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This work digs into the connection between gravity and thermodynamics of stretched light cones (SLC).
They are associated with uniformly accelerating observers, who endow the SLC with a physical notion of
temperature via the Unruh effect. We compute the expansion, shear, and vorticity of the SLC to fully study
its dynamics and account for the possibility of previously predicted nonequilibrium entropy production.
For consistency, we prove the equivalence of the two different geometrical methods available for studying
the SLCs’ properties. Then, we apply the energy balance and use Clausius’ relation to relate the geometrical
properties of the SLC with energy fluxes crossing its surface, showing that it encodes the equations
governing the gravitational dynamics. We show here how this analysis can be fully carried in terms of
equilibrium thermodynamics due to the vanishing of shear, and how one can identify a work term related to

the acceleration of the observer.
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I. INTRODUCTION

The profound connection between gravity and thermo-
dynamics in physics has become more and more significant
over the years. From the laws of black hole mechanics
[1-3] (that surprisingly resemble the three laws of thermo-
dynamics) to the Unruh effect [4] (where an accelerating
observer detects a thermal spectrum in what inertial observ-
ers perceive as vacuum), several studies point toward a
strong thermodynamic nature of the spacetime itself. These
initial ideas led to posing a very strong and interesting
question: can FEinstein’s equations, which explain the
dynamics of spacetime, also be obtained as an equation
of state, resulting from working with the thermodynamical
formalism? If so, what would be the true nature of space-
time’s entropy, and how could we relate it to the energy and
matter in it? Solving these questions would lead to a better
understanding not only of spacetime itself but also of its
thermodynamic nature as such.
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One of the most influential proposals in this formalism is
that of Jacobson [5], where Einstein’s equations were
derived as local constitutive equations for an equilibrium
spacetime. This study was specifically done for local
Rindler causal horizons (those seen by accelerating observ-
ers that delimit the region of spacetime causally accessible
to them), under the assumption that their entropy is
proportional to the area of the horizons. Since then, many
researchers have explored the connection between thermo-
dynamics and spacetime.

Following Jacobson’s results, further research has been
done extending his results both conceptually and math-
ematically. Notably, it has been shown that thermodynamic
equilibrium can recover not only Einstein equations but
even the equations of motion of a wide class of modified
theories of gravity [6—11]. The thermodynamic perspective
on gravitational dynamics also continues to work beyond
the context of classical gravity, as semiclassical gravi-
tational equations follow from equilibrium conditions
imposed on entanglement entropy [12—-16]. On the math-
ematical side, the expression for the matter entropy flux
across a causal horizon has been put on a more solid ground
[17], and deformations of local causal horizons in curved
spacetimes have been explored in greater detail [18,19].

In particular, two developments in thermodynamics of
spacetime serve as an inspiration for this work. First,
Chirco and Liberati [20] have examined the implications
of nonequilibrium thermodynamics in the context of
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gravity. They have done so by allowing for entropy
production encoded in nonvanishing shear contributions
in Raychaudhuri’s equation [21,22]. They argue that
Einstein’s equations emerge not from strict equilibrium
conditions, but from a more general entropy balance law
inside the nonequilibrium thermodynamics framework that
accounts for dissipation processes.

More recently, Parikh and Svesko [10] introduced a new
geometric setting for the study: the so-called stretched light
cone (SLC), as the scene for deriving gravitational field
equations. Considering a congruence formed by uniformly
accelerating observers that defines a timelike hypersurface
near any spacetime point, they use the SLC in the same way
that Chirco and Liberati used Rindler horizons. In their
approach, carried out in the limit of small time and length
scales, they derive Einstein’s equations by relating the
deviation of the congruence’s generators and the heat fluxes
across the SLC surface. An essential aspect in their method
is, again, the use of nonequilibrium thermodynamics.

In this work, we aim to connect both approaches, and
physically analyze the results. To do so, we study non-
geodesic, accelerated congruences generated by uniformly
accelerating observers, associated with a SLC. We employ
their corresponding Raychaudhuri’s equation and analyze
its content to extract the physical properties of the system,
including those born from its nongeodesic nature.
Specifically, we consider the additional acceleration-de-
pendent terms that lead to extra geometric contributions,
especially, and most notably, the divergence of the accel-
eration vector (that was not present in previous derivations
focused on null surfaces [5,20]). This introduces a natural
pathway to interpret the thermodynamics of SLCs solely in
terms of equilibrium processes, in contrast to the previous
works [10,20]. This equilibrium description is possible,
since, as we will see, the dissipation term related to the
shear vanishes for our system, and the previously reported
irreversible entropy production in SLCs can be interpreted
as a work term.

In addition and in contrast to previous studies, which
restrict themselves to either direct geometric computation
[10] or Raychaudhuri’s evolution equation [5,20] sepa-
rately, in this work, we perform a comparative analysis of
both approaches. We also demonstrate that, when applied
to SLCs with the appropriate constraints (e.g., vanishing
initial vorticity and expansion), both methods yield con-
sistent physical results for the expansion. A crucial aspect is
the entropy-area relation [23,24]. It not only makes explicit
the thermodynamic interpretation of the spacetime, but
shows the relation between geometry, acceleration, and
entropy production.

To finish our study, by integrating the identity obtained
by combining both Clausius’ and the entropy-area relation
in a generalized equilibrium setup now including the extra
acceleration-dependent term (which we justify in the
corresponding section), we derive Einstein’s equations

from this new thermodynamic setting. The interpreta-
tion of the acceleration-dependent contributions is highly
nontrivial. Previous works identified similar terms as
a nonequilibrium, observer-dependent, entropy flux in
dynamical spacetimes. However, we argue that they instead
encode external work required to maintain the Rindler
observers’ acceleration. Therefore, this study not only
generalizes the derivation of gravitational dynamics from
thermodynamics but also unlocks new questions that will
help us rethink the role of accelerating observers and the
physical meaning of entropy in curved spacetimes.

In summary, this work aims to unify and extend previous
works like that of Jacobson [5], Chirco and Liberati [20],
and Parikh and Svesko [10], within a joined framework of
equilibrium and nongeodesic gravitational thermodynam-
ics. Through the explicit use of nongeodesic congruences
and comparison of alternative methods, it offers a refined
understanding of how the gravitational field equations are
encoded in the observer-dependent thermodynamical
setting.

