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We study the near-threshold exclusive photoproduction of heavy vector mesons (quarkonia J=ψ and ϒ)
off the proton within the framework of generalized parton distribution (GPD) factorization. The gluon
GPDs are computed using a spectator model in which the proton emits a gluon and the remaining
constituents are treated as a single spectator particle. Model parameters are determined by fitting the gluon
unpolarized and helicity collinear parton distribution functions from global analyses. We compare our
results with the latest near-threshold J=ψ production data from the GlueX and J=ψ -007 experiments at
Jefferson Laboratory, finding good agreement for both differential and total cross sections. Predictions are
also provided for ϒ photoproduction, which can be tested at future electron-ion colliders.
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I. INTRODUCTION

Understanding the gluonic structure of hadrons is a
central goal in QCD and hadronic physics. Gluons, which
mediate the strong interaction, dominate the nonperturba-
tive dynamics inside hadrons. However, because they do
not couple directly to electroweak probes, gluon distribu-
tions are more difficult to access experimentally than those
of quarks. Near-threshold exclusive photoproduction of
heavy quarkonia, such as J=ψ and ϒ, has emerged as a
particularly promising channel for probing gluon distribu-
tions in nucleons [1–8]. In the heavy-quark limit, contri-
butions from light quarks are strongly suppressed, and the
process proceeds predominantly through gluon exchange
[9]. Near threshold, the cross section is sensitive to the
gluon condensate hPjF2jPi in the nucleon [5,6], which is
closely related to the gluonic trace anomaly contribution to
the nucleon mass.
Recent measurements of γp → J=ψp near threshold by

the GlueX and J=ψ -007 collaborations at Jefferson
Laboratory (JLab) [10–12] have stimulated considerable
theoretical interest. Numerous studies have analyzed this
process using different approaches [13–31]. A similar
program for ϒ photoproduction is planned at future
facilities such as the Electron-Ion Collider (EIC) in the
U.S. [32–36] and the Electron-ion collider in China (EicC)
[37,38]. In the heavy-quark limit, the photoproduction
cross sections can be expressed in terms of the gluon

gravitational form factors (GFFs) of the proton
[15,18,19,21,39,40]. Together with first-principles lattice
QCD calculations of GFFs [41,42], these measurements
offer a unique opportunity to unveil key aspects of the
gluonic structure of the proton, including the quantum
anomalous energy, mass radius, spin, and mechanical
properties [43–46].
In this work, we adopt the generalized parton distribution

(GPD) factorization framework for near-threshold heavy
quarkonium production [18–20]. Similar to the high-energy
regime, the amplitude factorizes into a hard part, the
quarkonium distribution amplitude and gluon GPDs. The
large momentum transfer in near-threshold kinematics
corresponds to a large skewness parameter ξ for the
GPDs. In the limit ξ → 1, the amplitude is dominated by
the leading moments of the GPDs.
One of the main objectives of hadronic physics is to

achieve a three-dimensional picture of hadron structure in
terms of quark and gluon degrees of freedom. GPDs
provide a unifying framework for this purpose, parametriz-
ing off-forward matrix elements of bilocal QCD operators
[47,48]. They encode information on both longitudinal
momentum distributions and transverse spatial distribu-
tions of partons, as well as their contributions to hadron
spin and other properties [43,49–54]. While quark GPDs in
nucleons and mesons have been studied extensively
[55–60], gluon GPDs remain less explored [61,62]. Experi-
mentally, GPDs are typically accessed through hard exclu-
sive processes such as deeply virtual Compton scattering
[63–65] and deeply virtual meson production [66–68]. In
contrast to these high-energy, small-ξ measurements, near-
threshold photoproduction of heavy quarkonium offers a
unique window into the large-ξ behavior of gluon GPDs.
Here, we compute the differential and total cross sections

for near-threshold photoproduction of J=ψ and ϒ by
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evaluating the relevant gluon GPDs within a spectator model
approach [69–71]. In thismodel, theproton is treated as a two-
body system consisting of an active gluon and a spectator that
carries the quantum numbers of the three valence quarks. The
nonperturbative nucleon-gluon-spectator vertex is modeled
with two dipolar form factors [70]. The model parameters are
fixed by reproducing the gluon unpolarized and helicity
collinear parton distribution functions (PDFs) from global
fits at an initial scale μ0 ¼ 2 GeV.
The remaining part of the paper is organized as follows. In

Sec. II, we introduce the GPD factorization formalism for
near-threshold photoproduction of heavy quarkonium and
discuss the parametrization of gluon GPDs. In Sec. III, we
present the calculation of twist-2 gluon GPDs at nonzero
skewnesswithin the spectatormodel. InSec. IV,wedetermine
the model parameters, show the dependence of GPDs on x,
and compare our predictions for J=ψ production with that
data from JLab, and provide predictions for the photo-
production of ϒ. Finally, Sec. V summarizes our findings.

II. GPD FRAMEWORK FOR THE NEAR-
THRESHOLD PHOTOPRODUCTION OF HEAVY

QUARKONIUM

We begin by reviewing the GPD factorization framework
for near-threshold photoproduction of heavy quarkonium
[18–20], illustrated in Fig. 1. The kinematics are described
by the Mandelstam invariants

s¼ðpþqÞ2≥ ðMþMVÞ2; t¼ðp0−pÞ2¼ðq0−qÞ2; ð1Þ

where s ¼ W2 is the squared center-of-mass energy, t ¼ Δ2

is the squared four-momentum transfer, M is the proton
mass, and MV is the produced meson mass. The four-
momenta of the incoming photon, incoming proton, out-
going proton, and outgoing meson are denoted by q, p, p0,
and q0, respectively, satisfying the on-shell conditions,

p02¼p2¼M2; q2¼−Q2¼0; q02¼M2
V: ð2Þ

Here Q2 ¼ 0 corresponds to photoproduction; the analysis
can be extended to finite virtuality (i.e., large-Q2 lepto-
production) when Q2 is large. We work in the center-of-
mass frame of the photon-proton system, as shown in
Fig. 2, with results being Lorentz invariant. Choosing the
incoming proton along the þz direction, the four-momenta

can be expressed in terms of Lorentz scalars as [72,73]

q ¼
�
s −M2

2
ffiffiffi
s

p ; 0; 0;−
s −M2

2
ffiffiffi
s

p
�
;

q0 ¼
�
sþM2

V −M2

2
ffiffiffi
s

p ;−jp0cj sin θ; 0;−jp0cj cos θ
�
;

p ¼
�
sþM2

2
ffiffiffi
s

p ; 0; 0;
s −M2

2
ffiffiffi
s

p
�
;

p0 ¼
�
s −M2

V þM2

2
ffiffiffi
s

p ; jp0cj sin θ; 0; jp0cj cos θ
�
; ð3Þ

where the magnitude of the outgoing three-momentum jp0cj
is expressed as

jp0cj ¼
�½s − ðMV þMÞ2�½s − ðMV −MÞ2�

4s

�
1=2

; ð4Þ

and the scattering angle θ is fixed as

cos θ ¼ 2stþ ðs −M2Þ2 −M2
VðsþM2Þ

2
ffiffiffi
s

p jp0cjðs −M2Þ : ð5Þ

The skewness parameter, defined as ξ¼−Δ·q=ð2P·qÞ¼
ðpþ−p0þÞ=ðpþþp0þÞ with P ¼ ðp0 þ pÞ=2, evaluates to

ξ ¼ t −M2
V

2M2 þM2
V − 2s − t

: ð6Þ

FIG. 1. Examples of leading Feynman diagrams that contribute to the exclusive photoproduction of the heavy vector meson.

