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The hadronic light-by-light contribution to the muon anomalous magnetic moment is calculated in the
framework of a nonlocal quark model with scalar-pseudoscalar and vector—axial-vector channels. The
effect of the dressing of internal photons by vector mesons is found to be tiny. As a result, the contribution
from the nonstrange quark loop is a """ = (93 £9.9) x 10~!!. The total value, including meson
exchanges and the contribution of strange particles, is a{lt° = (154 £ 12.4) x 1071,
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I. INTRODUCTION

The anomalous magnetic moments of the electron [1,2]
and the muon [3] are rare examples in particle physics of
quantities that can be precisely measured experimentally and
calculated theoretically. To the current level of experimental
precision, the anomalous magnetic moment (AMM) of the
electron is mostly due to quantum electrodynamics (QED)
corrections with a small strong contribution, while the
anomalous magnetic moment of the muon is more sensitive
to other interactions of the Standard Model. Theoretically,
the electron is known with a precision of 1.4 x 107!q,,
while the experimental precision is 1.1 x 10704, [4]".

In Table I, the current experimental average from
Brookhaven National Laboratory and Fermilab [3], as well
as the theoretical predictions from the white paper (WP)
2020 [7], the SnowMass 2021 update [8] and latest white
paper 2025 update [9], are presented for the different SM
contributions (electromagnetic, strong, and weak).” While
the 2020-2021 gap between experiment and theory
spanned several standard deviations—a possible signature

"It should be noted that there is a discrepancy between the
recent measurement of a from atomic recoil measurements in
caesium [5], rubidium [6], and the electron magnetic moment
anomaly [1]. The three experimental results do not agree, and for
the electron g — 2 the difference between the direct measurement
and the values calculated from the recoil measurements is
(-8.8+£3.6) x 10713(=2.46) for '33Cs and (4.8 43.0) x
10~13(+1.66) for 8’Rb [6].

2Thr1cl)ugh the paper, the LbL contribution is given in units
of 107",
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of new physics—recent advances have reshaped the pic-
ture. The experimental precision has reached unprec-
edented levels, making Fermilab’s results the dominant
contribution to the current world average for the muon
magnetic moment anomaly. The most significant theoreti-
cal advances in recent years concern strong interaction
effects, especially hadronic vacuum polarization (HVP) and
the fine-structure-constant-subleading light-by-light scat-
tering (LbL) contribution. These contributions cannot be
calculated theoretically using QCD perturbation theory.
They represent the dominant sources of uncertainty in
the theoretical prediction of the muon g —2 value. The
lattice calculation from the BMW (Budapest-Marseille-
Wauppertal) Collaboration [10] shows a subpercent level of
uncertainty for the HVP contribution, which is comparable
to the precision of estimations based on e*e™-hadronic
annihilation. The uncertainties in the recent BMW result
are reduced by 40% [11]. However, there is a significant
difference between these estimates. Partial estimates of the
HVP contribution from other lattice groups agree with the
results of calculations from collaboration BMW. The light-
quark connected contribution, estimated on the basis of
e"e” hadronic annihilation data, differs significantly from
lattice calculations [10-18]. On the other hand, the new
measurement of the e"e~™ — 77~ cross section, from the
threshold to 1.2 GeV, using the CMD-3 detector, also
differs from all previous measurements [19]. Consequently,
the discrepancy between the experimental result [3] and the
white paper 2025 update [9] has diminished, showing no
remaining tension between experiment and theory.
Earlier estimates of the light-by-light contribution
were based solely on effective models [20-25], but now
estimates using other approaches have emerged. Recent
advances include lattice QCD results from several collabo-
rations [26-30], a dispersion-theory derivation [31-41],
holographic approach in Anti-de Sitter space for calculations

Published by the American Physical Society


https://orcid.org/0000-0002-5559-3283
https://orcid.org/0000-0002-7775-5917
https://ror.org/04wteqw51
https://ror.org/044yd9t77
https://crossmark.crossref.org/dialog/?doi=10.1103/y64b-5tfj&domain=pdf&date_stamp=2025-11-05
https://doi.org/10.1103/y64b-5tfj
https://doi.org/10.1103/y64b-5tfj
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

A.E. RADZHABOV and A.S. ZHEVLAKOV

PHYS. REV. D 112, 094008 (2025)

TABLE I. Muon anomaly. The experimental values are taken
from Ref. [3]. The theoretical predictions are from the WP 2025
update (upper values) [9] and the WP 2020/Snowmass 2021
combination (lower values) [7,8]. The last column illustrates the
difference between central values of WP 2025 and WP 2020.

WP25-WP20
Contribution Value in 107! difference
Exp 116 592 071.5 (14.5)
Theory 116 592 033 (62) 223
116 591 810 (43)
QED 116 584 718.8 (2) -0.1
116 584 718.931 (104)
EWwW 154.4 (4) 0.8
153.6 (1.0)
HVP 7045 (61) 200
6845 (40)
HLbL 115.5 (9.9) 23.5
92 (18)

of hadronic observables (AdS/QCD) [42-46], the Dyson-
Schwinger approach [47-50], effective models [51-61],
short-distance constraints from the operator product expan-
sion [62-65], and a subleading contribution [66], among
others.

