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The subprocess nn → ppe−e− is a key ingredient in the interpretation of nuclear neutrinoless double-β
decay. Intermediate Δ resonances may provide additional enhancements to this transition. We take a first
step toward a Δ-full description of nn → ppe−e− by investigating the neutrinoless double-β decay Δ− →
pe−e− in the framework of chiral effective field theory. We systematically derive the long-range
contribution from light-Majorana-neutrino exchange through loop diagrams and incorporate the short-
range part through counterterms required by renormalization. We predict the pion-mass dependence of the
decay amplitude in the kinematic configuration with collinear electrons. Furthermore, to facilitate lattice-
QCD matching, we calculate the decay amplitude in the degenerate Δ-nucleon mass limit and provide the
corresponding long-range prediction.
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I. INTRODUCTION

In the Standard Model (SM) of particle physics, neu-
trinos are described as massless fundamental particles.
However, the observation of neutrino oscillations [1–3]
provided conclusive evidence that neutrinos must have
nonzero mass, showing that the SM must be extended. This
can be done simply by adding Yukawas for the neutrinos or
invoking physics beyond the SM. However, neutrino
oscillations are insensitive to the absolute neutrino mass

scale and cannot determine whether they are Dirac or
Majorana particles. To address these fundamental ques-
tions, complementary approaches from laboratory experi-
ments and cosmological observations are essential. The
most recent direct tritium-β-decay measurement by the
KATRIN Collaboration gives the strongest laboratory
upper limit on the effective electron-neutrino mass, mν <
0.45 eV at 90% confidence level [4]. Model-dependent
cosmological analyses place even tighter upper limits:
0.12 eV from the Planck Collaboration [5] and 0.072 eV
from the DESI Collaboration [6]. Neutrinoless double-β
(0νββ) decay, in which two electrons are emitted without
their corresponding antineutrinos [7], offers a third avenue
to investigate neutrino mass. The most stringent current
upper limit on the effective Majorana neutrino mass comes
from the KamLAND-Zen Collaboration, which finds a
range of 28–122 meV from the 0νββ decay of 136Xe [8].
The observation of 0νββ decay not only provides a way to

determine the effective neutrino mass but also demonstrates
that neutrinos are Majorana particles and the total lepton
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number L is violated by two units, i.e., ΔL ¼ 2 [9]. This
process may relate to the matter-antimatter asymmetry in the
Universe via “leptogenesis” [10] and serve as a probe of
other beyond-SM theories. The significance of 0νββ decay
has motivated numerous experimental searches in both
nuclear [8,11–21] and hadronic physics [22–30].
However, the process is highly suppressed because the
matrix element is proportional to the Fermi coupling con-
stant squared (G2

F) and the tiny effective Majorana neutrino
mass mββ [31], or to couplings of the same order. The
interpretation of nuclear 0νββ decay relies on complicated
nuclear matrix elements. Current theoretical calculations can
differ by about 1 order of magnitude in their predicted half-
lives for nuclear 0νββ decay [32–35]. Nevertheless, the
matrix elements of 0νββ decay for nucleons and hadrons can
be systematically computed with controlled accuracy using
chiral effective field theory (χEFT) [36–38].
The 0νββ transition of two neutrons into two protons,

nn → ppe−e−, constitutes an elementary subprocess of
various nuclear 0νββ decays, making it crucial for inter-
preting experimental searches. Its corresponding matrix
element has been studied up to next-to-next-to-leading
order (NNLO) in χEFT [39–47], where the long-range and
short-range contributions can be identified systematically.
The long-range contribution can be mediated by light
Majorana-neutrino exchange [48]. In the SM effective-
field-theory description, this mechanism originates from
the well-known dimension-five Weinberg operator [49],
which provides the leading low-energy manifestation of
lepton number violation (LNV) and generates the light
Majorana mass of light neutrinos when the new-physics
scale ΛLNV is much larger than the electroweak scale ΛEW.
The short-range contribution accounts for higher-energy-
scale physics, described by various beyond-SM models,
and may not involve Majorana neutrinos directly.
In the Δ-less formulation of χEFT, the effects of the Δ

resonance are integrated out and absorbed into low-energy
constants (LECs) that enter pion-nucleon interactions and
nuclear forces. Since the Δ-nucleon mass splitting is only
about 300 MeV, an energy scale not far above typical low-
energy nuclear scales, explicit inclusion of the Δ has been
shown to lead to an improvement of the convergence of the
chiral expansion (see, e.g., Refs. [50,51]), and to provide a
natural explanation for the numerical values of several
LECs [37,38,51–56]. Δ-induced effects are expected to
arise mainly from pion and Δ-exchange mechanisms and,
after matching onto the Δ-less theory, to be absorbed into
pion-range or contact operators. By treating the Δ as an
explicit dynamical degree of freedom, these contributions
can be generated explicitly rather than being hidden in
effective couplings, allowing their physical origin to be
identified and possible nonanalytic effects associated with
intermediate Δ degrees of freedom, such as threshold cusps
and triangle singularities, which will be systematically
investigated.

In this work, we take a first step toward a systematic
Δ-full description of the elementary nn → ppe−e− tran-
sition, complementing the recent derivation of the Δ-full
three-nucleon 0νββ potential [57]. Specifically, we calcu-
late the 0νββ matrix element of the Δ− → pe−e− decay
within the framework of χEFT, which serves as an essential
building block for constructing theΔ-induced contributions
to the nn → ppe−e− transition. It contributes to the nn →
ppe−e− process through pion and Δ exchanges between
nucleons, as illustrated in Fig. 1. The intermediate Δ
exchange in Fig. 1 begins to contribute at NNLO in the
Weinberg power counting [58,59], i.e., Oðp2Þ, the same
order as those calculated in Ref. [39]. After integrating out
the Δ degree of freedom and matching onto the Δ-less
theory, this contribution is encoded in a contact operator
describing the π−n → pe−e− transition. The dark green
blob in Fig. 1 includes long- and short-range contributions.
The long-range contribution arises from the exchange of
light Majorana neutrinos through loop diagrams. Some of
these loop diagrams develop threshold cusps and triangle
singularities, which may significantly enhance the long-
range contribution and make it more important than other
NNLO contributions to nuclear 0νββ decay. The short-
range contribution arises from counterterm operators that
are required to renormalize the UV divergences from loop
diagrams. We construct the pertinent contact Δ− → pe−e−

operators, invariant under chiral transformations and start-
ing at Oðp3Þ in the naïve chiral expansion. The counter-
terms introduce extra unknown LECs, which can be
determined by Lattice Quantum Chromodynamics
(LQCD) simulations in the future. At sufficiently large
pion masses, theΔ resonance becomes stable against strong
decays and can therefore be treated as an asymptotic state.
A particularly suitable setup for LQCD studies is the mass-
degenerate limit of the Δ and the proton. In this limit, the
matrix element is purely real and becomes analytically
manageable, facilitating a direct comparison between
LQCD results and χEFT predictions.
The remainder of this paper is organized as follows: in

Sec. II, we describe the light-Majorana-neutrino exchange
mechanism and the χEFT framework employed in our
calculation. In Sec. III, we present the calculation of the

FIG. 1. Illustration of intermediate Δ contribution to the 0νββ
process nn → ppe−e−. Electrons are denoted by solid lines with
arrows and pions by dashed lines. Nucleons and Δ resonances are
represented by thin and thick double lines, respectively. The
ΔL ¼ 2 vertex of Δ− → pe−e− is indicated by a dark green blob.
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Δ− → pe−e− matrix element and construct the relevant
contact interactions. The pion mass dependence of the
decay amplitude, for both the physical Δ mass and the
degenerate Δ-proton mass limit, is discussed in Sec. IV. We
conclude with a summary in Sec. V.

II. EFFECTIVE FIELD THEORY FRAMEWORK

In this section, we describe the LNV operator for the
0νββ decay and introduce the chiral effective Lagrangians
relevant to our calculation.

