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We study a simple setup with dark matter halos in real space, with the amplitude of the linear density
field A as the only free cosmological parameter. We show that Eulerian perturbation theory is adequate for
describing this system on large scales, compute the leading n-point functions and perform a joint power
spectrum, bispectrum, and trispectrum analysis. Beyond the bispectrum, which is crucial for breaking the
degeneracy between A and the linear bias, we find that addition of the trispectrum reduces the error on A by
only 20%–30%. Our results for the joint analysis are in good agreement with recent field-level analyses in
the same setup. This implies that the field-level inference on large scales does not get significant
information from large displacements beyond those in Eulerian kernels or higher-order n-point functions
beyond the trispectrum. We provide further evidence for this showing that the dependence of the error bars
on the maximum wave numbers used in the analysis is the same in the two approaches. Our results are in
disagreement with some of the recent joint power spectrum and bispectrum analyses using likelihood-free
inference based on perturbative forward modeling. We discuss a possible origin of this discrepancy and
highlight the importance of resolving it in order to have the optimal results in cosmological analyses based
on perturbation theory.
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I. INTRODUCTION AND MAIN RESULTS

Field-level Bayesian inference (FBI) of cosmological
parameters has recently emerged as an alternative to
conventional n-point function analyses. This approach
offers several advantages, such as being optimal and
allowing for a simpler inclusion of data systematics.
However, in the context of galaxy clustering, field-level
inference which relies on detailed cosmological simulations
of the observed galaxy density field remains infeasible, due
to very high computational cost. A practical alternative is
FBI based on perturbative forward modeling. Within the
framework of the effective field theory (EFT) of large-scale
structure (LSS) [1–9], perturbative forward modeling
[10–19] provides a universal and reliable description of
the galaxy density field on large scales with a handful of
free parameters to be fitted from the data. Considerable
effort has been made to test FBI with perturbative forward

modeling and apply it in practice [20–29] (see also [30] for
a recent application of the LSS bootstrap [31–34] to FBI).
A notable recent cosmological analysis using FBI was

presented in [35], focusing on comparison of the field-level
and conventional n-point function-based approaches. By
using the exact same perturbative forward model in both
FBI and the simulation-based1 inference (SBI) for the
power spectrum (P) and bispectrum (B), the authors found
that FBI achieves a 3–5 times more precise measurement of
the amplitude of the initial density field A than the standard
Pþ B combination. The leading hypotheses for explaining
this dramatic difference is that the FBI uses more infor-
mation from higher-order n-point functions and exploits at
the field level some nonperturbative features of the non-
linear evolution that come with no new free parameters
(e.g., large displacements). However, due to complexity of
both FBI and SBI even in the perturbative framework, this
has not been rigorously proven and a clear understanding of
where the additional information in FBI would exactly
come from is still lacking.
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1Here “simulation” refers not to the real cosmological simu-
lations, but generation of nonlinear realizations based on the same
perturbative forward model as in FBI. For more details, see
Ref. [35].
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Similar analysis was presented in the data challenge for
beyond the two-point galaxy clustering statistics [36]. For
example, Fig. 22 in [36] shows the constraints on the
amplitude of the linear field for the FBI and the standard
EFT-based joint power spectrum and bispectrum analysis
for the same volume as in [35], although with less dense
sample. In this case, the difference between the two
methods is less dramatic (see Sec. 6.3 of [36] for more
details about the comparison), but it is hard to straightfor-
wardly compare them. This is mainly due to the fact that
the kmax used in the Pþ B analysis is larger from the scale
cuts in the FBI. In addition, for this larger kmax in the
“restricted” EFT Pþ B analysis only the errors are pre-
sented (the posterior is centered at the best-fit values for the
analysis with lower kmax). This leaves several open ques-
tions. Is the Pþ B analysis biased for smaller kmax? Are the
error bars different for smaller kmax? And how do they
compare to the FBI results and the SBI errors from [35]?
Providing clear answers is very important, both to get a
better understanding of theoretical aspects of FBI and to get
firmer basis for its applications in practice and comparison
to the conventional analyses.
The goal of this paper is to shed new light on these

questions, focusing on the usual perturbation theory Pþ B
analysis in the extremely simplified but realistic settings.
We use a simple, tractable and intuitive Eulerian perturba-
tive model (without infrared resummation), with the simple
Gaussian likelihood and covariance. Validity of such model
and likelihood on large scales can be easily verified in
practice and we will provide several arguments for it. In a
nutshell, such simplified approach is possible given that the
analysis presented in [35] follows a particularly simple
setup. It uses a simulation box with a relatively small
volume of V ¼ ð2 Gpc=hÞ3, which implies relatively large
statistical error bars. The studied sample consists of dark
matter halos in real space with a very high number density.
Additionally, it focuses only on relatively high redshifts
z ≥ 0.5 and large scales, with the maximum wave number
used in the analysis being kmax ≤ 0.12 h=Mpc. Such setup
with regular periodic box, low shot noise, simple tracers
without redshift-space distortions or other observational
effects, and small fluctuations on very large scales is ideal
for understanding FBI using simple analytical methods.
Importantly, some of our results then can be easily derived
in a very clear and transparent way, without the need to rely
on Markov chain Monte Carlo (MCMC) analyses only. Our
approach and results crucially rely on several key assump-
tions that simplify the description of the system signifi-
cantly. We would like to clearly state them at the very
beginning, given that we will use them throughout
the paper.
First, we assume that the field of dark matter halos in real

space for given data cuts and redshifts is well described by
Eulerian perturbation theory. Although the forward model
used in [35] is based on Lagrangian perturbation theory,

one can show that the two schemes are practically indis-
tinguishable on large scales, given the statistical error bars
of the specified simulation box with V ¼ ð2 Gpc=hÞ3. We
provide justification and more details in Sec. II A. An
important consequence of this fact is that the large displace-
ments beyond those contained in Eulerian kernels cannot
play a major role in explaining the results of [35].
Assuming that the Eulerian description is sufficient, we

further assume that all nonlinearities are controlled by only
one parameter2—the variance of the density field Δ2 at the
scale k—and that this parameter is small. It is given by

Δ2ðkÞ ¼ 1

2π2

Z
k

0

q2dqPlinðqÞ; ð1Þ

where PlinðkÞ is the linear matter power spectrum. In a Λ
cold-dark-matter- (ΛCDM) like cosmology, for kmax ¼
0.12 h=Mpc and z ¼ 0.5, the variance of the density field
is approximately Δ2 ≈ 0.13, and it gets smaller at higher
redshifts and for smaller values of kmax. Importantly, we do
not only assume that the relative size of each individual
term in perturbative calculation is given by Δ2ðkmaxÞ, but
that the total loop contribution to the correlation functions
has the same size. This is a nontrivial assumption, since the
total one-loop contributions to the higher-order n-point
function can have a large number of terms multiplied
by a large number of different nuisance parameters. In other
words, we assume that, while all bias parameters and
counterterms can be numbers of order Oð1Þ, for a realistic
tracer they cannot conspire to give large loop corrections.
We will explicitly check that this is the case for a typical
sample using large-volume numerical simulations and
show that deviations of measured correlation functions
from the leading-order perturbative predictions are roughly
given by Δ2ðkÞ on large scales. Even though our
assumption puts some constraints on the allowed values
of nuisance parameters, it is essential for the perturbation
theory to make sense and it is sometimes referred to as the
perturbativity prior [37].
With the Eulerian forward model where all nonlinearities

are controlled by a single parameter Δ2 it is easy to
compute a few leading-order correlation functions. Since
we are interested in comparison to the FBI analysis of [35],
we use the cubic model. Within this model, one can
consistently compute the one-loop power spectrum, the
tree-level bispectrum, and the tree-level trispectrum (T).
Higher-order n-point functions and additional loop correc-
tions require quartic and higher-order nonlinearities.
Furthermore, since we are focused on large scales only,
their impact on cosmological constraints should be much
less significant. To estimate this, we can approximate the

2Other parameters, such as the Lagrangian radius of dark
matter halos, are irrelevant, given the large number density of the
sample, which implies low halo mass.
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signal-to-noise ratio (SNR) in a connected n-point function
of the galaxy density field δg as follows:

ðSNRÞ2n ≈
Z

kmax d3k1
ð2πÞ3 � � �

Z
kmax d3kn

ð2πÞ3
hδgðk1Þ � � � δgðknÞi2c
Pgðk1Þ � � �PgðknÞ

∼ NpixΔ2ðn−2ÞðkmaxÞ½1þOðΔ2ðkmaxÞÞ�; ð2Þ

where PgðkÞ is the galaxy power spectrum, Npix ≡
V
R
kmax d3k=ð2πÞ3 is the number of pixels or Fourier modes

in a survey, and Δ2ðkmaxÞ≲ 0.1 for the range of redshifts
and scales of interest. Note that this estimate is correct up to
Oð1Þ overall multiplicative factor which depends on
fiducial values of bias parameters, which we neglect for
simplicity. For example, for the power spectrum (n ¼ 2),
the correct estimate is ðSNRÞ22 ¼ Npix=2, up to small
corrections3 of order Δ2ðkmaxÞ. One can compute the exact
SNR using the standard Gaussian likelihood that we will
describe below and check that for higher-order n-point
functions the agreement with the estimate above is rather
good for small values of nonlinear bias parameters. This is
shown in Fig. 1 where the exact calculations for the SNR of
P, B, and T are compared to Eq. (2). Note that the signal-to-
noise ratio in each higher-order n-point function is roughly
1 order of magnitude smaller than in the previous one,
given the value of Δ2ðkmaxÞ. This implies that, in the

absence of almost perfect degeneracies, the information
content of the nonlinear field on large scales is almost
saturated by the leading summary statistics. One well-
known strong degeneracy for biased tracers in real space is
between the amplitude of the linear fluctuations A and the
linear bias b1. This degeneracy is broken by combining the
power spectrum and bispectrum, and hence the total
constraining power of real space data is suppressed by
Δ2 compared to the total signal in the power spectrum.
What do our assumptions imply for the FBI analysis?

Given the Eulerian description, perturbativity prior, and the
negligible shot noise, one can compute the posterior for the
FBI perturbatively. It is then possible to argue that FBI is
equivalent, order by order in perturbation theory, to the
analysis based on all n-point correlation functions that can
be reliably computed up to the given order in the pertur-
bative expansion used for the nonlinear field in the FBI. On
the level of equations this equivalence has been explicitly
demonstrated in [38] at leading order in Δ2 and more
recently in [39] at subleading order in Δ2 and for the full
cubic bias model. We refer the reader to these references for
further details. Showing this connection using simulation
data is more challenging and beyond the scope of this
paper. Here we will ask two concrete simple questions that
can still shed some light on the connection between n-point
functions and FBI. First, we can ask how well the
amplitude A can be measured with Pþ B combination
using a simple model and the usual Gaussian likelihood.
Second, using the Fisher matrix, we can ask if addition of
the trispectrum to the Pþ B analysis significantly improves
the errors.
In order to answer these questions, in Sec. III we

consistently compute the one-loop power spectrum, the
tree-level bispectrum, and the tree-level trispectrum for
dark matter halos in real space. We explicitly check that our
one-loop power spectrum and tree-level bispectrum model
is unbiased, performing the real analysis on the perturba-
tion theory (PT) challenge simulation suite [40],4 as shown
in Sec. V. We then perform analyses and forecasts using
mock data and measure the amplitude of the linear density
field for a simulation box with volume V ¼ ð2 Gpc=hÞ3
and number density of tracers as in [35,36]. Our two main
findings are as follows.

(i) First, we find that the errors for the amplitude A in
the Pþ B analysis are (a) in agreement with the
simple mode counting estimate of Eq. (2) and
(b) similar to the errors obtained in [35] using
FBI (and therefore significantly smaller than in
the SBI Pþ B analysis of [35]). Our findings are
in line with the previous literature on the joint Pþ B
analysis and we demonstrate that our constraints are

FIG. 1. SNR for the power spectrum, the bispectrum, and the
trispectrum. The stars correspond to the exact evaluation using
the standard Gaussian likelihood described in Sec. IV (using
fiducial bias parameters from Sec. VI), while the triangles
correspond to the estimate in Eq. (2). The agreement between
the two for the higher-order n-point functions is quite good. A
factor of 2 difference for the power spectrum is expected, since
the exact result for the SNR is given by ðSNRÞ22 ¼ Npix=2.

3Note that the same parameter Δ2 controls both the SNR for
the n-point functions and the corrections to the SNR. This is
expected in perturbation theory where all nonlinearities are
controlled by Δ2. Small corrections to Eq. (2) are captured by
the non-Gaussian covariance matrix. The smallness of Δ2

justifies why using the simple Gaussian covariance matrix is
sufficient on large scales.

4The power spectrum data for the PT challenge simulations are
publicly available at https://www2.yukawa.kyoto-u.ac.jp/ takahi
ro.nishimichi/data/PTchallenge/, see Ref. [40] for more details.
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robust against inclusion of the theoretical error that
mimic addition of higher-order nonlinearities in the
analysis.

(ii) Second, we find that, in a generic setup, adding the
tree-level trispectrum to the Pþ B analysis only
slightly improves the error on A. The improvement
we find is of the order Oð20%Þ and in agreement
with the estimate from Eq. (2). We use a number of
simplifying assumptions about the theoretical model
for Tand its cross-covariance with P and B, which all
maximize the impact of T in the joint analysis.

Our results, presented in Sec. VI, indicate that in the
simple setup, where the only cosmological parameter is the
amplitude of the linear field A, the information content in
the nonlinear field on large scales is almost saturated with
the power spectrum and bispectrum and that Pþ Bþ T
analysis leads to very similar errors as the FBI of [35,36].
These results are in line with general expectations in
perturbation theory and explicit derivations presented in
[38,39]. One remaining puzzle is the origin of the differ-
ence between the conventional Pþ B analysis presented in
this paper and the SBI method for Pþ B used in [35] (see
also [28]). We will comment on differences in these two
approaches and possible explanations for different results
in Sec. VII.
In order to perform our analyses, we relied mostly on the

well-known results for n-point functions of biased tracers.
However, we also derive several new results such as the
covariance matrices for trispectrum analysis and the
detailed model for the noise contributions to the trispec-
trum. Somewhat orthogonal to the main goals of this paper,
we also estimate the information content in the baryon
acoustic oscillations (BAO) wiggles beyond kmax ¼
0.12 h=Mpc and discuss how much information on A
can come from large displacements at nonlinear scales.

II. PERTURBATIVE DESCRIPTION
OF THE HALO DENSITY FIELD

Galaxy density field δg in perturbation theory can be
written as a sum of two contributions

δg ¼ δmodel
g þ ϵg: ð3Þ

The first term is the model δmodel
g which depends on the

initial conditions and cosmological parameters. The second
term is the “noise” ϵg, which captures the stochastic nature
of halo and galaxy formation. This contribution can be
understood to arise from integrating over small scales, to
which we do not have access in observations (scales smaller
than the typical intergalactic separation). In the perturbative
expansion valid on large scales the noise is uncorrelated
with the matter density field (see Sec. II C for details),
but it can be modulated by the long-wavelength modes
which leads to several nontrivial contributions to the galaxy

bispectrum and trispectrum. In this section, we will remind
the reader how perturbative descriptions for both δmodel

g and
ϵg look and why the simple Eulerian theory for δmodel

g is
sufficient to capture all relevant nonlinearities in real space
on large enough scales.

