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Relativistic microcausality is the statement that local field operators commute outside the light cone.
This condition is known to break down in low-energy effective theories, such as P(X) models with a
derivative interaction term of the “wrong sign.” Despite their Lorentz-invariant form, these theories can
exhibit superluminal propagation on Lorentz-breaking backgrounds. We approach this phenomenon by
computing the full operator-valued commutator in position space, perturbatively in interaction picture.
After testing this formalism on a A¢* theory, we apply it to a P(X) model. There, we show that the
perturbative corrections to the free-theory commutator contain derivatives of 6 functions with support on
the standard Minkowski light cone. While these corrections vanish on Lorentz-invariant states, they
become “activated” on states where Lorentz symmetry is spontaneously broken. In this case, they
approximate the new “sound cone” by means of a Taylor expansion. By applying linear response theory to
an extended source, we show that deviations from standard causality are already present at first order in this
expansion. Finally, we try to understand what goes wrong with the standard argument according to which

Lorentz invariance implies microcausality.

DOLI: 10.1103/y5cg-1c7g

I. INTRODUCTION

Commutators of local field operators are a direct probe of
causality. In order to study their behavior, one typically
looks at their expectation values on some state or, equiv-
alently, at the corresponding retarded and advanced propa-
gators. These quantities are related by

G (1.%) = ([0(1.X), O(0)]) = Gr(1.X) = G4 (1.%). (1)

In a Lorentz invariant setup and when O interpolates a light
degree of freedom, G, has support on the light cone,
G.(1,X) o (1> — X?). The situation is much more subtle in
the absence of (manifest) Lorentz symmetry. Of particular
interest is the spontaneous breaking of Lorentz boosts on a
state which maintains approximate homogeneity and isot-
ropy. This pattern is ubiquitous in the real world, and
applies equally well to cosmology and condensed matter
physics [1]. In these situations the analytic properties of
correlators have been the subject of interesting recent
studies [2-7].

One possible consequence of spontaneously broken
boosts is a speed of propagation different than the speed
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of light for some gapless degrees of freedom. The simplest
example is perhaps given by a P(X) theory, as follows:

1
L ==30,40¢ + 2 (0,00)). @)

When expanded around a time-dependent field configura-
tion, ¢(x) = ut + @(x), the quadratic Lagrangian for the
fluctuation ¢ displays a speed of sound c? ~ 1-2au’.
Therefore, by canonically quantizing ¢, one obtains, to the
lowest order in perturbation theory, a commutator for
@ that has support on the modified light cone, i.e., at
¥ = (7).

Notice that, as Eq. (2) is Lorentz invariant, micro-
causality should apply to ¢-commutators as an operatorial
statement. In particular, these commutators should vanish
outside the standard Minkowski light cone. The standard
argument (see, e.g., Ref. [8]) goes that, since boosts are
implemented unitarily on the Hilbert space of the theory,
commutators outside the light cone are unitarily equivalent
to commutators on equal time surfaces. If the latter vanish,
also commutators at spacelike separation must vanish,
which is the statement of microcausality. Then, how come
that, when evaluated on a Lorentz-breaking background,
these objects become supported on a different light cone?
The question is particularly burning for a < 0, when the
Lorentz-breaking light cone lies outside the standard one.
One might object that the choice a < 0 is unphysical,
because the corresponding effective theory cannot be
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consistently completed in the UV [9]." However, if we work
exclusively at low energy and manage to leave these UV
problems aside for the moment (see also Ref. [11] on this),
we are still facing a bizarre situation: the operator-valued
commutator of ¢ must respect microcausality but seems to
develop, on some states, expectation values that violate
causality!

In this paper, we compute the full operator-valued
commutator in interacting theories, perturbatively in inter-
action picture. We show that the emergence of a Lorentz-
breaking light cone is reconciled—at least formally—with
Lorentz invariance by the derivatives of the 6 function that
appear in the perturbative calculation of the commutators in
theories with derivative interactions. These 6 derivatives are
multiplied by combinations of field operators and are
centered on the Lorentz-invariant light cone at X*> = > as
expected from a Lorentz-invariant theory. However, when
evaluated on a Lorentz-breaking state, they manage to
approximate the modified light cone, in a Taylor expansion
around the standard one,

(R — 22) = 8(2 — ) + 2ap? 28 (2 — 12)

22122
+%5//(22_t2)+.... (3)

In the above, we have used that 1—c2Z = 2au’>. To
appreciate the effect, one does not need to resum the entire
series. A modified propagation speed is already implied by
the first, & correction, as we show in Sec. IV by applying
linear response theory to an extended source.

A similar mechanism must be at play in gravity, which is
one motivation for the present study. By adopting the
particle physicist’s perspective advocated by Feynman and
Weinberg among others, one can think of general relativity
as the only consistent Lorentz-invariant theory for a
massless particle of helicity-2 at low energy. In this picture,
any curved spacetime g, is a (possibly, gigantic) pertur-
bation of Minkowski space. The general covariant Einstein-
Hilbert action Igy|g,,. @] in the presence of some field ¢
can thus be written as a Lorentz-invariant theory of a scalar
¢ interacting with the helicity-2 field 4, in Minkowski, as
follows:

I[h;tw Qﬂ = IEH[n;w + h,uw ¢] (4)

In the above, Nuw is the Minkowski metric. Once again, the
¢-commutators obtained from / should satisty Minkowski
microcausality. However, the causal structure that matters
here is clearly the one inherited by the full metric g,,. So
the operator-valued commutators of ¢ in this theory should

Tn contrast, well-posed effective field theories obtained from
Lorentz-invariant UV-complete theories respect microcausality
within their domain of applicability. See, for example, the fluid
effective description of axion excitations in Weyl semimetals [10].

be “flexible” enough to trace the general relativistic light
cone of some metric g,, once evaluated on the correspond-
ing gravitational semiclassical state.” Whether or not such a
light cone is inside the Minkowski one is ultimately a gauge
dependent statement, because it depends on how the points
of Minkowski are identified with those of the full curved
spacetime [13]. While leaving gravity for future work, in
this paper we only consider scalar field theories and
calculate the operator-valued commutator in a number of
examples.

