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How large are curvature perturbations from slow first-order phase
transitions? A gauge-invariant analysis
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When strongly supercooled cosmological first-order phase transitions (FOPTs) are sufficiently slow,
superhorizon inhomogeneities can be generated. We compute these superhorizon curvature perturbations
by employing a gauge-invariant, multifluid formalism. By resolving the gauge ambiguities inherent in
conventional separate-universe simulations, we demonstrate that primordial black holes are unlikely to be
produced by these superhorizon inhomogeneities. We also derive a fitting formula for the resulting
curvature perturbations and discuss potential observational constraints on FOPTs imposed by limits on
primordial curvature perturbations and associated scalar-induced gravitational waves.
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I. INTRODUCTION

As one of the most appealing new physical phenomena
in the early Universe, cosmological first-order phase
transitions (FOPTs) have been extensively studied. Such
intriguing processes may occur when some fundamental
symmetries are broken as the Universe cools down after
inflation. These phase transitions may not only explain
the observed cosmological baryon asymmetry [1-5], but
may also serve as a predominant source of the stochastic
gravitational-wave background (SGWB) [6-12], for
which preliminary evidence in the nanohertz band has
been reported by recent pulsar timing array (PTA)
observations [13-17].

If the SGWB signal in recent PTA datasets was
attributed to FOPTs in the early Universe, strongly super-
cooled FOPTs are favored [18], suggesting a possible
domination of vacuum energy prior to these FOPTs. As
a consequence, a short period of thermal inflation may
occur. In addition to favoring strong FOPTs, the PTA data
also indicate that these transitions should be slow, charac-
terized by a relatively small inverse duration parameter
p/H, ~ 10, where H, represents the Hubble parameter
during nucleation. As a result, the bubble nucleation
timescale can be comparable to the Hubble time. Given
the stochastic nature of the Poissonian nucleation process,
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this leads to distinct nucleation histories across causally
disconnected regions. If vacuum energy is also domi-
nant, these variations in nucleation history can introduce
large fluctuations in the total energy density of these
regions, ultimately generating superhorizon inhomoge-
neities [19,20].

These large scale inhomogeneities not only induce
curvature perturbations [19,21] and are therefore subject
to current or projected constraints [19,22], but, as suggested
in Refs. [21,23-27], can also exceed the primordial black
hole (PBH) formation threshold and lead to the production
of PBHs. Furthermore, according to Ref. [23], when these
inhomogeneous modes re-enter the horizon following
thermal inflation, scalar-induced gravitational waves
(SIGWs) can be generated. The amplitudes of these SIGW's
are comparable to those of the conventional SGWB arising
from bubble collisions or the radiation fluid, making them
detectable by PTAs or other next-generation gravitational
wave observatories.

These rich observational consequences are direct results
of the superhorizon density contrasts induced by slow and
strong FOPTs. However, as first pointed out by Ref. [20],
caution must be taken when evaluating the gravitational
effects arising from these density contrasts due to potential
gauge ambiguities. Such density contrasts typically origi-
nate from statistical fluctuations in the bubble nucleation
history and are computed by separate universe simulations
without accounting for gravitational effects. When deter-
mining the gravitational perturbations induced by these
inhomogeneities, gauge ambiguities arise because both the
density contrast and the metric perturbations are gauge
dependent.

In this study, we present a gauge-invariant framework
to evaluate the gravitational consequences of large-scale
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inhomogeneities generated by a FOPT. Our methodology
is based on the conventional formalism for multifluid
systems, which enables the computation of gauge-invariant
quantities, such as comoving curvature perturbations, with-
out relying on a gauge-specific density contrast. Similarly
as in [20], we find that the production of both PBHs and
SIGWs is significantly suppressed compared to previous
studies. Utilizing the derived fitting formula relating
gauge-invariant comoving curvature perturbations to phase
transition parameters, we analyze the observational impli-
cations arising from current and projected constraints on
primordial curvature perturbations, as well as from poten-
tial SIGW signals in the PTA data.

