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In the present work, we analyze the properties of the transition form factors (TFFs) for the yy* — n)
process, employing the #)-meson light-cone distribution amplitude (LCDA) derived within the light-cone
sum rule framework. To this end, we adopt the quark-flavor mixing scheme for the #(") meson, and compute
the TFFs by systematically incorporating transverse-momentum corrections and contributions beyond the
leading Fock state. We utilize light-cone harmonic oscillator models to parametrize the longitudinal and
transverse behavior of the leading-twist light-cone wave function, for which the corresponding LCDA
exhibits a unimodal profile. We further examine the potential contributions of intrinsic charm components
to the scaled TFFs Q*F, (Q?) and Q?F,;,(Q?). Leveraging a range of values for the decay constant T,
and implementing the #—#'—#,. and #—#'-G-5,. mixing mechanisms accordingly, together with the recently
updated mixing angles, we investigate the impact of the intrinsic ¢¢ and gluonic component on these
observables. In the high-Q? regime, Q>F W(Qz) exhibits a marked increase in sensitivity to the charm
quark component, whereas Q>F ,W(Qz) becomes notably stabilized. A detailed discussion of 2 /d.o.f. (chi-
squared per degree of freedom) and p values indicates that the intrinsic charm quark component is

important and yields a substantial, non-negligible contribution across the entire Q> range.

DOI: 10.1103/ycq4-tlmy

I. INTRODUCTION

Hadronic transition form factors (TFFs) are among the
most critical physical observables for describing the mech-
anisms of exclusive reactions. Studying hadronic TFFs not
only yields valuable insights into the internal structure of
hadrons but also deepens our understanding of the tran-
sition from perturbative to nonperturbative behavior in
the intermediate energy regime. In particular, the photon-
meson TFFs of neutral pseudoscalar mesons, such as z°, 7,
and 7, have garnered broad interest due to their intimate
connection with nonperturbative strong interaction dynam-
ics [1]. Investigating these TFFs poses a multifaceted
challenge, requiring a coherent integration of experimental,
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theoretical, and phenomenological approaches to fully
characterize and predict their behavior. Furthermore, these
TFFs serve as a valuable testing ground for precision
studies of the Standard Model (SM), particularly in the
context of quantum chromodynamics (QCD). Moreover,
the study of flavor-singlet pseudoscalar mesons (e.g., 1
and 7) is a highly active research area, offering a vital
probe for physics beyond the SM [2,3].

Current research on the production mechanisms of # and
7' mesons in hard processes remains relatively limited.
Unlike pions, # and #' mesons may contain significant
gluonium (glueball) components or intrinsic charm. This
characteristic presents challenges for traditional approaches
based on low-energy effective field theories when describ-
ing such hard processes—given that these processes are
highly sensitive to the behavior of meson wave functions at
small quark separations. While several studies [4-8] have
explored this possibility using various methods, no defini-
tive conclusions have been reached regarding the existence
or precise proportion of these exotic components. In recent
years, the photon-meson TFFs for neutral pseudoscalar
mesons have garnered significant attention, owing to their
role in SM quantum corrections to (g —2),,, the anomalous
magnetic moment of the muon [9-15]. Early experimental
investigations into the yy* — n") TFFs date back to
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measurements by the PLUTO collaboration in 1984 [16].
Subsequently, the CLEO, L3, CELLO, and BABAR col-
laborations also measured the TFFs for yy* — 5): these
measurements were performed at spacelike momentum
transfers in the range 1.5-40 GeV? [17-21], as well as
at an exceptionally large timelike momentum transfer of
112 GeV? for y* — n)y TFFs [22].

Theoretically, several groups have investigated the
yr* — n'") process via a variety of approaches, including
the rational approximants [23,24], the anomaly sum rule
[25], the chiral perturbation theory (yPT) [12,26], the light-
front holographic QCD [27], the light-front quark model
[28], the Nambu—-Jona-Lasinio (NJL) model [29,30], the
continuum approach using the Bethe-Salpeter (BS) wave
function [31], etc. These methods are typically formulated
in terms of the flavor-singlet #; and flavor-octet 7y states,
with the introduction of two mixing angles €, and 0Oy
[32-34]; and some works also incorporate gluon compo-
nents [5,7,8,35], which elevates the complexity of the
associated calculations. While discrepancies exist among
the results yielded by these theoretical frameworks, the
majority of predictions lie within the error margins of
experimental measurements.

In addition to the flavor singlet and octet schemes
employed for calculating the yy* — 5} TFFs, the quark
flavor mixing scheme has also been utilized. A key
advantage of this mixing scheme is that it not only
simplifies calculations by involving only a single mixing
angle ¢, but is also favored by theoretical and phenom-
enological considerations within the quark flavor basis
[36,37]. In the high-energy regime, TFFs can be computed
asymptotically at leading twist by convolving the pertur-
bative hard-scattering amplitude with the light meson’s
light-cone distribution amplitudes (LCDAs), thereby incor-
porating nonperturbative quantum chromodynamics
(QCD) [38-41]. Using the light-cone perturbative QCD
(pQCD) approach, one can derive an expression for
photon-meson TFFs that retains the transverse momentum
(k) dependence in both the hard-scattering amplitude and
the light-cone wave function (LCWF) [38,42]. These
LCWFs, in turn, are closely related to nonperturbative
LCDAs. However, in contrast to the steadily improving
precision of perturbative QCD hard amplitudes, nonper-
turbative LCDAs remain insufficiently characterized.
Hadronic LCDAs provide a key window into the QCD
interactions of quarks, antiquarks, and gluons within
hadrons, thus serving as essential ingredients for applying
QCD to hard exclusive processes. As such, the significance
of hadronic LCDAs in predicting TFFs across both non-
perturbative and perturbative momentum transfer regimes
is widely recognized [43,44].