A. Why is Eulerian description sufficient
on large scales?

It is well known that Lagrangian perturbation theory
(LPT) reproduces very well the nonlinear fields of dark
matter or biased tracers, in real and redshift space. Even
when using the Zel’dovich approximation only, one can
generate realizations with familiar filamentary structures,
which correlate well with the simulations. For this reason,
LPT is often employed when making perturbative maps or
doing detailed comparisons of simulations and perturbation
theory. Furthermore, LPTautomatically accounts for effects
such as broadening of the BAO peak (or other features) and
can be easily implemented in practice on a grid. Given all
this, it is natural that the field-level analyses use forward
modeling based on LPT to evolve a given initial linear
density field (provided cosmological, noise, and bias
parameters). LPT up to cubic order with all relevant bias
operators in the initial field was used in [35], as well as in
the previous works [18,19,26–29].
However, most of the field-level inference has been done

so far on very large scales. For example, the largest kmax cut
used in [35] is kmax ¼ 0.12 h=Mpc. In this regime, there is
a significant simplification in the nonlinear dynamics and
Eulerian perturbation theory (EPT) is sufficient to take into
account all relevant nonlinearities in the field. While all
theoretical calculations can be done in LPT as well, the
advantage of EPT is that it is easier to work with, it
expresses the nonlinear field in terms of the initial con-
ditions in a simple way, and allows one to more easily
disentangle different physical effects that can affect the
analysis (such as displacements and broadening of the BAO
peak versus the growth of structure). Since one of the goals
of this paper is to better analytically understand the error
bars for the field-level and conventional analyses, we will
use EPT.
Why is EPT sufficiently good on large enough scales?

There are two main reasons:
(i) First, the nonlinear fields generated using cubic EPT

and LPT up to kmax ¼ 0.12 h=Mpc and at redshifts
z ¼ 0.5 and z ¼ 1 are almost indistinguishable, i.e.,
their cross-correlation coefficient is close to 1. This
has been verified explicitly at the field level [41] and
can be easily understood analytically. Wewill review
the main arguments below.

(ii) Second, even though the FBI is based on comparing
the fields predicted in theory and data, it eventually
boils down to measuring some summary statistics
due to the averaging over all possible initial
conditions, which is equivalent to computing the
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expectation values [38,39]. It is well known that in
EPT and LPT the expectation values are in much
closer agreement than what the cross-correlation
coefficient indicates, making EPT even more ad-
equate in approximating LPT.

Let us review these two arguments in detail. We begin by
estimating the cross-correlation coefficient between EPT
and LPT. Let us imagine that in the initial (Lagrangian)
coordinates q we have a linear field δ1ðqÞ. We can imagine
that we evolve this field in two different ways. In EPT, if we
use just the linear evolution, the final field is just propor-
tional to δ1ðqÞ. On the other hand, in LPT we have to
displace particles from their initial coordinates q to their
final Eulerian positions x, such that x ¼ qþ ψðqÞ. The
leading contribution to the full displacement field ψðqÞ
can be easily computed in the linear theory. Integrating in
time the continuity equation with the linear velocity v1 we
can write

δ1ðτ; qÞ ¼ −∇
Z

τ
dτ0v1ðτ0; qÞ≡ −∇ψ1ðτ; qÞ; ð4Þ

which defines the displacement field in the Zel’dovich
approximation. Taking the inverse Laplacian (and sup-
pressing the time dependence for simplicity) we can
evaluate the linear displacement field starting from the
linear density fluctuations as follows:

ψ1ðqÞ ¼ −∇=∇2δ1ðqÞ; ð5Þ

where this operation is usually done in Fourier space, such
that for each Fourier mode one writes ψ1ðkÞ ¼ ik=k2δ1ðkÞ.
Using the linear displacement, the leading-order (LO) LPT
field is given by

δLOLPTðkÞ ¼
Z

d3qe−ik·ψ1ðqÞe−ik·q: ð6Þ

Note that here we assume that all quantities are evaluated in
linear theory at the final redshift and we suppress explicit
time dependence.
Starting from this equation, one can compute the cross-

correlation coefficient between the leading-order LPT and
EPT fields. It is given by

rLOðkÞ≡ hδLOEPTðk0ÞδLOLPTðkÞi0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PEPTðkÞPLPTðkÞ

p ≈ e−
1
2
k2σ2v ; ð7Þ

where prime on the correlation function indicates that
ð2πÞ3δDðkþ k0Þ has been removed, PEPTðkÞ and PLPTðkÞ
are leading-order power spectra, and the velocity dispersion
is defined as

hψ iðqÞψjðqÞi0 ≡ σ2vδ
K
ij; ð8Þ

such that it is given by

σ2vðzÞ ¼
1

6π2

Z
∞

0

dqPlinðq; zÞ: ð9Þ

Note that what is commonly referred to the velocity
dispersion is actually related to the variance of the
displacement field and therefore has units of length.
Derivation of Eq. (7) is given in Appendix A. Let us here
provide an intuitive justification for it. The major difference
between EPT and LPT is the displacement field. Therefore,
on scales larger than the typical variance of the displace-
ment field, given by σ2v, the EPT and LPT fields are the
same. On smaller scales they rapidly decorrelate and rLOðkÞ
goes to zero. The value of σ2v in a ΛCDM-like cosmology is
approximately

σ2vðzÞ ¼ 36

�
DþðzÞ
Dþð0Þ

�
2

ðMpc=hÞ2; ð10Þ

where the time dependence is inherited from the linear
power spectrum in Eq. (9). This implies a significant
decorrelation between the leading-order EPT and LPT
fields, even at kmax ¼ 0.1 h=Mpc.
However, in our analysis we will go beyond the leading-

order approximation. If we use cubic models for both EPT
and LPT, the agreement between the two improves. In this
case, a part of the nonlinearities induced by the large
displacements is taken into account in EPT. Since the two
theories match at one-loop order on large scales, the cross-
correlation coefficient at next-to-leading order (NLO) will
be better and must scale as

rNLOðkÞ ¼ 1þOðk4σ4vÞ; ð11Þ

in the low-k limit, where Oðk4σ4vÞ is the leading contribu-
tion from the unaccounted two-loop terms. While deriving
the exact expression is more involved in this case, we can
provide a simple estimate of the cross-correlation coeffi-
cient at NLO. In a way identical to what happens in the so-
called infrared resummation, we can write

rNLOðkÞ ≈
�
1þ 1

2
k2σ2v

�
e−

1
2
k2σ2v ; ð12Þ

which is guaranteed to produce the correct low-k limit for
the cubic EPT and LPT models, while keeping the same
exponential suppression on small scales. In Fig. 2 we plot
the cross-correlation coefficient for linear and cubic mod-
els, corresponding to Eqs. (7) and (12), respectively. Our
estimates agree very well with measurements of the cross-
correlation coefficient from explicit EPT and LPT maps
built at different order in perturbation theory (for example,
see Fig. 10 in [41]). Going to cubic order in EPTand having
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the correct one-loop power spectrum makes the fields
correlate much better.
The cross-correlation coefficient is related to the error

that one makes approximating LPT with EPT. If we define
the “error” field as the difference δerr ≡ δLPT − δEPT, then
the power spectrum of this difference can be approximated
as follows:

PerrðkÞ ¼ hjδLPTðkÞ − δEPTðkÞj2i0 ¼ PLPTðkÞ þ PEPTðkÞ
− 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PLPTðkÞPEPTðkÞ

p
rðkÞ ≈ PPTðkÞð1 − r2ðkÞÞ;

ð13Þ

where in order to make the last approximation we used that
PLPT ≈ PEPT ¼ PPT and that r ≈ 1 on large scales, such that

2ð1 − rÞ ≈ ð1þ rÞð1 − rÞ ¼ 1 − r2. In other words, the
quantity 1 − r2 measures the relative size of the error
power spectrum compared to the PPT. In Fig. 3, we plot
1 − r2 for redshift z ¼ 0.5. We can see that the relative
error of approximating LPTwith EPT is at the percent level
for the scale cuts used in the analyses, kmax ¼ 0.1 and
kmax ¼ 0.12 h=Mpc. This is much smaller than the
Oð5%Þ relative error on the amplitude of the linear field
that can be obtained from a ð2 Gpc=hÞ3 volume box of
biased tracers in real space [35]. This implies that, on large
scales and within given statistical errors, Eulerian and
Lagrangian perturbative forward models are practically
indistinguishable.
One may object that the arguments we presented so far

apply only to the dark matter field. However, the situation
for the biased tracers is in some sense even better, thanks to
the additional source of the error due to the discrete
sampling of the halo density field. Assuming constant shot
noise power spectrum on large scales with the amplitude
Pnoise, we can write the ratio of the total error5 power
spectrum to the noise as follows:

Perr

Pnoise
≈ 1þ ð1 − r2Þ b

2
1PlinðkÞ
Pnoise

: ð14Þ

As expected, for biased tracers with large enough shot
noise, all modeling errors are negligible compared to the
shot noise Pnoise on large scales, when r goes to 1. In the left
panel of Fig. 4, we plot the ratio from the previous formula
for a very dense tracer with n̄ ∼ 4.3 × 10−2 ðh=MpcÞ3. This
agrees very well with measurements from simulations [for
example, see the dark orange line on the left panel of
Fig. (20) in [12] ]. In the right panel of Fig. 4 we show the

FIG. 2. Estimate of the cross-correlation coefficient between the EPT and LPT fields when both theories are computed up to same
order in perturbation theory (linear or cubic model), at z ¼ 0 (left) and z ¼ 1 (right). These curves have the usual s shape and are in
excellent agreement with the findings from the explicit grid computations of EPT and LPT (for example, see Fig. 10 in [41]).

FIG. 3. Power spectrum of the difference between LPTand EPT
fields at z ¼ 0.5 in linear and cubic models, normalized by PPT,
see Eq. (13). The shaded region corresponds to a relative error
smaller than 5%. Note that Perr=PPT ≈ 2ΔA=A. Thin vertical line
marks the maximum wave number used in the analysis,
kmax ¼ 0.12 h=Mpc. At higher redshifts the agreement between
EPT and LPT is even better.

5For galaxies, we assume δg;LPT − δg;EPT ¼ δerr þ ϵg, wherehϵgϵgi0 ¼ Pnoise.
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same ratio but for the tracer considered in [35]. While the
modeling error is roughly 10% larger than the sampling
noise at kmax ¼ 0.12 h=Mpc, the sampling noise itself is
just a small fraction of the total power spectrum on these
scales. Therefore, the cross-correlation coefficient between
EPT and LPT can be very easily understood both for dark
matter field and biased tracers. In both cases, the two
perturbative approaches agree at the percent level on
relevant scales.
Let us also briefly discuss the second reason why EPT is

a good approximation for LPT on large scales. So far we
estimated the cross-correlation coefficient and the error
power spectrum and showed that on scales relevant for our
analysis the EPT and LPT fields match at the percent level.
However, in the FBI one performs the marginalization over
all initial conditions, resulting in effective measurement of
some summary statistics from the maps. In the perturbative
regime, these statistics are just the leading n-point functions
[38]. Regardless of the details, we want to argue that the
estimate of the mismatch based on the cross-correlation
coefficient is the most pessimistic one. It is dominated by
the velocity dispersion induced by the large bulk flows.
However, it is well known that due to the equivalence
principle the effects of these bulk flows exactly cancel in all
summary statistics (with the exception of features such as
BAO, which is irrelevant on large scales) [42–48].
Therefore, the agreement between EPT and LPT predic-
tions can be only better in practice than the 1 − r2 estimate
indicates. For example, even though the Zel’dovich and
linear Eulerian fields strongly decorrelate for k≳ 1=σv, the
two power spectra do not differ dramatically. The same is
true for any higher-order correlation function or other
statistical quantities.
In conclusion, for the range of scales and redshifts used

in [35] and our analysis in this paper, the standard Eulerian
perturbation theory (without the IR resummation) and
Lagrangian perturbation theory describe the halo density
field equally well. Since there is no distinction between the
two nonlinear fields on the level of summary statistics, all
conclusions based on EPT must be valid for LPT as well.

B. Halo density field in Eulerian
perturbation theory

Given the arguments that justify using the EPT, we now
turn to the model for the galaxy density field. In EPT
the nonlinear density field of biased tracers in real space
on large scales has a simple form in terms of local6

operators [52],

δmodel
g ðxÞ ¼ b1δðxÞ þ

b2
2
ðδ2ðxÞ − hδ2iÞ þ bG2

G2ðxÞ

þ b3
6
δ3ðxÞ þ bG3

G3ðxÞ þ bG2δG2ðxÞδðxÞ

þ bΓ3
Γ3ðxÞ − c2s

∇2

k2NL
δðxÞ; ð15Þ

where δ is the nonlinear matter field (to be computed in
Eulerian perturbation theory up to cubic order) and bias
operators G2, G3, and Γ3 are built from tidal fields of
gravitational or velocity potential. These terms are suffi-
cient to describe the one-loop power spectrum, tree-level
bispectrum, and tree-level trispectrum and they match the
cubic Lagrangian perturbation theory. Note that the last
contribution in Eq. (15) is a higher derivative term, which
has a different expansion parameter, given by k=kNL and
not by the variance of δ. For a ΛCDM-like power spectrum
this term is comparable to other cubic contributions and has
to be kept. It is important to remember that there are two
physically distinct effects that are described by the higher
derivative operator. One is the response of dark matter halos
to ∇2δ and the other one is the dark matter one-loop
counterterm. Since at this order in perturbation theory these

FIG. 4. Perr=Pnoise as function of scale for two biased tracers similar the ones considered in [12] (left) and in [35] (right).

6Since dark matter halo formation happens over a long time
with the characteristic scale tgal form ∼H−1, the overdensity of
tracers at a given time depends on the entire history of the
long-wavelength dark matter density field evolution, making
the most general bias expansion nonlocal in time [4,5,49–51].
However, it has been shown that up to cubic order these
nonlocal contributions can be rewritten such that the expansion
(15) looks local [4,5].

EQUIVALENCE OF THE FIELD-LEVEL INFERENCE AND … PHYS. REV. D 113, 063546 (2026)

063546-7



two effects are completely degenerate, we will keep only
one free parameter in our analysis.7

In summary, for the purposes of this work, we will use
eight unknown parameters that depend on the halo or
galaxy properties and have to be measured from the data.
These are

θbias ¼ fb1; b2; bG2
; b3; bG3

; bG2δ; bΓ3
; c2sg: ð16Þ

Biases and counterterms are (strongly) degenerate with
some cosmological parameters and measuring multiple
correlation functions is crucial to break these degeneracies.