A. The LNV effective Lagrangian

There is fundamental interest in understanding the origin
of the small masses of neutrinos. If they are generated by
the Brout-Englert-Higgs mechanism, the dimensionless
neutrino Yukawa coupling constants should be many orders
of magnitude smaller than the coupling constants of other
leptons and quarks. It is highly unlikely that neutrino
masses are of the SM origin. It is straightforward to extend
the SM by adding right-handed neutrinos through the
seesaw mechanism [60–64].
Nevertheless, a more economical approach, referred to as

the minimal scenario, is to introduce only left-handed
Majorana mass terms, which is realized by the Weinberg
effective Lagrangian [49],

Leff ¼ −
1

ΛLNV
ðψ̄LH̃ÞYCðψ̄LH̃ÞT þ H:c:; ð1Þ

where C denotes the charge conjugation operator, ΛLNV is
an energy scale much larger than the Higgs vacuum
expectation value v ∼ 246 GeV, and Y is a 3 × 3 symmetric
matrix in flavor space not constrained by the SULð2Þ ×
UYð1Þ symmetry. This is the leading low-energy manifes-
tation of LNV if ΛLNV is much larger than the electroweak
scale. After the spontaneous symmetry breaking,

ψ̄LH̃ ¼
vþ hffiffiffi

2
p ν̄L; ð2Þ

where the left-handed neutrino field is defined as
ν̄L ¼ ðν̄e;L; ν̄μ;L; ν̄τ;LÞ, one obtains the following
Majorana neutrino mass term:

Leff
M ¼ −

1

2

v2

ΛLNV
ν̄LYCν̄TL þ H:c:: ð3Þ

It describes the transition between a left-handed neutrino
and its charge conjugate, which is itself. The mass term
involves the annihilation or creation of two neutrinos, and
therefore a violation of lepton number by two units,
ΔL ¼ 2. Such LNV is suppressed by the ratio v=ΛLNV.
The symmetric matrix Y can be diagonalized by a unitary

matrix U via Y ¼ UYUT , where Yij ¼ yiδij. The matrix U

is called the Pontecorvo-Maki-Nakagawa-Sakata mixing
matrix, similar to the Cabibbo-Kobayashi-Maskawa (CKM)
matrix in the quark sector. The flavor field νL is related to
the mass eigenstate neutrino field νmL by νL ¼ UνmL. The
mass term in Eq. (3) can then be written in the standard form
of a Majorana neutrino mass term, as follows:

Leff
M ¼ −

1

2

X3
i¼1

ν̄imiνi; ð4Þ

where νi ¼ νmi;L þ Cðν̄mi;LÞT , andmi ¼ v2yi=ΛLNV (i ¼ 1, 2,
3) is the mass of the neutrino mass eigenstate. In conse-
quence, the Majorana mass term in Eq. (3) can be recast to

Lββ ¼ −
1

2
mββðνTLCνL þ ν̄LCν̄TLÞ; mββ ¼

X3
i¼1

U2
1imi;

ð5Þ

where mββ is usually called the effective Majorana neu-
trino mass.

B. Chiral effective field theory Lagrangians

The spontaneous breaking of chiral symmetry of QCD
provides strong constraints for the low-energy interactions
among nucleons and pions. The Goldstone nature of the
pions requires derivative interactions. Furthermore, chiral
symmetry is explicitly broken by the light quark masses
mq, which are smaller than the nonperturbative QCD scale
ΛQCD. In the low-energy region, one can construct a
systematic expansion in powers of p=Λχ , where p collec-
tively denotes small quantities involved in a given process,
including the small momenta and pseudo-Nambu-
Goldstone boson masses, and Λχ (∼1 GeV) is the chiral
symmetry breaking scale.
The leading-order (LO) effective Lagrangian describing

interactions among pions, leptons, and nucleons reads
[65,66] (for a detailed exposition, see Ref. [67])

Lð2Þππ ¼ F2

4
Tr½uμuμ þ u†χu† þ uχ†u�; ð6aÞ

Lð1ÞπN ¼ N̄

�
ið=∂þ =ΓÞ −mN þ

1

2
gA=uγ5

�
N; ð6bÞ

where the superscripts in brackets indicate the respective
chiral orders, F is the pion decay constant in the chiral
limit, and χ is a diagonal mass matrix associated with the
charged pion mass by χ ¼ M2

π�1. Here, mN and gA are the
mass and axial coupling constant of the nucleon in the
chiral limit, respectively. We set gA ¼ 1.2753ð13Þ [68] in
our numerical computation below. The pion fields are
nonlinearly parametrized as u ¼ exp½iπ · τ=ð2FÞ�, with
τ ¼ ðτ1; τ2; τ3Þ being the Pauli matrices in isospin space.
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It transforms as u → LuK†ðπÞ ¼ KðπÞuR† under
SUð2ÞL × SUð2ÞR chiral group [69,70]. The nucleon dou-
blet N ¼ ðp; nÞT transforms as N → KðπÞN. The chiral
vielbein (axial vector) uμ and chiral connection Γμ are
defined by

uμ ¼ −iðu†∂μu − u∂μu†Þ − u†lμu; ð7aÞ

Γμ ¼
1

2
ðu†∂μuþ u∂μu†Þ −

i
2
u†lμu; ð7bÞ

where the coupling to the left-handed leptons is incorpo-
rated by setting

lμ ¼ −2
ffiffiffi
2
p

GFVudτ
þēLγμνL þ H:c:; ð8Þ

with GF the Fermi constant and Vud the pertinent CKM
matrix element.
The Δ resonance has isospin 3=2 and spin 3=2. We

denote the four Δ isospin states concisely as
Δμ ¼ ðΔþþμ ;Δþμ ;Δ0

μ;Δ−
μ ÞT . Each component is a spin-

3=2 field that can be described by the Rarita-Schwinger
formalism [71]. It has the mixed transformation properties
of a Dirac four-component of wave function and of a four-
vector field (and of asymmetric tensor of rank 4). The four
Δ isospin states can be regarded as the isospin-3=2
component of the tensor product 1 ⊗ 1=2 in the isovec-
tor-isospinor formalism. They can be conveniently written
in the isospurion notation Ψi

μðxÞ [50], as follows:

Ψ1
μ ¼

1ffiffiffi
2
p

� 1ffiffi
3
p Δ0

μ − Δþþμ

Δ−
μ − 1ffiffi

3
p Δþμ

�
;

Ψ2
μ ¼ −

iffiffiffi
2
p

� 1ffiffi
3
p Δ0

μ þ Δþþμ

Δ−
μ þ 1ffiffi

3
p Δþμ

�
;

Ψ3
μ ¼

ffiffiffi
2

3

r �Δþμ
Δ0

μ

�
; ð9Þ

where Ψi
μðxÞ is an isovector-isospinor field: for each

i∈ f1; 2; 3g, Ψi
μ is an isospin doublet. The above repre-

sentation can be obtained by applying the isospin-3=2
projector

P3=2 ¼
X3=2

M¼−3=2
j3=2;Mih3=2;Mj ð10Þ

to each of the six tensor products j1; mi ⊗ j 1
2
; ri (m ¼ −1,

0, 1 and r ¼ −1=2; 1=2), and organizing the resulting
isospin-3=2 Δ states in the three-dimensional Cartesian
basis. The other two isospin-1=2 states are automatically
removed by the projection operator, leading to the con-
straint τiΨi

μðxÞ ¼ 0.

In the isospurion notation, the LO Lagrangian for
interactions among Δ, nucleons, pions, and leptons is
given by [50,72]

Lð1ÞπΔ ¼ −Ψ̄i
μ

�
ði=Dij −mΔδ

ijÞgμν þ iAðγμDν;ij þ γνDμ;ijÞ

þ i
2
ð3A2 þ 2Aþ 1Þγμ=Dijγν

þmΔð3A2 þ 3Aþ 1Þγμγνδij þ g1
2
=uijγ5gμν

þ g2
2
ðγμuν;ij þ uμ;ijγνÞγ5 þ

g3
2
γμ=uijγ5γν

�
Ψj

ν; ð11Þ

where AðA ≠ −1=2Þ is an arbitrary real parameter, mΔ is
the mass of the Δ resonance in the chiral limit, and
uijμ ¼ uμδij. The covariant derivative acting on the Δ field
is defined by

Dij
μ ¼ ∂μδ

ij − 2iϵijkΓμ;k þ δijΓμ; ð12Þ

with the chiral connection Γμ given by Eq. (7b) and
Γμ ¼ Γμ;kτk. The last two terms in Eq. (11) describe off-
shell components of the Δ fields. It has been shown that
they are redundant [73–75], since their contribution can be
absorbed into other parameters in the Lagrangian. Hence,
we take the off-shell parameters g2 ¼ g3 ¼ 0 and g1 ¼
−1.21 [51].
The lowest order Lagrangian for Δ-nucleon transition

can be expressed as [50,72]

Lð1ÞπNΔ ¼ hΨ̄i
μΘμνðzÞων;iN þ H:c:; ð13Þ

where ων;i ¼ ð1=2ÞTr½τiuν�, h is the coupling constant, and
ΘμνðzÞ ¼ gμν þ zγμγν with z being another off-shell param-
eter. It has been shown that z can be absorbed by shifting
other LECs and therefore is arbitrary [73–75]. We set z ¼ 0
in what follows for convenience. A fit to the decay width of
Δ resonance leads to h ¼ 1.05 [50]. We treat the Δ
resonance in the so-called small-scale-expansion (SSE)
scheme [50,76], where the mass difference δ ¼ mΔ −mN
is counted as of order OðpÞ.