The pion LCDAs have been extensively investigated,
cf. recent progresses [45-50], and the pion-photon TFF
has been computed up to next-to-next-to-leading order
(NNLO) QCD corrections, with results from various

methodologies showing good consistency [51-55]. In
contrast, the phenomenology of 5 and # mesons is
considerably more complex due to their flavor mixing,
rendering their study more challenging than that of pion. As
a result, the quark-gluon structure of these mesons and the
hard exclusive processes involving them have become the
focus of numerous theoretical efforts. Current theoretical
investigations into the LCDAs of #() mesons primarily
employ an expansion framework based on Gegenbauer
moments. In prior works, two typical approaches have been
adopted to determine these moments for the leading-twist
LCDAs: one derives them via methods analogous to those
applied to the pion [56-58], while the other estimates the
moments by fitting to experimental data [7,20,21]. Despite
these advances, research on the LCDAs of n(’) mesons
remains relatively limited to date.

It is well established that LCDAs, universal nonpertur-
bative quantities, characterize the momentum-fraction dis-
tributions of constituents within a meson for a specific Fock
state. These distribution amplitudes enter the calculation
of exclusive processes via proper factorization theorems,
thereby serving as pivotal inputs for QCD predictions of
such processes. Moreover, a close correlation exists
between the LCWF and the LCDA, e.g. the LCDA is
obtained by integrating out the transverse momentum of the
LCWE. For the )-meson LCWF, the Brodsky-Huang-
Lepage (BHL) prescription [59] is typically employed to
construct it. This prescription connects the equal-time
wave function in the meson rest frame to the wave function
in the infinite momentum frame. By properly tuning the
model parameters, distinct asymptotic behaviors of
n")-meson LCDAs can be realized, ranging from asymp-
toticlike to Chernyak-Zhitnitsky [60] (CZ)-like profiles,
cf. Refs. [6,61]. This flexibility enables the identification of
the most appropriate LCDA behavior for explaining exper-
imental form factor data, though this objective has not yet
been accomplished via dedicated quantitative calculations.

Building upon these theoretical foundations and the
current understanding of LCDAs for 17(’) mesons, we have
carried out detailed calculations of the leading-twist LCDA
of ") mesons using QCD sum rules within the background
field theory framework [62,63]. These calculations yield
deeper insights into the internal structure of #(") mesons and
their momentum-fraction distributions. Such theoretical
advancements pave the way for more precise comparisons
between experimental measurements and theoretical pre-
dictions, ultimately advancing our understanding of meson
decay dynamics within the QCD framework.

The leading-twist LCDAs of (") mesons are essential for
interpreting both their corresponding semileptonic decays
and the yy* — n) TFFs. Drawing on prior works [62-64],
the primary objective of this paper is to constrain physically
reasonable 7)-meson LCWFs from their leading-twist
LCDAs and, in conjunction with pQCD, to achieve a more
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precise determination of yy* — n) TFFs, e.g., Q*F,,(0?)
and Q*F,;,(Q%), up to next-to-leading order (NLO) QCD
corrections. We will adopt the quark flavor mixing scheme
to address specific theoretical challenges and update our
earlier studies on yy* — 5" [61]. Furthermore, by varying
fm-ﬂ within the frameworks of the n-#'-, and 5-1'-G-7,
mixing mechanism, we explore how the charm quark and
gluonic component influences the TFFs Q?F, (Q?) and
Q2F n y(Qz)'

The structure of this paper is organized as follows. In
Sec. II, we provide a concise overview of the calculation
techniques employed for the TFFs and introduce the LCWF
models for », and 5, mesons—defined within the quark
flavor mixing scheme—along with the analytical formal-
isms for their derivation. Section III presents our numerical
results, where we analyze the properties of the TFFs
Q*F,,(0%) and Q*F,,(Q?) in detail. Additionally, con-
sidering the possible intrinsic charm or gluonic components
in the hadrons, we calculate the transformation matrices
and their effects to the TFFs for both the #-#'-7, and
n-n'-G-n. mixing mechanisms accordingly. Finally, Sec. IV
provides a brief summary.

II. CALCULATION TECHNOLOGY

We begin with a minireview of the key procedures for
computing the TFFs for the yy* — ) process. In the
quark-flavor basis, the physical meson states  and 7’ are
related to the orthogonal states 7, and 7, through the
following orthogonal transformation

<|'I>> _ <COS¢ —sin¢)<|'7q>) ()
') sing cos¢p ) \n,) )’
where ¢ is the mixing angle. Under the quark-flavor mixing

scheme, 7 —y and ' — y TFFs are related with F ,W(Qz)
and F, ,(Q?) through the following equations

F, (0% = F,W(QZ) cos¢p — F, ,(0*)sing, (2
Fﬂ’V(QZ) = Fm,y(Qz) sing) + Fm.y(Qz) cos¢, (3)

where F, ,(0%) and F, ,(Q?) stand for n,y and 5,y TFFs,
respectively. Analogous to the pion-photon TFF, the
meson-photon TFFs of 7, and 7, can also be decomposed
into the following two parts

Fp,(0%) = Fy) (0% + Fin"(02), 4)

where for convenience, we have adopted the abbreviation P
(P is a short notation for pseudoscalar) to stand for the 7,
and 5, mesons. In the following, we will elaborate on how
these two contributions arise.

A convenient framework for the relativistic description
of quarks and gluons in hadrons, as well as for applying
perturbative QCD to exclusive processes, is provided by the
light-cone formalism. The light-cone Fock state expansion
of the wave function yields both a precise definition of the
parton model and a general method for evaluating hadronic
matrix elements. In the quark-flavor basis, the two orthogo-
nal basis states are assumed to have the following parton
composition within a Fock state description:

|77q> = |QQ>T11,, +oee |’7s> = |S§>lpr]\. +ee (5)
where |qg) = |uit + dd)/~/2 and ¥ denote the LCWFs of
the corresponding parton states, and the dots represent
higher Fock states. The normalization condition is imposed

on the Fock-state wave functions ¥,(x;,k ;,4;) for
n=23,...