II. THEORY OF COSMOLOGICAL FIRST-ORDER
PHASE TRANSITIONS

In the standard framework for FOPTs, the nucleation rate
of true vacuum bubbles is given by

' = H; exp [p1], (1)

where H,, is the Hubble parameter at the nucleation time 7,
(which has been set to ¢, =0) and f describes the
nucleation rate.

Once true-vacuum bubbles are generated, during the
expansions of the bubbles, vacuum energy is transferred
into the energy of the radiation, whose background average
follows the continuity equation

Pr+ 4Hpr = —py, (2)

where p, and py are the background energy density of the
radiation and vacuum, respectively. The vacuum energy
density py can be evaluated from the average false vacuum
fraction F(t) [28,29] by py = F(t)AV, where F(t) starts
from 1 and ends at O after the FOPT, and AV denotes the
vacuum energy density difference between the true and
false vacua. The quantity F(¢) can be estimated by

F(t) = exp [—43—7[/_, drT()a(?)R(t, 7)Y |, (3)

[5e)

where R(7,t) is the comoving radius of a bubble
nucleated at time #. During the thermal inflation driven
by supercooled FOPTs, at the percolation time, the
comoving Hubble radius will reach a minimum value,
corresponding to a largest comoving wave number
kmax = @(Tyen)H(Typ), with T,y being the reheating
temperature. After percolation, modes with wave number
k < k., re-enter the horizon.

As suggested in Refs. [19,23,30], if a strongly super-
cooled FOPT occurred with a low nucleation rate (f is
small), the Poisson nature of the bubble nucleation proc-
esses will induce significant variations in the nucleation
history at super-Hubble scales. Since the energy density of

the radiation fluid decreases as a(t)* while the vacuum
energy remains constant, a delayed nucleation within a
given Hubble patch generally leads to a larger-than-average
total energy density, described by a positive density
contrast 6 = §p/p. This phenomenon can be quantified
by simulating nucleation histories and solving for the
distinct time evolutions of the density fields across a
large ensemble of independent super-Hubble patches, an
approach analogous to the conventional “separate universe”
picture [31]. Reference [23] provides a powerful toolkit
DeltaPT to effectively facilitate such simulations.

However, these separate universe bubble nucleation
simulations, such as in DeltaPT, are usually performed
without specifying a gauge. We therefore denote the
density contrast derived from such simulations as dng
(no gauge). As first highlighted in [20], ambiguities arise
when identifying this density contrast with its counterpart
in gravitational perturbation theory, which in turn affects
the subsequent estimates of the PBH abundance or the
magnitude of curvature perturbations. The authors obtain
their results by identifying dyg to the spatial flat gauge and
solving the linearized Finstein equations with neglecting
gravitational backreaction. In this work, rather than asso-
ciating the results of DeltaPT or similar simulations
with a particular gauge choice, we assume that the density
contrasts oy can be approximated, at linear order, by those
computed on a specific but unknown time slicing. This
assumption enables the application of gauge-invariant
formalisms. Utilizing the established formalism for multi-
ple interacting fluids, detailed in the following section, we
compute the curvature perturbations in a gauge-invariant
manner.

III. LARGE-SCALE CURVATURE
PERTURBATION FOR MULTIPLE
INTERACTING FLUIDS

In this section, we outline the formalism for computing
the curvature perturbation in the presence of multiple
interacting fluids. For a comprehensive treatment, we refer
the reader to Refs. [32,33].

A. Background equations

Friedmann’s equations and the corresponding time
evolution of the Hubble parameter are

=", @)
H = —42G(p + P). (5)

If the universe consists of multiple component fluids which
satisfy

> pa=r

a

> P.=P, (6)
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the continuity equation for each component is given by

Pa = _3H(pa =+ Poz) + Qa’ (7)

where Q, represents the energy transfer rate to the a-fluid
due to the interaction between different fluid components.
Conservation of total energy implies that

ZQG =0.

a

(8)

As an example, for a universe consisting of two primary
components, radiation and vacuum, the continuity equation
for the radiation component [Eq. (2)] is recovered by
setting a = r, Q, = —F(t)AV, and using the radiation
equation of state, P, = p,/3.

