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1Departamento de Física, Universidad Técnica Federico Santa María, Casilla 110-V, Valparaíso, Chile
2Centro Científico—Tecnológico de Valparaíso, Casilla 110-V, Valparaíso, Chile

3Instituto de Física, Pontificia Universidad Católica de Valparaíso,
Avenida Brasil 2950, Valparaíso, Chile

4Facultad de Ingeniería, Laboratorio DataScience, Universidad de Playa Ancha,
Leopoldo Carvallo 270, Valparaíso, Chile

(Received 25 October 2025; accepted 14 January 2026; published 20 February 2026)

In thismanuscript we extend our previous analysis of the exclusive photoproduction of the χcγ pairs to the
high-energy (small-x) kinematics, evaluate in detail the cross section in the color glass condensate
framework, and discuss the potential of this channel as a novel complementary probe of the hadronic
interactions. In the leading order in strong couplingαs, the cross section is controlled by the dipole scattering
amplitude. Using available phenomenological parametrizations of the latter, we estimated numerically the
cross sections for different polarizations of χc mesons and final-state photons in the kinematics of the
ultraperipheral collisions at LHC and the future Electron IonCollider.We found that the expected number of
produced and detected events is significant for experimental study. We suggest that the ratio of the cross
sections with different spins σγχc1=σγχc2 can be used to test the validity of the heavy quark spin symmetry
relations forχc, and in thisway resolve a long-standingambiguity observed inhadroproductionofχcmesons.
Finally, we also analyzed the role of this process as a potential background to exclusive χc photoproduction,
which has been recently suggested as an alternative channel for studies of odderons.

DOI: 10.1103/y73d-hzdd

I. INTRODUCTION

The color glass condensate (CGC) approach [1–5] has
been established as a theoretical framework for systematic
analysis of the hadronic processes in the small-x kinematics.
It naturally incorporates saturation effects and allows us to
obtain a self-consistent and phenomenologically successful
description of various lepton-hadron and hadron-hadron
processes [6–21]. The interactions of partons with the target
in this approach are encoded in the nonperturbative n-point
correlators of Wilson lines (multipole scattering ampli-
tudes), whose dependence on rapidity obeys the evolution
equations of Balitsky-Kovchegov, Jalilian-Marian, Iancu,
McLerran, Weigert, Leonidov, and Kovner (BK-JIMWLK)
[22–32]. In the presence of an appropriate hard scale which
controls the transverse size of the system, it is expected that
the dominant contribution stems from the quark-antiquark
component of the wave function, convoluted with a forward
dipole scattering amplitude. On this premise, a number of
processes has been used in phenomenological analyses in

order to fix the forward dipole scattering amplitude.
However, the higher order multipoles may contribute in
loop corrections even in the simplest and well-known
processes, like deep inelastic scattering (DIS) [33,34]. A
recent analysis of the next-to-leading order (NLO) correc-
tions to various processes demonstrated that they could be
numerically sizable [35–38], thus shedding doubts on
phenomenological extractions based on the leading order
picture.
While it is impossible to switch off completely the

contributions of the higher twist correlators, it is possible
to reveal their presence testing the universality of the
forward dipole scattering amplitude in various processes.
The exclusive 2 → 3 processes from this point of view are
well suited for this analysis, since they have a different
structure of the amplitude, and thus can be used as
independent tools for phenomenological studies [39–47].
Due to high luminosity of the ongoing photoproduction
experiments at the LHC (in ultraperipheral kinematics) [48]
and the future experiments at the Electron Ion Collider
(EIC) [49,50], measurement of such processes is feasible in
the nearest future. A special interest in this program
deserves the production of quarkonia-photon pairs. The
heavy quark mass serves as a natural hard scale in processes
involving their production and justifies perturbative descrip-
tion of the QQ̄ pair formation, as well as the use of the
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Non-Relativistic Quantum Chromodynamics (NRQCD)
framework for their hadronization [51–54]. Due to strong
suppression of C-parity exchanges in the t-channel, the
largest cross sections have the quarkonia-photon pairs
which include C-even quarkonia, like ηc and χc. The ηcγ
production has already been discussed in the literature [55].
In what follows we briefly summarize the main reasons that
motivate the interest in the χcγ production:

(i) Since the χc mesons are the P-wave charmonia, their
internal structure and decay channels are completely
different compared to those of J=ψ and ηc, and for
this reason can serve as independent (complemen-
tary) probes of the dynamics of hadronic processes.
While ηc differs from J=ψ only by spin alignment in
the heavy quark mass limit, the χc mesons differ by
both spin and orbital wave functions. Since the long-
distance matrix elements (LDMEs) of different χc
states are related by heavy quark spin symmetry
(HQSS), the ratio of the cross sections with different
spins and helicities has been considered in the
literature as a possible tool for precision tests of
NRQCD. At present there are indications that the
χc-meson triplet is still not understood very well. The
experimental results for the ratio σχc2=σχc1 in hadro-
production experiments disagrees significantly with
HQSS-based expectations, and the phenomenologi-
cally successful descriptions of that channel either
assume that HQSS is heavily broken for χc, or
introduce sizable contributions of the color octet
LDMEs [56–60]. The study of the ratio of cross
sections σγχc2=σγχc1 in exclusive photoproduction
experiments can decisively clarify the validity of
HQSS because this channel does not get contribu-
tions from the color octets.

(ii) The mesons χc1 and χc2 are much easier to study
experimentally than ηc. Their decay width is more
than an order of magnitude smaller than that of ηc,
which implies a more pronounced peak in the
invariant mass distribution of its decay products
and stronger background suppression. The χc1 and
χc2 decay predominantly into γJ=ψ (with subsequent
decay of J=ψ into lepton pairs), so the kinematics of
χc mesons can be reconstructed with very good
precision. In contrast, ηc decays predominantly into
three light hadrons, and at least one of them is neutral
(π0,K0, or η), which complicates reconstruction of ηc
kinematics.

(iii) The exclusive photoproduction of C-even mesons
(without a final-state photon, via γp → χcp and
γp → ηcp processes) historically attracted attention
as a possible tool for studies of odderons. While most
of the previous studies focused on the ηc channel
[61–66], recently it was demonstrated in [67] that a
dominant contribution in that channel comes from
the photon-photon fusion (the so-called Primakoff

mechanism), and for this reason χc photoproduction
received renewed attention [68,69] as a sensitive
tool for precision studies of odderons. The exclu-
sive photoproduction of χcγ pairs in this context
deserves interest as a potential background to odd-
eron searches.

Similar to previous studies of ηcγ pairs [55], the χcγ pairs
may get contributions from radiative decays of higher
excited states. Due to heavy mass of χc, the only relevant
(meaningfully large) contribution comes from ψð2SÞ → χcγ
radiative decays. In order to get rid of such contributions, in
what follows we will assume that the invariant massMγχc is
larger than the mass of the ψð2SÞ meson.
In what follows we will focus on the high-energy

(small-x) photon-proton collisions, which can be studied
as a subprocess in ultraperipheral pA and AA collisions at
the LHC, as well as in the future high-energy runs at the
Electron Ion Collider, the Large Hadron electron Collider
(LHeC) [70], and the Future Circular Collider (FCC-he)
[71]. This kinematics presents interest because, as we will
show below, the cross section grows rapidly with energy,
thus facilitating experimental analysis. Previously the χcγ
production has been already studied in [72] in the collinear
factorization framework, which is valid at moderate
energies W ≲ 100 GeV. However, at very high energies
that approach becomes unreliable because the hard par-
tonic amplitude (coefficient functions) may get sizable
loop corrections due to BFKL logarithms [73], which pose
challenges for applicability of the approach. Technically,
this problem manifests itself as a significant increase of the
uncertainty of the predictions at W ≳ 100 GeV (see Fig. 7
in [72]). In the CGC framework this problem does not
appear because large logarithms are already taken
into account in parametrizations which satisfy the
BK-JIMWLK evolution equation. Furthermore, at high
energies the CGC framework allows one to separate clearly
different stages of the process: the formation of the dipole,
its interaction with the target (shock wave), and the final-
state hadronization of a dipole into quarkonium. The
subleading (next-to-eikonal) contributions are suppressed
in this kinematics as inverse powers of the collision energy
and may be disregarded. For this reason, the analysis of the
process in the CGC framework is well motivated and
justified.
The paper is structured as follows. In Sec. II we discuss

in detail the kinematics of the process, and derive the
theoretical results for the cross section in the color glass
condensate framework. In Sec. III we provide tentative
estimates for the cross sections, expected counting rates,
and polarizations of produced quarkonia, obtained with a
widely used phenomenological parametrization of the
forward dipole scattering amplitude. We also estimate
the contribution of this process and the ψð2SÞ → χcγ
radiative decay to odderon-mediated γp → χcp suggested
in [69]. Finally, in Sec. IV we draw conclusions.
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II. THE THEORETICAL FRAMEWORK

As we explained in the Introduction, we will analyze the
γp → χcγp process in the high-energy (small-x) kinematics,
using for description the CGC framework. We will focus on
the kinematics of quasireal incoming photons, which
dominate the spectrum of equivalent photons in ultraper-
ipheral collisions and electroproduction experiments. In
Secs. II A–II D below we will discuss the kinematics of
the process and the light-cone wave functions of χc mesons
with different helicities, introduce briefly the CGC frame-
work, and derive the amplitude of the process in this
approach. The final theoretical expressions for different
helicity components are given in Sec. II D, in Eqs. (78)–(98)
and (108)–(127). The latter equations will be used for
numerical estimates in the next section.

A. Kinematics of the process

The evaluation of the invariant cross section can be
realized in the so-called photon-proton collision frame,

where the 3-momenta of the incoming proton and photon
are anticollinear to each other. For the sake of definiteness
wewill assume that the collision axis coincides with the axis
z of our reference frame, and that the photon and proton
propagate in its positive and negative directions respec-
tively. The mass of the heavy quarkonium Mχc and the
invariant mass of the photon quarkonium pair Mγχc will be
considered as hard scales, in agreement with [74]. The χcγ
photoproduction may get contributions from radiative
decays of higher excited states (so-called feed down
contributions). Due to the heavy mass of χc, the only
relevant (meaningfully large) contribution comes from
ψð2SÞ → χcγ radiative decays. In order to get rid of such
contributions, in what follows we will assume that the
invariant mass Mγχc is larger than the mass of the ψð2SÞ
meson. The evaluation of the physical amplitude requires
one to define the light-cone decomposition of various
momenta. In what follows we will utilize the convention
of Kogut-Soper [75], assuming that any 4-vector vμ can be
represented as

vμ ¼ ðvþ; v−;v⊥Þ; v� ¼ v0 � v3ffiffiffi
2

p ; v⊥ ¼ vxx̂þ vyŷ; ð1Þ

so its square and convolution with the Dirac matrix are given by

v2 ≡ vμvμ ¼ 2vþv− − v2⊥; v̂≡ γμvμ ¼ γþv− þ γ−vþ − γ⊥ · v⊥: ð2Þ

The light-cone decomposition of a particle’s momenta will be chosen in agreement with earlier studies on meson-photon
production [76,77],

qμ ¼
� ffiffiffi

s
2

r
; 0; 0⊥

�
; kμ ¼

�
ᾱχc

ffiffiffi
s
2

r
;
ðkγ⊥Þ2
ᾱχc

ffiffiffiffiffi
2s

p ; kγ⊥
�

ð3Þ

Pμ
in ¼

�
m2

Nffiffiffiffiffi
2s

p ð1þ ξÞ ; ð1þ ξÞ
ffiffiffi
s
2

r
; 0⊥
�
; Pμ

out ¼
�

m2
N þ Δ2⊥ffiffiffiffiffi
2s

p ð1 − ξÞ ; ð1 − ξÞ
ffiffiffi
s
2

r
;Δ⊥

�
; ð4Þ

Δμ ¼ Pμ
out − Pμ

in ¼
�
2ξm2

N þ ð1þ ξÞΔ2⊥ffiffiffiffiffi
2s

p ð1 − ξ2Þ ;−2ξ
ffiffiffi
s
2

r
;Δ⊥

�
; ð5Þ

pμ
χc ¼

�
αχc

ffiffiffi
s
2

r
;
ðpχc⊥ Þ2 þM2

χc

αχc
ffiffiffiffiffi
2s

p ; pχc⊥
�
; ð6Þ

kγ⊥ ≔ p⊥ −
Δ⊥
2

; pχc⊥ ≔ −p⊥ −
Δ⊥
2

; p⊥ ≡ ðkγ⊥ − pχc⊥ Þ=2 ð7Þ

where q and k are the momenta of the incoming and outgoing (emitted) photons, Pin; Pout are the momenta of the proton
before and after the interaction, and pχc is the momentum of the produced χc meson. The parameter αχc stands for the fraction
of the photon’s light-cone momentum carried by χc, and a shorthand notation ᾱχc ≡ 1 − αχc corresponds to a similar light-
cone fraction carried by the scattered photon. For the proton which moves in the opposite direction, the parameter ξ controls
the longitudinal momentum transfer to the proton during the process. The hard scale s can be related to the photon-proton
invariant energy W of the process as
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SγN ≡W2 ¼ ðqþ PinÞ2 ¼ sð1þ ξÞ þm2
N;

ffiffiffi
s

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2 −m2

N

1þ ξ

s
: ð8Þ

As will be demonstrated below, for high-energy collisions ðW ≫ mNÞ, the variable ξ ≪ 1, so (8) can be approximated asffiffiffi
s

p
≈W. The light-cone decomposition in the target rest frame (r.f.) can be obtained from (3)–(7) making a longitudinal

boost

vþ → Λvþ; v− → Λ−1v−; v⊥ → v⊥

with Λ ¼ ffiffiffi
s

p ð1þ ξÞ=mN , yielding

qμr:f: ¼
�
sð1þ ξÞ
mN

ffiffiffi
2

p ; 0; 0⊥
�
; kμr:f: ¼

�
ᾱχcsð1þ ξÞffiffiffi

2
p

mN

;
ðkγ⊥Þ2
ᾱχcs

ffiffiffi
2

p mN

ð1þ ξÞ ; k
γ
⊥
�
; ð9Þ

Pμ
in;r:f: ¼

�
mNffiffiffi
2

p ;
mNffiffiffi
2

p ; 0⊥
�
; Pμ

out ¼
�
m2

N þ Δ2⊥ffiffiffi
2

p ð1 − ξÞ
ð1þ ξÞ
mN

;
mNffiffiffi
2

p 1 − ξ

1þ ξ
;Δ⊥

�
; ð10Þ

Δμ
r:f: ¼ Pμ

out − Pμ
in ¼

�
2ξm2

N þ ð1þ ξÞΔ2⊥ffiffiffi
2

p
mN

1þ ξ

1 − ξ
;
−
ffiffiffi
2

p
ξmN

ð1þ ξÞ ;Δ⊥
�
; ð11Þ

pμ
χc;r:f:

¼
�
αχcsð1þ ξÞffiffiffi

2
p

mN

;
ðpχc⊥ Þ2 þM2

χc

αχcs
ffiffiffi
2

p mN

ð1þ ξÞ ; p
χc⊥
�
: ð12Þ

The light-cone decomposition (3)–(7) and (9)–(12) satisfies the energy-momentum conservation and guarantees that all
particles are on shell. As we discussed in [55,74], it is possible to express the variables ξ; p⊥;Δ⊥; αχc , which define the
kinematics, in terms of the invariant mass M2

