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The title theory is formulated. It entails a quantum-coherent variant of the Fermi-Dirac distribution and
casts new light on neutrino oscillations. It might enable the incorporation of neutrino mixing into the
modeling of core-collapse supernovae and neutron star mergers.
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I. INTRODUCTION

Neutrino astronomy began with an unexpected deficit in
the solar flux [1]. The puzzle’s resolution finally arrived
three decades later, with experimental confirmation of
flavor oscillations [2–5]. Advances in the theory of
neutrino propagation were integral to this triumph [6–13].
Neutrino transport theory is today in need of another wave

of progress. The urgency comes especially from core-
collapse supernovae and neutron star mergers [14]. Even
though these sites are two of the marquee targets of
multimessenger astronomy, and two of the most carefully
modeled systems in computational astrophysics, neutrino
oscillations are yet to be reliably incorporated into the
relevant simulations and predictions [15–22]. In recent
years, evidence has piled up that the current situation is
unacceptable. The best estimates of flavor mixing’s effects—
on explosion dynamics, nucleosynthesis, kilonova light
curves, and emitted neutrino signals—point to them being
substantial [23–36].
Efforts to solve the oscillation problem in compact stellar

environments have been based on kinetic theory [37–53].
The challenge is that the equations are nonlinear, multiscale,
and far beyond the reach of direct numerical simulation. This
sounds dire, but an analogy gives us hope. Climate simu-
lations would likewise be out of reach if they were based on
the Boltzmann equation for air and water molecules. And
yet, because of hydrodynamics, sophisticated modeling is
possible.
For neutrino atmospheres, hydrodynamics is too coarse.

Oscillations occur where neutrinos are at most weakly
collisional. The appropriate theory, which we aim to

develop, is intermediate between kinetics and hydrodynam-
ics (Fig. 1). We call it miscidynamics, borrowing the Latin
root shared with words like mixing and miscible, because it
describes transport under the condition that mixing is in local
equilibrium. Kinetics coarse-grains over the microscopic
dynamics at the de Broglie scale but stops short of
oscillations. This level of detail is unnecessary and intrac-
table. In miscidynamics, the granularity is set by the same
macroscopic scales that determine the numerical resolution
in simulations.
En route to miscidynamics, we first need to formulate the

concept of mixing equilibrium. The subject of particle
mixing dates back nearly 70 years [54–56]. It has far-
reaching significance in the Standard Model and beyond.
Nevertheless, a thermodynamic theory of the phenomenon

FIG. 1. In core-collapse supernovae and neutron star
mergers, neutrino oscillations unfold at the mesoscale
(10−3 m≲ losc ≲ 1 m), well-separated from the quantum
microscale (ldB ≲ 10−14 m) and the collisional macroscale
(lmfp ≳ 103 m). Kinetics is unworkable because it attempts to
resolve the mesoscopic details. Hydrodynamics is as well
because optical depths are low. Miscidynamics is a new macro-
scopic transport theory based on local mixing equilibrium.
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has not yet been proposed. Only now do we face an open
problem that seems to require one.
The new thermodynamics is interesting in its own right,

apart from its possible utility for transport. It describes the
equilibrium phases of collisionless neutrino matter, i.e., of
relativistic fermions that exist indefinitely in mass super-
positions. Thermalization occurs without any dissipation or
decoherence, facilitated instead by small-scale fluctuations
of the neutrino system itself. Below, we derive the equilib-
rium theory from kinetics and discuss some of its basic
aspects. We then broaden the scope of the theory to
encompass transport.
Overall, the viewpoint here is that neutrino mass raises

fundamental questions not only for particle physics (which
it does by demanding content beyond the Standard Model)
but for statistical physics as well.

