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The evolution of the vacuum state in a time-dependent external electric field of arbitrary polarization is
investigated within a nonperturbative framework of quantum kinetic equations (QKEs). In our previous
work [Phys. Rev. Res. 6, 043009 (2024)], a revised version of the QKEs was derived by using an adiabatic
basis constructed from one-particle Hamiltonian eigenfunctions in a spatially homogeneous electric field. In
this study, we present an extensive analysis of these equations with particular emphasis on observable
quantities. The focus of the present work is therefore not on a rederivation of asymptotic pair-production
spectra for special pulses, but on a self-contained construction of basis-independent observables and their
renormalization in a matrix-valued QKE formulation valid for arbitrary polarization. Specifically, we
compute momentum-resolved particle yields, the induced electron-positron current, the energy-momentum
tensor, and the angular-momentum tensor. In the linear-polarization limit these observables reduce to known
QKE expressions; here they are constructed explicitly for the corrected QKE system at arbitrary polarization,
with circularly polarized fields included as a special case. We also discuss in detail the charge-
renormalization procedure required to remove logarithmic divergences. It is shown that our results are
consistent with the previous findings obtained via the Dirac-Heisenberg-Wigner formalism. Our analysis
provides a firmer theoretical basis for investigations of nonperturbative effects in strong electric fields.
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I. INTRODUCTION

A defining feature of quantum field theory—as opposed
to ordinary quantum mechanics—is that particle number is
not, in general, conserved in elementary processes. In
quantum electrodynamics (QED), this manifests itself
already in vacuum through fluctuations of virtual elec-
tron-positron pairs. It has long been predicted that, in a
sufficiently strong constant electric field, these virtual
excitations can be promoted to real eþe− pairs [1–4].
This process, commonly referred to as the Sauter-
Schwinger mechanism, is intrinsically nonperturbative in
the field strength, which makes its experimental observation
one of the central goals in the context of strong-field QED
(see, e.g., reviews [5–8]). Time-dependent spatially homo-
geneous electric backgrounds were also analyzed in early
seminal work, including the alternating-field calculation of
Brezin and Itzykson and the in-out/Bogoliubov analyses of

Narozhnyi, Nikishov, and Popov [9–11]. Related effective-
action and semiclassical methods provide complementary
information on the vacuum persistence amplitude and
pair-production probability in time-dependent or inhomo-
geneous backgrounds [12–16].
Since realistic scenarios involve external fields with

nontrivial spacetime structure, the theoretical description
of the vacuum decay with production of real particles
requires robust nonperturbative techniques. Modern numeri-
cal methods that exactly incorporate the interaction with the
external background fields are mainly based on several
general frameworks. First, the quantitative analysis of the
pair-production process can be carried out by solving
the Dirac equation in the presence of the external field.
The particle spectra can be extracted according to the theory
with unstable vacuum which relies on the Furry-picture
quantization [17,18]. This approach has been implemented
in various forms in many works (see, e.g., Refs. [18–32]).
An alternative is to evolve the covariant Wigner function
using the Dirac-Heisenberg-Wigner (DHW) equations
[33–39] (see, e.g., Refs. [29,31,40–55]). In many laser-
driven setups, the external field can be approximated as
spatially homogeneous, i.e., depending only on time in a
given frame (see a recent study [56] and references therein).
This approximation is not meant to represent an isolated
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exact Maxwell solution in vacuum; rather, it is a controlled
local or long-wavelength reduction that captures, for exam-
ple, the vicinity of electric-field antinodes in counterpro-
pagating-pulse configurations, where the magnetic part is
suppressed locally, and it remains a standard benchmark
for more complete spacetime-dependent calculations
[19,26,56]. In this case, a computationally efficient descrip-
tion of the pair-production phenomenon is provided by
quantum kinetic equations (QKEs) [50,57–69] (see also
Refs. [30,70–79]).
In our recent work [50], we revisited the QKE formu-

lation for time-dependent electric fields with arbitrary
polarization. We showed that a self-consistent kinetic
system differs from the form previously used in the
literature [65] and, in particular, can be written as a closed
set of ten ordinary differential equations. Moreover, we
established explicit linear relations between the QKE
components and the DHW functions, thereby demonstrat-
ing the equivalence of the two descriptions in the spatially
homogeneous case [50].
The present paper builds on these results and provides a

detailed analysis of the QKE framework and the associated
physical observables. Accordingly, our goal is different
from the standard task of obtaining the imaginary part of an
effective action or the final Bogoliubov spectrum for a
prescribed pulse: we formulate the real-time expectation
values directly in terms of the kinetic matrices, including the
spin and anomalous-correlation sectors that are essential for
arbitrary polarization. We focus on momentum-resolved
particle spectra and on vacuum-induced expectation values
such as the electron-positron current, the energy-momentum
tensor, and the angular-momentum tensor. A central aspect
of this program is the proper treatment of ultraviolet
behavior: several observables exhibit logarithmic divergen-
ces that must be removed by charge renormalization. We
therefore scrutinize the renormalization procedure in detail
and formulate practical subtraction prescriptions while
preserving gauge invariance. In the case of a linearly
polarized external field, ultraviolet divergences were ana-
lyzed and removed in Refs. [57–59] using a subtraction
scheme originally introduced in the context of cosmological
pair production [80]. The corresponding renormalized
current density was subsequently studied in a number of
specific linearly polarized setups; see, e.g., Refs. [63,81].
While the final subtraction prescriptions are stated in the
aforementioned works, the intermediate derivation steps are
not spelled out in detail. We therefore (i) extend the analysis
to the more general case of arbitrary polarization and
(ii) provide a self-contained derivation of the subtraction
procedure based on Pauli-Villars regularization [82]. The
resulting renormalized quantities are shown to be consistent
with the known expressions obtained within the DHW
formalism, thereby strengthening the theoretical basis for
quantitative studies of nonperturbative QED effects in
strong, time-dependent electric fields.

Let us make explicit what is and is not claimed as new.
For linearly polarized time-dependent fields, the QKEs and
the corresponding current and energy quantities were
derived previously in Refs. [57–59,63], and the DHW
formalism itself provides a general phase-space representa-
tion of current densities and conservation laws [34]. By
contrast, the present work derives the same class of real-time
observables directly from the corrected matrix-valued QKE
system for arbitrary time-dependent polarization [50]. Thus
the formulas below for the current density, energy-momen-
tum tensor, and angular-momentum tensor are new in this
QKE form for rotating fields, while their linear-polarization
limits reproduce known results. The renormalized-current
subtraction and the associated finite Uehling-type contri-
bution are also obtained here in the arbitrary-polarization
setting.
This paper is organized as follows. In Sec. II we outline

the derivation of the QKE system for an arbitrarily polar-
ized, spatially homogeneous electric background, empha-
sizing the role of the adiabatic basis and the evolution
equations for the relevant correlation functions. In Sec. III
we analyze the weak-field (perturbative) regime and derive
leading-order expressions used later to identify a subtraction
term for the current density. In Sec. IV we express the
unrenormalized current, energy-momentum tensor, and
angular-momentum tensor in terms of the QKE functions,
discuss their physical interpretation, and examine the ultra-
violet asymptotics. Section V is devoted to renormalization,
where we present and compare two complementary
approaches and obtain finite, gauge-invariant expressions
for the renormalized observables. In Sec. VI we summarize
the simplified form of the QKEs and the observables
for the special case of linear polarization. We conclude
in Sec. VII. Throughout the paper we use units ℏ ¼ c ¼ 1,
α ¼ e2=ð4πÞ, and take e < 0. The metric convention
is gμν ¼ diagð1;−1;−1;−1Þ.

II. DERIVATION OF THE QKE SYSTEM

A. General framework and notation

Here we briefly outline the main steps in deriving the
QKE system. Our approach differs slightly from that of
Ref. [50]. Although it will also revolve around the concept
of the adiabatic basis, instead of the Dirac equation for one-
particle solutions, we will invoke the Heisenberg equations
for the creation and annihilation operators. The latter will
allow us to directly obtain the equations governing the
temporal evolution of the relevant correlation functions.
We describe the external electric field EðtÞ in the

temporal gauge A0 ¼ 0, EðtÞ ¼ −ȦðtÞ. We assume that
the electric field vanishes for t ≤ tin and t ≥ tout. We
choose the vector potential such that Aðt ≤ tinÞ ¼ Ain
and Aðt ≥ toutÞ ¼ 0. Accordingly, the one-particle
Hamiltonian in the coordinate representation reads
HeðtÞ ¼ α½−i∇ − eAðtÞ� þ βm. For each fixed t, this
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Hamiltonian is unitarily equivalent to the free Dirac
Hamiltonian. We introduce the adiabatic eigenfunctions:

HeðtÞφðζÞ
p;sðx; tÞ ¼ ζωðζp; tÞφðζÞ

p;sðx; tÞ; ζ ¼ �; ð1Þ

where

ωðp; tÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ ½p − eAðtÞ�2

q
: ð2Þ

For the massive Dirac field considered here, the instanta-
neous positive- and negative-energy subspaces are sepa-
rated by the gap 2ωðp; tÞ ≥ 2m, so the construction does
not encounter level crossings. The term “adiabatic basis” is
used only to denote this instantaneous eigenbasis; no
adiabatic approximation is made, and all nonadiabatic
transitions generated by the time-dependent field are
retained in the exact evolution equations below, and s
labels the spin state. In Eq. (1) the semicolon indicates that
the t dependence is parametric. In the explicit form, the
functions of the adiabatic basis read

φðþÞ
p;s ðx; tÞ ¼ ð2πÞ−3=2eipxup−eAðtÞ;s; ð3Þ

φð−Þ
p;s ðx; tÞ ¼ ð2πÞ−3=2e−ipxv−p−eAðtÞ;s; ð4Þ

where the bispinors up;s and vp;s will be specified below.
Since the Heisenberg field operator ψðxÞ obeys an equa-
tion of motion of the same form as the Dirac equation in a
given external field, it is convenient to expand ψðxÞ in the
adiabatic basis:

