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We investigate the search for doubly charged Higgs bosons in the Georgi-Machacek (GM) model at
same-sign lepton colliders. The dominant production mode is vector boson fusion, through which the
particle is singly produced and decays into a pair of same-sign W bosons if the triplet vacuum expectation
value is sufficiently large, as allowed in the GM model. Considering the leptonic decays of the W bosons,
we discuss the discovery reach of the signal and a method to extract the mass of the doubly charged Higgs
boson. It is impossible to construct the transverse mass of the decay product to obtain the mass because of
the neutrinos radiated from the initial-state leptons. Alternatively, we propose to make use of the invariant
mass of the same-sign leptons. We perform χ2 fitting using the analytical formula for the invariant mass
distribution and demonstrate that this approach is effective in extracting the information on the mass. We
also compare the process with pair production processes at the opposite-sign lepton colliders.
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I. INTRODUCTION

An isospin triplet scalar field with the hypercharge Y ¼ 1
is often introduced in physics beyond the standard model
(SM), such as the Higgs triplet model (HTM) [1–6], the
Georgi-Machacek (GM) model [7,8], and the littlest Higgs
model [9]. The triplet field plays a crucial role in explaining
certain phenomena in particle physics and cosmology, such
as tiny neutrino masses [1–6] and baryon asymmetry of the
Universe [10,11].
A distinctive feature of such models is the existence of

the doubly charged Higgs boson from the triplet.1 Its
collider phenomenology has been investigated in various
earlier works [17–21,28–60]. The indirect signals in the
Higgs precision measurements have also been studied
[60–71].
Properties of the doubly charged Higgs bosons closely

depend on the size of the vacuum expectation value (VEV)
of the triplet field. Generally, in models such as the HTM, it

is severely constrained by electroweak precision measure-
ments because the triplet VEV breaks the custodial sym-
metry in the Higgs potential [72]. On the other hand, in the
GM model, the custodial symmetry is preserved at the tree
level by assuming an alignment between the VEVs of the
two triplet fields (of Y ¼ 0 and Y ¼ 1). It allows the triplet
VEV to be relatively large compared with the HTM model
and to enhance the three-point interaction among the
doubly charged Higgs boson and the W bosons.
Recently, the potential of high-energy same-sign muon

colliders has been intensely studied [73–76]. μTRISTAN at
J-PARC, for example, is one of the options, where a low-
emittance μþ beam is achieved by using ultracold muons,
and the center-of-mass energy of μþμþ beams can reach the
TeV scale [74]. The possibility of the same-sign electrons
or positrons is also discussed [77]. This situation strongly
motivates studies on new physics searches in high-energy
same-sign lepton colliders.
For the above reason, this paper investigates the search for

doubly charged Higgs bosons at the same-sign lepton col-
liders. We consider the single production via the W boson
fusion; lþlþ → Hþþ

5 ν̄lν̄l. To enhance the production rate,
we consider the GMmodel, where the doubly charged Higgs
boson H��

5 is part of the quintet under the custodial sym-
metry of the model. The triplet VEV is set to beOð10Þ GeV,
so thatHþþ

5 predominantly decays intoWþWþ rather than a
pair of same-sign leptons because a larger triplet VEV leads
to a smaller Yukawa coupling between the triplet and the
charged leptons to maintain the size of the neutrino masses.
Thus, the signal is the W boson scattering distorted by the
resonant production of H��

5 . Although the same signal is
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1There are other candidates of the doubly charged Higgs
boson: a singlet with Y ¼ 2 or a part of a doublet with Y ¼ 3=2.
Their phenomenology has been investigated in Refs. [2,12–22]
(singlet) and Refs. [19–27] (doublet).
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also expected in hadron colliders, lepton colliders provide a
more effective platform for measuring the signal due to their
lower QCD background.
We focus on the leptonic decays of the produced W

bosons to avoid the loss of information on the electric
charge of particles. In this case, we cannot use the trans-
verse mass of the decay product l�l�=E to obtain the mass
of H��

5 because neutrinos radiated from the initial-state
charged leptons constitute another source of missing
energy. Instead, we propose to make use of the invariant
mass of the charged leptons. By using the analytical
formula for the invariant mass distribution, we can deter-
mine the best-fit value of the doubly charged Higgs boson
mass. We demonstrate that this method is effective in
obtaining information on the H��

5 mass, provided they are
not too heavy.
We also discuss pair productions of the doubly charged

Higgs bosons at opposite-sign lepton colliders. We com-
pare them with the single production at same-sign colliders.
This paper is organized as follows. In the next section,

we introduce the GM model and give relevant formulas. In
Sec. III, we discuss the lþlþ → Hþþ

5 ν̄lν̄l → WþWþν̄lν̄l
process, as well as the SM background processes. In
Sec. IV, we discuss the discovery reach of the signal and
the method to extract the mass ofH��

5 in the leptonic decay
mode of the W bosons. We propose using the dilepton
invariant mass for mass determination. We perform a
numerical simulation and demonstrate that this method
is effective unless the mass of H��

5 is too heavy. The
advantage of the single production compared to pair
production processes at lþl− colliders is discussed in
Sec. V. The conclusion is presented in Sec. VI. In the
Appendix, we show the detailed derivation of the invariant
mass distribution of the same-sign leptons in the decay
of Hþþ

5 .

II. GEORGI-MACHACEK MODEL

The GM model features an extended Higgs sector
comprising an isospin doublet ϕ with hypercharge Y ¼
1=2 and isospin triplets χ and ξ with hypercharges Y ¼ 1
and Y ¼ 0, respectively. We write them in the SUð2ÞL ×
SUð2ÞR covariant form,2

Φ ¼
 
ðϕ0Þ� ϕþ

−ϕ− ϕ0

!
; Δ ¼

0
B@

ðχ0Þ� ξþ χþþ

−χ− ξ0 χþ

χ−− −ξ− χ0

1
CA: ð1Þ

Under global SUð2ÞL × SUð2ÞR transformations, Φ and Δ
are transformed asΦ → ULΦU†

R andΔ → ULΔU†
R, respec-

tively, with UL;R ¼ expðiθL;RtaÞ, where ta (a ¼ 1; 2; 3) are

generators of the SUð2Þ Lie algebra, and θL;R are parameters
of the transformations. The matrix forms of ta are given by
σa=2 and Ta for Φ and Δ, respectively, where σa are the
Pauli matrices, and Ta are defined as