B. Perturbed equations

In standard linear perturbation theory, the most general
form of the line element for the spatially flat Friedmann—
Lemaitre—Robertson—Walker background and scalar metric
perturbations is described by [34,35]

ds* = —(1 +2¢)dr* + 2a0;Bdtdx’

+ a*[(1 = 2y)8;; + 20,0, E)dx'dx/, 9)
where y and ¢ represent the gauge-dependent curvature
perturbation and the lapse function, respectively.

With this perturbed metric, the gauge-invariant definition
of the total curvature perturbations can be defined as

=-—y—-H—, (10)

which coincides with the curvature perturbation y for a
uniform total-density slicing (5p = 0). We can also define
another gauge-invariant curvature perturbation R as

R=w-Ha(v+ B), (11)
where v is the scalar velocity potential. This is the so-called
comoving curvature perturbation, coinciding with w on
hypersurfaces orthogonal to worldlines comoving with
the fluid. These two gauge-invariant equations have the
relation [33]

kZ

¥ =3HR+0), (12)

where another gauge-invariant curvature perturbation ¥ =
w + Ho, is introduced and o, = a*E — aB is the scalar
shear. Therefore, at superhorizon scales (k*/(aH)? < 1),
R~ -(.

From the perturbed continuity equations at superhorizon
scales (see Refs. [31-33] for more details), the time
evolution for the total density curvature perturbation is

. H
Z: = _m(spnad’

(13)
where the total nonadiabatic pressure perturbation 6P,
can be split into two parts,

5Pnad = 5Pintr + 5Prel' (14)
The first part represents the intrinsic entropy perturbation
from each fluid,

5Pintr = ZéPimr,a» (15)

where intrinsic nonadiabatic pressure perturbation of each
fluid is given by
6Pintr,(l = 6P(1 - C%épa. (16)

Here, the adiabatic sound speed of a-fluid is defined as
c2 =0P,/dp,. By this definition, for any fluid with a
definite equation of state of the form P, = P,(p,), the
intrinsic nonadiabatic pressure perturbation, OP;y 4
must vanish.

The second relative part of the nonadiabatic pressure
perturbation can be computed by

1 .
5Pre] = _%;pmpﬁ(cg - C%)Sa/ﬁ (17)

where the relative entropy perturbation S, is defined as

5pa 5p/3>
Sa E3§a_€ __3H(.__._ .
p = 3( ) e 7

(18)

IV. LARGE-SCALE CURVATURE
PERTURBATIONS FROM FOPTS

A. Methodology

At large scales, the dynamics of FOPTs can be effec-
tively described by a system of multiple interacting fluids
consisting of two primary components: radiation and
vacuum. We therefore adopt this gauge-invariant formalism
and plug in both components to compute the comoving
curvature perturbations from FOPTs. Firstly, we use
DeltaPT to simulate a large amount of bubble nucleation
histories at various super-Hubble scales and nucleation
rates #/H. For each superhorizon wave number k < k.,
we extract 50,000 different realizations of the nucleation
history in a box of size 47k~3/3, represented by 50,000
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different functions of F(z). Then, the same amount of
different &py (t) = (F(t) — F(t))AV are computed, where
F(t) is the false vacuum fraction computed for each
causally disconnected patch. The corresponding p,(¢)
can then be obtained from the continuity equation Eq. (2).

Once the time evolution of dpy and dp, is determined, for
each scale k and nucleation rate #/ H, we integrate Eq. (13)
up to #;, the time at which the scale k re-enters the horizon.
In calculating 6P,,4, the intrinsic nonadiabatic perturbation
OP;,, defined in Eq. (16) vanishes, as the sound speeds
of both fluids are assumed to be constant (¢ = 1/3 and
¢} = —1), suggesting a definite equation of state. For the
remaining relative component 6P, we utilize Eqgs. (17)
and (18) to perform the calculation.

It should be noted that S, becomes divergent when
p, =0, as indicated by Eq. (18). This is because p, initially
increases immediately after the onset of the FOPT and
subsequently decreases around the percolation time due to
cosmic expansion. However, when Sy, is combined with
the pyp, term in Eq. (17), the divergence is canceled,
resulting in a well-behaved integration. After obtaining {
for different Hubble patches, the comoving curvature
perturbations can be computed using the approximation
at superhorizon scales R ~ —(.