ψðxÞ¼
X
s

Z
dp½ap;sðtÞφðþÞ

p;s ðx; tÞþb†p;sðtÞφð−Þ
p;s ðx; tÞ�: ð5Þ

The associated creation and annihilation operators are
time-dependent because the adiabatic functions are not
solutions of the time-dependent Dirac equation. However,
at any given t, the adiabatic operators obey the usual
anticommutation relations. We denote the exact Dirac
solutions by ζφp;s

ðxÞ and ζφp;sðxÞ. These two sets differ

because the in solutions ζφp;s
ðxÞ are fixed by their

asymptotic form for t ≤ tin, while the out solutions are
fixed by their asymptotic behavior for t ≥ tout. Namely,

HeðtinÞζφp;s
ðtin;xÞ ¼ ζωðζp; tinÞζφp;s

ðtin;xÞ; ð6Þ

HeðtoutÞζφp;sðtout;xÞ ¼ ζωðζp; toutÞζφp;sðtout;xÞ; ð7Þ

where, in the gauge chosen above, ωðp; tinÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ ðp − eAinÞ2

p
and ωðp; toutÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

p ≡
p0 ¼ p0.
When ψðxÞ is expanded in in/out solutions, the corre-

sponding creation and annihilation operators are time

independent. We denote them by ap;sðinÞ, b†p;sðinÞ and
ap;sðoutÞ, b†p;sðoutÞ, respectively. According to our defi-
nitions,

φðζÞ
p;sðx; tinÞ ¼ ζφp;s

ðtin;xÞ; φðζÞ
p;sðx; toutÞ ¼ ζφp;sðtout;xÞ:

Thus, at asymptotic times the adiabatic functions coincide
with the corresponding in/out solutions. It then follows that

ap;sðtinÞ ¼ ap;sðinÞ; ap;sðtoutÞ ¼ ap;sðoutÞ;
b†p;sðtinÞ ¼ b†p;sðinÞ; b†p;sðtoutÞ ¼ b†p;sðoutÞ:

The final electron distributions can be found via

nðe
−Þ

p;s ¼ h0; inja†p;sðoutÞap;sðoutÞj0; ini; ð8Þ

where j0; ini is the in vacuum state: ap;sðinÞj0; ini ¼
bp;sðinÞj0; ini ¼ 0. Our derivation of the QKE system will
be based on the following observation. If one defines the
correlation functions of the type (8) in terms of the
adiabatic operators, then at t ¼ tout they will yield the final
momentum distributions of the particles produced by the
external field. Our goal is to obtain a closed system
governing the time evolution of the adiabatic correlation
functions.

B. Adiabatic correlation functions

The in operators are related to the adiabatic ones by a
time-dependent unitary (Bogoliubov) transformation. Its
coefficients also encode the relation between the in sol-
utions and the adiabatic basis. Since the external field does
not depend on the spatial coordinates, these coefficients are
(anti)diagonal with respect to the generalized momentum p.
Although one can obtain their time dependence directly
from the Dirac equation [50], we will follow a differ-
ent route.
We consider the following expectation values with

respect to the in vacuum:

h0; inja†p;sðtÞap0;s0 ðtÞj0; ini ¼ δðp − p0ÞAss0 ðp; tÞ; ð9Þ

h0; injb†−p;sðtÞb−p0;s0 ðtÞj0; ini ¼ δðp − p0ÞBss0 ðp; tÞ; ð10Þ

h0; inja†p;sðtÞb†−p0;s0 ðtÞj0; ini ¼ δðp − p0ÞCss0 ðp; tÞ; ð11Þ

h0; injb−p;sðtÞap0;s0 ðtÞj0; ini ¼ δðp − p0ÞDss0 ðp; tÞ: ð12Þ

The delta functions appear due to momentum conservation
mentioned above. The matrix A is the instantaneous
electron density matrix in the chosen spin basis, while B
is the corresponding positron density matrix. The matrices
C and D are anomalous electron-positron correlators; they
encode coherent vacuum-polarization effects and vanish,
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together with A and B, in the initial vacuum. The equalities
between the scalar parts of A and B obtained below express
charge neutrality, whereas the matrix structure is needed to
retain spin information for arbitrarily polarized electric
fields. According to Eqs. (8) and (9), the final electron
number density is given by

nðe
−Þ

p;s ¼ V
ð2πÞ3 Assðp; toutÞ; ð13Þ

where V is the normalization volume; the corresponding

finite quantity is nðe
−Þ

p;s =V. To obtain the system of equations
governing the functions A, B, C, and D, we will first
construct the differential equations involving the adiabatic
creation and annihilation operators themselves. To this end,
let us consider the following inner product:

ap;sðtÞ ¼ ðφðþÞ
p;s ðx; tÞ;ψðxÞÞ

≡
Z

dx½φðþÞ
p;s ðx; tÞ�†ψðxÞ: ð14Þ

This relation holds due to the fact that the adiabatic
functions form an orthonormal set of functions. Now we
can directly calculate the time derivative of Eq. (14). The
field operator obeys

ψ̇ðxÞ ¼ −i½ψðxÞ; HðtÞ� ¼ −iHeðtÞψðxÞ: ð15Þ

Moreover, the adiabatic functions (3) and (4) are known
explicitly, so their derivatives are also known. Let us
specify the bispinors. First, we note that they must obey

ðαpþ βmÞup;s ¼ p0up;s; ð16Þ

ðαpþ βmÞvp;s ¼ −p0vp;s: ð17Þ

The bispinors up;s correspond to the positive-energy
eigenfunctions (3), and they are fixed so far only up to
an arbitrary unitary transformation. However, it turns out
that it is very convenient to choose them in the following
form (see Ref. [50], where the ambiguity of the bispinor
basis is discussed in more detail):

up;−1 ¼ Cðp0Þ

0
BBBB@

p0 þm

0

pz

px þ ipy

1
CCCCA; ð18Þ

up;þ1 ¼ Cðp0Þ

0
BBBB@

0

p0 þm

px − ipy

−pz

1
CCCCA; ð19Þ

where Cðp0Þ ¼ ½2p0ðp0 þmÞ�−1=2. The negative-energy
eigenfunctions (4) contain vp;s specified according to

vp;−1 ¼ Cðp0Þ

0
BBBB@

−pz

−px − ipy

p0 þm

0

1
CCCCA; ð20Þ

vp;þ1 ¼ Cðp0Þ

0
BBBB@

−px þ ipy

pz

0

p0 þm

1
CCCCA: ð21Þ

The bispinors possess the following properties:

u†p;sup;s0 ¼ v†p;svp;s0 ¼ δss0 ; u†p;svp;s0 ¼ 0; ð22Þ
X
s¼�1

ðup;su†p;s þ vp;sv
†
p;sÞ ¼ 1; ð23Þ

X
s¼�1

up;sūp;s ¼
γ0p0 − γpþm

2p0
; ð24Þ

X
s¼�1

vp;sv̄p;s ¼
γ0p0 þ γp −m

2p0
; ð25Þ

where ū≡ u†γ0. Now one can straightforwardly demon-
strate

ȧp;sðtÞ ¼ −iωðp; tÞap;sðtÞ −
X
s0
½iμ1ðp; tÞσss0ap;s0 ðtÞ

þ μ2ðp; tÞσss0b†−p;s0 ðtÞ�; ð26Þ

where σ is a vector containing the Pauli matrices, whose
elements are indexed by s, s0 ¼ −1, þ1. Besides,

μ1ðp; tÞ ¼
e

2ωðωþmÞ ½q ×EðtÞ�; ð27Þ

μ2ðp; tÞ ¼
e

2ω2ðωþmÞf½qEðtÞ�q−ωðωþmÞEðtÞg; ð28Þ

where q ¼ qðtÞ ¼ p − eAðtÞ is the kinetic momentum.
Along the same lines, one can obtain
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ḃ†−p;sðtÞ ¼ iωðp; tÞb†−p;sðtÞ þ
X
s0
½μ2ðp; tÞσss0ap;s0 ðtÞ − iμ1ðp; tÞσss0b†−p;s0 ðtÞ�: ð29Þ

In what follows, we will explicitly differentiate Eqs. (9)–(12) and employ the relations (26) and (29).

C. Quantum kinetic equations

By differentiating Eq. (9), we find

Ȧss0 ðp; tÞ ¼ iμ1ðp; tÞ
X
s00

σs00sAs00s0 ðp; tÞ − iμ1ðp; tÞ
X
s00

σs0s00Ass00 ðp; tÞ

− μ2ðp; tÞ
X
s00

σs00sDs00s0 ðp; tÞ − μ2ðp; tÞ
X
s00

σs0s00Css00 ðp; tÞ: ð30Þ

We omit the common factor δðp − p0Þ and set p0 ¼ p. Proceeding analogously, we obtain

Ḃss0 ðp; tÞ ¼ iμ1ðp; tÞ
X
s00

σs00s0Bss00 ðp; tÞ − iμ1ðp; tÞ
X
s00

σss00Bs00s0 ðp; tÞ

− μ2ðp; tÞ
X
s00

σss00Ds0s00 ðp; tÞ − μ2ðp; tÞ
X
s00

σs00s0Cs00sðp; tÞ; ð31Þ

Ċss0 ðp; tÞ ¼ 2iωðp; tÞCss0 ðp; tÞ þ iμ1ðp; tÞ
X
s00

σs00sCs00s0 ðp; tÞ − iμ1ðp; tÞ
X
s00

σs0s00Css00 ðp; tÞ

þ μ2ðp; tÞ
X
s00

σs00sBs0s00 ðp; tÞ þ μ2ðp; tÞ
X
s00

σs0s00Ass00 ðp; tÞ − μ2ðp; tÞσs0s; ð32Þ

Ḋss0 ðp; tÞ ¼ −2iωðp; tÞDss0 ðp; tÞ þ iμ1ðp; tÞ
X
s00

σs00sDs00s0 ðp; tÞ − iμ1ðp; tÞ
X
s00

σs0s00Dss00 ðp; tÞ

þ μ2ðp; tÞ
X
s00

σs00sAs00s0 ðp; tÞ þ μ2ðp; tÞ
X
s00

σs0s00Bs00sðp; tÞ − μ2ðp; tÞσs0s: ð33Þ

Definitions (9)–(12) imply the symmetry properties:
A�
ss0 ðp;tÞ¼As0sðp;tÞ, B�

ss0 ðp; tÞ¼Bs0sðp; tÞ, and C�
ss0 ðp; tÞ¼

Ds0sðp; tÞ. In other words, A and B are Hermitian, A† ¼ A,
whereas C† ¼ D. We parametrize the correlation functions
in the following form:

Ass0 ðp; tÞ ¼ a0ðp; tÞδss0 þ aðp; tÞσs0s; ð34Þ

Bss0 ðp; tÞ ¼ b0ðp; tÞδss0 þ bðp; tÞσss0 ; ð35Þ

Css0 ðp; tÞ ¼ ½uðp; tÞ− ivðp; tÞ�δss0 þ ½uðp; tÞ− ivðp; tÞ�σs0s;
ð36Þ

Dss0 ðp; tÞ ¼ ½uðp; tÞ þ ivðp; tÞ�δss0 þ ½uðp; tÞ þ ivðp; tÞ�σs0s:
ð37Þ

Here the 16 unknown components are real and vanish at
t ≤ tin. By substituting Eqs. (34)–(37) into Eqs. (30)–(33)
and using the identity

X
s00

ðaσss00 Þðbσs00s0 Þ ¼ ðabÞδss0 þ iða × bÞσss0 ; ð38Þ

we obtain the following system of equations:

ȧ0 ¼ −2μ2u; ð39Þ

ḃ0 ¼ −2μ2u; ð40Þ

ȧ ¼ −2μ2uþ 2ðμ1 × aÞ − 2ðμ2 × vÞ; ð41Þ

ḃ ¼ −2μ2uþ 2ðμ1 × bÞ þ 2ðμ2 × vÞ; ð42Þ

u̇ − iv̇ ¼ 2iωðu − ivÞ þ μ2ðaþ bÞ; ð43Þ

u̇ − iv̇ ¼ μ2ða0 þ b0 − 1Þ þ 2iωðu − ivÞ þ 2ðμ1 × uÞ
− 2iðμ1 × vÞ þ iðμ2 × aÞ − iðμ2 × bÞ: ð44Þ

The last two equations can be, of course, separately
formulated for their real and imaginary parts, so there
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are 16 real equations. By taking into account the zero initial
conditions and using Eqs. (39) and (40), we find
a0ðp; tÞ ¼ b0ðp; tÞ≡ fðp; tÞ. Furthermore, Eq. (43),
together with the sum of Eqs. (41) and (42), forms a
closed homogeneous subsystem for u, v, and aþ b. This
means that u ¼ v ¼ 0 and aðp; tÞ ¼ −bðp; tÞ≡ fðp; tÞ.
We thus arrive at

ḟ ¼ −2μ2u; ð45Þ

ḟ ¼ 2ðμ1 × fÞ − 2ðμ2 × vÞ; ð46Þ

u̇ ¼ 2ðμ1 × uÞ þ μ2ð2f − 1Þ þ 2ωv; ð47Þ

v̇ ¼ 2ðμ1 × vÞ − 2ðμ2 × fÞ − 2ωu: ð48Þ

This reproduces the QKE system of Ref. [50]. It involves
ten real functions that vanish at t ¼ tin. For later use, we
summarize the correlation functions:

h0; inja†p;sðtÞap0;s0 ðtÞj0; ini ¼ δðp − p0Þ½fðp; tÞδss0 þ fðp; tÞσs0s�; ð49Þ

h0; injb†−p;sðtÞb−p0;s0 ðtÞj0; ini ¼ δðp − p0Þ½fðp; tÞδss0 − fðp; tÞσss0 �; ð50Þ

h0; inja†p;sðtÞb†−p0;s0 ðtÞj0; ini ¼ δðp − p0Þ½uðp; tÞ − ivðp; tÞ�σs0s; ð51Þ

h0; injb−p;sðtÞap0;s0 ðtÞj0; ini ¼ δðp − p0Þ½uðp; tÞ þ ivðp; tÞ�σs0s: ð52Þ

We already see that at asymptotically late times, the spin-
summed electron density is given by 2fðp; toutÞ. The
physical significance of the other QKE components is
discussed in Sec. IV.

III. PERTURBATION THEORY

Let us turn to the analysis of the QKEs. In this section,
we will consider a weak-field regime and derive closed-
form leading-order expressions for the QKE functions. To
this end, we expand the coefficients of the system (45)–(48)
in powers of the field amplitude E0, treating EðtÞ and AðtÞ
as OðE0Þ and formally taking E0 → 0. The definitions (2),
(27), and (28) yield

ωðp; tÞ ¼ p0 þ ω1ðp; tÞ þ � � � ; ð53Þ

μ1ðp; tÞ ¼ μ1;1ðp; tÞ þ μ1;2ðp; tÞ þ � � � ; ð54Þ

μ2ðp; tÞ ¼ μ2;1ðp; tÞ þ μ2;2ðp; tÞ þ � � � ; ð55Þ

where the second index denotes the order in E0. For
example,

ω1ðp; tÞ ¼ −
eAðtÞp
p0

; ð56Þ

μ1;1ðp; tÞ ¼
e

2p0ðp0 þmÞ ½p ×EðtÞ�; ð57Þ

μ2;1ðp; tÞ ¼
e

2p0

� ½pEðtÞ�p
p0ðp0 þmÞ − EðtÞ

�
: ð58Þ

Power counting in Eqs. (45)–(48) gives the leading orders
of the QKE functions, motivating the following expansions:

fðp; tÞ ¼ f2ðp; tÞ þ f3ðp; tÞ þ � � � ; ð59Þ

fðp; tÞ ¼ f2ðp; tÞ þ f3ðp; tÞ þ � � � ; ð60Þ

uðp; tÞ ¼ u1ðp; tÞ þ u2ðp; tÞ þ � � � ; ð61Þ

vðp; tÞ ¼ v1ðp; tÞ þ v2ðp; tÞ þ � � � : ð62Þ

We now explicitly construct the leading-order contribu-
tions. To first order, Eqs. (47) and (48) reduce to

u̇1 ¼ −μ2;1 þ 2p0v1; ð63Þ

v̇1 ¼ −2p0u1; ð64Þ

which yields

u1ðp; tÞ ¼ −
Z

t

tin

μ2;1ðp; t0Þ cos½2p0ðt − t0Þ�dt0; ð65Þ

v1ðp; tÞ ¼
Z

t

tin

μ2;1ðp; t0Þ sin½2p0ðt − t0Þ�dt0: ð66Þ

Likewise, Eqs. (45) and (46) give

ḟ2 ¼ −2μ2;1u1; ð67Þ

ḟ2 ¼ −2μ2;1 × v1: ð68Þ
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By integrating these equations, we obtain

f2ðp; tÞ ¼ jαðp; tÞj2; ð69Þ

f2ðp; tÞ ¼ i½αðp; tÞ × α�ðp; tÞ�; ð70Þ

where

αðp; tÞ ¼
Z

t

tin

μ2;1ðp; t0Þe2ip0t0dt0: ð71Þ

Higher-order terms follow systematically from the recur-
rence relations

ḟk ¼ −2
Xk−1
l¼1

μ2;k−lul; ð72Þ

ḟk ¼ 2
Xk−1
l¼1

ðμ1;k−l × flÞ − 2
Xk−1
l¼1

ðμ2;k−l × vlÞ; ð73Þ

u̇k ¼ 2
Xk−1
l¼1

ðμ1;k−l × ulÞ þ 2
Xk−1
l¼1

μ2;k−lfl

− μ2;k þ 2p0vk þ 2
Xk−1
l¼1

ωk−lvl; ð74Þ

v̇k ¼ 2
Xk−1
l¼1

ðμ1;k−l × vlÞ − 2
Xk−1
l¼1

ðμ2;k−l × flÞ

− 2p0uk − 2
Xk−1
l¼1

ωk−lul ð75Þ

for k ¼ 2, 3, …. We assume here that f1 ¼ f1 ¼ 0. Note
that in the case of a linearly polarized external field, a
perturbative hierarchy was recently examined within a
different kinetic-theory framework [77].
In what follows, the leading-order terms will be used

within the renormalization procedure.

IV. UNRENORMALIZED CURRENT,
ENERGY-MOMENTUM TENSOR,

AND ANGULAR-MOMENTUM TENSOR

In this section, we will compute the main dynamical
quantities in terms of the QKE functions f, f, u, and v.
These expressions will also clarify the physical meaning of
the kinetic functions.