Z/{dXkoL]nlan(xiakii7/1i>|2 =1 (6)
n,A;

with
[dxd®k ||, = 167:35(1 - Zx,) 8 <inkli>
i=1 i=1
dX'dsz_‘
e |[—= 7
X ll|: 1677:3 :| ( )

Here A; denotes the helicity of the constituent partons,
and n labels all the Fock states, with ¥, =¥,
(or ¥, = ¥;) representing the lowest-order contribution.
It should be pointed out that we have
Jldxd®k ], 32, [Woq(x; ki, 4)> < 1 for the leading
Fock state alone.

Similar to the pionic case, the meson-photon TFFs of 7,
and 5, can be connected with the yy* — P vertex in the
amplitude of eP — ey as

FM = _iezFPy(Qz)eﬂuaﬁPﬂeaqﬁ7 (8)
where P and ¢ denote the momenta of the incoming
pseudoscalar meson and the virtual photon, respectively,
and e is the polarization vector of the final on-shell photon.
To simplify the hard-scattering amplitude, we adopt the
Drell-Yan-West assignment at the “infinite-momentum”
frame [65]: ¢ = (9+,9-,q.) = (0,]q.|*/P*.q,) and
P=(P",P",P.), where P" is arbitrary due to
Lorentz invariance, and we conveniently set it to 1.
Then the TFF Fp,(Q?) is given by [38,39]

Tt

—ie(e; x (h)’

Fp,(Q%) = ©)
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(b)

FIG. 1. Typical diagrams contributing to the meson-photon
TFFs F PV(Q2) for the 5, and 5, mesons, with x' = 1 — x. The
ellipse with a slash in panel (b) indicates the strong interaction.

where Q% = 2 e=1(0,0,e,),e, -q, =0 and

€1 XqL =€11912—€12911-
As illustrated in Fig. 1, there are two basic types of

contribution to the TFF Fp,(Q?), namely FED‘;)(QZ) and
(@) Fiy

P},) (Q?) comes from Fig. 1(a), which involves
the direct annihilation of a ¢g or s5 pair into two photons;
this constitutes the leading Fock-state contribution.

FiY Py (Q2) comes from Fig. 1(b), which describes the
coupling of one photon to the LCWFs of the 5, and 7,
mesons. Specifically, this contribution arises from strong-
interaction-mediated photon couplings associated with
higher Fock-state components.

By keeping the transverse momentum dependence of
the hard scattering amplitude and the LCWE, one can
employ the pQCD approach in the light-cone framework

to calculate the TFFs F E,‘J/,)(QZ) [38], which at present has

been known up to the NLO level. Both the hard scattering
amplitude and wave function contain k, corrections, the

TFF for the valence quark state FE,‘}/,)(Q2) can be
expressed as [66],
1 d*k
FSDV)(QZ) :2\/553,;/ dxdx’é(l—x—x’)/ §
4 0 167
X Wp(x, k) Ty(x,x" k), (10)

where ep = (€2 + €3, /2¢2) for P = (n,.1,), respec-
tively. The leading-order hard-scattering amplitude
Ty(x,x', k) takes the form

q. - (Xq, +ky)

Ty(x,x' k)= € (Y, K, +((x<x) (11)

with k, being the transverse momentum of constituent
quarks and q; is transverse momentum of the virtual
photon. Here we do not explicitly present the terms
associated with high-helicity states and high-twist struc-
tures in the (77,.7,) meson wave function. Direct calcu-
lations show that the contribution from higher-helicity
states with A; + 4, = £1 is smaller than that from the
ordinary helicity states with 4, + 1, = 0 [67].

Regarding the contribution from FY Py (QZ) its calcu-
lation proves challenging in any Q? region owing to its
nonperturbative nature. Therefore, in this work, we adopt
the method from Ref. [59] to evaluate it. As described in
Ref. [59], for the pionic case, when Q? ~ 0, the wavelength
of the photon inside the pion is ~1/m,, which is much
larger than the pion 1/A (where A is the typical hadronic
scale, about 1 GeV). Therefore, the nearly on-shell photon
can be regarded as an approximately uniform external field
within the volume of the pion. In such a constant external
field, the fermion propagator receives only a phase modi-
fication, i.e.,

Sa(x —y) = €045 (x - y). (12)

Consequently, the lowest-order gg wave function of the
pion is modified only by a phase factor /4, where y
denotes the relative distance between the ¢ and g. By
transforming this phase into momentum space and applying

it to the wave function, the contribution to o Ty (Q2) in the
limit q, — O is obtained. The same procedure can also
be applied to the light pseudoscalars 7, and 7, to derive

the contributions to F g”, with the expressions given as
follows:
Vo2
0
(@3], o

-2 k
_ dxdx/é(l—x—x’)/dz =
\/§Q2 167z

x {M [018 ¥, (x, kL)} +x<—>x’}. (13)

The expression for F Py (Qz) given here is valid in the
limit Q> — 0. Here we fully retain all the terms related
to the transverse momentum ¢, that are required to
compute its first derivative with respect to Q2, and
implicitly employ the identity in the derivation:
(e, xqu)(k, xq,)=0Q%e, -k,). After integrating
over the transverse momentum Kk |, we directly obtain,

FUY (0) = F(0) = / d¥p(x,0,).  (14)

8\/_ 3z
This result indicates that the leading-twist Fock state only
contributes half of Fp,(0) = F g) 0)+F gv) (0). To arrive

at the complete transition form factor for the yy* — y)
process Eq. (4), it is necessary to incorporate both the

valence quark contribution F Py (QZ) and the non valence

quark contribution F\ by (02).
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After integrating over the azimuthal angle of k |, the resulting expressions for the TFF F ED‘;)(QZ) can be written in the

following form [66,68]:

°Q* d Cra,(Q?
Fg)(szep// xsz< %

Equation (13) for F gv) (Q?) is only valid in the limit
Q? — 0 and cannot be directly extrapolated to the full Q>
range. To address this, one can devise a phenomenological

model for F (Qz) by relying on the asymptotic behavior
observed as Q2 — 0 and Q% - x [67], ie.,

a

O =g

(16)

where the NLO QCD correction for the valence quark part
is from Refs. [69,70]. Here Cr =4/3 and k; = |k |. The
aforementioned BHL prescription provides an explicit
example of this assumption. Furthermore, ep is related
to the electric charges of the constituent quarks, with the

corresponding values being ¢, =5/9 and e, = V2/9.
The parameters @ and x are determined by
1
S, (0). (17)
Fpy(0)
K vy (18)
FPy |Q2—>0

The first order derivative for F' by ")(0?) with respect to 02
is given as the following expression

(Nvy
Fy

0*~0

5l 1 ()]

To compute the TFFs F I(D‘;) (Q?) and F I(DA;V) (Q?) effectively,
it is imperative to ascertain the precise light-cone wave
function ¥ p(x, ki) In our present discussions, without loss
of generality, we have implicitly adopted the standard
assumption that the LCWF depends on k| only through
K, e, Wp(x,k ) =Wp(x,k3) [71].