B. Results

We show the time evolution of the averaged comoving
curvature perturbation R and density contrast § in an
independently evolving box of size 4zk=>/3 in Fig. 1,
where k = 0.9k,,. It is clear that there is no definite
relation between Ong and R, and that the approximate
relation for superhorizon perturbations of the radiation
fluid R ~ —(9/4)5¢ [36] for comoving density contrast

; .
10° | O/ H, =T
i k = 0.9knax
10-1} :
1072 —— :
-3 . ! .
10775 - 0 1 )
H,t
FIG. 1. Time evolution of the absolute value of the false

vacuum fraction F(z), the comoving curvature perturbation R,
and the density contrast dyg of an independently evolving
volume 47k=3/3, where k = 0.9k,,,x and 3/H, = 7. The value
of 9/46y is given for reference. The dashed line represents the
time when the & = 0.9k,,,, mode re-enters the horizon.

Oc breaks down, suggesting that 6 cannot be approximately
identified as the value in the comoving gauge.

We also present in Fig. 2 the variance of the resulting
comoving curvature perturbations for various values of
k/kn.x and B/H,. The magnitude of the variance is
consistent with that reported in Ref. [20] and is signifi-
cantly smaller than that found in [23]. The variance also
exhibits the expected asymptotic behavior (see [19] for
details), scaling as k*> at small k and as = at large f.
However, for large 8, small deviations from the IS scaling
are observed, as shown in the upper panel of Fig. 2. These
deviations are likely attributable to the limited number of
bubbles employed in the simulations.

Additionally, employing the approximated relation
R ~—(9/4)6¢c on superhorizon scales, we estimate the
probability distribution of the comoving density contrast,
Oc, a key quantity for quantifying the PBH abundance. The
results for k = 0.9k . are presented in Fig. 3. PBHs are
believed to form from the positive tail of the §. distribution
exceeding a critical threshold, J;. Determining the precise
value of d.; remains an active area of research, due to
its potential complex dependence on the shape of the

107 2x 1077 3x 1074 x 107" 6x 107 10°
k/klllax
1072 T
—— kg = 0.94
S ke /K = 0.9
10-3k ) —— k/kmax = 0.7

107°F

6 x 10° 10" 2 x 10!

FIG. 2. Variance of the comoving curvature perturbations ¢
as a function of # and k/k,. The dashed curves represent the
corresponding fits, while the dashed black lines indicate the 3
and &3 reference power laws.
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—1 ﬁ/Hn:& 6(7
20t 7 B/H, =T, ¢
1 B/H, =7, énc

<t
T

01 00 01 02 03 04 05

0

FIG. 3. Distributions of density contrast of independently
evolving volumes 47k=3/3, where k = 0.9k,,,,. The blue and
orange envelopes represent -, the density contrast in the
comoving gauge. The black envelope represents the density
contrast computed from separate universe simulations (dng)-
The PBH formation threshold 6., =~ 0.45 is marked as a vertical
dashed line.

perturbation [37-39], or requires careful evaluation of
bubble wall structure and nonlinear collapse dynamics
within the supercooled FOPT scenario [40]. As an illus-
tration, we adopt the frequently quoted value d.; = 0.45
in Fig. 3, which is derived from numerical simulations of
PBH formation from curvature perturbations re-entering
the horizon during radiation domination. A comparison of
the ¢ distribution with this formation threshold indicates
that PBHs are unlikely to be produced from the curvature
perturbations generated by these FOPTs.