A. Electron-positron current

We continue working in the Heisenberg representation,
and we evaluate the time-dependent mean value

jμðtÞ ¼ e
2

1

V

Z
dxh0; inj½ψ̄ðxÞ; γμψðxÞ�j0; ini: ð76Þ

First, we plug in the expansion (5) and carry out the spatial
integration taking into account the explicit form of the
adiabatic functions (3) and (4). Second, the in-vacuum
expectation values then yield the correlation functions that
have already been found in Eqs. (49)–(52). Finally, the
bispinor parts of the form ūp−eAðtÞ;sγμup−eAðtÞ;s0 are evalu-
ated by means of the following relations:

ūp;sγup;s0 ¼
p
p0

δss0 ; ð77Þ

v̄p;sγvp;s0 ¼ −
p
p0

δss0 ; ð78Þ

ūp;sγvp;s0 ¼ v̄p;sγup;s0

¼ σss0 −
pðσss0pÞ

p0ðp0 þmÞ : ð79Þ

Since the diagonal parts (s ¼ s0) of Eqs. (49) and (50)
coincide, the scalar part of the current vanishes, j0ðtÞ ¼ 0.
This result indicates that the effects of pair production and
vacuum polarization preserve the electric neutrality of the
system. The spatial part of jμðtÞ can be written as

jðtÞ ¼ jcondðtÞ þ jpolðtÞ; ð80Þ

with conduction and polarization parts

jcondðtÞ ¼ 4e
Z

dp
ð2πÞ3

q
ω
fðp; tÞ; ð81Þ

jpolðtÞ ¼ 4e
Z

dp
ð2πÞ3

�
uðp; tÞ − ½quðp; tÞ�q

ωðωþmÞ
�
: ð82Þ

Here we recall that q ¼ p − eAðtÞ depends on t and
ω ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ q2

p ≡ q0. The above expressions coincide
with the results of Refs. [34,38], where the current density
was evaluated within the DHW formalism. To make contact
with the DHW formulation, one may use the relations
deduced in Ref. [50] and presented in Appendix A. Note
that at intermediate times, a clean separation between real
and virtual contributions is not available, so the conduction
and polarization currents admit this interpretation only for
t ≥ tout. However, their sum jðtÞ is well defined by virtue of
Noether’s theorem. We also emphasize that within the
Heisenberg representation, the in-vacuum state j0; ini is
time independent, so Eq. (76) gives the full time depend-
ence of the total current within the external-field approxi-
mation (i.e., neglecting radiative corrections). We also
emphasize that Eqs. (81) and (82) are gauge invariant.
Any constant shift of the vector potential AðtÞ can be
absorbed by shifting the integration variable p [note that the
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coefficients of the QKEs (45)–(48) depend only on the
kinetic momentum q]. They are also independent of the
particular spinor convention used to represent the two-
dimensional positive- and negative-energy subspaces: a
unitary change of the adiabatic spin basis rotates the
correlation matrices and the spinor bilinears covariantly,
and the summed contractions entering the current remain
unchanged. We spell out this cancellation in Appendix B.
As will be seen below, the integral in Eq. (81) converges,

whereas the p integration in Eq. (82) is logarithmically
divergent. To demonstrate this, we will analyze the large-
momentum behavior of the solutions of the QKE system
(45)–(48). However, let us first evaluate the unrenormalized
energy-momentum tensor.

B. Energy-momentum tensor

To calculate the expectation values of the energy-
momentum tensor Tμν, we will separately consider its
different elements. First, the T00 component represents
the energy per unit volume [83]:

T00ðtÞ ¼ 1

2

1

V

Z
dxh0; inj½ψ†ðxÞ;HeðtÞψðxÞ�j0; ini: ð83Þ

The T0k elements yield the momentum density:

T0kðtÞ ¼ i
2

1

V

Z
dxh0; inj½ψ†ðxÞ; DkψðxÞ�j0; ini; ð84Þ

where Dk ¼ ∂
k þ ieAkðtÞ. The remaining elements, i.e.,

stress components, are given by

TklðtÞ ¼ i
4

1

V

Z
dxh0; inj½ψ†ðxÞ; T klψðxÞ�j0; ini; ð85Þ

where T kl ¼ γ0ðγkDl þ γlDkÞ. In our calculations, we drop
the field-independent vacuum contributions that appear in
the diagonal components of Tμν.
First, we find

T00ðtÞ ¼ 4

Z
dp

ð2πÞ3 ωðp; tÞfðp; tÞ: ð86Þ

As in Eqs. (81) and (82), the factor of 4 appears due to
summation over particles (eþ and e−) and over spin states.
One can also formally show that

Ṫ00ðtÞ ¼ EðtÞjðtÞ ð87Þ

in accordance with the expected work-energy relation in the
external-field approximation. As will be discussed below,
the momentum integrals in the energy density (86) and the
polarization current (82) logarithmically diverge. We will
perform renormalization of these quantities and show that

the relation (87) continues to hold also for the renormalized
(finite) functions.
Second, the total momentum is zero,

T0kðtÞ ¼ 0: ð88Þ

This result holds also for the total generalized momentum,
which contains ∂k instead of Dk in Eq. (84). The external
field does not change the generalized momentum of the
initial vacuum state, nor does it transfer any kinetic
momentum as the electrons and positrons are accelerated
in opposite directions.
Finally, we obtain

TklðtÞ ¼ 4

Z
dp

ð2πÞ3
�
qkql

ω

�
fðp; tÞ − quðp; tÞ

ωþm

�

þ 1

2
½qkulðp; tÞ þ qlukðp; tÞ�

�
: ð89Þ

The sum of the diagonal elements reads

TkkðtÞ ¼ 4

Z
dp

ð2πÞ3
�
q2

ω
fðp; tÞ þm

ω
½quðp; tÞ�

�
: ð90Þ

As for the current density, the term involving fðp; tÞ and
coming from the normal correlation functions (49) and (50)
can be associated with real particles, whereas the terms
with uðp; tÞ originating from the anomalous correlators
(51) and (52) describe the effects of virtual pairs. On the
other hand, at intermediate times, these two contributions
cannot be unambiguously disentangled.

C. Angular-momentum tensor

We will next calculate the angular-momentum tensor:

MμνðtÞ ¼ i
2

1

V

Z
dxh0; inj½ψ†ðxÞ;MμνψðxÞ�j0; ini; ð91Þ

where Mμν ¼ xμDν − xνDμ − ði=2Þσμν and σμν ¼
ði=2Þ½γμ; γν�. First, we note that the orbital part xμDν −
xνDμ does not yield any nonzero contributions due to the
spatial homogeneity of the external field. Second, the spin
part can be computed with the aid of the following
relations:

u†p;sΣup;s0 ¼ v†p;sΣvp;s0

¼ m
p0

σss0 þ
pðσss0pÞ

p0ðp0 þmÞ ; ð92Þ

u†p;sΣvp;s0 ¼ −v†p;sΣup;s0 ¼ −
i
p0

ðp × σss0 Þ; ð93Þ

where Σ is conventionally defined via σkl ¼ εklnΣn. In
terms of the spin vector S (Mkl ¼ εklnSn), we obtain
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SðtÞ ¼ 2

Z
dp

ð2πÞ3
�
m
ω
fðp; tÞ − q × vðp; tÞ

ω

þ ½qfðp; tÞ�q
ωðωþmÞ

�
: ð94Þ

This result is in full agreement with Ref. [34].
According to Eq. (49), the final spin-resolved number

density (13) of the electrons produced is given by

ð2πÞ3
V

nðe
−Þ

p;s ¼ fðp; toutÞ þ ðsign sÞfzðp; toutÞ: ð95Þ

Since our gauge choice corresponds to Aout ¼ 0, at
asymptotically late times, the generalized momentum
and the kinetic one coincide, p ¼ qðtoutÞ. As was discussed
in detail in Ref. [50], Eq. (95) yields the mean number of
the electrons in a given spin state s described by the specific
bispinors (18) and (19) chosen as a basis within the above

derivations. In other words, the form of nðe
−Þ

p;s is sensitive to
the choice of the bispinor basis. For instance, one may
instead classify particles by helicity, i.e., the spin projection
onto the propagation direction. In this case, the basis
bispinors (18) and (19) should be unitarily transformed,
so that the new bispinors are eigenvectors of the operator
ðΣpÞ=jpj (with eigenvalues �1). The helicity-resolved
densities of the electrons take the following form [50]:

ð2πÞ3
V

nðe
−LÞ

p ¼ fðp; toutÞ −
qfðp; toutÞ

jqj ; ð96Þ

ð2πÞ3
V

nðe
−RÞ

p ¼ fðp; toutÞ þ
qfðp; toutÞ

jqj ; ð97Þ

where “L” and “R” stand for the left-handed (negative) and
right-handed (positive) helicity, respectively. Note that the
spin-summed densities are determined solely by fðp; toutÞ
and are basis independent. For the positrons produced, the
analogous densities read

nðe
þLÞ

p ¼ nðe
−RÞ

−p ; ð98Þ

nðe
þRÞ

p ¼ nðe
−LÞ

−p : ð99Þ

From Eqs. (95)–(97), it is clear that the function f describes
the spin effects in the final particle distributions. The term
with v involved in Eq. (94) originates from the anomalous
correlation functions (51) and (52) and can be interpreted as
a vacuum-polarization contribution to the spin density
induced by virtual pairs. The final densities (96)–(99) of
the real particles to be detected do not contain v.

D. Summary. Physical interpretation
of the QKE functions

The functions f, f, u, and v are coupled by the QKEs
(45)–(48). They evolve in time, so that the following
integral of motion is always preserved [50]:

1

4
ð1 − 2fÞ2 þ f2 þ u2 þ v2 ¼ 1

4
: ð100Þ

This conservation law is related to the unitary evolution of
the one-particle solutions of the Dirac equation.
The QKE functions describe different physical effects,

which can be interpreted based on the results of the
previous subsection. The overall dynamics of the real
and virtual particles corresponding to the conduction and
polarization effects, respectively, is described by the
functions f and u. The dynamics of the spin degrees of
freedom in these two parts is governed by the functions f
and v, respectively.
Within the DHW formalism, the physical interpretation

of the kinetic functions was discussed in Refs. [34,38]. The
DHW functions are explicitly related to the QKE compo-
nents as was demonstrated in Ref. [50] (see Appendix A).
To gain a deeper understanding of the physics, it is
instructive to transition between the DHW and QKE
descriptions. For example, as was already mentioned in
Sec. II, the function f represents the spin-summed phase-
space density of the particles. According to Eqs. (81) and
(82), the analogous density of the current is given by a
nontrivial combination of f and u. In the DHW approach,
this combination directly corresponds to the function ṽ
[see Eq. (A2)], which was accordingly interpreted in
Refs. [34,38].