This paper is structured as follows: in Sec. II, we review
the interaction picture formalism and show how it allows
one to expand the operatorial commutator of an interacting
scalar field theory in terms of the free field one. We validate
the approach by applying it to the case of A¢* theory. In
Sec. III, we apply the method to a P(X) theory, and show
that the perturbative corrections to the free theory commu-
tator involve derivatives of 0 functions supported on the
standard light cone. When computing expectation values,
these contributions vanish on Lorentz-invariant states but
persist when Lorentz symmetry is broken. By comparing
with the semiclassical analysis, we show that these deriva-
tive terms reconstruct a modified sound cone through a
Taylor expansion. In Sec. IV, we interpret these corrections
as perturbative deformations of standard causality, using
linear response theory with an extended source. Section V
concludes with a discussion of why the standard intuition
that Lorentz-invariant theories yield commutators vanish-
ing outside the light cone breaks down in P(X) models with
negative coupling.

Conventions and notations. We adopt the mostly plus
signature for the spacetime metric and set 7 =c = 1.
Three-dimensional spatial vectors are written as X and
|X| for their norm. In contrast, four-vectors read x = (X, t).
For quantum operators, we omit hats. Unless explicitly
stated otherwise, all fields are assumed to be quantum
fields. Heisenberg-picture fields are denoted by ¢(x), while
fields in the interaction picture are denoted by ¢g(x). The
four vector 0 indicates the origin of coordinate systems, so
the pair (6 0). If no spacetime label is provided, it is
understood that all operators share the same coordinates.
Finally, we use the following convention for integral

measures:
1y Iy

/ d4z:/ dzo/d3z. (5)
1 S|

2Something similar happens to transition amplitudes. The
authors of the inspiring paper [12] show that a cosmological
Friedmann-Robertson-Walker metric can be obtained from Min-
kowski space by adding a suitable background gravitational field.
In this setup, the usual momentum-conservation of the S-matrix
elements is reconciled with the cosmological gravitational red-
shift (or “mode-stretching”) by a mechanism similar to the one
displayed in Eq. (3) and based on derivatives of the Dirac &
function.
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II. COMMUTATORS IN THE INTERACTION
PICTURE FORMALISM

Microcausality is the property that the commutator of
fields is vanishing for spacelike separated points, as
follows:

[p(x),$(0)] =0, if x> =1 -X><0. (6)

In interacting theories, the commutator is generally an
operator-valued distribution, which can be analyzed per-

turbatively. This makes microcausality an operatorial state-
ment. However, for a free massless scalar one simply gets

A(x) = [Bo(x). 4o(0)] = sign(t) 3167 = ). (7
i.e., the commutator is a c-number with support on the
light cone.

In the following we show that operator-valued commu-
tators in interacting theories can be evaluated in interaction
picture, where they are expressed as convolutions of the
interaction picture fields and of the free commutator (7).

A. Interaction picture

We start with a brief review of the interaction picture
formalism [14,15]. We consider a Lagrangian density that
can be split into a free and an interacting part,

L=Ly+ Liy. (8)

Although not necessary in general, in this paper the free
Lagrangian is always that of a massless scalar field,

1
EO - _angbaﬂgb (9)

The Hamiltonian density of the theory is obtained in the
standard way,

with z—=2% (10)
dp

Here, ¢(x) and its conjugate momentum z(x) are fields in
the Heisenberg picture satisfying the standard equal-time
commutation relations  [¢(X, 1), z(¥, 1)] = i6®) (¥ - ¥).
When considering derivative couplings, the interaction
Lagrangian £;,, may depend explicitly on the field velocity
¢. In such cases, the conjugate momentum 7z becomes a
nonlinear function of both ¢ and ¢. As a consequence, even
the free Lagrangian £, when expressed in terms of z, gives
rise to interaction terms that contribute to the interacting
Hamiltonian H;,,. Therefore, it is crucial to define H,, as the
quadratic part of the Legendre transform of L.

The field in interaction picture is effectively a free field,
as it evolves according to the free Hamiltonian . Hence,

H = Holp, 7] + Hin|h, 7]

we call it ¢y (x). Introducing 7, as the fiducial time at which
the Heisenberg and interaction pictures coincide,” one finds
that the Heisenberg and interaction fields are related by

p(x) = U'(t. 1) o (1)U (2. 1.), (11)

where U is the interaction picture evolution operator

Ulty, 1y) = Texp (—i / " d4zH,(z)). (12)

5]

Here, H,(z) stands for H;,[po(z), 7o(z)] and T is the time
ordering operator. The representation of the Heisenberg
field of the interacting theory in terms of the interaction
picture field, as provided by Eq. (11), is what allows us to
evaluate the operatorial commutator.

A set of similar relations applies to the conjugate
momentum 7o(x), which now satisfies the equal-time
canonical commutation relations with ¢ (x). In particular,
we impose the following relation on 7z, at ¢ = ¢,:

% =X, 1,) =my(X,1,) = a—[fo . (13)
opl,, o |,

Notice that this implies that ¢ # ¢, at #, if the interacting
Hamiltonian is a function of the conjugate momentum. As a
result, the total Hamiltonian cannot be consistently split
into free and interacting parts if expressed in terms of the
field and its time derivative. It is essential to rewrite it in
terms of the field and its interacting conjugate momentum
before performing the split. See Ref. [16] for a concise
review of the interaction picture formalism in the presence
of derivative interactions.

By using the formalism depicted above, we evaluate the
commutator [¢(x), ¢(0)], for a generic interacting theory of
Lagrangian (8). We start by expanding the evolution
operators appearing in Eq. (11) using the relation [15]

=S e [ e @) )
() Z/ 2 / e[ (z). [Mr(zmr)

B I

x [H;(z1), ¢o(x)]]]. (14)

By using the above formula, the Heisenberg picture
commutator of the interacting fields can be obtained up
to any desired order in the interaction Hamiltonian. In this
work, we are mainly concerned with the first-order cor-
rection to the free commutator

*In other words,

¢0(x) _ eiHo(t—t*)qﬁ()'C” t*)e—iHo(t—z‘).
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(). $(0)] = [dolx). o (0)]
i / "B ). o). do(0)]

i / Y P22 40 dolx)]. (15)

The above is the key equation we are using throughout
the paper.