In our analysis, we will focus only on one cosmological
parameter, which measures the amplitude of the linear
density fluctuations A. We define the following parameter:

α≡ A
Afid ¼

σ8
σfid8

; ð17Þ

where the second equality holds if all other cosmological
parameters are fixed as in [35].
We will do all calculations and the analysis in Fourier

space. Given the real space model and parameters, we
can write

δmodel
g ðk; zÞ ¼

X
n

αnDnðzÞ
Z
q1

� � �
Z
qn

ð2πÞ3δDðk − q1…nÞKnðq1;…; qn; θÞδ1ðq1Þ � � � δ1ðq1Þ − αc2s
k2

k2NL
DðzÞδ1ðkÞ; ð18Þ

where
R
q ≡

R
d3q=ð2πÞ3, q1…n ≡ q1 þ � � � qn, DðzÞ≡DþðzÞ=Dþð0Þ is the normalized growth factor at redshift z such that

Dð0Þ ¼ 1, δ1ðkÞ is the linear density field, and Kn are perturbation theory kernels that contain all information about the
nonlinear evolution. These kernels are well known in the literature (see, for example, [3,4,31,53]) and here we just write
them down for completeness. They are given as

K1ðq; θÞ ¼ b1; ð19Þ

K2ðq1; q2; θÞ ¼ b1F2ðq1; q2Þ þ
b2
2
þ bG2

�ðq1 · q2Þ2
q21q

2
2

− 1

�
; ð20Þ

K3ðq1; q2; q3; θÞ ¼ b1F3ðq1; q2; q3Þ þ
b2
3
ðF2ðq1; q2Þ þ F2ðq1; q3Þ þ F2ðq2; q3ÞÞ þ 2bG2

FG2
ðq1; q2; q3Þ

þ b3
6
þ bG3

FG3
ðq1; q2; q3Þ þ bΓ3

FΓ3
ðq1; q2; q3Þ þ

bG2δ

3

�ðq1 · q2Þ2
q21q

2
2

þ ðq1 · q3Þ2
q21q

2
3

þ ðq2 · q3Þ2
q22q

2
3

− 3

�
: ð21Þ

In these expressions,F2 andF3 are the standard perturbation theory kernels, see Ref. [54], and additional terms are defined by

FG2
ðq1; q2; q3Þ≡ 1

3
F2ðq1; q2Þ

�ððq1 þ q2Þ · q3Þ2
jq1 þ q2j2q23

− 1

�
þ 2 perm:; ð22Þ

FG3
ðq1; q2; q3Þ≡ −

1

2

�
1 −

ðq1 · q2Þ2
q21q

2
2

−
ðq1 · q3Þ2
q21q

2
3

−
ðq2 · q3Þ2
q22q

2
3

þ 2
ðq1 · q2Þðq1 · q3Þðq2 · q3Þ

q21q
2
2q

2
3

�
; ð23Þ

FΓ3
ðq1; q2; q3Þ≡ −

4

21

�ðq1 · q2Þ2
q21q

2
2

− 1

��ððq1 þ q2Þ · q3Þ2
jq1 þ q2j2q23

− 1

�
þ 2 perm: ð24Þ

The kernels Kn can be used to compute the one-loop
power spectrum, tree-level bispectrum, and tree-level tris-
pectrum. Wewill do that in the next section. Before that, we
discuss the second important ingredient, which is the
stochastic noise.

C. Stochastic noise

As we already explained, the galaxy density field in
perturbation theory is not fully deterministic, but it also

7In principle, there are two different scales associated with the
two different effects. The dark matter counterterm has the
nonlinear scale kNL, while the dark matter halos have another
scale k� related to the Lagrangian size of a typical halo in the
sample. For massive halos, these two can be very different, but we
will have in mind dense samples as in [35] where the two scales
are comparable. Anyway, since we assume that the higher
derivative bias and the counterterm are both unknown, this
simplification does not impact our analysis.
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contains stochastic noise which comes from our ignorance
of the small-scale modes that determine galaxy formation
and that are not a part of observations (or perturbation
theory). This noise does not correlate with long-wavelength
density fluctuations, but it can be modulated by the long
modes. Therefore, the noise field can be written in a similar
manner as the bias expansion

ϵðxÞ ¼ ϵ0ðxÞ þ ϵ1ðxÞδðxÞ þ
1

2
ϵ2ðxÞðδ2ðxÞ − hδ2iÞ

þ ϵG2
ðxÞG2ðxÞ þ…: ð25Þ

Note that ϵiðxÞ are non-Gaussian fields that can have
significant three-point functions. It is clear from this
expression that hδϵi ¼ 0 as expected. The autopower
spectrum of the noise does not inherit the “shape” of the
cross spectra from δ, δ2, or G2 due to the fact that the
stochastic fields correlate only in the same spatial point

hϵiðxÞϵjðx0Þi ∼ cijδDðx − x0Þ: ð26Þ

On large scales, the noise power spectrum is approximately
constant, with the amplitude approximately equal to the

Poisson prediction

PϵϵðkÞ ¼
c1
n̄g

; ð27Þ

where c1 is a free dimensionless parameter of order 1.
When computing higher-order n-point functions, there are
several additional terms that may appear and we discuss
them in the next section.

III. GALAXY POWER SPECTRUM, BISPECTRUM,
AND TRISPECTRUM

Equipped with the perturbative forward model and the
noise model, we are now ready to compute all relevant
correlation functions. In this section, we write down the
one-loop power spectrum, a simple model for the BAO
damping that we will use in the BAO analysis, tree-level
bispectrum, and tree-level trispectrum.

A. Power spectrum

The power spectrum of biased tracers in real space up to
one-loop corrections is given by

Pgðk; zÞ ¼ b21α
2Plinðk; zÞ þ b21α

4P13ðk; zÞ þ b21α
4P22ðk; zÞ − b21c

2
sα

2k2Plinðk; zÞ

þ b1b2α4Iδ2ðk; zÞ þ
b22
4
α4Iδ2δ2ðk; zÞ þ b2G2

α4IG2G2
ðk; zÞ þ b2bG2

2
α4Iδ2G2

ðk; zÞ

þ
�
2b1bG2

þ 4

5
b1bΓ3

�
α4FG2

ðk; zÞ þ 2b1bG2
α4IG2

ðk; zÞ þ c1
n̄g

; ð28Þ

where the explicit form of different contributions can be
found in [3,55]. All nuisance parameters in this expression
are functions of time, but for the fixed redshift they can be
treated as constants. This form of the power spectrum is
particularly convenient since all nuisance and cosmological
parameters enter the model just as simple multiplicative
factors. At the level of the linear theory, b1 and α are
perfectly degenerate and only the combination b1α can be
measured with very high precision. This degeneracy can be,
in principle, broken only by the loop contributions, but
those have much smaller signal-to-noise ratio, suppressed
by the variance of the density field at the maximum wave
number used in the analysis. In addition, since there are
several new nuisance parameters at the loop level, the
amplitude α is expected to be poorly constrained from the P
alone. We will verify this explicitly below.
Let us stress that the correct model for the galaxy power

spectrum contains the infrared resummation, which cor-
rectly accounts for the broadening of the BAO peak.
However, we will not use it in our baseline analysis for
several reasons. First, since we have shown that Eulerian
and Lagrangian fields are almost the same up to
kmax ∼ 0.1 h=Mpc, we know that the infrared resummation

cannot significantly affect the power spectrum on scales
and redshifts that we use. Second, we will test this simple
model against the large-volume PT challenge simulations
suite and explicitly show the validity of our approximation.
Finally, even if this approximation was to miss small,
percent-level effects, that would be irrelevant for the
conclusions regarding the expected errors from a joint
Pþ B and Pþ Bþ T analyses.
Clearly, we can neglect the infrared resummation only on

very large scales. On small scales, there is an additional
information about the amplitude of the linear density field
in the broadening of the BAO wiggles. While this is not
included in the analysis of [35] and it is not the main goal of
this paper, we explore how much information on α can be
extracted from small scales using BAO. We next give a
simple model of the IR resummation at small scales
appropriate for our forecast.

B. BAO wiggles

One nontrivial way in which the amplitude α affects the
BAO is through the broadening of the BAO peak. This non-
linear effect is very well understood and can be described
to very high precision in perturbation theory [46–48,56].
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First, one can decompose the linear power spectrum into
the smooth and wiggly parts [55,57–59],

Plinðk; zÞ ¼ Pnw
lin ðk; zÞ þ Pw

linðk; zÞ: ð29Þ

The bulk flows induced by the long wavelength fields affect
the features such as BAO, leading to the damping of the
oscillations. The full expression for the infrared-resummed
galaxy power spectrum is schematically given by

PIR
g ðk; zÞ ¼ Pnw

g ðk; zÞ þ e−α
2Σ2

ΛðzÞk2ð1þ α2Σ2
ΛðzÞk2Þ

× α2b21P
w
linðk; zÞ þ e−α

2Σ2
ΛðzÞk2Pw

g;1−loopðk; zÞ;
ð30Þ

where Pnw
g is the standard EPT power spectrum up to one

loop computed using Pnw
lin , and P

w
g;1−loop is the wiggly part of

the EPT one-loop power spectrum. The BAO damping
factor is given by [48]

Σ2
ΛðzÞ≡ 1

6π2

Z
Λ

0

dqPlinðq; zÞ

× ½1 − j0ðqlBAOÞ þ 2j2ðqlBAOÞ�; ð31Þ

where the BAO scale is lBAO ≈ 110 h=Mpc, jnðxÞ are
spherical Bessel functions of order n, and Λ is the scale
up to which the long-wavelength displacements are taken
into account. The typical value used in practice is
Λ ¼ 0.2 h=Mpc, but the result is almost insensitive to this
choice [48,55,60]. Given the numerical values of Σ2

ΛðzÞ for
relevant redshifts, the damping is important only for high k.
Note that the formula for the wiggly part of the galaxy
power spectrum is nonperturbative and almost perfectly
describes the BAO. Therefore, unlike the broadband, it can
be safely used at all scales.
It is clear from Eq. (30) how the parameter α can be

measured from the BAOwiggles. Apart from the small loop
corrections controlled by the perturbation theory parameter
Δ2ðkÞ, α multiplies the large parameter Σ2

Λ which controls
the broadening of the BAO peak. In other words, the amp-
litude of the linear density field can be simply estimated
from how much the nonlinear evolution damps the BAO
wiggles. This is easy to intuitively understand in real space.
On large scales, one can approximate the two-point
correlation function using only the linear theory. From
the smooth part, one can measure the combination b1α.

Then, focusing on the BAO peak only, the broadening is
controlled by α2Σ2

Λ which has only one free parameter. This
is the essence of the statement that large displacements can be
used to measure α without strong sensitivity on nonlinear
galaxy bias if a feature is present in the initial conditions.
Crucially, this is true in Fourier space only for high-k part of
the BAO wiggles, beyond kmax ≈ 0.2 h=Mpc.
It is possible to test how much information on α comes

from the BAOwiggles using the formulas above. While one
can use Eq. (30) directly, just to keep the discussion as
simple as possible, we will use in our forecast the following
simplified model for the IR-resummed wiggly part of the
galaxy power spectrum,

Pw
g ðk; zÞ ¼ e−α

2Σ2
ΛðzÞk2α2b21P

w
linðk; zÞ þ c2wα2b21k

2Pw
linðk; zÞ:

ð32Þ

This equation phenomenologically captures all features of
the exact result and in a Fisher forecast it is simpler to
implement and interpret. We introduce a single parameter
c2w that encompasses all nonlinear bias and possible other
nonlinear corrections and it is of order Oð1Þ. The wiggly
part of the galaxy power spectrum at high k can then be
analyzed separate from the broadband (see, for example,
[61–64]).
We will consider two different setups.
(i) Optimistic: In this setup, we set cw ¼ 0 and Λ → ∞.

This is the best case scenario, since we neglect all
nonlinear corrections with bias parameters and we
replace Σ2

Λ with Σ2
∞, to approximately take into

account the total broadening from the displacement
and loop corrections. This makes the effect as large
as possible and the constraints as good as possible.

(ii) Realistic: In this setup, we set Λ ¼ 0.2 h=Mpc and
leave c2w as a free parameter with a Gaussian prior of
width equal to 1. In this way, the information on α
comes only from the part of the broadening induced
with large displacements and it is to some extent
degenerate with other nonlinearities.

C. Bispectrum and trispectrum

Next, we describe the higher-order n-point functions that
can be consistently computed using the cubic model. The
tree-level bispectrum in real space is given by [54]

Bgðk1; k2; k3; zÞ ¼ 2b21α
4K2ðk1; k2ÞPlinðk1; zÞPlinðk2; zÞ þ 2 perms:þ c2

n̄g
b1α2Plinðk1; zÞ þ 2 perms:þ c3

n̄2g
: ð33Þ

Note that there are two additional coefficients in the noise model compared to the power spectrum. These three free
parameters c1, c2, and c3 exactly match the noise parameters used in the analysis of [35].
The only additional n-point correlation function that can be fully computed using cubic-order Eulerian kernels is the

connected tree-level trispectrum, which is given by
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Tc
gðk1; k2; k3; k4; zÞ ¼ 4b21α

6Plinðk1; zÞPlinðk2; zÞðK2ðk1;−k13ÞK2ðk2; k13ÞPlinðk13; zÞ
þ K2ðk1;−k14ÞK2ðk2; k14ÞPlinðk14; zÞÞ þ 5 perm:

þ 6b31α
6K3ðk1; k2; k3ÞPlinðk1; zÞPlinðk2; zÞPlinðk3; zÞ þ 3 perm:

þ c2
n̄g

Bmggðk12; k3; k4; zÞ þ 5 perm:; ð34Þ

where we have defined

Bmggðk12; k3; k4; zÞ≡ hδmðk12; zÞδgðk3; zÞδgðk4; zÞi0
¼ 2b21α

4F2ðk3; k4ÞPlinðk3; zÞPlinðk4; zÞ þ 2b1α4K2ðk12; k4ÞPlinðk4; zÞPlinðk12; zÞ
þ 2b1α4K2ðk12; k3ÞPlinðk3; zÞPlinðk12; zÞ: ð35Þ

Note that we keep only the largest noise contribution which
at leading order has the same parameter c2 as the bispec-
trum. We do this for two reasons: (a) in order to be able to
have a fair comparison to the field-level analysis of [35],
which does not use the most general noise model, and (b) in
order to get the most optimistic results for additional
constraining power of the trispectrum. Other (subdominant)
noise contributions to the trispectrum can be derived from
the noise model in Eq. (25) and we do this in Appendix B.
Even though their impact is not expected to be large (given
reasonable priors on the amplitude of the noise), they
would lead to slightly larger error bars in the trispectrum
analysis.

IV. LIKELIHOODS

In this section we present the likelihoods for the power
spectrum, bispectrum, trispectrum, and BAO wiggles that
we use in our analyses. Given a very simple form of the
likelihood in the EPT we also provide a simple mode
counting argument for the expected joint power spectrum
and bispectrum analysis.