The paper is organized as follows. In Sec. II, we
introduce Raychaudhuri’s equation for nongeodesic con-
gruences. This allows us to study their evolution. In
Sec. III, we describe the geometrical setting we work
with. We build the SLC in Sec. III A, and in Sec. III B, we
compute the expansion, shear, and vorticity for it, via
both approaches mentioned (geometric computation and
Raychaudhuri’s evolution equation). We then compare both
results. In Sec. III C, we use the expansion to compute the
area of the SLC. In Sec. IV, we explore the thermodynam-
ical nature of heat and work in this relativistic system.
Using these concepts, Sec. V realizes the thermodynamical
analysis of the system, which allows us to obtain sought-for
Einstein’s equations. Finally, in Sec. VI we draw our
conclusions and open the doors to potential future studies
by posing new questions.

II. RAYCHAUDHURYI’S EQUATION FOR
NONGEODESIC CONGRUENCES

Raychaudhuri’s equation provides a fundamental
description of how congruences (characterized by a tangent
vector field) evolve in a given spacetime. Therefore, in this
section we are going to briefly review how this equation
behaves for nongeodesic congruences (the ones swept out
by accelerating observers). As we show in the following, an
acceleration-related term appears in Raychaudhuri’s equa-
tion and will become important when studying the gravi-
tational dynamical equations via thermodynamic methods.
Raychaudhuri’s equation also introduces the description of
the congruences in terms of expansion, shear, and vorticity,
relevant for the thermodynamical analysis. As we will see,
the expansion encodes entropy changes, and vanishing
vorticity implies that the congruence is orthogonal to
hypersurfaces.
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Let us consider a congruence characterized by a timelike
normalized tangent vector, u* (such that u, u* = —1). Since
we are working with a nongeodesic congruence, in general,
u'V,u' = a* # 0. Raychaudhuri’s equation concerns the
evolution of the deviation tensor V,u,,, which encodes the
changes of the velocity field. We can decompose it as

1
3

Vou, = o, + o6, +=0h, —ua, (1)
where h,, = g,, +u,u, is the projector to the plane
orthogonal to u*. In this equation, the vorticity w,, is an
antisymmetric tensor that measures the rotation or twirling
of the velocity field

W = Ml Vg = Vit + ) 2)

the shear 6, is a symmetric traceless tensor that measures
how the velocity is distorted or changes the congruence in

shape

1
3

1
3

Oy = Hﬂy th = V(,/M”) + Upa,) — Ghﬂ,,; (3)
and the expansion @ is a scalar that accounts for the change
of the congruence’s cross-section area

0=V, u. (4)

Note that, when a* = 0 (i.e., in the geodesic case), we
recover the standard definitions for geodesic congruences.
The identity

uw'V,Vou, =V,a,-Vu’V,u, +R,,u'u’ (5)

then allows us to obtain the evolution equation for the
expansion scalar as the trace of the evolution of the devia-
tion vector plus the evolution of the trace of the acceleration
terms

0=uV,V,u"
1
=V, d" + o’ -6’ - 592 —R,,u’u’. (6)

This result is Raychaudhuri’s equation. Compared to
geodesic Raychaudhuri’s equation [22], it includes an extra
divergence of the acceleration. The presence of this term
results in a new quantity to take into account when applying
the thermodynamical analysis in contrast with previous
works (e.g., [20]).

III. GEOMETRICAL SETTING

As discussed in the Introduction, one of the essential
pieces in this study is the proper definition of the geometrical
concepts that will be used throughout. We have already
introduced Raychaudhuri’s equation for nongeodesic

congruences in the previous section. We now focus
on the construction of the SLC and the definition of the
expansion 6, the shear o,,, and the vorticity w,, for SLCs.

A. Construction of stretched light cones

We first construct a SLC in flat spacetime as a surface
generated by worldlines of radial observers with constant
acceleration. To define it, consider a timelike congruence
generated by a unit, timelike, spherical vector field u/
such that

" < r t t t )
u, = s X, y, Z),
F VA2 W2 WP WP -2
(7)

where we have defined r = /x;x’ as the radial distance
from p, and the index i = x,y, z just corresponds to the
spatial Cartesian coordinates.

We can define a three-dimensional timelike hyperboloid
%, as depicted in Fig. 1, defined by the set of worldlines
tangent to u* that satisfy

-1 =a, (8)

with a a constant with dimensions of length. This is
precisely the equation that describes the surface of the
SLC. For a =0, we recover the light cone. Now the
surfaces satisfying Eq. (8) at constant ¢ are nothing but
two-dimensional spheres with an area given by

At) = dn(e® + ). 9)

a*

FIG. 1. Graphical depiction of a SLC X, the velocity field u*
defined on it, its acceleration @*, and the heat flux crossing its
surface 6Q. The darker blue lines denote the null surface that
the SLC approaches in the limit of infinite acceleration, i.e., the
light cone.
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We can easily verify that the velocity field tangent to a SLC
has uniform acceleration. Indeed, the proper acceleration

dy = iV u (10)

has a modulus on X equal to a; = 1/a.

We now extend the definition of the SLC to a general
curved spacetime. To establish the notion of approximate
spherical boosts, we specify the metric via its expansion in
the Riemann normal coordinates centered at any point p
of a given spacetime, such that in a normal neighborhood
of p, the metric is locally equivalent to Minkowski’s, as
follows [25]:

1

- g Ru/ﬂ/o"(p)xﬂ)‘:(y + O(x3)’ (1 1)

G (X) =1y

where x*# are the normal coordinates and O(x?) stands for
higher order terms in x. For simplicity in notation and
calculations, we define the quantity

1

= g Rﬂ/)va (p)xﬂxﬁ’ (1 2)

Puv

which we will use throughout. It is also useful to compute
the Christoffel symbols that read

T = =3 [Ralp) + Rulp)]# + 06, (13)

To construct a SLC, we now want the hyperboloid X to
be defined in such a way that it possesses a constant and
uniform temperature locally, so we can proceed with the
upcoming thermodynamical study of it. This condition is
satisfied if X is formed by worldlines of uniformly accel-
erating observers. However, due to the spacetime’s curva-
ture, it does not really correspond to worldlines with
constant acceleration. To account for this effect, we select
a set of trajectories that at + = 0 have an instantaneous
proper acceleration given by a = 1/a. Following said
trajectories along time, the acceleration varies but, if we
choose a timescale ¢ < @, and a much smaller than the
local curvature length scale (the inverse square root of
the largest eigenvalue of the Riemann tensor), we can
regard the acceleration as approximately constant. Every
calculation will then be made in the timescale given
by t<{e<xa

We again define the SLC as the timelike surface X at
r> — > = o with u* being tangent to it. Now, in the same
way that X is no longer a strict hyperboloid as in the
Minkowski case, its cross-sections are no longer exactly
2-spheres. However, this variation is very small during the
timescale ¢ and does not affect the temperature.