γχc , momentum transfers to the proton (t) and to the photon (t0),

t ¼ Δ2 ¼ ðPout − PinÞ2 ¼ −
1þ ξ

1 − ξ
Δ2⊥ −

4ξ2m2
N

1 − ξ2
≤ −

4ξ2m2
N

1 − ξ2
; ð13Þ

t0 ¼ ðk − qÞ2 ¼ −2q · k ¼ −
ðp⊥ − Δ⊥=2Þ2

ð1 − αχcÞ
≤ 0; ð14Þ

M2
γχc ¼ ðkþ pχcÞ2 ¼ ðqþ Pin − PoutÞ2 ¼ t − 2q · Δ ¼ tþ 2sξ: ð15Þ

Resolving these equations, it is possible to obtain exact identities [55,74],

ξ ¼ M2
γχc − t

2ðW2 −m2
NÞ −M2

γχc þ t
> 0; s ¼ W2 −m2

N þ t −M2
γχc

2
; 2ξs ¼ M2

γχc − t; ð16Þ

Δ2⊥ ¼ −t
1 − ξ

1þ ξ
−

4ξ2m2
N

ð1þ ξÞ2 ; p⊥ · Δ⊥ ¼ 2ξm2
N

ð1 − ξ2Þ
t0

s
; ð17Þ

p2⊥ ¼ −t0
�
1

2
− αχc

�
þ 1

2
ðαχcM2

γχc −M2
χcÞ þ

t
4

�
1 − ξ

1þ ξ
− 2αχc

�
þ ξ2m2

N

ð1þ ξÞ2 ; ð18Þ

αχc ¼ −
1

2ξs

�
t0 −M2

χc −
2ξm2

N

sð1 − ξ2Þ ðM
2
γχc þ t0 − tÞ

�
−

2ξm2
N

sð1 − ξ2Þ ; ð19Þ

which fix the kinematics of the process in terms of the variablesW; t; t0;Mγχc up to a global rotation in the transverse plane.
For high-energy processes we can simplify these relations using the hierarchy of scalesW;

ffiffiffi
s

p
≫ Mχc ;Mγχc ≳ p⊥;Δ⊥. The
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parameter ξ defined in (16) is also very small,
ξ ∼M2

γχc=W
2 ≪ 1, and can be disregarded if accompanied

by other terms which do not vanish in this limit. Similarly
the smallness of the ratio t0=s ∼M2

γχc=W
2 ∼OðξÞ ≪ 1 in

the right-hand side of (17) implies that the vectors p⊥;Δ⊥
are almost orthogonal to each other. As was discussed long
ago in [78] and confirmed by various experimental studies,
the cross sections of exclusive processes decrease rapidly as

a function of the invariant momentum transfer t ∼ Δ2⊥ to the
target. Technically, this happens because a large momentum
transfer to the target will not destruct it only if the
momentum is shared equally between all partons, and each
momentum exchange between partons is suppressed by
(perturbative) propagators. As we will see below, such
suppression also takes place in our process, and for this
reason in the kinematics of interest the variables Δ2⊥; t are
negligible compared to typical scales ∼M2

χc . In this kin-
ematics, it is possible to rewrite (18) and (19) in a simpler
form (see details in [55,74]),

−t0≈αχcM
2
γχc −M2

χc ; p2⊥¼ ᾱχc ½αχcM2
γχc −M2

χc �≈−ᾱχc t
0;

M2
γχc ≈2sξ: ð20Þ

The physical constraint p2⊥ ≥ 0 implies that the variable αχc
is bound by αχc ≥ M2

χc=M
2
γχc. Furthermore, while parametri-

cally p⊥ is large, p⊥ ∼OðMχcÞ, due to suppression at the
extremes of the interval αχc ∈ ðM2

χc=M
2
γχc ; 1Þ, numerically it

remains relatively small, pT ≲ 1 GeV, in the kinematics
where the cross section is meaningfully large for exper-
imental study (Mγχc ≲ 5 GeV). The cross section of the
photoproduction subprocess may be represented as

dσðTÞγp→γχcp

dt dt0 dMγχc

≈
jAðλ;σ;HÞ

γp→χcγpj2
128π3Mγχc

ð21Þ

where Aðλ;σ;HÞ
γp→χcγp is the process amplitude, and the super-

script indices λ, σ, H are the helicities of the incoming
photon, outgoing photon, and the produced charmonium,
respectively. The cross section of the electroproduction is
given by [9,79]

dσep→eγχcp

dΩ
¼ ϵ

dσðLÞ

dΩ
þ dσðTÞ

dΩ
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵð1þ ϵÞ

p
cosφ

dσðLTÞ

dΩ
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵð1þ ϵÞ

p
sinφ

dσðL0TÞ

dΩ

þ ϵ cos 2φ
dσðTTÞ

dΩ
þ ϵ sin 2φ

dσðT 0TÞ

dΩ
; ð22Þ

where φ is the angle between the lepton and proton
scattering planes (see Fig. 1 for definition), the notation
dΩ≡ d lnW2dQ2dt dt0dMγχcdφ is used for the phase
volume, and the variable Q2 ¼ −q2 is the virtuality of
the photon propagating from leptonic to hadronic parts. The
superscript letters L; T; T 0 in the right-hand side of (17)
distinguish the contributions of the longitudinal and trans-
verse photons (as well as their possible interference). The
parameter ϵ is the ratio of the longitudinal and transverse
photon fluxes. The latter may be expressed in terms of

inelasticity parameter y and the invariant energy ffiffiffiffiffiffiffisep
p of the

electron-proton collision as

ϵ ≈
1 − y

1 − yþ y2=2
; y ¼ W2 þQ2 −m2

N

sep −m2
N

: ð23Þ

In what follows we will focus on the kinematics of small
Q2, which gives the dominant contribution to the total cross
section. In this kinematics, the contribution of the

FIG. 1. The definition of the angle φ between leptonic and
hadronic planes for the ep → e0p0χcγ electroproduction channel,
as seen from the target rest frame. The lepton scattering plane is
formed by the three-momenta of incoming and scattered electrons
(marked with labels e, e0), and the hadron scattering plane may be
defined as a plane that includes the three-momenta of the recoiled
proton Pout and the total three-momentum pχc þ kγ of the
produced γχc pair. Due to momentum conservation, this plane
also includes the 3-momentum of the virtual photon γ�. In the
photon-proton collision frame, the incoming proton propagates in
the direction anticollinear to the incoming virtual photon γ�, so
the momentum of the recoil proton Pout is almost anticollinear to
the momentum of the virtual photon γ�.
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longitudinally polarized photons is negligible, and (22) reduces to

dσep→eM1M2p

dΩ
≈
dσðTÞ

dΩ
þ ϵ cos 2φ

dσðTTÞ

dΩ
þ ϵ sin 2φ

dσðT 0TÞ

dΩ
≈
dσðTÞ

dΩ
ð1þ c2 cos 2φþ s2 sin 2φÞ; ð24Þ

where dσðTÞ=dΩ is related to the photoproduction cross section (21) as [80–82]

dσðTÞ

dΩ
≈

αem
πQ2

�
1 − yþ y2

2
− ð1 − yÞQ

2
min

Q2

�
dσðTÞγp→γχcp

dtdt0dMγχc

; ð25Þ

the superscript index (T) is used to remind one that the dominant contribution comes from the transversely polarized
photon, Q2

min ¼ m2
ey2=ð1 − yÞ, me is the mass of the electron, and the angular harmonics c2, s2 are related to different

components of the amplitude Aðλ;σ;HÞ
γp→χcγp as

c2 ¼
2ϵRe

�
Að−;þ;HÞ�

γp→χcγpA
ðþ;þ;HÞ
γp→χcγp

�
jAðþ;þÞ

γp→χcγpj2 þ jAð−;þÞ
γp→χcγpj2

; s2 ¼
2ϵ Im

�
Að−;þ;HÞ�

γp→χcγpA
ðþ;þ;HÞ
γp→χcγp

�
jAðþ;þÞ

γp→χcγpj2 þ jAð−;þÞ
γp→χcγpj2

: ð26Þ

As we will see below, these coefficients are small, so the cross section (24) is dominated by the angular-independent term
(the so-called equivalent photon approximation).

B. The polarization vectors and wave functions

For the polarization vectors of the photons, we will use the light-cone parametrization

εðλ¼�1Þ
T ðlÞ ¼

�
ελ · l⊥
l− ; 0; ελ

�
; ελ ¼

x̂þ iλŷffiffiffi
2

p ; ð27Þ

where l is the 4-momentum of the corresponding photon (l ¼ q or k) in this process. For the polarization vector of the axial
vector quarkonium χc1, we will use a similar parametrization suggested in [69]

Eðχc1Þ
T;λ ðpχcÞ ¼

�
εT · pχc⊥
p−
χc

; 0; εT

�
; Eðχc1Þ

L ðpχcÞ ¼
�ðpχc⊥ Þ2 −M2

χc

2Mχcp
−
χc

;
p−
χc

Mχc

;
pχc⊥
Mχc

�
; ð28Þ

where the subindices L and T ¼ �1 distinguish the transverse and longitudinal polarizations. This parametrization
automatically satisfies the transversality condition pχc · E

ðχcÞ ¼ 0. The polarization tensor Eμν of the charmonium χc2 can be
constructed from polarization vectors defined in (28) using conventional Clebsch-Gordan coefficients as

Eðχc2Þ
μν ¼

8>>>>><
>>>>>:

�
Eðχc1Þ
T¼�1

�
μ

�
Eðχc1Þ
T¼�1

�
ν
; Hχc2 ¼ �2;�

E
ðχc1Þ
T¼�1

�
μ

�
E
ðχc1Þ
L

�
ν
þ
�
E
ðχc1Þ
L

�
μ

�
E
ðχc1Þ
T¼�1

�
νffiffi

2
p ; Hχc2 ¼ �1;�

E
ðχc1Þ
T¼þ1

�
μ

�
E
ðχc1Þ
T¼−1

�
ν
þ
�
E
ðχc1Þ
T¼−1

�
μ

�
E
ðχc1Þ
T¼þ1

�
ν
þ2
�
E
ðχc1Þ
L

�
μ

�
E
ðχc1Þ
L

�
νffiffi

6
p ; Hχc2 ¼ 0;

ð29Þ

whereHχc2 is the helicity projection of the corresponding charmonium. The wave function of the χc mesons in helicity basis
in momentum space is given by

ΨH;hh̄ ¼ ūhðkQÞΓχcðkQ; kQ̄Þvh̄ðkQ̄ÞϕχcJðz; kðrelÞ⊥ Þ; ΓχcðkQ; kQ̄Þ ¼

8>><
>>:

1; J ¼ 0;

iγ5γμE
ðχc1Þ
μ ; J ¼ 1;

γμKνþγνKμ

2
Eðχc2Þ
μν J ¼ 2;

ð30Þ
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where h; h̄ are the helicities of the quark, z and kðrelÞ⊥ are the light-cone fraction and transverse momentum of the quark (with
respect to the direction of the χc meson), and the momentum of relative motion Kμ ≡ kμQ − kμQ̄ is expressed in terms of these

variables as

Kμ ¼
 
ð2z − 1Þαχc

ffiffiffi
s
2

r
;
2pχc⊥ · K⊥ þ ð1 − 2zÞ½ðpχc⊥ Þ2 þM2

χc �
αχc

ffiffiffiffiffi
2s

p ;K⊥

!
: ð31Þ

The K− component of the vector Kμ was fixed from the orthogonality condition K · pχc ¼ 0, which follows from the fact

that the quarks are (nearly) on-shell in the heavy quark mass limit. The transverse component of Kμ is related to kðrelÞ⊥ as

kðrelÞ⊥ ¼ z̄kQ − zkQ̄ ¼ K⊥ − ð2z − 1Þpχc⊥ : ð32Þ

For χc0 mesons, the Fourier transformation of (30) over the transverse coordinates allows one to obtain the light-cone wave
function

Ψðχc0Þ
hh̄

ðz; rÞ ¼ −
1

zz̄
½ihe−ihθδh;h̄∂r þmðz − z̄Þδh;−h̄�Φχc0ðz; r⊥Þ; ð33Þ

where r ¼ fr cos θ; r sin θg is the vector of relative separation of the quark and antiquark in transverse plane, z is the
fraction of the momentum carried by the quark, and the configuration space wave function Φχc is related to the function

ϕχcðz; kðrelÞ⊥ Þ by relation

ΦχcJðz; r⊥Þ ¼
Z

d2kðrelÞ⊥
ð2πÞ2

ffiffiffiffiffi
zz̄

p
ϕχcJðz; kðrelÞ⊥ ÞeikðrelÞ⊥ ·r⊥

ðkðrelÞ⊥ Þ2 −M2
χcJ zð1 − zÞ þm2

; J ¼ 0; 1; 2: ð34Þ

The integrand of (34) includes an additional light-cone denominator whose origin will become obvious in the next section
[see the denominators in the last lines of (69) and (70) below; also see Appendix of [55] for a more detailed discussion]. For
the helicity components of the χc1 and χc2 we may obtain in a similar fashion

Ψðχc1Þ
H¼�1;hh̄

ðz; rÞ ¼
ffiffiffi
2

p

zz̄
½−eiHθðz̄δh;Hδh̄;−H þ zδh;−Hδh̄;HÞ∂r − iHmðz − z̄Þδh;Hδh̄;H�Φχc1ðz; rÞ; ð35Þ

Ψðχc1Þ
H¼0;hh̄

ðz; rÞ ¼ 2i
zz̄Mχc1

½hδh;−h̄ΔðþÞ
r þ ime−ihθδh;h̄∂r�Φχc1ðz; rÞ; ð36Þ

where Δð�Þ
r ¼ ∂

2
r � ð1=rÞ∂r, z̄ ¼ 1 − z, and

Ψðχc2Þ
H¼þ2;hh̄

ðz; rÞ ¼ 2

zz̄

h
e2iθðzδh;þδh̄;− − z̄δh;−δh̄;þÞΔð−Þ

r þ imeiθδh;þδh̄;þ∂r
i
Φχc2ðz; rÞ; ð37Þ

Ψðχc2Þ
H¼−2;hh̄ðz; rÞ ¼

2

zz̄

h
−e−2iθðz̄δh;þδh̄;− − zδh;−δh̄;þÞΔð−Þ

r − ime−iθδh;−δh̄;−∂r
i
Φχc2ðz; rÞ; ð38Þ

Ψðχc2Þ
H¼þ1;hh̄

ðz; rÞ ¼ Mχc2

zz̄

h
ieiθðð3z − 4z2Þδh;þδh̄;− þ ð3z̄ − 4z̄2Þδh;−δh̄;þÞ∂r þmðz − z̄Þδh;þδh̄;þ

i
Φχc2ðz; rÞ; ð39Þ

Ψðχc2Þ
H¼−1;hh̄ðz; rÞ ¼

Mχc2

zz̄

h
−ie−iθðð3z̄ − 4z̄2Þδh;þδh̄;− þ ð3z − 4z2Þδh;−δh̄;þÞ∂r þmðz − z̄Þδh;−δh̄;−

i
Φχc2ðz; rÞ; ð40Þ

Ψðχc2Þ
H¼0;hh̄

ðz; rÞ ¼
ffiffiffiffiffiffiffiffi
2=3

p
zz̄

½δh;−h̄ð−3ΔðþÞ
r þ 2m2ðz − z̄ÞÞ − ime−ihθδh;h̄∂r�Φχc2ðz; rÞ: ð41Þ
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1. Relation to NRQCD LDMEs

In order to understand the relations of the light-cone distribution amplitudes to long distance matrix elements (LDMEs)
of NRQCD, we need to analyze the behavior of the wave functions in the limit when Kμ becomes small. Since we are
interested in the P-wave quarkonia, in the limit Kμ → 0 the corresponding vertices should vanish. This is obvious for χc2
due to explicit Kμ in (30). To demonstrate that a similar property is valid for the states J ¼ 0 and J ¼ 1, we need to rewrite
(30) in equivalent form, using the Dirac equation for the ū; v spinors and the orthogonality of the polarization vector
EH · pχc ¼ 0, namely

ūðkQÞΓχcJvðkQ̄Þ ¼
1

2m
ūðkQÞðmΓχcJ þ ΓχcJmÞvðkQ̄Þ ¼

1

2m
ūðkQÞðk̂QΓχcJ − ΓχcJ k̂1ÞvðkQ̄Þ

¼ 1

4m
ūðkQÞðp̂χcΓχcJ − ΓχcJ p̂χcÞvðkQ̄Þ þ

1

4m
ūðkQÞðK̂ΓχcJ þ ΓχcJ K̂ÞvðkQ̄Þ ¼ ūðkQÞΓðeffÞ

χcJ vðkQ̄Þ; ð42Þ

where ΓðeffÞ
χcJ ¼ KμðγμΓχcJ þ ΓχcJγ

μÞ=4m ¼ γμχcJKμ, and the momentum-independent matrices γμχcJ for different quarkonia are
given by γμχc0 ≡ γμ=2m, γμχc1 ≡ ½γμ; ÊH�γ5=4m, and γμχc2 ¼ Eμνγν. In the amplitudes of physical processes, the wave function
(30) contributes in convolution with amplitude of hard partonic process. If the latter possess a hard scale which exceeds
significantly the relative momentum Kμ (∼inverse charmonium radius), we can disregard completely the dependence on

z; kðrelÞ⊥ in the hard partonic amplitude, and the convolution over z;K⊥ will affect only the arguments of the wave function,
yielding