Within the framework of QCD, a rigorous and well-
defined field-theoretical boundary exists between valence
and nonvalence quark components, which can be distin-
guished from four perspectives:

(i) The valence quark component corresponds to

the two-body ¢gg configuration without gluon

0*~0
(19)

(21nx—|—3 +In——-5 -

2 2
xQ2Q+ - %))lpp(x, 12)dR2. (15)
1

contributions, while the nonvalence quark compo-
nent includes multibody configurations such as ggg
and gggg that involve gluons and three-body or
higher-order structures;

(i) The valence quark component contribution arises
from direct annihilation and hard scattering proc-
esses, which can be precisely calculated via pQCD.
In contrast, the nonvalence quark component con-
tribution is dominated by internal strong-interaction
couplings and represents a soft contribution gov-
erned by nonperturbative effects;

(iii) The valence quark component dominates in the
large-Q? region and follows a ~1/Q? scaling
law, whereas the nonvalence quark component
plays a critical role at low Q? and is significantly
suppressed by a higher power (e.g., 1/0%) at large
0> [66];

(iv) The valence quark component is governed by twist-2
operators (the leading-twist contribution), while the
nonvalence quark component corresponds to twist-4
and higher-twist operators, whose contributions are
power suppressed with increasing twist.

As emphasized in Refs. [42,70,72,73], it is crucial to
retain the transverse-momentum dependence in both hard-
scattering amplitude and the meson wave function to ensure
a coherent and consistent analysis of the transition form
factor. As for the pseudoscalar mesons 7, and 7, their
LCWFs can be written as

Wpx k) = D EG% (x.mp kL )WE(x.mi kL), (20)

Arda

Here m; represents light quark m, or m;, 4, and 4, denote
the helicities of two constituent quarks. S denotes the total
spin, and S, typically represents the projection quantum
number of the total spin onto the z direction. For pseudo-
scalar mesons, the total spin S 0, and hence S, =0.
Therefore, we express Y, ;. EQY directly as >4, EN%,
The spin wave function Eh% (x, m;,k ) is derived from
Wigner-Melosh rotation, whose explicit form for different
A14, is exhibited in Table I.

Following the BHL prescription, we can express the
spatial wave function WX (x, m;, k) as [71,74,75]

W, my K1) = Appp(x) exp [—

016003-5
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TABLE 1. Expressions of the spin-space wave function

EAMZ ()C, m;, kL) with different ﬂ.]ﬂ,z.

Ay W (11) Ik a

=i -k _ ketiky m; _ m;
(x,m;, k) —\/m V2(m %) V2(m k%)

where X = (1 —x). Ap denotes the overall normalization
parameter. The x-dependence function ¢p(x), which domi-
nates the longitudinal behavior of the wave function,
remains to be determined. Here, we adopt the light-cone
harmonic oscillator (LCHO) model to parametrize this
behavior. And following the discussions in Ref. [45], we
take its form as follows:

op(x) = [x3)7 (1 + 0p x C3/3(£)), (22)

with &= (2x—1). The C¥* stand for nth-order Gegenbauer
polynomial.1

There is a relationship between the leading-twist LCDA
¢2.p(x, 1) and the LCWF ¥p(x, k), i.e

2V6 d’k |
e Jipan 1600

oy (.t) = Uplxk). (23)

Upon integrating over the transverse momentum Kk |, the
expression for the leading-twist LCDA ¢,.p(x, u) of 7,
mesons is then given by

\/_Apmzﬂp
2\/— 3/2f \/_¢P( )

x <Erf rf[ i ] )
8p%xx

where the error function Erf(x) is defined as Erf(x) =
\/l; fg e~ dt. To fix the expression for the LCWEF, we need

to determine the values of parameters Ap, ffp, and €p, op.
The moments

¢2;P (X, /’t)

ml2 + p?
8ppxx

(24)

(&), = / 2= 1) paplo )

can be derived via the QCD sum rule approach within the
background field theory [63,64]. The LCWF should satisfy
the following two constraints:

'In addition to the present adopted model for ¢p(x), other
models have also been employed in the literature. It has been
shown in Refs. [45,76], if the pseudoscalar LCDAs exhibit a
similar unimodal profile, different LCDA model choices will
yield numerically close results for the resulting TFFs.

(i) The wavefunction normalization condition

[axf Ty = L @)

(i) The sum rule derived from the decay of pseudoscalar
mesons into two photons [59]

/ W (rk, = 0) = }/_6 . (6)

0 P

III. NUMERICAL ANALYSIS

We adopt the NNLO a,(Q?) to do the numerical
calculation, i.e.,

[y pmn @ i)
Bon(Q*/ Agcp) ﬁ(z) In(Q*/Agcp)
1
+m{ﬁ2{ln In(Q*/Adep)]
ln[ln(Qz/AQCD)] -1} + ﬂoﬂz}}’ (27)
where
33-2m,
bo = 127
153-19n,
b= 2472
2857 — 5033n,/9 + 325n2/27
p: - el L

where n, represents the active number of light quarks, and
its magnitude varies with the energy scale. Agcp denotes
the asymptotic scale of QCD and its value can be
determined by requiring a,(m;) = 0.118 [77]. The mixing
angle ¢ and the 7,, 7, meson decay constants fnq’ I,
have been calculated under the QCD sum rule approach,
namely ¢ = 41.2°%00% [62], f, = 0.141 GeV [63], and
fn. = 0.176 GeV [64]. As for the moments (&F) (where
P =n, or n,), their first three nonzero terms are given in
our recent works [63,64],

(&), = 0253 £0.016,  (&F)], = 0.194 + 0.008,
(€], =0.127£0.010,  (£})],, = 0.087 £ 0.006,

(&), = 0.080 £0.008,  (£2)],, = 0.051 + 0.007,

where the initial scale yy = 1 GeV.
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TABLE II.  Parameters Ap (in unit: GeV~'), fp (in unit: GeV),
ep, and op that are derived under several typical choices of
constituent quark masses m, and m; (in unit: MeV), respectively.