II. KINETICS

Our starting point is the kinetic equation

ið∂t þ p̂ · ∂xÞρνðt; x; pÞ ¼ ½Hνðt; x; pÞ; ρνðt; x; pÞ�
þ iCνðt; x; pÞ: ð1Þ

The density matrix ρν is an Nf × Nf matrix, where Nf is
the number of flavors. We take Nf ¼ 2 throughout this
work. Quantities for antineutrinos will be denoted by the
same symbols but with subscript ν̄. The diagonal compo-
nents of ρν are distribution functions in the chosen basis.
Off-diagonal components measure quantum coherence. In
the thermodynamics of massless neutrinos, the equilibrium
distribution ρeq is diagonal in the flavor basis with entries
fFDðp; T; μναÞ, where p≡ jpj. That is, each flavor α (¼ e,
μ, τ) has a Fermi-Dirac distribution at temperature T and
chemical potential μνα .
The evolution is dictated by the Hamiltonian Hν and

collisional term iCν. The latter represents Boltzmann
integrals for all relevant processes. We will not be con-
cerned with the particulars. The Hamiltonian, on the other
hand, is crucial for our purposes because it is responsible

for mixing equilibration. We split it intoHν ¼ Hð1Þ
ν þHð2Þ

ν .
The one-body part is

Hð1Þ
ν ðt; x; pÞ ¼ pþM2

2p
þ

ffiffiffi
2

p
GFð1 − vmðt; xÞ · p̂ÞLðt; xÞ;

ð2Þ

where M2 is diagonal in the mass basis with components
m2

i , L is diagonal in the flavor basis with components
nα− − nαþ , vm is the velocity of background matter, and
GF is the Fermi constant. The terms on the right-hand
side are the neutrino momentum, the vacuum-oscillation
Hamiltonian, and the potential generated by neutrino

refraction on matter. Hð1Þ
ν̄ differs only in that the p and

M2 terms have minus signs in front of them. The two-body
part of the Hamiltonian is

Hð2Þ
ν ðt; x; pÞ ¼

ffiffiffi
2

p
GFðD0ðt; xÞ − p̂ · D1ðt; xÞÞ; ð3Þ

where we use the notation

Dlðt; xÞ ¼
Z

d3q
ð2πÞ3 ðq̂Þ

lðρνðt; x; qÞ − ρν̄ðt; x; qÞÞ: ð4Þ

It contains the nonlinearity due to neutrino-neutrino
refraction and is identical for antineutrinos.
The total energy is U ¼ Tr

R
d3x uðxÞ with

u¼
Z

d3p
ð2πÞ3 ðH

ð1Þ
ν ρν −Hð1Þ

ν̄ ρν̄Þ þ
ffiffiffi
2

p
GF

2
ðD2

0 −D2
1Þ: ð5Þ

It is strictly conserved when the system is spatially
homogeneous with iCν ¼ 0 [57]. In addition, Tr½ρnνðt; x0 þ
p̂t; pÞ� is time-invariant for given x0 and p and for
1 ≤ n ≤ Nf. These invariants enforce conservation of
neutrino number (n ¼ 1) and flavor polarization (n ¼ 2)
along each phase-space trajectory. Their invariance con-
stitutes a sort of quasiclassical Liouville’s theorem that
forbids true, fine-grained equilibration. Thermalization
occurs only at a coarse-grained level, through the formation
of a small-scale structure in phase space, as in collisionless
classical systems [58]. Indeed, the agenda we pursue in this
paper has parallels with the one initiated by Lynden-Bell for
gravitational systems [59].

III. ENTROPY AND EQUILIBRIUM

To prepare for coarse-graining, we put our neutrino
system in a periodic box of volume V ¼ l3box with side
length satisfying losc ≪ lbox ≲ lastro, where lastro is the length
scale on which the medium varies. The purpose of losc ≪
lbox is to ensure that neutrinos reach mixing equilibrium
before the boundaries of the box become relevant. Very
roughly, leq ∼ losc. The purpose of lbox ≲ lastro is to ensure
that all parameters apart from the neutrino distributions are
approximately homogeneous. Later, when we turn our
attention to transport, we will be stitching these boxes
together to construct a global description of the neutrino
radiation. Ideally, it will be possible to take lbox ¼ lsim, the
spatial resolution that would be used in a simulation without
neutrino oscillations.
We now perform a spatial average over the box, making

any smaller-scale information inaccessible. This is not just a
useful thing to do. It is realistic. The only way the
information could become known is through interactions
with the astrophysical fluid. But the fluid is only sensitive to
features on the weak-interaction scale lmfp, and the neu-
trino–fluid coupling is not strong in the regions we are
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considering (lmfp ≳ lbox). The coarse-graining is imposed by
nature itself.
The logic above also applies to temporal resolution. We