Z
dz
Z

d2kðrelÞ⊥
ð2πÞ2 Φχcðz; kðrelÞ⊥ Þ ¼ lim

λ;r⊥→0

	
0





ψ̄
�
− λ

2
nþ − r⊥

2

�
γμχcJ i∂

↔

μL
�
− λ

2
nþ − r⊥

2
;
λ

2
nþ þ r⊥

2

�
Ψ
�
λ

2
nþ þ r⊥

2

�



χcðpÞ
�

¼
	
0





ψ̄ð0ÞγμχcJ i2D
↔

μΨð0Þ




χcðpÞ

�
ð43Þ

where D
↔

μ ¼ ∂⃗μ − ∂⃖μ þ 2igAa
μta þ 2ieAμ is the covariant derivative, and we replaced Kμ with ið∂⃗μ − ∂⃖μÞ in the

configuration space. The square of the matrix element in the last line of (43) in the nonrelativistic limit reduces to
NRQCD LDMEs. Indeed, using the explicit form of γμχcJ for J ¼ 0, 1, 2, we may recover the familiar NRQCD operators
from [83–85]1

jh0jψ̄ð0ÞγμχcJ iD
↔

μψð0ÞjχcðpÞij
2 ¼ 1

4m2
×

8>>>>>><
>>>>>>:




h0jψ̄�i
2
D
↔μ

⊤γ⊤μ
�
χjχcðpÞi




2 ¼ hO½1�
χc ð3P½1�

0 Þi; J ¼ 0;


h0jψ†
�
− i

4
D
↔ν

⊤½γ⊤ν ; γ⊤μ �
�
γ5χjχcðpÞi




2 ¼ hO½1�
χc ð3P½1�

1 Þi; J ¼ 1;




h0jψ†
�
− i

2
Dðμ

⊤
↔

γνÞ⊤
�
χjχcðpÞi




2 ¼ hO½1�
χc ð3P½1�

2 Þi; J ¼ 2;

ð45Þ

where ⊤ implies a part of the vector which is transverse to pμ
χc , namely vμ⊤ ¼ ðgμν − pμ

χcp
ν
χc=M

2
χcÞvν; aðμ⊤bνÞ⊤ ¼ ðaμ⊤bν⊤þ

aν⊤b
μ
⊤Þ=2 − a⊤ · b⊤ðgμν − pμ

χcp
ν
χc=M

2
χcÞ=3, the operators ψ†; χ are the Pauli spinor operators which create a quark and an

antiquark, respectively. The presence of the gauge fields in covariant derivative D
↔

μ implies that we should consider the χc

1In the rest frame of the proton, we may further simplify and rewrite these operators as [51]

jh0jψ̄ð0ÞγμχcJ iD
↔

μψð0ÞjχcðpÞij
2 ¼

8>>>>>><
>>>>>>:




h0jψ†
�
− i

2
D
↔
· σ
�
χjχcðpÞi




2 ¼ hO½1�
χc ð3P½1�

0 Þi; J ¼ 0;


h0jψ†
�
− i

2
D
↔
× σ
�
χjχcðpÞi




2 ¼ hO½1�
χc ð3P½1�

1 Þi; J ¼ 1;


h0jψ†
�
− i

2
Dði
↔

σjÞ
�
χjχcðpÞi




2 ¼ hO½1�
χc ð2P½1�

2 Þi; J ¼ 2:

ð44Þ
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meson as a mixture of jQ̄Qi, jQ̄Qgi, and jQ̄Qγi Fock
components unless we work in the light-cone gauge
A− ¼ 0, A−

a ¼ 0. In what follows we will use the latter
gauge condition, both for photons and gluons.
In the heavy quark mass, it is expected that the color

singlet LDMEs hO½1�
χc ð3P½1�

J Þi should coincide, and in the
potential models can be represented in terms of the slope of
the radial wave functions R0

χcð0Þ as

hO½1�
χc ð3P½1�

J Þi ¼ 6Ncð2J þ 1ÞjR0
χcð0Þj2=4π: ð46Þ

The latter parameter may be related to the light-cone

function ϕχcJðz; kðrelÞ⊥ Þ introduced in (30): after straightfor-
ward but tedious substitution of the variables, we may
obtain [86]

3

ffiffiffi
π

2

r
R0
χcð0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2MχcJ

q Z
dzd2kðrelÞ⊥
zð1 − zÞ8π2 ϕχcJðz; kðrelÞ⊥ Þ

�
M2

χcJ

�
z −

1

2

�
2

þ K2⊥


: ð47Þ

In what follows we will use the explicit parametrization from [69] which in the light-cone representation is given by

ΦχcJðz; rÞ ¼ N χcJ zð1 − zÞ exp
�
−
R2

χcJ

8

�
m2

zð1 − zÞ − 4m2

�
−
2zð1 − zÞr2

R2
χcJ

�
; ð48Þ

and N χcJ ;RχcJ are numerical constants given explicitly by Rχc0 ≈ 1.54 GeV−1, Rχc1 ¼ Rχc2 ≈ 1.48 GeV−1,
N χc0 ≈ 1.15 GeV−1, N χc1 ≈ 1.39 GeV−1, N χc2 ≈ 0.60 GeV−1.2 The values of jR0ð0Þj obtained with this parametrization
are in reasonable agreement with the value jR0ð0Þj2 ¼ 0.075 GeV5 found in potential models and widely used in the
literature for numerical estimates. For the momentum space wave function, we may obtain

Φ̃χcJðz; kÞ≡
Z

d2re−ik·rΦχcJðz; rÞ ¼
ffiffiffiffiffi
zz̄

p
ϕχcJðz; kÞ

k2 −M2
χcJ zz̄þm2

¼ πN χcJR
2
χcJ

2
exp

�
−
R2

χcJ

8

�
k2 þm2ð1 − 4zz̄Þ

zz̄

��
: ð49Þ

C. Scattering processes in the CGC framework

In the CGC framework the interaction of the high-energy partons with the gluonic field of the target is described in
eikonal approximation by the Wilson line Uðx⊥Þ defined as

Uðx⊥Þ ¼ P exp

�
ig
Z

dx−Aþ
a ðx−; x⊥Þta

�
; ð50Þ

where we use notation x⊥ for the impact parameter of the parton, Aμ
a for the gluonic field of the target, and ta are the usual

color group generators in the irreducible representation which corresponds to the parton (3; 3̄ or 8 for quark, antiquark, or
gluon, respectively). The interaction encoded in the Wilson link (50) formally may be reformulated in terms of the CGC
Feynman rules [12,87–89] provided in Table I.
In the CGC picture it is assumed that the gluonic field Aμ

a is created by randomly distributed color sources, and
probability to find a given density of color sources ρaðx−; x⊥Þ in the target is controlled by the weight functionalW½ρ� [1–3].
The component Aþ

a which appears in (50) may be related to density of these source ρa as Aþ
a ðxÞ ¼ − 1

∇2⊥
ρaðx−; x⊥Þ. For any

physical observable, the expected values may be obtained averaging the observable A½ρ� found at fixed distribution of
charges ρðx−; x⊥Þ over all possible configurations ρðx−; x⊥Þ, namely

hAi ¼
Z

DρW½ρ�A½ρ�; ð51Þ

where the angular brackets h…i stand for the above-mentioned averaging. The analytic evaluation of the integral Dρ is
possible only for a few simple choices of W½ρ�, as, for example, Gaussian parametrization [1,2], and development of

2We disregard tiny ∼1% differences of these constants for different helicity states (polarizations) of the same meson, since these
differences are smaller than the precision of experimental data for χc → γγ used in [69] (around 3%–4%); besides, a comparable
uncertainty may come from the theoretical NNLO corrections ∼α2sðmcÞ ≈ 10%.
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phenomenological models for the latter is very challenging.
Fortunately, in the presence of hard scales which limit
the number of partons in the initial state, all physical
amplitudes may be represented as convolutions of process-
dependent perturbative impact factors and universal (target-
dependent) correlators of Wilson lines (multipole scattering
amplitudes). For many exclusive processes, the dominant
contribution is controlled by the lowest order dipole
scattering amplitude,

N ðx; r; bÞ ¼ 1 − S2

�
Y ¼ ln

�
1

x

�
; xq; xq̄

�
;

S2ðY; xq; xq̄Þ ¼
1

Nc
htrðUðxqÞU†ðxq̄ÞÞiY ð52Þ

where Y is the rapidity of the dipole, xq; xq̄ are the impact
parameters of the quark, and the variables r≡ xq − xq̄ and
b≡ αqxq þ αq̄xq̄ determine the transverse separation and
the impact parameter of the dipole’s center of mass. In
phenomenological studies the dipole amplitude can be
constrained from both exclusive and inclusive channels.
Due to the optical theorem, the inclusive channels are
sensitive only to the imaginary part of the amplitude, and in
order to have a consistent description, for exclusive
channels, the real part of the amplitude should be taken
into account. As was demonstrated long ago in [90,91], if
the amplitude grows as a function of invariant energy as

∼sα, then the real part of the amplitude becomes propor-
tional to the imaginary part, and thus the full amplitude of
the exclusive process can be restored from the imaginary
part using a set of identities

A ¼ ðβ þ iÞ ImA; jAj2 ¼ ð1þ β2ÞjImAj2;

β≡ ReA
ImA

¼ tan

�
πα

2

�
; α ¼ ∂ lnA

∂ ln s
: ð53Þ

Following existing conventions, we will assume that
N ðx; r; bÞ corresponds to the dipole amplitude extracted
from inclusive processes, tacitly assuming that a factor
(β þ i) should be added in exclusive channels. In our
evaluations we do not take into account the so-called
skewedness factor Rg suggested in [92] on phenomeno-
logical grounds, since its original derivation relies heavily
on the dominance of the two-gluon exchange in the
t-channel and the collinear factorization. In the CGC
framework the theoretical status of Rg is less clear: its
original relation to the longitudinal momentum exchange in
the t-channel implies that it may be interpreted as one of the
subeikonal corrections. However, a systematic analysis of
these corrections is a formidable problem far outside the
scope of the present manuscript (see, e.g., [93,94] for
details). Numerically, the factor Rg would increase the cross
section by approximately 30%–40%, on par with uncer-
tainty due to omitted next-to-leading order corrections.

TABLE I. The CGC Feynman rules [12,87–89] for the interaction of high-energy partons with the target encoded in the Wilson link
(50). The solid vertical block stands for the shock wave (Wilson line). We use notations li;l0

i (i ¼ Q; Q̄; g) for the momenta of the
corresponding parton before and after the interaction, σ; σ0 for Dirac indices of the quarks, i, i0 for the color indices in the fundamental
representations 3 or 3̄ of the color group, and a, b for the gluon color indices in the adjoint representation 8. The matricesU and U are the
Wilson lines in the fundamental and the adjoint representations. The prefactor 2πδðlþ

i − l0 þ
i Þ in the interaction vertices reflects

conservation of the longitudinal momentum of the parton in eikonal approximation. We may also observe that interaction with a shock
wave does not change transverse coordinates of the partons in the mixed (light-cone) representation, and using identities
ūh1ðpÞγþuh2ðqÞ ¼ v̄h1ðpÞγþvh2ðqÞ ¼ 2δh1;h2

ffiffiffiffiffiffiffiffiffiffiffiffi
pþqþ

p
from [75], we may see that the interaction remains diagonal in helicity basis.

The interaction vertex of the quark with the shock wave:
TQ
σ;σ0;i;i0 ¼ 2πδðlþ

Q − l0 þ
QÞγþσ0;σ

R
d2zeiðlQ−l0

QÞ·z½UðzÞ − 1�i0;i

The interaction vertex of the antiquark with the shock wave:

TQ̄
σ;σ0;i;i0 ¼ −2πδðlþ

Q̄ − l0 þ
Q̄Þγþσ;σ0

R
d2zeiðlQ̄−l0

Q̄
Þ·z½U†ðzÞ − 1�i;i0

The interaction vertex of the gluon with the shock wave:
Tg
μ;ν;a;b ¼ −2πδðlþ

g − l0 þ
g Þgμνsgnðlþ

g Þ ×
R
d2ze−iðl0

g−lgÞ·z½Usgnðlþg ÞðzÞ − 1�b;a
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D. Photoproduction of the χ cγ pairs

The evaluation of the exclusive photoproduction of χcγ
pairs resembles a similar evaluation of the ηcγ photo-
production presented in [55] and differs only in the final
state wave function, although it yields a significantly
different result for the impact factors. Technically, it
requires evaluation of four diagrams shown in Fig. 2. In
what follows wewill separate the contributions with photon
emission before and after the interaction with a shockwave,
so the amplitude can be represented as

Aðλ;σ;HÞ
γp→χcγp ¼ Aðλ;σ;HÞ

1 þAðλ;σ;HÞ
2 ð54Þ

where Aðλ;σÞ
1 and Aðλ;σÞ

2 correspond to the left and right
columns of Fig. 2. Since the interaction of the emitted
photon with the shock wave may be disregarded as a
OðαemÞ correction, both contributions are controlled by the
dipole amplitude N ðx; r; bÞ, convoluted with appropriate
impact factors.
The detailed evaluation of these impact factors is

straightforward and is explained in detail in subsequent
subsections. Following earlier studies [33,34], in all eval-
uations below we will introduce the subindices 0,1,2 to
distinguish the kinematic variables associated with quark,
antiquark, and photon, respectively. For example, the
variables

z0 ≡ kþQ
qþ

; z1 ≡
kþQ̄
qþ

; z2 ≡ kþγ
qþ

¼ 1 − αχc ð55Þ

are the fractions of the incoming photon’s light-cone
momentum qþ carried by the quark, antiquark, and photon
when crossing the shock wave, respectively, and r0, r1, r2

are their transverse coordinates (in configuration space).
The light-cone momentum conservation implies that for the
diagrams in the left column of Fig. 2, the variables z0, z1, z2
should satisfy

z0 þ z1 þ z2 ¼ 1; z0 þ z1 ¼ αχc ; ð56Þ

whereas for the diagrams in the right column there is a
similar constraint

z0 þ z1 ¼ 1: ð57Þ

1. Evaluation of the amplitude Aðλ;σ;HÞ
1

The amplitude Aðλ;σ;HÞ
1 obtains contributions of two

charge conjugate diagrams shown in the left column of
Fig. 2. We will start our evaluation from the diagram shown
in the upper left corner of Fig. 2, defining the partons’
momenta as explained in Fig. 3 and using the CGC
Feynman rules from Table I.

A straightforward evaluation yields

A1;1 ¼ 4παeme2c

Z
d2x0d2x1

Z
d4k0
ð2πÞ4

d4k1
ð2πÞ4

d4k00

ð2πÞ4
d4k10

ð2πÞ4 ð2πÞ
4δðk0 þ k1 þ kγ − qÞð2πÞ4δðk00 þ k10 − pχcÞ

× ð2πÞδðkþ0 − k00þÞð2πÞδðkþ1 − k10þÞeiðk0−k0 0Þ·x0eiðk1−k1 0Þ·x1ϕχcJðz; kðrelÞ⊥ Þ
× hTr½ε̂γðqÞSð−k1ÞγþU†ðx1ÞSð−k10ÞΓχcðk10; k00ÞSðk00ÞγþUðx0ÞSðk0Þε̂�γðkγÞSðk0 þ kγÞ�i ð58Þ

FIG. 2. The dominant mechanism of χcγ pair photoproduction in the CGC framework in the leading order in αs. The red block stands
for a shock wave. The diagrams in the first and the second row are related by charge conjugation (inversion of the quark line). In the left
column we disregard interaction of the emitted photon with a shock wave as a tiny OðαemÞ correction, and to emphasize this we do not
put a “dot” on a photon line which crosses the shock wave.