The interaction picture formalism provides a solution for
the interacting field in terms of the free one. An equivalent
result can be obtained by solving the equation of motion for
the field operator, convolving the interaction term with the
Green’s function of the quadratic theory. The field operator
expansion given in Eq. (14) matches this latter method
provided we choose the retarded Green’s function, which is
in contrast an implied choice in the interaction picture
formalism. We demonstrate this equivalence using the
Yang-Feldman formalism in Appendix A.

B. The example of A¢*

We apply the interaction picture formalism to study the
commutator of a scalar field theory with a quartic local
potential. Concretely, we introduce the following free and
interacting Hamiltonian:

1, 1
H()—Eﬂ +§0l¢6¢,

A
Hint :Z!d)‘l’ (16)

with 7 = ¢. By plugging this interaction Hamiltonian in
Eq. (15), we find

$().$(0) =5~ )

2mi

+#Ltd“z5(zz)5((z—x)2)¢0(z)2. (17)

Here, we assumed ¢ > 0 and exploit the fact that the
interaction picture commutator coincides with the commu-
tator of the free theory (7). By developing the above
integral a little it is possible to see that the commutator
has indeed no support outside the Minkowski light cone.
By going to polar coordinates for Z, we start by integrating
5(z) in d|Z], as follows:

At dQ
ey R =GR
- ¥+ 2/%|° cos&)tj)é(z)hz‘:zo. (18)

Here, we focus only on the A correction to the free
commutator. Moreover, we applied the relation

8(z%) = ﬁ{é(lf )+ +20)F  (19)

and use the fact that the second § function on the right-hand
side has no support in the z° integration range considered.
Finally, we check what are the conditions under which the
remaining 6 function in Eq. (18) has support. In particular,
we have to check for what values of ||, # and z°, the cosine
satisfies the relation —1 <cosd < 1. One sees that this
condition implies4

|—t+2° < %] <n (21)

The restriction of the integral to 0 < z° < ¢, plays a key role
in deriving Eq. (21). If instead we were allowed to consider
also z° > ¢, then the § function could also have support
if ¥2 > 7.

It is straightforward, but tedious, to show that the
vanishing of the commutator at spacelike separation holds
also at order A% This is obtained by expanding the
commutator to the second order in the interaction
Hamiltonian, and check for what values of |X| and ¢ the
A2 corrections has support.

C. Evaluating the commutator on a
homogeneous field configuration

While a free massless field propagates strictly on the
light cone, adding self-interactions can extend the support
of the commutator well inside the light cone, i.e., at
timelike separation. This is somewhat implicit in
Eq. (18). In order to make it more explicit we now evaluate
this expression on a coherent state describing a spatially
homogeneous field configuration,

13) = exp (-iq{s / Prn(R, 0)>|o>. (22)

Here, |0) is the Fock vacuum of the free theory, and ¢
represents the expectation value of the field operator
att=0.

Some properties of this state are discussed in Appendix B,
and we refer the reader also to Refs. [17,18]. One property
worth mentioning here is that the expectation value of the
quadratic field operator on the coherent state reads

(d1d5(2)|b) = ¢* + (0l5(2)10) (23)

*After some algebraic manipulations, deriving the relation
below requires determining the conditions on x, ¢ and z, that
satisfies

¥ =12 £ 229(&[F] - 1), (20)

where we have to restrict to |X| >0, t>0 and 0 <z% < 1.
With these restrictions, the lower inequality is satisfied if
x > t —2z° In contrast, the upper inequality is instead satisfied
if x > —t+2z°. By overlapping these results with the restric-
tions, Eq. (21) follows.
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to leading order A. By using this expression, we thus need to
evaluate

DB = 50

t 1
2 M40 | deos 9s
+16i7z|x|/0 . /_, €08

X2 — 12 +2t7°
X (cos 9 - %) . (24)

2|%|z
Higher-order corrections to Eq. (23) give only O(4?)
contributions to the above. Moreover, we removed the
constant divergent term (0|¢3|0) by renormalizing the
theory. This can be eliminated by introducing the standard
vacuum mass counterterm in the interaction Hamiltonian
(16), that precisely cancels it out.

An interesting feature of this method is that when contact
potentials are involved we can evaluate everything in
position space by integrating over the ¢ functions. In other
words, we do not need to refer to any momentum space
representation of the commutator. In particular, by evalu-
ating the integral over the cosine, we find

— 12)

(¢ll¢(x). ¢(0)]|4) = 5—5(x*

/1¢2 H~2‘;‘
_ % dz°
1677 0 = ¥ /-; <

2
1

_ t2)

:m5(|x\—f)
y) 2
—%9(r—|x|), t>0.  (25)

Notice that, because we focus on ¢ > 0, we have a 6
function that provides support only on the future light cone.
By consistency, in the last step we expanded the ¢ function
and considered only the part that has support in the same
region.5

As we mentioned, interactions made the commutator
nonvanishing for timelike separations. This correction is
equivalent to what one would obtain in a free massive scalar
field theory by treating the mass term as a perturbation and

>To evaluate the integral (25), we write the integration range
over the angle as

"t o0
/ dzo/ dcos9{0(cosd—1) —0(cos 9+ 1)}5(cosd—--)
0 -0

:e(t—m%’dz‘){e(zo—%’) —o<zo—"7—’>}. (26)

In the second step, we integrated the § function over the angle,
and then reduced the argument of the heaviside 8 using the fact
that 0 < |X| < r. The overall heaviside 6 enforces that the integral
has no support outside the light cone of Minkowski.

including it in the interaction Hamiltonian. This follows
from the fact that correlation functions evaluated on the
coherent state |¢) are equivalent to those obtained by
studying fluctuations around the corresponding back-
ground ¢. Introducing the field decomposition ¢ (x, ) =
& + @o(x, 1), the quartic potential reorganizes into quad-
ratic, cubic, and quartic terms. The quadratic term defines a
mass for the fluctuation field, given by m? = i¢?/2. By
treating this mass as a perturbation, the first-order correc-
tion to the commutator of fluctuations ¢, (x,?) precisely
matches the result found in Eq. (25).