take tosc ≪ tbox ≲ tastro because it is both practical and
necessary. Our next step is to assume that the evolution
within the box is ergodic. This is a plausible hypothesis
given that collective oscillations are known to exhibit
instabilities, chaos, quasisteady states, and so on. Granting
ergodicity, we are able to make our first contact with
thermodynamics. Instead of attempting to describe the
time- and space-averaged evolution, we calculate coarse-
grained expectation values with respect to the ensemble of
all fine-grained states that the system is able to visit.
To carry out this program, we need an entropy. It should

be a function of ρν;p, the x-average of ρν;x;p. The change to
subscripts for x and p is meant to emphasize the fact that we
are now regarding ρν not as a time-dependent solution but
rather as a microstate in a statistical ensemble. Because
neutrinos are fermions, the appropriate entropy is

S ¼ V
Z

d3p
ð2πÞ3 ðsν;p þ sν̄;pÞ ð6Þ

with

sν;p ¼ −Tr½ρν;p log ρν;p þ ð1 − ρν;pÞ log ð1 − ρν;pÞ�: ð7Þ

The matrix log function is defined by diagonalizing ρν;p and
applying the scalar log function to the diagonal elements.
Using a similar formula for the fine-grained system would
result in S ¼ const because the entropy is determined by
the fine-grained invariants Tr½ρnν �. Coarse-graining pre-
serves neither the n ¼ 2 trace nor the energy U and thus
enables effective decoherence and dissipation.
Although U½ρν;p� need not be strictly equal to U ≡

U½ρν;x;p�, in equilibrium we expect them to differ only as a
result of thermal fluctuations. We therefore maximize S
subject to the constraint that U½ρν;p� ≅ U. To do this, we
introduce a Lagrange multiplier β. Conceptually, the
coarse-grained variables are in thermal contact with a heat
bath of temperature T ≡ β−1 that consists of the system’s
own fine-grained fluctuations.
The neutrino number Nν;p is exactly conserved at

the coarse-grained level because Nν;p ¼ VTr½ρν;x;p� ¼
VTr½ρν;p�. Depending on the application, there may
be other conservation laws. To indicate how the anal-
ysis generalizes, we take the set of conserved quantities
to be fU;Nν;p;Nν̄;p;Gg with Lagrange multipliers
fβ;ην;p;ην̄;p;λg. HereG is some unspecified scalar quantity.
All Lagrange multipliers are scalars as well. Continuing to
use calligraphic letters for expectation values, the entropy
with constraints is

S0 ≡ Sþ βðU − UÞ −
Z

d3p
ð2πÞ3 ðην;pðNν;p −N ν;pÞ

þ ην̄;pðNν̄;p −N ν̄;pÞÞ þ λðG − GÞ: ð8Þ

Then, from the extremization condition δS0=δρν;pjρeqν;p ¼ 0,
we obtain the mixing-equilibrium distribution:

ρeqν;p ¼ 1

exp ½βðHeq
ν;p − μν;pÞ þ λðδG=δρν;pÞ� þ 1

: ð9Þ

We have defined μν;p ≡ ην;p=β and Heq
ν;p ≡Hν;p½ρeq�. The

right-hand side is a matrix function defined through its
power series. Scalar terms inside the matrix exponential,
such as βμν;p, as well as the scalar 1 in the denominator, are
implicitly multiplied by the Nf × Nf identity matrix.
Supposing that the invariant G is linear in ρ, the λ term
is proportional to the identity matrix and the argument of
the exponential is Hermitian. The right-hand side can then
be calculated by diagonalization, applying the function
to each of the eigenvalues of the argument. Explicit
evaluation of ρeq generally requires the solution of self-
consistency conditions, a point we will return to.

IV. WORK AND HEAT

With the concepts of entropy and equilibrium defined,
other devices in the thermodynamic apparatus become
available. We could, for example, make use of the
coarse-grained free energy F ¼ U − TS. Most importantly,
we need to consider how neutrinos move between and into
equilibria. The indispensable concepts in this respect are
work and heat.
To define them, we use the Pauli matrices σa to

decompose ρν and Hν into scalar and vector parts:

ρν ¼
Pν;0 þ P⃗ν · σ⃗

2
; Hν ¼

Hν;0 þ H⃗ν · σ⃗
2

: ð10Þ

The first law of thermodynamics is then (dropping sub-
scripts and integrals for readability)