III. DECAY AMPLITUDE OF Δ− → pe− e−

In this section, we calculate the 0νββ decay
Δ−ðp1Þ → pðp2Þe−ðq1Þe−ðq2Þ, where p1, p2, q1, and q2
denote the four-momenta of the Δ, proton, and electrons,
respectively. The interaction vertices relevant to this proc-
ess are shown explicitly in Appendix A. Three Mandelstam
variables are defined as

s ¼ ðq1 þ q2Þ2 ¼ ðp1 − p2Þ2; ð14aÞ

t ¼ ðp1 − q1Þ2 ¼ ðq2 þ p2Þ2; ð14bÞ
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u ¼ ðp1 − q2Þ2 ¼ ðq1 þ p2Þ2; ð14cÞ

satisfying the constraint sþ tþ u ¼ m2
Δ þm2

N in the
massless electron limit.

A. Lorentz structure of the amplitude

The decay amplitude can be generically expressed as

M ¼ GūNðp2Þ½Tα
SūLðq1ÞCūTLðq2Þ

− iTα;μν
A ūLðq1ÞσμνCūTLðq2Þ�uαðp1Þ; ð15Þ

where the overall factor G≡ ð2 ffiffiffi
2
p

GFVudÞ2mββh and
σμν ¼ i½γμ; γν�=2. Here, the symmetric and antisymmetric
(under interchange of Lorentz indices μ ↔ ν) hadronic
amplitudes read

Tα
S ¼ ðTα;μν

t þ Tα;μν
u Þgμν; ð16aÞ

Tα;μν
A ¼ Tα;μν

t − Tα;μν
u ; ð16bÞ

where Tα;μν
t and Tα;μν

u denote the components arising from
the t-channel and u-channel contributions. They are related
to each other by the interchange of the momenta q1 and q2,
i.e., Tα;μν

t ↔ Tα;μν
u . Therefore, the antisymmetric hadronic

amplitude Tα;μν
A in Eq. (15) vanishes if q1 ¼ q2, since the

t-channel and u-channel contributions cancel. In this work,
we focus on the symmetric hadronic amplitude Tα

S. It can be
further decomposed into a linear combination of eight
Lorentz structures as

Tα
S ¼ T1qα1 þ T2qα2 þ T3qα1=q2 þ T4qα2=q1 þ T 01q

α
1γ5

þ T 02q
α
2γ5 þ T 03q

α
1=q2γ5 þ T 04q

α
2=q1γ5; ð17Þ

where the coefficients Tð0Þi (i ¼ 1, 2, 3, 4) are structure
functions of the Mandelstam variables s, t, and u. Due to

the symmetry of the two indistinguishable outgoing elec-

trons, Tð0Þ1 and Tð0Þ2 are the same under the interchange

t ↔ u. Similarly, the same symmetry applies to Tð0Þ3 and

Tð0Þ4 . Note that the equations of motion (EOMs) of the Δ
resonance and the nucleon have been used to reduce the
number of independent Lorentz operators, as follows:

γαuαðp1Þ ¼ 0; pα
1uαðp1Þ ¼ 0;

=p1uαðp1Þ ¼ mΔuαðp1Þ; ūNðp2Þ=p2 ¼ mNūNðp2Þ:
ð18Þ

In the case of q1 ¼ q2 ≡ q (i.e., t ¼ u), the symmetric
hadronic amplitude Tα

S in Eq. (17) can be further simplified
to

Tα
SðqÞ ¼ Tqα þ T 0qαγ5 ð19Þ

by applying the Gordon identity, where

T ¼ T1 þ T2 þ
mΔ −mN

2
ðT3 þ T4Þ

¼ 2T1 þ ðmΔ −mNÞT3; ð20aÞ

T 0 ¼ T 01 þ T 02 −
mΔ þmN

2
ðT 03 þ T 04Þ

¼ 2T 01 − ðmΔ þmNÞT 03: ð20bÞ

We refer to the quantities T and T 0 as neutrinoless transition
form factors (TFFs), as they parametrize the hadronic
structure of the neutrinoless Δ → p transition in the
kinematic configuration with collinear electrons. They
provide a convenient, model-independent description of
the underlying QCD dynamics at low energies.

(a) (b) (c) (d)

(e) (f) (g) (h)

FIG. 2. One-loop Feynman diagrams contributing to the 0νββ decay Δ− → pe−e−. Leptons, pions, nucleons and Δs are represented
by solid, dashed, thin double, and thick double lines, respectively. The ΔL ¼ 2 vertex, proportional to the effective Majorana neutrino
mass, is indicated by a black solid square. Crossed diagrams, obtained by interchanging the two final-state electrons, are not shown
explicitly.
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B. Unrenormalized one-loop amplitude
and power counting

In χEFT, the LO contribution to the decay Δ− → pe−e−

arises at one loop. The one-loop Feynman diagrams
relevant to our calculation are displayed in Fig. 2. The
corresponding crossed diagrams, obtainable by interchang-
ing the final electrons, are not shown explicitly. According
to the standard Weinberg power counting rule [59], an
interaction vertex with chiral order i scales asOðpiÞ, a pion
propagator is counted as Oðp−2Þ and a nucleon or Δ
propagator as Oðp−1Þ. Hence, all diagrams in Fig. 2 are of
Oðp3Þ. Furthermore, a charged lepton in an interaction
vertex is assigned to be OðpÞ, following Ref. [39].
Therefore, the symmetric hadronic amplitude Tα

S, defined
in Eq. (15), receives contributions from OðpÞ.
In the process Δ− → pe−e−, the baryon masses mN and

mΔ are hard scales. However, they have a small mass
difference δ ¼ mΔ −mN , which can be assigned asOðpÞ in
the SSE scheme. We take the four-momenta q1, q2 of the
outgoing electrons and the three-momenta p1, p2 of the
nucleons as small quantities, scaling as OðpÞ. Since the
Mandelstam variables t and u lie within the range
m2

N ≤ t; u ≤ m2
Δ, the combinations t −m2

N and u −m2
N

can be counted as OðpÞ, as the counting for the inverse
of the nucleon propagator.

In Eq. (17), the eight Lorentz coefficients Tð0Þi (i ¼ 1, 2,
3, 4) have different chiral orders. Given that the decay

amplitude is Oðp3Þ, the power counting of Tð0Þi is summa-
rized in Table I. Specifically, since q1 ∼ q2 ∼OðpÞ, T1;2

behave as Oðp0Þ, and Tð0Þ3;4 as Oðp−1Þ. The powers of T 01;2
are one order lower than those of T1;2, owing to the
presence of γ5 sandwiched between the baryon spinors
ūNðp2Þ and uαðp1Þ.
We employ FeynCalc [77–79] and FeynHelpers [80] to carry

out symbolic computation of the one-loop Feynman dia-
grams in Fig. 2. The resultant loop amplitudes can be
further expressed as linear combinations of one-loop scalar
integrals by implementing the Passarino-Veltman reduction

procedure [81], which are subsequently evaluated in
dimensional regularization using Package-X [82]. This
computational framework enables an efficient and fully
analytic treatment of the one-loop amplitudes. In this
manner, we obtain the analytical expressions for the
Lorentz coefficients Tð0Þi (i ¼ 1, 2, 3, 4). The full expres-
sions are, however, too lengthy to be presented here.