Finally, motivated by the Unruh effect [4], we can assign
a temperature to X given by

ha h

Tu= 2r 27a’ (14)
In flat spacetime, this expression is exact. In a curved
spacetime, Ty develops curvature-dependent corrections,
which have no effect on our study (including all the time-
dependent corrections to Tyy). This temperature was origi-
nally derived in flat spacetime for eternally uniformly
accelerating observers [4]. However, for sufficiently large
acceleration a, the result also applies for finite lifetime
observers in generic curved spacetimes [26]. In our case,
choosing < e < a means that we can consider our
observer and system to be thermalized, and, therefore, to
share the same temperature 77;.

B. 0, 6,,, and w,, for SLCs

We compute here the expansion, shear, and vorticity for
the SLCs, following the definitions in the previous section in
two different approaches. The first approach is to compute 6,
o, and w,, directly from the velocity field; the second
approach computes them, given some appropriate initial
conditions, via the Raychaudhuri’s equation. Let us empha-
size that we restrict to first order in curvature and small times,
i.e., t £ € < a. The motivation behind proceeding in both
ways is that in previous works, this kind of studies has been
carried out either in one way (using the velocity field [10]) or
another (with the Raychaudhuri approach [5,20]), respec-
tively. In this section, we aim to compare both approaches
and show that they are, in fact, equivalent.

To proceed, we first need to understand the curved
spacetime construction of velocity u*. Using the Riemann
normal coordinate system, we can easily introduce the
flat spacetime velocity u? given by Eq. (7) in any regular
point p of a generic curved spacetime.l However, due to
curvature-dependent corrections to the metric [captured by
Eq. (11)] u; only satisfy the normalization condition

g,wu’;.u’; = —1, directly in p, and not in its vicinity. The
total velocity #* must then also include curvature-
dependent corrections. Therefore, we define it as follows:

u”:uf;—&—u’é, (15)

where u; is the flat contribution, and u( is an unknown
curved contribution that vanishes in flat spacetime. We
need to define % in a way that keeps the complete velocity
field in Eq. (15), normalized to g,, u*u” = —1. Since we are
only interested in studying the congruence generated by u#
for small values of #, we can conveniently expand u* in
powers of f/a <e/a < 1, keeping up to second order
terms, i.e.,

"The introduction of u’; in a curved spacetime does not depend
on using the Riemann normal coordinates in any way; they just
make its construction particularly convenient.
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t2 £
ut = ulfy + uf — +u222+0<a) (16)

where we separate each component according to (15) as
uy = e + uﬁf with n = 0, 1, 2. For the acceleration we
keep the expansion up to the first power in time [as it is
defined with derivatives of the velocity, and O(#*/a?) terms
depend on O(#*/a?) contributions from the velocity] as

t 1?
a"—a’6+a’f—+(’)<—2>, (17)

a a

where, once again, we separate each component according
to (15) as df = diy. +a’,‘lf with n =0, 1. Applying the
definition (10), the flat contribution obeys

Xy Z a
a’éfz <0,p,ﬁ,ﬁ>, a/llf: <ﬁ’0’0’0> (18)

Next, we discuss the expansion of the metric and the
Christoffel symbols in powers of . For the metric, we can
expand p,, defined in Eq. (12) as follows:

t2 &
+p2/w—2+0($>7 (19)

t
Puw = pO/w_l_pl/wa 20

with

I »
Pouw = gRyivj(p)x X7

= g [R;u'ul(p) + R;m/i(p)]xi’

20>
Poyw = TR’””(p)' (20)

pl;w

For the Christoffel symbols, we can proceed analogously
taking their definition (13) so that

T =T, +17,— +0(;—22>, (21)
with
Th = =3 (R (p) + R (p)].
[ = =5 [Ru(p) + Ry (p)]. (22)

Finally, we expand the expansion 6, the shear o,,, and
the vorticity @, up to the first power in time because the
next order is, again, affected by O(#*/a?) contributions to

velocity

t2
0=0y+6,— +O< ) (23)
t 2
@y = Woyy + a)l/wa +0 ? ’ (24)
tz
Gﬂyzawy+alw +O<a ) (25)

It is worth noting that at linear order in curvature and
time, the squared shear vanishes up to quadratic terms in
time, i.e., 6> = O(t*/a?). In particular, this implies that

62 =0, (26)

which will be useful for the computation of the expansion.
The fact that the shear squared initially vanishes is also
interesting from the physical point of view, and we
thoroughly discuss it in the thermodynamics section.

Following this line of reasoning and considering the
goals of our study, there is one final step to be made. To
have a well-defined congruence and therefore, surface X
(i.e., a well-behaved system), we need to impose some
constraints on the velocity field.

First, we have a constraint following directly from
the definition of the velocity. We need our congruence
to be timelike, and also want it to be normalized to
guwu'u’ = —1. By imposing this condition at each order
in ¢, we arrive to the following results:

i

, . oax ax
MOC = —Ep()n, u]c - _r2 MOC = ——r2 Poits
2ax; . 3a?
t LR A
uh. — uy. = DPou (27
2¢ }"2 lc 2}’2 ’ )

where we have been able to identify the expression for the
time component of the curved contribution at zeroth order
and to relate that same time component at first and second
orders to the spatial components.

In addition, we need three constraints imposed on the
congruence. They lead to some extra conditions on the
curved contribution to the velocity, hence refining more
how it should look.

(1) 6y = 0: We need that the zeroth order contribution to
the expansion (i.e., the initial value of the expansion)
vanishes. Since 6, = 0 in flat spacetime, any non-
zero curvature-dependent contribution to it would
dominate over the flat spacetime evolution of the
area. The resulting surface £ would then no longer
resemble a flat spacetime SLC, which would invali-
date all our assumptions about its thermodynamics.
This condition yields

. X 1 ;
ail’t(l)c + ﬁMOC = ngi(p)x ’ (28)
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which is a differential equation on the spatial
components of the curved velocity at zeroth order
in time.