ΔU ¼ 1

2
H0ΔP0 þ

1

2
H⃗ · ΔjP⃗jP̂

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{≡Qenv

þ 1

2
jH⃗jjP⃗jΔðĤ · P̂Þ

zfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflffl{≡Qkin

þ 1

2
ΔH0P0 þ

1

2
ΔjH⃗jjP⃗jĤ · P̂|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

≡W

: ð11Þ

The upper line is the heat Q gained by the system during
some process, and the lower line is the work W done on it.
Qenv can be collisionally transferred from the medium or
internally generated by neutrino-neutrino collisions; the
environment in the latter case is the fluctuating bath of
neutrino many-body correlations [53,60]. The literature on
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equilibration in isolated quantum systems has emphasized
heating essentially of this second type, with thermal
behavior emerging as entanglement spreads throughout
the system [61–63]. For neutrino mixing, the predominant
equilibration mechanism is kinematic heating Qkin caused
by dealignment of P̂ with �Ĥ.
We may as well state the other laws of thermodynamics

at this stage. The second law is S½ρeq� ≥ S½ρin� for any initial
state ρin. We take it as axiomatic, but presumably one could
prove a neutrino H-theorem by writing out the infinite
Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY) hier-
archy of ρ1 � � � ρm correlators and truncating via molecular
chaos. This calculation would be formally similar to (but
physically very different from) the derivation of kinetics
from the BBGKY hierarchy of quantum expectation values
[48,64]. The result would be a new type of kinetic equation
in which collisions occur between coarse-grained flavor
fields rather than individual particles. It could perhaps be
used to formulate viscous miscidynamics.
The third law follows from using Eq. (9) to identify the

unique ground state:

ðρeqν;pÞIJ⟶
T→0

(
δIJ ðHeq

ν;pÞIJ ≤ μν;p;

0 ðHeq
ν;pÞIJ > μν;p;

ð12Þ

written in the basis that diagonalizes Heq
ν;p. A fully occupied

or vacant level has no entropy, and therefore S ¼ 0 for
the system as a whole. Interestingly, for fixed p̂ and
p-independent μν;p, there is a very narrow p band in which
the levels are a hybrid of fully occupied and fully vacant.
This is because the Fermi surface in p-space is mass-/flavor-
dependent.
Later we will use our definitions of work and heat

to interpret oscillation phenomena as thermodynamic
processes.

V. MISCIDYNAMICS

We are now in a position to outline the application of the
equilibrium theory to astrophysical neutrino transport. Here
we present miscidynamics only in the adiabatic limit,
leaving the derivation of nonadiabatic corrections to future
work.
We will state the result first, then derive it. Applying the

condition of local mixing equilibrium to Eq. (1), and
enforcing kinematic adiabaticity (Qkin ¼ 0) at every step,
we obtain the miscidynamic equation in the adiabatic limit:

ið∂t þ p̂ · ∂xÞρeqν ðt; x; pÞ ¼ iCeq
ν;nonðt; x; pÞ: ð13Þ

This form applies in the t-, x-, and p-dependent frame in
which Heq

ν is everywhere and always diagonal. The
collision integrals are those in Eq. (1), but evaluated using
ρeqν and discarding the part that causes a change in P̂ν. That
is, only the instantaneously nonunitary part of iCν is

retained because the unitary part is absorbed into the frame
transformation. The collision term generally includes
flavor-off-diagonal elements [65,66]. The commutator with
the Hamiltonian vanishes. We can regard ðt; x; pÞ as either
the coarse-grained variables of a specific kinetic solution or
the fine-grained variables of an ensemble average.
Now let us derive the adiabatic miscidynamic equation