A. Power spectrum

The power spectrum likelihood on large scales can be
approximated by the well-known equation

lnLP ¼ −
1

2

Xk¼kmax

k¼kmin

ðPgðk; θÞ − P̂gðkÞÞ2
VarPðkÞ

: ð36Þ

Note that we assume the Gaussian form of the likelihood
that is appropriate on large scales. The sum runs over all k
bins up to a given kmax. The set of variables θ contains all
nuisance and cosmological parameters in the analysis,
while the measured power spectrum in a given k bin is
P̂gðkÞ. Note that for simplicity we neglect the explicit
redshift dependence. Furthermore, we neglect the cosmo-
logical parameter dependence in the covariance matrix,
since it carries negligible signal in the limit when the

number of Fourier modes is much larger than the number of
bins in the data vector. We will use this approximation for
all other statistics as well.
From the way we write the power spectrum likelihood, it

is clear that we assume a simple diagonal covariance
matrix, whose elements are given by

VarPðkÞ ¼
4π2

VΔkk2
P2
gðk; θfidÞ; ð37Þ

where V is the volume of the survey, Δk is the width of the
k bins, and θfid is the fiducial value of cosmological and
nuisance parameters. On large scales used in our analysis, it
is sufficient to use the linear theory in the computation of
the covariance. All nonlinear corrections and off-diagonal
elements in the covariance matrix are small on large scales
and suppressed by the variance of the density field
Δ2ðkmaxÞ. Furthermore, since we are intrested in the
posteriors of cosmological parameters after marginalization
over all nuisance parameters, the final variance of cosmo-
logical parameters is not impacted only by the data
covariance, but also the effective covariance due to the
marginalization. This was explicitly demonstrated in some
simple examples in [65]. This additional uncertainty is
usually much bigger than any mistake made in the data
covariance. For this reason, one recovers identical error
bars on cosmological parameters on large scales in analyses
based on perturbation theory, regardless of the choice of the
data covariance. The explicit demonstration of this fact can
be found in [66].

B. Bispectrum

Similar to the power spectrum, we assume a simple
Gaussian likelihood with the diagonal covariance matrix
for the bispectrum as well

lnLB ¼ −
1

2

X
T

ðBgðk1; k2; k3; θÞ − B̂gðk1; k2; k3ÞÞ2
VarBðk1; k2; k3Þ

; ð38Þ
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where the sum now runs over all triangles in Fourier space.
In the Gaussian approximation only the same shape
triangles correlate and the diagonal elements of the covari-
ance matrix are given by

VarBðk1; k2; k3Þ ¼
ð2πÞ6
VV123

s123Pgðk1; θfidÞPgðk2; θfidÞ

× Pgðk3; θfidÞ; ð39Þ

where s123 is a symmetry factor and it is equal to 6, 2, and 1
for equilateral, isosceles, and scalene triangles, respec-
tively, and V123 is the volume of a given triangle bin which
in the thin shell approximation reads

V123 ¼ 8π2k1k2k3Δk3: ð40Þ

Note that we assume ordered momenta, k3 ≤ k2 ≤ k1, in
order to avoid the double counting of equivalent triangles.
For reasons similar to the power spectrum case, one can

justify the simple approximation for the bispectrum like-
lihood in perturbation theory. Corrections to the Gaussian
approximation are expected to be of order Δ2ðkmaxÞ and
cannot significantly change the results in the full analysis.
We will comment more on this and the cross-covariance
with the power spectrum below.

C. Trispectrum

While the form of the power spectrum and bispectrum
likelihoods in the Gaussian approximation is well known,
the trispectrum is much less used and explored in the
comparisons to simulations and data (for some recent
progress, see Refs. [67,68]). First of all, the connected
trispectrum is a function of six scalar variables. It can be
parametrized in different ways, but we will use four
magnitudes of the wave numbers k1;…; k4 and two
magnitudes of the diagonals D1 and D2, defined as

D1 ≡ −k1 − k2 and D2 ≡ −k2 − k3: ð41Þ

The full data vector that depends on all momenta and
diagonals is very long and has very large dimensional
covariance matrix. For these reasons the compressed
trispectrum is sometimes used in practice. One such
example is the integrated trispectrum, where in the esti-
mator one averages over all D1 and D2 for the fixed
momenta k1;…; k4. Using this estimator significantly
reduces the length of the data vector and allows for a
simple evaluation of the covariance matrix. The integrated
trispectrum has been used both in real and redshift space,
for comparison of perturbation theory predictions to sim-
ulations [67,68].
In this paper, we want to estimate the impact of the

trispectrum on analyses on large scales and find the most
optimal possible improvement. For this reason we cannot

use the simplified estimators such as integrated trispectrum,
where some information is lost due to integration over the
diagonals. This is particularly relevant for understanding
the impact of the trispectrum on constraining all cubic bias
parameters, where the only hope to do it comes from using
the full shape keeping all dependence on different angles.
Given this, we will use the full connected trispectrum and
the following likelihood:

lnLT ¼ −
1

2

X
Q

ðTc
gðQ; θÞ − T̂c

gðQÞÞ2
VarTðQÞ ; ð42Þ

where the sum runs over all nonequivalent quadrilateralsQ
defined by the six sides Q≡ fk1; k2; k3; k4; D1; D2g. We
are again using the Gaussian approximation, in which only
the same shape quadrilaterals correlate. Note that, in order
to avoid the double counting, the sides of the quadrilaterals
are ordered as k4 ≤ k3 ≤ k2 ≤ k1, while the diagonals
must satisfy the relations jk1 − k2j ≤ D1 ≤ jk1 þ k2j and
jk2 − k3j ≤ D2 ≤ jk2 þ k3j.
The diagonal elements of the connected trispectrum

covariance matrix can be computed for the general Q
and we give the derivation in Appendix C. They are
given by

VarTðQÞ ¼ ð2πÞ9s1234
VV1234

Pgðk1; θfidÞPgðk2; θfidÞPgðk3; θfidÞ

× Pgðk4; θfidÞ; ð43Þ

where s1234 ¼ n! and 0 ≤ n ≤ 4 is the number of momenta
k1;…; k4 with the same magnitude. The nontrivial result is
the volume of the quadrilateral shell V1234, which reads

V1234 ¼
8

3
π2

k1k2k3k4D1D2

V tetra
Δk6: ð44Þ

In this expression V tetra is the volume of the tetrahedron Q
(for details, see Appendix C). This is a very simple formula,
which allows for an easy evaluation of the trispectrum
likelihood.
We notice that some of the considered tetrahedra have

the six sides which lie on the same plane, resulting in a
degenerate shape and in a null volume. Since their number
is very small (∼101) compared to the total (∼105), we
exclude them from our analysis.

D. BAO wiggles

In addition to the baseline analysis of the correlation
functions up to a given kmax, we will also consider
information on the amplitude of the linear density field
in the broadening of the BAOwiggles. While one can easily
extend the full analysis of the correlation functions beyond
kmax ≈ 0.1 h=Mpc, we choose to focus on the question of
how much information is in the wiggles only. This is

SPEZZATI, MARINUCCI, and SIMONOVIĆ PHYS. REV. D 113, 063546 (2026)

063546-12



important, since it gives an estimate of how much addi-
tional signal on the amplitude α one may ideally recover
from the displacement field on smaller scales. The like-
lihood in this case has the same form as for the power
spectrum, except that the signal and the model contain the
wiggly part of the galaxy power spectrum only,

lnLw ¼ −
1

2

Xk̄
k¼kmax

ðPw
g ðk; θÞ − P̂w

g ðkÞÞ2
VarPðkÞ

: ð45Þ

In our implementation we choose k̄ ¼ 0.3 h=Mpc since the
wiggles are essentially completely damped beyond this
scale. Note that the covariance matrix is the same as for the
power spectrum. Clearly, the SNR on the amplitude α is
suppressed by the amplitude of the wiggly part of the power
spectrum which is smaller than Oð10%Þ.

E. Theoretical error

In addition to the data covariance, it is often useful in
perturbation-theory-based analysis to consider theoretical
error covariance. Theoretical error takes into account
realistic uncertainties in the perturbative modeling which
serves two purposes. One is to prevent the overfitting by
choosing aggressive data cuts. The other is to prevent
biases in cosmological inference. Details of the formalism
and applications to galaxy clustering and lensing can be
found in [65,69–72].
The elements ðijÞ of the theoretical error covariance

matrix have the following form:

ðCeÞij ¼ EiEjρij; ð46Þ

where the index i labels a bin in the data vector, which can
be a k bin or a bispectrum or trispectrum configuration.
Note that indices on the right-hand side are not summed
over. The quantity Ei is the measure of the absolute error
for the theoretical prediction in a given bin i and can be
obtained from estimating the higher-order perturbation
theory contributions neglected in the calculation. The
matrix ρij measures the correlation between the two
different bins and it is crucial to ensure that one effectively
marginalizes only over sufficiently smooth theoretical
predictions [69]. For the power spectrum, it is chosen to be

ρPij ¼ exp
�
−
1

2

ðki − kjÞ2
Δk2

�
; ð47Þ

where Δk is the parameters that determines the smoothness
scale, over which the theoretical prediction vary very
smoothly. In particular, we choose Δk ¼ 0.1 h=Mpc. If
the two k bins are separated by more than Δk they are
effectively uncorrelated and the theoretical prediction can
vary within the theoretical uncertainty given by Ei and Ej.
If the bins are within Δk, they are constrained to effectively

fluctuate coherently. In the case of the bispectrum, the
correlation matrix is a bit more complicated and takes into
account the shape of the triangle as follows:

ρBij ¼ exp

�
−
1

2

ðki;1 − kj;1Þ2
Δk2

�
exp

�
−
1

2

ðki;2 − kj;2Þ2
Δk2

�

× exp

�
−
1

2

ðki;3 − kj;3Þ2
Δk2

�
: ð48Þ

In conclusion, the theoretical error covariance matrix has
two parameters. One is the coherence length Δk and the
other one is the estimate of the absolute theoretical error in
perturbation theory. Following [69] we use the following
estimates for the two-loop power spectrum:

EP;2-loop
i ¼ D4ðzÞPgðki; zÞ

�
ki

0.45 h=Mpc

�
3.3
; ð49Þ

and the one-loop bispectrum

EB;1-loop
i ¼ D2ðzÞBgðki;1; ki;2; ki;3; zÞ

×

�ðki;1 þ ki;2 þ ki;3Þ=3
0.3 h=Mpc

�
1.8
: ð50Þ

Note that requiring the theoretical error to be of the order of
a given loop size is the other way to impose the perturba-
tivity prior, where the total amplitude of fluctuations in the
galaxy number density on large scales in always small.
Once the theoretical error covariance matrix is com-

puted, it can be straightforwardly included in the analysis
by computing the Gaussian likelihood with the total
covariance

Cij ¼ Cdata
ij þ ðCeÞij; ð51Þ

where Cdata
ij is the usual data covariance that contains

cosmic variance and the noise. Note that the new total
covariance matrix is not diagonal and one has to generalize
the formulas for the likelihood above accordingly.
Nevertheless, the likelihood is still Gaussian.

F. Total likelihood

Assuming the Gaussian likelihood (with or without the
theoretical error) for the power spectrum, bispectrum,
trispectrum, and possibly BAO wiggles, we will combine
them in our analysis in a simple way as follows:

lnL ¼ lnLP þ lnLB þ lnLT þ lnLw: ð52Þ

At first sight, this assumption may seem too optimistic,
since we neglect all cross-covariance terms that may be
relevant. In what follows we justify this choice.
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We can start from the BAO wiggles. When we use the
wiggly part of the power spectrum, we always use only
scales with k > kmax. This separation of scales justifies a
simple combination of wiggles with the rest of the data
vector.
For the correlation functions at k < kmax, the simple

form of the total likelihood in Eq. (52) is justified by
arguments in perturbation theory. Since we are focusing on
very large scales, the nonlinear contributions to the covari-
ance and cross-covariance among different observables is
small. In particular, these contributions are smaller than the
effective error on cosmological parameters that comes from
marginalization over many nuisance parameters [73]. This
has been explicitly checked and verified for the power
spectrum and bispectrum analyses on relevant scales (e.g.,
[73–77]. For example, the power spectrum analysis based
on perturbation theory leads to identical results regardless
of the choice of the covariance (Gaussian, nonlinear, or
simulation based), in a volume similar to the one we use in
this paper [28,66]. The same conclusion holds in the joint
Pþ B analysis, as shown in many works that studied this
combination in various setups (see, for example, [78–81]
and references therein).
Finally, regarding the trispectrum, we expect that the

similar arguments hold and that Eq. (52) is a very good
approximation to the truth. Even if the analysis was opti-
mistic, this is in linewith our previous choices that maximize
the possible information content of the trispectrum. One
important point to make is that the trispectrum has also the
cross-covariance with the power spectrum already at the
Gaussian level. This can be, in principle, significant.
However, in practice, this is not the case. In Appendix C 1
we show that less than 0.1% of the total number of quadri-
laterals correlates with the power spectrum at leading order,
making such contributions to the total signal negligible.
Therefore, they can be safely neglected in the analysis.

G. Simple mode counting argument for the joint power
spectrum and bispectrum analysis

Before we move on to the verification of our model and
approximations in simulations and the main analysis, let us
first give a simple estimate of the results that we expect.
The main advantage of using Eulerian perturbation

theory is that the model is a simple polynomial in nuisance
parameters and the amplitude of the linear density field.
This means that the logarithm of the full likelihood in
Eq. (52) takes particularly simple form and one can easily
estimate the precision with which different parameters can
be measured.
First of all, the highest signal-to-noise ratio is in the

power spectrum. On large scales, the most dominant term
is the linear theory contribution proportional to b21α

2.
Therefore, the galaxy power spectrum in real space
measures the combination b1α very precisely. The relative
error can be estimated as follows:

σðb1αÞ
b1α

¼ 1ffiffiffiffiffiffiffiffiffiffiffi
2Npix

p ; ð53Þ

where the number of pixels, in practice, can be estimated as
Npix ≈ Vk3max=ð2πÞ3. Note that this error is different from
the error on the amplitude of the power spectrum, since the
amplitude of the power spectrum is proportional to α2. In
practice, this is the most well-measured number in the real
space analysis and we can essentially treat it as fixed. The
degeneracy between the linear bias and α is broken at the
level of the power spectrum only very mildly by the loop
contributions. However, given several free higher-order
bias parameters, the amplitude α is essentially uncon-
strained by the power spectrum alone.
Moving to higher-order statistics, assuming b1α is fixed,

the amplitude of the tree-level bispectrum is proportional to a
single power of α. While the bispectrum also contains quad-
ratic biases as free parameters, the angular dependence
allows for degeneracy with α to be partially broken. There-
fore, we can assume that the error on the amplitude of the
linear field from the joint power spectrum and bispectrum
analysis is given by the bispectrum SNR. We can write

σðαÞ
α

≈ few ×
1

ΔðkmaxÞ
ffiffiffiffiffiffiffiffiffi
Npix

p ; ð54Þ

wherewe have used Eq. (2) and the numerical factor of a few
depends on how much information is lost by marginalizing
overb2 andbG2

, which can be easily obtained using the Fisher
matrix.
Using V ¼ ð2 Gpc=hÞ3 and kmax ¼ 0.1 h=Mpc, we can

estimate

σðb1αÞ
b1α

≈ 0.004 and
σðαÞ
α

≈ few × 0.02: ð55Þ

These numbers give an idea of how well the Pþ B analysis
in real space should perform. In reality, the constraints are
a bit weaker, due to the noise and nonlinearities we
neglected in these arguments. However, we can already
see that the baseline expectation for the error on α is
roughly Oð5% − 10%Þ, which agrees with the field-level
result of [35]. Furthermore, the simple estimates above give
us two additional important predictions.
First, since there are no as-strong degeneracies in the

bispectrum as the b1 − α degeneracy in the power spec-
trum, the trispectrum is not expected to significantly
improve the errors. This is due to much smaller SNR in
the trispectrum as well as existence of new cubic bias
parameters that have to be measured as well. We expect
Δ2ðkmaxÞ ≈Oð10%Þ improvements from inclusion of the
trispectrum in the analysis. Second, in a Pþ B analysis we
get a scaling of the error with kmax which is given by

σðαÞ
α

∼
k−3=2max

ΔðkmaxÞ
: ð56Þ
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Note that the typical amplitude of fluctuations ΔðkmaxÞ
grows with kmax, which implies that the error on α shrinks
faster than the naive k−3=2kmax scaling. This makes sense, since
the information comes from the bispectrum whose SNR
grows as the field becomes more non-Gaussian on large
scales, in addition to the simple mode counting. Note that
the higher-order n-point functions would lead to different
scaling with ΔðkmaxÞ. This is yet another way to estimate
where the information comes from, by carefully measuring
the dependence of the inferred errors on kmax.
In what follows, we will show that all three predictions

(the size of the error bars, importance of the trispectrum,
and scaling with kmax) are confirmed in a real analysis.