FIG. 3. The definitions of the parton momenta k0; k1; k00; k
0
1

before and after interaction with the shock wave. The variables
x0, x1 stand for the transverse coordinates of the quark and
antiquark when they pass through the shock wave.
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where εγðqÞ; ε�γðkγÞ are the polarization vectors of the photons, and a symbol …̂ was defined in (2). We also use notation
ec ¼ 2=3 for the electric charge of the charm quark. The matrix Γχc was defined earlier in (30) for different spins and
helicities of χc. The wave function Φ depends on the light-cone fraction zχc ¼ k0þ0 =pþ

χc and relative transverse momentum

kðrelÞ⊥ ¼ ðz0k01 − z1k00Þ=ðz0 þ z1Þ. The propagator of free fermions is defined in a standard way as

SðpÞ ¼ i
p̂þm
p2 −m2

: ð59Þ

The numerators of the propagators may be rewritten as

p̂þm¼
�
γþ

p2⊥ þm2

2pþ þ γ−pþ − γ⊥ · p⊥ þm

�
þ γþ

�
p− −

p2⊥ þm2

2pþ

�

¼ θðpþÞ
X
h

uhðp̃Þūhðp̃Þ þ θð−pþÞ
X
h̄

vh̄ð−p̃Þv̄h̄ðp̃Þ þ γþ
�
p− −

p2⊥ þm2

2pþ

�
; p̃¼

�
pþ;

p2⊥ þm2

2pþ ;p⊥
�
: ð60Þ

The last term ∼γþ in (60) drops out when the quark is on-shell, or when the propagator is multiplied by γþ (due to identity
γþγþ ¼ 0), so effectively (60) reduces to a helicity sum of quark or antiquark spinors. Since the matrices U;U† in (58) do
not have any spinorial indices, whereas all the other objects do not depend on color, the evaluation of traces over color and
spinorial indices can be done independently, thus reducing (58)to a convolution of the dipole scattering amplitude (52) with
the so-called (target-independent) impact factor

A1;1 ¼
Z

d2x0d2x1N ðY; x0; x1ÞR1;1ðY; x0; x1; q; pχc ; kγÞ; ð61Þ

where R1;1 is given by

R1;1ðY; x0; x1; q; pχc ; kγÞ ¼ 4παeme2cNc

Z
d4k0
ð2πÞ4

d4k1
ð2πÞ4

d4k00

ð2πÞ4
d4k10

ð2πÞ4 ð2πÞ
4δðk0 þ k1 þ kγ − qÞð2πÞ4δðk00 þ k10 − pχcÞ

× ð2πÞδðkþ0 − k00þÞð2πÞδðkþ1 − k10þÞeiðk0⊥−k0⊥ 0Þ·x0eiðk1⊥−k1⊥ 0Þ·x1ϕχcJðz; kðrelÞ⊥ Þ
× hTr½ε̂γðqÞSð−k1ÞγþSð−k10ÞΓχcðk10; k00ÞSðk00ÞγþSðk0Þε̂�γðkγÞSðk0 þ kγÞ�i: ð62Þ

The integrals over the momenta d4k1 and d4k01 in (62) can be calculated using δ functions, which effectively fix k1 and k
0
1 to

values

k1 ¼ q − kγ − k0; k01 ¼ pχc − k00: ð63Þ

Due to the identity γþγþ ¼ 0, we may replace the numerators of propagators connected to the shockwave with on-shell
spinors, as explained in the text under Eq. (60). Furthermore, using the well-known spinor identities [75,78]

ūhðlÞγþuh0 ðl0Þ ¼ v̄hðlÞγþvh0 ðl0Þ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
lþl0þp

δh;h0 ð64Þ

where h, h0 are helicities of partons, and conservation of the plus-component light cone, we may rewrite (62) as

R1;1ðY; x0; x1; q; pχc ; kγÞ ¼ 16παeme2cNcð2πÞδðqþ − kþγ − pþ
χcÞ

×
Z

dkþ0 dk
−
0 d

2k0
ð2πÞ4

dk0 −0 d
2k00

ð2πÞ3 kþ0 ðqþ − kþγ − kþ0 Þeiðk0⊥−k0⊥
0Þ·x0eiðk1⊥−k1⊥ 0Þ·x1

×
X
h;h̄

½ūhðk̃0Þε̂�γðkγÞSðk0 þ kγÞε̂γðqÞvh̄ðk̃1Þ�
ðk20 −m2Þðk21 −m2Þ

½v̄h̄ðk̃10ÞΓχcðk10; k00Þuhðk̃00Þ�ϕχcJðz; kðrelÞ⊥ Þ
ððk00Þ2 −m2Þððk10Þ2 −m2Þ : ð65Þ

For the sake of brevity, in (65) we keep notations k1; k01, tacitly assuming that they are linear combinations of k0; k00 defined
in (63). The dependence on k−0 and k0−0 in the integrand of (65) is isolated in the first and the second terms of the last line; for
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this reason integration over these variables becomes straightforward and can be realized using Cauchy’s theorem and
reduced to a sum of residues of the integrands at the poles, namelyZ þ∞

−∞

dk−0
2π

1

ð2kþ0 k−0 − k20⊥ −m2 þ i0Þð2ðkþγ þ kþ0 Þðk−γ þ k−0 Þ − ðkγ⊥ þ k0⊥Þ2 −m2 þ i0Þ

×
1

ð2ðqþ − kþγ − kþ0 Þðq− − k−γ − k−0 Þ − ðkγ⊥ þ k0⊥Þ2 −m2 þ i0Þ

¼ −
iΘðqþ − kþγ − kþ0 Þ

8kþ0 ðkþ0 þ kþγ Þðqþ − kþγ − kþ0 Þ
�
− qþððkγ⊥þk0⊥Þ2þm2Þ

2ðqþ−kþγ −kþ0 Þðkþγ þkþ
0
Þ


�
−

k2γ⊥
2kþγ

− k2
0⊥þm2

2kþ
0

− ðkγ⊥þk0⊥Þ2þm2

2ðqþ−kþγ −kþ0 Þ


 ; ð66Þ

Z þ∞

−∞

dk−0
2π

ðk−γ þ k−0 Þ
ð2kþ0 k−0 − k20⊥ −m2 þ i0Þð2ðkþγ þ kþ0 Þðk−γ þ k−0 Þ − ðkγ⊥ þ k0⊥Þ2 −m2 þ i0Þ

×
1

ð2ðqþ − kþγ − kþ0 Þðq− − k−γ − k−0 Þ − ðkγ⊥ þ k0⊥Þ2 −m2 þ i0Þ

¼ −
iΘðqþ − kþγ − kþ0 Þ ðkγ⊥þk0⊥Þ2þm2

2ðkþγ þkþ
0
Þ

8kþ0 ðkþ0 þ kþγ Þðqþ − kþγ − kþ0 Þ
�
− qþððkγ⊥þk0⊥Þ2þm2Þ

2ðqþ−kþγ −kþ0 Þðkþγ þkþ
0
Þ


�
−

k2γ⊥
2kþγ

− k2
0⊥þm2

2kþ
0

− ðkγ⊥þk0⊥Þ2þm2

2ðqþ−kþγ −kþ0 Þ




−
iΘðqþ − kþγ − kþ0 Þ

8kþ0 ðkþ0 þ kþγ Þðqþ − kþγ − kþ0 Þ
�
−

k2γ⊥
2kþγ

− k2
0⊥þm2

2kþ
0

− ðkγ⊥þk0⊥Þ2þm2

2ðqþ−kþγ −kþ0 Þ


 ; ð67Þ

Z þ∞

−∞

dk0 −0
2π

1

ð2k0 þ0 k0 −0 − k0 20⊥ −m2 þ i0Þð2ðp−
χc − k0 þ0 Þðp−

χc − k0 −0 Þ − ðpχc⊥ − k00⊥Þ2 −m2 þ i0Þ

¼ −
Θðpþ

χc − k0 þ0 Þ
4k0 þ0 ðpþ

χc − k0 þ0 Þ
i

p−
χc −

k0 2
0⊥þm2

2k0 þ
0

− ðpχc⊥ −k0
0⊥Þ2þm2

2ðpþ
χc−k

0 þ
0
Þ

: ð68Þ

The Heaviside step functionsΘð…Þ in (66)–(68) introduce the upper cutoff for the integral over the plus-component kþ0 and
stem from the requirement that the integrands should have poles on both sides of the real axis (Im k− ¼ 0) for nonzero
result. The identities (66) and (68) allow us to rewrite (62) as

R1;1ðY;x0;x1;q;pχc ; kγÞ ¼ δðqþ− kþγ −pþ
χcÞeiðq⊥−k

γ
⊥−p

χc⊥ Þ·x1
Z

qþ−kþγ

0

dkþ0

×

2
42παeme2c
kþ0 þ kþγ

Z
d2k0⊥
ð2πÞ2

ūhðk0Þε̂�γðkγÞðk̂0þ k̂γ þmÞε̂γðqÞvh̄ðq− kγ − k0Þeik⊥0 ·ðx0−x1Þ




k−
0
¼ðkγ⊥þk0⊥Þ2þm2

2ðkþγ þkþ
0
Þ −k−γffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kþ0 ðqþ− kþγ − kþ0 Þ
q h

− qþðk2
0⊥þm2Þ

2ðqþ−kþγ −kþ0 Þðkþγ þkþ
0
Þ
ih
−

k2γ⊥
2kþγ

− k2
0⊥þm2

2kþ
0

− ðkγ⊥þk0⊥Þ2þm2

2ðqþ−kþγ −kþ0 Þ
i

þ 2παeme2c
kþ0 þ kþγ

Z
d2k0⊥
ð2πÞ2

ūhðk0Þε̂�γðkγÞγþε̂γðqÞvh̄ðq− kγ − k0Þeik⊥0 ·ðx0−x1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kþ0 ðqþ − kþγ − kþ0 Þ

q h
−

k2γ⊥
2kþγ

− k2
0⊥þm2

2kþ
0

− ðkγ⊥þk0⊥Þ2þm2

2ðqþ−kþγ −kþ0 Þ
i
3
5

×
Z

d2k00⊥
ð2πÞ2

v̄h̄ðpþ
χc − kþ0 ;p

χc⊥ − k00⊥ÞΓχcðpχc − k00; k00Þuhðkþ0 ;k00⊥ÞϕχcJðz;K⊥Þe−ik00⊥·ðx0−x1Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kþ0 ðpþ

χc − kþ0 Þ
q h

p−
χc −

k0 2
0⊥þm2

2kþ
0

− ðpχc⊥ −k0
0⊥Þ2þm2

2ðpþ
χc−k

þ
0
Þ
i ; ð69Þ

where the δ-function δðqþ − kþγ − pþ
χcÞ in (69) reflects the smallness of the light-cone momentum transfer Δþ compared to

the transverse momentum transfer to the target Δ⊥ ¼ q⊥ − kγ⊥ − pχc⊥ in the high-energy kinematics. The expressions in
square brackets in the denominators of (69) coincide with the energy denominators of the light-cone perturbation theory
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[75]. The analysis of the other diagrams is done similarly. The evaluation of the lower left diagram in Fig. 2 yields for the
impact factor

R1;2ðY;x0;x1; q;pχc ; kγÞ ¼ −δðqþ − kþγ −pþ
χcÞeiðq⊥−k

γ
⊥−p

χc
⊥ Þ·x1

Z
qþ−kþγ

0

dkþ0

×

2
642παeme2c
qþ − kþ0

Z
d2k0⊥
ð2πÞ2

ūhðk0Þε̂γðqÞðq̂− k̂0 −mÞε̂�γðkγÞvh̄ðq− kγ − k0Þeik⊥0 ·ðx0−x1Þ




k−
0
¼q−−

k2
0⊥þm2

2ðqþ−kþ
0
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kþ0 ðqþ − kþγ − kþ0 Þ
q h

q− − qþðk2
0⊥þm2Þ

2ðqþ−kþγ Þkþ0

ih
q− −

k2γ⊥
2kþγ

− k2
0⊥þm2

2kþ
0

− ðkγ⊥þk0⊥Þ2þm2

2ðqþ−kþγ −kþ0 Þ
i

þ 2παeme2c
qþ − kþ0

Z
d2k0⊥
ð2πÞ2

ūhðk0Þε̂γðqÞγþε̂�γðkγÞvh̄ðq− kγ − k0Þeik⊥0 ·ðx0−x1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kþ0 ðqþ − kþγ − kþ0 Þ

q h
q− −

k2γ⊥
2kþγ

− k2
0⊥þm2

2kþ
0

− ðkγ⊥þk0⊥Þ2þm2

2ðqþ−kþγ −kþ0 Þ
i
3
75

×
Z

d2k00⊥
ð2πÞ2

v̄h̄ðpþ
χc − kþ0 ;p

χc⊥ − k00⊥ÞΓχcðpχc − k00; k00Þuhðkþ0 ;k00⊥Þe−ik
0
0⊥·ðx0−x1ÞϕχcJðz;K⊥Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kþ0 ðpþ

χc − kþ0 Þ
q h

p−
χc −

k0 2
0⊥þm2

2kþ
0

− ðpχc⊥ −k0
0⊥Þ2þm2

2ðpþ
χc−k

þ
0
Þ
i : ð70Þ

The result for (70) differs from (69) only by the structure of the second and the third lines. After integration over k00⊥ in
the last lines of (69) and (70), we may obtain the wave function of χc meson in the light-cone representation introduced
earlier in (34). Likewise, the result of integration over k0⊥ in the second and the third lines of (69) and (70) can be
interpreted as a light-cone wave function of the Q̄Qγ Fock component in the photon, which in the leading order is given by a
set of diagrams shown in Fig. 4. These diagrams nearly coincide with the diagrams j; k;l; m in [33] which contribute to the
γ → Q̄Qg wave function, and for this reason the result of integration over k0⊥ differs from the expressions found in [33]
only by color factor. The structure of (69) and (70) implies that the amplitude A1 can be rewritten as a convolution of the
dipole amplitude N ðx; r; bÞ, the wave function Ψ†

χc of the produced χc meson, and the wave function Ψγ→γQ̄Q of the Q̄Qγ

Fock component of the incoming photon (the amplitude of the subprocess γ → Q̄Qγ), namely

Aðλ;σ;HÞ
1 ¼

Z
αχc

0

dz0
Y2
k¼0

ðd2xkÞΨðh;h̄Þ†
χc

�
z0

z0 þ z1
; r10

�
Ψðλ;σ;h;h̄Þ

γ→γQ̄Q ðz0; z1 ¼ αχc − z0; z2 ≡ ᾱχc ; x0; x1; x2Þ

×N ðx; r10; b10Þ exp
�
−ipχc⊥ ·

�
b10 −

ᾱχc
αχc

rγ

�
− ikγ⊥ · x2



; ð71Þ

FIG. 4. The diagrams which correspond to the γ → Q̄Qγ amplitude in the leading order in strong coupling αs. The contributions of the
two diagrams in the first row correspond to expressions in the second lines of (69) and (70). Similarly, the contributions of the diagrams
in the last row are given by the expressions in the third lines of the same equations (69) and (70). The vertical fermion line with a short
horizontal dash in the diagrams of the last row denotes instantaneous part of the quark propagator. The colored vertical dashed lines
stand for the light-cone energy denominators of the canonical light-cone perturbation theory [75,78].
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where the dummy integration variable z0 is related to kþ0 using identities (55), the parameters λ, σ are the helicities of the
photon before and after interaction, h; h̄ are the helicities of the heavy quarks when they cross the shock wave,
r10 ≡ x1 − x0 is the relative distance between the quarks, b10 ¼ ðz0x0 þ z1x1Þ=ðz0 þ z1Þ is the position (impact parameter)
of the center of mass of the quark-antiquark pair, and rγ ¼ x2 − b10 is the distance between the emitted photon and the center
of mass of the dipole. The argument x of the dipole cross sectionN corresponds to the fraction of the target’s momentum in
the minus direction which is taken by heavy quarks, x ≈ Δ−=P− ¼ 2ξ=ð1þ ξÞ ≈M2