My Ay, Py, n, On,

250 9.461 0.895 —-0.631 -0.116
300 6.979 0.759 —-0.836 -0.114
350 5.260 0.684 —1.044 -0.112
iy Ay, Py, €n, Oy,

400 22.699 1.010 —0.065 —-0.108
450 18.552 0.899 —-0.225 —-0.106
500 15.256 0.829 -0.394 —-0.105

A. Basic results

Using the above-provided (&7)-moments, together
with the constraints (25), (26), we first fix all the required
input parameters for the LCWF, such as ep, op, Ap, and
the harmonic parameter fp, via the method of least
squares [45]. The results are presented in Table II, where
results for several typical choices of constituent quark
masses are shown. The LCDASs ¢,,, (x. uo) and ¢, (x, uo)

can be fixed accordingly; the LCDAs with all input
parameters set to their central values are shown in
Fig. 2. For comparison, we also present the LCDAs from
the nonlocal NJL model [29], the BS model [31], the CZ
form, and the asymptotic form in Fig. 2, respectively. The
NJL LCDAs exhibit a CZ-like double-peaked behavior,
which arises from contributions generated by the nonlocal
character of the interactions; And the LCDAs of Ref. [31],
based on a BS kernel contribution model of non-Abelian
anomalies, favor an asymptoticlike single-peaked behavior.
Our present LCHO model is also asymptoticlike, and due to
the extra exponential suppression, as shown in Eq. (24), itis
slightly sharper than the asymptotic LCDA at the endpoints
x—=>0orx— 1

Using the formulas (2), (3) for the TFFs under the
standard quark-flavor mixing scheme and the LCHO model
(24) for the ") LCDAs, we calculate the TFFs Q°F, (0?)
and Q*F,;,(Q?) and present them in Fig. 3. These curves
are calculated by fixing all input parameters to be their
central values—specifically ¢ = 41.2°, m, = 0.30 GeV,
and m; =0.45 GeV. The experimental data of CLEO [20]
and BABAR’11 [21] are also presented. Figure 3 shows that
the predicted Q*F,,(Q?) is consistent with the BABAR 11
data in both intermediate and large Q® regions, and the
predicted Q?F,,(Q?) is consistent with the CLEO data in
the low Q? region. But in other regions, significant discrep-
ancies are observed. Thus, it is crucial to demonstrate
whether these two TFFs can be accounted for concurrently
through appropriate selection of the input parameters.

Subsequently, we delve into the uncertainties in the TFFs
arising from variations in the mixing angle ¢, m,, and m,

2.5 —— r

1 (a) —— This work

—— Asymptotic

2.0: -=- CZ Form ]

4 AN === NJL ,/'\‘\

! \ BS J K

] i \ 4 \‘\

154 ! N D= ! - -

¢2§77q (I, N’O)

2.5 —— 77—
1 (b) —— This work

—— Asymptotic
i -=- CZ Form 1
2.0 1 E
4 -=-= NJL -
-~ BS Lo

¢2:ns (1.7 NO)

FIG.2. 7, and 5, mesons’ leading-twist LCDAS ¢,,, (x, po)(a)
and ¢, (x.49)(b) with g =1 GeV. As a comparison, the
curves from the nonlocal NJL model [29], the BS model [31],
the CZ form, and the asymptotic form have also been presented,
respectively.

which are the main error sources for these TFFs. We first
consider the uncertainties from different choices of ¢.
Considering that the error in the mixing angle ¢ is small
[62], its impact on the numerical results of the TFFs is
only at the thousandths place, which has a negligible
effect on the final outcome. We then consider the uncer-
tainties caused by taking m, = 0.30 +0.05 GeV and
mg = 0.45 £ 0.05 GeV, while keeping the mixing angle
¢ fixed at ¢p = 41.2°. The ) — y TFFs under three cases,
e.g. [m;=0.25GeV and m,;=0.40 GeV], [m,=0.30 GeV
and m; =045 GeV], and [m, =0.35 GeV and m, =
0.50 GeV], are presented in Fig. 4. Figure 4 shows the
TFFs demonstrate a dependence on the quark mass
variations. Specifically, in the higher Q? region, both
TFFs exhibit a downward trend with the increment of
constituent quark masses.
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FIG. 3. n—y andy/ —y TFFs Q*F,,(0?) (a) and Q*F,,(Q?%)
(b). For comparison, the experimental results from CLEO [20]
and BABAR’11 [21] are also represented.

B. An improved analysis by taking intrinsic charm
and gluonic components into consideration

The above results indicate that employing the 7, — 7,
mixing scheme alone makes it difficult to consistently
explain both TFFs Q%F, (Q%) and Q%F,,(Q?) concur-
rently. To narrow the gap between the predicted TFFs and
experimental data, we further incorporate the contributions
from intrinsic charm and gluonic components as a next step.