V. VALIDATION ON SIMULATIONS

The goal of this section is to validate our model and
assumptions using large-volume numerical simulations.
Our results are not new; this has been already done in a
large body of work on the power spectrum and bispectrum
and comparison to large-volume simulations with a similar
setup [75,78,79,82–86]. In particular, we use the set of ten
boxes of the PT challenge simulation suite [40] (we refer
the reader to this reference for details on the simulations).
With the total volume of 566 ðGpc=hÞ3 at redshift z ¼ 0.6,
these simulations allow for very precise comparison of data
and theory even on very large scales. We use the measured
power spectrum and bispectrum of dark matter halos in real
space, with number density and redshifts similar to the one
analyzed in [35].
In particular, we want to test the following:
(i) Eulerian perturbation theory predicts the power

spectrum and the bispectrum on large scales well
enough and leads to unbiased inference of α.

(ii) Large displacements on large scales do not produce
any effect beyond the one captured by Eulerian
perturbation theory. In particular, one does not have
to do the infrared resummation. The difference
between the infrared-resummed and baseline models
appears only on smaller scales, beyond kmax used in
our analysis.

(iii) Typical deviation of the best-fit model and the data
for k > kmax are within the theoretical error estimate.
This means that the realistic field of biased tracers
has small fluctuations in agreement with perturba-
tivity prior. Correspondingly, any combination of
higher-order bias and nonlinear correction has to be
small on the scales considered, even though all bias
coefficients may be of order Oð1Þ.

(iv) The error bars on the amplitude α are roughly given
by the simple estimate in Eq. (54). The error bars do
not change significantly when the theoretical error is
included in the analysis, indicating that the higher
bias and loop corrections are not very relevant on
very large scales used in the analysis.

In order to do this, wewill use the measurements from the
full volume of 566 ðGpc=hÞ3, but fit it with the covariance
matrix rescaled to match the box of 8 ðGpc=hÞ3 which has
the same volume as in [35]. We will also use the same two
cuts, kmax ¼ 0.1 and kmax ¼ 0.12 h=Mpc. We perform the
joint power spectrum and bispectrum analysis using the
theoretical model and likelihoods described above. We vary
the following parameters:

θ ¼ fα; b1; b2; bG2
; bΓ3

; c2s ; c1; c2; c3g; ð57Þ

which include all the necessary bias parameters to compute
the one-loop power spectrumand the tree-level bispectrum. It
is important to emphasize that we also make an appropriate
binning of themodel, integrating the theoretical prediction in
each bin with the appropriate weight to take into account the
number of Fourier modes for each momentum k. This is
important for the lowest k bins, but it does not significantly
affect the final best fit and the error bars, since they are
predominantly determined by the highest k modes in the
analysis.
The main results are shown in Figs. 5–7 and summarized

in Table I. The first two figures show the residual plots for
the power spectrum and the bispectrum obtained from the
joint analysis up to kmax ¼ 0.1 h=Mpc. In all plots, the
statistical error bars are shown for the full PT challenge
volume, which is roughly 70 times larger than the volume
of V ¼ 8 ðGpc=hÞ3 that we are interested in. For this
reason, all error bars are extremely small. For instance, the
relative statistical errors in each k bin in the power spectrum
are much smaller than 1%. This exquisite precision allows
us to do the stringent test of the model.
Let us first focus on the power spectrum residuals shown

in Fig. 5. The left panel shows the residuals together with
the estimate of the two-loop theoretical error. We can see
that the best fit reproduces the data well within the
theoretical uncertainties of perturbation theory. The two
points with statistically significant deviation (2σ and 3σ)
are likely a random fluctuation, since they cannot be fitted
by a sufficiently smooth curve. To verify this, we also fit the
same data with the nonlinear PYBIRD code [87] and find
almost identical results.8 Importantly, the higher k bins
beyond kmax ¼ 0.1 h=Mpc used in the analysis, lay within
the estimate of the two-loop theoretical error, indicating
that the total galaxy field indeed follows expectations from
perturbation theory. It is instructive to do the extrapolation
of the best-fit model with kmax ¼ 0.1 h=Mpc to smaller
scales. This is shown in the right panel of Fig. 5. The
residuals remain within the theoretical error which grows
very fast with k. More importantly, one can see that using
the Eulerian model which is the baseline for our analysis is

8Equivalent approaches for large-scale structure correlators
have been implemented in other publicly available codes, such as
CLASS-PT [55], VELOCILEPTORS [88], and CLASS-1LOOP [89].
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insufficient on small scales to capture the BAO wiggles
appropriately. However, the residual BAO wiggles appear
only for k≳ 0.2 h=Mpc, which is never used in our
baseline analysis. This is an important confirmation that
large displacements on large scales are captured well by
Eulerian perturbation theory.
Similar residual plots for the bispectrum are shown in

Fig. 6 for two different triangle configurations. One can see
that the model fits the data well and that the residuals for
k > kmax are within the estimate of the one-loop theoreti-
cal error.
It is important to emphasize once again that the statistical

errors in these two figures are roughly 8 times smaller than
the case of interest corresponding to the volume
V ¼ 8 ðGpc=hÞ3. This implies that, for our main analysis,
the theoretical model presented above is perfectly adequate
to capture all relevant nonlinearities and it should lead to
unbiased answers. This can be verified using the covariance
matrix rescaled to the volume of the baseline analysis, still
fitting the PT challenge data. The corresponding triangle
plots for α; b1; b1α in this analysis for two different choices
of kmax are shown in Fig. 7. One can see that the inference
of the amplitude and b1 is unbiased, indicating that the
simple model presented in Sec. III guarantees a sufficient

level of accuracy in describing the galaxy overdensity field
on large scales and for the volume considered.
It is also interesting to look at the behavior of errors in

Fig. 7 and Table I as a function of kmax. We can see the
improvement on the combination b1α is smaller than the
mode counting expectation. This is due to the fact that
marginalization over higher-order biases effectively intro-
duces an error that makes the constraints weaker. On the
other hand, the errors on b1 and α improve significantly
with the increasing kmax. This is in line with the expectation
from the information content of the bispectrum, where
relative errors improve faster than k−3=2max in agreement with
Eq. (56). In conclusion, the joint Pþ B analysis of the PT
challenge simulation boxes shows that the theoretical
model presented in the previous section fits the data well
and leads to errors in agreement with basic arguments
based on perturbation theory.
It is interesting to ask how this picture changes when the

theoretical error is included in the analysis. As we dis-
cussed, the theoretical error is an additional correlated
covariance whose purpose is to mimic marginalizing over
neglected higher-order corrections in the perturbation
theory calculations. We repeat the same analysis of the
PT challenge but with the two-loop power spectrum and
one-loop bispectrum theoretical errors included in the
covariance. The results are shown in Fig. 8. The triangle
plots for α; b1; b1α are shown with and without theoretical
errors in the covariance, for two different values of kmax.
The inclusion of the theoretical error makes the con-
straints on α worse by 10% and 30% at kmax ¼ 0.1 and
kmax ¼ 0.12 h=Mpc, respectively. Such results are
expected. On larger scales, the impact of theoretical error
is much smaller, given that the model is more precise.
Nevertheless, the inclusion of the theoretical error does not
change the error bars dramatically. In particular, they
cannot explain the difference of roughly a factor of 3
between the result we find here and the SBI results for the

TABLE I. 1σ constraints and best-fit parameter for the PT
challenge Pþ B analysis using the covariance with the volume of
V ¼ ð2 Gpc=hÞ2.

Pþ B

kmax ¼ 0.1 h=Mpc
α 0.960� 0.085
b1=b1;fid 1.051� 0.094

kmax ¼ 0.12 h=Mpc
α 1.026� 0.052
b1=b1;fid 0.979� 0.051

FIG. 5. Comparison between the data and the best-fit model in a joint power spectrum and bispectrum analysis up to kmax ¼
0.1 h=Mpc at z ¼ 0.6 for the galaxy power spectrum. Left: the shaded region represents the two-loop theoretical error of Eq. (49). An
independent fit obtained using the PYBIRD code which accounts for the IR resummation is also shown. Statistical error bars on data
correspond to the full PT challenge volume.
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joint Pþ B analysis in [35]. Wewill come back to this point
in Sec. VII.

VI. RESULTS

After extensive tests of the simple EPT model on large
scales using large-volume PT challenge simulations and
verifying that it is adequate for the joint Pþ B analysis, we
are finally ready to present the main results. Our goals are
to estimate the error bars of the conventional Pþ B analysis
in a box of the volume V ¼ 8 ðGpc=hÞ3 for tracers similar
to the one studied in [35,36] and estimate the possible
improvements coming from including the galaxy trispec-
trum in the analysis.
We will not analyze the real simulation data due to

unavailability of the trispectrum that is an important part of
our results. Instead, using the baseline model (for which we
know to match the reality on large scales), we generate the
mock data vector containing P, B, and Tand the wiggly part

FIG. 6. Comparison between the data and the best-fit model in a joint power spectrum and bispectrum analysis up to kmax ¼
0.1 h=Mpc at z ¼ 0.6 for the equilateral and isosceles (i.e., k1 ¼ 0.015 h=Mpc; k2 ¼ k3) shapes of galaxy bispectrum. Statistical error
bars on data correspond to the full PT challenge volume. The shaded region represents the one-loop theoretical error of Eq. (50).

FIG. 7. Pþ B analysis of PT challenge data. The covariance
used in the analysis is computed using the reduced volume
V ¼ ð2 Gpc=hÞ3.

FIG. 8. Pþ B analysis of the PT challenge data with and without theoretical errors for (left) kmax ¼ 0.1 h=Mpc and (right)
kmax ¼ 0.12 h=Mpc. The covariance used in the analysis is computed using the reduced volume V ¼ ð2 Gpc=hÞ3.
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of the power spectrum for k > kmax and perform the
analysis of this data vector. In order to do that, for
simplicity, we use the same baseline cosmology as the
PT challenge which is very close to the standard ΛCDM
universe. We also have to specify some fiducial values for
the following set of parameters:

θ ¼ fα; b1; b2; bG2
; b3; bG3

; bG2δ; bΓ3
; c2s ; c2w; c1; c2; c3g:

ð58Þ

Obviously αfid ¼ 1. For other parameters, we use two
different sets of fiducial values depending on the tracer.
First, we chose the linear bias b1;fid ¼ 1.7. We also set the

noise to be given by the number density of the dark matter
halos in real space equal to n̄ ¼ 1.3 × 10−3 ðMpc=hÞ3 at
fixed redshift z ¼ 0.5. The linear bias, noise, and redshift are
chosen to be similar to the SNG sample studied in [35]. The
fiducial values of other parameters are far less important, and
we verify that explicitly in our analysis. Since the sample is
dense, the nonlinear bias parameters are small.We choose the
following values: b2;fid ¼ bG2;fid

¼ bΓ3;fid ¼ b3 ¼ bG3;fid ¼
bδG2;fid ¼ 0.1. The fiducial counterterms are given by c2s;fid ¼
1; c2w;fid ¼ 0 and we choose that all fiducial noise-free
parameters are equal to 1, c1;fid ¼ c2;fid ¼ c3;fid ¼ 1.
When running the MCMC chains we use the following
priors:

PðαÞ ¼ Uð0.5; 1.5Þ;
Pðb1Þ ¼ N ð1.0; 5.0Þ;
Pðb2Þ ¼ PðbG2

Þ ¼ PðbΓ3
Þ ¼ Pðb3Þ ¼ PðbG3

Þ
¼ PðbδG2

Þ ¼ N ð0:; 1.0Þ;
Pðc2sÞ ¼ N ð0; 5.0Þ;
Pðc2wÞ ¼ N ð0; 1.0Þ;
Pðc1Þ ¼ Pðc2Þ ¼ Pðc3Þ ¼ N ð1; 1Þ: ð59Þ

The variance of each parameter is chosen tomatch the choice
in [35].
The second set of fiducial nuisance parameters is chosen

to describe the sample at z ¼ 1 used in the beyond two-
point function challenge paper [36]. From [36], we estimate
that b1 ≈ 2.5 and n̄ ∼ 4.5 × 10−4 ðh=MpcÞ3. For the fidu-
cial values of the higher-order bias parameters, we use the
measurements for a similar linear bias in [90,91]. This is
not exact, but it provides a good estimate of the nonlinear
biases which for less dense samples can be large. Labeling
with a tilde the biases in [90,91], the rotation to our basis is

b1 ¼ b̃1; bG2
¼ b̃K2 b2 ¼ b̃2 þ

4

3
b̃K2 ; ð60Þ

for linear and quadratic bias and

bΓ3
¼ b̃td; bG3

¼ −b̃K3 ; bG2δ ¼ b̃δK2 þ 1

2
b̃K3 −

8

21
b̃td;

b3 ¼ b̃3 þ 4b̃δK2 þ 4

3
b̃K3 ð61Þ

for cubic biases. Relying on the measurements in [90,91],
we estimate

b1 ≈ 2.5; b2 ≈ 0.2; bG2
≈ −0.6; bΓ3

≈ 1.5;

bG2δ ≈ 0.5; bG3
≈ −1; b3 ≈ −2: ð62Þ

The other parameters are the same as before. In particular,
c2s;fid ¼ c1;fid ¼ c2;fid ¼ c3;fid ¼ 1. We also use the same
priors as in Eq. (59).
We checked that a different choice of fiducial values of

the nonlinear bias parameters in both cases does not
significantly impact our results, beyond small 10% correc-
tions. More generally, all our results should be correct only
up to 10%–20%, given several approximations that we use
in the likelihood and the uncertainty in the fiducial
parameters. This is acceptable, since we do not aim to
have correct errors to better precision. We want to answer
the question whether the error bars in FBI differ from Pþ B
very significantly (by more than a factor of 2). Any mistake
of the order of 10% is not very important for answering this
question.