III. DERIVATIVE INTERACTIONS:
MICROCAUSALITY IN P(X) THEORIES

In the example above, interactions modify the commu-
tator minimally. The light cone is basically left unchanged,
it is just “filled up,” in the sense the support to the
commutator extends inside the light cone in the presence
of interactions.

As discussed in the introduction, however, derivatively
coupled theories are expected to modify the causal structure
of the free theory more dramatically. Gravity is, obviously,
one of these theories, to which we will turn in an upcoming
work. In this section we take on an easier piece, that of a
P(X) theory of the type

= __a P P+ — (0 P P)*. (27)
This Lagrangian is Lorentz-invariant, so the argument
sketched in the introduction applies, that commutators at
spacelike separations are unitarily related to commutators
evaluated at the same time. The vanishing of the latter
should imply the vanishing of the former. However, this
reasoning seems to fail for the above theory, especially
when a < 0 and fluctuations around certain Lorentz-break-
ing backgrounds feature superluminal propagation.

Our perturbative approach appears to accommodate both
perspectives. At each order in perturbation theory the
commutator remains formally confined on the Minkowski
light cone. However, its expression contains derivatives of o
functions, which we show are associated to a perturbative
change of the causal structure.

As this theory contains time derivatives in the interaction
terms, the interaction picture formalism should be applied
with some care. First we identify the conjugate momentum,
which reads

T=¢+5 [2¢3 P(0:pd'p) — (0:ipd' p)p].  (28)
As discussed in Sec. IT A, it is essential that we remove the
field velocity in favor of the canonical momentum in the
full Hamiltonian, before applying the interaction picture

formalism. For this, we have to invert the relation (28),
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which cannot be done exactly. However, since we are
interested in the first-order correction in the coupling, we
invert it perturbatively in the number of fields and focus on
the leading-order correction.’ Once the relation has been
inverted, we plug it back into the full Hamiltonian and
identify the following free and interaction parts

1. 1 .
Hy = 5453 + 56,-4506’4’70, (29)

Hy = —% (95 + 200 (0:po0' o) o
—2{(0:p00'¢o). 95} + (0ipo0'hy)?).  (30)

where the curly brackets indicate the anticommutator. In
deriving the above Hamiltonians, the field and conjugate
momentum are treated as noncommuting variables. We also
applied the relation 7zo(x) = ¢ (x).

By using Eq. (30) into Eq. (15), we obtain the following
expression for the commutator of the Heisenberg fields

(). $(0)] = A(x) + ia / 2 A(2) A (< — x)3pA(2)

+BU(Z)al (z = x)9;A(2)
Ci(2)(0pA(z — x)0;A(z)
+0A(z x)09A(2))], (31)

where all partial derivatives acting on the A correlators are
with respect to the z variable and A(z), B;;(z) and C;(z) are
products of local free fields operators evaluated at z,

A = =35 + 0:p9' . (32)
B = (¢§ — 0i6p00' ho) 5. — 20:6p00xbo. (33)
C; = {0ipo. o} (34)

Equation (31) is not very transparent in its present form.
However, we immediately observe that it contains terms
involving derivatives of 6 functions, as it contains deriv-
atives of the free commutator (7). By studying its expect-
ation value over a Lorentz-breaking state, in the next
section we show that this corrections are responsible for
modifying the light cone of the free theory.

There is a straightforward, albeit perhaps naive, way to
understand this mechanism in terms of a regularized
version of the § function and its derivatives. One might
notice that the correction term in Eq. (31) is the same for
well behaved (a > 0) and pathological (@ < 0) theories.
Since it is multiplied by « it just comes with different signs.

®In particular, the first-order solution to Eq/ (28) reads

p=r— g [27° — (0,0 ) — w(0:p0 )] +

Now, the 6 derivative contained in the correction term is
odd across the light cone, and can thus move the peak of the
commutator inside or outside the light cone depending on
the sign of a (Fig. 1).

A. A Lorentz-breaking coherent state

We now want to write a state ¢ which is the quantum
mechanical equivalent of the classical field configuration
¢ = ut. These “spontaneous symmetry probing” states are
special, in that their time evolution in field-space follows a
symmetry direction for the theory [19]. It can be shown that
these states are protected against quantum depletion,
although they should be constructed with some care. In
particular they are non-Gaussian states [20], because the
Lagrangian contains interaction terms.

Here we content ourselves with a Gaussian approxima-
tion of these states,

) = el (0), with f=p(1+ ) / Pxp(%.0). (35)

One can check that, on sufficiently short time scales, their
expectation values indeed match the classical behavior,

(ulp(x)|p) = pt, (pl(x)|u) =

Using the state defined above, we can consider the
expectation value of the commutator (31) and retain only
the leading correction in the coupling. According to the
discussion of Appendix B, we find the following relations:

(1+au®).  (36)

(u|@Fluy = u* + (0|¢50), (37)
(110;po0' o) = (010:¢090' o |0), (38)
{u|0ipodholu) = 0 (39)

to leading order in a. We use this to evaluate the expectation
values of A, B;; and C; over |u). With these, the expectation
value of the commutator reads

(ul[#(x). P(0)]|)
= A(x) + iou® /td4z[—300A(z — x)0pA(z)
0
+0;A(z — x)0'A(2)] + ... (40)

Notice that the above correction depends on the effective
dimensionless coupling au?. As in the case of the coherent
state in the quartic theory, we remove the purely divergent
terms (0|¢3|0) and (0]0;¢hy0'¢hy|0) by renormalizing the
theory. These can be eliminated by introducing the standard
wave function counterterm in the interaction Hamiltonian
(30), that exactly cancels them out.