In the physical states |) and |if), there may exist
intrinsic charm and the gluonic components. Then one
can extend the matrix (1) to include the physical pseudo-
scalar glueball |G) and pseudoscalar meson |77.) compo-
nents. For the possible two types of mixing, e.g.,
n—n—n. and n—n' — G —n,, the physical states |n),
In'), |G), and |n.) are related to the unmixed |n,), |ny),
glueball state |gg) and intrinsic charm component |7, ) via
the following rotations [64]

Z
<3
S
<
&
S j
< — This Work (m, = 0.30 GV m, = 0.45 GeV) ]
0.05 . —— This Work (m, = 0.25 GeV m, = 0.40 GeV) |
. This Work (mg = 0.35 GeV my = 0.50 GeV) |
+ CLEO T
4 BABAR’11

&
o,
IS
<
= _
SO —— This Work (m, = 0.30 GeV m, = 0.45 GeV)
0.10 —=— This Work (mg = 0.25 GeV m; = 0.40 GeV) 7]
] This Work (m, = 0.35 GV m, = 0.50 GV) |
+ CLEO
s BABAR'11
0.00 ~+r—rrrrrrr e e e
1 10 20 30 40

FIG. 4. n—yand 5/ —y TFFs Q*F, (Q?) (a) and Q*F,,(0Q?)
(b) are calculated for different mixing angles. The experimental
results of CLEO [20] and BABAR’11 [21] are also represented.

In) 1)

i) | =U6.6:.6,)| Ins) |, (29)
nc) 1c,)

) ng)

) | 1)
G) =U(9, ¢y pe. 0,) w) | (30)
17.) )

where

U,0..,0;) = Us(0)U,(0.)U5(6;),
U0, by bc.0,) = Uzs(0)U14(hg) Uiz (e ) U12(6,) Usa(6;).
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Here 0, 0., ¢, ¢., and 0, are mixing angles among different components; and the ideal mixing angle 6; = 54.7° [33].
Substituting the transformation matrices U, 3, Uy, U3, U4, and Us, into the above equations, whose explicit forms are

presented in Appendix A, we obtain

clcl; — s0s0;c0,. —s0ch;cO.— cOs0; —s0s0..
U,0.,0;) = | c0s6;cO,. + s0cO; cOch;cO.— s0s0;  cOs6, |, (31)
—s6;50.. —c0;s0, c6,
cOcl; — s0s0;cp.chp, —s0cOcp.ch,—cOs0; sO(s0,5p.cd,—cO,5¢,) —sO(cO,s¢.ch,+s0,50,)
UO.6,..6.) cOsOicp.chy+s0cO; cOcOic.ch,—s0s0; cO(cOusp,—50,5¢.)ch, cO(cOysp.ch,+s50,5¢/,)
Trere el —sOico s, —cOich s, 50,5p s, +cOycd, sO,chg—cOy5p.5¢,
—s50;s¢, —cO;s¢. =50 ¢, ct,cd,
(32)
|
where for convenience, we have adopted the short N 5 2
notations, ¢ = cos(-) and s =sin(-). Together with the Fyy(Q7) = 06484 x F, ,(0%) + 0.7611 x F,,(07)
constraints on the related mass matrix elements, these —0.0173 x Fmoy(Qz), (36)

mixing angles can be numerically fixed in a recursive,
step-by-step manner. To shorten the length, we only list
the results here, and interested readers may refer to
Ref. [64] for details.

As for the #—# —n, mixing scheme, the required
mixing angles are § = (—14.268)° and 0. = (—1.025)°,
which lead to

0.7611 —-0.6486 —0.0044
Uo,6.,0,)=1 06484 0.7611 —0.0173 (33)
0.0146  0.0103  0.9998

As for the 7 — ' — G — . mixing scheme, the required
mixing angles are 6= (—13.441)°, 6, = (-0.005)",
¢. = (=1.213)°, and ¢, = (=0.133)°, which lead to

U(0.¢4.9..0,)

0.7517 —0.6595 —0.0005 —0.0049
0.6593 0.7516 —0.0023 —0.0206

~ 100019 00013 1000 —0.0001 |’ (34)
0.0173 0.0122 0.0001 0.9998

Next, we improve our treatment of the TFFs within these
two mixing schemes. For the n — ' — 5. mixing scheme,
the corresponding TFFs can be derived via the trans-
formation matrix (33), i.e.,

FW(QZ) =0.7611 x FW(QZ) —0.6486 x FW(Qz)

—0.0044 x F, ,(Q%), (35)

where F, ,(Q?) represents the contribution from unmixed
€0

intrinsic charm component in # and 7. Here, the calcu-
lation of Fmoy(Qz) requires the inclusion of the charm

quark mass effect in the hard part of the amplitude.
Specifically, the higher-helicity states, which are propor-
tional to the constituent quark mass, contribute signifi-
cantly. Upon integrating over the azimuth angle, a direct
calculation shows [6]

1d
QF,,(Q%) =3 \[ﬂ - / 1 (5 K1) l

1—7— 2
+ chnby . kldkll
VE+ 1=+ (1+y)?)
(37)
where 7z = 2 Q2 and y = —+. To maintain consistency, we

also adopt the LCHO model for the light-cone wave
function of the 7., meson, e.g.,

W, (rky) =4, (% [1+0, x (@)

X [exp <— )){(mc’x’kl_):|’

(38)
which will be normalized to the decay constant fmo
similar to Eq. (25). f,h0
enological parameter, which characterizes the relative

k3 + m?
Sﬂ%cx(l —Xx)

should be a positive phenom-
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FIG. 5. n—y and # —y TFFs Q?F,,(0?) (a) and Q°F,,(Q*) (b) are obtained through # —#' —#, mixing
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mechanism. The

experimental results from CLEO [20], BABAR’11 [21], and BABAR 06 [22] are also represented.

importance of the intrinsic charm components in the
n(n')-meson and can be related to the previously defined
decay constant f;;_ by comparing Egs. (35) and (36)
with the corresponding expressions in Ref. [78],
fuy =1 /(cos@tanf,.). As for the #5-1-n., mixing
scheme, using the transformation matrix (33), we obtain
f,%u = - f;;» /0.0173. Similarly, the nonperturbative
parameter f}, can be determined by comparing with
the data. For the convenience of subsequent discussions,
we adopt a broader parameter range for our analysis,2
e.g. fy = (0,-15,-30,—-45,-60) MeV [36,79], which
lead to f,%O = (0,0.867,1.734,2.601,3.468) GeV.