E. Large-momentum behavior and
ultraviolet divergences

To examine the convergence of the p integrals derived
above, we inspect the large-p asymptotic behavior of the
QKE functions. To this end, we first expand the coefficients
in the system (45)–(48):

ωðp; tÞ ¼ jpj − eAðtÞnþO
�

1

jpj
�
; ð101Þ

μ1ðp; tÞ ¼
n × eEðtÞ

2jpj þO
�

1

jpj2
�
; ð102Þ

μ2ðp; tÞ ¼
n½eEðtÞn�

2jpj −
eEðtÞ
2jpj þO

�
1

jpj2
�
; ð103Þ

where n ¼ p=jpj. The solutions can be constructed to the
required order as in Sec. III:
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fðp; tÞ ¼ e2

16jpj4 fE
2ðtÞ − ½nEðtÞ�2g þO

�
1

jpj5
�
; ð104Þ

fðp; tÞ ¼ e2

16jpj5 fEðtÞ × ĖðtÞ þ ½nĖðtÞ�½n ×EðtÞ�

− ½nEðtÞ�½n × ĖðtÞ�g þO
�

1

jpj6
�
; ð105Þ

uðp; tÞ ¼ eĖðtÞ − n½eĖðtÞn�
8jpj3 þO

�
1

jpj4
�
; ð106Þ

vðp; tÞ ¼ −
eEðtÞ − n½eEðtÞn�

4jpj2 þO
�

1

jpj3
�
: ð107Þ

Note that the expression in Eq. (105) vanishes unless the
external field rotates in space. This is in accordance with the
fact that the spin effects are absent in the case of a linearly
polarized electric background. It is now evident that the
polarization current (82), energy (86), and stress tensor (89)
contain logarithmically divergent integrals [any would-be
linear divergences in Eq. (89) cancel after angular integra-
tion]. Therefore, these quantities require renormalization.
Note, however, that for t > tout the p integrals converge

and provide finite results [the leading-order power expan-
sions in Eqs. (104)–(107) vanish at asymptotically late
times]. In the case of a linearly polarized external field, this
conclusion was drawn in Ref. [59]. Moreover, it turns out
that the finite results for t > tout do not require any
additional (finite) subtractions; i.e., at asymptotic times
they already provide physically relevant predictions. To see
this and to obtain finite physical results at intermediate
times tin < t < tout, we will perform careful charge renorm-
alization. In the next section, we will discuss in detail two
approaches to constructing the renormalized current den-
sity and also derive finite expressions for the renormalized
energy-momentum tensor.

V. RENORMALIZATION

Here we will describe how the logarithmic divergences
identified above are removed by charge renormalization. We
will consider the polarization current (82) and employ two
complementary methods: (i) renormalizing the one-poten-
tial contribution and (ii) using the procedure based on the
Pauli-Villars regularization. After that, we will obtain the
renormalized energy-momentum tensor. The subtraction
removes only the universal local ultraviolet contribution.
The remaining finite quantities retain the full nonperturba-
tive dependence on the field amplitude, polarization, and
temporal scale; no expansion in derivatives of the back-
ground is assumed. In the weak-field/slow-variation limit,
the one-potential part can be matched to the derivative
expansion of the Heisenberg-Euler effective action [12,16],
whereas the formulas below are designed for direct real-time
QKE calculations of arbitrary time-dependent pulses.

First, one can extract the leading-order contributions
with respect to the external field strength EðtÞ and subtract
the divergent parts, ensuring that the subtraction has the
form of standard counterterms in the QED Lagrangian (or
effective action). In this case, one has to carefully verify
that the subtraction procedure is implemented in a gauge-
invariant manner: the finite results upon subtraction may
still contain spurious finite terms. Another approach is
more systematic and based on manifestly gauge-invariant
Pauli-Villars regularization [82]. In this case, one has to
analyze the large-electron-mass behavior of the unrenor-
malized quantities and subtract the divergent parts (and any
associated spurious finite terms) and then take M → ∞.
The spurious terms, if any, will be subtracted automatically,
and one can explicitly see that the subtraction contributions
have the form of the initial Lagrangian terms. In what
follows, we will employ both of the above techniques.

A. One-potential contribution to the current density
and subtraction term

We first extract the leading-order contribution to the
polarization current (82) with respect to the interaction with
the external field [the finite conduction term (81) has no
linear term in the field amplitude and starts at the third
order]. By means of Eq. (65), we immediately obtain

jð1PÞðtÞ ¼ 2e2
Z

dp
ð2πÞ3

1

p0

Z
t

tin

dt0
�
Eðt0Þ − ½pEðt0Þ�p

p2
0

�

× cos½2p0ðt − t0Þ�: ð108Þ

Since this term is linear in E, we refer to it as the one-
potential contribution. One can average here over the
angles by means of the identity hpipji ¼ p2δij=3:

jð1PÞðtÞ ¼ 4e2

3

Z
dp

ð2πÞ3
1

p0

�
1þ m2

2p2
0

�

×
Z

t

tin

dt0Eðt0Þ cos½2p0ðt − t0Þ�: ð109Þ

Let us now formally integrate by parts in t0 (we always
assume that the external field profile is sufficiently
smooth):

jð1PÞðtÞ ¼ e2

3
ĖðtÞ

Z
dp

ð2πÞ3
1

p3
0

�
1þ m2

2p2
0

�

−
e2

3

Z
dp

ð2πÞ3
1

p3
0

�
1þ m2

2p2
0

�

×
Z

t

tin

dt0Ëðt0Þ cos½2p0ðt − t0Þ�: ð110Þ

Whereas the second term is finite, the first one diverges
logarithmically. We will now demonstrate that it is the
second (finite) contribution that corresponds to the
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renormalized one-potential current density jð1PÞR ðtÞ, while
the first term in Eq. (110) should be discarded (it is
absorbed into the charge renormalization constant). To this
end, we will first note that the external electric field is
generated by the external current jextðtÞ ¼ −ĖðtÞ,
j0extðtÞ ¼ 0:

AμðxÞ ¼
Z

x0

tin

dy0
Z

dyDðretÞ
μν ðx − yÞjνextðyÞ; ð111Þ

where DðretÞ
μν ðxÞ is the retarded photon Green’s function:

DðretÞ
μν ðxÞ ¼ gμνθðx0Þ

Z
dk

ð2πÞ3 e
ikx sin jkjx0

jkj : ð112Þ

The representation (111) corresponds to the gauge Ain ¼ 0
(our results will be gauge independent). One can verify it by
a direct evaluation of the right-hand side:

AðtÞ ¼ −
Z

t

tin

Eðt0Þdt0; A0 ¼ 0: ð113Þ

To first order in α and first order in the external field, the
correction to AðtÞ can be obtained by means of the
renormalized polarization tensor via

Að1PÞ
μ ðxÞ ¼

Z
x0

tin

dy0
Z

dy
Z
C

d4k
ð2πÞ4 e

−ikðx−yÞjνextðyÞ

×
kμkν − k2gμν
ðk2 −m2

γÞ2
ΠRðk2Þ; ð114Þ

where the contour C in the k0 complex plane encompasses
both poles and has a clockwise direction. The auxiliary
photon mass mγ should be replaced by zero at the end of
the calculations. It is convenient to exploit here the
dispersion relation for the renormalized polarization
function [84]

ΠRðk2Þ ¼
k2

π

Z
∞

4m2

dz
ImΠRðzÞ

zðz − k2 − iεÞ ; ð115Þ

where

ImΠRðzÞ ¼ −
e2

12π

�
1þ 2m2

z

�

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2=z

q
θðz − 4m2Þ: ð116Þ

In our setup, by integrating over y, one obtains δðkÞ, so the
nontrivial integrations are those over y0 ≡ t0, k0, and z.
Due to the prefactor k2 ¼ k20 in Eq. (115), one can
immediately set mγ ¼ 0. The k0 integration can easily

be performed by means of the residue theorem: there are
two contributions from k0 ¼ � ffiffiffi

z
p

. With the aid of the
relation

Z
∞

m
fðwÞdw ¼ 1

4π

Z
dp

fðp0Þ
p0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
0 −m2

p ; ð117Þ

we arrive at

Að1PÞðtÞ ¼ −
e2

6

Z
dp

ð2πÞ3
1

p4
0

�
1þ m2

2p2
0

�

×
Z

t

tin

dt0Ėðt0Þ sin½2p0ðt − t0Þ�: ð118Þ

In terms of the field strength Eð1PÞðtÞ ¼ −Ȧð1PÞðtÞ, we find

Eð1PÞðtÞ ¼ e2

3

Z
dp

ð2πÞ3
1

p3
0

�
1þ m2

2p2
0

�

×
Z

t

tin

dt0Ėðt0Þ cos½2p0ðt − t0Þ�: ð119Þ

This induced field is the time-dependent analog of the
Uehling correction [84,85]. The above expression is finite
and obtained by the conventional charge renormalization
procedure. The current density in the leading order with

respect to EðtÞ is now given by jð1PÞR ðtÞ ¼ −Ėð1PÞðtÞ and
reads

jð1PÞR ðtÞ ¼ −
e2

3

Z
dp

ð2πÞ3
1

p3
0

�
1þ m2

2p2
0

�

×
Z

t

tin

dt0Ëðt0Þ cos½2p0ðt − t0Þ�: ð120Þ

This expression indeed coincides with the second (finite)
term of Eq. (110).
The full renormalized polarization current then follows

from subtracting the unrenormalized one-potential contri-
bution (108) and adding the renormalized one-potential
term (120):

jpol;RðtÞ ¼ jpolðtÞ − jð1PÞðtÞ þ jð1PÞR ðtÞ; ð121Þ

which can be written explicitly as

jpol;RðtÞ ¼ 4e
Z

dp
ð2πÞ3

�
uðp; tÞ − ½quðp; tÞ�q

ωðωþmÞ

−
1

12

1

p3
0

�
1þ m2

2p2
0

�
eĖðtÞ

�
: ð122Þ

Equivalently, one may write
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jpol;RðtÞ ¼ 4e
Z