T1 ¼ 1ffiffiffi
2

p

0
B@

0 1 0

1 0 1

0 1 0

1
CA; T2 ¼ 1ffiffiffi

2
p

0
B@

0 −i 0

i 0 −i
0 i 0

1
CA;

T3 ¼

0
B@

1 0 0

0 0 0

0 0 −1

1
CA: ð2Þ

The most general Higgs potential invariant under the
global SUð2ÞL × SUð2ÞR ×Uð1ÞY symmetry is given by

V ¼ 1

2
m2

1tr½Φ†Φ� þ 1

2
m2

2tr½Δ†Δ�
þ λ1ðtr½Φ†Φ�Þ2 þ λ2ðtr½Δ†Δ�Þ2
þ λ3tr½ðΔ†ΔÞ2� þ λ4tr½Φ†Φ�tr½Δ†Δ�

þ λ5tr

�
Φ† σ

a

2
Φ
σb

2

�
tr½Δ†TaΔTb�

þ μ1tr

�
Φ† σ

a

2
Φ
σb

2

�
ðP†ΔPÞab

þ μ2tr½Δ†TaΔTa�ðP†ΔPÞab; ð3Þ

where the matrix P is given by

P ¼ 1ffiffiffi
2

p

0
B@

−1 i 0

0 0
ffiffiffi
2

p

1 i 0

1
CA; ð4Þ

which relates Ta to the adjoint representation of
ta: P†TaP ¼ adðtaÞ.
The neutral scalar fields are parametrized by ϕ0 ¼

1ffiffi
2

p ðϕr þ iϕiÞ, χ0 ¼ 1ffiffi
2

p ðχr þ iχiÞ, and ξ0 ¼ ξr. They

acquire the following VEVs:

hϕri ¼ vΦ;
1ffiffiffi
2

p hχri ¼ hξri ¼ vΔ; ð5Þ

and the others are zero. These VEVs break the electroweak
symmetry and satisfy v2 ¼ v2Φ þ 8v2Δ ≈ ð246 GeVÞ2. In
addition, the global SUð2ÞL × SUð2ÞR symmetry is spon-
taneously broken to the custodial symmetry SUð2ÞV in the
Higgs potential. For later convenience, we define param-
eters β, M2

1, and M2
2 as

tan β ¼ vΦ
2
ffiffiffi
2

p
vΔ

; M2
1 ¼ −

vμ1ffiffiffi
2

p
cβ

;

M2
2 ¼ −3

ffiffiffi
2

p
vμ2cβ; ð6Þ

2The convention for the negatively charged fields are given by
ϕ− ¼ ðϕþÞ�, χ− ¼ ðχþÞ�, ξ− ¼ ðξþÞ�, and χ−− ¼ ðχþþÞ�.
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where cβ ¼ cos β and sβ ¼ sin β are used throughout
the paper.
The stationary condition requires

∂V
∂ϕr

¼ 0;
∂V
∂χr

¼ 0;
∂V
∂ξr

¼ 0; ð7Þ

at the vacuum, with the latter two conditions being
equivalent. We thus obtain two independent equations,

m2
1 ¼ −4λ1v2Φ − 6λ4v2Δ − 3λ5v2Δ −

3

2
μ1vΔ;

m2
2 ¼ −12λ2v2Δ − 4λ3v2Δ − 2λ4v2Φ

− λ5v2Φ − μ1
v2Φ
4vΔ

− 6μ2vΔ: ð8Þ

Since the Higgs potential possesses the custodial sym-
metry at the tree level, it is convenient to classify the scalar
fields into irreducible representations of SUð2ÞV ; a quintet
(or 5-plet)H5, a tripletH3, and two singletsH1 and h. Each
component of the multiplets and singlet fields is defined in
terms of the fields in Eq. (1) as

H��
5 ¼ χ��; H�

5 ¼ 1ffiffiffi
2

p ðχ� − ξ�Þ; H0
5 ¼

ffiffiffi
1

3

r
χr −

ffiffiffi
2

3

r
ξr;

H�
3 ¼ −cβϕ� þ sβffiffiffi

2
p ðχ� þ ξ�Þ; H0

3 ¼ −cβϕi þ sβχi;

h ¼ cαϕr −
sαffiffiffi
3

p ð
ffiffiffi
2

p
χr þ ξrÞ;

H1 ¼ sαϕr þ
cαffiffiffi
3

p ð
ffiffiffi
2

p
χr þ ξrÞ; ð9Þ

where sα ¼ sin α, cα ¼ cos α, and α satisfies tan 2α ¼
2M2

12=ðM2
22 −M2

11Þ with

M2
11 ¼ 8λ1v2s2β;

M2
22 ¼ ð3λ2 þ λ3Þv2c2β þM2

1s
2
β −

1

2
M2

2;

M2
12 ¼

ffiffiffi
3

2

r
ðð2λ4 þ λ5Þv2 −M2

1Þsβcβ: ð10Þ

The mass formulas of the quintet, the triplet, H1, and h are
given by

m2
H5

¼ ðM2
1 −

3

2
λ5v2Þs2β þ λ3v2c2β þM2

2;

m2
H3

¼ M2
1 −

1

2
λ5v2;

m2
H1

¼ M2
11s

2
α þM2

22c
2
α þ 2M2

12sαcα;

m2
h ¼ M2

11c
2
α þM2

22s
2
α − 2M2

12sαcα; ð11Þ

respectively. In the following, h is identified as the ob-
served 125 GeV SM-like Higgs boson. We neglect small

mass splittings of Oð1Þ GeV among the multiplets due to
one-loop radiative corrections [78].
Before closing this section, we briefly discuss the exper-

imental constraints on the model. Focusing on H��
5 in this

analysis, we consider only constraints on the quintet states.
The phenomenology of the quintet is described purely by
two parameters: mH5

and β. We use the summary plot in
Ref. [79] to extract the experimental constraint from the
searches for heavy diboson resonances in semileptonic states
[80], heavy resonances decaying into a pair of Z bosons [81],
and the multilepton final states via the vector bosons coming
from the decays of the pair-produced Hþþ