To accommodate the broader interests of phenomeno-
logical studies, we provide a fitting formula for P5 derived
from a sampling of #/H,, varying from 5 to 23 and k/ k.
ranging from 0.1 to 0.94. We first fit 6% (see the fitting
results in Fig. 2), ensuring that the employed formula
exhibits the correct asymptotic behavior. Using the
approximate relation

a%z:/d1nkW2(kR)PR(k)z%PR(k:R‘I), (19)

which holds for the top-hat window function W(x) =
3(sinx —xcosx)/x> and assumes P o k* on superhor-
izon scales, we derive the fitting formula for P as

; >2 (k/kmax)* (B/H )~
1+a) [0.043 + (k/kpa)>(B/H,) 72
1
(77 + p/H,)

Pr(k) = 0.0038<

—k), (20)

(kmax

where © is the heaviside step function, and a~ AV/p,
represents the phase transition strength. Given the limited
accuracy of extrapolation, the fitting formula is

recommended for use when fS/H, = 4. The peak
wave number k. and the reheating temperature 7,
are related by

k _ ﬂTO Treh (gs<Treh)>_]/3
" 3V10 My \ g4(T)
gs(Treh>>_1/3

=1.61 x 10" Mpc™! <7

68.74
« g/)(Treh) 12 Treh
69.76 GeV)’
In the above equation, T, =2.35x 107! GeV is the
present-day CMB temperature [41], and g, and g, denote

the effective degrees of freedom for the energy density and
entropy density, where we adopt the values from Ref. [42].

(21)

V. OBSERVATIONAL CONSEQUENCES

While inhomogeneities arising from FOPTs may be
insufficient to generate PBHSs, direct or indirect limits on
primordial curvature perturbations from various astrophysi-
cal and cosmological probes can be employed to constrain
FOPTs. Furthermore, when the corresponding modes re-
enter the horizon following thermal inflation, SIGWs can
arise as a direct consequence of curvature perturbations.
In this section, we briefly discuss potential constraints on
Pr(k) and the implications for FOPT parameters in the
presence of SIGWs based on PTA data.

A. Observational constraints on Py

The primordial curvature power spectrum, Py (k), pro-
duced by FOPTs is subject to various constraints. On large
scales with modes k <3 Mpc~!', CMB anisotropy obser-
vations [43] and Lyman-a measurements [44] restrict the
spectrum to P ~ O(10~"). Enhancements of Py on small
scales can generate observable signals via CMB spectral
distortions and SIGWs. The Far Infrared Absolute
Spectrophotometer (FIRAS) has constrained the primordial
power spectrum in the range of 10 Mpc™' <k <103 Mpc™!
through spectral observations of the CMB [45]. Pulsar
timing arrays and the upcoming Square Kilometer Array
(SKA) telescope provide current limits and projected
constraints for larger modes in the range 10° Mpc™! <k <
10'9 Mpc~! [46]. The next generation of gravitational wave
observatories such as laser interferometer space antenna
(LISA) will extend the sensitivity to even larger modes,
covering the range 10'° Mpc™' <k <10 Mpc™! [47].
The formation of small dark matter structures, known as
ultracompact minihalos (UCMHSs), serves as an indirect
probe of the primordial power spectrum. Assuming dark
matter consists of weakly interacting massive particles
(WIMPs) that can pair annihilate into standard model
particles [48], the presence of UCMHs can be effectively
traced through y-ray and neutrino observations [49-55], as
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i
1
1072¢ ! PTA
i
1073 l
i LISA
1
1074 b
i
10 I~
=
= L
AL 1076
1077 s —— Ti =10 MeV
. : ——== Ty = 1GeV
1077 Planck = | b i e Toen = 100 GeV 1
1079~ — 6/Hn =5
—— B/H,=30
1 —10

1074 1072 100 1010 1012 10

FIG. 4. Various benchmark spectra P (k) for a = 10 with varying #/H, and T,;,. Also displayed is a compilation of existing
constraints on the primordial power spectrum P (k) (solid-outlined filled regions), sensitivity forecasts for next-generation
observatories (dotted-outlined filled regions), and UCMH-based constraints (dashed lines). The non-UCMH constraints are derived
from CMB anisotropies [43] (light blue), Lyman-a observations [44] (orange), CMB spectral distortions [45] (green), pulsar timing
arrays [46] (red), as well as SKA and LISA forecasts [47] (pink and purple). The UCMH-based constraints, which assume a
monochromatic power-spectrum enhancement and that WIMP dark matter annihilates into into 55 with a mass npy = 1 TeV and s-
wave thermal relic cross section {(6v), = 3 x 1072 cm? s™!, are obtained from diffuse y-ray searches [54] (black dashed line) and limits
on extra energy injection into the CMB [56] (gray dashed line).

well as imprints on CMB anisotropies resulting from extra
energy injection [56].