C. Counterterms

In this subsection, the short-range counterterms are
constructed using a bottom-up approach. The correspond-
ing counterterm diagram is presented in Fig. 3. The
counterterms are needed to cancel the UV divergences
of the one-loop symmetric amplitude Tα

S obtained in the
previous subsection. To that end, the counterterms must
contain the leptonic structure ēLCēTL, the same one that
multiplies Tα

S in Eq. (15). Note that the same leptonic
structure was also adopted in the counterterms for the nn →
ppe−e− process discussed in Ref. [39].
Since any counterterm operator without derivatives act-

ing on the fermion fields must contain a factor of γμΨi
μ,

which vanishes upon employing the EOM for the Δ,
nonvanishing counterterms must involve partial derivatives
acting on the matter fields. In Appendix B, we present a
systematic construction of these operators with one, two,
and three derivatives. Redundant structures are removed
using the EOMs. The resulting set of counterterms is
sufficient to cancel the UV divergences arising from the
one-loop symmetric hadronic amplitude Tα

S considered in
this work.
Specifically, the required counterterm Lagrangian with

correct transformation properties can be written as

Lct ¼ L1;ct þ L2;ct þ L3;ct; ð21aÞ

L1;ct ¼ −iGN̄ð∂⃖μ − ΓμÞðh1 þ h01γ5Þu†τþuτiu†τþuΨi
μēLCēTL þ H:c:; ð21bÞ

L2;ct ¼ −iGN̄γνðh2 þ h02γ5Þu†τþuτiu†τþuΨi
μð∂μēLÞCð∂νēTLÞ þ H:c:; ð21cÞ

L3;ct ¼ −iGN̄ð∂⃖σ − ΓσÞ½gσμgνρðh3a þ h03aγ5Þ þ gσνγμγρðh3b þ h03bγ5Þ�
× u†τþuτiu†τþuΨi

μð∂νēLÞCð∂ρēTLÞ þ H:c:; ð21dÞ

where the subscript i on each Li;ct denotes the number of partial derivatives acting on the fermion fields. The unknown

LECs hð0Þ1 , hð0Þ2 , and hð0Þ3a;3b have mass dimensions of 0, −1, and −2, respectively.

TABLE I. Power counting of the eight Lorentz coefficients and
the two TFFs in our one-loop calculation of the decay amplitude.

T1 T2 T3 T4 T 01 T 02 T 03 T 04 T T 0

Power counting p0 p−1 p−1 p−1 p0 p−1
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With the Lagrangians in Eqs. (21b)–(21d), one obtains
the counterterm amplitude for Δ− → pe−e−, which reads

Mct ¼
ffiffiffi
2
p

GūNðp2Þ½T1;ctqα1 þ T2;ctqα2 þ T3;ctqα1=q2

þ T4;ctqα2=q1 þ T 01;ctq
α
1γ5 þ T 02;ctq

α
2γ5 þ T 03;ctq

α
1=q2γ5

þ T 04;ctq
α
2=q1γ5�uαðp1ÞūLðq1ÞCūTLðq2Þ; ð22Þ

with the coefficients given by

Tð0Þ1;ct ¼ 2hð0Þ1 − ðhð0Þ3a þ hð0Þ3bÞm2
N − hð0Þ3am

2
Δ

þ ðhð0Þ3a þ hð0Þ3bÞtþ hð0Þ3au; ð23aÞ

Tð0Þ2;ct ¼ Tð0Þ1;ctðt ↔ uÞ; ð23bÞ

Tð0Þ3;ct ¼ Tð0Þ4;ct ¼ −ihð0Þ2 : ð23cÞ

Equation (23b) indicates that Tð0Þ2;ct is obtained from Tð0Þ1;ct by
interchanging t and u. According to the naïve power
counting rule, the counterterm in Eq. (22) is Oðp3Þ, where
the coefficients Tð0Þi;ct contribute at the same order as those
listed in Table I. They can be written in the following chiral-
expansion form:

Tð0Þ1;ct ¼ Tð0Þ2;ct ¼ 2hð0Þ1 þOðp1Þ; ð24aÞ

Tð0Þ3;ct ¼ Tð0Þ4;ct ¼ 0þOðp0Þ: ð24bÞ

In the case of t ¼ u, one readily obtains the counterterms
for the TFFs T and T 0 defined in Eq. (20), as follows:

Tct ¼ 2
ffiffiffi
2
p
½2h1 − ðh3a þ h3bÞm2

N − h3am2
Δ þ ð2h3a þ h3bÞt� − ih2ðmΔ −mNÞ ¼ 4

ffiffiffi
2
p

h1 þOðp1Þ; ð25aÞ

T 0ct ¼ 2
ffiffiffi
2
p
½2h01 − ðh03a þ h03bÞm2

N − h03am
2
Δ þ ð2h03a þ h03bÞt� þ ih02ðmΔ þmNÞ ¼ 0þOðp0Þ: ð25bÞ

D. UV divergences and renormalization

Having established the necessary counterterms, we now proceed to address the cancellation of UV divergences. The UV-
divergent terms of the symmetric hadronic amplitude Tα

S can be expressed as

Tα;UV
S ¼ −R½TðUVÞ1 qα1 þ TðUVÞ2 qα2 þ TðUVÞ3 qα1=q2 þ TðUVÞ4 qα2=q1 þ T 0ðUVÞ1 qα1γ5 þ T 0ðUVÞ2 qα2γ5 þ T 0ðUVÞ3 qα1=q2γ5 þ T 0ðUVÞ4 qα2=q1γ5�;

ð26Þ

where R ¼ −2=ð4 − dÞ þ γE − 1 − logð4πÞ, with d the dimension of spacetime and γE the Euler constant. The coefficients
from the one-loop diagrams of Fig. 2 are given by

TðUVÞ1 ¼ 25m2
Δ − 6m2

N − 3mΔmN − tþ 3uþ 12M2
π

576
ffiffiffi
2
p

π2m2
Δ

; ð27aÞ

TðUVÞ3 ¼ TðUVÞ4 ¼ mN −mΔ

144
ffiffiffi
2
p

π2m2
Δ
; ð27bÞ

T 0ðUVÞ1 ¼ 108gAm2
Δ þ g1ð17m2

Δ − 5m2
N þ 14mΔmN þ 7tþ 5uþ 6M2

πÞ
1728

ffiffiffi
2
p

π2m2
Δ

; ð27cÞ

T 0ðUVÞ3 ¼ T 0ðUVÞ4 ¼ g1ð3mΔ − 2mNÞ
864

ffiffiffi
2
p

π2m2
Δ

: ð27dÞ

The UV divergent terms Tð0ÞðUVÞ2 can be obtained from Tð0ÞðUVÞ1 by interchanging t and u. These UV divergences can be
canceled by the Δ− → pe−e− counterterm given in Eq. (22). To that end, the LECs are split as

FIG. 3. Feynman diagram for the counterterm of Δ− → pe−e−.
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hð0Þi ¼ δhð0Þi Rþ hð0ÞRi ; i ¼ 1; 2; 3a; 3b; ð28Þ

where the first term δhð0Þi R exactly cancels the UV diver-
gences from the loop diagrams. At the orders listed in
Table I,

TðUVÞ1 ¼ TðUVÞ2 ¼ 1

32
ffiffiffi
2
p

π2
; ð29Þ

and all other coefficients are zero. The shifts δhð0Þi are
determined to be

δh1 ¼
1

128π2
; δh0R1 ¼ 0;

δhð0Þi ¼ 0 for i ¼ 2; 3a; 3b: ð30Þ

The remaining parts hð0ÞRi in Eq. (28) correspond to the UV-
renormalized LECs. Their expected magnitude can be
estimated using naïve dimensional analysis [83]. Under

the assumption of naturalness, the renormalized LECs hð0ÞRi

are expected to be of the same order of magnitude as δhð0Þ.
Given the only nonzero δh1, we expect

jhð0ÞR1 j ∼mN jhð0ÞR2 j ∼m2
N jhð0ÞR3a;3bj ∼

1

128π2
: ð31Þ

With these estimates, the corresponding short-range con-
tributions to the form factors are

jTctj ∼
1

16
ffiffiffi
2
p

π2
þOðp1Þ; ð32aÞ

T 0ct ∼ 0þOðp0Þ: ð32bÞ

Nevertheless, the precise values of these LECs need be
determined through future LQCD calculations.
It is well known that the notable power-counting-breaking

(PCB) problem arises from the presence of internal matter-
field propagators in loops [84]. For Δ− → pe−e−, however,
no PCB terms appear once the Lorentz decomposition of Tα

S
is organized as in Eq. (17). Other decompositions may still
generate intermediate PCB pieces, but the physical ampli-
tude can be cast into a PCB-free form. Consequently, a finite
renormalization procedure, using, e.g., the extended-on-
mass-shell scheme [85], is unnecessary here, in contrast
to the case of hyperon 0νββ decays [86].