In this paper, the estimation of the light-by-light contri-
bution within the framework of the quark model with a scalar-
pseudoscalar(S-PS) and a vector-axial-vector(V-AV) sector is
presented. The paper extends the calculations of the quark
models with only scalar-pseudoscalar particles [53] and the
estimation of resonance exchanges by adding spin-1 particles
[57]. A new effect that occurs in the model involving vector
particles is the dressing of photons by intermediate vector
meson exchanges. This effect was previously estimated
within the extended Nambu-Jona-Lasinio (ENJL) model
[20] and Dyson—Schwinger equations (DSE) [47]. In the
ENJL case, this effect reduces the final answer for a quark box
by a factor of three, while in the DSE case it results in only a
few percent difference. The dressing of photons through the
exchange of intermediate vector bosons naturally occurs in
resonance chiral theory [56,60,61].

The paper is organized as follows. In Sec. I, the model is
discussed. In Sec. III, the vertices with external currents
and vector meson dressing are discussed. The diagrams
of light-by-light processes and the calculation procedure
are given in Sec. IV. Results are presented in Sec. V. In
Sec. VI, a comparison with other approaches is presented.
In Appendix A the nonlocal meson-quark-antiquark-
photon(s) vertices are given. Local limits of calculations,
which are important for cross-checking the calculation
procedure, are considered Appendix B.

II. MODEL

The present calculation is performed within the frame-
work of the extended nonlocal chiral quark model, as

described in Refs. [53,57,67]. The current-current inter-
action terms are taken into account in this model. After the
Bosonization and Hubbard-Stratonovich transformations,
the quark-meson effective Lagrangian of this nonlocal
model takes the following form:

Lo = 4(3) (10, = Mo)ax) + o0J(3) =56 ()

+ (570 + 0d)?) =56 (V) + (440

+ P(x)J(x) + 8 (x)J§(x) + Vi (x) I3 (x)
+ AL () 73" (x), (1)

where M, is the current quark mass matrix with diagonal
elements m., G; and G, are coupling constants in the
pseudoscalar-scalar (P, S) and vector-axial-vector sectors
(V, A), the mesonic fields denoted as P, S, V, A. J; are the
nonlocal quark currents, which are taken in the form
motivated by the instanton liquid model (ILM) [67]

TS (x) = / 1 dx f (1) f ()3 (0x = x0T (x + x2).
@)

with M =S, P, V, A, and matrices are I'¢ =A%,
4 =iy2e, Ty =y29, T4 =yp5y#29. For scalar-
pseudoscalar currents, the vector index u should be omitted.
Since only light particles are considered the flavor matrices
are: 1=1%, a=0,...,3 with 2° = 1. In the ILM model,
the form factor f(x) is related to the profile function of the
quark zero mode, but here it is taken as a Gaussian with a
parameter fitted to mesonic observables. The scalar iso-
scalar field is shifted S = §° + 67, to obtain a physical
scalar mesonic field with a zero vacuum expectation value.
oy 1s the vacuum expectation value of the scalar iso-
scalar field, (S°), = 6o # 0. As a result, the term in the
Lagrangian ¢,J%(x) leads to the appearance of a momen-
tum-dependent mass m(p), where the momentum depend-
ence is factored out as

m(p) = m. + myf*(p). mg = =0y, (3)

and m, (dynamical quark mass) can be self-consistently
found from the “gap” equation

8N. L2 (k2)m(k?)
(2x)* / dike +m* (k)

(4)

my = G

The corresponding quark propagator is

S(p) = (p—m(p))~". (5)

To describe mesonic bound states, it is necessary to
calculate quark polarization loops
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My (07) = 17555 | 42007 02)

X Try ¢ [S(k_)T5; S(k)Th, ]

where k. = k + p/2 and the trace is taken over the Dirac
and flavor matrices. For spin-1 bound states, the quark
polarization loops and propagators should be split into
transverse and longitudinal components

|

1 g%.p(P?)
Ds p(p?) = —— =
g —G7' + s pp(p?) P> — M3,
1 9%/ A (P2>
D\T/,A(Pz) =

El

The meson vertex functions (without 7 — a; mixing) in
momentum space are

T = gy (P F(p )T £ (pa) (8)

where p;, k are the quark and meson momenta, respectively
(p1 = p» + k). Longitudinal components are related to
spin-0. In the case of a system of pseudoscalar-axial-vector
states, mixing appears [68,69] due to a quark polariza-
tion loop with pseudoscalar and axial-vector [57]. The
polarization loop between scalar and vector states is
identically zero.