γχc=W
2. As we mentioned earlier, the

impact factorsR1;1 and R1;2 are related to each other by charge conjugation (C-parity). In order to fully exploit this symmetry,
it is convenient to introduce the variable ζ defined as a fraction of the photon’s momentum carried by a virtual parton (quark
or antiquark) which emits a secondary (final-state) photon afterwards, namely

z0 ¼ ζ − ᾱχc ; z1 ¼ 1 − ζ; z2 ¼ 1 − αχc ð72Þ

for the contribution R1;1, and

z0 ¼ 1 − ζ; z1 ¼ ζ − ᾱχc ; z2 ¼ 1 − αχc ð73Þ

for the contribution R1;2. While the expression (71) presents a lot of interest for conceptual understanding, unfortunately it
is not feasible to use it directly for numerical phenomenological studies due to multidimensional integration of the

oscillating function; besides the wave function Ψð…Þ
γ→γQ̄Q in light-cone (configuration) representation includes new special

functions I , J defined in [33,34] as nontrivial two-dimensional integrals. This suggests that evaluation of the amplitude
should be done in the momentum space. However, evaluation of the Fourier image ofN ðx; r10; b10Þ is not well defined due
to saturation of the latter at large distances r10 and noncommutativity of the limits r10 → ∞ and b10 → ∞. At the same
time, we may observe that for the product Ψ†

χcJðr10ÞN ðx; r10; b10Þ this problem does not exist, because ΨχcJ is proportional
to Φχc and its derivatives, which are strongly suppressed at large distances. For this reason, in what follows we will
introduce new functions,3

nΦχc
ðx;l; s; zÞ ¼

Z
d2b d2re−il·re−is·bN ðx; r; bÞΦχcðr; zÞ; ð74Þ

nð�Þ
Φχc

ðx;l; s; zÞ ¼
Z

d2b d2re−il·re−is·bN ðx; r; bÞe�iθ
∂rΦχcðr; zÞ; ð75Þ

nð2;�2Þ
Φχc

ðx;l; s; zÞ ¼
Z

d2b d2re−il·re−is·bN ðx; r; bÞe�2iθΔð−Þ
r Φχcðr; zÞ; ð76Þ

nð2;0ÞΦχc
ðx;l; s; zÞ ¼

Z
d2b d2re−il·re−is·bN ðx; r; bÞΔðþÞ

r Φχcðr; zÞ; ð77Þ

and, using explicit expressions for the wave functions in helicity basis (33)–(41), will replace the corresponding products

Ψ†
χcJðr10ÞN ðx; r10; b10Þ with (inverse) Fourier images of the functions nΦχc

; nð�Þ
Φχc

; nð2;0ÞΦχc
; nð2;�2Þ

Φχc
. After integration over the

variables r10 and b10, we may obtain two additional δ functions

ð2πÞ4δðsþ Δ⊥Þδ
�
l − k⊥0 −

ζ − ᾱχc
α

Δ⊥
�

which allow us to get rid of the integrals over d2k0 and d2s. The final result of this procedure depends on the spin and
helicity of the χcJ meson. We performed these evaluations in helicity basis, using explicit expressions for spinors from
[75,78] and performing the algebraic simplifications using Mathematica. In view of the space constraints, we provide
below the results only for components with “+” helicity of the incoming photon, tacitly assuming that the remaining

3For phenomenological parametrizations of N ðx; r; bÞ that do not depend explicitly on orientations of r, b, the integration over
orientations of these vectors can be done analytically, yielding ð2πÞ2J0ðlrÞJ0ðsbÞ for nð2;0ÞΦχc

, ð2πÞ2iJ1ðlrÞJ0ðsbÞ for nð�Þ
Φχc

, and

−ð2πÞ2J2ðlrÞJ0ðsbÞ for nð2;�2Þ
Φχc

.
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components may be recovered using ½Aðλ;σ;HÞ
1 �� ¼ Að−λ;−σ;−HÞ

1 . For the χc0 meson, the helicity amplitudes read as

Aðþ;þÞ
1;χc0

¼ 4πκ̄m
Z

1

ᾱχc

dζ
Z

d2l
ð2πÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ̄

ζ − ᾱχc

s

×

(
αχc ᾱχcðαχc − 2ζ̄Þ½ðζ − ᾱχcÞðP2

ð1Þ þm2Þ − ᾱχcm
2�nΦχc

ðx;l;−Δ⊥Δ⊥; zχcÞ
ðP2

ð1Þ þm2Þðζ̄ζ2K2
ð1Þ þ ðζ − ᾱχcÞᾱχcP2

ð1Þ þ αχc ᾱχcζm
2Þ

−
iαχc ᾱ

2
χcζn

ð−Þ
Φχc

ðx;l;−Δ⊥; zχcÞðPð1Þ þ iPð1ÞyÞ
ðP2

ð1Þ þm2Þðζ̄ζ2K2
ð1Þ þ ðζ − ᾱχcÞᾱχcP2

ð1Þ þ αχc ᾱχcζm
2Þ

)
; ð78Þ

Aðþ;−Þ
1;χc0

¼ −4iπκ̄mα2χc ᾱ
2
χc

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ̄3

ζ − ᾱχc

s
nðþÞ
Φχc

ðx;l;−Δ⊥; zχcÞ

×
ðPð1Þx þ iPð1ÞyÞ

ðP2
ð1Þ þm2Þðζ̄ζ2K2

ð1Þ þ ðζ − ᾱχcÞᾱχcP2
ð1Þ þ αχc ᾱχcζm

2Þ ; ð79Þ

where we introduced shorthand notations

Kð1Þ ¼
lᾱχc þ ζðαχckγ⊥ − ᾱχcp

χc⊥ Þ
ζ − ᾱχc

¼ Pð1Þᾱχc
ζ − ᾱχc

þ ðαχckγ⊥ − ᾱχcp
χc⊥ Þ

αχc
; ð80Þ

Pð1Þ ¼ lþ ζ̄

αχc
ðαχckγ⊥ − ᾱχcp

χc⊥ Þ; zχc ¼
ζ − ᾱχc
αχc

: ð81Þ

For the χc1 meson, the corresponding amplitudes are given by

Aðþ;þ;þ1Þ
1;χc1

¼ 4πκ̄αχc

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ζ̄

ζ − ᾱχc

s
ζðKð1Þx − iKð1ÞyÞ

×
ðζ̄ᾱχcðPð1Þx þ iPð1ÞyÞð2ζ − ᾱχcÞnð−ÞΦχc

ðx;l;−Δ⊥; zχcÞ − iζm2nΦχc
ðx;l;−Δ⊥; zχcÞðαχc − 2ζ̄ÞÞ

ðP2
ð1Þ þm2Þðζ̄ζ2K2

ð1Þ þ ðζ − ᾱχcÞᾱχcP2
ð1Þ þ αχc ᾱχcζm

2Þ ; ð82Þ

Aðþ;−;þ1Þ
1;χc1

¼ −4iπκ̄m2αχc

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2 nΦχc

ðx;l;−Δ⊥; zχcÞ

×
ζðKð1Þx þ iKð1ÞyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ζ̄ðζ − ᾱχcÞ

q
ðαχc − 2ζ̄Þ

ðP2
ð1Þ þm2Þðζ̄ζ2K2

ð1Þ þ ðζ − ᾱχcÞᾱχcP2
ð1Þ þ αχc ᾱχcζm

2Þ ; ð83Þ

Aðþ;þ;0Þ
1;χc1

¼ −
8ᾱχcα

2
χc

Mχc1

πκ̄

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ̄

ζ − ᾱχc

s

×

(
m2ᾱχcζðPð1Þx þ iPð1ÞyÞnð−ÞΦχc

ðx;l;−Δ⊥; zχcÞ
ðP2

ð1Þ þm2Þðζ̄ζ2K2
ð1Þ þ ðζ − ᾱχcÞᾱχcP2

ð1Þ þ αχc ᾱχcζm
2Þ

− i
nð2;0ÞΦχc

ðx;l;−Δ⊥; zχcÞ½ðζ − ᾱχcÞðP2
ð1Þ þm2Þ þm2ᾱχc �

ðP2
ð1Þ þm2Þðζ̄ζ2K2

ð1Þ þ ðζ − ᾱχcÞᾱχcP2
ð1Þ þ αχc ᾱχcζm

2Þ

)
; ð84Þ
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Aðþ;−;0Þ
1;χc1

¼ −
8m2

Mχc1

πκ̄ᾱ2χcα
2
χc

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ̄3

ζ − ᾱχc

s
nðþÞ
Φχc

ðx;l;−Δ⊥; zχcÞ

×
ðPð1Þx þ iPð1ÞyÞ

ðP2
ð1Þ þm2Þðζ̄ζ2K2

ð1Þ þ ðζ − ᾱχcÞᾱχcP2
ð1Þ þ αχc ᾱχcζm

2Þ ; ð85Þ

Aðþ;þ;−1Þ
1;χc1

¼ 4πκ̄αχc

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2 n

ðþÞ
Φχc

ðx;l;−Δ⊥; zχcÞ

×
ðKð1Þx − iKð1ÞyÞðPð1Þx þ iPð1ÞyÞζð2ζ − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ζ̄ðζ − ᾱχcÞ

q
ðP2

ð1Þ þm2Þðζ̄ζ2K2
ð1Þ þ ðζ − ᾱχcÞᾱχcP2

ð1Þ þ αχc ᾱχcζm
2Þ ; ð86Þ

Aðþ;−;−1Þ
1;χc1

¼ 4πκ̄α2χc

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ζ̄

ζ − ᾱχc

s

×
ζ2ðKð1Þx þ iKð1ÞyÞðPð1Þx þ iPð1ÞyÞðαχc − 2ζ̄ÞnðþÞ

Φχc
ðx;l;−Δ⊥; zχcÞ

ðP2
ð1Þ þm2Þðζ̄ζ2K2

ð1Þ þ ðζ − ᾱχcÞᾱχcP2
ð1Þ þ αχc ᾱχcζm

2Þ ; ð87Þ

Aðþ;−;−1Þ
1;χc1

¼ 0: ð88Þ

Finally, for the χc2 meson we obtained

Aðþ;þ;þ2Þ
1;χc2

¼ 8iπκ̄αχc ᾱχc

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ̄3

ζ − ᾱχc

s

×
½m2ᾱχc þ ðP2

ð1Þ þm2Þðζ − ᾱχcÞ�nð2;−2ÞΦχc
ðx;l;−Δ⊥; zχcÞ

ðP2
ð1Þ þm2Þðζ̄ζ2K2

ð1Þ þ ðζ − ᾱχcÞᾱχcP2
ð1Þ þ αχc ᾱχcζm

2Þ ; ð89Þ

Aðþ;−;þ2Þ
1;χc2

¼ 8πκ̄m2ᾱ2χcα
2
χc

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ̄3

ζ − ᾱχc

s
nð−ÞΦχc

ðx;l;−Δ⊥; zχcÞ

×
ðPð1Þx þ iPð1ÞyÞ

ðζ̄ þ ᾱχcÞ2ðP2
ð1Þ þm2Þðζ̄ζ2K2

ð1Þ þ ðζ − ᾱχcÞᾱχcP2
ð1Þ þ αχc ᾱχcζm

2Þ ; ð90Þ

Aðþ;þ;þ1Þ
1;χc2

¼ 4iMχc2πκ̄

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2 ðKð1Þx − iKð1ÞyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ̄

ζ − ᾱχc

s
ζ

×

(ðPð1Þx þ iPð1ÞyÞðζ − ᾱχcÞð8ζ3 þ 4ζ2ðαχc − 4Þ − 6ζðαχc − 2Þ þ 3αχc − 4Þnð−ÞΦχc
ðx;l;−Δ⊥; zχcÞ

ðP2
ð1Þ þm2Þðζ̄ζ2K2

ð1Þ þ ðζ − ᾱχcÞᾱχcP2
ð1Þ þ αχc ᾱχcζm

2Þ

− i
ζm2αχcnΦχc

ðx;l;−Δ⊥; zχcÞðαχc − 2ζ̄Þ
ðP2

ð1Þ þm2Þðζ̄ζ2K2
ð1Þ þ ðζ − ᾱχcÞᾱχcP2

ð1Þ þ αχc ᾱχcζm
2Þ

)
; ð91Þ
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Aðþ;−;þ1Þ
1;χc2

¼ 4πκ̄Mχc2

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2 ζ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ̄

ζ − ᾱχc

s
ðαχc − 2ζ̄Þ

×

�
αχcðαχc − ζ̄Þm2nΦχc

ðx;l;−Δ⊥; zχcÞ
ðP2

ð1Þ þm2Þðζ̄ζ2K2
ð1Þ þ ðζ − ᾱχcÞᾱχcP2

ð1Þ þ αχc ᾱχcζm
2Þ

þ
iζðPð1Þx þ iPð1ÞyÞðαχc − 2ζ̄Þ2nð−ÞΦχc

ðx;l;−Δ⊥; zχcÞ
ðP2

ð1Þ þm2Þðζ̄ζ2K2
ð1Þ þ ðζ − ᾱχcÞᾱχcP2

ð1Þ þ αχc ᾱχcζm
2Þ
�
; ð92Þ

Aðþ;þ;0Þ
1;χc2

¼ −4
ffiffiffi
2

3

r
πκ̄αχc

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ̄

ζ − ᾱχc

s

×

(
2m2ðαχc − 2ζ̄ÞnΦχc

ðx;l;−Δ⊥; zχcÞ½ᾱχcðζ − ᾱχcÞðP2
ð1Þ þm2Þ þmðmᾱ2χc − ζ2ðKð1Þx − iKð1ÞyÞÞ�

ðP2
ð1Þ þm2Þðζ̄ζ2K2

ð1Þ þ ðζ − ᾱχcÞᾱχcP2
ð1Þ þ αχc ᾱχcζm

2Þ

−
2im2ζαχcðPð1Þx þ iPð1ÞyÞᾱ2χcnð−ÞΦχc

ðx;l;−Δ⊥; zχcÞ
ðP2

ð1Þ þm2Þðζ̄ζ2K2
ð1Þ þ ðζ − ᾱχcÞᾱχcP2

ð1Þ þ αχc ᾱχcζm
2Þ

−
3ζαχcðPð1Þx þ iPð1ÞyÞðKð1Þx − iKð1ÞyÞ½ζ̄ð2ζ þ αχcÞ − 1�nð2;0ÞΦχc

ðx;l;−Δ⊥; zχcÞ
ðP2

ð1Þ þm2Þðζ̄ζ2K2
ð1Þ þ ðζ − ᾱχcÞᾱχcP2

ð1Þ þ αχc ᾱχcζm
2Þ

)
; ð93Þ

Aðþ;−;0Þ
1;χc2

¼ 4

ffiffiffi
2

3

r
πκ̄m2αχc

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ̄

ζ − ᾱχc

s

×

(
2ζm3ðKð1Þx þ iKð1ÞyÞðζ − ᾱχcÞðαχc − 2ζ̄ÞnΦχc

ðx;l;−Δ⊥; zχcÞ
ðP2

ð1Þ þm2Þðζ̄ζ2K2
ð1Þ þ ðζ − ᾱχcÞᾱχcP2

ð1Þ þ αχc ᾱχcζm
2Þ

−
2iαχc ᾱ

2
χc ζ̄m

2ðPð1Þx þ iPð1ÞyÞnðþÞ
Φχc

ðx;l;−Δ⊥; zχcÞ
ðP2

ð1Þ þm2Þðζ̄ζ2K2
ð1Þ þ ðζ − ᾱχcÞᾱχcP2

ð1Þ þ αχc ᾱχcζm
2Þ

−
3αχcζ

2ðαχc − 2ζ̄ÞðKð1Þx þ iKð1ÞyÞðPð1Þx þ iPð1ÞyÞnð2;0ÞΦχc
ðx;l;−Δ⊥; zχcÞ

ðP2
ð1Þ þm2Þðζ̄ζ2K2

ð1Þ þ ðζ − ᾱχcÞᾱχcP2
ð1Þ þ αχc ᾱχcζm

2Þ

)
; ð94Þ

Aðþ;þ;−1Þ
1;χc2

¼ 4iπκ̄Mχc2

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2 ζζ̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ̄

ζ − ᾱχc

s
nðþÞ
Φχc

ðx;l;−Δ⊥; zχcÞ

×
ðKð1Þx − iKð1ÞyÞðPð1Þx þ iPð1ÞyÞð8ζ3 þ 4ζ2ð3αχc − 4Þ − 6ζðαχc − 2Þᾱχc þ ðαχc − 4Þᾱ2χcÞ