As mentioned, the above terms clearly give rise to
derivatives of the 6 function. However, rather than using
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Positive Coupling

Negative Coupling

~

Free commutator
(Gaussian distribution)

O(a) correction
(First derivative of a Gaussian)

AN

Interacting commutator
(Sum of previous two terms)

N\

R

=1

_/
~

I
-

J

FIG. 1.

Pictorial representation of the commutator in a P(X) theory. § functions and their derivatives are regularized using Gaussians

with finite variance. The blue and red shaded regions denote the interior and exterior of the light cone, respectively. The free commutator is
modeled as a Gaussian sharply peaked on the light cone. In contrast, the first-order correction appears as the derivative of a Gaussian—
antisymmetric and vanishing exactly on the light cone. Its interference with the free commutator depends on the sign of the coupling: for
positive coupling, the correction enhances the free Gaussian inside the light cone and suppresses it outside; for negative coupling, the
opposite occurs. In the limit of vanishing variance, the sum approximate a ¢ function supported on the peak of the new distribution.

the expression for the free commutator (7) and working
directly in real space, it is more prudent to take a detour
through momentum space to evaluate the integral. A
step-by-step evaluation of the integral is provided in
Appendix C, yielding the result

sign(7)
2ri

5(x* —1%)

(wllgp(x). pO)]|u) =

where 7. = t(1 + ie). In particular, the momentum inte-
grals exhibit oscillatory behavior, and to ensure conver-
gence, different terms require distinct prescriptions for
analytic continuation into imaginary time.

By identifying the discontinuities in Eq. (41), this
expression can be further reduced to the final form

. 00)1) =" (1 2 Yot - )
(@)
_ Slif;gt) [(1 —26!/,{2)5()?2 _ l2) +2ay2t26’()22 _ tz)]_

(43)

As anticipated, the first-order correction to the free
propagator takes the form of a derivative of a 6 function
with support on the light cone of the free theory. In the
remainder of this work, we show that this type of correction
is associated with a modification of the light-cone structure
of the free theory. We can already see this by noting that, in
Eq. (43), the coefficient of the derivative of the § function
matches the expansion given in Eq. (3) in the Introduction.
In the next section, we show that it corresponds to the first-
order term in the Taylor expansion of a commutator
supported on a modified light cone, expanded around
the Minkowski one. The first line of Eq. (42) provides a
compact expression for the commutator, which we will use
in Sec. IV.

Notice that while the derivatives of the § function are
generically present also in the general operatorial commu-
tator (31), they become activated only on certain states.
Whether or not they survive also in the expectation value of
the commutator, is a matter of balance between the time
space derivative terms appearing in Eq. (40). A notable
counterexample is that of a thermal state for the P(X) at
zero chemical potential in Sec. III C. This state breaks
boosts but does not activate the ¢ derivative terms and thus
preserves the Lorentz-invariant light cone.

Finally, we note that the first-order correction given in
Eq. (43) appears to exhibit a secular behavior. Secular terms
can compromise key properties of correlation functions,
such as the boundedness and positivity of their spectral
representation. These issues typically arise when compu-
tations are performed beyond the semiclassical regime,
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where loop corrections become relevant. In such cases, it is
necessary to adopt appropriate truncation schemes that
preserve these properties [21,22]. In our case, however, a
resummation of the semiclassical result is known and
corresponds to a Dirac d supported on the semiclassical
sound cone of the theory of fluctuations around the back-
ground (36). Moreover, reading the secular behavior
directly from Eq. (43) is not straightforward due to the
presence of the derivative of the ¢ function. In Sec. IV,
however, we show that the approximation remains valid at
all times, as long as au®> < 1. We prove this by using linear
response theory in the presence of an extended Gaussian
source.

B. Expanding in small fluctuations
around the background field

The expectation value of the commutator on the coherent
state |u), as given by Eq. (42), has to match the commutator
obtained by considering fluctuations ¢(x) around the
classical solution ¢(7) = put. In the same way of the
quartic potential, at this order, the connected part of
correlation functions of the fundamental field ¢(x) evalu-
ated on a coherent state describing a given classical
configuration coincides with the connected part of the
corresponding correlation functions expressed in terms of
fluctuations ¢ (x) around the same configuration.’

To show this, we introduce the following field redefinition:

P(x) = pt + p(x). (44)

and apply it to the theory (27). The Lagrangian of the
fluctuation field ¢ reads

1

EZE

1 .
(14 3au?)p* — 3 (1 + au?)0;pdep + ... (45)

The commutator for the field ¢(x) deviates from the Lorentz
light cone already at the level of this quadratic Lagrangian.
The easiest way to compute is to rescale the spatial
coordinates X — c¢,X to make the theory relativistic and
the field ¢ — @ to make it canonically normalized. In these
coordinates, the commutator for @ is clearly the standard one
(7). This trick gives

"However, this equivalence holds only at the tree-level. At
higher orders, the coherent state encodes the full quantum
evolution of the system, whereas the classical solution used in
semiclassical dynamics does not. For instance, if we push the
computation to higher loop orders, we would realize that the
background we have to consider in the semiclassical expansion to
capture the dynamics of the coherent state is the one-point
function of the field operator itself, and not the classical solution.
The difference between the two backgrounds is described by the
quantum backreaction of modes, and to incorporate it correctly it
requires studying the quantum dynamics of the background and
the fluctuation together, in a coupled system of equation of
motions. See Ref. [18].

[@(x). (0)] = (1 +3aps®)7/2(1 + a?) ™2 Siil;(rt)

x 8(X2 = c21?), (46)
where we have introduced the speed of sound, as follows:

1 2
2= lﬂz. (47)
1 4 3au

In order to compare Eq. (46) to the expectation value of
the commutator of the fundamental field over the coherent
state, we perform a au® expansion up to the first order. The
expansion of prefactors is straightforward, while for the o
function we can use Eq. (3) and ¢? ~ 1-2au®. We obtain
the following expansion of the commutator of ¢(x):

(0().00)) =2 (1 2y - )

+ 22?8 (¥ = 12)] + ... (48)

We appreciate that it matches the expectation value of the
commutator (43), which we evaluated in the previous section.
Furthermore, we find that the additional term proportional to
the o function arises from the modification of the canonical
normalization of the field induced by the coherent state,
leading to the prefactors appearing in Eq. (46).