[Eq. (13)] by coarse-graining the neutrino quantum kinetic
equation [Eq. (1)]. First we define the coarse-graining
operator

h·iðT;X; pÞ≡ 1

VΔt

Z
Rx

d3x0
Z

tþΔt

t
dt0ð·Þðt0; x0; pÞ; ð14Þ

which averages over a regionRx with volume V centered at
location x and over a time step Δt. We are not coarse-
graining momentum p, though nothing prevents us from
doing so. The use of T ¼ t and X ¼ x on the left-hand side
emphasizes that these are the coordinates of coarse-grained
variables. (Elsewhere in the paper we use T to denote
temperature. In this section only we use it as a time
coordinate.) Thinking of the coordinates themselves as
being coarse-grained is justified by the idempotent property

hh·ii ≅ h·i ð15Þ

of the coarse-graining operator. We can therefore regard h·i
as acting on the fine-grained t and x but seeing the coarse-
grained T and X as constants. Equation (15) holds as long as
we take Δt and V to be small relative to the scales of global
variations (but still large enough that small-scale features are
smoothed out; otherwise we gain nothing from the oper-
ator). In the application to ρν, we are taking Δt ∼ tbox and
V ∼ l3box and using the scale separations tosc ≪ tastro
and losc ≪ lastro.
We now introduce a frame transformation UνðT;X; pÞ

that diagonalizes the coarse-grained Hamiltonian:

Hd
ν ¼ U†

νhHνiUν; ð16Þ

with Hd
νðT;X; pÞ diagonal. After applying the frame trans-

formation, Eq. (1) becomes

ið∂t þ p̂ · ∂xÞρdν ¼ ½Hd
ν þ Cdν ; ρdν � þ iCd

ν ; ð17Þ

where ρdν and iCd
ν are the frame-transformed ρν and iCν,

respectively. We assume that the nonadiabatic part of the
effective Hamiltonian vanishes:

Cdν ≡ −iU†
νð∂t þ p̂ · ∂xÞUν ≅ 0: ð18Þ

We are here making the assumption that coarse-grained
quantities, and therefore Uν, vary infinitely slowly. The
approach we are taking in this derivation is to assume that
there exists a slowly varying Uν capable of absorbing the
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coarse-grained unitary evolution as hρνi tracks local mixing
equilibrium. We can then use self-consistency to infer what
Uν must be.
Our next step is to write

ρdνðt; x; pÞ ¼ hρdνiðT;X; pÞ þ δρdνðt; x; pÞ; ð19Þ

which defines the deviation δρdν from the average. We have

hδρdνi ≅ 0; ð20Þ

consistent with Eq. (15). Now we use Eqs. (18) and (19) in
Eq. (17) and act on the resulting equation with h·i. Terms
with no factors of δρdν are unchanged according to Eq. (15).
Terms that are linear in δρdν vanish by Eq. (20). The
remaining terms contain correlators like hδρdνδρdνi,
hδρdνδρdν̄i, and so on. All δρdν and δρdν̄ factors are at the
same t and x but can have different p.
By the ergodic hypothesis,

hρdνiðT;X; pÞ ≅ ρν;pðT;XÞ: ð21Þ

The left-hand expression is the time- and position-averaged
dynamical solution at ðT;XÞ, as defined in Eq. (14). The
right-hand expression is the ensemble average of possible
microstates of the iCν ¼ 0 system with parameters (e.g.,
electron density) set to the values at ðT;XÞ. The implication
of Eq. (21) is that hδρdνδρdνi and other such correlators
describe the statistics of fluctuations around the ensemble
average.
To impose local mixing equilibrium, we identify

ρν;pðT;XÞ ¼ ρeqν ðT;X; pÞ; ð22Þ

where ρeqν refers to the equilibrium distribution satisfying

½Heq
ν ; ρ

eq
ν � ¼ 0: ð23Þ

The coordinates specify when and where the parameters are
drawn that enter into the self-consistent determination of
Heq

ν and ρeqν [Eq. (25)]. Self-consistency of local equilib-
rium also requires that we make the replacement

iCd
ν ⟶ iCeq

ν;non; ð24Þ

where iCeq
ν;non is obtained from iCd

ν by setting the off-
diagonal terms to zero. The justification for this step is that
the instantaneous unitary part iCeq

ν;uni is already accounted
for byUν, leaving the nonunitary remainder iCeq

ν;non. In local
equilibrium, P̂d

ν ¼ �ẑ, so that the diagonal and off-diago-
nal parts of the collision term correspond to nonunitary and
unitary changes, respectively.
Let us assume that fluctuations are either negligible or

random, such that all of these correlation terms go to zero.
After switching to ensemble averages, dropping fluctuation

correlations, and reverting to symbols t and x, we arrive at
Eq. (13). The solution can be found following the pro-
cedure described below. The transformation Uν, which is
implicit in Eq. (13), can then be inferred from the solution.
Under Eq. (13), all oscillation phenomena disappear

into the “eq” superscripts with the lone exception of
collisional instabilities [31–33,67–73]. This peculiar qual-
ity of the latter was foreshadowed in the analysis of
Ref. [31]: the oscillation terms ensure adiabaticity
(“synchronized motion”) but otherwise drop out of the
equations. Notably, in adopting the assumption of kin-
ematic adiabaticity, we are ignoring any oscillation effects
arising from subgrid correlations or any switching of the
sign of P̂eq