5 H−−
5 =H��

5 H∓
5

[82]. In addition, we refer to Ref. [83] for the constraint from
the combination of searches for the single production of the
charged Higgs bosons with the bosonic decays:H�

5 → W�Z
[84] and H��

5 → W�W� [85]. The Hþþ
5 H−−

5 → 4W search
has excluded the region mH5

< 350 GeV, assuming
BrðH��

5 →W�W�Þ¼100%, i.e., vΔ ≳ 10−3 GeV (cos β≳
10−5). For heavier mass mH5

> 350 GeV, the upper bound
on vΔ depends on mH5

; for example, vΔ ≲ 22 GeV
(cos β ≲ 0.25) for mH5

¼ 400 GeV. The complete con-
straint in mH5

− vΔ (mH5
− cos β) plane is shown in Fig. 4.3

III. DOUBLY CHARGEDHIGGS BOSON AT SAME-
SIGN LEPTON COLLIDERS

In this section, we discuss the single production process
of the doubly charged Higgs boson at same-sign lepton
colliders. In the following analyses, we assume that the
initial state is μþμþ as an explicit example due to its
experimental advantages in reaching high-energy frontier;
(i) less synchrotron radiation than electrons/positrons in
acceleration, and (ii) the established technology to produce
a low-emittance μþ beam by using the ultracold muons.
From the theoretical point of view, there is no significant

difference among the beam options because the signal and
background processes are dominantly generated by the
gauge interaction. Thus, our result is also valid for the
processes at lepton colliders with other beam options:
eþeþ, eþμþ, and their charge conjugations.

A. Setup for numerical simulations

Here, we explain the setup for numerical evaluations in
the rest of this paper. In view of the interest in H��

5 , we
assume the other additional Higgs bosons H3 and H1 are
sufficiently heavier than H5 and neglect their contribu-
tions.4 Such a mass hierarchy can be realized by an
appropriate choice of the model parameters [87,88].

3We note that the angle θH used in Refs. [79,83] is related to β
through sin θH ¼ cos β ¼ 2

ffiffiffi
2

p
vΔ=v.

4In Sec. V, we switch on the contribution of H3 in studying a
pair production via the vector boson fusion because it is necessary
to cancel the quadratic dependence on the beam energy due to
longitudinal vector bosons [86].
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Also, we choose the value of the mixing angle α so that the
couplings of h coincide with those of the SM Higgs boson
at the tree level. This value also depends on the choice of
vΔ. See Fig. 1 of Ref. [88] for the details. With these
assumptions, the new physics effects manifest only through
the quintet Higgs bosons at lower energies.
For numerical simulations, we use MadGraph5_aMC@

NLO (MG5) [89]. For the SM background processes, we
use the default model file in MG5. In evaluating processes
in the GM model, we use a public UFO file.5 We note that
these models use different input values for the fine structure
constant αEM at the Z pole due to different renormalization
schemes. In the SM, α−1EM ¼ 132.507 is employed, while
α−1EM ¼ 127.9 in the GM model. For a correct comparison
between the signal and background processes, we use
α−1EM ¼ 132.507 in both models. To make plots, we used
MadAnalysis [90].

B. The single production of H + +
5

Here, we consider the single production at μþμþ

colliders, μþμþ → Hþþ
5 ν̄μν̄μ via the Wþ boson fusion.

The process is induced by theWþWþH−−
5 coupling, which

is proportional to vΔ. Thus, the cross section of the process
is determined by two new physics parameters, vΔ and mH5

,
and the beam energy,

ffiffiffi
s

p
.

We show the dependence of the cross section σ on each of
these three parameters in Fig. 1. In Fig. 1(a), the beam energy
dependence is shown with mH5

¼ 400 GeV and vΔ ¼
15 GeV (cos β ≃ 0.17). Above the threshold,

ffiffiffi
s

p
≃mH5

,
σ increases logarithmically with the beam energy. In Fig. 1
(b), σ is shown in the range 0 < mH5

< 2 TeV with
ffiffiffi
s

p ¼
2 TeV and vΔ ¼ 15 GeV. In Fig. 1(c), σ is shown as a
function of vΔ with mH5

¼ 400 GeV and
ffiffiffi
s

p ¼ 2 TeV.
Since the WþWþH−− coupling is proportional to vΔ,
σ increases quadratically with vΔ. In Figs. 1(b) and 1(c),
the gray regions are excluded by the experimental con-
straints discussed in the previous section.
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25

0 500 1000 1500 2000
0
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0 5 10 15 20
0

5
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15
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(a) (b)

(c)

FIG. 1. The dependence of the cross section σ on (a)
ffiffiffi
s

p
, (b) mH5

, and (c) vΔ. In each figure, the parameters not on the horizontal axis
are fixed at

ffiffiffi
s

p ¼ 2 TeV, mH5
¼ 400 GeV, and vΔ ¼ 15 GeV (cos β ≃ 0.17). The gray regions are excluded by the experimental

constraints discussed in Sec. II.

5https://cp3.irmp.ucl.ac.be/projects/feynrules/wiki/GeorgiMacha
cekModel
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C. The signal and background processes

We assume that vΔ is sufficiently large, i.e., vΔ ≳
10−3 GeV (cos β ≳ 10−5) so that the produced Hþþ

5 decays
into a pair of W bosons virtually 100 percent [50,51]. The
signal is μþμþ → WþWþν̄μν̄μ. In this process, there is
another new physics contribution via t-channel H0

5 media-
tion. However, the dominant new physics effect comes
from the resonant production of Hþþ

5 . The Feynman
diagrams of the two processes are shown in Fig. 2.

The main background process is the W boson scattering
mediated by the SM particles. In Fig. 3, we compare the
cross section of μþμþ → ν̄μν̄μWþWþ in the SM and the GM
model as functions of (a)

ffiffiffi
s

p
, (b) mH5

, and (c) vΔ. In each
figure, the black and blue curves represent the cross section
in the SM and the GMmodel, respectively. In Figs. 3(b) and
3(c), the black curve is a constant because the cross section
in the SM is independent of the new physics parameters. A
general trend is that the new physics contribution is larger

FIG. 2. Feynman diagrams of new physics contributions for the signal process.

