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Recent measurements at the Large Hadron Collider have observed entanglement in the spins of
tt̄ pairs. The effects of radiation, which are expected to lead to quantum decoherence and a reduction
of entanglement, are generally neglected in such measurements. In this work we calculate the effects
of decoherence from various different types of radiation for a maximally entangled pair of
fermions—a bipartite system of qubits in a Bell state. We identify the Kraus operators
describing the evolution of the open quantum system with the integrated Altarelli-Parisi splitting
functions.
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I. INTRODUCTION

Entanglement is a defining feature of quantum
mechanics and a central concept in quantum informa-
tion theory and quantum computing [1]. Recently, it has
been realized that spin entanglement between pairs of
massive elementary particles produced at colliders can
be accessed experimentally through their decays medi-
ated by the chiral weak force [2–28].1 Among the
simplest and most studied cases are pairs of fermions,
such as τ leptons or top quarks, whose decay products
can be fully reconstructed in detectors. The first
observations of quantum entanglement at the tera-
electron-volt (TeV) scale have recently been reported
by the ATLAS [30] and CMS [31,32] Collaborations, in

measurements of spin correlations between top quarks
and their antipartners.2

In these first measurements, the tt̄ system was modeled
as a closed system at the point of the quark decays.
However, top quarks may radiate gluons or photons in
the short period of time before decaying, leading to a
reduction in quantum spin information, i.e., decoherence. It
is generally expected that next-to-leading (NLO) and next-
to-next-to-leading (NNLO) order corrections to spin cor-
relations in QCD are small [36–38] and therefore have been
assumed to have a negligible effect in entanglement
measures. The reader is referred to Refs. [39–43] for
further works on the spin state of the top quarks and the
angular distributions of the daughter leptons. Similarly,
NLO QED effects in the quantum information studies of
h; Z → τþτ− have not been included. With an increasing
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1A recent review of such proposals to measure quantum
entanglement and related quantities at colliders may be found
in Ref. [29].

2While spin correlations of particle pairs have been studied at
colliders for decades, the recent quantum-information perspective
recasts them in terms of the underlying quantum state, enabling
the quantification of their quantumness and providing comple-
mentary information to the dynamics of the fundamental inter-
actions and possible physics beyond the Standard Model. Top
quarks provide an ideal laboratory for such studies, since they
typically decay before hadronizing and thus before QCD inter-
actions can erase their spin correlations [33,34]. Indeed, the
characteristic decay time 1=Γt ∼ 1=1.42 GeV−1 is shorter than
both the hadronization timescale 1=ΛQCD ∼ 1=250 MeV−1 and
the spin-decorrelation time 1=ðΛ2

QCD=mtÞ ∼ 0.36 MeV−1 [35].
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program of future quantum measurements planned at high-
energy colliders it is timely to revisit these assumptions.
Decoherence can be studied by recognizing that realistic

quantum systems are always embedded in some environ-
ment. This interaction with the system results in “leakage of
information” to the environment, decreasing the entangle-
ment between the components of the system under test
[44–48]. In particle physics, decoherence has been
explored in the context of flavor entanglement for kaon
systems [49], effective field theory [50–52], and soft
radiation [53–57].3
In this paper we formalize the effects of decoherence

from radiation at high-energy colliders and calculate the
size of the expected loss of entanglement. Our approach
is general and can be applied to any fermion-antifermion
pair in any quantum state. As a case study we consider a
fermion-antifermion pair, e.g., tt̄ or τþτ−, in a maximally
entangled state, such as that originating from the decay of
a scalar state. We treat the ff̄ pair as an open quantum
system—a bipartite system of spin qubits—and the
additional radiation is interpreted as an interaction with
the unobserved “environment.” We calculate change in
the concurrence due to the radiation, allowing for various
different coupling strengths and Lorentz structures.
Finally, we identify a correspondence between Kraus
operators in spin space and Altarelli-Parisi splitting
functions.

II. QUANTUM MAPS FOR OPEN SYSTEMS

Let us first review some of the properties of quantum
maps that will be useful in describing decoherence.4 The
evolution of a nonclosed system can be represented by a
map E, which acts on the space of density matrices ρ and
satisfies the following properties: convex linearity, trace
preservation, and complete positivity. Such maps admit an
operator-sum representation,

E½ρ� ¼
X
j

KjρK
†
j ;

X
j

K†
jKj ¼ 1; ð1Þ

where Kj are known as the Kraus operators.
In this study we establish and illustrate the connection

between quantum maps and radiation in quantum field
theory in a system composed of two spin-half particles,
which can be represented as qubits. A single-qubit density
matrix can be represented in terms of Pauli matrices as
ρ ¼ 1

2
ð1þ a · σÞ. The corresponding Kraus operators can

also be represented in terms of the Pauli and the identity
matrices. Equation (1) remains valid for a state comprising
N qubits where now j runs from 0 to dS ¼ 2N and this
index can be expressed as a multi-index r≡ r1 � � � rN .