C. Thermal averaged commutator in P(X)

Finally, we examine if all states that spontaneously break
Lorentz boosts provide a commutator that contains deriva-
tive of § functions. Here, we show that this is not the case
by studying the finite temperature free vacuum state of the
theory |0),, with g =1/T.

In particular, we evaluate the ensemble average of the
interacting commutator in the thermal configuration. We
define the ensemble average of a general operator O as

_ Tr(ePH0)

(O)y =i (49)

The function H is the full Hamiltonian of the P(X) theory,
implying we consider a configuration of the scalar field
which is in thermal equilibrium and with zero chemical
potential.

The thermal averaged commutator (31) reads

([¢(x), (0)])4
= A(x) + ia/otd4z{<A(z)>ﬂaoA(z — x)dyA(z)
+ (B,;(2))40:A(z = x)0;A(z)

+ (Ci(2))4(90A(z — x)0;A(z) + 0;A(z — x)9pA(2)) },
(50)

085015-8



MODIFIED MICROCAUSALITY FROM PERTURBATION THEORY

PHYS. REV. D 112, 085015 (2025)

where (A(z))s (Bij(z)); and (Ci(z)); are the thermal
averages of the operators (32), (33) and (34).

In order to evaluate these thermal averaged correlation
functions, we need to first find (qb(z))ﬁ and (9;¢09;¢0) -
Since we require them at leading order in the coupling, we
approximate H ~ H, and evaluate the thermal averages as
in the free theory. To do this, we use the real-time
formalism [23].® With this approach, the perturbative time
evolution of correlation functions is described in terms of a
time-ordered G, , (x —y), an anti-time-ordered G__(x —y),
and two out-of-time-ordering propagators G___(x —y) and
G_,(x —y). Since the operators appearing in Eq. (50) are
evaluated at the same time, the final result is unaffected by
the specific choice of the propagator.

Therefore, we introduce the following thermal represen-
tation of the quadratic correlation function of the field
operator:

(p(x)p(y))y = iG_(x =)

d3k - L7 /
= [ —CE {1+ ng(Jk])) e FIO=0)
/ (Mmkl{( s(IKD)
+ ng([K]) eI} ik (E5), (51)

where the time labels satisfy the relation # > ¢ and where
ng(x) = (e’ — 1)71. Then, we can use this expression to
evaluate the following correlation functions:

({9ipo. do})y =0 (52)

@y = lim 22 (b)),

20=0 01(1) azg

- / %WHIH@G%D} (53)

@Obodsoly = Tim % (p()d(2)),

1= ()le azjl

&Lk - -
=y [ S R+ 2} (59

One can show that using any of the other propagators
provides the same result. By plugging these relations back
into the thermal averaged commutator of Eq. (50), we
obtain the following expression:

$Given that we are working with an equilibrium configuration,
the real-time and imaginary-time formalisms coincides. However,
the former explicitly retains the notion of time, and we do not
have to perform a analytic continuation to recover standard
Minkowski time from its imaginary counterpart.

(B(x). H(O)]); = A(x) — i / 57’; F1(1 + 20,07

X A, d*z{0yA(z — x)dpA(z)

—0;A(z — x)0'A(z)}. (55)

We can already compare it to the expectation value of the
same commutator over the Lorentz-breaking coherent state,
provided by Eq. (39). What we see is that there is a different
relative factor between the correlation functions involving
time and space derivatives. In this case, we have —1.
Following Appendix C, the derivative of & functions
cancels out between the two different contributions provid-
ing the following final result:

(0. 4Oy =50 (1= - o - ),

(56)

Here, Ayy is the ultraviolet cutoff that we had to
introduce to regulate the momentum integral appearing
in Eq. (55). This term is temperature-independent, as
expected, and is removed by introducing the same wave-
function renormalization used in the case of the coherent
state (B5).

We conclude that thermal configurations with zero
chemical potential do not change the light cone structure
of the theory.

IV. LINEAR RESPONSE TO
AN EXTENDED SOURCE

As we have seen from Eq. (46), the free commutator of
the field fluctuations ¢, on the Lorentz-breaking state |u),
has support on the sound cone, centered at x> = c2>. On
the other hand, when we evaluate the commutator of the
canonical field ¢ in perturbation theory, we obtain Eq. (43)
which, at least formally, has still support on the standard
light cone at X¥*> = f>. From the leading terms we have
computed, it is evident that the result corresponds to a
Taylor expansion of a § function centered on the sound
cone, expanded around the standard light cone, as illus-
trated in Eq. (3). One might wonder whether an entire
resummation is needed to see the effect. In this section we
show that a modified causal structure is already implied by
the first (&) term of the perturbative expansion.

In order to do this, we apply linear response theory to an
extended source J ()c).9 It proves convenient to calculate the
response of the field at the origin and center the source
around an event x, in the past,

We thank A. Nicolis for suggesting this computation.
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(Ul (0) ) = (ul@p(0)|u) ;o
—i [ a ) lp. o). (57)
with
J(x) = 7:76 p < (x —550)2(:2_ (t— 10)2>. 58)

The above corresponds to a Gaussian source centered in
X =X, and peaked at the time 7= t,. Of course this
expression is not Lorentz invariance and appears “space-
time spherically symmetric” only in one frame. We obtain

Jo 0 (i) +(119)?
5 d* )
e, xe ( +au |x|al |)

—0

(ulp(0)|u) =
x 6(% — 12))

JO L
:WA 1%|d[7]dC

X {(1 - a/ﬂ + 26(;42 |)_C'|2 - |3_C’||23_C’0| COS&)}
O

_Ei) 2+ ([F+19)?

X e s, (59)

where we exploit the fact that (|¢(0)|u) ;o = 0. The overall
minus in the first line is compensated by the fact that the
time ¢ < 0 is always negative within the integration contour,
and the commutator flips the sign. The second line is
obtained by performing an integration by part on the internal
|X|-derivative and decomposing the § function according to
Eq. (19). Then, we integrate over the internal time ¢, and we
drop &(¢ — |X|) since it has no support in the overlap of the
integration regions 0 < |X| < oo and —c0 < 7 < 0.