(i) @q,, = 0: We want the vorticity at zeroth order in
t/a (i.e., the initial value of the vorticity) to vanish.
The reason for this constraint is that for any value of
t, in particular, t = 0, we want a spatial manifold
with X separating the interior region from the
exterior region of the SLC. Otherwise, assigning
entropy to the SLC becomes problematic. From the
y;; components we do not get any constraints, since
its vanishing is already implied by the orthogonality
of the vorticity to the velocity, w,,u” = 0. The
condition wyj; = 0 implies

X

LR yu(p)xt. (29)

k J k _
ajuoc—akuoc—uoc —g

+ up, —
’,,2 Oc V2
(iii) @, = 0: We want the vorticity at first order in t/a

to vanish as well, for the same reasons as the
previous constraint: we want the congruence to be
orthogonal to hypersurfaces. Applying its definition

(24), therefore, the velocity should also satisfy
ajullc - aiujlc + ﬁ (P]itx] - Pljtxl) =0, (30)

where, again, the @;;; components do not result in

any constraints (since @, u” = 0). We can check that

shifting a solution of Eq. (30) by the gradient of any

scalar function generates another solution (since the

partial derivatives commute). Therefore, u}, can be

found only up to an ambiguity given by one arbitrary
function.

Taking all of these expressions into account, we can

proceed with the two approaches in which we particularize

0, 6,,, and w,, for our system.

1. Approach 1

The first approach consists of the direct computation of
the quantities relevant for our study, namely u! and 6.
First, applying its definition, we can obtain an equation at
each order in time for the acceleration. With the velocity
and the acceleration, we can then compute the expressions
for the expansion, shear, and vorticity of the congruence.
As a result, we obtain expressions for those quantities at
each order in time that depend only on the undetermined
curved parts of velocity and acceleration (since the flat
contributions are known).

Solving Eq. (29) to the linear order in the curvature, and
imposing the condition 8, = 0 discussed above, we find a
unique solution for u)), (for details check Appendix A)
given by

. 1 . )
Upe = ER;jk(P)xjxk- (31)

Accordingly, the most general solution for Eq. (30), linear
in curvature, reads

. 1 . .. L. .
ullc = —ale,k(p)xkax’ + ClR(p)rxl + Can(p)rx’

. . . o xkxd
+ [C3Rjk(p) + C4Rjtkt(p)}xj <2’5k' +T)’ (32)

where C,,,n = 1...6 are arbitrary dimensionless constants.
For a more detailed computation of these results, see
Appendix A. The remaining part of the velocity, )., is
not necessary, and hence, we omit it.

This completes the computation of the velocity at this
order in the expansion.

Taking these results into account, we now have the most
general form of the curved contribution to the velocity
compatible with the geometry of the stretched light cones.
Then, we can use it to compute 6, that, together with 63
(which vanishes as we saw before), is the quantity of the
evolution of hypersurfaces entering at this order the
thermodynamical analysis in section V. By applying its
definition and the results obtained from the constraints, we
directly arrive at

20 1 9 a Iy
91 :?—l—ﬁa,(r ulc)—mRij(p)x .XJ
a a i
- an(P) + WRn'zj(P)x X, (33)

Note that the direct computation of @ carried out here is
equivalent to the Killing identity approach to computing the
changes in areas of a SLC [10], as we show explicitly in
Appendix B. Hence, we have now all the necessary
ingredients for the thermodynamical analysis. However,
let us first describe the other possible approach that shows
entirely equivalent results, and is, in fact, better suited for
our purposes.

2. Approach 2

After applying the first, direct, approach to obtain the
expansion, shear, and vorticity of the congruence, we move
onto the second one which uses Raychaudhuri’s equation.
The way in which we proceed is to set the flat contributions
to the velocity (7) and acceleration (18) at r =0, i.e., ugf
and a’o‘ 7> A8 initial conditions. We also set the initial curved
velocity upy,. and the curved contribution to the acceleration
up to the first order in #/a, namely, afy,. + (1/a)d’, (that can
be explained as fixing the external force acting on the
observer) as initial and boundary conditions of our system,
for which we use the results obtained from the constraints
detailed at the beginning of the section. We do so to ensure
that the initial expansion and vorticity vanish and that the
velocity is correctly normalized as we explained before.

124026-6
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For the thermodynamical analysis we are interested in
the expansion at first order in ¢, i.e., in 8. Note that we
already saw that ¢ vanishes to linear order in curvature and
time. Then, from Raychaudhuri’s equation (6), the defi-
nition of velocity (16), the definition of acceleration (17),
and the aforementioned constraints on vorticity and expan-
sion, we can calculate the evolution of the expansion to the
lowest order as

. 2 1 a o
0= = + V,af. + &aic - WR,-J-(p)x’xf

t
- Rulpiiyuy + O( L) 34

where we have used that the divergence of the acceleration
equals

2 1 1 ,. '
V,a' = p-l- Vﬂagc +aa’10 —37Rki(p)x xk 4+ (’)(a),

(35)

where the term 2/ is just the flat spacetime contribution.

On the other hand, since the initial conditions ensure
6y = 0, we find, to leading order in time, that the expansion
(23) of 0 yields

A t
0=-0, ~|—(9<—>, (36)

a a

where, using Eq. (27), we can write
=WV =i = 1= R (p)eixt+ O( L), (37
I=u'V,t=u = ~5 joke (D)X X5 + a) (37)

Thence, it holds

0= &91 |:1 —6R,i,j(p)x’x"] + O<a> . (38)

This expression, together with Eq. (34), allows us to solve
for 6,:

2a 1 o
0, = = <1 + ER,,-,]-(p)x’x-’> +aV,ag, + di,

a P
- aRpG(p)ugfugf - WRU (p)x'x’. (39)

3. Comparison between the approaches

To conclude, we compare both approaches and see
whether their application (e.g., [20] and [10]) results in
the same physics or not. Our intuition would tell us that
both of them should be completely equivalent or else one of

them should fail to reproduce Einstein’s equations when
applying the thermodynamic formalism in the next section.
To compare the results from both of them, we focus on
the expansion, since it is the quantity used for the thermo-
dynamical analysis. The first approach yielded the result
given by the identity (33), and the second one led to
identity (39).