ðP2
ð1Þ þm2Þðζ̄ζ2K2

ð1Þ þ ðζ − ᾱχcÞᾱχcP2
ð1Þ þ αχc ᾱχcζm

2Þ ; ð95Þ

Aðþ;−;−1Þ
1;χc2

¼ 16iπκ̄Mχc2

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2 ζ

2ζ̄
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ̄ðζ − ᾱχcÞ

q
nðþÞ
Φχc

ðx;l;−Δ⊥; zχcÞ

×
ðKð1Þx þ iKð1ÞyÞðPð1Þx þ iPð1ÞyÞðαχc − 2ζ̄Þ

ðP2
ð1Þ þm2Þðζ̄ζ2K2

ð1Þ þ ðζ − ᾱχcÞᾱχcP2
ð1Þ þ αχc ᾱχcζm

2Þ ; ð96Þ
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Aðþ;þ;−2Þ
1;χc2

¼ −8iαχc ᾱχcπκ̄
Z

1

ᾱχc

dζ
Z

d2l
ð2πÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ̄

ζ − ᾱχc

s

×

(
nð2;þ2Þ
Φχc

ðx;l;−Δ⊥; zχcÞ½ðζ − ᾱχcÞðP2
ð1Þ þm2Þ þm2ᾱχc �ðζ − ᾱχcÞ

ðP2
ð1Þ þm2Þðζ̄ζ2K2

ð1Þ þ ðζ − ᾱχcÞᾱχcP2
ð1Þ þ αχc ᾱχcζm

2Þ

þ
im2ζαχc ᾱχcðPð1Þx þ iPð1ÞyÞnðþÞ

Φχc
ðx;l;−Δ⊥; zχcÞ

ðP2
ð1Þ þm2Þðζ̄ζ2K2

ð1Þ þ ðζ − ᾱχcÞᾱχcP2
ð1Þ þ αχc ᾱχcζm

2Þ

)
; ð97Þ

Aðþ;−;−2Þ
1;χc2

¼ 0: ð98Þ

2. Evaluation of the amplitude Aðλ;σ;HÞ
2

The amplitudeAðλ;σ;HÞ
2 corresponds to the contribution of the diagrams in the right column of Fig. 2 and can be evaluated

using the procedure outlined in the previous Sec. II D 1. We may represent the amplitude as a convolution of the dipole
amplitude and the impact factors R2;i,

A2;i ¼
Z

d2x0d2x1N ðY; x0; x1ÞR2;iðY; x0; x1; q; pχc ; kγÞ; i ¼ 1; 2: ð99Þ

The corresponding expressions for R2;i in (99) differ from the impact factors R1;i only by permutation of the χc and the
incoming photon, namely

R2;1ðY; x0; x1; q; pχc ; kγÞ ¼ 4παeme2cNc

×
Z

d4k0
ð2πÞ4

d4k1
ð2πÞ4

d4k00

ð2πÞ4
d4k10

ð2πÞ4 ð2πÞ
4δðk0 þ k1 − qÞð2πÞ4δðk00 þ k10 − pχc − kγÞ

× ð2πÞδðkþ0 − k00þÞð2πÞδðkþ1 − k10þÞeiðk0⊥−k0⊥ 0Þ·x0eiðk1⊥−k1⊥ 0Þ·x1ϕχcJðz; kðrelÞ⊥ Þ
× hTr½Γχcðk10; k00 − kγÞSðk00 − kγÞε̂�γðkγÞSðk00ÞγþSðk0Þε̂γðqÞSð−k1ÞγþSð−k10Þ�i; ð100Þ

R2;2ðY; x0; x1; q; pχc ; kγÞ ¼ 4παeme2cNc

×
Z

d4k0
ð2πÞ4

d4k1
ð2πÞ4

d4k00

ð2πÞ4
d4k10

ð2πÞ4 ð2πÞ
4δðk0 þ k1 − qÞð2πÞ4δðk00 þ k10 − pχc − kγÞ

× ð2πÞδðkþ0 − k00þÞð2πÞδðkþ1 − k10þÞeiðk0⊥−k0⊥ 0Þ·x0eiðk1⊥−k1⊥ 0Þ·x1ϕχcJðz; kðrelÞ⊥ Þ
× hTr½Γχcðk10 þ kγ; k00ÞSðk00ÞγþSðk0Þε̂γðqÞSð−k1ÞγþSð−k10Þε̂�γðkγÞSð−k10 − kγÞ�i: ð101Þ

Repeating the procedure outlined in the previous Sec. II D 1, we may rewrite the impact factors R2;i in terms of the photon
wave function ψγ→Q̄Q and the amplitude (“wave function”) Ψ†

Q̄Q→γχc
of the Q̄Q → χcγ subprocess, contracted over

helicities h; h̄ of the quarks and convoluted over the light-cone component kþQ of the quark momentum. The final result for

the amplitude Aðλ;σÞ
2 may be rewritten as

Aðλ;σÞ
2 ¼

Z
αχc

0

dz0
Y3
k¼1

ðd2rkÞΨðσ;h;h̄Þ†
Q̄Q→γχc

ðz0; z1 ¼ αχc − z0; z2 ≡ ᾱχc ; r0; r1; r2Þψ ðλ;h;h̄Þ
γ→Q̄Q

�
z0

z0 þ z1
; r10

�

×N ðx; r10; b10Þ exp
�
−ipχc⊥ ·

�
b10 −

ᾱχc
αχc

rγ

�
− ikγ⊥ · ðrγ þ b10Þ



; ð102Þ
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where we use the same notations as in the previous section [see the text under Eq. (71)]. The photon wave function ψ ðλ;h;h̄Þ
γ→Q̄Q in

the leading order in αs is given by [95,96]

ψ ðλ;h;h̄Þ
γ→Q̄Qðζ; rÞ ¼ −ieec

Z
d2kQ⊥
ð2πÞ2

ūhðkþQ; kQ⊥Þε̂λðqÞvh̄ðqþ − kþQ;−kQ⊥Þ
q− −

qþðk2Q⊥þm2Þ
2kþQðqþ−kþQÞ

eikQ⊥·r10








q−¼0; kþQ¼ζqþ

¼
ffiffiffi
2

p

2π
eef½−iλe−iλϕrðζδh;λδh̄;−λ − ð1 − ζÞδh;−λδh̄;λÞmK1ðmrÞ þmδh;λδh̄;λK0ðmrÞ�; ð103Þ

The evaluation of the amplitude Ψðσ;h;h̄Þ
Q̄Q→γχc

in the leading

order in the coupling αs resembles a similar evaluation of

the wave function Ψðλ;σ;h;h̄Þ
γ→γQ̄Q discussed earlier and requires

evaluation of the diagrams shown in the right column of
Fig. 5 using the light-cone rules from [78]. The evaluation
is straightforward; however, the final expression is very
lengthy, introduces a number of new special functions
defined via two-dimensional integrals, and for this reason
evaluation of (102) in configuration space is not feasible.
As we mentioned earlier, the Fourier transformation of the
dipole amplitudeN ðx; r; bÞ presents certain challenges due
to saturation at large r and noncommutativity of limits
r → ∞ and b → ∞. However, the product of the dipole

amplitude and wave function N ðx; r; bÞψ ðλ;h;h̄Þ
γ→Q̄Qðζ; rÞ has a

well-defined Fourier image: the functions K0, K1 suppress
the product at large r, whereas a color transparency
(suppression of N at small r) guarantees that the
Fourier integrals remain convergent at small r. Similar to
(74)–(77), we may introduce new functions

n0ðx;l;sÞ¼
Z

d2bd2re−il·re−is·bN ðx;r;bÞK0ðmrÞ; ð104Þ

nð�Þ
1 ðx;l;sÞ¼

Z
d2bd2re−il·re−is·bN ðx;r;bÞK1ðmrÞe�iϕr ;

ð105Þ

where the angle ϕr ¼ argðrx þ iryÞ characterizes the azi-
muthal orientation of the vector r, and express the product

N ðx; r; bÞψ ðλ;h;h̄Þ
γ→Q̄Qðζ; rÞ in terms of the (inverse) Fourier

transforms of these functions. We found that the functions

n0; n
ð�Þ
1 have a mild dependence on all their arguments and

are strongly suppressed at large l; s. For this reason, it is
possible to significantly speed up the evaluations using
caching (interpolation of preevaluated function values) on a
modestly sized grid.
In order to reduce the charge conjugate contributions in

the amplitudeAðλ;σ;HÞ
2 to the common denominator, we will

replace the dummy integration variable z0 with a new
variable ζ defined as a fraction of the incoming photon’s
momentum carried by the active fermion before emission of
the secondary photon, namely

ζ ¼ kþ0
kþ0 þ kþ1

¼ z0
z0 þ z1

; ð106Þ

FIG. 5. The leading order diagrams which contribute to the amplitude of the subprocess QQ̄ → γχc. The vertical dashed lines denote
the energy denominators of the light-cone perturbation theory [75,78].
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for the contribution with photon emission from the quark, and with

ζ ¼ kþ1
kþ0 þ kþ1

¼ 1 −
z0

z0 þ z1
; ð107Þ

for the other contribution. In both cases, the variable ζ cannot be less than kþγ =qþ ¼ ᾱχc . The evaluation of the amplitudes is
straightforward and largely repeats the evaluation of (78)–(98). Due to space limitation, we will provide only the final
results. For the χc0 mesons, the corresponding helicity amplitudes are given by

Aðþ;þÞ
2;χc0

¼ −2mαχc ᾱχc κ̄

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

ffiffiffiffiffiffiffi
ζζ̄3

p
ðζ − ᾱχcÞ2

Φ̃χcðzχc ;Pð2ÞÞ

×

(
ζn0ðx;l;−Δ⊥ÞðP2

ð2Þ þm2ðzc − 1
2
Þ2Þ

ðζ̄ðζ − ᾱχcÞ2K2
ð2Þ − ζαχc ᾱχcP

2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ

þmᾱχcðmn0ðx;l;−Δ⊥Þðzc − 1
2
Þ þ iζðPð2Þx þ iPð2ÞyÞnð−Þ1 ðx;l;−Δ⊥ÞÞ

ðζ̄ðζ − ᾱχcÞ2K2
ð2Þ − ζαχc ᾱχcP

2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ

)
; ð108Þ

Aðþ;−Þ
2;χc0

¼ 2iκ̄m2αχc ᾱ
2
χc

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

ffiffiffiffiffiffiffi
ζζ̄5

q

×
ðPð2Þx − iPð2ÞyÞnð−Þ1 ðx;l;−Δ⊥ÞΦ̃χcðzχc ;Pð2ÞÞ

ðζ̄ðζ − ᾱχcÞ2K2
ð2Þ − ζαχc ᾱχcP

2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ ; ð109Þ

where we introduced the shorthand notations

Kð2Þ ¼ −
lᾱχc
ζ

þ ðζ − ᾱχcÞ
α2χcζ

ðαχckγ⊥ − ᾱχcp
χc⊥ Þ ¼ −

Pð2Þᾱχc
ζ

þ ðαχckγ⊥ − ᾱχcp
χc⊥ Þ

αχc
; ð110Þ

Pð2Þ ¼ lþ ζ̄

α2χc
ðαχckγ⊥ − ᾱχcp

χc⊥ Þ; zχc ¼
ζ − ᾱχc
αχc

: ð111Þ

For the χc1 meson, the corresponding amplitudes are given by

Aðþ;þ;þ1Þ
2;χc1

¼ 2mκ̄

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

Φ̃χcðzχc ;Pð2ÞÞ
ffiffiffiffiffiffiffiffiffi
2ζζ̄3

p
ðKx þ iKyÞ

ðζ̄ðζ − ᾱχcÞ2K2
ð2Þ − ζαχc ᾱχcP

2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ
× ½ðð2ζ − 1ÞðPð2Þx þ iPð2ÞyÞðζ − ᾱχcÞnð−Þ1 ðx;l;−Δ⊥Þ − iζmn0ðx;l;−Δ⊥Þð2ζ þ αχc − 2ÞÞ�; ð112Þ

Aðþ;−;þ1Þ
2;χc1

¼ −2imκ̄

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

ffiffiffiffiffiffiffiffiffi
2ζζ̄3

p
ðKð2Þx − iKð2ÞyÞð2ζ þ αχc − 2ÞΦ̃χcðzχc ;Pð2ÞÞ

ðζ̄ðζ − ᾱχcÞ2K2
ð2Þ − ζαχc ᾱχcP

2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ
× ½mn0ðx;l;−Δ⊥Þðζ − ᾱχcÞ þ iζαχcðPð2Þx þ iPð2ÞyÞnð−Þ1 ðx;l;−Δ⊥Þ�; ð113Þ

Aðþ;þ;0Þ
2;χc1

¼ iαχc ᾱχc κ̄
Z

1

ᾱχc

dζ
Z

d2l
ð2πÞ2

Φ̃χcðzχc ;Pð2ÞÞ
ffiffiffiffiffi
ζζ̄

p
ðζ̄ðζ − ᾱχcÞ2K2

ð2Þ − ζαχc ᾱχcP
2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ

×

�
mn0ðx;l;−Δ⊥Þ

�
ᾱχcα

2
χc ζ̄ðm2ðzc − 1=2Þ2 − P2

ð2ÞÞ − αχcζ

�
P2
ð2Þ þm2

�
zc −

1

2

�
2
�


þ inð−Þ1 ðx;l;−Δ⊥ÞðPð2Þx þ iPð2ÞyÞ
�
2m2ᾱχcα

2
χcζζ̄ − αχcζ

2

�
P2
ð2Þ þm2

�
zc −

1

2

�
2
���

; ð114Þ
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Aðþ;−;0Þ
2;χc1

¼ κ̄αχc ᾱχc

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

Φ̃χcðzχc ;Pð2ÞÞ
ffiffiffiffiffiffiffi
ζζ̄3

p
ðPð2Þx − iPð2ÞyÞ

ðζ̄ðζ − ᾱχcÞ2K2
ð2Þ − ζαχc ᾱχcP

2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ

× nð−Þ1 ðx;l;−Δ⊥Þ
�
ζαχc

�
P2
ð2Þ þm2

�
zc −

1

2

�
2
�
− 2ζ̄m2ᾱχc

�
; ð115Þ

Aðþ;þ;−1Þ
2;χc1

¼ −2κ̄mᾱχc

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2 Φ̃χcðzχc ;Pð2ÞÞ

×
½
ffiffiffiffiffiffiffiffiffi
2ζζ̄5

p
ðζ − ᾱχcÞðKð2Þx þ iKð2ÞyÞðPð2Þx − iPð2ÞyÞð2ζ − ᾱχcÞnð−Þ1 ðx;l;−Δ⊥Þ�
ðζ̄ðζ − ᾱχcÞ2K2

ð2Þ − ζαχc ᾱχcP
2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ ; ð116Þ

Aðþ;−;−1Þ
2χc1

¼ 0: ð117Þ

Finally, for the χc2 meson we obtained

Aðþ;þ;þ2Þ
2;χc2

¼ 4m2ᾱ2χc κ̄

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

Φ̃χcðzχc ;Pð2ÞÞ
ffiffiffiffiffiffiffi
ζζ̄5

p
ðPð2Þx þ iPð2ÞyÞ2n0ðx;l;−Δ⊥Þ

ðζ̄ðζ − ᾱχcÞ2K2
ð2Þ − ζαχc ᾱχcP

2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ ; ð118Þ

Aðþ;−;þ2Þ
2;χc2

¼ 4iκ̄m
Z

1

ᾱχc

dζ
Z

d2l
ð2πÞ2

αχc ᾱχcΦ̃χcðzχc ;Pð2ÞÞ
ffiffiffiffiffiffiffi
ζζ̄5

p
ðPð2Þx þ iPð2ÞyÞnð−Þ1 ðx;l;−Δ⊥Þ

ðζ̄ðζ − ᾱχcÞ2K2
ð2Þ − ζαχc ᾱχcP

2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ

×

�
ζ

�
P2
ð2Þ þm2

�
zc −

1

2

�
2
�
−m2ᾱχc

�
; ð119Þ

Aðþ;þ;þ1Þ
2;χc2

¼ −
κ̄

2αχc

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

Φ̃χcðzχc ;Pð2ÞÞ
ffiffiffiffiffi
ζζ̄

p
ðKð2Þx þ iKð2ÞyÞ

ðζ̄ðζ − ᾱχcÞ2K2
ð2Þ − ζαχc ᾱχcP

2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ
× ðm2ð−4ζ̄2 þ α2χc þ 4ζ̄αχcÞ þ α2χcP