III. EXTERNAL CURRENTS

In the Lagrangian (1), exist three types of terms, which
in the formalism of [70,71] generate terms corresponding
to vertices of interaction with gauge electromagnetic

|

J (v 3
0_))” : dz,G (Z) :G;t(y)’

which guarantee the absence of nonminimal terms. With
these rules, the sum of the local and nonlocal one-photon
quark-antiquark vertices leads to a result that coincides
with the Ball-Chiu Ansdtze [73]. The exponent inside
the Schwinger factor, after expansion, generates vertices
with an arbitrary number of external fields. In Fig. 1, the
graphical representation of the vertices in (9) is shown: the
first term corresponds to the local vertex eQy* generated
by the quark kinetic term. The second term corresponds
to nonlocal quark-antiquark-photon(s) vertices, and the
third one corresponds to nonlocal meson-quark-antiquark—
photon(s). The expression for quark-antiquark-photon(s)

; vV ; ‘s oiven i
vertices 17,5 51" 4.» With up to four photons, is given in

[53]. For meson-quark-antiquark-photon(s) b7/ #i-#s |

C-G3'+ Iy 4a(P?) B My, — P

T L
H%,AA(PZ) = H\T/V,AA(Pz)Pp “ + HxL/v,AA(PZ)Pp v, (6)
using projectors

pp’ Lap DD’
g -5 Py ==

T;af
Py = > 14
: p

Then, the unrenormalized and renormalized meson
propagators (without 7 — a; mixing) take the form

D »(P?) 1
DEp(p?) = 57 o = :
S gp(P?) PP —Mip
: Dy 4(P?) 1
DYA(p?) = 55 = 3 (7)

a 9%/,A(P2) - M%/,A -p

[
fields [53,72]

I@)idg(x).  oofx). MU (). (9)
where M are all possible mesonic fields. Therefore, the
interactions with the electromagnetic field should also be
included in all these terms. In order to obtain the expres-
sions for the vertices, the Schwinger phase factor is added

to each quark field Q(x,y) = E(x,y)q(y)

E(x, y) —exp{—ieQ / ’ du,,Gﬂ(u)}, (10)

where G* is the electromagnetic field, e is the elementary
charge, and Q is the charge matrix of the quark fields. Then,
the following rules for the contour integral are used [72]

W (x —y) /y dz,G"(z) =0, (11)

q1
22
Pzﬂ Npl
(a)
FIG. 1. Photon-quark vertices: the usual local one (a), the quark-

antiquark vertex with n photons (b), and the meson—quark—antiquark
vertex with n photons (c¢). Here p; and p, are the quark momenta,
q1, --» 4, are the photon momenta, and k is the meson momentum.
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= + + ...+
P1
(b) (©) (d)

FIG. 2. Full quark-antiquark-(n) photon vertices: with nonlocal vertex (b) and with vector meson-photon transition (c), (d). Here, p;
and p, are the quark momenta, ¢, .., g, are the photon momenta. The double line represents the intermediate vector meson.

with up to three photons, the expression is given in the
Appendix A.

In the presence of a vector sector, the photon(s)-quark
interaction vertices are additionally dressed by a p(w) — y
transition [57,74,75],

VM __TVH VM1
FPZ,PI-CI - Fﬂzspl,fi + Arl’ququw
VY1 H2 __ TVTHIH2 VYH1H2
r[’z,mﬂhf]z - rl’zel’l,fh,fh + Arl’z,m-l]ulh’

V- ViHL - — TV ViH M V- ViH1-Hn
FPLPlJIln% - FPvalsql'"qn + AFPz-P1~,‘I|-~aqn’ (12)

where A represents the correction of the photon(s) vertex
due to vector meson dressing. It is important to note that,
from the third term in Eq. (9), only one vector meson can
interact with a quark-antiquark pair and external electro-
magnetic fields at the point of interaction. This is illustrated
in Figs. 2(c), 2(d) for the vertex of interaction with n
photons. To understand the vertex corrections at the dia-
gram level, one can join the dressing function with Fig. 1(c)
to obtain the complete expression for the vertices. For the
cases of one and two photons, these expressions are,

VM _ Via Tiap,
Arl’z-PM]l - E erJ’lP(Il C}'V(QI)’

V=p.0

VY H1H2 _ Vysaur pTiou
ALY g = E (rpz-m-quql CyV(Ql)
V=p".0

Vysau, pliau
+FP2~,P1~5111P112 2CyV(CI2)) (13)
while general (n)photons vertex correction is the sum
VeV LA
AFFZsp]lsql """ qn

n
— T, Vy.vsop ..u
_Z Z Py Coy(qi)T plpra ",

i=1 v=p"w

#i

of quark-antiquark vertices with (n — 1)photons+vector
meson. Here, T/ ;/“%1# |, represents a vertex with n — 1
photons + vector meson, where the photons are taken from

ltoi—1and i+ 1 to n.

This dressing is transversal and can be written in the
following form:

. Pl gtk .
Cyv(q?) = D3’R(42)1Nch/ (2n)* {Tr [S("”rifkﬂq

xSy [ +meresw] b a4

where V stands for p° or @ mesons. The transition has the
property C,y(0) =0 [74], and it does not lead to the
renormalization of the photon mass or quark charge [75].