FIG. 2. Kinematics for the heavy vector-meson photoproduc-
tion in the center-of-mass frame.
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In the heavy-quark limit MV ≫ M (which implies
W ≫ M), the incoming proton moves nearly along the
light-front þ direction, defined by x� ≡ ðx0 � xzÞ= ffiffiffi

2
p

. At
threshold,

ffiffiffi
s

p
→ M þMV , the momentum transfer squared

becomes

−tth ¼
MM2

V

M þMV
; ð7Þ

which is of order MMV in the heavy-quark limit.
As W increases, the allowed region of −t forms a band

bounded by the backward (cos θ ¼ þ1) and forward
(cos θ ¼ −1) limits, denoted as jtjminðWÞ and jtjmaxðWÞ,
respectively. Near threshold, both of them are of order
MMV and significantly larger than M2. Figure 3 displays
the skewness ξ over the allowed ðW;−tÞ region for J=ψ and
ϒ production.
A key feature of near-threshold kinematics is that jtj is

large and ξ approaches 1 in the heavy-quark limit. Combined
with QCD factorization in the GPD framework, this ensures
that the photoproduction amplitude of heavy quarkonium is
dominated by the lowest moments of the gluon GPDs.
Therefore, after averaging over initial proton spins and
summing over final spins and photon/meson polarizations,
the t-differential cross section can be written as [18–20]

dσ
dt

¼ αEMe2Q
4ðW2 −M2Þ2

ð16παSÞ2
3M3

V
jψNRð0Þj2jGðt; ξÞj2; ð8Þ

where eQ is the heavy-quark electric charge in units of the
proton charge, αEM and αS are the electromagnetic and
strong running couplings, respectively, and ψNRð0Þ stands
for the nonrelativistic quarkonium wave function at the
origin in the nonrelativistic QCD framework [74], which
corresponds to the quarkonium distribution amplitude. In the
unpolarized case, the hadronic matrix element squared
jGðt; ξÞj2 reads

jGðt; ξÞj2 ¼ 4

ξ4

��
1 −

t
4M2

�
E2
2 − 2E2ðH2 þ E2Þ

þ ð1 − ξ2ÞðH2 þ E2Þ2
�
; ð9Þ

where H2 ≡H2ðt; ξÞ and E2 ≡ E2ðt; ξÞ are defined as the
leading moments of GPDs,

Z
1

0

dxHgðx; ξ; tÞ≡H2ðt; ξÞ;Z
1

0

dxEgðx; ξ; tÞ≡ E2ðt; ξÞ; ð10Þ

with x denoting the longitudinal momentum fraction of the
active gluon. The renormalization scales for the wave
function and GPDs have been omitted and should be taken
of order MV.
The expressions in Eqs. (8)–(9) are evaluated at a generic

ξ. As mentioned above, near the threshold ξ should be set to
1 in principle. However, physical values are ξ ∼ 0.6 at the
J=ψ threshold and ξ ∼ 0.8 at the ϒ threshold. The authors
of Ref. [18] have confirmed the validity of these expres-
sions for generic ξ by showing that they generalize the
results of Ref. [75]. Moreover, finite meson mass correc-
tions, particularly important for J=ψ, can be partially
incorporated by using the physical ξ.
The total cross section is obtained by integrating Eq. (8)

over the kinematically allowed t range,

σ ¼
Z

tmax

tmin

dt

�
dσ
dt

�
: ð11Þ

The complete set of gluon GPDs for a spin-1=2 target
was derived in Ref. [76]. The corresponding light-cone
correlator is defined as the off-forward matrix element of a

FIG. 3. Left panel: ξ values on the ðW;−tÞ plane in the kinematically allowed region withMJ=ψ ¼ 3.097 GeV. Right panel: ξ values
on the ðW;−tÞ plane in the kinematically allowed region with Mϒ ¼ 9.46 GeV.
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bilocal operator [47],

Fg½ij�ðx;Δ;λ;λ0Þ¼
Z

dz−

2π
eik·zhp0;λ0jFþj

a

�
−
z
2

�

×Wab

�
−
z
2
;
z
2

�
Fþi
b

�
z
2

�
jp;λijzþ¼0þ;z⊥¼0⊥ ;

ð12Þ

where one-particle states are normalized covariantly as
hp0jpi ¼ 2p0ð2πÞ3δð3Þðp0 − pÞ, λ and λ0 denote the helic-
ities of the incoming and outgoing protons, respectively; i,
j are transverse indices, a, b are color indices, and

Wab

�
−
z
2
;
z
2

�����
zþ¼0þ;z⊥¼0⊥

¼
�
0þ;−

z−

2
; 0⊥; 0þ;

z−

2
; 0⊥

	
ab

¼ P exp

�
−ig

Z z−
2

−z−
2

dy−Aþ
c ð0þ; y−; 0⊥ÞTc

	
ab

ð13Þ

is the Wilson line that ensures color gauge invariance of the
correlator. Here Fμν

a is the gluon field strength tensor, P
denotes path ordering, and the generator of SU(3) group is
defined as ðTcÞab ¼ −ifabc in the adjoint representation,
with fabc denoting the structure constant. In the light-front
gauge (Aþ ¼ 0), the Wilson line reduces to unity.
The twist-2 gluon GPDs for an unpolarized proton appear
in the parametrization of the correlator in Eq. (12) accord-
ing to [47],

Fgðx;Δ; λ; λ0Þ ¼ δij⊥Fg½ij�ðx;Δ; λ; λ0Þ

¼ 1

2
ūðp0; λ0Þ

�
γþHgðx; ξ; tÞ

þ iσþμΔμ

2M
Egðx; ξ; tÞ

�
uðp; λÞ; ð14Þ

where δij⊥ ¼ −gij⊥ and σμν ¼ i½γμ; γν�=2.