In some N-qubit systems, it is possible to decompose the
Kraus operators as a product

Kr ¼ Kð1Þ
r1 ⊗ � � � ⊗ KðNÞ

rN ; ð2Þ

where each Kri acts on the subspace of a single qubitHi. In
this case, we call the map an independent map. This means
that the system corresponding to each qubit effectively has
its own environment, which does not interact with the
others. In such cases, we can write the operator-sum
representation as

E½ρ�≡ E1 ⊗ E2 ⊗ � � � ⊗ ENðρÞ
¼

X
r1���rN

ðKð1Þ
r1 ⊗ � � � ⊗ KðNÞ

rN ÞρðKð1Þ
r1 ⊗ � � � ⊗ KðNÞ

rN Þ†:

ð3Þ

If this decomposition is not possible, we call it a collective
map, which corresponds to a process in which at least two
of the qubits share the same environment.
For our study, we will focus on bipartite maps but our

reasoning is general. We call the two Hilbert subspacesHa
and Hb, such that H ¼ Ha ⊗ Hb, with a collective index
r≡ ðrarbÞ. We choose Pauli-basis maps and represent the
full Kraus operators as

Krarb ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffi
pðra;rbÞ

p
σra ⊗ σrb ; ð4Þ

where the notation clarifies the subspace on which each
Pauli matrix acts. The probabilities pðra;rbÞ must sum to
unity. The index ri runs from 0 to 3 where σ0 ¼ 12 and the
others are the Pauli matrices σi. In the specific case in
which we can factorize pðra;rbÞ ¼ pra × prb , we have an
independent map

Krarb ≡Kra ⊗ Krb ¼
� ffiffiffiffiffiffi

pra
p

σra
�
⊗

� ffiffiffiffiffiffi
prb

p
σrb

�
: ð5Þ

When a system is embedded in an environment, the
entanglement decreases through system-environment inter-
actions. This is the environmental monitoring, and infor-
mation is being transferred.
We model the interactions with the environment through

the emission (and possibly absorption) of soft and collinear
radiation, which is not resolvable by the experimental
devices. The literature on soft radiation changing the
(momenta) entanglement is extensive [53–57,60,61], as
well as on quantum interference for parton showers
[62–70]. However, decoherence for spinning degrees of
freedom (d.o.f.) in the recent context collider entanglement
has not been studied in detail to the best of our knowledge.
As we will see, collinear radiation plays a central role in the
decoherence of the fermion spin.

3The reader is referred to, e.g., [58] for a more complete
overview of decoherence in general.

4See, e.g., [59] for a review.
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III. DECOHERENCE IN SCALAR DECAYS
TO A f f̄ PAIR

To formalize our approach we choose the simplest
possible process and ff̄ state, i.e., the one arising in the
decay of a heavy scalar boson, and we consider the
emission of an arbitrary form of radiation. The decoherence
may occur due to soft and/or collinear emission that is
unresolved by the detectors. These corrections are refor-
mulated as a quantum map acting on the leading order
density matrix, in which the unresolved radiation Hilbert
space forms the environment.
The tree-level scalar boson decays via the Yukawa

interaction yf included in the blue blob of Fig. 1 with
the following R-matrix:

RLO ¼ 4NCy2fm
2
fβ

2

1 − β2

0
BBBB@

0 0 0 0

0 1 1 0

0 1 1 0

0 0 0 0

1
CCCCA; ð6Þ

where NC is the number of colors of the fermions. In the ff̄
production, the trace of this matrix is proportional to the
cross section while here it is proportional to the decay rate
via tr½RLO�β=ð16πmφÞ ¼ Γf

LO. This density matrix is a
function of the available center-of-mass energy via the

velocity β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

f=m
2
φ

q
of the fermion in the scalar

boson rest frame andmφ is its mass. Coming from a singlet
decay, the spin density matrix, i.e., the normalized
R-matrix, is that for the triplet Bell state,5