IV. DIAGRAMS

The hadronic LbL. (HLbL) contribution to the anomalous
magnetic moment of the muon can be calculated using the
projection [76],

1

a/I;ILbL _ —Tr((ﬁ + mﬂ)[},ﬂ’yc](l’\) + m”)Hpg(P,P)),
43m,

d491 d4612 1
,,(p.p)= —ieﬁ/ /
g 2n)*) (27)*qiq3(q) + 92 —k)*

<y p=qi+m, | p—q—g+m,
(P =aq1)*=m; (p—aq1—q2)* —m;
0
XVA%HWM(CH»%J(—CH—612)’ (15)

where m, is the muon mass, and the static limit k, =
(p'=p), = 0 is implied. The calculation procedure is
described in detail in [53]. By averaging over the direction
of the muon momentum, the result for a}/""" becomes a
three-dimensional integral with the radial integration var-
iables Q) =+/—q}, 0> =+/—¢5 and the angular
variable [25,31,32,52,54].

The full set of diagrams for the four-rank polarization
tensor I1,,,, is similar to those in the model without the
vector sector [53], but now all the vertices are properly
dressed with vector meson exchange, as shown in Fig. 3. As
discussed in the previous section, since the model is based
on the linear realization of chiral symmetry, only one p(w)
exchange can be present in any nonlocal photon-quark-
antiquark vertex. Therefore, the exchange with one vector
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RO~ @) 'd
(a) (b) (c) (d) (e)

FIG. 3.

Box diagram and the diagrams with nonlocal multiphoton interaction vertices represent the gauge invariant set of diagrams

contributing to the polarization tensor IL,,,,. The numbers in front of the diagrams are the combinatorial factors for the crossed diagrams.
In the LbL contribution, the three photons are connected to the muon line.

meson arises from diagrams Figs. 3(a)-3(e), two from
Figs. 3(a)-3(d), three from Figs. 3(a), 3(b), and four from
Fig. 3(a). Since at zero momentum the transition loop is
zero, there is no contribution to g—2 with exchanges
of p(w) on the external photon line. Therefore, the maxi-
mum number of vector meson exchanges contributing
to LbL process is three. The vector meson exchange
needs to be included in all types of diagrams presented
in Figs. 3(a)-3(e). External gauge field lines are free and do
not include vector meson exchanges.

V. RESULTS

The results in the model with spin-1 particles will differ
from the result of the model without the vector meson
sector for the following reasons:

(i) the parameters of the model are different, as they are
fitted to observables with the inclusion of a possible
axial-vector component,

(ii) there will be an intermediate axial-vector LbL
contribution, and

(iii) the internal photon line will be dressed with inter-
mediate vector-meson exchange.

The parameters of the model are refitted in [57] and used
to calculate the LbL contribution from axial-vector mesons.
Due to the lack of confinement, the range of m,, where the
value of the G, constant can be unambiguously determined
using the mass of the p meson, is limited to between 293
and 354 MeV. It is found that in this region the ratio of the
four quark coupling constants, G,/G/, ranges from —0.08
to —0.14. Therefore, it is very useful to study the LbL
contribution over a wider range of m, using these constant
ratios. The full quark loop contribution and the result of
only diagrams without vector mesons are shown in Fig. 4 as
a function of m,. For comparison, the behavior of the quark
loop contribution in a model without vector mesons is also
shown [53]. One can see that, for small m,, the contribution
from diagrams without vector mesons gives contributions
similar to those in [53]. On the other hand, for large m,, the
contribution of vector mesons is very small. The individual
contributions from diagrams with one, two, and three
vector meson exchanges are shown in Figs. 5-7. It can
be seen that the contributions of diagrams involving vector
mesons are small. For the set with m,; = 310 MeV, these
contributions are —2.9, 0.09, and 0.001, respectively.

170

150 B
140 B
130 B

LbL,had

a

120 B

100 b S

90 1 1 1 1
150 200 250 300 350 400

mq[MeV]

FIG. 4. (in units 10~!'") Left: The LbL contribution to the muon
AMM from the quark loop diagram without p(w) exchanges
(thin upper solid lines) and with p(w) exchanges (thin downer solid
lines) for different parametrizations as a function of the dynamical
quark mass. The shaded area corresponds to the region between the
ratios G, /G, = —0.08 and G, /G, = —0.14. The thick black solid
lines correspond to the parametrization where G, is fixed in order to
reproduce the physical value of the p-meson mass. The triangle
corresponds to the result with m,; = 310 MeV without p(w)
exchange and cross with p(w). The dashed green line is the
contribution in the model without the vector sector [53].