III. GLUON GPDS IN THE SPECTATOR MODEL

In this Section, we present an analytical calculation of
the gluon GPDs Hgðx; ξ; tÞ and Egðx; ξ; tÞ at nonzero
skewness ξ in the proton using a spectator model [69].
A variant of this model, incorporating a spectral function
for the spectator mass, has previously been used to compute
twist-2 gluon transverse momentum dependent distribution
(TMD) distributions [70,71]. For the following discussion,
it is convenient to introduce the polarization states of the
proton in an arbitrary direction,

jp; Si ¼ cos

�
α

2

�
jp;þi þ sin

�
α

2

�
eiϕjp;−i;

hp0; Sj ¼ cos

�
α

2

�
hp0;þj þ sin

�
α

2

�
e−iϕhp0;−j; ð15Þ

which express the incoming (outgoing) proton states with
both longitudinal and transverse polarizations as a super-
position of states with definite light-cone helicities jp;þi
and jp;−i (hp0;þj and hp0;−j) [77]. In the rest frame of the
proton, the state jp; Si describes a particle whose three-
dimensional spin vector is

S ¼ ðS1⊥; S2⊥; λÞ ¼ ðsin α cosϕ; sin α sinϕ; cos αÞ: ð16Þ

Replacing the helicity states in the matrix element (12)
according to

hp0; λ0j → hp0; Sj; jp; λi → jp; Si; ð17Þ

a general correlator Fðx;Δ; SÞ for arbitrary spin orienta-
tions can be constructed by an appropriate choice of the
spin vector [61],

Fðx;Δ; SÞ ¼ 1

2
½Fðx;Δ;þ;þÞ þ Fðx;Δ;−;−Þ� þ 1

2
λ½Fðx;Δ;þ;þÞ − Fðx;Δ;−;−Þ�

þ 1

2
S1⊥½Fðx;Δ;−;þÞ þ Fðx;Δ;þ;−Þ� þ i

2
S2⊥½Fðx;Δ;−;þÞ − Fðx;Δ;þ;−Þ�: ð18Þ

The explicit calculations employ the standard light-front helicity spinors for the proton [78],

uðp;þÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
23=2pþp

0
BBBBB@

ffiffiffi
2

p
pþ þM

p1⊥ þ ip2⊥ffiffiffi
2

p
pþ −M

p1⊥ þ ip2⊥

1
CCCCCA
; uðp;−Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

23=2pþp

0
BBBBB@

−p1⊥ þ ip2⊥ffiffiffi
2

p
pþ þM

p1⊥ − ip2⊥
−

ffiffiffi
2

p
pþ þM

1
CCCCCA
: ð19Þ
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The analysis in Ref. [9] revealed that the two-gluon
exchange mechanism dominates photoproduction of heavy
quarkonium and yields numerical results consistent with
the experimental data of near-threshold J=ψ photoproduc-
tion. Figure 4 shows the Feynman diagram at leading order
used to compute the twist-2 gluon GPDs in Eq. (14). The
proton is modeled as a bound state consisting of an active
gluon carrying momentum k� Δ

2
and a single spin-1=2

spectator particle with the momentum P − k. Therefore, the
tree-level scattering amplitude Mi

aðSÞ is given by [70]

Mi
aðSÞ ¼ hP − kjFþi

a jp; Si

¼ ūcðP − kÞG
iμ
abðk − Δ

2
Þ

ðk − Δ
2
Þ2 Y−

μ;bcuðp; SÞ; ð20Þ

where ūcðP − kÞ is the spectator spinor with color index c,
and

Giμ
ab

�
k −

Δ
2

�
¼ −iδab

�
kþ −

Δþ

2

��
giμ −

ðki − Δi

2
Þðn−Þμ

kþ − Δþ
2

�

ð21Þ

represents the Feynman rule for the field strength tensor
appearing in the definition of the correlator [79,80]. Here
n� are the light-like vectors satisfying n2� ¼ 0 and
nþ · n− ¼ 1. The nucleon-gluon-spectator vertex Y−

μ;bc is
modeled as [70]

Y−
μ;bc ¼ δbc

�
g−1 γμ þ g−2

i
2M

σμνpν

	
; ð22Þ

where g−1;2 are the model-dependent form factors analogous
to Dirac and Pauli form factors, but obviously they are not
equivalent because the vertex in Eq. (22) involves the
nonperturbative color interaction. In order to characterize
the nonperturbative physics, we adopt the dipolar form
factors

g�1;2 ≡ g1;2

�
k⊥ � Δ⊥

2

�
¼ κ1;2

ðk� Δ
2
Þ2

jðk� Δ
2
Þ2 − Λ2

Xj2

¼ −κ1;2
ð1 − xÞ½ðk⊥ � Δ⊥

2
Þ2 þ L2

Xð0Þ�
½ðk⊥ � Δ⊥

2
Þ2 þ L2

XðΛ2
XÞ�2

; ð23Þ

where the superscriptþð−Þ corresponds to the vertex of the
outgoing (incoming) gluon. Here κ1;2 are the normalization
parameters representing the strength of the vertex, ΛX is a
cutoff parameter, Δ⊥ represents the transverse component
of the momentum transfer, and

L2
Xð0Þ ¼ xM2

X − xð1 − xÞM2;

L2
XðΛ2

XÞ ¼ xM2
X þ ð1 − xÞΛ2

X − xð1 − xÞM2; ð24Þ

where MX is the mass of the spectator, and the gluon mass
Mg is set to 0 GeV. Additionally, the on-shell condition for
the spectator, ðP − kÞ2 ¼ M2

X, implies that the gluon is off
shell,

�
k�Δ

2

�
2≡τ

�
x;

�
k⊥�

Δ⊥
2

�
2
�
¼−

ðk⊥�Δ⊥
2
Þ2þL2

Xð0Þ
1−x

:

ð25Þ

The introduction of dipolar form factors not only cancels
the singularities of gluon propagators, but also ensures the
convergence of the correlator after evaluating the k⊥
integral.
According to Fig. 4, the correlator [Eq. (14)] at the tree

level in the spectator model reads

Fgðx;Δ; λ; λ0Þ ¼
Z

dk−d2k⊥
ð2πÞ4

δij⊥ūðp0; λ0ÞGjν�
ab0 ðkþ Δ

2
ÞYþ�

ν;b0c0iðP − kþMXÞcc0Giμ
abðk − Δ

2
ÞY−

μ;bcuðp; λÞ
DGPD

; ð26Þ

where

DGPD ¼
��

kþ Δ
2

�
2

þ iϵ

	��
k −

Δ
2

�
2

þ iϵ

	
½ðP − kÞ2 −M2

X þ iϵ�: ð27Þ

Here all color and spinor indices are contracted.

FIG. 4. Kinematics for gluon GPDs in the spectator model. The
gluon lines with crosses correspond to the specific Feynman rules
for the gluon field strength tensor.
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In the calculations, we encounter two types of k−

integrals,

I ¼
Z þ∞

−∞
dk−

1

DGPD

¼ 1

C

Z þ∞

−∞
dk−

1

ðk− − k−1 Þðk− − k−2 Þðk− − k−3 Þ
; ð28Þ

Ik ¼
Z þ∞

−∞
dk−

k−

DGPD

¼ 1

C

Z þ∞

−∞
dk−

k−

ðk− − k−1 Þðk− − k−2 Þðk− − k−3 Þ
; ð29Þ

where

C ¼ −8ðxþ ξÞðx − ξÞð1 − xÞðPþÞ3: ð30Þ

The gluon distributions in x satisfy the Bose symmetry
[47,67], leading toHðx; ξ; tÞ ¼ Hð−x; ξ; tÞ and Eðx; ξ; tÞ ¼
Eð−x; ξ; tÞ. As shown in Eq. (10), the integrals of gluon
GPDs over x are restricted to x ≥ 0, only the two poles at
k−2 and k−3 in Eqs. (28)–(29) need to be considered,

k−2 ¼ Δ−

2
þ ðk⊥ − Δ⊥

2
Þ2 − iϵ

2ðxþ ξÞPþ ; ð31Þ

k−3 ¼ P− −
k2⊥ þM2

X − iϵ
2ð1 − xÞPþ ; ð32Þ

corresponding to the incoming gluon propagator ðk − Δ=2Þ
and the spectator propagator (P − k), respectively. The pole
positions depend on x, so the k− integration is performed by
contour integration in two x regions, using the replace-
ments