In the first approach, we have initially three free
functions !, corresponding to the three spatial compo-
nents of the curved contribution to the velocity at first order
in time. However, the constraint equation (30) reduces the
ambiguity in u}, to the gradient of some scalar function,
1.e., to one free function. On the other hand, we also see that
the second approach relies as well on a free function, aj:
the time component of the curved contribution to the
acceleration, at first order in ¢. Therefore, in terms of the
number of free functions, both approaches are equivalent.

A direct way to see that both approaches are completely
equivalent is to compute the curved components of the
acceleration using its definition in terms of the velocities,
replace them in Eq. (39) and check that the result for the
expansion coincides with the expression of the first
approach (33). We checked that, in this case, Eqgs. (33)
and (39) both yield the same result for the expansion. That
is what we would expect to happen. From now on, we use
(39) as the expression for €, since it can be physically
interpreted more directly.

C. Area change on the SL.C

Obtaining the expansion allows us to directly compute
the change of the area of the SLC, which is crucial for the
definition of entropy in the following thermodynamics
analysis.

The change of area along the congruence obeys

54 — / OdtdA, (40)
z

where 6 is the expansion of the generators of the SLC. This
equation holds since the expansion is the rate of change of
the cross-sectional area, orthogonal to the velocity vector
ut [22]. In Sec. 111, we imposed that the expansion vanishes
at t = 0. Moving from the cross-sectional surface t =0
along the congruence defined by wu¥, the evolution of
the expansion @ is given by an expansion in powers of ¢
around it. This expansion is precisely given in Eq. (23),
where we have imposed that 0, =0 and obtained an
expression for #; (we have shown that we can equivalently
proceed in two ways, either considering only a time
expansion or applying Raychaudhuri’s equation). As we
mentioned at the end of Sec. III B 3, we work with the result
from Raychaudhuri’s approach given by Eq. (39). In
consequence, Eq. (40) becomes
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2 1 o
A = L {ﬁ <1 + gR,itj(p)x’x/) + V,ap. + ai,

1 L e
—R,,(p)——2Rij(p)xle}tdtdA+O(§>, (41)

3r

where the subleading O(e*/a?) terms do not affect our
analysis and they are going to be systematically discarded
from now on. The first contribution 2/r* = @,aﬁf + a’lf is

unique in that it is associated with the observer’s accel-
eration and does not vanish in flat spacetime. In particular,
the first term of the previous equations gives the change of
area in flat spacetime

2
S tdtdA = 4ze’. (42)

SA; =
U

IV. ENERGY BALANCE

We are interested in obtaining the equations governing
the dynamics of a generic spacetime from thermodynamics.
To achieve that, we introduce thermodynamic quantities
relevant for the local energy balance in the SLC. A crucial
role is played by the test observer moving with velocity u*,
corresponding to approximately constant acceleration,
along the SLC. This observer measures both the Unruh
temperature and the energy flux across the SLC. Moreover,
as we show, the properties of the observer actively enter the
energy balance, since the work required to maintain their
constant acceleration cannot be neglected.

We study the energy balance by means of the heat flux
0Q through X, in the form of exchanges between our
system and its surroundings. However, that is a concept
introduced in the frame of nonrelativistic thermodynamics.
Its nature in the relativistic context is rather subtle. In our
case, we can associate heat 6Q with (part of) the flux of
matter and energy (i.e., with T,,, the energy-momentum
tensor) through the SLC (see Fig. 1). In general, 7, can
have a fully randomized part corresponding to the heat flux,
together with work terms associated, e.g., with pressure or
with electric charge. The correct division of T, into heat
flux and work terms is essential to correctly derive and fully
understand resulting Einstein’s equations. Thus, in the
presence of work terms, 6Q is defined by

8Q = 5E + 5W, (43)

where OF is the energy-momentum flux through X and 6W
is the work done on the observer (hence, the positive sign).

More precisely, 6F is the total flux (consisting of the
background and the contribution of the accelerating
observer together) along the velocity field u”, integrated
over the SLC, %, i.e.,

5F = — A T, utds”, (44)

with dX¥ being the volume element of the SLC and the
minus sign necessary for the flux to be future directed. To
define d%¥, we need to specify an outward-pointing, unit
vector normal to 2. This spacelike vector is proportional to
the acceleration vector a*, namely, aa”, which has a unit
norm. This allows us to rewrite Eq. (44) as

SE = —a/2 T, uta*dtdA. (45)

To define the work done on the system, we choose the
background energy momentum to be pure heat and, hence,
by the balance of the first law of thermodynamics [27], not
contributing to the work done on the system. Therefore, the
energy and work terms balancing the summed up heat
terms are defined in terms of the observer’s system. In
analogy to standard thermodynamics, we treat the exterior
of the SLC as a heat bath interacting with the system under
study, i.e., with the SLC. We can then conclude that the
work term must be entirely associated with the accelerating
observer. We may interpret it as the work done on (or by)
the observer to maintain it at constant acceleration.

Working for the time being in flat spacetime, let us now
estimate the work 6W necessary to maintain the observer’s
acceleration. A uniformly accelerating observer needs to
exert power to maintain their acceleration. In general,
this power is the product of the time component of the
observer’s acceleration and their total rest energy. In the
nonrelativistic limit, this formula reduces to the standard
expression P = F - 7.

The time component of the acceleration of the observer
moving along the SLC in flat spacetime equals a' =
al = t/a?. Let us now estimate their rest energy. As we
discussed in Sec. IIT A, the observer thermalizes to the
Unruh temperature 7y proportional to the modulus of their
acceleration, 1/a. Then, by the zeroth law of thermody-
namics, the observer’s temperature also becomes 7', and,
in their rest frame, they acquire an internal energy U
proportional to Ty and to the number of internal degrees of
freedom that can be thermally excited. Since Ty is in our
case very large, we can safely assume that U becomes far
larger than the rest mass of the observer. The total rest
energy of the observer can then be approximated by U,
which equals

U= / VTydA, (46)

where the integral is carried out over the spacelike cross
section of the SLC and v denotes the areal density of the
internal degrees of freedom (which we fix in the next
section). The power P necessary to maintain the observer’s
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acceleration then equals

P :di(csW) = Uu'V, u' = a’/yTUdA. (47)
T

Integration in proper time then yields the total work, to the
leading order in e,

t 3
oW = / S UTydAds + O<€—3) (48)
pIR a

where, up to higher order correction in €, we were able to
replace the integration in the proper time with integration in
the coordinate time f.