GM

SM

0 500 1000 1500 2000 2500 3000
0

50

100

150 GM

SM

0 500 1000 1500 2000

80

85

90

95

100

GM

SM

0 5 10 15 20

80

85

90

95

100

105
s 2

(a) (b)

(c)

FIG. 3. Comparisons between the cross section of μþμþ → ν̄μν̄μWþWþ in the SM and the GMmodel as functions of (a)
ffiffiffi
s

p
, (b)mH5

, and
(c) vΔ. In each figure, the parameters not in the horizontal axis are fixed at

ffiffiffi
s

p ¼ 2 TeV,mH5
¼ 400 GeV, and vΔ ¼ 15 GeV (cos β ≃ 0.17).
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for larger
ffiffiffi
s

p
, lower mH5

, and larger vΔ. For example, withffiffiffi
s

p ¼ 2 TeV, mH5
¼ 400 GeV, and vΔ ¼ 15 GeV, the

cross section is σ ≃ 92 fb in the GM model, while σ ¼
80 fb in the SM, with the expected number of events about
15% larger in the former.
In the above discussions, we have assumed unpolarized

μþ beams. Since the W boson couples to only μþ with the
right-handed chirality, the cross section will be multiplied by
the factor ð1þ Pμþ

1
Þð1þ Pμþ

2
Þ in both SM and GMmodel if

we use the polarized μþ beams, where Pμþi
(i ¼ 1; 2) are the

polarization rate ranging from −1 to 1 [91]. For example,
with 80% right-handed polarized μþ beams, the cross section
is 1.82 ≃ 3.2 times larger than the unpolarized cross section.

IV. THE DISCOVERY REACH AND MASS
DETERMINATION IN THE SAME-SIGN

LEPTON SIGNAL

In this section, we discuss the discovery reach of the
signal and a way to determine the mass of Hþþ

5 . To avoid
the loss of information on the electric charge of particles,
we consider the leptonic decay of the W boson: Wþ →
lþνl (l ¼ e or μ). Then the final state of the signal is
lþl0þνlνl0 ν̄μν̄μ, i.e., a pair of same-sign leptons and
missing energy.
To reduce the background processes involving muons

coming from the initial state and the invisible decay of
the Z boson, we consider the case of l ¼ l0 ¼ e in the
following. In addition, for the accurate selection of the
signal events, we employ the following kinematical cuts for
the phase space [92]:

peþ
T > 27 GeV; ηeþ < 1.37; M > 20 GeV; ð12Þ

where peþ
T and ηeþ are the transverse momentum and the

rapidity of eþ, respectively, and M is the invariant mass of
the positron pair.
In Table I, we show the statistical significance of the

signal for various masses and beam energies. The values
without (with) parenthesis are S=

ffiffiffiffiffiffiffiffiffiffiffiffi
Sþ B

p
with the inte-

grated luminosityL ¼ 1000 fb−1 (5000 fb−1), where B and
S are the number of the SM background events and the

deviation of the expected number of events from the SM
background, respectively.
In the case of L ¼ 1000 fb−1, an even higher beam

energy is required in order to exceed S=
ffiffiffiffiffiffiffiffiffiffiffiffi
Sþ B

p ¼ 5
although the evidence of the signal is expected to be
observed, i.e., S=

ffiffiffiffiffiffiffiffiffiffiffiffi
Sþ B

p
> 3, in the lower mass region

(mH5
≲ 300 GeV). On the other hand, with L ¼ 5000 fb−1,

the signal is expected to be discoverable in some benchmark
points on the table. For example, with

ffiffiffi
s

p ¼ 3 TeV, the
discovery reach is above mH5

¼ 400 GeV. Also, we expect
to obtain the evidence of Hþþ

5 lighter than 600 GeV.
In Fig. 4, we show the statistical significance of the signal

in the case of
ffiffiffi
s

p ¼ 2 TeV and L ¼ 1000 fb−1 as a
function of mH5

and vΔ (cos β), and the solid red and blue
curves represent S=

ffiffiffiffiffiffiffiffiffiffiffiffi
Sþ B

p ¼ 5 and 3, respectively. The
gray (pink) regions are excluded by Ref. [79] ([83]). In the
regions mH5

≲ 500 GeV and mH5
≲ 590 GeV, we can find

parameter points that can be tested at the expected sensi-
tivities of 5σ and 3σ levels, respectively. Larger integrated
luminosities extend the testable areas furthermore.
For a comparison with the expected sensitivity of future

hadron colliders, we refer to Ref. [44], which studies
searches for the signature of same-sign W bosons and
forward jets arising from the production of doubly charged
scalar bosons via the vector boson fusion process. Their
analysis showed that future pp colliders with a beam
energy of

ffiffiffi
s

p ¼ 27 TeV could reach 2.5σ significance with
L ¼ 3000 fb−1 for mH5

¼ 300 GeV and vΔ ¼ 10 GeV.
Assuming the simple scaling of S ∝ v2ΔL and B ∝ L, it
corresponds to approximately 3.2σ significance for vΔ ¼
15 GeV and L ¼ 1000 fb−1 with the same energy and
mass. In contrast, our analysis results in S=

ffiffiffiffiffiffiffiffiffiffiffiffi
Sþ B

p
≃ 3.2

TABLE I. The statistical significance of the same-sign lepton
signal with vΔ ¼ 15 GeV for various beam energies

ffiffiffi
s

p
and the

masses mH5
. The values without and with parentheses represent

the significance with the integrated luminosity 1000 fb−1 and
5000 fb−1, respectively.ffiffiffi
s

p nmH5
400 GeV 500 GeV 600 GeV

1 TeV 1.6 (3.5) 0.7 (1.6) 0.0 (0.0)
2 TeV 2.6 (5.7) 2.0 (4.4) 1.3 (2.8)
3 TeV 2.4 (5.5) 1.6 (3.5) 1.4 (3.2)

350 400 450 500 550 600

15

20

25

30

0.173

0.23

0.288

0.345

FIG. 4. Contours for the statistical significance with
ffiffiffi
s

p ¼
2 TeV and L ¼ 1000 fb−1.
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for the same input parameters and luminosity butffiffiffi
s

p ¼ 2 TeV. Thus, we expect that these two colliders
would have roughly comparable sensitivities to the signal
process. Although more sophisticated background analysis
for the same-sign lepton colliders is required for a precise
comparison, high-energy same-sign lepton colliders may
offer a useful and complementary platform for future
searches of doubly charged Higgs bosons besides hadron
colliders.
Next, we discuss a way to obtain the mass information of

