width is reflected in the
magnitude of the contribution but hardly in the change
of the shape. In fact the residues, 7”, r;™", r;™, and rj™"
respectively depend on the coupling constant, g, as O(g°),
O(9), O(g), and O(g?) and therefore on the decay width
as O(I?), O(T''/?), O(T''/?), and O(T).

15.0 ——  DTTp
Drmp

12.5¢ an
—_ I DTZH
'% 10 D™ + Drg?
)
= 75}
S
o)
E 50'

2.5¢

0.0

0.5 1.0 1.5 2.0
po [GeV]

po dependence of the imaginary part of D™ and its pole contributions for cases |g| = 0 (left) and 1 GeV (right). Each line has
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FIG.4. 7 dependence of the absolute value of C*™ and its pole contributions for cases |g| = 0 (left) and 1 GeV (right) in log scale. The

dot-dashed lines represent contributions with negative values.

T 10} i
> 2 107}
<) <)
= =
w w
o} o}
ey =0.8xm—il/2 &y =m—0.8xil/2
—2 |
10 &y = 1.0Xm—iT/2 &y =m—1.0xiT/2
— & =12xm~—il/2 102 —— & =m—12Xil'/2
1 2 3 4 5 6 1 2 3 4 5 6
7 [GeV™!] T[GeV™']
FIG. 5. Dependence of pole contribution C;” on mass M (left) and width I (right) with |g| = 1 GeV.

Second, we take A(1405) as an example of the unstable state in the #X — KN coupled-channels, which has recently been
studied by lattice QCD simulations [14,15]. We consider two interpolating fields

OfN(1) = —(K~(q.7)p(-q.7) — K°(¢q.7)n(—q.7)),

Hg’H
()

O=(t) = —= (7 (¢'. 1) (—¢'.7) + 2°(¢". 0)Z°(—¢'.7) + 7" (¢'. 7)™ (¢ . 7)), (19)

V3

where h(q, ) represents the interpolating operator for the hadron, &, on the right-hand side.

CKNEN(7)  CKN2(r) (0]OKN () OFN(0)]0)  (0]OFN ()0 (0)|0)

(C”ZKN(T) (1) ) - <<0|0”2(T)0KN"'(0)|0> (0|07 (7)0™(0)0) )

_ <f0°°‘éiﬂ§e"’07DischNkN(p0) fom‘;—lp[‘l?e‘T’OTDischN”E(po) ) 20
I % e~ P DiscD™KN (pg) - [s ‘%‘; e~ P"DiscD™"(py)

DANKN - pENzx - Dr2KN - and D**"* are diagrammatically represented as
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TABLEII.  List of poles of DXN*= in the vicinity of interest for || = 1 GeV and |¢’| = 1 GeV. Pole positions are
given in terms of the uniformization variable z, energy E and the Riemann sheet (for instance [b7] means
Imk,s < 0,Imkgy > 0). Note that residues, r*N=_ are the values on the z plane.

pole z E [GeV] rANTE [GeV 9|
A4 +0.760 + 0.154i 1.435 3 0.010i [b1] +43.40 — 3.14i
Ay +0.413 + 0.395i 1.386 F 0.072i [b1] F10.27 — 24.09;
A3 +1.72 — 1.49i 1.396 F 0.131i [bb] F18.11 + 17.45:
> +8.03 2.57 [bb] +9.35 —4.34
KN +7.68 2.49 [bb] F11.64 +5.16i
() (@) (0, ) @, )
KNKN KNS5 -
D (po) D™ (po) wzoep) PV (o) R L iy (21)
Dﬂ'ZI_(N ( po) pDrETS ( Po) () (wy?) (<) (w7

(po —'w, —P)

Here, we consider DXV7Z
DKNJTZ iS

B rl:(Ner rl:(NnE*
DKNn2_§:< kN Tkn > +Z<
*
z+ kN [

RN <= ZKN

Similarly to the single-channel case, the poles at 7z = z, and
—z, are due to the propagation of the A(1405) and higher

unstable states, =O= while poles at 7z = zgy and

—Zgy (2 =2,z and —z;y) are due to the propagation of
Lo RO

noninteracting KN, v (mx, u)

We demonstrate the pole expansion of the imaginary-
time correlation function adopting the chiral unitary model
[34—-37] with the interaction Lagrangian,

Cii 4%
Lrw = 14—#%4’; Iy, (23)
where ¢ = (7, K)T and y = (X, N)7, respectively, f =
0.104 GeV and

c= . (24)

We refer to Ref. [23] for the details of the calculation. |g|
and |¢'| are taken to be 1 GeV.