In a generic curved spacetime, the expression for the
work necessary to accelerate the observer changes due to
the gravitational forces acting on it. However, Eq. (47) for
the power remains valid, and its integral in proper time
yields

t 1 . 3
SW = / Ty — [1 + —R,,-,j(p)x‘x-’} drdA + (/)(6—3)
b3 a 6 a

(49)

This is the expression for work we consider in the next
section.

V. ENTROPY BALANCE

Having studied the geometrical properties of our system,
and the energy balance governing it, we are now ready to
finally proceed with the thermodynamical analysis. To do
so, we use the previously defined SLC. Through Clausius’
equilibrium relation, we associate its geometrical properties
to the thermodynamical ones

60
oS = T, (50)
where 6S denotes the change in the entropy of the SLC, 6Q
is the heat flux crossing the SLC introduced in the previous
section, and Ty; is the Unruh temperature given by Eq. [4],
as seen by our accelerating observer defining the SLC.
We also state the relation between the entropy S and the
area A of the system, as follows:

58S = noA., (51)

with 7 being some constant with the units of inverse area, so
that the entropy is dimensionless. Via entanglement entropy
arguments in quantum field theory (QFT) [23,24,28], it is
safe to assume that this relation holds for our system, as
long as the radius of curvature of our spacetime is much
larger than Planck’s length [13]. Later on, we discuss the

relation of # with Newton’s gravitational constant G (along
the same lines as in previous works on the subject [11,13]).

Therefore, combining Egs. (50) and (51), we obtain a
direct relation between the heat exchanged by our system,
and its area, which encodes information about the geo-
metry, as

_ %0

n6A = o (52)

By relating the change of area with the spacetime curvature
as we have done in Sec. III, we are able to connect the
curvature to 6Q through Eq. (52).

Applying Egs. (41), (43), and (45) to the Clausius
relation (52) yields

2 1 o
/}: [ﬁ (1 + gR,,-,j(p)x’x1> +V,ap, +di,

1 o
-R,(p)— WRij(p)xlx]] tdrdA
1 1
=—— [ aT,u' a"dtdA + ——5W. (53)
nTy Js nTy

We have previously shown that the work necessary to
accelerate the observer obeys Eq. (49), where the areal
density v remains undetermined. To fix it, we take a small
detour discussing the content of Eq. (53) in flat spacetime.
It reads

2 1
/—21dtdA = —HT/GT”DM;a?dIdA
=r U Jx '

1 t
}mj/z ?I/TUdAdl, (54)

where T, corresponds solely to the energy-momentum
associated with the observer. To integrate this expression,
we approximate both T, and v by their values at p (the
other terms in their Taylor expansion are suppressed by
higher powers of €/a), so that they are constant as far as the
integration is concerned. For integrating u’}a;, we use that
the integral of x’ over a sphere vanishes and x'x/ integrates
to 476"/ /3. We finally obtain

4h 1
—4ne’gy(p) = - € Ty(p) —5T(P)gu(p)
375 4
2z,
- 76 v(p)9u(P)s (55)
where we used that g,(p) = —1 to write the entire expres-

sion as a time-time component of some tensor. Equation (55)
actually holds as a tensorial identity. The proof lies in the fact
that, given any rank 2 tensor X, we can express its temporal
component as follows: X, = X,,6/8;. Since upy; = 5, we
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can rewrite this expression as X, = X,,, u(uf . Let us now
choose a particular tensor X, such that Eq. (55) can be
rewritten as X,, = 0 or, equivalently,

Xyugpug; = 0. (56)

This equation is true for any choice of a unit, timelike,
future-pointing vector u’éf at p. Therefore, it holds that
X,, = 0 (see Appendix B of Ref. [11] for the explicit proof
of this statement). Equation (55) then implies

—-——€ I/(p)g/w(p)' (57)

All the tensors besides 7, (p) are proportional to g,,(p).
Thence, to satisfy Eq. (57), it must hold

1
where the trace T of the energy-momentum tensor is an
arbitrary function. The first term on the right-hand side of
Eq. (57) then vanishes, and we obtain

~dze’g,, (p) = ‘27”62”(19)9””(17), (59)

implying

v(p) = 2n, (60)

up to higher order corrections in €/a. Let us note that the
first term of the integrand in Eq. (49) precisely cancels out
with the flat spacetime contribution to the change of area.

Once we have fixed the value of v/(p), we can proceed to
integrate Eq. (53). On the right-hand side, we can expand
T, around p, keeping only the leading order constant term
T, (p). Moreover, any terms of the form T,, times the
Riemann tensor are effectively quadratic in curvature, and,
being interested only in the contributions linear in curva-
ture, we can discard them. Hence, we only need to integrate
u’;a;, as we did previously in the flat spacetime case. We

further discard any contributions of the order O(e?/a?).
Regarding the left-hand side, we first evaluate the
acceleration terms that, using the results of Sec. III B, read

2\ X/
V,dh, +di, = (—g * 604) 2 Rup)

- - 2 - -
+(6C, +2C3)R(p) + (g +6C, + 2G5

- = Xy
F2C)Ry(p) 4 6C T R(p). (o)

All the curvature tensors are evaluated at p and, hence, they
are constant. The integration is then simple, using the same
approach as for the right-hand side.

In total, the integration yields

24 1
ClRtt(p) + CzR(p)g,,(p) = 17—7’1 Ttt(p) - ZT(p)gtt(p) )
(62)
where we used that g,,(p) = —1, and we also multiplied the

equation by the factor 9/(2ze’*a’n). We have used the
definition for temperature given in Eq. [4], R is the Ricci
scalar, and T = T*, is the trace of the energy-momentum
tensor. The undetermined numbers C;, C, correspond to
the ambiguities in the constrained form of uic, and, in terms
of the parameters introduced in Eq. (32), they read

C, =6—54C, —36C; — 36Cy, (63)
C, = —1+54C, +36C5. (64)

From Eq. (62), we can obtain a tensorial identity that will
end up providing us with Einstein’s equations, following
the same reasoning as in the flat spacetime case above.
In terms of Einstein’s tensor G**, this identity can be
expressed as

CiGulp) + (3614 C: ) RP)g(r)

24rn 1

2 ) - T 0) 69
which are tensorial equations linking spacetime curvature
at the point p with the matter content of the spacetime. The
strong equivalence principle then guarantees that these
equations do not hold only at p, but throughout the
spacetime [5,20].