The above integral can be evaluated exactly in terms of
error functions. In Fig. 2, we plot the exact solution for a
positive, negative, and null value of the effective coupling
ap®. To write the final result in a more manageable form,
we expand it in the far-source limit 6/|X,| — 0, obtaining

o |:1 +(Z_,bt2 (1 _ |)_C’0|22_ t%>:|
V2rol%| o

_ (g +%)?

xXe 2 . (60)

(ulp(0)|u), =

We only included the first correction in this expansion,
which shows the modification of the theory’s causal
response induced by the derivative of the § function.

Now we look for the values of X, and #, that maximize
the field response at the origin (60). At leading order in the
coupling, the maximum occurs at

A second maximum appears at |X,| =0. However, this
contribution is spurious, as we are considering the regime where
the source is located far from the origin. To avoid taking it into
account, we find the maxima by varying Eq. (60) with respect to .

|T70| < —1y

T T T T T T T T T T T T T

P S S S S S S R S

20 15 10 —05 0.0
to/|Zo|

FIG. 2. Plot showing the response of the expectation value of
the field over the coherent state |u) to the external Gaussian
source (58), evaluated at the origin. The response is given
in function of the time 7y, normalized to the value |X;|. On
the y-axis, we plot the canonically rescaled field ¢(x) =
J5'\V/2m6|3y|¢(x), and we fixed |¥y|> = 206%. The red, blue,
and purple curves are the response for a negative, positive, and
null coupling, respectively. When the theory is free (a = 0), the
response is maximized for a Gaussian source centered on the past
light cone of Minkowski. If the coupling is positive/negative, the
response is maximized for a source centered inside/outside the
past light cone. We conclude that for @ < 0 we have superluminal
propagations.

[%o| = —to(1 — aps?). (61)

Let us interpret this result. In the absence of interactions
(a = 0), an observer at the origin experiences the maximum
field response when the Gaussian source is centered on
their past light cone. This aligns with the expectation that
the strongest response originates from the spacetime point
where the source is maximized, with the signal then
propagating to the observer. In the free theory, this
propagation occurs exactly at the speed of light, as dictated
by the free commutator Eq. (7). In the presence of
interactions, spacetime points contributing to the maximum
response are affected. For a positive coupling (a > 0), the
response is maximized when the peak of the source lies
inside the past light cone, effectively slowing down the
propagation to subluminal speeds. Conversely, for a neg-
ative coupling (a < 0), the maximum shifts outside the
Minkowski light cone, meaning the quartic term modifies
the signal propagation speed to superluminal values
(Fig. 2). The key point to emphasize is that, for any value
of p, the maximum lies outside the light cone when a < 0.
This indicates that signatures of superluminality emerge
within the regime of validity of the effective field theory.

Finally, let us note that if we had used the resummed
semiclassical result (46), the response would have been
maximized for a Gaussian source centered at |X| = —c,t.
Expanding the semiclassical sound speed (47) to first order
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in au? precisely reproduces the result (61), further validat-
ing our analysis. Moreover, this indicates that, as long as
ap® < 1, our result provides a good approximation of the
semiclassical one, where all classical nonlinearities of the
theory are resummed.

V. CONCLUSIONS

In this paper, we have studied operator-valued commu-
tators in scalar field theories, with particular interest in
those that exhibit a propagation speed different from the
speed of light on certain backgrounds—such as the P(X) of
Eq. (27). Before being evaluated on any state, the interact-
ing commutator should maintain a Lorentz invariance
appearance—the P(X) is Lorentz invariant—but enough
flexibility to trace different light-cone structures when
evaluated on different states. We have shown that this is
achieved by the derivatives of the J functions with support
on the standard Minkowski light cone, which appears in the
perturbative correction to the commutator (31).

While perturbative calculations manage to save appear-
ances in regard to Lorentz invariance, we know, on the
other hand, that when the interaction term of the P(X) has
the wrong sign (o < 0) causality violations are at play.
Small fluctuations around a Lorentz-breaking background
become superluminal (see Sec. I1I B), and even just the first
perturbative correction to the commutator (31) clearly leads
to a superluminal linear response in the case of extended
sources, as shown in Sec. IV. At the same time, when
a < 0, the theory cannot be consistently completed in the
UV [9]. Still, regardless of the sign of a, P(X) is a low-
energy relativistic theory. It would be nice to understand
precisely what goes wrong with the standard argument that
Lorentz invariance implies microcausality.

Let us review this argument. If boosts are implemented
unitarily on the Hilbert space of the theory, commutators
outside the light cone are unitarily equivalent to commutators
on equal time surfaces. The latter should vanish by construc-
tion, as a standard quantization condition. So also commu-
tators at spacelike separation must vanish. Since effective field
theories come with a built-in energy cutoff, one might argue
that their spacetime description is inevitably blurred, coarse
grained. And that boosting an operator up to the light cone
would require a spacetime resolution well beyond the limits of
validity of the theory. However, the problem at hand shows up
only inthe @ < 0 case and thus looks related to the lack of UV
completion rather than an issue with effective field theories in
general. Another possibility is that boosts cannot be imple-
mented unitarily if @ < 0. However, we could not find any
particular reason why this should be the case.

Let us look at a rigorous version of the above argument,
provided, for example, in the book [24], theorem 4.1 M The

""'We thank Alessandro Podo for this reference and related
discussions.

actual hypothesis in that theorem is that commutators
vanish on open sets that are mutually spacelike. In
axiomatic field theory, well-defined operators are local
fields smeared over spacetime with appropriate spacetime
functions of compact support [24]. It is not sufficient
that operators commute on equal time surfaces, say,
(X, =0),¢(0)] =0. They should commute over a
spacetime region of “finite thickness” enclosing the t = 0
plane. This is probably where the standard argument fails.