1

ðk − Δ
2
Þ2 þ iϵ

→
−2πi

2ðxþ ξÞPþ δðk− − k−2 Þ; ð33Þ

1

ðP − kÞ2 −M2
X þ iϵ

→
−2πi

2ð1 − xÞPþ δðk− − k−3 Þ: ð34Þ

The integrals then become

I ¼
8<
:

− 2πi
C

1
ðk−

2
−k−

1
Þðk−

2
−k−

3
Þ ; 0 ≤ x ≤ ξ;

2πi
C

1
ðk−

3
−k−

1
Þðk−

3
−k−

2
Þ ; ξ < x ≤ 1;

ð35Þ

Ik ¼
8<
:

− 2πi
C

k−
2

ðk−
2
−k−

1
Þðk−

2
−k−

3
Þ ; 0 ≤ x ≤ ξ;

2πi
C

k−
3

ðk−
3
−k−

1
Þðk−

3
−k−

2
Þ ; ξ < x ≤ 1;

ð36Þ

where the region 0 ≤ x ≤ ξ corresponds to a cut through the
incoming gluon, and ξ < x ≤ 1 to a cut through the
spectator.
After selecting the appropriate helicity combinations and

carrying out the k− integrals in Eq. (26), the twist-2 gluon
GPDs can be constructed as

Hðx; ξ; tÞ ¼

8>><
>>:

1
64M2π3Δ2⊥

R
d2k⊥

N0≤x≤ξ
H

D0≤x≤ξ
SM

; 0 ≤ x ≤ ξ;

1
16M2π3Δ2⊥

R
d2k⊥

Nξ<x≤1
H

Dξ<x≤1
SM

; ξ < x ≤ 1;
ð37Þ

Eðx; ξ; tÞ ¼

8>><
>>:

1−ξ2
8Mπ3Δ2⊥

R
d2k⊥

N0≤x≤ξ
E

D0≤x≤ξ
SM

; 0 ≤ x ≤ ξ;

1−ξ2
4Mπ3Δ2⊥

R
d2k⊥

Nξ<x≤1
E

Dξ<x≤1
SM

; ξ < x ≤ 1;
ð38Þ

with Δ2⊥ ¼ −ð1 − ξ2Þt − 4ξ2M2. The explicit forms of the
numerators NH, NE and denominatorsDSM are lengthy and
are collected in the Appendix.
Now, we have successfully constructed the gluon GPDs

from a covariant parametrization for the p → gX vertex.
This method differs from the commonly used method based
on the double distributions first proposed in Ref. [81]. A
crucial property of the latter method is that the so-
constructed GPDs satisfy the so-called polynomiality con-
ditions [81]. Namely, the xn moments of GPDs must be an
Nth order polynomial of ξ. Here, the denominators of
GPDs depend on ξ, as shown in Eqs. (A5)–(A6), so
Hðx; ξ; tÞ and Eðx; ξ; tÞ clearly do not satisfy the poly-
nomiality conditions.
In the forward limit (Δ → 0), the model resulting gluon

unpolarized and helicity PDFs have been derived
in Ref. [70],

fg1ðxÞ ¼
Z

d2k⊥
1

ð2πÞ34xM2ðL2
Xð0Þ þ k2⊥Þ2

f½2Mxg1 − xðM þMXÞg2�2½ðMX −Mð1 − xÞÞ2 þ k2⊥�

þ 2k2⊥ðk2⊥ þ xM2
XÞg22 þ 2k2⊥M2ð1 − xÞð4g21 − xg22Þg; ð39Þ

gg1LðxÞ ¼
Z

d2k⊥
1

ð2πÞ34M2ðL2
Xð0Þ þ k2⊥Þ2

fk2⊥ð2 − xÞ½2Mg1 − ðMX −MÞg2� þ 2Mx½MX −Mð1 − xÞ�2g1
− ½ðMX þMÞxðL2

Xð0Þ þ ð1 − xÞðMX −MÞ2Þ þ 2Mxk2⊥�g2g½2Mg1 − ðMX þMÞg2�: ð40Þ
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IV. NUMERICAL RESULTS

A. Parameter determination and derived quantities

The present spectator model adopted in the calculation is
similar to that in Ref. [70] except we refrain from including
a spectral function for the spectator mass. The model
contains four free parameters: the normalization constants
κ1;2; the cutoff ΛX which regulates the large k⊥ behavior;
and the spectator mass MX which is taken larger than the
proton mass (MX > M). To describe the x dependence of
the distributions reliably, we determine these parameters by
simultaneously fitting the unpolarized PDF [Eq. (39)] and
the helicity PDF [Eq. (40)] to the next-to-leading-order
(NLO) NNPDF3.1 parametrization of fg1ðxÞ [82] and the
NLO NNPDFpol1.1 parametrization of gg1LðxÞ [83] at the
scale μ0 ¼ 2 GeV. The fitted results and their uncertainties
are listed in Table I.
In Fig. 5, we the numerical results of the simultaneous fit

of xfg1ðxÞ (left panel) and xgg1LðxÞ (right panel) at
μ0 ¼ 2 GeV. The red bands in the two panels represent
the NNPDF3.1 NLO dataset for xfg1ðxÞ [82] and the
NNPDFpol1.1 NLO dataset for xgg1LðxÞ [83], the green
bands represent the uncertainty bands of the fit, and the
black solid curves represent the results of the central
parameter values.
Using the fitted parameters, we first compute the average

longitudinal momentum fraction carried by gluons, defined

as the second Mellin moment of fg1ðxÞ

hxig ¼
Z

1

0

dxx fg1ðxÞ ¼ 0.421� 0.060: ð41Þ

The result is consistent with the recent lattice result 0.427
(92) at the same scale [84].
Additionally, the gluon helicity contribution to the

proton spin is

Sgz ¼
Z

1

0

dxgg1LðxÞ ¼ 0.121� 0.038; ð42Þ

and the total gluon angular momentum in the Ji decom-
position [43] is calculated as

Jgz ¼ 1

2

Z
1

0

dxx½Hgðx; 0; 0Þ þ Egðx; 0; 0Þ� ¼ 0.090� 0.015;

ð43Þ

which is half of the recent lattice value 0.187(46) [84]. This
deviation mainly comes from the difference between the
model result and the NNPDFpol1.1 NLO dataset for the
helicity distribution in the simultaneous fit.