Since the energy-momentum tensor captures the total
matter content of the spacetime, including that one asso-
ciated with the accelerating observer, it should be locally
conserved, 1i.e., VMT’“’ = 0.2 The significance of this
observation lies beyond the scope of this paper and has
been analyzed elsewhere [11]. Then, the remaining terms
in Eq. (65) must also have vanishing divergence. We
know that V,G** = 0 and, therefore, taking the divergence
of (65) gives an equation for V, T and V,R, which, upon
integration, yields

nh 1 ~
T=—|(-=C, - R+ A
n < 5 (o C2> + A, (66)

“Let us note that in the context of unimodular gravity one could
impose instead the less restrictive condition V,7,* =V, J [29].
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with A some integration constant. Therefore, taking the
relation given by (66), and introducing it into (65), we
see that

6m ~ 24n
C,G —Ag, =—T,,. 67
1YV + I’]f’l g/w I’]fl 1722 ( )

This result already looks like Einstein’s equations, up to
three unknown constants: Cy, 77, and A. We are going to see
that we are not able to entirely fix them, but we can
constrain their values. For that purpose, we first impose that
the nonrelativistic limit of the equations should recover
Newtonian dynamics. This limit provides a relation
between the constants C; and 7, and the Newton gravita-
tional constant G, which reads

CAx 1

871G = ——.
0 ¢

(68)

The relation (66) between T and R must also be consistent
with the nonrelativistic limit, fixing the proportionality
factor to —1/(8zG). We can then build a system of
equations given by these two conditions that leads us to
the following relation between C;, C,, and #:

3 1 12

2 . n 4Gh C, (69)

The expression for 7 differs between the timelike stretched
light cone and null strict light cones. For the latter, one
obtains the fixed value n = 1/(4Gh) [3,30]. More gen-
erally, for any null surface the recovery of Einstein equa-
tions from thermodynamics requires n = 1/(4Gh) [5,13].
Nevertheless, as already stated, we are working with SLCs,
i.e., timelike surfaces. In this case, we are not able to fix the
value of the proportionality constant between S and A. The
value C| = 12 reproducing the Bekenstein entropy repre-
sents just one of the possibilities. In principle, any C; > 0
leads to positive entropy and is admissible.

In the context of physics of horizonless black hole
mimickers, it has suggested that entropy of timelike
hypersurfaces near the null horizon is close to the
Bekenstein value [31-35], i.e.,

1

n:ﬁ—i—f(e), (70)

where ¢ is a small parameter such that it vanishes in the
limit of the timelike hypersurface approaching the null one.
Assuming the same result applies to SLCs, we can expect
that C; = 12 + ¢, where lim,_, e = 0 (as the limit @ — 0
corresponds to the light cone). Then, we have

matter Clausius
(50) 1

entropy of
SLC (51)

geometry

heat (43)

energy
[work (49) }»[ cancels flat part
flux (44)

equation

Bianchi identities

equation
(67)

introduce G as a function of 0, h, C1

Einstein

equations

(73)

FIG. 2. Flow diagram of the derivation of Einstein equations
from the Clausius equilibrium relation. Blue boxes in the diagram
correspond to matter contributions, yellow boxes to geometry
contributions, and green boxes to their combination.

1 e 5
N . 1
"% 46n T asen T OE) (71)

Finally,
A =22GA (72)

can be identified with the cosmological constant. Conse-
quently, plugging the expressions given in Egs. (69) and
(72) into Eq. (67), we finally arrive at

G, +Ag,, = 8zGT,,,

(73)

which are sought for Einstein’s equations.3 For conven-
ience, we summarize the basic logic of our derivation of
Eq. (73) from equilibrium thermodynamics in the flow
diagram of Fig. 2.

VI. CONCLUSIONS

This paper explores the relation between thermodynam-
ics of SLCs and the gravitational dynamics from a new
angle. Previous works on the topic stressed the importance
of nonequilibrium entropy production for thermodynamics
of local causal horizons. This entropy production has
been said to be sourced by shear and by the flat space-
time expansion of the SLC. Herein, we have computed in
detail the expansion, shear, and vorticity for the SLCs,
separating flat and curved contributions, to introduce them
into an energy and entropy thermodynamic balance, care-
fully identifying the work term, and deriving the equations
governing the gravitational dynamics. We show here that

30On the same grounds as in the previous work of three of the
authors [11], it can be argued that the resulting gravitational
dynamics are consistent with Weyl transverse gravity rather than
with general relativity. Since this difference is unimportant for the
purposes of the present paper, we do not discuss it here.
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the shear scalar squared vanishes to the required order in
time and curvature. Moreover, we interpret the flat space-
time contribution, being associated with the acceleration, as
the work necessary to accelerate the observer. As a result, in
contrast to the existing literature [10,20], we actually show
how one can describe the behavior of SLCs fully in terms of
equilibrium thermodynamics.

On the more technical level, we explore the freedom
present in defining SLCs in a generic curved spacetime.
Specifically, we focused on the expansion, shear, and
vorticity of the accelerating congruence, whose timelike
slice forms the SLC. These properties were studied under
two different approaches: one relying on an explicit con-
struction of the velocity vector field, and the other based on
Raychaudhuri’s equation. By imposing the conditions of
vanishing vorticity and initial expansion, we describe the
most general SLC suitable for thermodynamic consider-
ations. We also prove the complete equivalence between
our method and the previously employed technique relying
on the approximate Killing identity, to compute the area of
the SLC [10].

Furthermore, by applying Clausius’ relation alongside
the entropy-area law motivated by entanglement entropy
arguments in QFT [23,24], we derive Einstein’s field
equations. This is ultimately achieved by relating the
results obtained in the geometrical study of the system
to the thermodynamical analysis of the heat fluxes present
in the spacetime. However, an important aspect to bear in
mind is that, as opposed to prior research, our resulting
dynamical equations rely on the value of a free parameter to
fix the proportionality constant between the variation of the
entropy and that of the area. This previously unnoticed
feature appears to be characteristic for thermodynamics of
timelike surfaces.