IV. PION MASS DEPENDENCE

In this section, we present the pion mass dependence of
the symmetric amplitude Tα

S defined in Eq. (15) from the
loop diagrams shown in Fig. 2. In our numerical compu-
tation, the electron mass is set to zero, since its value is much
smaller than the pion mass. The nucleon mass is taken to be

the average of the neutron and proton masses, while the Δ
mass is set to be mΔ ¼ 1.210 GeV [68]. For Δ− → pe−e−,
the allowed kinematical region in the t-u plane is shown as
the gray area in Fig. 4. The black short-dashed line
corresponds to t ¼ u. To illustrate the pion mass depend-
ence, we select three representative kinematical points along
this line:

(i) Point A: s ¼ smax ¼ δ2, for which the three-body
phase-space constraint forces t and u to be equal to
mΔmN . Namely, for this preferred s value, the
allowed kinematic region collapses to the single
blue point in Fig. 4.

(ii) Point B: s ¼ smax=2, t ¼ u ¼ ðmΔ þmNÞ2=4,
shown as the black point in Fig. 4.

(iii) Point C: s ¼ smin ¼ 0, t ¼ u ¼ ðm2
Δ þm2

NÞ=2,
shown as the red point in Fig. 4.

We can ignore the pion mass dependence of mΔ and mN , as
this amounts to a higher-order correction. Consequently,
the mass difference δ is a constant independent of Mπ .

A. Chiral extrapolation of decay amplitude

In the kinematic configuration t ¼ u, the antisymmetric
hadronic amplitude Tα;μν

A in Eq. (15) vanishes and only the
symmetric part Tα

S survives. Tα
S can be generically decom-

posed as Eq. (17). With t ¼ u, it can be further simplified to
the form in Eq. (19), which involves only two independent
Lorentz structures, i.e., the TFFs T and T 0. T involves no
LECs and originates only from diagrams (a), (c), (e), and (f)
of Fig. 2, whereas T 0 depends on the LECs gA and g1 and
receives contributions from all the eight Feynman diagrams.

0.9 1.0 1.1 1.2 1.3 1.4

0.9

1.0

1.1

1.2

1.3

1.4

FIG. 4. Kinematically allowed region of the Δ− → pe−e−

phase space in the u-t plane. The red dashed line corresponding
to smin coincides with the upper bound of u in terms of t, while the
blue dashed line corresponding to smax intersects the allowed
region only at the blue point with u ¼ t. The black dashed line
corresponds to the case u ¼ t. The black and red points denote
the kinematic configuration with u ¼ t at s ¼ smax=2 and
s ¼ smin, respectively.
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Note that no pion propagators occur in Figs. 2(a) and 2(e).
Therefore, their contributions are pion-mass independent
when the pion-mass dependence of the nucleon and Δ
masses are neglected. Furthermore, they are weakly depen-
dent on s, since

TðaÞ ≃ −0.003; T 0ðaÞ ≃ −0.005; ð33aÞ

TðeÞ ≃ 0.010þ 0.006i; T 0ðeÞ ≃ 0.013þ 0.0075i; ð33bÞ

for any s∈ ½smin; smax�.
The pion mass dependence of T and T 0 is presented in

Fig. 5 for the three aforementioned kinematical points. The
TFFs from Figs. 2(a)–2(c) are real. All other diagrams yield
complex TFFs. The imaginary part arises when at least two
internal propagators can be put on shell simultaneously.
The enhancements of imaginary parts, due to threshold
cusps and triangle singularities (for a review, we refer to
Ref. [87]), will be examined in detail in the next subsection.
As can be seen from the left panel of Fig. 5, the pion-

mass dependence of T for different values of s remains
comparable in magnitude and shows weak sensitivity to the
specific choice of s, except near the threshold at Mπ ¼ δ.
On the one hand, the imaginary part Im[T] receives
contributions only from Figs. 2(e) and 2(f), where diagram
Fig. 2(e) provides a constant contribution. The pion mass
dependence of Im½T� only arises from Fig. 2(f). The
magnitude is greatly enhanced near Mπ ¼ δ due to the
presence of a triangle singularity, which is the leading
Landau singularity [88] of triangle diagram. On the other
hand, the real part Re½T� gets contributions from
Figs. 2(a), 2(c), 2(e), and 2(f), as shown individually in
Fig. 6. Likewise, there exists a large enhancement for
Mπ > δ, caused by a nearby triangle singularity stemming
from Fig. 2(f). In the chiral limit (Mπ → 0), Figs. 2(c)

and 2(f) individually yield logarithmic divergences ∝
logMπ with opposite signs. Their near cancellation leaves
a residual logMπ divergence whose coefficient is highly
suppressed. Consequently, this divergence is not visible
in the left panel of Fig. 5, particularly for the red curve
(s ¼ smin).
As can be seen from the right panel of Fig. 5, the line

shapes of T 0 depend only weakly on s for Mπ > δ, but
strongly for Mπ < δ. This strong dependence originates
from threshold cusps at Mπ ¼ δ=2 (s ¼ smax) and Mπ ¼
δ=

ffiffiffi
8
p

(s ¼ smax=2). The numerical values of T 0 are larger
than those of T by about 1 order of magnitude, in line with
the power counting specified in Table I. The individual
contributions from the loop diagrams to T 0 are analyzed as
follows: (i) Figs. 2(a) and 2(e) yield pion-mass-independent
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FIG. 5. Pion mass dependence of T (left) and T 0 (right) defined in Eq. (20). The solid and dashed lines are the real and imaginary parts
for s ¼ smax (blue lines), s ¼ smax=2 (black lines), and s ¼ smin ¼ 0 (red lines) in the case of u ¼ t. The vertical gray dotted line is the
mass difference δ ¼ mΔ −mN . The vertical blue and black dotted lines are the positions where cusps arise in Figs. 2(d) and 2(h). The
light-red (real part) and light-blue (imaginary part) bands indicate the regions between the curves corresponding to smax and smin on the
left panel.
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FIG. 6. Pion mass dependence of the real part of T from Figs.
2(a) (blue dotted line), 2(c) (orange band), 2(e) (blue dashed line),
and 2(f) (gray band). The blue and red lines are for s ¼ smax and
s ¼ smin, respectively.
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contributions that are negligible [see Eqs. (33a) and (33b)].
(ii) The contributions from Figs. 2(b), 2(c), 2(f), and 2(g)
are displayed separately in Fig. 7. Among those, diagrams
(b) and (c) are negligible while both (f) and (g) provide
sizable contributions. The cusplike structures in T 0ðfÞ are
caused by the πN threshold and a nearby triangle singu-
larity. (iii) Figs. 2(d) and 2(h), shown in Fig. 8, exhibit
similar pion-mass dependence. However, the contribution
from diagram (h) is approximately an order of magnitude
larger. Both diagrams feature threshold cusps at Mπ ¼ δ=2
(for s ¼ smax) and at Mπ ¼ δ=

ffiffiffi
8
p

(for s ¼ smax=2).
Diagram (g) additionally produces a cusplike structure at
Mπ ¼ δ, resulting from threshold and a proximate triangle
singularity.
The above analysis shows that the contributions to T and

T 0 from Figs. 2(a)–2(d), which contain a Δ propagator,
remain much smaller than the total amplitude over most of
the pion-mass range considered, in particular for small pion
masses. Although these diagrams are not suppressed by
power counting, their smaller numerical impact is consis-
tent with an additional suppression associated with the

Δ-nucleon mass splitting δ when δ is larger than the pion
mass [89].
For a concrete comparison near the physical point,

Fig. 9 shows the evaluated contributions at Mπ ¼ δ=2 ¼
0.136 GeV. All diagrams are included, with the following
exceptions: contributions to T from Figs. 2(b), 2(d), 2(g),
and 2(h) vanish identically and are therefore not plotted.