In Fig. 4, we present these existing and forecast
constraints together with selected benchmark Px(k)s
for various f/H, and T,. In Fig. 5, we further map
the excluded regions on the T, — f/H, plane with a
monochromatic power spectrum P (k = kp,y ), Where we
have truncated the lower limit of /H,, to 4 to ensure the

107 : : : : . .
FONY ---- UCMHs (y-rays)
’ N
! S ---- UCMHs (CMB)
i Mo e ; FIRAS
| e - SKA
s |- T | LISA
= s i
= L7 |
10t
1077 107° 1073 1071 10t 103 10° 107
T’roh (GCV)
FIG.5. Similar to Fig. 4, but translates various excluded regions

into the T, —f/H, plane using a monochromatic power
spectrum Pg (k = kp,y ). The two UCMH lines represent ex-
cluded regions below.

validity of the fitting formula in Eq. (20). However, since
these constraints are obtained from a spiky power-
spectrum enhancement, their applicability to Pg(k)
sourced by FOPTs requires further investigation.
Moreover, the constraints from UCMHs [54,56] are based
on the assumption that dark matter annihilates into bb
with a mass mpy = 1 TeV and s-wave thermal relic cross
section (o), = 3 x 10726 cm?s~!. Otherwise, the corre-
sponding limits would be significantly relaxed. We also
note that constraints from UCMHs based on extended
dark objects are available [57]. These constraints can be
derived from CMB accretion, wide binary evaporation, or
lensing observations of the “Icarus” star, without assum-
ing dark matter annihilation. They typically place con-
straints on Px (k) comparable in range and magnitude to
the CMB energy injection constraints (gray dashed lines
in Fig. 4).

B. Scalar-induced gravitational waves

The SIGWs produced by these curvature perturbations
can represent a significant secondary source of phase
transition gravitational waves [23], distinct from the pri-
mary gravitational waves produced by the dynamics of
phase transitions, such as bubble collisions [58], sound
waves [6], or turbulence [59].
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I R Qsiew e where Q,(h? is the energy density ratio of radiation
_____ ey 7~ today. The quantity Qgigw(Tren) characterizes the induced
10-01 Qo - ™ gravitational waves at the reheating temperature 7,
total > - ,,/ [60,61],
510 - Y .
I e Qs16w (Tren) / dv/l duTrp (1, v)Pr (ku)Pr (kv),
| (23)
L I i —— PT-BUBBLE |
- o PT-SOUND and the transfer function Typ, is defined as
ST 101 109 10! 102
k/kmax 402 = (1= u? + v?)?\ 2 5
TRD("" 7}) = 4202 y
FIG. 6. GW spectra from PT-BUBBLE and PT-SOUND models as u-v
the primary GW sources together with SIGWs from curvature 2 ) .
perturbations. X Zy Olu + v —c;'|
1 +

The spectrum of the SIGW can be computed from

with y = (4> + v* — ¢;2)/(2uw).
The total observed gravitational wave (GW) spectrum is

Qsigwh? = Q, oh* 9p(Tren ( Tren ) 43 Qsiow (Tret) then composed of a primary component and a secondary
9,(To) \ 94(To) component from SIGWs:
=1.65x 1073 2 ph? Tren) 2 2 2
- 418 x 10-3 1()0 Qo™ = Qprimaryh”™ + Qsigwh”. (25)
-4/3
% (gs(Treh)> / Qsi6w(Tren)- (22) As an example, we investigate two typical FOPT models:
100 bubble collisions (PT-BUBBLE) and sound waves (PT-SOUND).