LbL,had

150 200 250 300 350 400
mg[MeV]

FIG. 5. (in units 10~'1) Left: The LbL contribution to the muon
AMM from the quark loop diagram with one intermediate p(w)
exchange for different parametrizations as a function of the
dynamical quark mass. The shaded area corresponds to the region
between the ratios G;/G, = —0.08 and G,/G, = —0.14. The
black solid lines correspond to the parametrization where G, is
fixed in order to reproduce the physical value of the p-meson
mass. The cross corresponds to the result with m,; = 310 MeV.
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LbL,had

0.00 : : : :
150 200 250 300 350 400

mg[MeV]

FIG. 6. (in units 10~'") Left: The LbL contribution to the muon
AMM from the quark loop diagram with two intermediate p(w)
exchanges for different parametrizations as a function of the
dynamical quark mass. The shaded area corresponds to the region
between the ratios G,/G, = —0.08 and G,/G, = —0.14. The
black solid lines correspond to the parametrization where G, is
fixed in order to reproduce the physical value of the p meson
mass. The cross corresponds to the result with m,; = 310 MeV.

0.003

0.002

0.001

0.000

LbL,had

-0.002 R

_0.003 | | | |
150 200 250 300 350 400

mg[MeV]

FIG. 7. (in units 10~'") Left: The LbL contribution to the muon
AMM from the quark loop diagram with three intermediate p(w)
exchanges for different parametrizations as a function of the
dynamical quark mass. The shaded area corresponds to the region
between the ratios G;/G, = —0.08 and G,/G, = —0.14. The
black solid lines correspond to the parametrization where G, is
fixed in order to reproduce the physical value of the p-meson
mass. The cross corresponds to the result with m, = 310 MeV.

The combination of quark loop contributions with
mesonic exchanges is given in Fig. 8. It is interesting to
note that, for a fixed value of m,, the combined contribu-
tion from quark loops and mesons is less dependent on G,
compared to the individual contributions. Namely, for a set
with m; = 310 MeV, the contributions to the ratio of
—0.08 from quark loops and mesons are 96 and 51,
respectively, while for —0.14 these values are 93 and 54.
As a result, the total value of 147 coincides.

In the model without a vector sector [53], the central
value is calculated as the average between the maximal and
minimal values in the range m, from 200 to 350 MeV,

200 -
- total TR
5100 | quark 100p I
Sa

a

mesons

50 ﬁ%f‘:;ﬁ::::::;:::::::::i::::a:izzzzzfﬁ:::::::::f

O Il 1 Il 1
150 200 250 300 350 400
mg[MeV]
FIG. 8. (in units 10~'") Left: The LbL contribution to the muon

AMM from the z, o, a;, f1 mesons, the u and d quark loop, and
the total SU(2) contribution for different parametrizations as a
function of the dynamical quark mass. The shaded area corre-
sponds to the region between ratios G;/G, = —0.08 and
G,/G, = —0.14. The thick black solid lines correspond to the
parametrization where G, is fixed in order to reproduce the
physical value of the p-meson mass. The cross corresponds to
the result with m, = 310 MeV. The dashed lines are the contri-
butions in the model without the vector sector [51].

while the error bar is half the difference. Using this strategy,
the total contribution from nonstrange quark loops in
models with spin-1 mesons is 103 + 9.9, which is only
slightly lower than the estimate of 108 & 8.6 in the model
without vector mesons.” Adding the mesonic contributions,
the SU(2) result is 158 4+ 11.4 with vector mesons, and
162 4 14.3 without. Therefore, we can assume that the
strange-particle contribution will not change much after the
introduction of vector—axial-vector fields, and add to our
estimate the strange-particle contribution in model without
spin-1 mesons [53]. If we add naively the contributions of
7, 15 f0(980), ay(980), and the strange quark loop (since
we expect that the vector meson dressing will not drasti-
cally change them) from [53] on top of the SU(2), the
resulting value becomes 165+ 12.4, which is almost
identical to the value of 168 £ 12.5 in [53].

However, in the model with vector mesons, it is proposed
to change the method of calculating the central value. It
seems more natural to take the central value at the point
where it is possible to describe the vector meson and fix
the G, constant using the physical value of the p-meson
mass [57]. It is suggested to use the central value of
my =310 MeV, as at this point, it is also possible to
describe the axial-vector meson. In this case nonstrange
quark loop is 93 4 9.9, quark loop plus the SU(2) mesonic
contribution is 147 £ 11.4. The final estimate of the HLbL
contribution with strange particles included is

afll — (154 +12.4) x 107", (16)

3This value is rounded in [53].
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WP2020
WP2025
HSZ2025
PARV2009
N/JIN2009

J2017

DRV2019

nonlocal quark model
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This paper
Dyson-Schwinger
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, e GFW2013
AdS/QCD
) ‘ LMR2024

L L Il
60 80 100 120 140 160 180 200 220

FIG. 9. (in units 10~'!") The HLbL contribution to the muon
AMM: lattice QCD calculations (Mainz) [28], (RBC/UKQCD)
[29], and (BMWCc¢)[30], phenomenological estimations ‘“white
paper” 2020 [7] and 2025 update [9], recent evaluation using a
dispersive formalism (HSZ2025) [41], using combinations of
different contributions (PdRV2009) [24], (N/IN2009) [25],
J2017) [54], (DRV2019) [58], in a nonlocal quark model without
vector and axial-vector mesons [53] and present paper calcu-
lations with spin-1 particles, DSE and BSE studies (GFW2013)
[47], AdS/QCD result for different models (LMR2024) [45]. The
thin vertical line corresponds to difference between experimental
value [3] and theoretical prediction minus HLbL contribution
while the shaded region to the theoretical error without HLbL
contribution from WP2025 [9].