A. Joint power spectrum and bispectrum analysis

We begin by presenting the analysis performed on the
mock data for a sample in [35] generated as described
above, using the power spectrum and the bispectrum. The
results are shown in Fig. 9 and Table II. There are three
important points to make regarding the joint Pþ B
analysis:

(i) First, the error bars are in rough agreement with the
mode counting estimate in Eq. (54). This is the
confirmation that the main degeneracy α − b1 is
broken by the bispectrum and that the remaining
degeneracies of the amplitude α with the nonlinear
biases b2 and bG2

are much milder (even though they
degrade the errors by a factor of a few compared to
the ideal case where all biases are known).

(ii) Second, the error bars from a joint Pþ B analysis
are much closer to the FBI results of [35] and
roughly a factor of 3 smaller than the SBI errors in
the same paper. This is a very interesting result and
we will discuss it in more detail in the next section.

(iii) Finally, the error bars follow the estimate for the
scaling with kmax given in Eq. (56), providing
another confirmation for our estimates. In particular,
going from kmax ¼ 0.1 to kmax ¼ 0.12 h=Mpc, we
expect roughly a 30% improvement, in agreement
with our analysis on the mock data.
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Having obtained the error bars from the joint analysis of
power spectrum and bispectrum, we proceed to investigate
additional possible sources of information on top of this
baseline analysis.

B. Adding the trispectrum

The three-level four-point function is the first higher-
order statistic that can be consistently constructed when the
galaxy overdensity field is evolved up to third order in
perturbation theory. In fact, the trispectrum completes the
set of correlation functions that can be reliably predicted
with the cubic model. In this section we present the joint
Pþ Bþ T analysis and investigate the impact of the
trispectrum on constraining the amplitude α.
The results of the joint Pþ Bþ T analysis are shown in

Fig. 9 and Table II. The two main findings are:
(i) Adding the trispectrum to the Pþ B analysis re-

duces the error bars on the amplitude α by∼20% and
∼30% at kmax ¼ 0.1 and kmax ¼ 0.12 h=Mpc, re-
spectively. This is an improvement in agreement
with our SNR estimates. It indicates that there is no
further major degeneracy breaking, which is ex-
pected given that there are several new free param-
eters in the trispectrum model. Nevertheless, even a

∼20% reduction of error bars is interesting and it is
important to see if the impact of the trispectrum is
the same in a more realistic setup (e.g., including the
full nonlinear covariance or doing the analysis in
redshift space).

(ii) The error bars on α at redshift z ¼ 0.5 are 0.054 and
0.035 for kmax ¼ 0.10 and kmax ¼ 0.12 h=Mpc,
respectively. This is in good agreement with the
FBI analysis of [35] (given our uncertainty in the
results of 10%–20%). Such result is not obvious, and
it is rather nontrivial. The two approaches are using
different perturbation theory models and measure α
in two different ways. Therefore, assuming the
absence of accidental cancellations, we interpret
this agreement as a strong indication that the full
complexity of the field-level analysis on large scales
can be captured by the leading n-point functions
computed in the simple Eulerian model, in agree-
ment with expectations based on perturbation theory.

C. Adding the BAO wiggles

As explained in Sec. IV, the broadening of the BAO peak
can help to measure the amplitude α. This can improve the
power-spectrum-only analysis where α is measured only
from the loop effects. The improvement is due to the fact
that the damping factor Σ2

Λ is proportional to α only (and
not to the combination b1α) such that the amplitude of
fluctuations can be estimated from the broadening of the
BAO peak. This effect is only due to the displacements and
can be used to estimate how much information can be, in
principle, recovered from the bulk flows that do not come
with new free parameters.
As previously discussed, we want to consider two

limiting situations. In the first case (that we indicate as
“realistic”) Λ is chosen to include only large-scale dis-
placements (i.e., Λ ¼ 0.2 h=Mpc as in [55]) and one
introduces a new free parameter c2w which plays the role

FIG. 9. Comparison between Pþ B analysis and Pþ Bþ T using mock data for kmax ¼ 0.1 h=Mpc (left) and kmax ¼ 0.12 h=Mpc
(right).

TABLE II. 1σ constraints and best-fit parameter for Pþ B and
Pþ Bþ T analyses using mock data. These errors are compa-
rable to the FBI analysis of [35].

Pþ B Pþ Bþ T

kmax ¼ 0.1 h=Mpc
α 0.968� 0.064 0.966� 0.054
b1 1.764� 0.118 1.767� 0.100

kmax ¼ 0.12 h=Mpc
α 0.981� 0.046 0.979� 0.035
b1 1.736� 0.086 1.741� 0.065
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of a counterterm absorbing all possible higher-order con-
tributions to the wiggly power spectrum. The second case
instead represents the best-case scenario (“optimistic”) in
which one sends Λ → þ∞ and sets c2w ¼ 0. In this case,
one assumes a perfect knowledge of all nonlinear effects
induced by large bulk flows and the full broadening of the
BAO peak can be described without new parameters.
In Fig. 10 and Table III we show the constraints on b1

and α obtained for the power spectrum up to kmax ¼
0.1 h=Mpc with and without adding the information from
the wiggles with kmax < k ≤ k̄ ¼ 0.3 h=Mpc. We present
the constraints for the realistic and optimistic scenarios.
The main findings are as follows:

(i) The information on the amplitude α in the wiggles is
significantly higher than in the power spectrum at
k < kmax. Even though the wiggles have small
amplitude (∼10% of the power spectrum), given
the robustness of the BAO broadening, the con-
straints from the large displacements are stronger
than the one-loop power spectrum.

(ii) Even though adding the wiggles improves the
results, they are still not as good as adding the
bispectrum on large scales. In principle, it is not
obvious that this had to be the case. We conclude
that, in a ΛCDM-like cosmology, in order to get

optimal constraints, one has to include the higher-
order n-point functions.

(iii) The results do not change dramatically going from
the optimistic to realistic scenario. This implies that
the constraints from the BAO wiggles are rather
robust. Note that this information is automatically
included in the full-shape analyses of the power
spectrum that use kmax ∼ 0.3 h=Mpc.

D. Comparison to “beyond 2 pt challenge” results

We now apply the same methodology to a sample that
resembles the one analyzed in [36]. Note that the simulation
volume is the same V ¼ ð2 Gpc=hÞ3 but at slightly higher
redshift z ¼ 1. Using the exact same pipeline, we perform
four different analyses. The results are shown in Figs. 11
and 12 and Table IV.

(i) First, we perform a joint Pþ B analysis with
kmax;P ¼ 0.3 and kmax;B ¼ 0.15 h=Mpc. We do
two versions of this analysis. In one of them, we
fix bΓ3

; c2; c3 to their fiducial values. This setup is
exactly the same as the EFT Pþ B restricted
analysis in [36] (see Fig. 22), with the same choice
of prior. We recover very similar error bar on α of
3%. In the other version, we also vary bΓ3

; c2; c3
within their usual priors. This corresponds to the
baseline EFT Pþ Banalysis in [36]. In this case, we
find a ∼4% error, which is smaller than what is
reported in [36]. However, given that our results are
uncertain at the Oð20%Þ level, we achieve a rela-
tively good agreement with the EFT Pþ B analyses
in [36]. This serves as a cross-check that our pipeline
works well and that our choice of fiducial parameters
is reasonable.

FIG. 10. Comparison between constraints obtained using only
the broadband fitted until kmax ¼ 0.1 h=Mpc and when adding
also wiggles (with kmax;w ¼ 0.3 h=Mpc).

TABLE III. 1σ constraints and best-fit parameter for broadband
analysis of the power spectrum and when including also the
wiggles in the realistic and optimistic scenarios.

P
Pþ wiggles
(realistic)

Pþ wiggles
(optimistic)

α 0.743� 0.185 0.95� 0.099 0.975� 0.072
b1 2.402� 0.535 1.801� 0.191 1.748� 0.124

FIG. 11. Pþ B and Pþ Bþ T analyses of the sample of halos
similar to [36]. Pþ B results for kmax;P ¼ 0.3 and kmax;B ¼
0.15 h=Mpc fixing bΓ3

; c2; c3 to their fiducial values are
also shown.
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(ii) Second, we perform the joint Pþ B analysis with
kmax ¼ 0.12 h=Mpc using priors given in Eq. (59).
This scale cut corresponds to kmax ¼ 0.1 h=Mpc of
[36] where the cubic filter in k space is used. Since
we use the spherical momentum shells, the two
choices have a comparable number of Fourier modes
(for more details, see Ref. [36]). The error on α in
this case is 5.5%, approximately 30% larger than in
the FBI “extended” analysis of [36]. This is similar
to the results we found in other cases and indicates
the broad agreement between the FBI and Pþ B
analyses.

(iii) Third, we add the trispectrum and perform the joint
Pþ Bþ T analysis with the same cut kmax ¼
0.12 h=Mpc. Similar to what happens for other
tracers, also here we find an improvement of roughly
20% compared to the Pþ B analysis. The joint Pþ
Bþ T result is in rough agreement with the FBI
error of 4% obtained in [36].

(iv) Finally, we run a Pþ Bþ T analysis at kmax ¼
0.12 h=Mpc but this time fixing all cubic biases and
the bispectrum noise terms. In other words, the only
free parameters remaining are the linear and quad-
ratic biases, the dark matter counterterm, and the
power spectrum shot noise. We choose this setup to

be as close as possible to the FBI restricted analysis
in [36]. In this case, we find a significantly smaller
error on α of 2%. This matches nicely the FBI
restricted analysis in [36].

The last example is particularly interesting. If we
compare the restricted Pþ Bþ T and Pþ B analyses at
the same kmax ¼ 0.12 h=Mpc, we find that the addition of
the trispectrum when cubic biases are fixed makes the
constraints better by more than a factor of 2. Note that the
impact of fixing cubic biases in the Pþ B analysis is
minimal. This is a very significant improvement. Does this
mean that our intuition for the relevance of the trispectrum
is wrong? We think not. It is still true that the trispectrum
has much lower SNR than the power spectrum and the
bispectrum. However, since the trispectrum in this particu-
lar setup comes with no new free parameters by design,
even this small signal is very useful to break the residual
degeneracy between α and b2 and bG2

in the bispectrum.
This degeneracy breaking is what leads to much smaller
error bar on α. Clearly, this example is somewhat artificial
and designed to maximize the impact of n-point functions
beyond the bispectrum. For a real tracer where the cubic
and higher-order biases are not zero, such approach is
inappropriate, as evident from the biased result of the FBI
restricted analysis in [36]. Pushing this to the extreme, one
can always design a setup or find a cosmological parameter
such that the relevant information is only in the higher-
order correlation functions. For example, if we wanted to
measure the primordial non-Gaussianity parameter τNL, the
FBI would be much better than the Pþ B analysis.
However, these special situations are not what we have
in mind when we discuss the comparison of the field-level
inference and the standard analyses. In a generic setup, our
arguments are still valid.
In order to summarize our forecasts and visually com-

pare them to analyses in [36], we produce Fig. 12 which is
supposed to be compared to Fig. 22 in [36]. While all our
results are uncertain at theOð20%Þ level, we find an overall
good agreement with results of [36] and we recover all
features and trends. These results are reassuring and
provide additional evidence for the simple relation between
the n-point functions and the field-level inference on large
scales.
In conclusion, all our results are in agreement with

expectations from perturbation theory. For dark matter
halos in real space, where the only cosmological parameter
is the amplitude of the linear field α, most of the

FIG. 12. Error bars on the amplitude of the density field
obtained in different analyses described in the main text. While
our error bars are different at Oð20%Þ level, the general trend for
all examples is the same.

TABLE IV. 1σ constraints and best-fit parameters for Pþ B and Pþ Bþ T with kmax ¼ 0.12 h=Mpc (first and
second columns) and Pþ B with kmax;P ¼ 0.3 and kmax;B ¼ 0.15 h=Mpc (third column).

Pþ B Pþ Bþ T Pþ B (kmax;P ¼ 0.3; kmax;B ¼ 0.15 h=Mpc)

α 0.975� 0.055 0.973� 0.045 0.995� 0.031
b1 2.575� 0.151 2.578� 0.125 2.514� 0.0810

EQUIVALENCE OF THE FIELD-LEVEL INFERENCE AND … PHYS. REV. D 113, 063546 (2026)

063546-21



information comes from the bispectrum, except in some
artificial examples where the higher-order correlation
functions can dominate the SNR. Even though the power
spectrum has the highest signal-to-noise ratio, due to the
exact degeneracy between b1 and α in linear theory, the
amplitude can be measured from the one-loop power
spectrum only with a modest precision of roughly 20%
in a box of volume V ¼ 8 ðGpc=hÞ3 and with kmax ¼
0.12 h=Mpc. On the other hand, adding the bispectrum
improves these errors to approximately 5%–6% (the exact
number slightly depends on the sample). Addition of the
trispectrum further reduces the error to roughly 4%–5%.
These errors are in good agreement with the measurement
of α using FBI [35,36].
For simplicity, in this section we focused on only one of

the two samples studied in [35]. However, we also checked
that, for the other sample at z ¼ 1 and with even larger
number density, we find very similar results as the FBI
analysis and all our conclusions remain the same in that
case as well.