dp
ð2πÞ3

�
uRðp; tÞ−

½quRðp; tÞ�q
ωðωþmÞ

�
; ð123Þ

where uR ¼ u − δu and

δuðp; tÞ≡ e
8ω3

�
ĖðtÞ − ½qĖðtÞ�q

ωðωþmÞ
�
: ð124Þ

The conduction current (81) does not require any renorm-
alization. The above calculations can be illustrated by the
diagrams depicted in Fig. 1. The first-order diagram yields
the one-potential contribution to the current density

jð1PÞðtÞ ¼ jð1PÞpol ðtÞ, which after renormalization of the
polarization tensor takes the form (120). Note that the
second-order contribution to the conduction current (81)
vanishes since the integrand is odd in p, consistent with
Furry’s theorem.
It is well known that in the external Coulomb field

induced by a motionless charge, e.g., a nucleus, the
analogous calculations require additional care because
the final finite expression still contains a spurious con-
tribution of the third order in the external field [86–89] (it is
part of the unrenormalized second term on the right-hand
side of Fig. 1). This spurious contribution can be extracted
by replacing the electron mass m with λm and taking the
limit λ → ∞ and must be subtracted as well. As was shown
in Ref. [90], no such spurious terms arise in the present
setup, so the prescriptions (123) and (124) yield the correct
result.

To finalize the present discussion, let us now provide a
simplified expression for the Uehling-like contribution
(119):

Eð1PÞðtÞ ¼ 2α

3π

Z
∞

1

dz

ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p

z2

�
1þ 1

2z2

�

×
Z

t

tin

dt0Ėðt0Þ cos½2mzðt − t0Þ�: ð125Þ

In what follows, we will show how to obtain the finite
renormalized current (122) with the aid of a systematic
approach based on the Pauli-Villars regularization. This
procedure is intrinsically free of potential spurious con-
tributions and will be used to renormalize the remaining
observable quantities.

B. Current density via large-mass subtraction

Before analyzing the current, we construct the following
expansions of the QKE functions. We replace here momen-
tum p and mass m with λp and λm, respectively, and solve
the QKEs (45)–(48) as an asymptotic expansion in 1=λ. The
adiabatic energy takes the form

ωλðp; tÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2m2 þ ½λp − eAðtÞ�2

q

¼ λp0 þOðλ0Þ: ð126Þ

The calculations are very similar to those in Sec. IV E, and
the result reads

fλðp; tÞ ¼
e2

16λ4p4
0

�
E2ðtÞ − ½pEðtÞ�2

p2
0

�
þO

�
1

λ5

�
; ð127Þ

fλðp; tÞ ¼
e2

16λ5p5
0

�
EðtÞ × ĖðtÞ þ ½pĖðtÞ�½p ×EðtÞ� − ½pEðtÞ�½p × ĖðtÞ�

p0ðp0 þmÞ
�
þO

�
1

λ6

�
; ð128Þ

uλðp; tÞ ¼
e

8λ3p3
0

�
ĖðtÞ − ½pĖðtÞ�p

p0ðp0 þmÞ
�
þO

�
1

λ4

�
; ð129Þ

vλðp; tÞ ¼ −
e

4λ2p2
0

�
EðtÞ − ½pEðtÞ�p

p0ðp0 þmÞ
�
þO

�
1

λ3

�
: ð130Þ

FIG. 1. Series representation of the one-loop current density (76). The interaction with the external background is viewed as a one-
photon exchange between the vacuum fermionic loop (black) and the classical external current jextðtÞ ¼ −ĖðtÞ (small red circles). The

first diagram on the right-hand side encodes the one-potential contribution jð1PÞðtÞ ¼ jð1PÞpol ðtÞ. The diagrams with an even number of
external-field legs vanish according to Furry’s theorem.
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Note that Eqs. (104)–(107) can be immediately obtained
from Eqs. (127)–(130) by setting m ¼ 0 and λ ¼ 1.
Having derived the above prerequisites, we will now

inspect the unrenormalized current density (80), which has
the following form:

jðtÞ ¼
Z

dp
ð2πÞ3J ðp; m; tÞ; ð131Þ

where we emphasize the explicit dependence on the
fermion mass m. The integral (131) diverges logarithmi-
cally. According to the Pauli-Villars scheme, we introduce
additional fermionic fields with large masses Mi. To
regulate the logarithmic divergence, a single field of mass
M ¼ λm is sufficient. The regularized expression reads

jðPVÞðλ; tÞ ¼
Z

dp
ð2πÞ3 ½J ðp; m; tÞ −J ðp; λm; tÞ�: ð132Þ

For any given λ, this is finite, but the λ → ∞ limit does not
exist and requires renormalization. According to the con-
ventional procedure of charge renormalization e → Z1=2

3 e,
we have to take into account the counterterm

jðctÞμ ðλ; xÞ ¼ δZ3ðλÞ∂νFμνðxÞ; ð133Þ

which, in our setup, yields

jðctÞðλ; tÞ ¼ δZ3ðλÞĖðtÞ: ð134Þ

The renormalized current is then obtained via

jRðtÞ ¼ lim
λ→∞

½jðPVÞðλ; tÞ þ jðctÞðλ; tÞ�: ð135Þ

First, we note that this construction is inherently gauge
invariant and cannot give rise to any spurious terms that do
not vanish in the large-mass limit and differ in their form
from the counterterm ∼ĖðtÞ. Second, the final result (135)
is governed by the choice of δZ3ðλÞ. Although it is clear
that this function should cancel the divergent part of
jðPVÞðλ; tÞ, its finite part should be determined by means
of an appropriate physical renormalization condition. Let
us introduce the following function:

J subtrðp; m; tÞ≡ lim
λ→∞

λ3J ðλp; λm; tÞ

¼ lim
λ→∞

4eλ3
�
uλðp; tÞ −

½qλuλðp; tÞ�qλ

ωλðωλ þ λmÞ
�
;

ð136Þ

where qλ ≡ λp − eAðtÞ. By using the expansion (129), we
find

J subtrðp; m; tÞ ¼ e2

2p3
0

�
ĖðtÞ − ½pĖðtÞ�p

p2
0

�
: ð137Þ

Equation (135) can be recast as

jRðtÞ ¼
Z

dp
ð2πÞ3 ½J ðp; m; tÞ −J subtrðp; m; tÞ�

þ lim
λ→∞

½ξ ln λþ δZ3ðλÞ�ĖðtÞ: ð138Þ

Here ξ denotes the coefficient of the leading-order UV term
in J ðp; m; tÞ integrated over the angles:

1

ð2πÞ3
Z

dΩpJ ðp; m; tÞ ¼ ξĖðtÞ
jpj3 þO

�
1

jpj4
�
: ð139Þ

The derivation of Eq. (138) is presented in Appendix D.
The explicit form of ξ is given by

ξ ¼ 2α

3π
: ð140Þ

Therefore,

δZ3ðλÞ ¼ −
2α

3π
ln λþ const: ð141Þ

The remaining finite freedom is fixed by a physical renorm-
alizationcondition.Forour setup, the term ĖðtÞ in the current
density would correspond to an unphysical finite shift of the
field-free vacuum polarization, violating the standard on-
shell condition ΠRð0Þ ¼ 0. To ensure the correct zero-field
limit, one has to require that the term ĖðtÞ be absent in
Eq. (138). This choice fixes

δZ3ðλÞ ¼ −
2α

3π
ln λ ð142Þ

and yields the compact prescription

jRðtÞ ¼
Z

dp
ð2πÞ3 ½J ðp; m; tÞ −J subtrðp; m; tÞ�: ð143Þ

The renormalization constant (142) reproduces the standard
textbook result that provides a finite one-loop polarization
function [84]. The latter was used in the previous section to
obtain the one-potential contribution, so the result (143)
agrees with the previous findings (122)–(124) given the
explicit form of the subtraction term (137). Finally, we note
that if any spurious terms had needed to be subtracted, they
would have been taken into account in our final prescription
(143). Using the relations collected inAppendixA, the same
subtraction can be translated directly to the DHW vector
component that represents the current phase-space density;
hence, the QKE and DHW descriptions lead to the same
renormalized current, with the difference lying only in the
choice of variables.
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C. Renormalized energy-momentum tensor

Starting from the unrenormalized expression

TμνðtÞ ¼
Z

dp
ð2πÞ3 T

μνðp; m; tÞ; ð144Þ

we first obtain the following (angle-averaged) subtraction
terms:

T 00
subtrðp; m; tÞ≡ lim

λ→∞
λ3T 00ðλp; λm; tÞ

¼ e2E2ðtÞ
6p3

0

�
1þ m2

2p2
0

�
; ð145Þ

T kl
subtrðp; m; tÞ≡ lim

λ→∞
λ3T klðλp; λm; tÞ

¼ −
e2

3p3
0

�
1 −

m2

p2
0

��
EkðtÞElðtÞ

�
1þ m2

2p2
0

�

þ 1

2
E2ðtÞgkl

�
1 −

m2

2p2
0

��
: ð146Þ

In the latter equation, we dropped gauge-dependent terms
and odd contributions with respect to p → −p keeping in
mind further integration over p, where the gauge-dependent
terms can be absorbed by the corresponding p shift in the
integrals analogous to those discussed in Appendix D. The
final subtraction prescriptions will contain only derivatives
of AðtÞ. The counterterms are given by

TðctÞ
μν ðλ; xÞ ¼ δZ3ðλÞ

�
FμρðxÞFν

ρðxÞ − 1

4
gμνF2ðxÞ

�
; ð147Þ

which yields

TðctÞ
00 ðλ; xÞ ¼ −

1

2
δZ3ðλÞE2ðtÞ; ð148Þ

TðctÞ
kl ðλ; xÞ ¼ δZ3ðλÞ

�
EkðtÞElðtÞ þ

1

2
E2ðtÞgkl

�
: ð149Þ

Here we simply use the already established relation (142).
The counterterms (148) and (149) exactly cancel the
divergent parts, and the renormalized energy density
becomes