ν · Ĥeq
ν [74]. The changing medium causes

W ≠ 0, and collisions cause Qenv ≠ 0, but local mixing
equilibrium is tracked without any heating by oscillations.
Supposing that we have ðρνÞi ¼ ðρeqν Þi at time ti, the next

step in a simulation is then taken in two parts:
(1) Evolve forward to tiþ1 in the usual manner but

using Eq. (13) in place of the neutrino Boltzmann
equation.

(2) Equilibrate ðρνÞiþ1 by self-consistently imposing
Qkin ¼ 0. This involves rotating each polarization
vector ðP⃗νÞiþ1 such that it remains (anti)aligned
with ðH⃗νÞiþ1.

In step (2), self-consistency conditions need to be solved
because the polarization vectors are coupled to one another.
Fortunately, the parts of ðH⃗νÞiþ1 that are not prescribed by

the medium are limited to ðD⃗0Þiþ1 and ðD⃗1Þiþ1, the vectors
associated with D0 and D1 [Eq. (4)]. The self-consistency
conditions are therefore

D⃗l ¼
Z

d3p
ð2πÞ3 ðp̂Þ

lðsνjP⃗νjĤν − sν̄jP⃗ν̄jĤν̄Þ; ð25Þ

where sν ≡ Ĥν · P̂ν ¼ �1. Functions in the integrand
depend on x and p, and all quantities are evaluated at
tiþ1. The alignment factors sν remain constant from ti to
tiþ1. The magnitudes jP⃗νj are determined from the output of
step (1). D⃗0 and D⃗1 appear implicitly on the right-hand side
through Ĥν.
From the simulator’s perspective, implementing adia-

batic miscidynamics comes down to promoting distribution
functions to density matrices, calculating matrix-structured
collisional terms, and solving Eq. (25) at each location.

VI. EXAMPLES

In this section we present several applications of mis-
cidynamics and neutrino quantum thermodynamics. We
group the examples under the categories of adiabaticity
(i.e., adiabatic tracking of mixing equilibrium as described
by adiabatic miscidynamics) and equilibration (i.e.,

THERMODYNAMICS OF OSCILLATING NEUTRINOS PHYS. REV. D 112, 063032 (2025)

063032-5



situations in which neutrinos move toward mixing equi-
librium from initially out-of-equilibrium states).

A. Adiabaticity

As a neutrino moves from one region to another, it
experiences the changing parameters of the medium.
Some of the most notable flavor-mixing phenomena result
from this kind of parametric variation: Mikheyev-
Smirnov-Wolfenstein (MSW) resonances [8,9], spectral
swaps [75–82], and matter-neutrino resonances (MNRs)
[83–88]. Quantum adiabaticity is the key concept in all
three cases. Quantum-adiabatic MSW resonances, spectral
swaps, and MNRs are adiabatic in the thermodynamic
sense as well: they are processes in which the medium
does work on the system without heating it. As examples,
we will show explicitly how miscidynamics reproduces
adiabatic MSW conversion and spectral swaps.
Consider neutrinos propagating radially outward from a

static stellar environment with equation of motion

i∂rρν ¼ ½Hν; ρν�; ð26Þ

where ρν and Hν are functions of radial coordinate r and
neutrino energy Eν. The Hamiltonian is independent of ρν
because neutrino-neutrino forward scattering is taken to be
negligible, as in the standard MSWeffect. In this collision-
less scenario, the adiabatic miscidynamic equation is
simply

i∂rρ
eq
ν ¼ 0; ð27Þ

with ρeqν satisfying ½Hν; ρ
eq
ν � ¼ 0. An “eq” superscript on

Hν is unnecessary because of the Hamiltonian’s lack of
dependence on ρν. The local-equilibrium condition is
equivalent to