To fix the parameters of ‘Pmo, we require its first three

LCDA moments as (&,°)], = 0.073 £ 0.009, (£,°)],, =

0.014 £0.003, and ¢ g"‘}>|ﬂ0 = 0.004 +0.001 [80].
Together with the constraints (25), (26), we then obtain
ﬂmo =4.999 GeV, €y, = 2.110, and Oy, = —0.096. We
present the TFFs in Fig. 5, in which the curves from top
to bottom correspond to Amo =0, 190.016 GeV~!,

380.032 GeV~!, 570.048 GeV~!, and 760.063 GeV~!,
respectively. In the low Q? region, the calculated values
of Q*F,,(Q?) are consistent with the data within errors,
whereas Q*F M(QZ) exhibits a discrepancy despite follow-
ing a similar trend of variation with increasing Q?. In the
high Q7 region, the intrinsic charm quark contribution is
relatively small in Q%F, (Q%) but more significant in

2Previously, it has been usually suggested that ff,, should be
negative so as to explain the data on the  — y and #' — y TFFs.
The present transformation matrices (33), (34) give a natural
explanation why it should be negative.

Q’F,,(0%). Thus it is important to take the intrinsic
charm components into consideration.

As a step forward, besides the n—# —#n, mixing
scheme, the gluonic components may also have sizable
effects to the TFFs. In the following, we discuss this
possibility.

Using the transformation matrix (34) of the 5 —#'—
G — 7, mixing scheme, we have

In) = 0.7517|n,) —0.65955,) —0.0005|gg) —0.0049]x,., ),
(39)

i) = 0.6593|17,) +0.7516|,) — 0.0023|gg) — 0.0206]7,, ).
(40)

The gluonic components alter the relative weights among
the unmixed states |17, [17,) and |n,, ). The above equations
indicate that the fraction of the gluonic component |gg) in
the bound states 7 and #’ is very small, with corresponding
coefficients of —0.0005 and —0.0023, respectively, which
are far smaller than the expansion coefficients of the other
components. Numerically, this leads to a negligible gluonic
contribution to the TFFs.* Consequently, we adopt the
following TFFs in our calculations:

F,,(Q%) = 07517 x F,, ,(Q%) - 0.6595 x F, ,(Q?)

—0.0049 x F, (0%, (41)

’If setting Sy =4.335 GeV or equivalently f;',_ = —75 MeV,
the predicted Q*F,,(Q?) value approaches the central measured
value at Q? = 112 GeV? reported by BABAR 06 [22].

“This negligible TFF contribution also arises because the
Feynman diagrams of the gluonic components are loop dominated.
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FIG.6. n—yandy —y TFFs Q*F, (Q?%) (a) and Q*F,,(Q?) (b) are obtained through 7 — ' — G — 1. mixing mechanism, which the
shaded band indicates as the uncertainty arising from different choices of light constituent quark masses (e.g., m, = 0.30 & 0.05 GeV
and m; = 0.45 £ 0.05 GeV). The experimental results from CLEO [20], BABAR’11 [21] and BABAR’06 [22] are also represented.

Fy,(Q%) = 0.6593 x F, ,(Q) +0.7516 x F, (Q?)

~0.0206 x F,, ,(0?). (42)

Comparing Egs. (35), (36) with Eqgs. (41), (42), we find

that including the gluonic components slightly modifies
the relative importance of the TFFs F, ,(0%), F,,(0%),

and F, ,(Q?). Due to the different 0* evolution behav-

iors of these three form factors, this effect nevertheless
yields sizable corrections to the TFFs F, (Q?) and
F,,(0Q%) in the high-Q* region. Figure 6 supports this
observation, indicating that these two TFFs exhibit
similar shapes to those displayed in Fig. 5 for the same
value of fm-o' In addition, Fig. 6 shows that the dominant

uncertainties arise from variations of the light constituent
quark masses m, and my, while the effect induced by
varying the heavy charm quark mass m, is rather small
and can be safely neglected.

Next, we demonstrate the level of agreement between the
predicted TFFs Q°F,,(Q?) and Q°F,;,(Q?) derived under
the #—#n' — G —1n, mixing scheme and the available
experimental data, with the BABAR dataset [21,22] and
the CLEO dataset [20] cited as specific examples. To this
end, we employ the y?/d.o.f. (chi-squared per degree of
freedom) metric to quantitatively evaluate the consistency
between the theoretical predictions and the experimental
measurements, following the methodology outlined in
Ref. [77], we have

2F(Q)line]?

N 2 2
o ST

i=1 5i

There is only one free parameter (Ay,)> which can be
determined by f ey N is the number of data points; it equals

12 for the BABAR dataset [21,22] and 5 for the CLEO
dataset [20], respectively. “exp.” represents the experimen-
tal value and “the.” refers to the central value of theoretical
prediction. §; represents the combined uncertainty at the
ith Q7 point, incorporating both experimental measurement
errors and theoretical prediction errors. Experimentally, this
encompasses statistical and systematic uncertainties.
Theoretically, the main source of uncertainty is the varia-
tion in values of the constituent quark masses m, and m.

Tables (III) and (IV) present the y?/d.o.f. values for
the TFFs Q?F, (Q?) and Q*F,,(Q?) derived under the
n —1n — G — n, mixing scheme, where the corresponding p
values are also displayed. Table III shows the results for the
BABAR dataset [21,22] and Table IV shows the results for

TABLEIIL */d.o.f. and p values for the TFFs Q*F,,(Q?) and
Q*F,,(Q?) (the BABAR dataset [21,22]), where typical choices

of fm-(, (in unit: GeV) are adopted.
fuy y*/d.of. p value

Qsz,(Qz) 0 0.078 99.9%
0.867 0.168 99.8%
1.734 0.292 98.7%
2.601 0.451 93.3%
3.468 0.643 79.2%

QZFW(QZ) 0 7.439 ~0
0.867 4.439 ~0
1.734 2.209 1.15%
2.601 0.749 69.1%
3.468 0.060 99.9%
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TABLE 1IV. x*/d.of. and p values for Q*F, (0% and
Q*F,,(0Q?) (the CLEO dataset [20]), where typical choices of
f,h0 (in unit: GeV) are adopted.