B. Gluon GPDs

In Fig. 6, we plot the gluon GPDs xHðx; ξ; tÞ and
xEðx; ξ; tÞ vs x at different ξ, with t ¼ tmin or
jΔ⊥j ¼ 0 GeV. The qualitative behaviors of the two dis-
tributions are similar, with a negative sign. As ξ increases,
the magnitudes of GPDs decrease, and the differences
between the discontinuous points in the 0 ≤ x ≤ ξ and
ξ < x ≤ 1 regions approach 0. These curves have substan-
tial magnitudes in the small x region, while they are largely
suppressed in the region x > 0.6.

TABLE I. Model parameters with uncertainties obtained from
the simultaneous fit.

Parameter Central value Uncertainty

κ1 6.503 �0.388
κ2 3.591 �0.199
MX 1.341 �0.028
ΛX 0.474 �0.014

FIG. 5. Simultaneous fit of the model results in Eqs. (39)–(40) to the NNPDF3.1 NLO dataset for xfg1ðxÞ [82] (left panel) and the
NNPDFpol1.1 NLO dataset for xgg1LðxÞ [83] (right panel).
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An observation is that both GPDs exhibit discontinuities
at x ¼ ξ. This discontinuous behavior is a direct feature of
our leading-order spectator model calculation. It originates
from the switching of the dominant pole contributions in
the k− contour integration when the longitudinal momen-
tum fraction x crosses the skewness parameter ξ, as dictated
by the analytic structure in Eqs. (34)–(36). While such
discontinuities would require careful treatment in processes
like DVCS that involve the principal-value integrals with
1=ðx − ξþ iϵÞ propagators, they are entirely harmless for
the present study. Our computation of near-threshold
quarkonium photoproduction involves only the lowest
Mellin moments of GPDs, i.e., their integrals over x. A
finite discontinuity at a single point has no impact on the
value of a definite integral. Therefore, the key quantities
H2ðt; ξÞ and E2ðt; ξÞ entering the cross section are well
defined.

C. Near-threshold J=ψ and ϒ photoproduction

We note that a recent study in Ref. [85] provides a good
description of the differential and total cross sections for
near-threshold J=ψ photoproduction. Two important dis-
tinctions exist between that work and the present analysis.
First, Ref. [85] computes gluon GFFs using a light-front
gluon-spectator model [86], in which the light-front wave
functions are constrained by the soft-wall anti-de Sitter
(AdS)/QCD framework, whereas we employ a different
spectator model to calculate gluon GPDs. Second, in
Ref. [85] the J=ψ − 007 dataset with photon energies
closest to those of the GlueX measurement are shown
together in a single plot and compared to one theoretical
curve; here, we compare experimental measurements at
distinct average photon energies separately to the corre-
sponding theoretical predictions.
We now present model predictions for the differential

cross section [Eq. (8)] of near-threshold photoproduction of

heavy quarkonium as a function of t at various average
photon energies hEγi, and for the total cross section
[Eq. (11)] as a function of the laboratory photon energy Eγ.
We first analyze all available data for near-threshold J=ψ

photoproduction from the GlueX [10,11] and J=ψ − 007
experiments [12]. These data include differential cross
sections in 15 photon-energy bins and total cross sections,
with the GlueX23 measurements on the differential cross
section covering the full near-threshold kinematic region.
They have been analyzed in recent theoretical studies on
gluonic properties of the proton [13–30]. For the param-
eters related to the J=ψ production [18], we adopt
αEM ¼ 1=137, αS ¼ 0.3, ec ¼ 2=3, M ¼ 0.938 GeV,
MJ=ψ ¼ 3.097 GeV, and the J=ψ wave function at the
origin [87,88]

jψNRð0Þj2 ¼
1.0952
4π

ðGeVÞ3: ð44Þ

In Fig. 7 we plot the model results (solid curves) for the
differential cross sections as functions of −t at different
hEγi compared with the experimental data measured at
different −t bins. The triangle, circle, and square data
points correspond to the data from GlueX19 [10], GlueX23
[11], and J=ψ − 007 [12], respectively. The blue bands
depict the uncertainties from the model parameters.
Overall, the model describes the data reasonably well,
with slight deviations at hEγi ¼ 9.86 and 10.82 GeV. The
differential cross sections exhibit the characteristic diffrac-
tive peak at forward t and an exponential fall-off at larger
momentum transfer. The GlueX23 data (circles) span the
entire physical t range; at the lowest average energy hEγi ¼
8.93 GeV an enhancement appears at the largest jtj,
possibly signaling contributions beyond the pure t-channel
mechanism (e.g., u- or s-channel exchanges) [23,89].
While our model does not reproduce this enhancement

FIG. 6. Gluon GPDs xHðx; ξ; tÞ (left panel) and xEðx; ξ; tÞ (right panel) as functions of x at t ¼ tmin or jΔ⊥j ¼ 0 for ξ ¼ 0.1, 0.5, 0.9,
respectively.
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FIG. 7. Differential cross sections for γp → J=ψp as functions of −t at different average photon energies 8.2 GeV ≤ Eγ ≤ 11.8 GeV
compared with data from GlueX19 [10] (triangles), GlueX23 [11] (circles), and J=ψ − 007 [12] (squares). The bands depict the
parameter uncertainties.
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at 8.93 GeV, similar features emerge at hEγi ¼ 9.86 and
10.82 GeV.
In Fig. 8, we present the total cross section as a function

of Eγ. The model prediction (curve) agrees very well with
the GlueX19 and GlueX23 data.
Finally, we present predictions for ϒ photoproduction,

using αS ¼ 0.2, eb ¼ −1=3, Mϒ ¼ 9.46 GeV, and the ϒ
wave function at the origin [87,88]

jψNRð0Þj2 ¼
5.8588
4π

GeV3: ð45Þ

In Fig. 9 we show the predicted differential cross sections
near threshold (hEγi ¼ 57.2 GeV, left) and farther above
threshold (hEγi ¼ 70 GeV, right). The total cross section is
displayed in Fig. 10. The larger bottom-quark mass makes
the heavy-quark limit more reliable for ϒ production,

reducing theoretical uncertainties from higher-order cor-
rections. However, the production rate is strongly sup-
pressed by the heavy quark mass, leading to cross sections
much smaller than that for J=ψ. Verification of these results
awaits more precise future measurements.

V. SUMMARY

In this work we studied the near-threshold exclusive
photoproduction of heavy quarkonia within the GPD
formalism, employing a spectator model for the proton.
The amplitudes of these processes are dominated by the
leading moments of gluon GPDs, offering a probe of gluon
distributions at large skewness ξ. The model parameters
were determined by simultaneously fitting fg1ðxÞ from
the NNPDF3.1 parametrization and gg1LðxÞ from the
NNPDFpol1.1 parametrization at μ0 ¼ 2 GeV. The gluon
GPDs Hgðx; ξ; tÞ and Egðx; ξ; tÞ at nonzero ξ were

FIG. 8. Total cross section for γp → J=ψp as a function of Eγ

compared with data from GlueX19 [10] (triangles) and GlueX23
[11] (circles). The band depicts the parameter uncertainty.

FIG. 9. Predicted differential cross sections of γp → ϒp are plotted as functions of −t at hEγi ¼ 57.2 GeV (left panel) and hEγi ¼
70 GeV (right panel).