Hþþ
5 in the same-sign lepton signal. In many cases, one can

use the transverse mass of the decay product to measure the
mass of particles when the decay product includes missing
energy. The distribution of the transverse mass would have
a Jacobian peak at the mass of the mother particle [93,94].
However, this does not apply to the current process. It is
impossible to separate ν̄μ radiated from the initial μþ and νe
in the decay product. We show the distribution of the
transverse mass of eþeþ=E in Fig. 5(a). Although the
distribution depends on the mass, there is no sharp peak
at the mass of Hþþ

5 .
Alternatively, we propose a method of using the invariant

mass of the positrons. In Fig 5(b), we show the invariant
mass distribution of eþeþ. We perform a χ2 fit to obtain the
best-fit value of mH5

by employing the analytic formula for
the invariant mass distribution.
For the sake of simplicity, we consider the invariant mass

distribution finvðMÞ in the decay of Hþþ
5 , rather than

evaluating the entire process. In this case, finvðMÞ approx-
imately describes the distribution in the difference between
the signals in the GM model and the SM background
because the new physics effect is dominated by the on-shell
Hþþ

5 production. There are other contributions to the
difference between the signal and the SM background;
the interference terms and the t-channel diagram mediated

by H0
5 in Fig. 2. The rate of these effects in the deviation is

larger for heavier H��
5 , while the dependence on the beam

energy is small in the region 1 TeV <
ffiffiffi
s

p
< 3 TeV.

Numerically, these effects account for about 1% of the
total deviation for mH5

¼ 400 GeV.
The advantage of using the invariant mass in the fit rather

than the transverse mass is as follows. Since M is Lorentz
invariant, its distribution is also Lorentz invariant. Thus, in
the χ2 fit, we can use a common finvðMÞ regardless the
motion of Hþþ

5 . On the other hand, the transverse mass is
not Lorentz invariant. Thus, the motion of Hþþ

5 will distort
the distribution.
A detailed derivation of finvðMÞ is presented in the

Appendix. Here, we show only the result,

finvðMÞ ¼ Nev
9ð1þ vÞ
4m5

ffiffiffiffi
ω

p
3 − 2v2 þ 3v4

Fðv;ωÞ; ð13Þ

where Nev is the total number of events. The parameters v
and ω are the speed of the W bosons and the normalized
invariant mass squared, respectively,

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
W

m2
H5

s
; ω ¼ M2

M2
max

¼ 4M2

m2
H5
ð1þ vÞ2 ; ð14Þ

where Mmax is the maximum value of the invariant mass.
The definition of the function Fðv;ωÞ is given in the
Appendix.
In Fig. 6, we show finvðMÞ and the result of the

simulations using MG5 by the smooth curves and the
histograms, respectively, in the cases of mH5

¼ 400 GeV
(blue) and 600 GeV (red). We have generated 106 events
with

ffiffiffi
s

p ¼ 2 TeV in MG5. The total number of events in
Fig. 6 is normalized so that the integrated luminosity is

0 200 400 600 800 1000
0

5

10

15

20

25

0 100 200 300 400 500 600
0

10

20

30

40

(a) (b)

FIG. 5. The distributions of (a) the transverse mass of eþeþ=E and (b) the invariant mass of eþeþ. The red and blue curves are contour
for mH5

¼ 600 GeV and mH5
¼ 400 GeV, respectively. Other parameters are fixed as

ffiffiffi
s

p ¼ 2 TeV and vΔ ¼ 15 GeV (cos β ≃ 0.17).
The black curve represents the SM prediction. For all curves, we use the kinematical cuts in Eq. (12).
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1000 fb−1. The difference between the curve and the
histogram is not only due to statistical fluctuations, but
also because finvðMÞ does not include the effects of
kinematical cuts in Eq. (12), the interference terms, and
the contribution fromH0

5. The match between the analytical
result and the simulation becomes better if these effects are
included. Here, we neglect them to reduce the computa-
tional cost and use finvðMÞ as the approximate theoretical
prediction.
To find the best-fit value of mH5

, we minimize the χ2

for mH5
,

χ2ðmH5
Þ ¼

X
i

�
yi − finvðxiÞΔM

σi

�
2

; ð15Þ

where i labels the bins of the invariant mass distribution and
ΔM denotes the bin width. In the ith bin, xi, yi, and σi are
the center value of M, the difference between the event
numbers in the GM model and the SM, and the error of the
event number, respectively. We estimate σi by assuming
that the event numbers in the SM and the GM model
independently follow the Poisson distribution. Then the
difference yi should follow the Skellam distribution [95].
The mean value and the variance in the Skellam distribution
are given by μ1 − μ2 and μ1 þ μ2, respectively, where
μ1 and μ2 are the mean values of each Poisson-distributed
variable. The total event number Nev is evaluated by
ðσGM − σSMÞL, where σGM and σSM are the cross section
in the GM model and the SM, respectively, and L is the
integrated luminosity. We use MG5 to evaluate σGM and
σSM and assume L ¼ 1000 fb−1.
Let mfit

H5
and mMG5

H5
be the best-fit value in the χ2 fit and

the input value of mH5
in MG5, respectively. We show in

Fig. 7 the correlation between mfit
H5

and mMG5
H5

for the input

values mMG5
H5

¼ 400; 500; 600; 700, and 800 GeV.
The orange and blue bars represent errors at 68.73% CL
and 95% CL, respectively. The error bars are determined by
jχ2ðmH5

Þ − χ2minj < Δχ2, where χ2min ¼ χ2ðmfit
H5
Þ, and Δχ2

is 1.0 (3.84) for 68.73% CL (95% CL).
We see that the best-fit value is close to mMG5

H5
, and the

latter is included in 1σ region of the best-fit value at all the
points in Fig. 7. The error bars are larger for heavier Hþþ

5

because the effect of the on shell Hþþ
5 is smaller for the

fixed beam energy. In the lower mass region, we can expect
to obtain the mass information by using this method. For
heavy Hþþ

5 masses, on the other hand, the errors become
too large to extract the mass. For example, the 2σ range for
mMG5

H5
¼ 800 GeV includes mH5

¼ 0.
We have verified that a larger integrated luminosity

reduces the errors in the fitting. For example, using
L ¼ 104 fb−1, the 1σ error is reduced to 40% of that in
Fig. 7. The mass determination thus becomes more precise
for larger integrated luminosities.
Finally, we comment on the mass determination method

using the hadronic decay modes: Hþþ
5 → WþWþ → 4j.