VI. COMPARISON WITH OTHER APPROACHES
AND SUMMARY

The comparison of our result (16) is given in Fig. 9 with
recent lattice results by (Mainz) [28], (RBC/UKQCD) [29],
and (BMWc) [30], phenomenological estimations : “white
paper” 2020 [7] and 2025 update [9], dispersive formalism
(HSZ2025) [41], “Glasgow consensus” [24], DSE and BSE
studies [47], and the AdS/QCD result for different models
[45]. In the nonlocal quark model, the QCD asymptotics are
automatically fulfilled by the diagrams with quark loops
[53]. Furthermore, the inclusion of diagrams with vector
meson dressing of photons and resonance exchanges does
not alter this picture.4 This is similar to DSE and BSE
studies [47] while in dispersive formalism [41] the match-
ing to short-distance constraints’ is used. In the AdS/CFT
correspondence [42-45], this matching occurs through the
summation of a tower of resonances. One can see that our

*The suppression of quark loop contributions by soft gluon
fields is discussed in [77].

>Short-distance constraints with gluonic corrections is given
in [65].

0.30
— Fro (4f;47,0)
02 ¢ e F7r0 (7]\/173; Q127 0) 4
—e—i Cello
=020 ~—a— CLEO il
% —e— BaBar
& 0.1 |
= —#— Belle
3
Eo1 |
0.05 e .
0.00 -
0.0 1.0 2.0 3.0 4.0 5.0
Q*[GeV?]
FIG. 10. y*y — #° transition form factor calculated in the

nonlocal quark model with spin-1 particles, comparing two kine-
matic configurations: the LbL-relevant case F,0(¢%; ¢2,0) (black
solid line) and the experimentally measured case F,o(—M2; q%, 0)
(green dashed line). The experimental data from CELLO [80],
CLEO [81], BABAR [82], and Belle [83] are also shown.

final result of is larger than the dispersive approach, the lattice
QCD calculation and AdS/QCD. However, it is interesting to
compare how the different results in Fig. 9 relate to the
difference between theoretical calculations and experimental
measurements. For comparison, the difference between the
experimental value [3] and the theoretical prediction from the
WP 2025 update [9] without HLbL contribution is also
shown in Fig. 9. Even when incorporating our HLbL result
(16) with the WP2020 [7,8] values in Table I, there is a
significant theory-experiment gap of 200 x 10~!'. However,
when using the WP2025 values from Table I [9] combined
with our HLbL contribution (16), the discrepancy not only
changes sign but reduces to approximately —1 x 107!I,
Therefore, incorporating our result substantially reduces
the allowed parameter space for new physics scenarios while
achieving excellent theory-experiment agreement for the
muon’s anomalous magnetic moment.

The source of discrepancy between calculations in
nonlocal model and dispersive formalism is partially
known. Namely, the mean-field calculations in the quark
model do not include the pion loop contribution, which is
known to give a negative contribution [7,49]. The pion loop
(or mesonic loop in general) corresponds to subleading
terms in the 1/N_ expansion, which can be accounted for
using the scheme presented in [78]. However, in the 1/N.
expansion, there will be additional terms that may also
affect the contact term. On the other hand, within a non-
local model, the two-photon form factors of mesons
depend not only on the photon virtualities but also on
the mesonic virtuality. To illustrate this, the transition pion
form factor is shown in Fig. 10 for two different kinematic
configurations: (1) the case where the meson virtuality
matches that of the off-shell photon (relevant for the
LbL process), and (2) the experimentally measured con-
figuration with an on-mass-shell pion. This additional
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dependence6 induces substantial suppression of massive
resonance contributions to light-by-light scattering [53,57].
While [53] focuses on 77 and 1’ meson effects, [57] provides
detailed examination of axial-vector form factors in the
nonlocal model and their HLbL contributions.

In order to better understand the difference and as an
independent cross-check, it would be interesting to repeat
the calculations within the quark model framework in
conditions similar to those used in lattice calculations,
that is, in coordinate space with a semianalytical QED
kernel [84]. This would allow us to compare not only the
total number, but also the contributions from different
distances, as shown in Fig. 3 of Ref. [27].

The results obtained within the framework of the non-
local quark model for the LbL contribution to the muon
magnetic-moment anomaly are shown to be stable when
extending from the S-PS case to include V-AV currents.
A similar effect is seen in the Nambu-Jona-Lasinio model
describing 7z scattering [85].

Our mean-field analysis demonstrates good agreement
with Fermilab’s muon g — 2 measurements. The next step
will incorporate pion loop contributions (a 1/N, correc-
tion), which are expected to make significant contributions
to the complete LbL scattering evaluation.