2
ð2ÞÞfζmαχcn0ðx;l;−Δ⊥Þð2ζ þ αχc − 2Þ

þ iðζ − ᾱχcÞð8ζ3 þ 4ζ2ðαχc − 4Þ − 6ζðαχc − 2Þ þ 3αχc − 4ÞðPð2Þx þ iPð2ÞyÞnð−Þ1 ðx;l;−Δ⊥Þg; ð120Þ

Aðþ;−;þ1Þ
2;χc2

¼ −
κ̄

2αχc

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

Φ̃χcðzχc ;Pð2ÞÞ
ffiffiffiffiffi
ζζ̄

p
ðKð2Þx þ iKð2ÞyÞð2ζ þ αχc − 2Þ

ðζ̄ðζ − ᾱχcÞ2K2
ð2Þ − ζαχc ᾱχcP

2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ
× ðm2ð−4ζ̄2 þ α2χc þ 4ζ̄αχcÞ þ α2χcP

2
ð2ÞÞ

× ðmαχcn0ðx;l;−Δ⊥Þðζ − ᾱχcÞ þ iζð2ζ þ αχc − 2Þ2ðPð2Þx þ iPð2ÞyÞnð−Þ1 ðx;l;−Δ⊥ÞÞ; ð121Þ

Aðþ;þ;0Þ
2;χc2

¼ κ̄ᾱχc
2
ffiffiffi
6

p
αχc

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

Φ̃χcðzχc ;Pð2ÞÞ
ffiffiffiffiffiffiffiffi
ζ=ζ̄

p
ðζ̄ðζ − ᾱχcÞ2K2

ð2Þ − ζαχc ᾱχcP
2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ

×

�
n0ðx;l;−Δ⊥Þð1 − 2zcÞ

× ðm4ð−4ζ̄2 þ α2χc þ 4ζ̄αχcÞð−4ζ̄2 þ α2χc þ 4ζ̄ð1 − 2ζÞαχcÞ þ 2m2α4χcP
2
ð2Þ þ α4χcðP2

ð2ÞÞ2Þ

þ inð−Þ1 ðx;l;−Δ⊥Þα2χcððPð2Þx þ iPð2ÞyÞ=mÞ
�
8ζζ̄2m4ᾱχcðζ − ᾱχcÞ

þ ζ2αχcðm2ð−4ζ̄2 þ α2χc þ 2ζ̄αχcÞ þ αχcðαχc − 2ζ̄ÞP2
ð2ÞÞ
�
m2

�
zc −

1

2

�
2

þ P2
ð2Þ

�
�
; ð122Þ
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Aðþ;−;0Þ
2;χc2

¼ κ̄αχc ᾱχc
2
ffiffiffi
6

p
m

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

iΦ̃χcðzχc ;Pð2ÞÞðPð2Þx − iPð2ÞyÞnð−Þ1 ðx;l;−Δ⊥Þ
ffiffiffiffiffi
ζζ̄

p
ðζ − ᾱχcÞ

×

(
ζαχcðm2ð−4ζ̄2 þ α2χc þ 2ζ̄αχcÞ þ αχcðαχc − 2ζ̄ÞP2

ð2ÞÞðP2
ð2Þ þm2ðzc − 1

2
Þ2Þ

ðζ̄ðζ − ᾱχcÞ2K2
ð2Þ − ζαχc ᾱχcP

2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ

−
8ζ̄2m4ᾱχcðζ − ᾱχcÞ

ðζ̄ðζ − ᾱχcÞ2K2
ð2Þ − ζαχc ᾱχcP

2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ

)
; ð123Þ

Aðþ;þ;−1Þ
2;χc2

¼ κ̄

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2

Φ̃χcðzχc ;Pð2ÞÞ
ffiffiffiffiffi
ζ̄ζ

p
ðm2ð−4ζ̄2 þ α2χc þ 4ζ̄αχcÞ þ α2χcP

2
ð2ÞÞ

4αχcðζ̄ðζ − ᾱχcÞ2K2
ð2Þ − ζαχc ᾱχcP

2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ
× fmn0ðx;l;−Δ⊥Þ½ᾱ2χcðPð2Þx − iPð2ÞyÞðαχc − 4ζ̄Þ − αχcðKð2Þx þ iKð2ÞyÞðζ − ᾱχcÞðαχc − 2ζ̄Þ�
− inð−Þ1 ðx;l;−Δ⊥Þ½2m2ᾱ2χcαχc

− ð2ζ − 1ÞðKð2Þx þ iKð2ÞyÞðPð2Þx − iPð2ÞyÞð4ζ̄2ð2ζ − 1Þ þ α3χc − 6ζ̄α2χc − 3ζ̄2ð4ζ − 3ÞαχcÞ�g; ð124Þ

Aðþ;−;−1Þ
2;χc2

¼ 2iκ̄
Z

1

ᾱχc

dζ
Z

d2l
ð2πÞ2

Φ̃χcðzχc ;Pð2ÞÞnð−Þ1 ðx;l;−Δ⊥Þðζζ̄Þ3=2
ðζ̄ðζ − ᾱχcÞ2K2

ð2Þ − ζαχc ᾱχcP
2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ

× ðKð2Þx − iKð2ÞyÞðPð2Þx − iPð2ÞyÞðζ − ᾱχcÞðzc − 1=2Þ
�
m2ð−4ζ̄2 þ α2χc þ 4ζ̄αχcÞ þ α2χcP

2
ð2Þ
�
; ð125Þ

Aðþ;þ;−2Þ
2;χc2

¼ −4mᾱχc κ̄

Z
1

ᾱχc

dζ
Z

d2l
ð2πÞ2 Φ̃χcðzχc ;Pð2ÞÞ

ffiffiffiffiffiffiffi
ζζ̄3

q
ðPð2Þx − iPð2ÞyÞ

×

(
mᾱχcððPð2Þx − iPð2ÞyÞn0ðx;l;−Δ⊥Þðζ − ᾱχcÞ − iζmαχcn

ð−Þ
1 ðx;l;−Δ⊥ÞÞ

ðζ̄ðζ − ᾱχcÞ2K2
ð2Þ − ζαχc ᾱχcP

2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ

þ
iαχcζ

2nð−Þ1 ðx;l;−Δ⊥ÞðP2
ð2Þ þm2ðzc − 1

2
Þ2Þ

ðζ̄ðζ − ᾱχcÞ2K2
ð2Þ − ζαχc ᾱχcP

2
ð2Þ −

ᾱχc
αχc

ðζ − ᾱχcÞðαχc − 4ζζ̄Þm2Þ

)
; ð126Þ

Aðþ;−;−2Þ
2; χc2

¼ 0: ð127Þ

At the extremes of the integration domain ζ ¼ 1 and ζ ¼ ᾱχc , the integrand is strongly suppressed by the wave function
Φ̃χcðzχc ;PÞ, and in the heavy quark mass limit the dominant contribution comes from the central region ζ ∼ 1 − αχc=2
(zχc ¼ 1=2). If we construct a Taylor expansion near the point zχc ¼ 1=2;P ¼ 0, the first nonvanishing term in the latter can
be reduced to NRQCD LDMEs of χc mesons using the relations (46) and (47) from Sec. II B. The explicit expressions for
the coefficients in front of LDMEs are extremely lengthy (require taking derivatives of the derivatives of the integrands) and
will not be provided explicitly due to space limitations. The evaluation of the cross section was performed without making
such expansion, taking explicitly the integrals over d2ldζ in momentum space.

III. NUMERICAL ESTIMATES

A. Differential cross sections

While the results found in the previous section are valid for any parametrization of the dipole amplitude, below we
provide a tentative numerical estimate of the cross section using a particular parametrization of the dipole amplitude (we
neither endorse nor refute this or any other parametrization of the dipole amplitude). For the sake of definiteness, we will
use in what follows the CGC parametrization of the forward dipole scattering amplitude, whose parameters were fixed from
fits of HERA data [16],
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Nðx;r;bÞ¼
8<
:
N0

�
rQsðxÞ

2

�
2γeffðrÞ; r≤ 2

QsðxÞ

1− expð−A ln2ðBrQsÞÞ; r > 2
QsðxÞ

; ð128Þ

A¼−
N2

0γ
2
s

ð1−N0Þ2 lnð1−N0Þ
; B¼ 1

2
ð1−N0Þ−

1−N0
N0γs ; ð129Þ

Qsðx; bÞ ¼
�
x0
x

�
λ=2

TGðbÞ; γeffðrÞ ¼ γs þ
1

κλ lnð1=xÞ ln
�

2

rQsðxÞ
�
; TGðbÞ ¼ exp

�
−

b2

4γsBCGC

�
; ð130Þ

γs ¼ 0.6492; λ ¼ 0.2023; x0 ¼ 6.9 × 10−4; BCGC ¼ 5.5 GeV−2 ≈ ð0.463 fmÞ2: ð131Þ

In the heavy quark mass limit, the binding energy of the
quarkonium formally is a small parameter, ∼Oðv2Þ∼
Oðα2sðmcÞÞ. In order to have consistency with this expect-
ation, we will assume that the charm mass mc ≈
Mχc=2 ≈ 1.8 GeV. We also will implement the corrections
due to the real part of the amplitude (53), as discussed in
Sec. II C.
We would like to start a discussion from the threefold

differential unpolarized cross section (21). In Fig. 6 we
have shown this observable as a function of the invariant
momentum transfer t to the target. Since the parameter x ∼
M2

γχc=W
2 is very small in the chosen kinematics, the

variable t may be approximated as t ≈ −Δ2⊥. The pro-
nounced dependence on this variable largely stems from the
explicit Δ⊥ dependence which appears in the arguments of

the functions n; nΦ- (74)–(77), (104), (105) in the momen-
tum space amplitudes (78)–(98) and (108)–(127). The
dependence on Δ⊥, which appears in the prefactors in
front of these functions, leads only to minor Oðt=M2

χcÞ
corrections. Indeed, we may observe that in all these
prefactors the external vectors p⊥;Δ⊥ always contribute
only on the linear combination

L ¼ ðαχckγ⊥ − ᾱχcp
χc⊥ Þ ¼ p⊥ þ Δ⊥

�
1

2
− αχc

�
: ð132Þ

After integration over the dummy momentum l, the
absolute value of the amplitude may depend only on the
square L2. Since the vectors p⊥ and Δ⊥ are mutually
orthogonal in the high-energy kinematics [see Eq (17)], and

FIG. 6. The dependence of the photoproduction cross section (21) on the invariant momentum transfer to the target t. The left, central,
and right columns correspond to the χc0, χc1, and χc2 mesons, respectively. The t dependence atMγχc ¼ 3.8 GeV reflects the kinematic
constraint jtj ≤ M2

γχc −M2
χc − jt0j.
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p⊥ is parametrically large, p2⊥ ∼M2
χc , we may obtain

L2 ≈ ᾱχc ½αχcM2
γχc −M2

χc � − t

�
1

2
− αχc

�
2

≈ ᾱχc ½αχcM2
γχc −M2

χc �ð1þOðt=M2
χcÞÞ

≈ jt0jð1þOðt=M2
χcÞÞ: ð133Þ

Besides, the factor ð1
2
− αχcÞ2 in front of t in (133) provides

additional numerical suppression that justifies omission of
this t dependence. For comparison, the t dependence that
originates from the functions n; nΦ is related to the
implemented impact parameter dependence of the dipole
amplitude and is controlled by the (inverse) proton size. In
all the phenomenological parametrizations fitted to exclu-
sive processes, this dependence is rapidly decreasing, in
agreement with theoretical expectations [78]. Technically,
this implies that the χcγ pairs predominantly have oppo-
sitely directed transverse momenta pχc⊥ ; k

γ
⊥. For this reason,

in what follows we will focus on the kinematics jtj ¼ jtminj,
or the t-integrated observables that get the largest contri-
bution from small-t kinematics.
The dependence on t0 shown in Fig. 7 is very mild in the

kinematics of small jt0j because in the impact factors this
variable contributes in linear combination with parametri-
cally large scales ∼M2

γχc ;M
2
χc , and, unless we consider the

near-threshold kinematics M2
γχc ∼M2

χc , may be disregarded
altogether. This variable also may be related to the trans-
verse momenta �p⊥ of the final state χc and γ, and thus is
correlated with the angle between these particles. As wewill
explain below, the latter observation allows one to under-
stand the completely different t0 dependence of various
helicity components.
In Fig. 8 we provide predictions for the dependence on the

invariant mass Mγχc . The latter variable plays the role of the
hard scale that controls the scale of all the transverse
momenta, and shows up explicitly in the impact factors
provided in the previous section. This variable also

FIG. 7. The dependence of the photoproduction cross section (21) on the invariant momentum transfer to the photon [variable
t0 ¼ ðq − kÞ2 defined in (15)]. The left, central, and right columns correspond to the χc0, χc1, and χc2 mesons, respectively.

FIG. 8. The dependence of the photoproduction cross section (21) on the invariant massMγχc of the quakonium-photon pair. The left,
central, and right columns correspond to the χc0, χc1, and χc2 mesons, respectively.
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determines the effective value of the parameter
x ∼M2

γχc=W
2 in the dipole amplitude (128). Due to sup-

pression of the latter at large x, the cross sections of all
quarkonia are strongly suppressed at large Mγχc . We also
may observe that unless we consider a near-threshold
kinematics Mγχc ∼Mχc , the dependence on all variables
largely factorizes.
The comparison of the predictions of the CGC and the

collinear factorization frameworks at these energies should
be done with due care because the predictions of the latter
suffer from sizable uncertainties that may reach up to an
order of magnitude (see, e.g., Fig. 7 in [72] for χcγ).

4

Nevertheless, it is possible to see that the cross sections
shown in Figs. 6–8 are significantly larger than the collinear
factorization results presented in [72]. It is known from the
literature that the CGC and the collinear factorization are
expected to agree only at large transverse momenta of
quarks k⊥ ≫ Qs, whereas for small transverse momenta
may differ by a factor of four for the inclusive heavy quark
pair production (see, e.g., [97,98] for more details). In the
kinematics that gives the largest contribution to χcγ pro-
duction, the quarks have small transverse momenta con-
trolled by the parameters p⊥;Δ⊥ of orderQs (see Sec. II A).
Furthermore, since an exclusive cross section is proportional
to the square of the amplitude, the discrepancy between the
CGC and the collinear factorization frameworks increases
by up to an order of magnitude. For this reason, the
observed discrepancy is consistent with the findings of
[97,98] and can be interpreted as a manifestation of collinear
and kT factorization breaking.
The dependence on the invariant energy shown in Fig. 9

can be described by the power law, dσðWÞ ∼W2α, where
the constant α has a very mild dependence on other
variables. This behavior follows from a mild x dependence
of the forward dipole amplitude (128) and reflects the
increase of the gluonic density at higher energies.

Numerically, the values of the parameter α are consi-
stent with the energy dependence implemented in the
small-r asymptotic limit of (128), namely α ≈ 2λhγeffi ≈
ð0.32; 0.37Þ. The early onset of the saturation effects
would reveal itself as a deviation from the power law
behavior.
Finally, in Fig. 10 we have shown the relative contri-

butions of different quarkonia helicities Hχc to the unpo-
larized cross section. In the kinematics of relatively small t0,
the quarkonia and photons have small transverse momenta
and thus are produced at relatively small angles with
respect to the direction of the incoming photon. The
helicities of all particles in this kinematics nearly coincide
with the projection of the angular momentum onto the
collision axis, and for this reason are subject to the helicity
conservation rule,

Hγ;in ≈Hγ;out þHχc ; small t0 ≈ 0: ð134Þ

This selection rule allows one to understand the dominance
of the Hχc ¼ 0 helicity component for χc0; χc1: since the
helicities of the on-shell photons only take values �1, and
jHχc j ≠ 2 for these mesons, only the helicity state Hχc ¼ 0

allows one to satisfy (134), provided that the photon helicity
is not flipped during the process, Hγ;in ¼ Hγ;out. We
checked numerically that the contribution of the component
with helicity flip of the photon, Hγ;in ¼ −Hγ;out, is indeed
strongly suppressed. At larger values of the variables
jt0j;Mχc , the angles between final-state particles and the
collision axis also increases rapidly, so the helicities are no
longer related to projections of the angular momentum onto
the same axis, and thus the selection rule (134) becomes
void. In order to understand the relative size of the
contributions with helicity flip of the photon, in Fig. 11
we have shown the angular harmonics c2 defined in (26).
We can see that for the harmonics Hχc ¼ 0 and Hχc ¼ 1,
which give the dominant contributions in the cross section,
the asymmetry c2 remains moderate. It increases as a
function of jt0j, in agreement with the above-mentioned
picture based on the increase of the angles; however, it does
not exceed ∼30% in the kinematics of interest. Since the

FIG. 9. The energy dependence of the γp → χcγp cross section for different spins and invariant energies. The nearly linear
dependence in double logarithmic coordinates suggests that the dependence may be described by power law ∼Wδ, where δ has a very
mild dependence on other kinematic variables, with typical values δ ∼ 0.67–0.73.