Although the doubly charged Higgs boson mass can, in
principle, be more precisely determined by measuring the
invariant mass of the two jets, the electric charge informa-
tion, however, is less clear in this channel. Once Hþþ

5 is
discovered as a doubly charged particle in the leptonic
decay mode with some mass information, as proposed in
this work, the hadronic decay modes can be further
employed for more precise mass determination.

V. SAME-SIGN COLLIDERS VS OPPOSITE-SIGN
COLLIDERS

In this section, we compare the singleHþþ
5 production at

same-sign lepton colliders and pair production at opposite-
sign lepton colliders. We consider two processes for the

0 100 200 300 400 500 600 700
2

0

2

4

6

8

FIG. 6. Invariant mass distributions in the difference between
the signals in the GM model and the SM for mH5

¼ 600 GeV
(blue) and 400 GeV (red). The smooth curves and histograms
represent the analytical results and simulations using MG5,
respectively.

confidence level 95

confidence level 68.73

300 400 500 600 700 800

200

400

600

800

1000

1200

1400

FIG. 7. Best-fit mH5
for various masses set in MG5 for the

invariant mass distribution of charged leptons of the signal
process for

ffiffiffi
s

p ¼ 2 TeV and vΔ ¼ 15 GeV (cos β ≃ 0.17).
The dashed line has a slope of unity.
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pair productions: (i) the production via the single electro-
weak gauge boson γ�=Z� → Hþþ

5 H−−
5 and (ii) the produc-

tion via the vector boson fusion WþW− → Hþþ
5 H−−

5 .
In Fig. 8, we show the cross section of the above three

production processes as a function of the beam energy,
fixing mH5

¼ 400 GeV and vΔ ¼ 15 GeV. We assume
μþμþ and μþμ− beams; however, the result is the same
in the case of eþeþ and eþe− beams, respectively. In the
single production (the black curve), we neglect the con-
tributions of the triplet and the heavy singlet. On the other
hand, in the pair production via the W boson fusion (the
blue curve), we include the triplet contribution to cancel
the quadratic growth at high energies due to the longi-
tudinal W bosons [86]. The mass of the triplet is set as
mH3

≃ 685 GeV. The triplet and heavy singlet do not
participate in the pair production via γ�=Z�.
Below

ffiffiffi
s

p
< 2mH5

, only the single production is avail-
able. At

ffiffiffi
s

p
≃ 2mH5

, the pair production processes are open.
The cross section of the Hþþ

5 H−−
5 production reaches the

peak at
ffiffiffi
s

p
≃ 1.2 TeV (the red curve). At higher energies, it

decreases due to the suppression by the s-channel propaga-
tor. The cross section of single production logarithmically
increases at high energies. At

ffiffiffi
s

p ≳ 2.6 TeV, the single
production gives a larger cross section than the Hþþ

5 H−−
5

production. The pair production with a neutrino pair is not
effective for

ffiffiffi
s

p ≲ 5 TeV.
Consequently, the single production is more important at

higher energies. Although the pair production via γ�=Z� is
dominant at low energies, the single production has an
experimental advantage. With the current experimental
technology, high-energy μþ beams are more feasible than
μ− beams to reach the high-energy frontier [74].

VI. CONCLUSIONS

In this paper, we have investigated the single production
of the doubly charged Higgs boson in the GM model at the

same-sign lepton colliders. We have considered the sce-
nario where the triplet VEV vΔ ¼ Oð10Þ GeV and thus
H��

5 predominantly decays into a pair ofW bosons. Hence,
the signal is the W boson scattering distorted by the
resonant production of H��

5 .
We have focused on the leptonic decays of the produced

W bosons. In this case, we cannot use the transverse mass
of the decay product to obtain the mass of H��

5 because
some neutrinos are radiated from the initial-state charged
leptons. Instead, we have proposed a method that utilizes
the invariant mass of the charged leptons. By employing the
analytical formula of the invariant mass distribution in
the H��

5 decay, we have performed χ2 fits and have found
the best-fit value of the mass for various input values in the
numerical simulations using MG5. We have demonstrated
that this method is effective in extracting the mass infor-
mation of H��

5 , provided it is not too heavy.
We have also compared the single production at same-

sign colliders with the pair production at opposite-sign
colliders. At high energies, the single production is impor-
tant because of its logarithmic growth behavior. Although
the pair production via γ�=Z� is dominant at low energies,
μþμþ colliders have experimental potential and advantages
to reach higher energies. Therefore, the single Hþþ

5 pro-
duction at μþμþ colliders would play a significant role in
future searches for the doubly charged Higgs boson.
Though we have fixed the triplet VEV at 15 GeV in most
of our numerical analyses, the results can be readily applied
to other values by appropriate scaling. Moreover, they can
also be applied to the HTM, although its triplet VEV can be
at most a few GeV.
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APPENDIX: THE DISTRIBUTION OF THE
DILEPTON INVARIANT MASS IN THE DECAY

OF H + +
5

In this appendix, we present a detailed derivation of the
distribution function finvðMÞ, where M is the invariant
mass of the pair of charged leptons in Hþþ

5 → WþWþ →
lþl0þνlνl0 . We assume that Hþþ

5 is heavier than 2mW so
that the production of the W bosons dominates the phase
space of the decay process. Then, we can use the narrow-
width approximation and separate the process into two sub-
processes (i) Hþþ

5 →WþWþ and (ii) Wþ→lþνlðl0þνl0 Þ.
The distribution function is given by

finvðMÞ ¼ Nev

X
σ1;σ2

Z
d3q1d3q2Fðq1; σ1; q2; σ2Þ

×
Z

d3pld3pl0flðpl; q1; σ1Þfl0 ðpl0 ; q2; σ2Þ

× 2MδðM2 − ðpl þ pl0 Þ2Þ; ðA1Þ

where qi and σi (i ¼ 1; 2) are the momenta and the polar-
izations of the ith Wþ boson, and pl and pl0 are the

momenta of lþ and l0þ. Fðq1; σ1; q2; σ2Þ is the distribution
function of q1 and q2 in the decayH