FIG. 10. Predicted total cross section of γp → ϒp is plotted as
a function of Eγ .
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calculated analytically at tree level via two-gluon exchange,
separately in the regions 0 ≤ x ≤ ξ and ξ < x ≤ 1.
Several gluon-related quantities were extracted and

compared with recent lattice results. The gluonic contri-
bution to the quantum anomalous energy is estimated
reliably as there is a good agreement between our model
and lattice data for the average gluon momentum fraction.
The differential and total cross sections for J=ψ photo-
production were computed and compared with the latest
JLab data from GlueX and J=ψ-007 experiments, showing
good overall agreement. Finally, we presented predictions
for ϒ photoproduction, as the heavy-quark limit is more
suitable to employ here. These predictions can be tested at
future EIC and EicC.
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APPENDIX: THE NUMERATORS AND
DENOMINATORS OF GLUON GPDS IN

EQS. (37)–(38)

The numerators in Eqs. (37)–(38) are listed as follows:

N0≤x≤ξ
H ¼ 4k⊥ · Δ⊥fg−2 gþ2 ð−1þ xÞ2Δ4⊥ðxþ ξÞðxþ ξþ 2xξÞ þ 4g−2 g

þ
2 k

2⊥Δ2⊥ð1þ ξÞ2ðxþ ξÞ½−ξþ xð−1þ 2ξÞ�
þ 16k2⊥Mξ2ð1þ ξÞ2½gþ1 g−2Mðxþ ξÞð−1þ ξ2Þ þ gþ2 ðg−2 ξðxþ ξÞðMX þMð−1þ xÞ −MXξÞ
− g−1Mð−1þ ξÞðx − xξþ ξð3þ ξÞÞÞ� − 4MΔ2⊥½g−1 ð1þ ξÞð4gþ1 Mðxþ ξÞðxþ ð−1þ xÞ2ξ − xξ2Þ
− gþ2 ð2MXðxþ ξÞð2xþ ð−1þ xÞxξþ ð1 − 3xÞξ2Þ þMð1þ ξÞðξ3 þ xξð−4þ ξþ 2ξ2Þ þ x3ð6 − ξð8 − 3ξÞÞ
− x2ð4þ 3ξð−4þ ξð2þ ξÞÞÞÞÞÞ − g−2 ðxþ ξÞðgþ1 ð1þ ξÞð2MXð−1þ xÞξðxþ ξÞ þMð−1þ ξÞð−2x2 − 2xξ

þ ð−1þ xÞð1þ 3xÞξ2ÞÞ − gþ2 ðMðx3 þ x2ξþ xð−1 − 2ð−1þ xÞxÞξ2 þ ð−2þ xþ 3x2 − 3x3Þξ3Þ
þMXð1þ ξÞð−ξ3 − 2xξð−1þ ξ2Þ þ x2ð2þ ξð−2þ ξð−2þ 3ξÞÞÞÞÞÞ� þ 16M3ξ2ðxþ ξÞ
× ½gþ2 ðx − ξÞð−g−2 ξðxþ ξÞðM þMX −MxþMXξÞ þ g−1 ð1þ ξÞð2MXð−1þ xÞξþMðx − ξÞð1þ ξÞÞÞ
þ gþ1 ð1þ ξÞðg−2 ðxþ ξÞðMðx − ξÞð−1þ ξÞ þ 2MXð−1þ xÞξÞ − 4g−1 ξðMð−1þ xÞ2 þMXð−1þ ξ2ÞÞÞ�g

þ Δ2⊥
�
16g−2 g

þ
2 k

4⊥ð−1þ ξÞð1þ ξÞ3ðxþ ξÞ þ g−2 g
þ
2 ð−1þ xÞ3ð1þ xÞΔ4⊥ðxþ ξÞ

þ 8g−2 g
þ
2 k

2⊥ð−1þ xÞΔ2⊥ð1þ ξÞðxþ ξÞð−3þ xξÞ − 32k2⊥Mð1þ ξÞ½−g−2 ðxþ ξÞðgþ1 ð−1þ ξ2ÞðMXðxþ ξÞ
þMð−x − ξþ ð−3þ xÞξ2ÞÞ þ gþ2 ð−MXðxð−1þ ξÞ − ξÞξð−1þ ξ2Þ þMðξ2 þ 2ξ4 − xξ2ð3þ ξÞ
− x2ð1 − ξ2 − ξ3ÞÞÞÞ − g−1 ð1 − ξ2Þð2gþ1 Mð−2þ x − ξÞðxþ ξÞ þ gþ2 ð−MXðx − 3ξÞðxþ ξÞ þMðð−3þ ξÞξ2
þ x2ð1þ ð4 − ξÞξÞ þ xξð−2þ ξð7þ ξÞÞÞÞÞ� þ 8Mð−1þ xÞΔ2⊥½g−2 ðxþ ξÞðgþ1 ð1þ ξÞðMXð−1þ xÞðxþ ξÞ
þMð1þ xÞð1 − ξÞðxþ ð1 − xÞξÞÞ þ gþ2 ðMð1 − xþ x3Þξ2 −Mx2 −MXð1þ xÞξð1þ ξÞð−x − ð1 − xÞξÞÞÞ
− g−1 ð1þ ξÞð2gþ1 Mðxþ ξÞð2þ x2 − ξ − xð1þ ξÞÞ þ gþ2 ð−MXðxð−1þ x − 3ξÞ − ξÞðxþ ξÞ −Mð1þ xÞ
× ðx2ð−1þ ξÞ2 þ ξ2ð1þ ξÞ − xξð−2þ ξð3þ ξÞÞÞÞÞ� þ 16M3ðxþ ξÞ½g−2 ðxþ ξÞð2gþ1 ð1þ ξÞð−MXx2

þMXð1 − 2ð1 − xÞxÞξ2 þMðx − ξÞð1 − ξÞðxþ ð1 − xÞξÞÞ þ gþ2 ðx − ξÞð−Mx2 þMð1þ 2ð−1þ xÞxÞξ2
þ 2MXξðxþ ξþ ξ2 − xξ2ÞÞÞ − 2g−1 ð1þ ξÞð−gþ2 ðx − ξÞððM −MXÞx2 − 2ðMX þMð−1þ xÞÞxξ
þ ðMð1 − ð3 − xÞxÞ þMXð−1 − 2ð1 − xÞxÞÞξ2 þMð1 − xÞξ3Þ þ 2gþ1 ð2MXð−1þ ξ2Þðx2 þ ð−1þ xÞξ2Þ
þMðð2 − xÞx2 − x2ξþ ðxð3 − 2ð2 − xÞxÞ − 2Þξ2 þ ξ3ÞÞÞ� þ 16ð1þ ξÞ½4g−1 gþ2 M2ð1 − xÞðx − ξÞξ2ð1 − ξ2Þ
þ g−2 ðxþ ξÞð4gþ1 M2ð1þ xÞξ2ð−1þ ξ2Þ þ gþ2 ðð−1þ xÞΔ2⊥ð1þ xξÞ þ 4Mξ2ððM þMXÞx −Mð1 − xÞxξ