Diagrams are drawn with the help of the FEYN.GLE
package [86].
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APPENDIX A: MESON-QUARK-ANTIQUARK-
PHOTON(S) VERTICES

Due to the nonlocal interaction between mesons and
quarks, vertices with one, two, or three photons, using
rules (11), take the form (p = pr +¢q, + -+ q;)

Lyl = —egu(p?) (1 (P, =a0)QUS £ (p2) + F(POTH QU (P2 1) ). (A1)
Tt = u(p?) (457 (01 =q1, =a) QT4 £(pa) + 1 (1. =) QTS QU (p2. )
I (P =) QU QU (P ) + F(pOTH QU™ (p, 1. 2) ). (A2)
M@y _ 3 2y ( jrarans e 3patal
PiP2qi-q2qy  — —© au(p?) 3 (plv q1.—92. —q3)Q M f(p2)
+ 5" (p1.—q, —Q2)Q2Fﬁ’a}QJ’f3 (P2, q3) + 15" (p1. —q1, —613)Q2FZ/}{’G}QJ’fz(P2» q2)
T (D1, =0, —q3)QRT QI (pay 1) + T (p1, —43) QTS QA" (s, 1, )
+ I (pry—q1) QU QA (py, 4. 43) + T2 (pr —42) QU QAIA™ (py, g1, 43)
+ F(p)T QUIA™ (py, 1. %)) (A3)
where
T (koqr) = (k+ ke (A4)
P32k, g1 gn) = +(k + R P (kg + kB0 o (ko) (k + kgL + 2gmefl) (AS)

®The discussion of the dependence of the meson form factor on meson virtuality and dispersive result can be found in [79].
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JE (K, q1, gy q3) = +(k + k)P (kg + k)2 (ki + k123)ﬂ3f1<{3121 Kk T (kK )P Ry A+ ks ) (kys + "123)”2101(3131 ki ks

+ (k+ ko )2 (ko + k)" (kio + kip3)3 fk Joykigkins T (k + k)2 (ky + ko3 ) (ko3 + k123)”1f1(<3122 K3k
(K + kg ) (kg 4 Kz ) (kyg + kyos ) 122 kiskyy T (Kt k3)ls (ks + ka3 )2 (kos + k123)’”f1(<3/23 Koy s
200 (ki + K VOB, 200 (s + R

+ 2gtats (k + kl)ﬂlfl(c%lzl,km + 2gt#s (k + k2>l42fk.k2

)
)

+ 2925 (ko3 + km)”‘f/(c )

ko3.kin3

2t ke, (A0

ki3
ki3

additional momenta defined as k; = k + q;, k;j = k + q; + q;, kijx = k + q; + q; + q; and the shorthand notations for
first, second, and third order finite differences are introduced

(1) (1) 2 2
£ f(p)—f(q) 2 fr.a fPl 3 fp-qJ B fp~q~/<
P P—g pa.l — PP palk = T2 2
[
Similar abbreviations are used for finite differences of the - - ) 0?
mass function m — m(). il = i, + A, =77 = QZTZ(QZ) (B1)

where % is the transversal projection of y#. The transversal
APPENDIX B: CROSS-CHECK OF DRESSING component of the full vertex can be rewritten identically as
AND LOCAL LIMITS 2/ D
P (%)

The influence of photon dressing by vector mesons on TENIL = Vrm
LbL contributions is studied in [21,47] within the frame-
work of the ENJL model and the DSE approach. The  In ENJL model [21], the momentum-dependent mass of the
effective vertex in the ENJL model [21] with vector meson  vector meson is expressed via using the incomplete gamma

(B2)

exchange is function [87]
N, A2 N[ m2 + 0%x(1 —x)
M2 2 2 / d 1 -=x)I7(0, x;,), L= 0 s B3
[
and model parameters [21] are A, =1.16 GeV, Gy = - v 0? 5
1.263 GeV™2 and the constituent quark mass is my = Lprpia = Q2 M f(p)f(p2)F(Q%),  (BS)

275 MeV. At zero momentum, the momentum-dependent
mass of the vector meson is M3,(0) = 0.678 GeV? and for

large Q? it is strongly increased, i.e., at Q> = 4 GeV? it is Pra=k+Q/2, (k is the quark loop momentum) and a
My, 21 (4\)/M1?;55 GCY2~ i hich is di din [47]. th Gaussian form-factor, the combination of form-factors
n approximation, which is discussed in , the . _ .
vector meson mass is constant,” i.e., M%(Q?) = M. In the ic(;);]lgclzle \r:;?vrltltean(pi)lf(pz) - f(\'/ik)f(Q/\/i). oA