H⃗ν × P⃗eq
ν ¼ 0; ð28Þ

which implies that P⃗eq
ν is aligned with H⃗ν at all r. Both Pν;0

and jP⃗νj are constant because iCν ¼ 0. Therefore Eq. (27)
implies the adiabatic MSW effect. Due to the coarse-
graining, P⃗eq

ν must be aligned with Hν, whereas in the
fine-grained MSWeffect the relative angle between the two
vectors needs to be fixed. Alignment emerges from the fine-
grained dynamics because the coarse-graining averages
over many precession periods of P⃗ν about H⃗ν.
Spectral swaps were analyzed in Refs. [77,78] using the

equation of motion

i∂tρν ¼ ½Hν; ρν�; ð29Þ

with the evolution as a function of t instead of r. The
Hamiltonian in this case includes the self-coupling part

Hð2Þ
ν . Since the system is again collisionless, the adiabatic

miscidynamic equation is virtually the same as before,

i∂tρ
eq
ν ¼ 0; ð30Þ

with the important distinction entering through the local-
equilibrium condition ½Heq

ν ; ρ
eq
ν � ¼ 0, which now must be

solved self-consistently because of the dependence of Hν

on ρν. As before, instantaneous mixing equilibrium implies
that alignment is maintained between P⃗eq

ν and H⃗eq
ν , and the

absence of collisions entails the constancy of Pν;0 and jP⃗νj.
Under the assumption that every P⃗eq

ν is initially aligned
with its respective H⃗eq

ν , adiabatic miscidynamics requires

P⃗eq
ν ¼ jP⃗eq

ν jĤeq
ν : ð31Þ

Yet this is precisely the condition that is used in
Refs. [77,78] to obtain analytic spectral-swap solutions.
The self-consistency conditions that Ref. [77] derives from
Eq. (31) [Eqs. (11) and (13) of that work] are equivalent to
the self-consistency conditions in Eq. (25) above. Therefore
miscidynamics reproduces adiabatic spectral swaps.

B. Equilibration

Other well-known oscillation phenomena are instances
of heat-generating mixing equilibration. The most basic
example is the kinematic decoherence of neutrinos (i.e.,
the averaging-out of their oscillations) after traveling
many oscillation lengths. As shown below, maximizing
the entropy of a neutrino in vacuum produces

ρeqij ¼ ρiniiδij; ð32Þ

where ρin is the distribution at the source. Neutrinos
decohere in the mass basis, which ordinarily we would
attribute to wave-packet separation [89]. Here we recog-
nize it as thermalization. The calculation is simple but
illustrative.
We use ρ̄ to indicate the coarse-grained density matrix ρ.

The particular coarse-graining we employ is inessential. It
could be an average over a window of energies, for
example, which would correspond to an experiment in
which we make finite-resolution detections of neutrinos in
a beam of average energy p. For this subsection, we will
simply assume that there is some coarse-graining—some
conduit by which information about the system is lost—
that justifies the maximization of entropy.
Because the neutrinos are in vacuum, the Hamiltonian is

H ¼ pþM2=2p: ð33Þ

The conserved quantities in this scenario are Tr½ρ̄� and
Tr½Hρ̄�. The nonlinear quantity Tr½ρ̄2� is not conserved

because ρ2 ≠ ρ̄2. The statistical ensemble therefore has
expectation values

LUCAS JOHNS PHYS. REV. D 112, 063032 (2025)

063032-6



Tr½ρ̄� ¼ Tr½ρ�≡N ;

Tr½Hρ̄� ¼ Tr½Hρ�≡ U: ð34Þ

Let η and β be the Lagrange multipliers associated with
N and U, respectively. Then the entropy with constraints is

S0 ¼ −Tr½ρ̄ log ρ̄þ ð1 − ρ̄Þ log ð1 − ρ̄Þ�
− ηðTr½ρ̄� −N Þ þ βðTr½Hρ̄� − UÞ: ð35Þ

From

δS0

δρ̄

����
ρeq

¼ 0; ð36Þ

we obtain

ρeq ¼ 1

exp ½βðpþ M2

2pÞ − η� þ 1
: ð37Þ

The distribution is diagonal in the mass basis. Working in
this basis, the conservation laws in Eq. (34) give