− ðM þMXxÞξ2ÞÞÞ�
ðk⊥ · Δ⊥Þ2

Δ2⊥

�
; ðA1Þ
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Nξ<x≤1
H ¼ 8k⊥ · Δ⊥fg−2 gþ2 ð−1þ xÞ3Δ4⊥ξþ 4g−2 g

þ
2 k

2⊥ð1 − xÞΔ2⊥ξð1 − ξ2Þ þ 4k2⊥Mξ2ð−1þ ξ2Þ
× ½gþ1 g−2Mð1þ ξÞð−2þ xþ ξÞ þ gþ2 ðg−1Mð−2þ x − ξÞð−1þ ξÞ − g−2 ðM −MXÞð1 − xÞξÞ� − ð1 − xÞΔ2⊥
× ½gþ2 ðg−2 ξð−M2

Xð2þ x2 − 3ξ2Þ þMMXð2ð−2þ xÞxþ ð1þ ð4 − 3xÞxÞξ2Þ þM2ðð2 − xð4 − 3xÞÞξ2 þ 2

− 4xþ x2ÞÞ þ g−1Mð2MXðxþ ξ − ð1 − xÞxξþ ð1 − 2xÞξ2 − ξ3Þ þMð1þ ξÞð2ð−1þ xÞxþ xð−5þ 3xÞξ2
− 2ð1 − 2ð2 − xÞxÞξþ 3ð1 − xÞξ3ÞÞÞ þ gþ1 Mð4g−1Mξð−2þ ð2 − xÞxþ ξ2Þ þ g−2 ð2MXðξþ x2ξ − ξ2ð1þ ξÞ
þ xð−1þ ξÞð1þ 2ξÞÞ þMð−1þ ξÞð2ξ − 3ξ3 þ xð1þ 3ξÞð−2þ ð−2þ ξÞξÞ þ x2ð2þ ξð4þ 3ξÞÞÞÞÞ�
þ 4M2ξ2½gþ2 ðx − ξÞð−g−2MXðM þMXÞð−1þ xÞξðxþ ξÞ þ g−1 ð2MMXð−1þ xÞ2ξþM2ð−1þ xÞ2ð1þ ξÞ
−M2

Xð1 − ξÞð1þ ξÞ2ÞÞ þ gþ1 ðg−2 ðxþ ξÞðM2ð1 − xÞ2ð−1þ ξÞ þ 2MMXð1 − xÞ2ξþM2
Xð1 − ξÞ2ð1þ ξÞÞ

þ 4g−1Mð1 − xÞξðMð1 − xÞ2 −MXð1 − ξ2ÞÞÞ�g þ Δ2⊥
�
16g−2 g

þ
2 k

4⊥ð1 − ξ2Þ2 þ g−2 g
þ
2 ð1 − xÞ4Δ4⊥

− 8g−2 g
þ
2 k

2⊥ð1 − xÞ2Δ2⊥ð1 − ξ2Þ þ 8k2⊥ð1 − ξ2Þ½2g−1Mð2gþ1 Mð2 − ξ2 þ ð−2þ xÞxÞ þ gþ2 ð−ðM þMXÞx2
− 2ðMX −Mð1 − xÞÞð1 − xÞξþ ðMX −Mð3þ ð−5þ xÞxÞÞξ2 þMð−1þ xÞξ3ÞÞ þ g−2 ðgþ2 ðxð2MMXx

þM2
Xð2þ xÞ þM2ð−2þ 3xÞÞ þ ð−3M2

X þ 2MMXð1 − ð3 − xÞxÞ þM2ð3 − 2xð1þ xÞÞÞξ2Þ
− 2gþ1 MððM þMXÞx2 þ 2ðMX −Mð1 − xÞÞð−1þ xÞξþ ðMð3 − ð5 − xÞxÞ −MXÞξ2 þMð−1þ xÞξ3ÞÞ�
− 2ð1 − xÞ2Δ2⊥½2g−1Mð2gþ1 Mð2 − ð2 − xÞx − ξ2Þ þ gþ2 ððMX −MÞð2 − xÞxþ ðMX −Mð1 − ð3 − xÞxÞÞξ2
þ 2MXxξ −Mð1 − xÞξ3ÞÞ − g−2 ðgþ2 xðM2

Xð2 − xÞ þ 2MMXx −M2ð2 − xÞÞ
þ gþ2 ðM2ð1 − 2ð1 − xÞxÞ þ 3M2

X þ 2MMXð1þ x − x2ÞÞξ2
þ 2gþ1 MðMXðð−2þ xÞxþ 2xξ − ξ2Þ þMð−1þ ξÞðð−2þ xÞx
− ð2 − xÞxξ − ð1 − xÞξ2ÞÞÞ� − 8½−g−2 ðxþ ξÞðgþ2 ðM þMXÞðx − ξÞððM þMXÞðMX þMð−1þ xÞÞ2
−MXðM2

X þ 2M2ð1 − xÞ2 −MMXð1 − 2xÞÞξ2Þ þ 2gþ1 MðM3ð1 − xÞ2ð−1þ ξÞðx − ð1 − xÞξÞ
−M3

Xðx − ξÞð1 − ξ2Þ þMM2
Xð−1þ ξ2Þðxð−1þ 2xÞ þ ξ − 2xξ − ð1 − xÞξ2Þ −M2MXð1 − xÞ

× ðξþ xð−1 − xþ ξ − 2ð1 − xÞξ2ÞÞÞÞ þ 2g−1Mð2gþ1 MðM2
Xðξ2 − x2Þð1 − ξ2Þ þ 2MMXð1 − xÞð1 − ξ2Þ

× ðx2 − ð1 − xÞξ2Þ þM2ð1 − xÞ2ðð1 − 2ð1 − xÞxÞξ2 − x2ÞÞ − gþ2 ðx − ξÞðM3ð1 − xÞ2ðxðξ − 1Þ − ξÞð1þ ξÞ
þM3

Xðxþ ξÞð−1þ ξ2Þ þM2MXðx − x3 þ ξ − x2ξþ 2ð−1þ xÞ2xξ2Þ þMM2
Xð−1þ ξ2Þð2x2 − ξð1þ ξÞ

þ xð−1þ ξð2þ ξÞÞÞÞÞ� þ 16ð−1þ xÞξ2½2gþ1 g−2M2ðxþ ξÞð−1þ ξ2Þ þ gþ2 ð2g−1M2ðx − ξÞð−1þ ξ2Þ

þ g−2 ðð−1þ xÞΔ2⊥ − 2MMXxð−1þ ξ2Þ þ 2M2ðxþ ð−2þ xÞξ2ÞÞÞ� ðk⊥ · Δ⊥Þ2
Δ2⊥

�
; ðA2Þ

N0≤x≤ξ
E ¼ 2k⊥ · Δ⊥f4k2⊥ð1þ ξÞ2½gþ1 g−2Mðxþ ξÞðξ2 − 1Þ þ gþ2 ðg−2 ξðxþ ξÞðMX −Mð1 − xÞ −MXξÞ þ g−1Mð1 − ξÞ