TABLE V. y*/d.of. and p values for Q*F, (Q%) and
Q2FW(Q2) under typical choices of fﬂm (in unit: GeV) (com-
bined BABAR and CLEO data [20-22]).

i y*/d.o.f. p value fu, x*/d.of. p value
0°F, (0 0 0.295 88.1%  Q°F, (0% 0 0.078 ~100%
0.867 0.323 86.2% 0.867 0.168 99.9%
1.734 0.352 84.2% 1.734 0.292 99.7%
2.601 0.383 82.1% 2.601 0.451 96.8%
3.468 0.414 79.8% 3.468 0.643 85.1%
0°F,,(0) 0 1.846 117%  Q°Fy,(0%) 0 7.439 ~0
0.867 1.339 25.3% 0.867 4.439 ~0
1.734 0.913 45.5% 1.734 2.209 0.4%
2.601 0.568 68.7% 2.601 0.749 74.7%
3.468 0.305 87.5% 3.468 0.060 ~100%

the CLEO dataset [20]. A smaller y?/d.o.f. value corre-
sponds to a larger p value, indicating better agreement
between the predicted values and the data. The p value is
given by the following formula [77]

p= / f(t;ng)dt,
r*/d.o.f.

where f(#;n,) is the probability density function of
y*/d.of., ny; = N — 1 is the appropriate number of degrees
of freedom. Tables (III) and (IV) show that the p value
of Q%F,, (0% decreases, while that of Q%F,, (Q?)
increases, with the increase of fmg‘ More explicitly, taking
the results of BABAR data an example, the p value of
Q’F,,(Q%) is 99.9% for f, =0, which changes down
to 79.2% for fmo = 3.468 GeV, while the p value of
Q*F,,(Q%) is ~0 for f4, =0, which changes up to
99.9% for Joy = 3.468 GeV. Thus a proper choice of
fm0 can simultaneously explain the data on the TFFs
Q*F,,(Q%) and Q?F,,(0%).

Taking the BABAR dataset as an example, we find
that for f, € [2.601,3.923] GeV—or equivalently
f; €[-68,-45] MeV—the values of Q°F,,(Q%) and
Q?F,,(Q?) are consistent with the experimental data
within the lo confidence interval. It is noted that the
determined parameter range of fmo is broader than the
decay constant of the #. meson [e.g., f, ~0.566 GeV
under the wave function normalization condition adopted
herein, as defined in Eq. (25)]. This difference is physically
reasonable: the decay constant of the intrinsic charmonium
component extracted from the 7"/ meson is defined at the
n") mass scale. When evolved to the charmonium energy
scale via QCD renormalization group running, this quantity
receives substantial radiative corrections and is thus sig-
nificantly enhanced. Consequently, the equivalent intrinsic

charmonium decay constant f’ho derived in this work is

much larger than the decay constant of the 7, meson.

As a final remark, treating the BABAR and CLEO
datasets with equal weighting yields a combined result
that exhibits better agreement with theoretical predictions.
The results are presented in Table V, which shows the
x%/d.o.f. values for the combined dataset are identical to
those obtained using the BABAR data alone, while the p
values are significantly improved. It is therefore anticipated
that our current predictions will be further validated by
more precise experimental data, such as those from the
BELLE II collaboration.

IV. SUMMARY

In this study, we employed the light-cone pQCD to
make an improved investigation on the yy* — ) TFFs
Q*F,,(0*) and Q%F,,(Q%, incorporating transverse
momentum corrections. Our analysis accounts for both
the n-n' mixing effects and the contributions beyond the
leading Fock state. Specifically, we adopted the quark-
flavor mixing scheme for the calculation of the TFFs and
used a parametrization to estimate higher Fock-state con-
tributions. Furthermore, we applied two distinct models to
describe the wave functions of the 7, and n, mesons. The
behaviors of leading-twist LCDA resulting from LCHO
models are shown in Fig. 2, where it can be seen that they
all exhibit a unimodal form.

To estimate the theoretical uncertainties, we examined
the impact of the dominant error source—the constituent
quark masses—on the TFFs and found that this effect is
relatively minor for both Q*F, (Q?) and Q*F,,(0%). A
combined analysis of Figs. 5 and 6 indicates that both TFFs
agree with the experimental data in the low-Q? region with
high probability, supporting their universal behavior at low
energies. However, at larger Q2 values, Q*F,,(Q?), which
is more sensitive to the charm quark component shows
significantly better consistency with the BABAR’06 data.
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This suggests that by taking the intrinsic charm and the
gluonic components into consideration, a more accurate
description of the TFFs can be achieved. And a detailed
analysis on the TFFs has been done under the #-7'-G-7,
mixing mechanism, which confirms this observation.

To better characterize the consistency between the TFFs
and experimental data, we also calculated their correspond-
ing y*/d.o.f. and p values. For f,h0 varying within the

range [2.601, 3.923] GeV, the predictions for both
Q*F,,(0?%) and Q*F,,(Q?) are consistent with the earlier
BABAR dataset—comprising 12 data points—within the 1o
confidence interval. These comparisons provide valuable
experimental benchmarks for testing and advancing QCD
theory. If confirmed by future experiments, these findings
could either hint at new physics or deepen our under-
standing of QCD itself, while also illustrating that subtle
differences in the internal structure of seemingly similar
mesons can lead to distinct behaviors in high-energy
scattering processes. By combining the given BABAR
and CLEO datasets with equal weighting, Table V shows
that improved agreement with theoretical predictions can
be achieved. The updated Belle II experiment and the

|

SuperKEKB accelerator [81,82] are now in operation,
which enables more precise measurements of the TFFs
and other related observables. We anticipate that the present
work will serve as a theoretical foundation for these future
experimental studies.
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APPENDIX: THE TRANSFORMATION MATRIXES

The transformation matrices involved in Egs. (29) and (30) are
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