þþ
5 → Wþðσ1ÞWþðσ2Þ.

flðpl; q; σÞ is the distribution function of the lepton
momentum pl in the leptonic decay of the Wþ boson with
the momentum qi and the polarization σi. These distribution
functions are normalized by

X
σ1;σ2

Z
d3q1d3q2Fðq1; σ1; q2; σ2Þ ¼ 1;

Z
d3plfðpl; qi; σiÞ ¼ 1: ðA2Þ

Hence, finvðMÞ satisfies
Z

dMfinvðMÞ ¼ Nev; ðA3Þ

where Nev is the total number of events. We note that
Eq. (A1) is also available in the case of l ¼ l0 because the
momentum exchange of the leptons is canceled by the
symmetry factor 1=2 in the phase space integral,

X
σ1;σ2

Z
d3q1d3q2Fðq1; σ1; q2; σ2Þ

×
1

2

Z
d3pl1d

3pl2fflðpl1 ; q1; σ1Þflðpl2 ; q2; σ2Þ þ flðpl2 ; q1; σ1Þflðpl1 ; q2; σ2Þg

¼
X
σ1;σ2

Z
d3q1d3q2Fðq1; σ1;q2; σ2Þ

Z
d3pl1d

3pl2flðpl1 ; q1; σ1Þflðpl2 ; q2; σ2Þ; ðA4Þ

where we have used Fðq1; σ1;q2; σ2Þ ¼ Fðq2; σ2; q1; σ1Þ.
As stated in Sec. IV, finv is Lorentz invariant and, thus,

can be evaluated in any coordinate system. We employ the
rest frame of Hþþ

5 , where the produced Wþ bosons pro-
pagate along the z axis. The momenta qμ1 and qμ2 are then
given by

qμ1 ¼ ðE; 0; 0; pÞ; qμ2 ¼ ðE; 0; 0;−pÞ; p > 0: ðA5Þ

The momenta of the leptons are given by

pμ
j ¼ ðEj; p⊥

j cos θj; p⊥
j sin θj; pjzÞ; ðA6Þ

where j ¼ l and l0, and we neglect the lepton mass.
First, we evaluate Fðq1; σ1; q2; σ2Þ, which is given by

Fðq1; q2; σ1; σ2Þ ¼
1

ΓH5

1

2mH5

1

ð2πÞ32E
1

ð2πÞ32E
���Mðσ1;σ2Þ

H5

���2
× ð2πÞ4δð4ÞðP − q1 − q2Þ; ðA7Þ

where P ¼ ðmH5
; 0; 0; 0Þ, Mðσ1;σ2Þ

H5
is the amplitude of the

decay process, and ΓH5
is the partial decay width of the

process with the spin sum,

ΓH5
¼
X
σ1;σ2

1

2mH5

Z
d3q1d3q2jMðσ1;σ2Þ

H5
j2

× ð2πÞ4δð4ÞðP − q1 − q2Þ: ðA8Þ

The prefactor 1=ΓH5
is for the normalization in Eq. (A2).

A straightforward calculation leads to

Fðq1;�; q2;∓Þ ¼ 8

πm2
H5

r2ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4r

p 1

1 − 4rþ 12r2

× δð4ÞðP − q1 − q2Þ;

Fðq1; L; q2; LÞ ¼
2

πm2
H5

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4r

p ð1 − 2rÞ2
1 − 4rþ 12r2

× δð4ÞðP − q1 − q2Þ; ðA9Þ
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where r ¼ m2
W=m

2
H5
, and σi ¼ þ, −, and L denote the right-handed, left-handed, and longitudinal polarizations,

respectively. Fðq1; σ1; q2; σ2Þ is zero for other combinations of the polarizations.
Next, we consider the momentum distribution in the leptonic decay of the Wþ boson with a fixed polarization,

flðpl; q1; σ1Þ ¼
1

Γq1;σ1
W

X
spin

1

2E

Z
d3pν

ð2πÞ32Eν

1

ð2πÞ32El

���Mq1;σ1
W

���2ð2πÞ4δð4Þðq1 − pl − pνÞ; ðA10Þ

where pν and Eν are the momentum and energy of the neutrino, respectively, Mq1;σ1
W is the amplitude of the process,P

spin represents the spin sum in the final state, and Γq1;σ1
W is the partial decay width given by

Γq1;σ1
W ¼

X
spin

1

2E

Z
d3pj

ð2πÞ32El

d3pν

ð2πÞ32Eν

���Mq1;σ1
W

���2ð2πÞ4δð4Þðq1 − pl − pνÞ: ðA11Þ

Using the above formulas, we obtain

flðpl; q1;þÞ ¼ 3

8πp3El
ðE − p − 2ElÞ2δ

�
plz −

2EEl −m2
W

2p

�
;

flðpl; q1;−Þ ¼
3

8πp3El
ðEþ p − 2ElÞ2δ

�
plz −

2EEl −m2
W

2p

�
;

flðpl; q1; LÞ ¼
3

4πp3El
ðp2 − ð2El − EÞ2Þ

�
plz −

2EEl −m2
W

2p

�
: ðA12Þ

In the same way, we find fl0 ðpl0 ; q2; σ2Þ as

fl0 ðpl0 ; q2;þÞ ¼ 3

8πp3El0
ðEþ p − 2El0 Þ2δ

�
pl0z þ

2EEl0 −m2
W

2p

�
;

fl0 ðpl0 ; q2;−Þ ¼
3

8πp3El0
ðE − p − 2El0 Þ2δ

�
pl0z þ

2EEl0 −m2
W

2p

�
;

fl0 ðpl0 ; q2; LÞ ¼
3

4πp3El0
ðp2 − ð2El0 − EÞ2Þ

�
pl0z þ

2EEl0 −m2
W

2p

�
: ðA13Þ

Combining the above distribution functions, we can find the formula for finvðMÞ. We briefly explain how to perform the
integrations. The integrations by q1 and q2 are used to handle δð4Þðp − q1 − q2Þ. The remaining angular integration leads
to just 4π. This corresponds to the freedom to rotate the system. The integral by p⊥

j (j ¼ l;l0) are replaced by the integral
by Ej,

Z
d3pj ¼

Z
∞

0

dEj

Z
Ej

−Ej

dpjz

Z
π

−π
dθjEj; ðj ¼ l;l0Þ: ðA14Þ

The integrals by pjz are evaluated by using the delta functions in fj. The variable θl and θl0 are changed to Δ ¼ θl − θl0
and θl0 . Then, the integrand is independent of θl0 , and we obtain