B. Threshold cusp and triangle singularity

In this subsection, we discuss in more detail the thresh-
old cusp and triangle singularity that appear in the Feynman
diagrams Figs. 2(d), 2(f), and 2(h). As the two simplest
classes of Landau singularities of loop diagrams, their
locations are determined entirely by particle kinematics,
such as masses and energies, regardless of the reaction
dynamics. These phenomena originate from processes for
which each individual vertex of a loop diagram can be
viewed as a classical process (i.e., intermediate particles go
on shell and satisfy further kinematical conditions) [90],
and are systematically described by the Landau equations
[88]. The threshold cusp arises from a square-root branch

FIG. 7. Pion mass dependence of the real (left) and imaginary (right) parts of T 0 from Figs. 2(b) (dot-dashed line), 2(c) (dotted line), 2
(f) (gray band) and 2(g) (orange band). The blue and red lines are for s ¼ smax and s ¼ smin ¼ 0. The imaginary parts from diagrams (b)
and (c) are zero.

FIG. 8. Pion mass dependence of T 0 with t ¼ u from Figs. 2(d) (left) and 2(h) (right). The imaginary parts are shown as the insets.
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point at a two-body threshold and produces a cusp structure
in an S-wave amplitude. The triangle singularity arises
when three intermediate particles in a loop simultaneously
satisfy on-shell conditions and are collinear, producing a
logarithmic singularity in the amplitude. For further details,
see Refs. [87,91].
In Figs. 2(d) and 2(h), the two intermediate pions in the

loops can go on shell simultaneously when
ffiffiffi
s
p

≥ 2Mπ . This
produces a cusp in the vicinity of Mπ ¼

ffiffiffi
s
p

=2, as shown in
Fig. 8. For Fig. 2(d), it also gives rise to the imaginary part of
T 0 for Mπ <

ffiffiffi
s
p

=2. For Fig. 2(h), it significantly enhances
both the existing real and imaginary parts.
In Figs. 2(f) and 2(h), the intermediate pion-nucleon pair,

attached to the initialΔ, becomes simultaneously on shell if
mΔ ≥ Mπ þmN . This leads to a threshold cusp at
Mπ ¼ mΔ −mN ¼ δ, visible in Figs. 6–8. The cusp
observed here is markedly sharper than its counterpart in
Ref. [92] (see Fig. 5 therein), due to amplification by a
proximate triangle singularity. Such a singularity arises
when the intermediate pion, neutrino, and nucleon can be
on shell concurrently, and the neutrino moves along the
same direction as the nucleon and moves faster than the
nucleon in the Δ rest frame, for the following specific
ranges of Mπ , t, and u [87], as follows:

0 ≤ Mπ ≤ mΔ −mN ¼ δ; ð34aÞ

m2
N ≤ t; u ≤ m2

N þmNMπ ≤ mΔmN; ð34bÞ

where we have setme ¼ 0,mν ¼ 0. As for Fig. 2(h), which
is a box diagram, triangle singularity is its subleading
Landau singularity and occurs by shrinking the pion
propagator attached to the final-state nucleon to a point.
The kinematic location of triangle singularity is determined
by solving [87,93]1

λ1=2ðm2
Δ; u; 0Þλ1=2ðm2

Δ; m
2
N;M

2
πÞ ¼ ðm2

Δ −m2
NÞðm2

Δ − uÞ
−M2

πðm2
Δ þ uÞ; ð35Þ

where u and Mπ are constrained by Eqs. (34), and
λðx; y; zÞ ¼ x2 þ y2 þ z2 − 2xy − 2xz − 2yz is the Källén
function. Solving for M2

π yields the explicit expression in
terms of u, as follows:

M2
π ¼ ðm2

Δ − uÞðu −m2
NÞ=u: ð36Þ

The corresponding solution as a function of t is obtained by
replacing u with t. Both relations are plotted against Mπ in
Fig. 10. In the special case t ¼ u, the kinematically allowed
region is restricted to mΔmN ≤ t ¼ u ≤ ðm2

Δ þm2
NÞ=2,

indicated by the light blue band in Fig. 10. Within this
band, the triangle singularity condition is satisfied only at
the blue point, corresponding to Mπ ¼ δ and
t ¼ u ¼ mΔmN ; this point matches the blue point shown
in Fig. 4. Consequently, a logarithmic divergence appears at
Mπ ¼ δ for s ¼ smax, whereas only finite peaks occur for
s ¼ smax=2 and s ¼ smin in Fig. 5.
In general, threshold cusps and triangle singularities are

sensitive to the invariant mass of the initialΔ resonance and
may arise only when it lies above the πN threshold. When
the elementary Δ− → pe−e− transition is embedded into
the process nn → ppe−e− within a nuclear environment,
the corresponding transition operator must be convolved
with the nuclear wave functions over the nucleon momen-
tum distribution. The nucleons in stable nuclei have
momentum distributions concentrated at relatively low
momenta, and furthermore they cannot go on shell.
Thus, the nuclear kinematics cannot provide sufficient
momentum to satisfy the Landau conditions required for
the triangle singularities to be on the physical boundary [90].
Consequently, the associated enhancement may be sup-
pressed or even absent in the nuclear process. A quantitative
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FIG. 9. Contributions to T (left) and T 0 (right) from each diagram in Fig. 2 atMπ ¼ δ=2 for s ¼ smax (upper) and s ¼ smin (lower). The
real and imaginary parts are denoted by blue and red dots.

1In Eq. (1.28) of Ref. [93], the 2m2
3 should be 2sm2

3.
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assessment of these effects requires a dedicated nuclear
many-body calculation.

C. Real decay amplitude in the limit mΔ → mN

In Figs. 2(e)–2(h), the intermediate nucleon and neutrino
can always be simultaneously on-shell, resulting in com-
plex decay amplitudes as shown in Fig. 5. Lattice calcu-
lations, however, only access real amplitudes. To produce
predictions that can be compared with future lattice studies,
we therefore consider the limit mΔ → mN , where the
amplitudes become purely real. When mΔ ¼ mN , the
allowed three-body phase space in Fig. 4 shrinks to a
single point at u ¼ t ¼ m2

N .
The decay amplitude defined in Eq. (15) can be recast as

Mt¼u ¼ G½ūNðp2ÞqμðT þ T 0γ5Þuμðp1Þ�½ūLðqÞCūTLðqÞ�;
ð37Þ

where the two final electrons have the same momentum q.
In addition, as mentioned in Sec. III B, the presence of γ5
between the baryon spinors ūNðp2Þ and uμðp1Þ leads to
cancellation of the hard scales mΔ and mN . In the limit of
mΔ ¼ mN , the bilinear ūNðp2Þγ5uμðp1Þ is now identically
zero. The decay amplitude can be further reduced to

Mt¼u ¼ G½ūNðp2ÞqμTuμðp1Þ�½ūLðqÞCūTLðqÞ�; ð38Þ

where the TFF T can be decomposed into short- and long-
range parts as

T ¼ TSR þ TLR: ð39Þ

In fact, TSR and TLR are simply the counterterm and one-
loop contributions, respectively. Their explicit expressions

are given by

TSR ¼ 4
ffiffiffi
2
p

hR1 ; ð40aÞ

TLR¼
1

288
ffiffiffi
2
p

π2m6
N

�
ð10M4

πm2
N −30M2

πm4
N −M6

πþ18m6
NÞ

×log
M2

π

m2
N
þ6m4

Nð2M2
πþ3m2

NÞ log
μ2

M2
π

þm2
Nð3m2

N −2M2
πÞð12m2

N −M2
πÞ

−2Mπð4m2
N −M2

πÞ5=2 log
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

π −4m2
N

p
þMπ

2mN

�
;

ð40bÞ

where μ denotes the renormalization scale, which is
typically chosen to be of order mN. From the naturalness
estimate in Eq. (32a), the short-range contribution, TSR ¼
Tct ∼ 1=ð16 ffiffiffi

2
p

π2Þ is comparable in magnitude to the long-
range contributions. In the chiral limit Mπ → 0, the
logarithmic divergences in the first and second lines of
Eq. (40b) cancel with each other, leading to the finite TFF

T ¼ 4
ffiffiffi
2
p

hR1 þ
1

16
ffiffiffi
2
p

π2

�
log

μ2

m2
N
þ 2

�
: ð41Þ

The pion mass dependence of TLR is displayed in
Fig. 11, plotted alongside the individual contributions from
Figs. 2(a), 2(c), 2(e), and 2(f). Marked cancellations among
these contributions result in a net TLR that is smaller in
magnitude than any single one. Near the physical pion
mass, Mπ ¼ δ=2, all the four contributions are of

0.00 0.05 0.10 0.15 0.20 0.25 0.30

0.9

1.0

1.1

1.2

FIG. 10. Pion mass dependence of the triangle-singularity
condition for t and u (red line) arising from Feynman diagrams
in Figs. 2(f) and 2(h). The vertical gray dashed line is the
corresponding upper bound of Mπ . The light-blue band repre-
sents the allowed phase-space region for u ¼ t bounded by smax
and smin. The blue point represents the only triangle-singularity
position for u ¼ t.