Our work focused on the leading order contributions to
the Clausius equilibrium relation in powers of the SLC’s
size parameter a and the short timescale e. Since we
consider both a and ¢ to be much smaller than the local
curvature length scale, they certainly represent only small
corrections to the leading order terms we studied.
Nevertheless, a natural question is whether these sublead-
ing contributions can encode corrections to Einstein’s
equations. Two of us have previously studied this question
in the vacuum setting [36]. We found that, since these
correction terms include four or more derivatives of the
metric, for dimensional reasons they would appear in the
gravitational equations multiplied by suitable powers of «
and/or €. However, as we discussed, both of these length
scales are arbitrary (within a given range) in our treatment.
Hence, the gravitational dynamics cannot depend on them.
To study the corrections to Einstein’s equations in this way,
one would need to introduce a physically motivated length
scale (e.g., in the way we explored here [36]).

Overall, we provide a unified and equilibrium-
based framework that connects thermodynamic laws with

gravitational dynamics, specifically through the use of
stretched light cones. This research opens the doors to
new questions: What is the precise definition of work and
heat in the context of curved spacetimes? Is it meaningful
to associate entropy with an observer-dependent time-
like surface, despite its apparent arbitrariness? How can
observer dependence shape our understanding of spacetime
entropy? We hope to address these questions in future
research.
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APPENDIX A: SOLVING THE VELOCITY
CONSTRAINTS

In Sec. III B, we introduced the constraints that are to be
applied in our system. In the first approach to computing 6,
0,» and w,,,, we have shown the most general results to the
equations imposed by said constraints, under the formalism
applied in that same approach. In this appendix, we aim to
explicitly show how to obtain such results.

The first ones that we will deal with are Eq. (29) obtained
from imposing @, = 0. These equations have a general

solution

. 1 . . . . .
Upe = §szk’(P)X’xk + Kl i, (p)rxt o xim

n
q+2

X rdxt ... xtn-1 ,

_l’_

Eiil'“in—] (p)r2 - »C,'IA..,-n (p)x"nxl'

(A1)

where m, n, g are arbitrary natural numbers and ICil-l...im,
L'; . arbitrary tensors symmetric in all indices and
constructed from the Riemann tensor, the covariant deriva-
tive, and the metric. The first term represents the particular
solution, and the latter are the homogeneous solutions of
Eq. (29). We stress that the tensors evaluated at p behave as
constant under derivatives.

In this work, we focus on corrections to u* linear in the
spacetime curvature. Then, we have a simpler solution
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tye = 3 Rije (P)¥/x* + DiR; (p)rx! + DaR' j,(p)rx!

+ D3R (p) %xjxkx" + D4R us(p) %xjxkxi, (A2)
where D,,n = 1...4 are arbitrary dimensionless constants.

If we also impose condition (28) implied by vanishing
of the initial expansion 6,, we then obtain D, = D, =
D; = D, = 0. This leaves us with the unique solution for
u),. given by

1 . ,
§Rtjkl(p)xjxk- (A3)

|
Uy, =

The other set of equations that we will work with in this
appendix is the set of equations obtained from imposing
@y, =0, Eq. (30). The most general solution of this
equation reads
u = _iR ok - M xit . xin

le 6r tjtk

Qi
+ Nrixt+ (nPh ;P +bP; . x"x)
x rb=2xin .y (A4)
where a, b are arbitrary real numbers; m, n are arbitrary
natural numbers; and M’; ., N, P; .; are again arbitrary
tensors symmetric in all indices and vanishing in flat
spacetime. As the structure of Eq. (30) suggests, u}, has
the form of a particular solution plus a gradient of an
arbitrary scalar function

; . . xil “ee xim+l
m+1 Il

. 1 . )
Uy, = —aszszJxkxl + 0i<

1 . 4
+ Nrt2 4Py orbxin ~x’">. (A5)

a+?2

The most general solution linear in curvature reads

) 1 . L )
Uy, = _aRtjth’)xjxkxl + CiR(p)rx' + CoR,(p)rx!

~ ~ . . _xk.xi
+ [C3Rji(p) + CaRju(p) | X/ <2"5k’ + p >,

(A6)

where C,,n = 1...6 are arbitrary dimensionless constants.

APPENDIX B: EQUIVALENCE OF THE
EXPANSION AND KILLING IDENTITY
CALCULATIONS

The seminal derivation of Einstein’s equations from
thermodynamics of SLCs studied the changes in their area
through the use of an approximate Killing identity applied
to velocity u* [10]. Using that the change in area between

times t =0 and t = ¢ equals4

o= [ (V.9 = 9,90 am, drda. (B1)
>

the approximate Killing identity yields

SA = / (R u” —l—f‘(’w))an"dtdA, (B2)
x

where tensor f*(,,) accounts for the fact that » is not a
Killing vector. The term proportional to the Ricci tensor
then enters Einstein’s equations, whereas f’(“ﬂb) gives rise to

additional entropy production, that is, to the leading order,
of the same form as the V,a" term in our Raychaudhuri
equation analysis. While the seminal paper interprets it as
irreversible entropy production, we show that it is, in fact,
compensated by the work necessary to accelerate the
observer.

It is far from obvious that Eq. (B1) can be rewritten
in terms of expansion § = V,u*. Using the definitions of
ut (16), a* (10), and n* = aa”, we can modify Eq. (B1)

to read
3. vy
0A = H—En n*V,u, |drdA.
b

If the second term in the integrand vanishes, the formula
reduces to

(B3)

SA = / 0dtdA, (B4)
p

and both approaches to computing the area yield exactly the
same expression. In flat spacetime, it is easy to check that
the second term is indeed equal to zero. In a curved
spacetime, its value depends on the curvature-dependent
ambiguities in the expression (32) for u} . Setting C; =0,
C, = 1/6 leads to n*n*V,u, = 0 as required. Fixing these
two constants in no way constrains the two ambiguities in
the SLC area we discuss in Sec. V, since these ambiguities
parametrized by numbers C| and C, are each a combination
of four arbitrary parameters [see Eqs. (63) and (64)]. Then,
fixing two of them imposes no restrictions on the values of
C1 and Cz.

In conclusion, both expressions for the area of the SLC
equations (B1) and (B4) are operationally equivalent and
include the same ambiguities. Then, the results we discuss
in Sec. V also directly apply to the derivation of the Einstein
equations in the seminal paper [10].

“The calculation is originally carried out with the boost
vector &. However, the authors treat £ and u# as being directly
proportional to each other, making our expression with u*
equivalent to the one they use [10].
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