> ol ; y. In Fig. 11, the behavior of the additional
nonlocal model, the addltl_onal transition vertex with one dressed function related to the VMD result is shown for the
photon (12), can be effectively represented by ENJL model and F(Q?), £(Q/v/2)F(0Q?) for the nonlocal
model, for a set with m; = 310 MeV. One can see that the
VMD, ENIJL, and nonlocal models produce the same sign
- N ' of the correction, and the result of the nonlocal model is
In the DSE approach, the transition vertex can be approxi- suppressed compared to the VMD or ENJL models. The
mated as follows [47.88]; constant for the p — e*e™ process g, = 0.094 GeV?
deduced on a p-meson mass-shell is not far from exper-
imental value g,, = 0.121 GeV2.
In order to cross-check the calculations, a case similar to
where Fgé is the vertex in Ball-Chiu Anscitze [73]. that of ENJL or VMD could be considered. In this case, the

where F(Q?) is a smooth function. For symmetric splitting,

. . w N fV Q2 2 2
) r}’ﬂ ]/” \4 e—a(Q +Mv)’ (B4)
DSE T 4 k4 M Q2 + M%/
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ap T — ;
Rt
: B — F(Q?)
af T F@)f(Q/V2)
=== ENJL
0.2
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Q*[GeV?]
FIG. 11. Ratio of additional vertex with vector meson exchange

with respect to VMD result —40%/(Q* + M%). The green
double-dashed line is the ENJL result (B1), the black solid
and blue dashed lines are the functions F(Q?) and
F(Q*)f(Q/V2) in the nonlocal model (B5). The VMD result
corresponds to 1.

value of the current quark mass is taken to be the consti-
tuent quark mass, m. =my = 300 MeV as in [20], the
dynamical quark mass is set to zero m,; = 0, the function
F(Q?) in the transition loop (B5) is set to 1. In this case,
one can study the behavior of the vector meson correction
to the LbL contribution as a function of the A parameter in
the form factor of the vector meson vertex (B1). The pure
local result will be A — oo. There are contributions with
one, two, and three vector meson exchanges, as already
discussed. The overall factor for exchanges involving
an odd number of vector mesons is negative compared
to the contribution without vector mesons, while for even
exchanges it is positive. The behavior of the contributions

60

LbL,had

A[GeV]

with different numbers of vector meson exchanges as a
function of the A parameter is shown in Fig. 12 for VMD
and ENJL vector meson dressings in linear scale (left) and
logarithmic scale (right). In the ENJL model, the mass of
the vector mesons depends on the momentum (B3). For
infinitely large A, the total answers for VMD and ENJL are
9.4 and 15.4. It should be noted that in [20], the scheme
for separating low and high energies is used with a scale
parameter of pu~ 0.7-4 GeV. In this scheme, the low
energy contribution is restricted such that all internal
momentum is |Q| < u in the integration procedure. For
high energies, the contribution of a quark loop with mass
mg =  is taken. This separation is applied to all diagrams.
One can see that the number 21, for the ENJL result quoted
in [20] roughly corresponds to A ~4 GeV. On the other
hand, in Fig. 12, one can see that even in the limit of
constant mass, the value of the vector meson correction will
be small if A ~ 1 GeV. Interestingly, the LbL contribution
converges rather slowly, as seen in Fig. 11 (right).

On the other hand, in the local limit of A — oo,
supplemented by the limit of zero vector-meson mass, the
correction in Eq. (B1) becomes identical to AI7# = —y%..
Therefore, in this limit, the contribution of diagrams
involving vector meson exchanges becomes proportional
to that of constituent quark loops. Since there are three
diagrams for one vector meson exchange, three for two
vector meson exchanges, and only one for three vector
meson exchanges, the corresponding coefficients of pro-
portionality are —3, 3, and —1. The sum of all vector meson
exchanges should equal the contribution of the constituent
quark loop, with a minus sign. The behavior of the vector
meson contributions is shown in Fig. 13 as a function of
its mass.

60 T

et R
() prEsiimais,

LbL,had

=2-20

-80 [ ! !
107! 100 10t
A[GeV]

.............. [reeesanpanapenpeaqeagany

102 103

FIG. 12. (in units 10~'") The LbL contribution to the muon AMM in the local limit for my, = 300 MeV: linear scale (left) and
logarithmic scale (right). The thin horizontal line marked as 0 is the quark loop contribution without vector mesons. The contributions
with vector mesons are: blue dashed line with 1 exchange, green dash-double-dotted line with 2 exchanges with minus sign, and red
dash-dotted is with 3 exchanges. The black solid line is the sum of all contributions: pure quark loop “0” plus vector meson exchanges
“1 + 2 4 3”. The thick lines correspond to the ENJL transition and the thin ones to the VMD one. The shaded area represents the result

of the ENJL model for the quark loop contribution [20].
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FIG. 13.

M3 /M2

(in units 10~!'") The LbL contribution from diagrams with additional vector meson vertices to the muon AMM in the local

limit for my = 300 MeV with VMD transition, as a function of the ratio of M3, to the physical Mﬁ. The thin horizontal dashed line
marked as the local limit is minus the quark loop contribution without vector mesons. Thin vertical dashed line corresponds to physical
point M?, /Mf, = 1. The contributions with vector mesons are: blue dashed line with 1 exchange (divided by factor 3), green double
dash-dotted line with 2 exchanges with minus sign (divided by factor 3) and the red dash-dotted line is with 3 exchanges. The black solid

line is the sum of all vector-meson contributions.
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