ρLO ¼ 1

tr½RLO�
RLO ¼ jΨþihΨþj; ð7Þ

which is maximally entangled, i.e., the concurrence
C½ρLO� ¼ 1. At the next-to-leading order, we consider the
real and virtual emission of both scalars and vectors with
arbitrary couplings, i.e., scalar/pseudoscalar, vector/axial-
vector. The general gΓΓμ interaction represents

gΓΓμ ¼ fgS1; gPγ5; gVγμ; gAγμγ5g: ð8Þ

The virtual corrections lead to the same final state
Hilbert space while the real emission leads to the extra
Hilbert space of the environment. In the scalar and
pseudoscalar couplings, we only have extra momentum
while the vector and axial include the extra spin d.o.f.
To obtain the reduced density matrix of tt̄, we need
to trace over the emitted radiation d.o.f., i.e.,

trHk
½·� ¼ R

pk

P
σ¼�hpk; σj · jpk; σi. The reduced density

matrix can be written as

ρredLOþNLO ¼ pLO1ρLO1þ ĒV½ρLO� þ ĒR½ρLO�; ð9Þ

where pLO is the Kraus coefficient related to the identity
at LO, which is one of the Kraus operators in a full map.
The bar on top of the map symbol indicates that this
constitutes part of the full map, where the probabilities
add up to one. The helicity sum and momentum integra-
tion are performed inside the quantum map. The ĒV½ρ� and
ĒR½ρ� are the contributions from virtual (V) and real (R)
emission, which we interpret as the following quantum
maps:

ĒV½ρLO� ¼ pV1ρLO1; ĒR½ρLO� ¼
X
j

KjρLOK
†
j : ð10Þ

The virtual contribution in a scalar boson decay is special
as it does not change the structure of ρLO. This is because
the tree-level amplitude has the simple structure
½ūðp1Þvðp2Þ� and the loops can be simplified, using
Passarino Veltamn reduction, to the same structure with
an overall momenta dependence. (See Supplemental
Material [71] for a detailed discussion, which includes
[72,73].) The virtual correction map for massive vector
decay (or a 2 → 2 scattering) is, on the other hand, a
nontrivial Kraus map due to the appearance of new
structures, such as a finite dipole term. As the aim of
this work is to introduce and illustrate the effects, we leave
the study of other initial states to future work. The virtual
contribution pV in general displays UV and IR divergen-
ces. The former is treated in the usual way by a
renormalization procedure that does not affect the quan-
tum state, while the IR divergences are canceled by an
identity operator from the real emission, as dictated by the
KLN theorem [74,75].
The real emission is different. Let us first split it into two

parts where the emission is soft or hard (collinear) with
respect to a reference energy scale. The two regions lead to
unresolved radiation. In the former, one can use soft
theorems to show that this does not change the spin

FIG. 1. Scalar boson decay to a ff̄ pair: left diagram represents
both tree and one-loop virtual correction level and right diagram
real emission (from the fermion and the antifermion).

5In the case of the decay of a pseudoscalar state, the fermion-
antifermion pair is in a spin singlet Bell state, with no change in
the following discussion.
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structure for scalar and vector emissions but do for
pseudovector and axial.6 The hard (collinear) emission
does change the spin structure leading to a nontrivial Kraus
operator

ĒR½ρLO� ¼ Ēsoft
R ½ρLO� þ Ēhard

R ½ρLO�: ð11Þ

For scalar and vector emission, we have a map with the
same structure as the virtual case, while for pseudoscalar
and axial cases, the γ5 leads to an additional Kraus operator
(1 ⊗ σ3 or σ3 ⊗ 1) for this emission and a parameter qsoft5 ,
which is IR finite:

Ēsoft
R ½ρLO� ¼ psoftR 1ρLO1|fflfflfflfflfflffl{zfflfflfflfflfflffl}

scalar;vector

þ qsoft5

X
j≠id

KjρLOK
†
j

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{pseudoscalar;axial

: ð12Þ

These identity coefficients psoftR combine to cancel infrared
divergences in the same way as occurs in the decay rate.
The hard emission will have two map structures

Ēhard
R ½ρLO� ¼ phardR 1ρLO1þ qhard

X
j≠id

KjρLOK
†
j ; ð13Þ

where the structure of the logs in phardR þ psoftR matches well
established results in the literature [76]. The latter summation
of the Kraus operators, which comes with an overall proba-
bilityqhard, does not include the identity12 ⊗ 12. Radiation is
considered unresolvable if either soft or collinear. Given that
the main contribution of real emission comes from the
collinear limit, we take this approximation when computing
the hard part. Combining all terms, we obtain