VII. DISCUSSION

The results presented in the previous section indicate that
the conventional analyses based on correlation functions
and the FBI analysis lead to the same results in the
perturbative regime, as expected based on theoretical
arguments [38,39]. This seems to be in contradiction with
the findings in [35] where the FBI leads to up to 5 times
better error bars than the SBI Pþ B analysis. The new
puzzle is why the SBI and the standard Pþ B analyses
differ so much. In this section, we try to provide some
possible explanations, even though the conclusive argu-
ments are still lacking and more investigation is needed to
fully clarify this issue.
The key to understanding the different results is to

understand the differences in the settings of the SBI
analysis of [35] and the settings in this paper. There are
three major differences. One is the theoretical model used.
SBI analysis of [35] is based on LPT, while we use the
Eulerian theory. As we argued in detail in this work and
as has been checked in the literature before, the two
models are practically indistinguishable on the relevant
scales and we do not think that this can be the source of
the disagreement. The second major difference is the
likelihood used in the analyses. SBI does not assume
any likelihood (even though it has been shown that a
Gaussian likelihood is an excellent approximation [28])
and uses a large number of realizations to estimate the
relevant scatter in the bins for the data vector. On the other
hand, we use a simple Gaussian likelihood with the
Gaussian covariance, neglecting the cross-covariance
between P, B, and T. We have also justified this choice
in the paper and there is numerous evidence in the literature
that this is a good approximation. Finally, the third major
difference is the choice of bias parameters in the analyses

and the treatment of priors on these nuisance parameters.
We believe that this can be the main source of
disagreement.
In this work, we follow the usual logic used in pertur-

bation theory and analyses based on the n-point functions.
First, given the statistical error bars of the data, we estimate
to what perturbative order we have to compute observables
in order to be unbiased. In our examples, such estimate
indicates that the one-loop power spectrum and the tree-
level bispectrum are sufficient. Once the order in PT is
fixed, the bias parameters that have to be used in the
analysis are also determined. It is important to emphasize
that here we do not truncate the bias expansion; we are only
truncating the loop expansion of the correlation functions,
given the total SNR that we expect for a given dataset. For
example, in the case where we compute power spectrum up
to one loop and the bispectrum at tree level, even though we
use the full cubic bias model, only one of the cubic biases
appears explicitly in the one-loop power spectrum (bΓ3

).
The other cubic biases either give zero contribution at this
order in PT or just renormalize b1. The complexity of the
nonlinear field at this order in PT and for the simplest
observables such as P and B is just not sufficient for other
bias parameters to appear explicitly. Obviously, cubic
biases would appear if we had gone to higher order in
the loop expansion or higher n-point functions. However,
since we estimate that they are not necessary to fit the data,
we can safely drop these refinements of the basic pertur-
bative prediction. To conclude, even though our model is
based on the full bias expansion up to the cubic order, 3 out
of 4 cubic bias parameters do not appear in the analysis.
This is a consequence of bias renormalization and the loop
expansion and not restricting the number of bias parameters
that are used in the analysis.
On the other hand, the practical implementation of SBI

in [35] uses the nonlinear field computed at cubic order
with all relevant bias parameters to predict P and B. This is
similar in spirit to the field-level inference, where one can
only truncate the forward model to some order in the bias
expansion, without the possibility to explicitly restrict the
likelihood to certain correlation functions or number of
loops. Therefore, the estimated power spectrum and bis-
pectrum contain higher-order contributions beyond what
we use in our model. For example, the power spectrum has
a part of the two-loop terms, such as various P33 con-
tributions. The bispectrum has a part of the one-loop
contributions (diagrams usually labeled as B123 and
B222) and even some two-loop contributions such as
B233. It is interesting to explore whether this difference
leads to a large difference in the error bars in the two Pþ B
analyses.
Naively, one may think that this difference is irrelevant,

since the higher-order terms are small in PT. However, this
is not obvious. While the variance of the dark matter field is
small for kmax used in the analysis, the fact that there are
many contributions from the bias expansion means that
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there are combinations of bias parameters that might
produce a large effect. With all bias parameters uncorre-
lated and of order 1, such combinations are naturally
explored in the MCMC chains. Marginalizing over such
parameters can then make the error bars on α significantly
higher than the standard expectation. We do not have clear
evidence that this is the main origin of the disagreement,
but it is certainly an effect to be carefully taken into account
in any comparison.
In order to illustrate this point better, let us imagine that

we keep going to higher and higher orders in PT hoping to
improve the precision of our inference. If we keep kmax
fixed, this means that we fit the same data with a theory that
has a rapidly increasing number of free parameters. Without
careful choice of the priors, even though the individual loop
diagrams may be small, summing a large number of such
terms would inevitably lead to large effects. In such case
the total loop contribution stops being small and the
perturbativity in this sense is lost. The details of when
this happens for a given kmax and the given observable
depend on the sample and the priors, but one always has to
check if this is the case. The hints of this behavior were
already noticed in the analyses of the one-loop bispectrum
[37,92,93]. On the other hand, for the consistency of PT,
adding higher-order terms should, at worst, leave the
constraints unchanged; it should never make them worse.
What are the usual ways to mitigate this problem?

One possible procedure is to add informative and physi-
cally motivated priors on bias parameters that make them
correlated. These correlations can be estimated from some
external analysis (see, for example, [94–98] for halo
occupation distribution informed priors obtained from a
simulation-based approach and from analytical predictions,
respectively). Another possible solution is to use the so-
called perturbativity priors [37], which we already men-
tioned in the Introduction. These theoretically motivated
priors do not rely on any galaxy evolution physics and are
imposed in order to control the size of the loop corrections
predicted by PT (see Ref. [37] for more details). It is
important to emphasize that these two procedures lead to
similar results, indicating that the real tracers indeed never
produce large fluctuations due to bias nonlinearities.
Perturbativity priors are also one implicit assumption that
we always make for perturbation theory to make sense.
Note that requiring that fluctuations in the galaxy density
field are small on large scales still allows that all biases are
of order 1, but imposes correlations among them, similar to
the ones found in halo occupation distribution or hydro-
dynamical simulations.
If one accepts the perturbativity prior, what are the

consequences for the SBI analysis? In principle, one would
have to restrict the sampling only to those values of biases
that do not produce large loop corrections. In this case, the
expectation is that the cubic terms in the bias expansion
would be much less relevant and the SBI will be similar to
the standard analysis of the tree-level bispectrum presented

in this paper. This intuition provides a simple way to test the
relevance of cubic terms. For example, one can set all cubic
parameters to zero in the SBI analysis and try to recover the
standard results. The other easy check is to plot the one-
loop bispectrum amplitudes as a function of scale for
various shapes (similar to Fig. 6) for all samples in the
chains in the SBI and see if the envelope they create
coincides with the estimate of the theoretical error.
If we assume that the wide priors are the origin of the

disagreement between the SBI and the standard analysis,
one may wonder why the FBI still gives good results with
presumably large fluctuations in the galaxy density field.
The answer is that the FBI is always optimal if the model is
close enough to the data. For the combination of biases that
do not respect perturbativity, the model would contain a
large fluctuation in the galaxy density field with the
particular template given by PT. FBI compares such model
with the whole field and assigns a small likelihood to such
set of bias parameters. Therefore, there is no contradiction
in having small errors in the FBI approach and large errors
from Pþ B if the nuisance parameters are degenerate
enough in the Pþ B combination.
In conclusion, one possible origin of disagreement can

be that including higher-order loop contributions on very
large scales where they are supposed to be negligible can
lead to artificial increase in the variance of the inferred
cosmological parameters. In order to avoid this, one can
either do the lower-order calculation as we did in this paper
or impose some perturbativity priors in the inference. If one
does either of these, the results obtained using n-point
functions at fixed loop order and the SBI analysis should
lead to similar constraints. Luckily, this can be relatively
easily tested and we leave this for future work.

VIII. CONCLUSIONS

In this paper we studied a simple setup of dark matter
halos in real space on very large scales where the only free
cosmological parameter is the amplitude of the linear
density field α. We computed the errors on α in the joint
analyses of Pþ B and Pþ Bþ T. We confirmed that most
of the information comes from the bispectrum that breaks
the b1 − α degeneracy and that the addition of the trispec-
trum improves the error only by 20%–30%. Our results for
the Pþ B joint analysis are in agreement with previous
literature. This indicates that the information on large scales
is saturated by a few leading-order n-point functions and
dominated by the bispectrum (see also [99]).
These results are important in the context of comparison

to alternative data analysis techniques, such as the field-
level inference of cosmological parameters. Our work
suggests that the error bars in the Pþ Bþ T analysis are
in good agreement with the recent FBI results. In the
absence of some accidents and coincidences, this implies
the clear connection between the FBI and the conventional
analyses and confirms the theoretical expectation that the
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field-level analysis in perturbative forward modeling is
ultimately equivalent to measuring the n-point correlation
functions computed at the same perturbative order. Of
course, FBI is by construction optimal and, assuming
everything else the same, it will always lead to slightly
better errors than the correlation-function-based analyses.
However, this improvement for perturbative forward mod-
eling should be small and certainly not as significant as a
factor of 2 or more.
One open problem that remains to be solved is the

difference of the PT-based Pþ B analysis presented in this
paper and the SBI Pþ B analysis of [35]. While we do not
have any definitive conclusions, we gave some possible
explanations for the origin of the discrepancy in the inferred
error bars. It would be very important to resolve this
problem since it touches upon very important questions of
how to apply PT, in practice, and how to choose appropriate
priors for nuisance parameters. All these questions will be
progressively more important as we move on toward more
complicated observables and higher-order computations
in PT.
While throughout most of this paper we focused on the

typical galaxy sample where the FBI is expected to be
equivalent to the standard correlation-function-based analy-
sis, it is important to emphasize that there are situations
where the FBI is supposed to perform better. This includes
the BAO reconstruction [26,29,100] or a very high number
density tracer, such as neutral hydrogen [17,101,102]. In
such examples, there are new large parameters, beyond the
variance of the density field, that suppress the signal in the
conventional analysis either by erasing the information
(BAO) or making the covariance large (dense tracers). It
would be interesting to repeat our analysis for these
particular setups and show the difference compared to
FBI more explicitly.
Apart from the comparison with the field-level inference,

our work is also important since it provides a simple
analytical model for the trispectrum of biased tracers in real
space and its covariancematrix. This extends previousworks
that have used some compressed observables, such as the
integrated trispectrum [67,68]. Our formalism can be used to
get quick estimates of the error bars for the signals specific to
the four-point function, such as models that produce parity
violation (for example, [103]) or nonconventional shapes
of primordial non-Gaussianities (for example, [104]).
Furthermore, our likelihood can be used to explore if there
is a compression of the trispectrum that preservesmost of the
information while significantly reducing the dimensionality
of the data vector [105–109]. Such compression would
significantly simplify realistic data analyses.
At the end, let us point out that all our results are derived

for the real space dark matter halos and a single cosmo-
logical parameter α. While this is an important step to
conceptually understand the relation between the field-level
inference and conventional analyses based on the n-point

functions, it is unclear to what extent the lessons we learn
transfer to the more realistic case of redshift space
observables and other cosmological parameters. For in-
stance, the b1 − α degeneracy in redshift space is partially
broken by the power spectrum quadrupole. For this reason,
in the absence of strong observational bias effects [110], the
results would be different than for the real space. For
example, it is found, in practice, that the addition of the
bispectrum in the analysis of the redshift space data does
not significantly improve the error on α. Therefore, the
contributions to the SNR from different n-point functions
are different in redshift space and it would be interesting to
repeat our analysis there. Similarly, other cosmological
parameters have different degeneracies with biases and it
would be interesting to explore to what extent our general
arguments apply in that case as well.
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APPENDIX A: CROSS-CORRELATION
BETWEEN EPT AND LPT

The cross-correlation between the leading-order EPTand
LPT fields is given by

hδLOEPTðk1ÞδLOLPTðk2Þi

¼
Z

d3q1d3q2hδ1ðq1Þe−ik2·ψ1ðq2Þie−ik1·q1−ik2·q2

¼ i
d
dλ

Z
d3q1d3q2he−iðλδ1ðq1Þþk2·ψ1ðq2ÞÞie−ik1·q1−ik2·q2 jλ¼0:

ðA1Þ

The expectation value can be computed using the cumulant
theorem. For a random variable X, we have

he−iXi ¼ exp

�X∞
n¼0

ð−iÞn
n!

hXnic
�
; ðA2Þ
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where the cumulants hXnic in our case represent the connected n-point functions. Since at LO all fields in the exponent are
Gaussian, the only nontrivial cumulant is the power spectrum. After taking the derivative and setting λ ¼ 0 we get

i
d
dλ

he−iðλδ1ðq1Þþk2·ψ1ðq2ÞÞijλ¼0 ¼ i
d
dλ

e−
1
2
ðλ2hδ2

1
ðq1Þiþ2λk2·hδ1ðq1Þψ1ðq2Þiþki

2
kj
2
hψ1iðq2Þψ1jðq2ÞiÞjλ¼0

¼ −ik2 · hδ1ðq1Þψ1ðq2Þie−1
2
k2
2
σ2v : ðA3Þ

Using this in Eq. (A1) gives the following exact result for
the LO cross-correlation:

hδLOEPTðkÞδLOLPTð−kÞi0 ¼ PlinðkÞe−1
2
k2σ2v : ðA4Þ

Assuming that at LO all power spectra are approximately
equal to the linear power spectrum on large scales, we get
the following LO cross-correlation coefficient:

rLOðkÞ ≈ e−
1
2
k2σ2v ; ðA5Þ

which is Eq. (7) in the main text.
The NLO cross-correlation can be derived in a similar

way. It is clear from the generic structure of the LPT
expressions that it must be exponentially suppressed on

small scales, but keeping the cubic terms in the Eulerian
perturbation theory guaranties partial cancellation of large
displacement effects on large scales.

APPENDIX B: TRISPECTRUM SHOT
NOISE TERMS

Here we show all the possible contributions to the
trispectrum shot noise. The total galaxy field can indeed
be expressed as a sum of the perturbative solution and the
stochastic contribution

δgðxÞ ¼ δPTg ðxÞ þ ϵðxÞ: ðB1Þ

We expand the noise field using

ϵðxÞ ¼ ϵ0ðxÞ þ ϵ1ðxÞδðxÞ þ
1

2
ϵ2ðxÞðδ2ðxÞ − hδ2iÞ þ ϵG2

ðxÞG2ðxÞ þ…; ðB2Þ

and, since it is well-known that the spectra of the noise in the Poissonian limit satisfy

Bϵ ¼ P2
ϵ ¼

1

n̄2g
; ðB3Þ

we define the correlation among different noise operators as

hϵiðxÞϵjðx0Þi≡ cij
n̄g

δDðx − x0Þ; ðB4Þ

hϵiðx1Þϵjðx2Þϵkðx3Þi≡ cijk
n̄2g

δDðx1 − x2ÞδDðx2 − x3Þ; ðB5Þ

hϵiðx1Þϵjðx2Þϵkðx3Þϵlðx4Þi≡ cijkl
n̄3g

δDðx1 − x2ÞδDðx2 − x3ÞδDðx3 − x4Þ: ðB6Þ

As a warm-up, we compute the power spectrum and bispectrum stochastic terms: the power spectrum of Eq. (B1) is

PggðkÞ ¼ hδgðkÞδgðk0Þi0 þ hϵðkÞϵðk0Þi0; ðB7Þ

where we have exploited hδϵi ¼ 0. The leading stochastic contribution for the galaxy power spectrum is then

hϵ0ðkÞϵ0ðk0Þi0 ¼
c00
n̄g

; ðB8Þ

with c00 being defined in Eq. (B4). Notice that additional terms in the expansion could arise that will eventually renormalize
the c00 coefficient, e.g., the term hϵ1ðxÞδðxÞϵ1ðx0Þδðx0Þi0. For the bispectrum, the leading shot noise terms are
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hδPTg ðk1Þϵðk2Þϵðk3Þi0 þ 2 perms: ¼ c01
n̄g

b1ðPðk1Þ þ Pðk2Þ þ Pðk3ÞÞ; ðB9Þ

and

hϵðk1Þϵðk2Þϵðk3Þi0 ¼
c000
n̄2g

: ðB10Þ

For the trispectrum, we can write all the possible terms in the perturbative expansion as

Tgðk1; k2; k3; k4Þ ¼ hδgðk1Þδgðk2Þδgðk3Þδgðk4Þi0
¼ hδPTg ðk1ÞδPTg ðk2ÞδPTg ðk3ÞδPTg ðk4Þi0 þ hδPTg ðk1ÞδPTg ðk2ÞδPTg ðk3Þϵðk4Þi0 þ 3 perms:

þ hδPTg ðk1ÞδPTg ðk2Þϵðk3Þϵðk4Þi0 þ 5 perms:þ hδPTg ðk1Þϵðk2Þϵðk3Þϵðk4Þi0 þ 3 perms:

þ hϵðk1Þϵðk2Þϵðk3Þϵðk4Þi0: ðB11Þ

The first line of Eq. (B11) is simply the tree-level perturbative expression for the galaxy trispectrum. The second line is
automatically zero, since hϵi ¼ 0. The third line gives rise to a number of possible stochastic terms (up to one-loop order),

hδPTg ðk1ÞδPTg ðk2Þϵðk3Þϵðk4Þi0 ¼ hb1δðk1Þb1δðk2Þϵ0ðk3Þϵ0ðk4Þi0 þhb1δðk1Þb1δðk2Þϵ0ðk3Þ
Z
p
ϵ1ðpÞδðk4−pÞi0

þhb1δðk1Þb1δðk2Þϵ0ðk3Þ
Z
p
ϵ2ðpÞδ2ðk4−pÞi0 þhb1δðk1Þb1δðk2Þϵ0ðk3Þ

Z
p
ϵG2

ðpÞG2ðk4−pÞi0

þhb1δðk1Þb1δðk2Þ
Z
p
ϵ1ðpÞδðk3−pÞ

Z
p
ϵ1ðpÞδðk4−pÞi0hb1δðk1Þb2δ2ðk2Þϵ0ðk3Þϵ0ðk4Þi0

þhb1δðk1ÞbG2
G2ðk2Þϵ0ðk3Þϵ0ðk4Þi0 þhb1δðk1Þb2δ2ðk2Þϵ0ðk3Þ

Z
p
ϵ1ðpÞδðk3−pÞi0

þhb1δðk1ÞbG2
G2ðk2Þϵ0ðk3Þ

Z
p
ϵ1ðpÞδðk3−pÞi0; ðB12Þ

that eventually give the ∝ n̄−1g contribution

hδPTg ðk1ÞδPTg ðk2Þϵðk3Þϵðk4Þi0 ¼
c01
n̄g

Bmggðk12; k3; k4Þ þ
2b21
n̄g

ðc02 þ c0G2
σ2ðk1; k2Þ þ c11ÞPðk1ÞPðk2Þ: ðB13Þ

The fourth line of Eq. (B11) produces contributions of
order ∼n̄2g,

hδPTg ðk1Þϵðk2Þϵðk3Þϵðk4Þi0 ≃
b1c001
n̄2g

Pðk1Þ þ 3 perms:

ðB14Þ

at leading perturbative order. The last contribution is given
by the noise trispectrum

hϵðk1Þϵðk2Þϵðk3Þϵðk4Þi0 ¼
c0000
n̄3g

: ðB15Þ

APPENDIX C: ESTIMATORS AND COVARIANCE
MATRICES

In this appendix, we derive the expression for the trispec-
trum covariance matrix. The trispectrum configurations are
labeled by quadrilateralsQ defined by the four momenta and
the two diagonals Q ¼ fk1; k2; k3; k4; D1; D2g. In order to
avoid double counting and take into account all possible
quadrilaterals, we have to order the momenta k1 ≥ k2 ≥
k3 ≥ k4, but we leave the diagonals free, subject to the
constraint that the first diagonal is always the sum of the two
largest momentaD1 þ k1 þ k2 ¼ 0 and the second diagonal
is always the sum of second and third largest momenta
D2 þ k2 þ k3 ¼ 0. The estimator for the connected trispec-
trum can be then written as
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T̂cðk1; k2; k3; k4; D1; D2Þ ¼
1

VV1234

Z
qi ∈ ki

Z
pi ∈Di

δ̂gðq1Þδ̂gðq2Þδ̂gðq3Þδ̂gðq4ÞδDðq1234ÞδDðq12 þ p1ÞδDðq23 þ p2Þ

− disconnected terms; ðC1Þ
where the “disconnected terms” are chosen such that the estimator is unbiased hT̂ci ¼ Tc. Their explicit form is not of interest
in the Gaussian likelihood, since they cancel in the covariance matrix.
Let us first compute the volume for the thin momentum shell containing all quadrilaterals with given momenta and

diagonals. It is defined as

V1234 ¼
Z
pi ∈Di

d3pi

Z
qj ∈ kj

d3qjδDðq1 þ q2 þ q3 þ q4ÞδDðq1 þ q2 þ p1ÞδDðq2 þ q3 þ p2Þ: ðC2Þ

Note that the symmetry among six edges of the tetrahedron is broken themoment these particular δ functions are chosen.What
complicates the evaluation of the integral is that q2 appears three times as an argument of δ functions. When doing angular
integrals, this will lead to Wigner 3j symbols. Therefore, it is more convenient to rewrite the previous formula as follows:

V1234 ¼
Z
pi ∈Di

d3pi

Z
qj ∈ kj

d3qjδDðq1 þ q4 − p2ÞδDðq1 þ q2 þ p1ÞδDðq2 þ q3 þ p2Þ; ðC3Þ

which we can always do using the δ functions. This form is simpler, since any of the momenta enter the arguments of the δ
functions at most twice. Next, we can write

V1234 ¼
Z
pi ∈Di

d3pi

Z
qj ∈ kj

d3qj

Z
d3r
ð2πÞ3

d3x
ð2πÞ3

d3y
ð2πÞ3 e

−ir·ðq1þq4−p2Þ−ix·ðq1þq2þp1Þ−iy·ðq2þq3þp2Þ: ðC4Þ

Angular integration over p1, q4, and q3 can be done easily,

V1234 ¼
1

8π6

Z
pi ∈Di

p2
i dpi

Z
qj ∈ kj

q2jdqj

Z
∞

0

r2dr
Z

∞

0

x2dx
Z

∞

0

y2dyj0ðp1xÞj0ðq4rÞj0ðq3yÞ

×
Z

dΩp2

Z
dΩq1

Z
dΩq2

Z
dΩr

Z
dΩx

Z
dΩye−ir·ðq1−p2Þ−ix·ðq1þq2Þ−iy·ðq2þp2Þ: ðC5Þ

In order to perform the other angular integrals, we will use the expansion of plane waves in spherical Bessel functions and
spherical harmonics,

e�ir·q ¼ 4π
X
lm

ð�iÞljlðqrÞYlmðr̂ÞY�
lmðq̂Þ: ðC6Þ

It follows thatZ
dΩq1e

−ir·q1−ix·q1 ¼ ð4πÞ2
X
l1m1

X
l2m2

ð−iÞl1þl2jl1ðq1rÞjl2ðq1xÞYl1m1
ðr̂ÞY�

l2m2
ðx̂Þ

Z
dΩq1Y

�
l1m1

ðq̂1ÞYl2m2
ðq̂1Þ: ðC7Þ

By orthonormality of the spherical harmonic, this integral leads toZ
dΩq1e

−ir·q1−ix·q1 ¼ ð4πÞ2
X
lm

ð−1Þljlðq1rÞjlðq1xÞYlmðr̂ÞY�
lmðx̂Þ: ðC8Þ

We can to the other angular integrals in the similar way. In particular,Z
dΩq2e

−ix·q2−iy·q2 ¼ ð4πÞ2
X
lm

ð−1Þljlðq2xÞjlðq2yÞYlmðx̂ÞY�
lmðŷÞ; ðC9Þ

Z
dΩp2

eþir·p2−iy·p2 ¼ ð4πÞ2
X
lm

jlðp2rÞjlðp2yÞYlmðŷÞY�
lmðr̂Þ: ðC10Þ

Once all the angular integrals are done, the volume of the shell is a complicated radial integral of product of spherical Bessel
functions,
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V1234 ¼ 83
Z
pi ∈Di

p2
i dpi

Z
qj ∈ kj

q2jdqj

Z
∞

0

r2dr
Z

∞

0

x2dx
Z

∞

0

y2dy
X
l

ð2lþ 1Þ

× j0ðp1xÞj0ðq4rÞj0ðq3yÞjlðq1rÞjlðq1xÞjlðq2xÞjlðq2yÞjlðp2rÞjlðp2yÞ: ðC11Þ

Luckily, the radial integrals can be also done in a relatively straightforward way. First, we can use
Z

∞

0

r2drj0ðq4rÞjlðq1rÞjlðp2rÞ ¼
π

4q1q4p2

Pl

�
q21 þ p2

2 − q24
2q1p2

�
; ðC12Þ

where PlðxÞ are the Legendre polynomials. The volume of the shell then becomes

Vs ¼ ð2πÞ3
Z
pi ∈Di

p2
i dpi

Z
qj ∈ kj

q2jdqj
X
l

ð2lþ 1Þ

×
1

q1q4p2

Pl

�
q21 þ p2

2 − q24
2q1p2

�
1

q1q2p1

Pl

�
q21 þ q22 − p2

1

2q1q2

�
1

q2q3p2

Pl

�
q22 þ p2

2 − q23
2q2p2

�
: ðC13Þ

Finally, the sum over l can be done using

X
l

ð2lþ 1ÞPlðμ1ÞPlðμ2ÞPlðμ3Þ ¼
2

π

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2μ1μ2μ3 − μ21 − μ22 − μ23

p : ðC14Þ

This equation has a nice geometric interpretation. It is related to the volume of the tetrahedron with three edges q1, q2, and p2,

V tetra ¼
q1q2p2

6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2μ1μ2μ3 − μ21 − μ22 − μ23

q
; ðC15Þ

whereμi are cosines of plane angles between three edgesmeeting in a commonvertex. In our formula forV1234, we have exactly
the same form after closer inspections of all angles. Therefore, we can finally write (assuming that all bins are Δk wide)

Vs ¼
8

3
π2

k1k2k3k4D1D2

V tetra
Δk6: ðC16Þ

The volume V tetra can be computed in terms of six edges and this expression is manifestly symmetric in k1;…; k4 andD1,D2.
Now we are ready to compute the trispectrum covariance matrix as follows:

Varðk1; k2; k3; k4; D1; D2Þ ¼ hT̂ðk1; k2; k3; k4; D1; D2ÞT̂ðka; kb; kc; kd; Da;DbÞi
− hT̂ðk1; k2; k3; k4; D1; D2ÞihT̂ðka; kb; kc; kd; Da;DbÞi

¼ ð2πÞ12
V2V1234Vabcd

Pðk1ÞPðk2ÞPðk3ÞPðk4Þ
Y4;d
i¼1;a

Y2;b
j¼1;a

Z
qi ∈ki

d3qi

Z
pj ∈Dj

d3pj

× δDðq1234ÞδDðq12 þ p1ÞδDðq23 þ p2ÞδDðqabcdÞδDðqab þ paÞδDðqbc þ pbÞδDðq1aÞδDðq2bÞ
× δDðq3cÞδDðq4dÞ þ 23 perm:

¼ ð2πÞ9
VV1234Vabcd

Pðk1ÞPðk2ÞPðk3ÞPðk4ÞδKk1;ka
δKk2;kb

δKk3;kc
δKk4;kd

δKp1;pa
δKp2;pb

Yd
i¼a

Yb
j¼a

Z
qi ∈ki

d3qi

×
Z
pj ∈Dj

d3pjδDðqabcdÞδDðqab þ paÞδDðqbc þ pbÞ þ 23 perm:

¼ ð2πÞ9
VV1234

Pðk1ÞPðk2ÞPðk3ÞPðk4ÞδKk1;ka
δKk2;kb

δKk3;kc
δKk4;kd

δKp1;pa
δKp2;pb

þ 23 perm:

¼ ð2πÞ9R1234

VV1234

Pðk1ÞPðk2ÞPðk3ÞPðk4Þ; ðC17Þ

where V1234 is given by Eq. (C16).
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1. PT cross terms

In the Gaussian approximation some PT cross terms survive. We have

hTðk1; k2; k3; k4; D1; D2ÞPðkÞi − hTðk1; k2; k3; k4; D1; D2ÞihPðkÞi

¼ 1

V2V1234VP

Y4
i¼1

Y
j¼1;2

Y
n¼a;b

Z
qi ∈ ki

d3qi

Z
pi ∈Dj

d3pj

Z
qn ∈ kn

d3qnδDðq1234ÞδDðqabÞδDðq12 þ p1ÞδDðq23 þ p2Þ

× hðδðq1Þδðq2Þδðq3Þδðq4ÞδðqaÞδðqbÞic

¼ 2
ð2πÞ9

V2V1234VP

Y4
i¼1

Y
j¼1;2

Y
n¼a;b

Z
qi ∈ ki

d3qi

Z
pi ∈Dj

d3pj

Z
qn ∈ kn

d3qnδDðq1234ÞδDðqabÞδDðq12 þ p1ÞδDðq23 þ p2Þ

× δDðq1aÞδDðq3bÞδDðq24ÞPðq1ÞPðq3ÞPðq2Þ

¼ 2
ð2πÞ6

VV1234VP
P2ðkÞPðk2Þδk;k1

δk;k3
δk2;k4

Y
i¼3;4

Y
j¼1;2

Z
qi ∈ ki

d3qi

Z
pi ∈Dj

d3pjδDð−q3 − q4 þ p1ÞδDðq3 − q4 þ p2Þ: ðC18Þ

All the other contractions will give p1;2 ¼ 0, which do not fall in any bin. Now we want to evaluate

Y
i¼3;4

Y
j¼1;2

Z
qi ∈ ki

d3qi

Z
pi ∈Dj

d3pjδDð−q3 − q4 þ p1ÞδDðq3 − q4 þ p2Þ

¼ 1

ð2π2Þ2
Z

d3q3

Z
d3q4

Z
dp1p2

1

Z
dp2p2

2

Z
d3x

Z
d3yeiq3ðx−yÞe−iq4ðxþyÞj0ðp1yÞj0ðp2xÞ; ðC19Þ

where we performed angular integrations over p1 and p2. Using Eq. (C6) leads to

26
X
l

ð2lþ 1Þ
Z

dq3dq4dp1dp2dxdyq23q
2
4p

2
1p

2
2x

2y2jlðq3xÞjlðq3yÞjlðq4xÞjlðq4yÞj0ðp1xÞj0ðp2yÞ; ðC20Þ

and using Eq. (C12) we get

4π2
X
l

ð2lþ 1Þ
Z

p1p2dq3dq4dp1dp2Pl

�
q23 þ q24 − p2

1

2q3q4

�
Pl

�
q23 þ q24 − p2

2

2q3q4

�
: ðC21Þ

Now it is known that

X
l

ð2lþ 1Þ
2

Plðμ1ÞPlðμ2Þ ¼ δDðμ1 − μ2Þ: ðC22Þ

So Eq. (C21) reads

2ð4π2ÞδD1;D2

Z
p2
1dp1

Z
dq3

Z
dq4 ¼ 8π2δD1;D2

D2
1Δk3: ðC23Þ

So PT terms are nonzero only for quadrilaterals which have k1 ¼ k3, k2 ¼ k4, D1 ¼ D2; given that we are considering
quadrilaterals with ordered sides, the only possible configurations are the equilateral shapes, i.e., k1 ¼ k2 ¼ k3 ¼ k4 and
D1 ¼ D2. They are ∼0.1% of the total number.
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