N PT-BUBBLE
Imw PT-BUBBLE + SIGW

logyy a
S

3
0
2
_1f
1.5f r

logy ﬁ/Hn
5

o
o

-1 0

10g10 Treh/GeV

1

-1 0
logy v

1.0
logy, 5/Hn

0.5

I PT-SOUND
I PT-SOUND + SIGW

logy 5/Hn

10 15
logy, 5/Hn

-2 -1
logm Treh/GeV

logy @

FIG. 7. Posterior distributions of phase transition parameters from NANOGrav-15 data, based on PT-BUBBLE (left) and PT-SOUND
(right) models, with and without considering SIGW introduced by curvature perturbations. The contours show both the 68% (darker)
and 95% (lighter) Bayesian credible regions. And the vertical lines in the 1D marginalized distributions also represent 68% and 95%
Bayesian credible intervals.
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The fitting formulas for the GWs in both models, detailed
in [18], share the same broken power-law shape function:

(a+Db)°
(bx—a/c + axb/c)c ’

S(x) = (26)

where a, b, and c are shape parameters. In Fig. 6, we present
both the primary and secondary GW spectra, calculated with
phase transition parameters a =10, p/H, =7, and
T'en=0.05 GeV. The shape parameters are set to their
best-fit values from the NANOGrav 15-year dataset [18]:
a=2.04,b=1.97,c =2.03 for P-BUBBLE, and a = 3.58,
b = 2.87, ¢ = 4.16 for PT-SOUND. Figure 6 clearly illustrates
that the SIGW spectrum peaks at a larger scale compared to
the primary one. However, our gauge-invariant calculation
suggests that this potential secondary SGWB source is likely
subdominant compared to the primary source. Including this
secondary component may only introduce marginal mod-
ifications at low frequencies for the PT-SOUND model.

To further investigate the impact of SIGWs on parameter
estimation, we analyze NANOGrav 15-year data and
illustrate the modifications introduced by this secondary
source. Our analysis focuses on three phase transition
parameters: the strength @, the reheating temperature
Tin, and the nucleation rate f/H,. We employ the
PTArcade code [62,63] to derive posterior distributions
for these model parameters. The results for the PT-BUBBLE
and PT-SOUND models are presented in Fig. 7. We observe
negligible modifications to the posterior distributions for
the PT-BUBBLE model and only marginal changes for the PT-
SOUND model. The small alterations of the PT-SOUND result
from the low-frequency modifications introduced by the
SIGW. Overall, we conclude that the inclusion of GWs
induced by superhorizon curvature perturbations does not
significantly affect the interpretation of the FOPT models in
the context of current PTA data.

VI. CONCLUSIONS

Slow and strongly supercooled FOPTs, which are
favored by recent PTA data, can generate superhorizon
inhomogeneities. In this study, we performed a gauge-
invariant calculation of the curvature perturbations induced
by these inhomogeneities through constructing gauge-
invariant entropy perturbations. Our results indicate that
the inhomogeneities derived from separate universe simu-
lations cannot be interpreted as perturbations within the
comoving gauge, a choice commonly employed to assess
the abundance of PBHs. Furthermore, the distribution of
the density contrast, estimated from the gauge-invariant
comoving curvature perturbations, exhibits a positive tail
that remains significantly below the conventional PBH

formation threshold. Consequently, we conclude that the
formation of PBHs through this mechanism is highly
unlikely.

We also present an empirical template for these super-
horizon curvature perturbations, which can be utilized to
compute potential cosmological observables. As a demon-
stration, we examine the consistency of Px generated by
FOPTs with current and future constraints on primordial
curvature perturbations. Our results indicate that slow
FOPTs may be constrained by future SKA data, whereas
relatively fast FOPTs are subject to constraints derived
from UCMH observations. We also calculate the SIGWs
generated by these perturbations, representing a potential
secondary GW source. However, owing to the suppressed
amplitude of the curvature perturbations, this secondary
GW source has only a marginal impact on conventional
phase transition models constrained by the NANOGrav
15-year data. We further note that for supercooled and slow
FOPTs, more refined models incorporating the effects of
cosmic expansion may be required [64—67]. A detailed
investigation of this issue is deferred to future work.

In summary, this study proposes a new framework for
quantifying the large-scale gravitational effects of FOPTs
as curvature perturbations. Our gauge-invariant analysis
disfavors both the formation of PBHs and a significant
secondary GW source by SIGW via this mechanism. The
template for the comoving curvature perturbations pre-
sented in this work can be applied to future investigations
of other potential observables originating from the large-
scale inhomogeneities associated with FOPTs.
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