FIG. 11. Pion mass dependence of the long-range contribution
to T (black solid line) and the individual contributions from
Figs. 2(a) (blue dashed line), 2(c) (magenta dashed line), 2(e) (red
dashed line), and 2(f) (purple dashed line) with u ¼ t ¼ m2

N in the
degenerate limit mΔ ¼ mN .
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comparable size. Contributions from Figs. 2(a) and 2(c) are
strongly enhanced owing to the Δ-nucleon mass degen-
eracy, while TðcÞ and TðfÞ exhibit logarithmic divergences
at Mπ ¼ 0.
The degenerate limit is particularly interesting for lattice

QCD studies because it simplifies the kinematics and
avoids complications associated with the unstable nature
of the Δ resonance. Given the success of LQCD calcu-
lations of the 0νββ transition of ππ [94–96], it is natural to
extend such studies to the Δ− → pe−e− decay. Although
this degenerate limit is unphysical, it could be realized by
tuning mu > md, and future lattice simulations could
nevertheless provide a valuable test of our predictions
and help constrain the associated unknown LECs.

D. Estimated contribution to πn → pe− e− via Δ
exchange

The transition πn → pe−e− contributes to the elemen-
tary process nn → ppe−e− when the pion is connected to
external nucleon lines. We therefore estimate the contri-
bution of the diagram in Fig. 1 to the nn → ppe−e−

process by comparing the subprocess πn → Δ− → pe−e−

with the contact transition πn → pe−e− in Ref. [39]. For
the case of symmetric final-state electrons where they have
the same four-momenta, the amplitude for πn → Δ− →
pe−e− is proportional to

MΔ ∼
h2

F0

Tð2
ffiffiffi
2
p

GFVudÞ2mββqμpπνūpðppÞ

× SμνΔ unðpnÞūLðqÞCūTLðqÞ; ð42Þ

where T is the TFF defined in Eq. (20a), SμνΔ is the Δ
propagator, and pπ is the four-momentum of the incoming
pion. Counting the Δ propagator as Oðp−1Þ and the
electron four-momentum q as OðpÞ, Eq. (42) can be
estimated as

MΔ ∼
h2

F0

Tð2
ffiffiffi
2
p

GFVudÞ2mββp
μ
πūpðppÞ

× γμunðpnÞūLðqÞCūTLðqÞ: ð43Þ

This can be matched onto the effective short-range coupling
gπNν for the contact transition πn → pe−e− [39], yielding

gπNν ¼
64

ffiffiffi
2
p

π2h2

g0A
T ∼Oð10Þ; ð44Þ

where we have taken T ∼ 0.01 (see Fig. 11). No reliable
estimate of gπNν is currently available. A phenomenological
constraint based on NN scattering gives jgπNν j≲ 61 [97]
consistent with this estimate. Our estimate suggests that
the explicit Δ-exchange makes a sizeable contribution
to the corresponding contact contribution in the Δ-less

formulation. Since the ρ− exchange, with the ρ− coupled to
the nucleons on one vertex and to e−ν̄e on the other,
does not contribute to the short-range contact term, the
Δ-exchange may be regarded as a resonance saturation
estimate of gπNν .

V. SUMMARY

Neutrinoless double-beta decay provides a unique probe
of the Majorana nature of neutrinos and constraining the
effective neutrino mass, thereby testing LNV beyond
the SM. Numerous experiments have been dedicated to
the search for nuclear 0νββ decays across multiple isotopes,
where the elementary subprocess nn → ppe−e− plays a
central role. The transition potential for nn → ppe−e− has
been derived in Δ-less χEFT up to NNLO in previous
works, whereas a Δ-full calculation remains unavailable.
Owing to its strong coupling to the πN system, the
exchange of an intermediate Δ resonance, as illustrated
in Fig. 1, is expected to contribute significantly to this
process. The intermediate Δ-exchange mechanism enters at
NNLO in Weinberg power counting, the same order as the
long-range operators derived in the conventional Δ-less
formulation of χEFT in Ref. [39]. Therefore, it is not
parametrically suppressed with respect to the previously
known NNLO contributions. A quantitative assessment of
the corresponding contribution to the nuclear nn →
ppe−e− transition requires embedding the elementary
transition operator into a nuclear many-body calculation.
In this work, we initiate a Δ-full treatment of nn →
ppe−e− by studying the 0νββ decay of Δ− → pe−e−.
Such a development is essential for determining the
contribution of the Δ resonance to the nn → ppe−e−

transition matrix element, a key component in the theo-
retical analysis of nuclear 0νββ decays.
We have calculated the decay amplitude of Δ− → pe−e−

at one-loop level, i.e., Oðp3Þ, in the framework of relativ-
istic χEFT. The symmetric hadronic part of the decay
amplitude is decomposed into a Lorentz-invariant basis
with eight structure functions. We renormalize the ampli-
tude within dimensional regularization using the MS − 1
subtraction scheme. The renormalized amplitude contains
both long-range and short-range contributions. The long-
range contribution arises from the exchange of light
Majorana neutrinos through the low-energy realization of
Weinberg’s dimension-five operator. The short-range con-
tribution is encoded in counterterms, which also serve to
cancel the loop-induced UV divergences. We construct all
necessary counterterm operators and remove redundant
structures using the EOMs. We find that the UV diver-
gences in loops can indeed be exactly canceled by the
counterterms.
For the kinematic configuration t ¼ u, where the final

two electrons are collinear, effectively behaving as a single
composite particle, the eight hadronic structure functions
reduce to two TFFs, T and T 0. We find that T is independent
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of any LECs, while T 0 depends on the axial coupling gA and
the coupling g1. The pion mass dependence of the TFFs at
three representative kinematic points, s ¼ smax ¼ δ2, s ¼
smax=2 and s ¼ smin ¼ 0, are explored. There are signifi-
cant enhancements caused by the threshold cusps and
triangle singularities from Figs. 2(d), 2(f), and
2(h). A diagram-by-diagram analysis further shows that,
in the symmetric kinematics t ¼ u, the contributions with
an explicit Δ propagator are numerically subleading over
most of the pion-mass range considered.
Finally, we addressed the implications for LQCD. For

large unphysical pion masses (Mπ > mΔ −mN), the Δ
becomes stable against strong decays, making the calcu-
lation of Δ− → pe−e− feasible on the lattice. However, an
imaginary part is present in the decay amplitude at the
physical Δ mass for any pion mass, because the neutrino
and nucleon in the loops can go on shell simultaneously.
We therefore investigated the decay amplitude in the
degenerate Δ-nucleon mass limit mΔ → mN , where only
the TFF T contributes. The explicit expressions of the
short- and long-range contributions are obtained in
Eqs. (40). The short-range part depends on the overall
factorG and the renormalized LEC hR1 , which remains to be
determined by future lattice simulations. In contrast, the
long-range contribution is predicted entirely in terms of G
and the known baryon and pion masses, offering a testable
benchmark for future lattice calculations.
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APPENDIX A: INTERACTION VERTICES

In this Appendix, we give the interaction vertices from
the chiral effective Lagrangians, which are needed in our
calculations. The interaction among pions, electrons, and
electron neutrinos at LO is determined by the pion decay
constant in the chiral limit F, the Fermi coupling constant
GF, and the dimensionless CKM matrix element Vud. The
Lagrangian for π− → e−Lν̄L is