As in the single-channel case, the noninteracting KN or
X propagation is trivially given by a pair of poles while we

(o, 0)

KNzZ

. . (p0,0) »
(po — &', =P") (po —'w, —p) (po — &', —p")

only. As a function of the uniformization variable, z, defined by Eq. (3) the pole expansion of

KNzZx KNz2
5> _ 5> ) (rA
A

= Zzx

rf(NﬂZ*
- -4 ) (22)
2+ 7,5

found three pairs of A poles in the region of interest.
Table II shows the positions and the residues of the poles in
the uniformization variable, z, together with the complex
pole energy and Fig. 6 shows the pole positions in the
Z plane. ) ) )

We show ReDXN"* Im DEN7X and CKN#% in Figs. 7 and
8, respectively. In the present paper we just point out that

:

1
_ XNy | ApX
nl KN XA, A X
AA - ]\
1

KN nx
27757 80

XAz AsX

FIG. 6. Pole positions of DENTZ in the ¢ plane. The labels
correspond to the poles listed in Table II. The red line shows the
physical region.
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1.300 1.325 1.350 1.375 1.400 1.425 1.450 1.475 1.500

po [GeV]
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]
> N /’
(5
O -s0t )
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Q -100f —— DrERN \
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— I RN
D7E \
—150F —_— TKN ;'
Pky N
RN RN TRNN_ /
0ol D/’{H +DI5 +DEN s
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FIG.7. p, dependence of DXV and its pole contributions for || = 1 GeV and |¢’| = 1 GeV. The exact (total) DXN™ is shown by
the red line. The other lines show the contributions from the poles given in Table II. The energy, p, follows the red line of Fig. 6 on the

complex-energy Riemann sheet, [¢7].

the pole expansion holds in the two-channel case as in the
single-channel case. More detailed results will be discussed
elsewhere.

In view of the above we conclude that the pole expansion
of the imaginary-time correlation function is valid not
only for single-channel but also for coupled-channel (two-
channel) scatterings. It is also suggested that the imaginary-
time correlation function can be parametrized by relatively
few number of pole positions and residues. From this
observation we propose the pole expansion of the imagi-
nary-time correlation as a method to extract information of
unstable states such as masses and widths from the
imaginary-time correlation functions obtained by lattice
QCD simulations. The next step is obviously to confirm
that we can really extract information of unstable states
such as masses and widths from the results of actual lattice
QCD simulation.

0
1078 —_— CT[ZIZN — CX::KN
N — (nmIKN o FRN
1071 X s
S nZKN TLKN
102k e Crn
i RN LRN RN
<|r> CXH +Cr5 +CI’%N
2 1073
<)
é 1074¢
1S)
10—5 L
10—6 L
—7
10 1 2 9 10
T [GeV]
FIG. 8. 7 dependence of CKNTZ and its pole contributions for

|gl = |4'| =1 GeV shown in log scale. The dot-dashed lines
represent contributions with negative values.

Finally, we would like to briefly discuss applicability of
our method formulated at infinite volume to the results of
lattice QCD simulations at finite volume. At finite volume
the imaginary-time correlation function is given by a sum
of the real-energy spectrum, E;, as

Crinite(7) = Zpie h (25)

Also at infinite volume the imaginary-time correlation
function is given by an integral of the real-energy specrum,
E, but can be rewritten by the Mittag-Leffler theorem as a
sum of the pole terms with complex energies as

Cinfinite (7) :/ dEp(E)e ™

min

= Z(rnC(r, u,) —riC(z,—u3)), (26)

where C(z, u,) is given by Eq. (6). It is no wonder why the
results of lattice QCD simulations with real-energy eigen-
values can be analyzed by our method with complex-energy
pole terms because we believe that the correlation function at
finite volume approaches the correlation function at infinite
volume, Cinire (7) = Cinfinire (7), as the volume increases. The
applicability of our method depends only on whether
Crinite(7) is sufficiently close to Ciynnie(7) except for the
applicability of uniformization stated before and the
assumption of analyticity. Therefore, it is an important
question if there exist significant finite volume effects in
the two-hadron correlation function or not. In Ref. [1]
argument is given that the finite volume correction of the
resonance mass is small in the small width approximation
though its argument might be too simplistic. In our future
investigation an idea of Ref. [38], also used in Ref. [39],
might be relevant in which a double limit of finite-to-infinite
volume and complex-to-real energy is taken.
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As demonstrated in our paper the pole expansion itself
works almost perfectly even in cases like A(1405). Still, it
might be difficult to extract pole positions and residues from
the results of lattice QCD simulations for such as broad and
overlapping resonances. If so, the difficulty would be due
to the difficulty of determining such resonances from
imaginary-time correlation in the first place but not due to
the difficulty of the pole expansion. Anyway, we would like
to see such applicability in near future.
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