Efull½ρLO� ¼ pid1ρLO1þ q
X
j≠id

KjρLOK
†
j ; ð14Þ

where pid ¼ ðpLO þ pV þ psoftR þ phardR Þ and q ¼
ðqhard þ qsoft5 Þ. Here we have the full map in which the
probabilities sum up to one. In pid we have the cancellation
of the IRdivergencesas inNLOcorrections to thescalarboson
decay [76–79]. The list of explicit Kraus operators for each
case is listed in the appendix.
Knowing that in LO the pair ff̄ is formed in a spin state

with maximal entanglement, and hence C½ρLO� ¼ 1, we
compute the concurrence in the case of a tt̄ pair in the
collinear limit as a function of β in Fig. 2. This decoherence
appears as a reduction in the concurrence.
The scalar emission, which is solely an identity map,

does not change the entanglement. For other cases, as
expected from NLO spin correlation studies, the

decoherence effects are suppressed due to the power αΓ.
However, they do contribute at a high value of β.
These effects are expected to play a role in precision

studies of entanglement at colliders. One can see that for a
QCD-type interaction (αV ∼ 0.1, blue dashed line), a 1%
decrease is expected. The reason behind this effect being
small is twofold: higher order in perturbation theory and the
collinear radiation being suppressed 1=mt. However, to
assess their real impact on colliders, a complete phenom-
enology study is required.

IV. SPLITTING FUNCTIONS AS KRAUS
OPERATORS

We now show that the Kraus operators are directly
related to the Altarelli-Parisi (AP) splitting functions [80]
for q → qg. This identification connects a quantum infor-
mation formalism to a well-known particle physics one.
Following the discussion in [69,70], let us consider a

production n-point amplitude Mn that undergoes a split-
ting {̃ → ik of particle {̃ to an (nþ 1)-point amplitude
Mnþ1. The factorization is given by

Mλiλk
nþ1ð…; pi; pk;…Þ ¼ Sλ{̃λiλk

{̃→ik M
λ{̃
n ð…; p{̃;…Þ; ð15Þ

where the effective QCD splitting amplitudes Sλ{̃λiλk
{̃→ik are

given by

Sλ{̃λiλk
{̃→ik ¼ 1ffiffiffi

2
p gs

pi · pk
F λ{̃λiλk

{̃→ik ðzÞSτðpi; pkÞ; ð16Þ

where z is the fraction of particle i momentum relative to {̃.
The spinor product Sτðpi; pkÞ depends on the azimuthal

FIG. 2. Concurrence for a scalar decay to tt̄ due to a collinear
emission. The LO and the scalar lines overlap at C ¼ 1. Line
styles: LO and scalar (thick), pseudoscalar (solid), vector
(dashed), axial (dotted), and the different interaction strengths
are αΓ ¼ 1=10 (blue lines), αΓ ¼ 1=50 (red lines), and αΓ ¼
1=137 (green lines).

6This is true at LO in the soft expansion. Higher-order soft
terms are known to contain a spin dependence that will affect the
soft part of the map.
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angle between the ik plane and the spin index τ ¼ �.
For our purposes, the relevant splitting functions are the
q → qg ones [69,80]:

F λ{̃ ;λi;λk
{̃→ik ¼ 1ffiffiffiffiffiffiffiffiffiffi

1 − z
p

8>>>><
>>>>:

1γ; for ðλ{̃ ¼ λi ¼ λkÞ
zγ; for ðλ{̃ ¼ λi ¼ −λkÞ
1−z
z

m
q ; for ðλ{̃ ¼ −λi ¼ λkÞ

0; otherwise

; ð17Þ

where γ ¼ ð1 −m2=z2q2Þ1=2. The massless case can be
obtained by simply taking the quark mass m → 0 in the
previous equation. The spin density matrix is obtained by
multiplying with the complex conjugate of the amplitude,
here simply represented by a bar. The density matrix before
the splitting for the momenta of particle p{̃ is given by the
helicity index (λi and λ0i)

ρλ{̃λ
0
{̃ ¼ 1

N i
Mλ{̃ð…; p{̃;…ÞM̄λ0{̃ð…; p{̃;…Þ: ð18Þ

Similarly, we can define the density matrix after it under-
goes a splitting, which now contains an extra helicity index
for the outgoing radiation (λk and λ0k)