× ðx − xξþ ξð3þ ξÞÞÞ� − ð1 − xÞΔ2⊥½gþ1 g−2Mð1þ 3xÞðxþ ξÞð−1þ ξ2Þ þ gþ2 ð−g−1Mð1þ ξÞðx2ð5 − 3ξÞ
þ ξþ ξ2 þ xð3ξð2þ ξÞ − 5ÞÞ − g−2 ðxþ ξÞðMXð1þ ξÞðξþ 3xξ − 2xÞ þMðξ − x2ð2þ 3ξÞÞÞÞ� þ 4M2ðxþ ξÞ
× ½gþ2 ðx − ξÞð−g−2 ξðxþ ξÞðM þMX −MxþMXξÞ þ g−1 ð1þ ξÞð2MXð−1þ xÞξþMðx − ξÞð1þ ξÞÞÞ
þ gþ1 ð1þ ξÞðg−2 ðxþ ξÞðMðx − ξÞð−1þ ξÞ þ 2MXð−1þ xÞξÞ − 4g−1 ξðMð−1þ xÞ2 þMXð−1þ ξ2ÞÞÞ�g

þ Δ2⊥
�
4k2⊥ð1þ ξÞ½gþ1 g−2Mð3 − xÞðxþ ξÞð1 − ξ2Þ þ gþ2 ðg−2 ðxþ ξÞðMð−3þ xÞx − ð1 − xÞðMX þMxÞξ

þ ð2M þMX −MXxÞξ2Þ þ g−1Mðð3 − xÞxþ ξþ ð5 − 4xÞxξþ ð4 − ð7 − xÞxÞξ2 − ð1þ xÞξ3ÞÞ�
þ ð1 − xÞ2ð1þ xÞΔ2⊥½gþ1 g−2Mð−1þ ξÞðxþ ξÞ þ gþ2 ðg−2 ðxþ ξÞðMx −MXξÞ þ g−1Mðxð−1þ ξÞ
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− ξð3þ ξÞÞÞ� þ 4M2ð−1þ xÞðxþ ξÞ½g−2 ðxþ ξÞðgþ2 ðx − ξÞðMx −MXξÞ þ gþ1 ðMðx − ξÞð−1þ ξÞ
þ 2MXxð1þ ξÞÞÞ þ g−1 ð−4gþ1 ð1þ ξÞðMXðxþ ξ2Þ −Mð1 − xÞxÞ þ gþ2 ðx − ξÞð2MXxð1þ ξÞ −Mðxð1 − ξÞ
þ ξð3þ ξÞÞÞÞ� þ 8ð1þ ξÞ½gþ1 g−2Mð1þ xÞðxþ ξÞð−1þ ξ2Þ þ gþ2 ðg−1Mð−1þ xÞðx − ξÞð−1þ ξ2Þ

þ g−2 ðxþ ξÞððM þMXÞxþMð−1þ xÞxξ − ðM þMXxÞξ2ÞÞ�
ðk⊥ · Δ⊥Þ2

Δ2⊥

�
; ðA3Þ

Nξ<x≤1
E ¼ 2k⊥ · Δ⊥f4k2⊥ðξ2 − 1Þ½gþ1 g−2Mð1þ ξÞðxþ ξ − 2Þ þ gþ2 ðg−1Mð2 − xþ ξÞð1 − ξÞ − g−2 ðM −MXÞð1 − xÞξÞ�

þ ð1 − xÞ2Δ2⊥½gþ1 g−2Mð−2þ xþ ξÞð1þ 3ξÞ þ gþ2 ðg−2 ðM −MXÞð−1þ 3xÞξþ g−1Mð2 − xþ ξÞð1 − 3ξÞÞ�
þ 4M½gþ2 ðx − ξÞð−g−2MXðM þMXÞð−1þ xÞξðxþ ξÞ þ g−1 ð2MMXð−1þ xÞ2ξþM2ð−1þ xÞ2ð1þ ξÞ
þM2

Xð−1þ ξÞð1þ ξÞ2ÞÞ þ gþ1 ðg−2 ðxþ ξÞðM2ð1 − xÞ2ð−1þ ξÞ þ 2MMXð1 − xÞ2ξþM2
Xð1 − ξÞ2ð1þ ξÞÞ

þ 4g−1Mð1 − xÞξðMð1 − xÞ2 −MXð1 − ξ2ÞÞÞ�g − ð1 − xÞΔ2⊥
�
4k2⊥½gþ1 g−2Mð1þ ξÞð2þ x − ð5 − xÞξþ ξ2Þ

þ gþ2 ð−g−2 ð3M þMXÞxþ g−2 ð−MXð−2þ xÞ þMð2þ xÞÞξ2 − g−1Mð−1þ ξÞð2þ x − xξþ ξð5þ ξÞÞÞ�
þ ð1 − xÞ2Δ2⊥½gþ2 ðg−2 ðM −MXÞx − g−1Mð2 − xþ ξÞÞ − gþ1 g

−
2Mð2 − x − ξÞ�

− 4½−g−2 ðxþ ξÞð−gþ2 MXðM þMXÞðMX −Mð1 − xÞÞðx − ξÞ þ gþ1 MðM2ð−1þ xÞ2 þ 2MMXð−1þ xÞx
þM2

Xð2x − 1 − ð2 − ξÞξÞÞÞ þ g−1Mð4gþ1 Mð−1þ xÞðMXðxþ ξ2Þ −Mð1 − xÞxÞ − gþ2 ðx − ξÞðM2ð1 − xÞ2
þ 2MMXð−1þ xÞxþM2

Xð−1þ 2xþ ξð2þ ξÞÞÞÞ� þ 8½gþ1 g−2Mðxþ ξÞð−1þ ξ2Þ þ gþ2 ðg−2 ðM þMXÞx

þ g−2 ðMð−2þ xÞ −MXxÞξ2 þ g−1Mðx − ξÞð−1þ ξ2ÞÞ� ðk⊥ · Δ⊥Þ2
Δ2⊥

�
: ðA4Þ

The denominators are given by

D0≤x≤ξ
SM ¼ f4ðxþ ξÞ½M2ð−1þ xÞ þM2

Xð1þ ξÞ� þ ½ð−1þ xÞΔ⊥ þ 2k⊥ð1þ ξÞ�2g
× fξ½ð−1þ x2ÞΔ2⊥ þ 4M2ðx2 − ξ2Þ þ 4k2⊥ð−1þ ξ2Þ� þ 4xð−1þ ξ2Þk⊥ · Δ⊥g; ðA5Þ

Dξ<x≤1
SM ¼ f4ðx − ξÞ½M2ð−1þ xÞ −M2

Xð−1þ ξÞ� þ ½ð−1þ xÞΔ⊥ þ 2k⊥ð−1þ ξÞ�2g
× f4ðxþ ξÞ½M2ð−1þ xÞ þM2

Xð1þ ξÞ� þ ½ð−1þ xÞΔ⊥ þ 2k⊥ð1þ ξÞ�2g: ðA6Þ
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