XNf

i¼1

�
pþm2

i

2p

�
n

ρeqii ¼
XNf

i¼1

�
pþm2

i

2p

�
n

ρinii ð38Þ

for n ¼ 0, 1. Hence the problem is solved by Eq. (32) as
claimed.
This example is simple enough that we can find the

solution without knowing η and β, but an explicit deter-
mination of the Lagrange multipliers could be carried out
numerically if desired. To do that, we would solve the self-
consistency conditions

N ¼ Tr½ρeqðη; βÞ�;
U ¼ Tr½Hρeqðη; βÞ�; ð39Þ

which result from mandating agreement between the
conservation laws in Eq. (34) and the functional form of
ρeq in Eq. (37).
Incidentally, a similar calculation shows up in the

thermodynamics of massless neutrinos that are isolated
from their surroundings but interact with each other
through 2 → 2 collisions. For a single neutrino species,
the conserved quantities would be temperature T and
chemical potential μ, and they would have to be obtained
by solving the self-consistency relations among number
density n, energy density u, and the Fermi-Dirac distri-
bution fFDðp; T; μÞ:

n ¼
Z

d3p
ð2πÞ3 fFDðp; T; μÞ;

u ¼
Z

d3p
ð2πÞ3 pfFDðp; T; μÞ: ð40Þ

These types of calculations, where one must infer inten-
sive thermodynamic parameters from known exten-
sive ones, arise in considering the thermalization of
isolated systems because such systems act as their own
environments.
Collective flavor instabilities are the means by which self-

interacting neutrino systems transition from an unstable to a
stable mixing equilibrium. To illustrate the power of this
viewpoint, let us consider fast instabilities, which grow on
OðcmÞ length scales and are pervasive in simulations of
mergers and supernovae [90,91]. Over several years and
scores of studies, we have come to understand that fast
instabilities occur if and only if neutrino distributions
exhibit a certain type of angular crossing [92–102]—but
we have continued to lack a physical explanation why.
Thermodynamics offers one: angular crossings make it
possible for S to increase while fixing

R
d3xD0ðt; xÞ, which

is invariant in the usual models of fast flavor conversion.
Instabilities epitomize the ergodic maxim that anything that
can happen, will. This perspective also comports with the
insufficiency of angular crossings to ensure instability in
homogeneous systems, where additional conservation laws
inhibit the dynamics [103]. In point of fact, homogeneous
flavor evolution resembles the dynamics of a finite mechani-
cal system [103–110] and is not expected to be thermody-
namic in character.
Numerical experiments have repeatedly shown that

instabilities lead to phase-space cascades and quasisteady
states [58,111–117]. Recently the focus has been on
characterizing the asymptotic outcomes of fast instabilities
in particular [118–126]. Thermodynamics posits that the
observed states fluctuate around mixing equilibria, and
predicts the mean distributions to take the form of Eq. (9)
with suitably chosen invariants. This maximum-entropy
hypothesis can be tested by checking whether postin-
stability asymptotic states do in fact show polarization
vectors P⃗ν with the dependence on p that is predicted by
Eq. (9). We will not undertake numerical tests here, but
we do note that ρeqν is implied by ergodicity with little
other input. If numerical observations turn out not to agree
with the proposed distribution, that in itself will be
interesting.
Collisions bring about equilibration as well, but toward a

distinct equilibrium. If we were to turn on collisions in one
of our periodic boxes, they would gradually cause flavor
depolarization and heating. But we have chosen lbox and
tbox to be small enough that these effects are minor. As a
result, collisions operate entirely at the coarse-grained
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level. Their effects take place during the transit between
boxes. In this manner we separate mixing equilibration,
which by assumption is complete, and neutrino-fluid
equilibration, which is not.

VII. CONCLUSION

We have applied thermodynamics to coarse-grained
neutrino density matrices. This theory affords a new way
of understanding the phenomenology of neutrino flavor
conversion. Motivated by statistical principles, we have
also proposed the adiabatic limit of miscidynamics, a
transport theory based on the assumption that neutrinos
maintain local mixing equilibrium.
In deriving adiabatic miscidynamics, we assumed sub-

grid fluctuations to be uncorrelated. The nonadiabatic
extension of miscidynamics, which can accommodate
the influence of subgrid correlations on the grid-level
evolution, will be presented elsewhere [127].
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