ρðλiλkÞðλ
0
iλ

0
kÞ ¼ 1

N {̃k
Mλiλkð…;pi;pk;…ÞM̄λ0iλ

0
kð…;pi;pk;…Þ:

ð19Þ

In the collinear limit one can write the following relation
between the two density matrices:

ρðλiλkÞðλ
0
iλ

0
kÞ ¼ ½Sλ{̃λiλk

{̃→ik �ρλ{̃λ
0
{̃ ½Sλ0{̃λ

0
iλ

0
k

{̃→ik �†
�
N i

N {̃k

�
: ð20Þ

So far this corresponds to what is usually done when
including spin correlations in parton shower evolution
[62,63,69,70]. In our case, we want to model the scenario
where this collinear emission is unresolvable by the
detector. For that, we need to obtain the reduced density
matrix and understand the emission as decoherence effects.
Tracing over the radiation degrees of freedom, we obtain

ρ
λiλ

0
i

red ¼
X

σ;σ0¼�
δσσ0

Z
pk

hpk; σjρðλiλkÞðλ0iλ0kÞjpk; σ0i: ð21Þ

Here, we use a compact notation σ to indicate the sum of
the possible channels, which coincides with the helicities
(either positive or negative) of the emitted massless
radiation. Then, the reduced density matrix can be
written as

ρ
λiλ

0
i

red ¼
X
σ¼�

Z
pk

Sλ{̃λiσ
{̃→ik · ρ

λ{̃λ
0
{̃ · S

λ0{̃λ
0
iσ

{̃→ik; ð22Þ

where Sλ{̃λiσ
{̃→ik can be directly related to the Kraus operators.

We can now define the collinear emission as a part of
quantum map

Ēcol½ρ� ¼
X
σ¼�

Z
pk

Sλ{̃λiσ
{̃→ik · ρ

λ{̃λ
0
{̃ · S

λ0{̃λ
0
iσ

{̃→ik: ð23Þ

Note that the map above acts solely on particle {̃, i.e., is
“local” in the particles, a well-known property of collinear
radiation. To include it in the evolution of a bipartite system
as in the previous section, we just augment it with the
identity 12. This structure is the same as in Eq. (13) for the
vector case. We finally arrive to the identification

qhard
X
j≠id

KjρLOK
†
j

¼
X
σ¼�

Z
pk

ðSλ{̃λiσ
{̃→ik ⊗ 1Þρλ{̃λ{̃ 0LO ð1 ⊗ S

λ0{̃λ
0
iσ

{̃→ikÞ: ð24Þ

Note that because of the factorization in the collinear limit,
the integral over pk does not act on the initial density
matrix. To generalize this map, one can consider next-to-
soft and next-to-collinear emissions, which will lead to
next-to-leading-log terms. One could also consider emis-
sions from both f and f̄, which are formally higher order as
well as higher loops or double emission. All these effects
will then generalize the derived maps and will be explored
in forthcoming studies.

V. CONCLUSION

The study of entanglement at colliders is evolving into a
more established research field. Quantum effects that have
been so far neglected, such as decoherence due to strong or
electroweak radiation and in general higher-order correc-
tions in the gauge couplings need to be considered when
comparing theory and data. A formalism that interprets
such radiation effects in particle physics in terms of the
quantum information process is therefore needed.
In this study, we have demonstrated a proof-of-concept

approach to modeling decoherence effects arising from
soft and collinear radiation in spin entanglement at col-
liders, using standard quantum field theory techniques.
Employing the decay of a scalar boson to a ff̄ pair as a
simplified example, we showed that radiative emissions,
both real and virtual, can be represented as quantum maps
that introduce decoherence effects. Notably, we identified a
correspondence between Kraus operators and the integrated
Altarelli-Parisi splitting functions. This framework could
prove valuable for quantum accurate simulations of parton
showers (see, e.g., [81]). Furthermore, it would be worth-
while to extend this correspondence to higher-order split-
ting functions.
While centered on a simplified example, this initial

exploration outlines a general approach that can be broadly
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applied to the study of decoherence in other entangled
systems. Using our framework, it is possible to estimate the
magnitude of such effects at colliders. The simple case
presented here could already be used for tt̄ production at the
threshold—where the pair is in a spin-singlet scalar state—
as well as in h → τþτ−. Applications to other ff̄ final
states, such as eþe− → τþτ−, tt̄, or pp → τþτ−, tt̄, are
straightforward. These, along with the study of higher-
order effects, are left for future work.
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