4In the CGC framework the uncertainties are also present and
may be enhanced due to large cancellations in the integrals over
the variables ζ;l⊥ in the explicit expressions (78)–(98) and
(108)–(127). However, these uncertainties are significantly
smaller than in the collinear factorization picture.
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complex phases of the amplitudes Aðþ;þÞ
γp→χcγp and Aðþ;−Þ

γp→χcγp

are nearly identical, the harmonics s2 is vanishingly small.
An experimental confirmation of these theoretical expect-
ations would constitute a strong evidence in favor of the
expected dominance of the contribution without photon
helicity flip.

B. Integrated cross sections and counting rates

While the threefold differential cross sections are well
suited for the phenomenological studies, experimentally it
may be easier to study the partially integrated (single-
differential) cross sections. In Fig. 12 we have shown the
cross sections dσ=dMγχc and dσ=dt0 for different charmo-
nia, as well as the ratio of the cross sections of χc1 and χc2

mesons. As we discussed in the previous section, for the
threefold cross section the dependence on W; t;Mγχc
largely factorizes; for this reason the dependence of the
integrated cross sections on these variables is similar to that
of the unintegrated cross section. In the lower row of the
same figure we have shown the ratio of the cross sections
dσγχc1=dσγχc2 which can be measured with very good
precision because both χc1 and χc2 have large branching
fractions of radiative decays χc → J=ψγ. Since the exclu-
sive χcγ photoproduction does not get contributions from
the color octet LDMEs, it can be used for tests of HQSS
and resolve ambiguities observed in χc hadroproduction.
The ratio does not coincide with the naively expected 3=5
due to strong polarization dependence of the cross section.
As could be seen from Fig. 10 in the previous subsection, at

FIG. 10. The relative contributions of different helicity components of χc in the total cross section, as a function of kinematic variables
t; t0;Mγχc

. The upper and lower rows correspond to χc1 and χc2, respectively. For the sake of legibility, in the lower row (for χc2) we did
not show the negligibly small contributions of the negative helicity Hχc.

FIG. 11. The angular harmonics c2 of electroproduction cross section (26), for different helicity components of χc1 and χc2 mesons,
respectively. For the sake of legibility, in the right plot (for χc2) we did not show the asymmetries of the contributions with negative
helicity Hχc, since the latter are negligibly small.
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small Mγχc ∼Mχc (near-threshold kinematics), the cross
sections of both χc1 and χc2 get the dominant contribution
from the helicity component Hχc ¼ 0, and in view of the
HQSS symmetry, the ratio of cross sections dσγχc1=dσγχc2
approaches unity. This ratio decreases as a function ofMγχc
due to increased relative contribution of the helicity
component Hχc ¼ 2 in the cross section σχc2 (in the
denominator). The helicity component Hχc ¼ 0 also gives
a large contribution in the cross sections integrated over
Mγχc , namely the cross sections dσ=dt0 and dσ=dt: since
dσ=dMγχc decreases rapidly as a function of Mγχc , the
dominant contribution comes from the region
Mγχc ≲ 4.5 GeV. The dependence of the ratio on the
variables t, t0 is much milder.
The total (integrated) cross sections of the photopro-

duction process γp → χcJγp is given by

σχc0tot ðW ≈ 100 GeV;Mγχc ≥ 3.7 GeVÞ ≈ 19 pb; ð135Þ

σχc1tot ðW ≈ 100 GeV;Mγχc ≥ 3.7 GeVÞ ≈ 18 pb; ð136Þ

σχc2tot ðW ≈ 100 GeV;Mγχc ≥ 3.7 GeVÞ ≈ 78 pb; ð137Þ

and scales with energy approximately as ∼W0.7. In our
estimates we introduced a cutoff on minimal invariant mass
Mγχc in order to avoid (a huge) background from the

radiative decays of ψð2SÞ → χcγ.
5 In the Tables II and III

we provide tentative estimates for the total cross sections of
the electroproduction ep → eγχcp and the ultraperipheral
production pp → ppγχc in LHC kinematics. Since the
spectrum of virtual photons is dominated by quasireal
photons, for the sake of simplicity we disregarded the
contributions of photons with large virtuality Q2 ≳ 1GeV2,
and assumed that the photoproduction cross section does
not depend on Q2 at Q2 ≲ 1GeV2 in view of the smallness
of OðQ2=M2

χcÞ corrections in the heavy quark mass limit.
We found that varying the upper cutoffQ2

max between 1 and
2GeV2 changes the cross section within 10%.

C. Comparison with odderon-mediated χ c
photoproduction

The odderons, or C-odd gluon exchanges in the
t-channel, remain one of the least understood components
of the nonperturbative QCD [61–66], and the contribution
of the odderons to the dipole scattering amplitude at present
is largely unknown. A recent discovery of the odderons
from comparison of pp and pp̄ elastic cross sections
measured at the LHC and Tevatron [100,101] reinvigorated

FIG. 12. Upper row: the single-differential cross sections dσ=dMγχc , dσ=dt
0 for different charmonia χcJ . Both plots correspond to the

invariant energy W ¼ 141 GeV. Lower row: ratio of the χc1γ and χc2γ photoproduction cross sections. The left and right plots
correspond to the ratio of dσ=dMγχc and dσ=dt0 cross sections, respectively.

5Combining the experimental ψð2SÞ photoproduction cross
section [99] and the branching fractions of ψð2SÞ → χcJγ [79],
we estimate that the background contribution from ψð2SÞ
radiative decay is σðradÞtot ≈ 1.1 nb.
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the interest in this topic. However, the statistical signifi-
cance of the observed signal still remains under discussion
due to sizable uncertainties and possible background
contributions. It could be extremely difficult to study in
detail the odderon amplitude from the channels where
odderons contribute as minor corrections. For this reason,
the processes which proceed via the C-odd t-channel
exchanges came into focus of odderon searches, and it is
expected that such processes will be studied experimentally
both at the HL-LHC and at the future EIC.
The exclusive photoproduction of C-even quarkonia, as

for example γp → ηcp, historically attracted a lot of
interest, since the heavy quark mass plays the role of the
hard scale and justifies at least a partial description in
perturbative QCD (see [66,67] for a short overview).
However, that process obtains a sizable contribution from
the photon-photon fusion (Primakoff mechanism), and for
this reason, recently the exclusive χc photoproduction
γp → χcp has been suggested in [68,69] as a potential
cleaner alternative. The cross section of the latter process is
comparable to that of ηc photoproduction; furthermore it
may be easier to study experimentally due to the large
branching fraction of radiative decays of χc to J=ψ . In this
context, the photoproduction of χcγ pairs deserves attention
as a potential background to odderon-mediated χc photo-
production: while the former is formally suppressed as
OðαemÞ, the latter is suppressed by the smallness of the
odderon amplitude, so numerically their cross sections are
comparable. If the final-state photon is not detected,

potentially the χcγ photoproduction can be misinterpreted
as a γp → χcp subprocess. Furthermore, if there are no
constraints (cuts) on the invariant mass of the produced
hadronic state, a sizable contribution could be obtained
from the radiative decays of heavier charmonia. In order to
estimate accurately these backgrounds, in general it is
required to know in detail the geometry and acceptance of
the detector. For simplicity, now we will consider that all
the final photons are not detected, and we will consider the
cross section dσ=dt integrated over the phase space of the
produced photon. This approach provides an upper esti-
mate for the background. For the sake of definiteness, we
will use for comparison only the result of [69] because the
predictions of [68] are provided in the kinematics of
relatively low energies, where the CGC approach might
be not very reliable.
In Fig. 13 we show the cross sections of the χc and χcγ

production via different mechanisms. The largest contribu-
tion comes from the ψð2SÞ photoproduction with sub-
sequent radiative decay ψð2SÞ → χcγ, since ψð2SÞ
photoproduction does not require exchange of quantum
numbers in the t-channel, and ψð2SÞ has remarkably large
branching ratios of radiative decays, Brðψð2SÞ → χc0γÞ ¼
9.79 � 0.2%, Brðψð2SÞ → χc1γÞ ¼ 9.75 � 0.24%,
Brðψð2SÞ → χc2γÞ ¼ 9.52� 0.2% [79]. We used for esti-
mates the cross section of ψð2SÞ photoproduction found in
the CGC framework in [102], and checked that it can
reproduce the experimentally measured total (t-integrated)
cross section [99] and the diffractive slope [103]. While the

TABLE II. The total electroproduction cross sections, production, and counting rates for different χc mesons in EIC kinematics at
electron-proton energy ffiffiffiffiffiffiffisep

p ¼ 141 GeV. The cross section roughly scales with energy as ∼W0.7. For estimates of the production and
counting rates, we used the instantaneous luminosity L ¼ 1034 cm−2 s−1 ¼ 10−5 fb−1 and the integrated luminosity

R
dtL ¼ 100 fb−1.

The column “combined branching” corresponds to the product of branching fractions of χc → J=ψγ and J=ψ → μþμ− decays.

σðepÞtot
Production rates

Decay channel Combined branching

Counting rates

N dN=dt Nd dNd=dt

χc0 0.35 pb 3.5 × 104 292=day χc → J=ψγ 0.08% 28 7=month
χc1 0.32 pb 3.2 × 104 271=day J=ψ → μþμ− 2% 628 162=month
χc2 1.3 pb 1.3 × 105 1105=day 1.1% 1450 366=month

TABLE III. The total production cross sections, production, and counting rates for different χc mesons, in ultraperipheral LHC
kinematics at proton-proton energy ffiffiffiffiffiffiffispp

p ¼ 13 GeV. For estimates of the production and counting rates, we used the instantaneous
luminosity L ¼ 1034 cm−2 s−1 ¼ 10−5 fb−1 s−1 and the integrated luminosity

R
dtL ¼ 100 fb−1. The column “combined branching”

corresponds to the product of branching fractions of χc → J=ψγ and J=ψ → μþμ− decays.

σðppÞtot
Production rates

Decay channel Combined branching

Counting rates

N dN=dt Nd dNd=dt

χc0 0.23 pb 2.3 × 104 195=day χc → J=ψγ 0.08% 18 4.7/month
χc1 0.19 pb 1.9 × 104 165=day J=ψ → μþμ− 2% 384 99=month
χc2 0.9 pb 9 × 104 572=day 1.1% 750 189=month
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radiative decays of other excited quarkonia potentially could
also contribute to the observed backgrounds, at present it is
not possible to estimate accurately their contribution due to
a sizable uncertainty in their wave functions.
The exclusive (nonresonant) production of χcγ pairs

suggested in this paper exceeds significantly the odderon-
mediated χc photoproduction at small-t (jtj ≲ 1 GeV2),
although it is less relevant in the large-t kinematics. The
cross sections of both mechanisms of χcγ production [direct
and via ψð2SÞ radiative decays] increase with energy,
whereas the contribution of odderons should decrease
due to different odderon intercepts.
For the sake of comparison we also have shown the

contribution of the photon-photon fusion (so-called
Primakoff mechanism) which exceeds the odderon con-
tribution in the small-t kinematics, as discussed in [69].
While the Primakoff mechanism is less relevant for odd-
eron searches on neutrons, namely for γn → χcn subpro-
cess, the backgrounds due to the χcγ production with
undetected photons are the same for proton and neutron
targets.
The contributions of different mechanisms discussed in

this section can be separated, imposing the kinematic cuts
on the variable ðq − ΔÞ2 ≈ t −Q2 − 2q · Δ. For exclusive
χc production via odderon-mediated and Primakoff mech-
anisms, this variable corresponds to the square of charmo-
nium mass, M2

χc . For production via radiative decays of
ψð2SÞ, this variable equals M2

ψð2SÞ. Finally, for the direct

(nonresonant) production of χcγ pairs, this variable coin-
cides with invariant mass M2

γχc of the χcγ pair. All the
phenomenological estimates for the cross sections pre-
sented in this section are also available as tabulated
plaintext data files as Supplemental Material [104].

IV. CONCLUSIONS

We analyzed the exclusive χcγ photoproduction, includ-
ing its helicity dependence, for all χcJ states in the CGC

framework. We found that the amplitude of the process may
be represented as a convolution of the process-dependent
impact factors and forward dipole scattering amplitude. In
the heavy quark mass limit, the kinematic distribution of
produced χcγ pairs may be related to the dependence of the
forward dipole scattering amplitude on dipole size, impact
parameter, and rapidity dependence of the produced quar-
konium-photon pair. The theoretical results of Sec. II can
be used for estimates of the cross section with any para-
metrization of the forward dipole scattering amplitude at
large energies W ≳ 100 GeV. These results complement
our previous study of χcγ in the collinear factorization
framework [72], which is valid at moderate energies
(W ≲ 100 GeV) but becomes less reliable at higher ener-
gies due to significant increase of uncertainties. Since the
dominant contribution to the cross section comes from the
quarks with relatively small transverse momenta, numeri-
cally the predictions of the CGC framework are signifi-
cantly larger than those of the collinear factorization
approach in this kinematics, in agreement with findings
of [97,98].
Using a phenomenological parametrization of the for-

ward color dipole amplitude available from the literature,
we also estimated numerically the cross sections in the
ultraperipheral kinematics at LHC and the future EIC. The
cross sections of all χc mesons are of the same order of
magnitude as the cross section of ηc production found
earlier in [55]. The expected production rates of χcγ pairs
constitute ∼104–105 events per each 100 fb−1 of integrated
luminosity, both at EIC and LHC. The expected detection
(counting) rates in this kinematics constitute ∼102–103
events for χc1 and χc2 mesons, if these charmonia are
detected via their χc → J=ψγ decays. These numbers
suggest that the cross section may be measured with
reasonable precision. The χc1 mesons are produced pre-
dominantly with helicity Hχc ¼ 0, whereas the polarization
of χc2 mesons depends on the kinematics. In the kinematics
where χc2 meson obtains the dominant contribution from

FIG. 13. Comparison of different mechanisms which contribute to electroproduction of mesons. The solid curve corresponds to the
contribution of ep → eγχcp process discussed in this paper, with invisible (integrated out) final-state photon. The upper dotted curve
corresponds to the contribution of χcγ pairs which stem from the radiative decays of ψð2SÞ charmonia (the χcγ pairs in this mechanism
have invariant mass Mγχc ∼Mψð2SÞ). The dashed and dot-dashed lines correspond to exclusive electroproduction ep → eχcp mediated
by odderons and the Primakoff mechanism, as provided in [69] (see Fig. 5).
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the helicity Hχc ¼ 0, the ratio of the cross sections of χc1
and χc2 mesons approaches unity due to HQSS, and the
latter observable can be used to test the validity of the
HQSS for the χc mesons.
We also found that the production of χcγ pairs with

invisible photon (either direct or produced via radiative
decay of ψð2SÞ → χcγ) gives a sizable background to
odderon-mediated exclusive photoproduction of χc mes-
ons, which was suggested recently in [68,69] as an
alternative tool for study of odderons. While the cross
sections of χcγ production decrease rapidly as a function of
the momentum transfer jtj, the radiative decay of ψð2SÞ
remains the dominant mechanism up to jtj ∼ 2GeV2. These
findings are in line with our previous analysis [55], which
concluded that odderon-mediated quarkonia production
can get sizable backgrounds from quarkonia-photon
production.
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