Lð2Þππ ⊃ Lπ→eν ¼ 2FGFVud∂μπ
−ēLγμνL: ðA1Þ

The interaction for nucleons and pions at LO is determined
by F and the dimensionless axial coupling constant gA. The
Lagrangian for n → pπ− is

Lð1ÞπN ⊃ Ln→pπ ¼
gAffiffiffi
2
p

F
∂μπ

þp̄γμγ5n: ðA2Þ

The interaction among nucleons, electrons, and electron
neutrinos at LO is determined by GF, Vud, and gA. The
Lagrangian for n → pe−Lν̄L is

Lð1ÞπN ⊃ Ln→peν ¼ −
ffiffiffi
2
p

GFVudēLγμνLp̄γμð1 − gAγ5Þn:
ðA3Þ

The Lagrangian at LO for the interaction ofΔ isobars, pions,
and leptons is given in Eq. (11). The interaction forΔ isobars
and pions is determined by F and three dimensionless
coupling constants, g1, g2, and g3. The Lagrangian forΔ− →
Δ0π− is

Lð1ÞπΔ ⊃LΔ−→Δ0π ¼−
ffiffiffi
2
p
ffiffiffi
3
p

F
∂απ

þΔ̄0
μ

�
g1
2
γαγ5gμν

þg2
2
ðγμgναþ γνgμαÞγ5þ

g3
2
γμγαγ5γ

ν

�
Δ−

ν :

ðA4Þ

The interaction for Δ isobars, electrons, and electron
neutrinos is determined by GF, Vud, g1, g2, g3, and the
arbitrary parameter A. The Lagrangian for Δ− → Δ0e−Lν̄L is
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Lð1ÞπΔ ⊃ LΔ−→Δ0eν ¼
2

ffiffiffi
2
p
ffiffiffi
3
p GFVudΔ̄0

μ

�
3

2

�
γαgμν þ Aðγμgνα þ γνgμαÞ þ

1

2
ð3A2 þ 2Aþ 1Þγμγαγν

�

−
g1
2
γαγ5gμν −

g2
2
ðγμgνα þ γνgμαÞγ5 −

g3
2
γμγαγ5γν

�
ēLγανLΔ−

ν : ðA5Þ

The Lagrangian at LO for the interaction ofΔ isobars, nucleons, pions, and leptons is given in Eq. (13), where there is one new
coupling constant h. The interaction for Δ isobars, nucleons, and pions is determined by the pion decay constant F, h, and the
arbitrary parameter z. The Lagrangian for the decay Δ → Nπ− is

Lð1ÞπNΔ ⊃ LΔ→Nπ ¼
h
F
∂μπ

þn̄ðgμν þ zγμγνÞΔ−
ν þ

hffiffiffi
3
p

F
∂μπ

þp̄ðgμν þ zγμγνÞΔ0
ν: ðA6Þ

The interaction for Δs, nucleons, and leptons is determined by h, GF, Vud, and z. The Lagrangian for Δ → Ne−LνL is

Lð1ÞπNΔ ⊃ LΔ→Neν ¼ 2hGFVudēLγμνLn̄ðgμν þ zγμγνÞΔ−
ν þ

2hffiffiffi
3
p GFVudēLγμνLp̄ðgμν þ zγμγνÞΔ0

ν: ðA7Þ

Finally, for easy reference, we also show the propagator for the Δ field, which reads

SμνΔ ¼ −
=pþmΔ

p2 −m2
Δ þ iϵ

�
gμν −

1

3
γμγν þ 1

3mΔ
ðpμγν − γμpνÞ − 2

3m2
Δ
pμpν

�

þ 1

3m2
Δ

1þ A
1þ 2A

��
A

1þ 2A
mΔ −

1þ A
2ð1þ 2AÞ =p

�
γμγν − γμpν −

A
1þ 2A

pμγν
�
: ðA8Þ

It reduces to the first line if A ¼ −1.

APPENDIX B: CONSTRUCTION OF
COUNTERTERM LAGRANGIANS

There are three relevant terms with a single partial
derivative acting on either the nucleon, the Δ isobar, or
the two indistinguishable electrons. Because the electrons
are identical, q1 and q2 must be symmetric in the Feynman
rules. The only symmetric combination is proportional to
qμ1 þ qμ2, which is equivalent to pμ

1 − pμ
2. Using the EOM

for the Δ, it further reduces to pμ
2. Therefore, the indepen-

dent counterterm Lagrangian with one derivative takes the
form

L1;ct ¼ GN̄ð ∂ μ − ΓμÞðh1 þ h01γ5Þu†τþuτiu†τþuΨi
μēLCēTL

þ H:c:; ðB1Þ

where u†τþuτiu†τþu has been inserted between the fields
to reproduce the correct chiral transformation properties
and h1 and h01 are dimensionless coupling constants. We
have factored out G ¼ ð2 ffiffiffi

2
p

GFVudÞ2mββh to get similar
form as the amplitude in Eq. (15) and to facilitate the
power-counting analysis.
When two partial derivatives are included in the counter-

term Lagrangian, there are three possibilities:

(a) Both partial derivatives act on the nucleon field. Using
the EOM for the nucleon, this term can be reduced to
the same form as that in Eq. (B1) and is therefore
redundant.

(b) One partial derivative acts on the nucleon field and the
other on the Δ field. This term is also equivalent to
Eq. (B1) and is therefore redundant.

(c) Both partial derivatives act on the electron fields:

L2;ct ¼ GN̄γνðh2 þ h02γ5Þu†τþuτiu†τþuΨi
μð∂μēLÞ

× Cð∂νēTLÞ þ H:c:: ðB2Þ

Other possible structures, such as a term proportional
to ð∂μ∂νēLÞCēTL, are equivalent to Eq. (B2) upon the
use of the EOMs and up to total derivatives.

When three partial derivatives are included in the
counterterm Lagrangian, there are five possibilities:
(a) All partial derivatives act on the nucleon field.

Applying the EOMs, this term can be reduced to
the same form as that in Eq. (B1) and is therefore
redundant.

(b) Two partial derivatives act on the nucleon field and the
other one on the Δ field, as follows:
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F000ct;b ¼ ð∂μ∂νN̄Þγργντþτiτþð∂ρΨi
μÞēLCēTL

þ H:c:; ðB3Þ

where we omit the chiral connection Γμ and pion field
u for simplicity.

(c) One partial derivative acts on the nucleon field and the
other two on the Δ field. This term can be reduced to
the same form as that in Eq. (B1) and is therefore
redundant.

(d) One partial derivative acts on the nucleon field and the
other two on the electron fields, as follows:

F000ct;dð1Þ ¼ ð∂μN̄ÞτþτiτþΨi
μð∂νēLÞCð∂νēTLÞ þ H:c:;

ðB4aÞ

F000ct;dð2Þ ¼ ð∂νN̄ÞγμγρτþτiτþΨi
μð∂νēLÞCð∂ρēTLÞ þ H:c:;

ðB4bÞ

F000ct;dð3Þ ¼ ð∂νN̄ÞγργντþτiτþΨi
μð∂μēLÞCð∂ρēTLÞ þ H:c::

ðB4cÞ

(e) One partial derivative acts on the Δ field and the other
two on the electron fields, as follows:

F000ct;eð1Þ ¼ N̄γμγρτ
þτiτþð∂νΨi

μÞð∂νēLÞCð∂ρēTLÞ þ H:c:;

ðB5aÞ

F000ct;eð2Þ ¼ N̄γνγρτ
þτiτþð∂νΨi

μÞð∂μēLÞCð∂ρēTLÞ þ H:c::

ðB5bÞ

However, these possible operators are not all linearly
independent once the EOMs are applied: only two inde-
pendent structures remain. We choose the first two forms
F000ct;dð1Þ; F

000
ct;dð2Þ in scenario (d) as independent counterterm

structures for Δ → pe−e− transition with three partial
derivatives. The corresponding Lagrangians with correct
transformation properties can be written as

L3;ct ¼ GN̄ð∂⃖σ − ΓσÞ½gσμgνρðh3a þ h03aγ5Þ
þ gσνγμγρðh3b þ h03bγ5Þ�
× u†τþuτiu†τþuΨi

μð∂νēLÞCð∂ρēTLÞ þ H:c:; ðB6Þ

where hð0Þi ði ¼ 3a; 3bÞ are coupling constants with mass
dimension −2.
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