T00
R ðtÞ ¼

Z
dp

ð2πÞ3 ½T
00ðp;m; tÞ− T 00

subtrðp;m; tÞ�

¼
Z

dp
ð2πÞ3

�
4ωðp; tÞfðp; tÞ− e2E2ðtÞ

6p3
0

�
1þ m2

2p2
0

��
:

ð150Þ

Equivalently,

T00
R ðtÞ ¼ 4

Z
dp

ð2πÞ3 ωðp; tÞfRðp; tÞ; ð151Þ

where fR ¼ f − δf and

δfðp; tÞ≡ e2

16ω4

�
E2ðtÞ − ½qEðtÞ�2

ω2

�
: ð152Þ

One can straightforwardly show that the relation (87) holds
also for the renormalized quantities,

Ṫ00
R ðtÞ ¼ EðtÞjRðtÞ: ð153Þ

The renormalized stress tensor reads

Tkl
R ðtÞ ¼ 4

Z
dp

ð2πÞ3
�
qkql

ω

�
fðp; tÞ − quðp; tÞ

ωþm

�

þ 1

2
½qkulðp; tÞ þ qlukðp; tÞ�

þ e2

12p3
0

�
1 −

m2

p2
0

��
EkðtÞElðtÞ

�
1þ m2

2p2
0

�

þ 1

2
E2ðtÞgkl

�
1 −

m2

2p2
0

���
: ð154Þ

It can also be written as

Tkl
R ðtÞ ¼ 4

Z
dp

ð2πÞ3
�
qkql

ω

�
fRðp; tÞ −

quR0 ðp; tÞ
ωþm

�

þ 1

2
½qkulR0 ðp; tÞ þ qlukR0 ðp; tÞ�

�
; ð155Þ

where uR0 ¼ u − δu0 and

δu0ðp; tÞ ¼ −
3e2

8ω5

�
EðtÞ½qEðtÞ� − q½qEðtÞ�2

ωðωþmÞ
�
: ð156Þ

This subtraction corresponds to the next-to-leading-order
contribution to uλðp; tÞ. Note that it is odd in q, whereas the
leading-order term (124) is even. The latter would not
contribute to Tkl

R ðtÞ, while the term (156) would not
contribute to jpol;RðtÞ in Eq. (123). This means that in
both observable quantities, one can safely use the following
“fully subtracted” function:

uR;fullðp; tÞ ¼ uðp; tÞ − δuðp; tÞ − δu0ðp; tÞ: ð157Þ

Moreover, the subtracted function fRðp; tÞ may also be
used in the conduction current (81), since δfðp; tÞ is even in
q and therefore gives no contribution upon momentum
integration. The QKE formalism, supplemented with these
subtraction prescriptions, provides a convenient and sys-
tematic framework for obtaining the physical observables.
The charge renormalization procedure is carried out by
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means of the self-consistent counterterms and one universal
constant δZ3, which is chosen by one physical renormal-
ization condition.
In what follows, we will briefly summarize the relevant

results in the specific case of a linearly polarized external
field, where the above expressions together with the QKE
system itself take a simpler form. For this special case,
subtraction prescriptions analogous to Eq. (157) were
obtained in Refs. [57–59].

VI. LINEAR POLARIZATION: SUMMARY

Here we specialize to an external electric field that
remains parallel to a fixed unit vector n at all times.
Accordingly, we writeEðtÞ ¼ EðtÞn, where EðtÞ is a scalar
function.
As shown in Ref. [50], it is convenient in this case to

introduce a unit vector eðp; tÞ by writing μ2ðp; tÞ ¼
μðp; tÞeðp; tÞ. We then decompose the vector QKE func-
tions into components parallel and perpendicular to eðp; tÞ:
f ¼ f̃eþ f⊥, where f̃ ¼ fe, and similarly for u and v. The
fact that the external field is linearly polarized is equivalent
to [50]

f ¼ 0 and u⊥ ¼ v⊥ ¼ 0: ð158Þ

Under these conditions, the QKEs (45)–(48) reduce to

ḟ ¼ −2μũ; ð159Þ

˙̃u ¼ μð2f − 1Þ þ 2ωṽ; ð160Þ

˙̃v ¼ −2ωũ; ð161Þ

where

μ ¼ μðp; tÞ ¼ eEðtÞπ⊥ðpÞ
2ω2ðp; tÞ : ð162Þ

Here π⊥ðpÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2⊥

p
, and p⊥ ¼ q⊥ is the transverse

momentum component, i.e., that perpendicular to n. The
longitudinal momentum is qk ¼ qn ¼ pk − eAðtÞ (not to
be confused with qe ¼ −mqk=π⊥). The quasienergy sat-
isfies ω2 ¼ q2k þ π2⊥. The QKE functions are independent
of the azimuthal angle of p⊥. The system (159)–(161) has
been discussed and numerically implemented in numerous
studies (see, e.g., Refs. [30,60–63,68–70,72–74,76,79]).
We also note that it is often formulated in terms of f0 ¼ f,
u0 ¼ −2ũ, and v0 ¼ 2ṽ. The integral of motion (100) takes
the following form:

1

4
ð1 − 2fÞ2 þ ũ2 þ ṽ2 ¼ 1

4
: ð163Þ

The remaining steps are straightforward algebra. The
subtraction terms for u are also parallel to e, so we define

fRðp; tÞ ¼ fðp; tÞ − e2E2ðtÞπ2⊥ðpÞ
16ω6ðp; tÞ ; ð164Þ

ũRðp; tÞ ¼ ũðp; tÞ þ eĖðtÞπ⊥ðpÞ
8ω4ðp; tÞ

−
3e2E2ðtÞqkπ⊥ðpÞ

8ω6ðp; tÞ : ð165Þ

The last two terms are even and odd, respectively. Note that
Eq. (165) is an analog of the function (157), but we use a
shorter subscript “R” instead of “R, full.” In a compact
form, one can write

fRðp; tÞ ¼ fðp; tÞ − μ2ðp; tÞ
4ω2ðp; tÞ ; ð166Þ

ũRðp; tÞ ¼ ũðp; tÞ þ 1

4ωðp; tÞ
d
dt

μðp; tÞ
ωðp; tÞ : ð167Þ

Note that ḟR ¼ −2μũR. The conduction current is given by

jcondðtÞ ¼ 4e
Z

dp
ð2πÞ3

q
ω
fðp; tÞ; ð168Þ

where f can be replaced with fR as the subtraction term,
being even in q, does not contribute. The transverse
current vanishes by symmetry: the integrand is odd under
p⊥ → −p⊥. Therefore,

jcondðtÞ ¼ 4en
Z

dp
ð2πÞ3

qk
ω
fðp; tÞ: ð169Þ

The integrals over p are practically two-dimensional:
dp ¼ 2πjp⊥jdjp⊥jdpk. The renormalized polarization cur-
rent has the form

jpol;RðtÞ ¼ 4e
Z

dp
ð2πÞ3

qkp⊥ − π2⊥ðpÞn
π⊥ðpÞωðp; tÞ

ũRðp; tÞ: ð170Þ

The first term with p⊥ is odd with respect to p⊥ → −p⊥, so
it can be discarded:

jpol;RðtÞ ¼ −4en
Z

dp
ð2πÞ3

π⊥ðpÞ
ωðp; tÞ ũRðp; tÞ: ð171Þ

Thus, the induced current density is always collinear with
the external field Ekn.
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The energy density has the following expression:

T00
R ðtÞ ¼ 4

Z
dp

ð2πÞ3 ωðp; tÞfRðp; tÞ: ð172Þ

Defining a scalar function jRðtÞ by

jcondðtÞ þ jpol;RðtÞ ¼ jRðtÞn; ð173Þ

one readily verifies the energy-balance relation

Ṫ00
R ðtÞ ¼ EðtÞjRðtÞ: ð174Þ

The renormalized stress tensor is given by

Tkl
R ðtÞ ¼ 4

Z
dp

ð2πÞ3
�
qkql

ω

�
fRðp; tÞ þ

mqkũRðp; tÞ
π⊥ðωþmÞ

�

þ 1

2
½qkelðp; tÞ þ qlekðp; tÞ�ũRðp; tÞ

�
: ð175Þ

This tensor can be represented in a more transparent form if
we specify the Cartesian projections of the field polariza-
tion vector n. Assuming that n points at the z direction, we
arrive at

T11
R ðtÞ ¼ 2

Z
dp

ð2πÞ3
p2⊥
ω

�
fRðp; tÞ þ

qk
π⊥

ũRðp; tÞ
�
; ð176Þ

T22
R ðtÞ ¼ T11

R ðtÞ; ð177Þ

T33
R ðtÞ ¼ 4

Z
dp

ð2πÞ3
qk
ω
½qkfRðp; tÞ − π⊥ũRðp; tÞ�: ð178Þ

All remaining components vanish. We note a sign differ-
ence relative to Ref. [59] in the terms proportional to ũR in
the expressions analogous to Eqs. (171), (176)–(178).
In the case of a linearly polarized field, the spin-resolved

distributions of particles are completely symmetric, and the
net spin density vanishes, SðtÞ ¼ 0.

VII. CONCLUSION

In this paper, we have presented a detailed study of
vacuum polarization and electron-positron pair production
in a spatially homogeneous, time-dependent electric field
of arbitrary polarization within the QKE framework.
Building on the adiabatic-basis formulation developed in
Ref. [50], we analyzed the structure and properties of the
resulting closed system of kinetic equations. In addition to
momentum-resolved particle distributions, we considered
observable expectation values induced by the background
field. In particular, we expressed the electric current
density, the energy-momentum tensor, and the angular-
momentum (spin) tensor in terms of the QKE functions and
clarified their correspondence to the DHW description.