Z
π

−π
dθl

Z
π

−π
dθl0 ¼ 2

Z
2π

0

dΔ
Z

π−Δ

−π
dθl0 ¼ 2

Z
2π

0

dΔð2π − ΔÞ: ðA15Þ

The integral by Δ is evaluated by using δðM2 − ðpl þ pl0 Þ2Þ. We note that there are two solutions of Δ in ½0; 2πÞ
satisfying M2 ¼ ðpl þ pl0 Þ2.
All the delta functions have been evaluated, and the remaining integration variables are El and El0 . We define new

integration variables x and y via
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El ¼ Eþ xp
2

; El0 ¼
Eþ yp

2
; ðA16Þ

with x and y varying in ½−1; 1�. The result is given by

finvðMÞ ¼ Nev
9M
πm2

H5

1

1 − 4rþ 12r2

Z
1

−1
dx

×
Z

1

−1
dy

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 − α2

p θðβ2 − α2Þ

× fr2ð1þ xÞ2ð1þ yÞ2 þ r2ð1 − xÞ2ð1 − yÞ2
þ ð1 − 2rÞ2ð1 − x2Þð1 − y2Þg; ðA17Þ

where

α ¼ ð1þ xyÞð1þ v2Þ þ 2vðxþ yÞ − 2ð1þ vÞ2ω;

β ¼ ð1 − v2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − y2

q
;

v ¼ p
E
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4r

p
;

ω ¼ M2

M2
max

¼ 4M2

m2
H5
ð1þ vÞ2 : ðA18Þ

Note that β2 − α2 is a quadratic function of y,

β2 − α2 ¼ −Ay2 þ Byþ C; ðA19Þ

where

A ¼ ð1þ v2 þ 2vxÞ2;
B ¼ −2ð2vþ xþ xv2Þð1þ v2 þ 2vx − 2ð1þ vÞ2ωÞ;
C ¼ −ð2vþ xþ xv2Þ2 þ 4ð1þ v2 þ 2vxÞð1þ vÞ2ω

− 4ð1þ vÞ4ω2: ðA20Þ

Here, A is non-negative. Thus, the integral is reduced to

Z
1

−1
dx
Z

1

−1
dy θð−Ay2 þByþCÞ ¼

Z
D
dx
Z

yþ

y−

dy; ðA21Þ

where

y� ¼ 1

2A
ðB�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ 4AC

p
Þ: ðA22Þ

The domain D is determined so that both yþ and y− fall
within ½−1; 1�.6 It is given by the following inequalities:

8><
>:

1þ v2 þ 2vx − ð1þ vÞ2ω > 0;

−2ð1 − vÞ2vx2 þ xf−ð1 − vÞ4 þ 2ωð1þ vÞ2ð1þ v2Þg þ ð1 − vÞ2ð1þ v2Þ þ 4vð1þ vÞ2ω > 0;

2ð1þ vÞ2vx2 þ xfð1þ vÞ4 − 2ωð1þ vÞ2ð1þ v2Þg þ ð1þ vÞ2ð1þ v2Þ − 4vð1þ vÞ2ω > 0:

ðA23Þ

With some algebra, D can be reduced to the simple
expression,

D ¼
�−1 < x < 1; ð0 ≤ ω ≤ ωcÞ;
xc < x < 1; ðωc < ω ≤ 1Þ; ðA24Þ

where

xc ¼
ð1þ vÞ2ω − 1 − v2

2v
; ωc ¼

ð1 − vÞ2
ð1þ vÞ2 : ðA25Þ

Now, the integrals with respect to x and y can be per-
formed straightforwardly. The final result is given by

finvðMÞ ¼ Nev
9ð1þ vÞ
4mH5

ffiffiffiffi
ω

p
3 − 2v2 þ 3v4

Fðv;ωÞ; ðA26Þ

where Fðv;ωÞ is defined as

Fðv;ωÞ ¼
�
FLðv;ωÞ ð0 < ω < ωcÞ;
FHðv;ωÞ ðωc < ω < 1Þ; ðA27Þ

and FL and FH are given by

FL ¼ ð1þ vÞ2
4v5

�
vf−3ω2ð1þ vÞ2ð3þ 5v2 þ 5v4 þ 3v6Þ

− ð1 − vÞ2ð9þ 7v2 þ 7v4 þ 9v6Þ
− 4ωð9þ 8v2 þ 30v4 þ 8v6 þ 9v8Þg

þ 1

2
fω2ð1þ vÞ2ð3þ 2v2 þ 3v4Þ2

þ 4ωð1þ v2Þð9 − 4v2 þ 22v4 − 4v6 þ 9v8Þ
þ ð9þ 4v2 þ 38v4 þ 4v6 þ 9v8Þ

× ð1 − vÞ2g log
�
1þ v
1 − v

��
; ðA28Þ

6Since −Ay2 þ Byþ C is negative at the boundary y ¼ �1,
either both yþ and y− fall within ½−1; 1� or both are outside.

CHIANG, ENOMOTO, and LIAO PHYS. REV. D 112, 115003 (2025)

115003-12



FH ¼ ð1þ vÞ2
16v5

½ðω− 1Þfωð1þ vÞ2ð27− 18vþ 44v2 − 30v3 þ 82v4 − 30v5 þ 44v6 − 18v7 þ 27v8Þ
þ ð1− vÞ2ð27þ 18vþ 28v2 þ 14v3 þ 82v4 þ 14v5 þ 28v6 þ 18v7 þ 27v8Þg− logωfω2ð1þ vÞ2ð3þ 2v2 þ 3v4Þ2
þ ð1− vÞ2ð9þ 4v2 þ 38v4 þ 4v6 þ 9v8Þ þ 4ωð1þ v2Þð9− 4v2 þ 22v4 − 4v6 þ 9v8Þg�: ðA29Þ
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