We have clarified the relation of these results to previous
work. In the linearly polarized limit, our expressions
reproduce the known QKE and DHW formulas. The new
contribution is the explicit construction of these observables
for arbitrary polarization within the corrected QKE frame-
work; this includes circularly polarized electric fields as
special cases.
The logarithmic ultraviolet divergence appearing in

the polarization current was removed using two comple-
mentary approaches: renormalization of the one-potential
contribution and large-mass subtraction within the Pauli-
Villars scheme. We described both procedures in detail and
verified their mutual consistency. This analysis also
enabled us to derive finite, gauge-invariant expressions
for the energy-momentum tensor. The resulting finite parts
contain the dependence on the temporal profile and
polarization of the external field and are not restricted to
a derivative expansion.
For practical applications, we also summarized the

reduced kinetic system and collected compact formulas
for the relevant observables in the case of linear polariza-
tion. For other symmetric backgrounds additional simpli-
fications may occur. In a strictly monochromatic circularly
polarized field, for example, one may exploit the combined
time-translation and spatial-rotation symmetry, or equiv-
alently a rotating-frame/Floquet representation; helicity-
resolved final spectra can then be analyzed in a reduced
form. Such quantum numbers are not conserved for generic
finite pulses, which is why the matrix-valued system is kept
in the general formulation.
The present work is exact within the spatially homo-

geneous electric-field model. Including a magnetic compo-
nent would require a different instantaneous basis, for
instance a Landau-level basis for homogeneous magnetic
backgrounds, and arbitrary relative orientations would
generally induce Landau-level and spin mixing. Similarly,
spatially inhomogeneous fields destroy the diagonal
momentum structure used here and turn the kinetic matrices
into nonlocal objects in momentum space. These extensions
are natural future applications of the same operator strategy,
but they are beyond the scope of the present paper. Overall,
the framework developed here provides an efficient and
transparent tool for quantitative studies of nonperturbative
QED dynamics in strong, time-dependent electric fields.
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APPENDIX A: CONNECTION WITH THE DHW
FUNCTIONS IN REFS. [34,38,50]

For convenience, we list the explicit relations between
the QKE functions f, f, u, and v and the functions involved
in the DHW formalism [34,38]. These relations were
derived in Ref. [50]. The DHW formalism is sufficiently
general to encode all local bilinear observables; for exam-
ple, Ref. [34] formulated the current density and global
conservation laws, and Ref. [38] explicitly reduced the
homogeneous linearly polarized problem to the usual scalar
kinetic theory. What had not been displayed in those works
is the arbitrary-polarization set of observable formulas
written in the corrected general QKE variables, together
with the charge-renormalized subtraction used in Sec. V.
The relations below specify precisely how our QKE results
can be translated back to the DHW components:

s̃ − s̃A¼0 ¼ 4

�
m
ω
f −

qu
ω

�
; ðA1Þ

ṽ − ṽA¼0 ¼ 4

�
q
ω
f þ u −

qðquÞ
ωðωþmÞ

�
; ðA2Þ

ã ¼ −4
�
m
ω
f −

q × v
ω

þ qðqfÞ
ωðωþmÞ

�
; ðA3Þ

t̃ ¼ −4
�
m
ω
v −

q × f
ω

þ qðqvÞ
ωðωþmÞ

�
: ðA4Þ

The DHW functions on the left-hand sides follow the
notation of Refs. [38,50]. Reference [34] uses a different
notation, namely, f3 ¼ s̃, g0 ¼ −ã, g1 ¼ ṽ, and g2 ¼ t̃.
Unrenormalized DHW expressions for several observ-

ables were obtained in Refs. [34,38]. In particular, the
current density, energy density, and spin density in
Eqs. (33), (37), and (41) of Ref. [34] agree with our results
in Sec. IV. For instance, the total current density, i.e., the
sum of Eqs. (81) and (82), coincides up to the factor
e=ð2πÞ3 with the p integral of Eq. (A2), which is consistent
with Eq. (33) of Ref. [34] and supports the interpretation of
ṽ (g1 in Ref. [34]) as the current phase-space density.
Consequently, the renormalization of the current in Sec. V
can be viewed equivalently as a subtraction in the DHW
vector component; the subtraction term is fixed by the same
charge-renormalization condition and does not introduce a
method-dependent finite ambiguity. Given the explicit
relationships between the QKE and DHW functions, our
results in the main text gain additional significance; they

can be applied even when using the DHW formalism
instead of the QKE approach.

APPENDIX B: BASIS DEPENDENCE
OF THE QKE OBSERVABLES

The explicit spinors in Eqs. (18)–(21) fix a convenient
convention inside the two-dimensional positive- and neg-
ative-energy eigenspaces of the one-particle Hamiltonian.
Choosing another convention amounts to a unitary rotation
of the spin labels in these eigenspaces. The adiabatic
creation and annihilation operators then transform with
the inverse rotations, while the matrices A, B, C, and D
transform covariantly. At the same time, each bispinor
bilinear appearing in the current, energy-momentum tensor,
or spin tensor transforms with the opposite unitary matrices
on the corresponding spin indices. Since all spin indices are
summed in the expectation values, these unitary matrices
cancel pairwise.
For the current density this cancellation is particularly

transparent. The normal correlations A and B multiply
the bilinears ūγμu and v̄γμv, while the anomalous
correlations C and D multiply ūγμv and v̄γμu. After a
basis rotation, the matrix representation of each corre-
lator changes, but the complete spin contractions defin-
ing Eq. (76) do not. The same reasoning applies to Tμν

and Mμν. Thus, the components f, f, u, and v are basis
components of a covariant set of correlation matrices,
whereas the observables constructed in Sec. IV are basis
independent.

APPENDIX C: DIRECT CALCULATION
OF THE ONE-POTENTIAL CONTRIBUTION

TO THE CURRENT DENSITY

Here we treat the external electric field perturbatively
and work in the interaction picture, where the evolution
operator has the form

Uðt; t0Þ ¼ T exp

�
−i

Z
t

t0

dx0
Z

dxjν0ðxÞAνðxÞ
�
: ðC1Þ

Here T denotes time ordering, AνðxÞ ¼ Aνðx0Þ is the
external vector potential, and jν0ðxÞ is the current operator
of the free Dirac field. The vacuum expectation value of the
current density (76) is then

jμðx0Þ ¼ 1

V

Z
dxh0jU†ðx0; tinÞjμ0ðxÞUðx0; tinÞj0i: ðC2Þ

The first-order (one-potential) contribution reads
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jð1PÞμ ðx0Þ ¼ 2

V
Im

Z
dx

Z
x0

tin

dy0
Z

dyAνðy0Þh0jj0μðxÞjν0ðyÞj0i

¼ 2e2

V
Im

Z
dx

Z
x0

tin

dy0
Z

dyAνðy0Þ

×Tr½γμS0ðx;yÞγνS0ðy;xÞ�: ðC3Þ

Here S0ðx; yÞ is the free Dirac propagator:

S0ðx; yÞ ¼
Z

dp
ð2πÞ3 e

ipðx−yÞiS0ðx0; y0;pÞ; ðC4Þ

where

S0ðx0;y0;pÞ ¼ θðx0 − y0Þγ
0p0− γpþm

2p0
e−ip

0ðx0−y0Þ

− θðy0 − x0Þγ
0p0þ γp−m

2p0
eip

0ðx0−y0Þ ðC5Þ

and p0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

p
. By integrating over y and x, we find

jð1PÞμ ðtÞ ¼ 2e2 Im
Z

t

tin

dt0
Z

dp
ð2πÞ3Aðt0Þ

× Tr½γμS0ðt; t0;pÞγS0ðt0; t;pÞ�: ðC6Þ

First, the trace vanishes for μ ¼ 0; hence, jð1PÞ0 ðtÞ ¼ 0.
Second, for μ ¼ k∈ f1; 2; 3g, the integrand contains the
factor exp½−2ip0ðt − t0Þ�=ð4p2

0Þ and the following trace:

Tr½γkðp0γ0 − γpþmÞγjð−p0γ0 − γpþmÞ�
¼ 8½pkpj − p2

0δ
kj�: ðC7Þ

Integrating by parts with respect to t0 yields Eq. (108).

APPENDIX D: DERIVATION OF EQ. (138)

According to Eq. (135), the renormalized current reads

jRðtÞ ¼ lim
λ→∞

�Z
dp

ð2πÞ3 ½J ðp; m; tÞ −J ðp; λm; tÞ�

þ δZ3ðλÞĖðtÞ
�
: ðD1Þ

For fixed λ, the momentum integral can be decomposed
into three finite terms:

Z
dp

ð2πÞ3 ½J ðp; m; tÞ −J subtrðp; m; tÞ�

þ
Z

dp
ð2πÞ3 ½J subtrðp; m; tÞ − λ3J ðλp; λm; tÞ�

þ
Z

dp
ð2πÞ3 ½λ

3J ðλp; λm; tÞ −J ðp; λm; tÞ�; ðD2Þ

where J subtrðp; m; tÞ is defined in Eq. (136). The first term
is λ-independent, the second vanishes as λ → ∞, and the
third can be evaluated as

lim
Λ→∞

Z
Λ

0

djpjjpj2
ð2πÞ3

Z
dΩp½λ3J ðλp; λm; tÞ−J ðp;λm; tÞ�

¼ lim
Λ→∞

Z
λΛ

Λ

djpjjpj2
ð2πÞ3

Z
dΩpJ ðp;λm; tÞ

¼ lim
Λ→∞

Z
λΛ

Λ
djpj

�
ξĖðtÞ
jpj þO

�
1

jpj2
��

¼ ξĖðtÞ lnλ: ðD3Þ

By combining Eqs. (D1)–(D3), one obtains Eq. (138).
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