The actual commutator of a P(X), beyond the first-order
correction that we managed to compute in Eq. (31), is a
very complicated operator. Presumably, for a < 0, it has
support “almost everywhere” in spacetime. The coherent
states (B5) constructed in Sec. III A seems to support
this conjecture. When the continuous label x approaches
u?> ~—1/|3al, the sound speed (47) diverges, leading to
effectively instantaneous propagation.'* We deduce that the
operator-valued commutator is likely nonzero across any
open pair of subsets of spacetime. In this respect, it would
be analogous to that of a nonrelativistic theory, or of a
theory with Galilean-boosts symmetry. While standard
equal-time commutation relations can still be imposed at
strictly equal time, the commutator becomes nonvanishing
at arbitrarily large spatial separations immediately after
t #0. This could be yet another IR diagnosis of a
substantial UV obstruction.

As a word of caution, let us note that the use of
regularized distributions from the onset could help confirm
the above diagnosis and better understand the connection
between the breakdown of microcausality and the hypoth-
eses of the theorem in Ref. [24]. Any such regulator,
however, should preserve both Lorentz invariance and the
internal symmetries of the theory, most notably the shift
symmetry of the scalar field. Identifying a suitable regu-
lator consistent with these requirements, and analyzing
its implications, is a nontrivial task that we leave to
future work.

Finally, one should note that microcausality and Lorentz
invariance appear as different ingredients also in the
derivation of positivity bounds, see Refs. [25-27] for
a complete list of references and Ref. [28] for a recent
review. While the latter merely restricts amplitudes to
depend on Lorentz-invariant kinematic variables s, ¢ and
u, causality further enforces analyticity properties in these
variables. As discussed in Ref. [9], what the above P(X)
theories with negative signs fail to provide is precisely this
analyticity of the amplitude in any would-be UV comple-
tion. Thus, although the low-energy amplitude is formally
Lorentz invariant, additional input from the UV theory is
required to ensure causality.

2One might argue that those states are too close to the cutoff to
be seriously considered in the effective theory. However, we use
them here merely to argue about the formal mathematical
structure of the commutator.
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APPENDIX A: COMMUTATORS WITH THE
YANG-FELDMAN FORMALISM

In this appendix, we show that the interaction picture
formalism provides the same perturbative expansion for the
interacting field as that obtained by solving the equation of
motion for the field operator perturbatively around the free
solution. This second method is known as the Yang-
Feldman formalism [29]. We show this equivalence in
the context of the scalar field theory with quartic contact
interactions discussed in the main body of the paper.

We start by writing down the equation of motion of a real
scalar field with a quartic interaction, as follows:

A
O+ n?)p = =54 (A1)
By identifying the Green’s function of the operator on
the left-hand side of Eq. (A1) and treating the cubic term as
a source, a formal and recursive solution is provided by the
following convolution:

A

#) = 4o - 5, ([ @Gate-20@)). (42

Equation (A2) shows that we have the freedom of choosing
the type of Green’s function in the convolution. Here, we
choose the retarded Green’s function in order to have a
causal evolution. This choice matches the interaction
picture formalism. To evaluate the convolution, we
Taylor expand the field ¢ in the coupling constant A
according to

p=> 1, (A3)
n=0

where ¢, are the coefficients of the series to be determined
recursively. In particular, ¢, is the first correction to the free

solution where we include the source up to linear order in 4
corrections, and higher-order terms follow accordingly.

Then, we plug this relation back into the source term. By
keeping in mind that we work with noncommuting fields,
we find

¢ = g+ 2({(h0)*. d1} + dobicbo) + -+ (A4)

To obtain the first-order correction to the free field, we
plug the above expression at the zero order in coupling
back into Eq. (A2), as follows:

i 4 3
D) = dolx) — 5y | d*2Galx = D (2)

— o+ [ da-oRe. @)

In the second step, we use the fact that the retarded Green’s
function is determined in terms of the commutator of the
theory according to

Gr(x —2) = i0(t = 2°)[h(x), $(2)]. (A6)
Equation (AS5) coincides with the master formula (14) of
the interacting picture formalism, expanded at the linear
order in 4, and with ¢, chosen to be —oo. Note, however,
that this last condition is not necessary in general, as
Eq. (A1) can be solved with initial conditions chosen so
that the field behaves as free at a finite time 7,. Moreover, it
is straightforward to prove that the matching between the
interaction picture and Yang-Feldman formalism persists
also at order A%. This is done by replacing ¢, entering in
Eq. (A4) with the linear order term in A of the solution (AS),
and then plugging everything back into Eq. (A2).

In summary, this explicitly shows that the interaction
picture formalism provides the interacting field operator as
a convolution of operatorial sources and retarded Green’s
functions.

APPENDIX B: COHERENT STATES
DESCRIPTION

In this appendix, we review the properties of the coherent
states that we used in the main body of this work. Consider
the following class of coherent states:

|C) = e7/0), (B1)

with

f= / Pl (7)2(3.0) - 2 (D)p(F.0)].  (B2)

The operator f is known as the shift operator. If we
introduce the operator O[¢(0, X), z(0, X)], which can be any
polynomial combination of the field operator and its
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conjugate momentum 7 or even a transcendental function
¢, the state satisfies the following identity [30]:

MOl %.0). 2(%. 0)]e~

= O[¢p(X) + ¢(%,0), z(X) + =(¥,0)]. (B3)
Therefore, the operator f shifts the field operator and the
conjugate momentum by the c-number functions ¢ (X) and
7°1(X), hence the name. Equation (B3) is independent of the
scalar field theory considered and it is derived by only
exploiting the canonical commutation relations between the
field and its conjugate momentum. By setting O = ¢ (X, 0),
the function ¢*!(¥) is interpreted as the initial value for the
one-point function of the field. The same applies to its
conjugate momentum 7 and the function z°(x). Thus,
we have
(Clp(x.0)|C) =¢(X). (Clz(¥.0)|C) =7(¥).  (B4)

It is important to note that the choice of the state on
which the operator f acts, in this case the free Fock
vacuum, sets the initial conditions for the connected part
of all correlation functions involving more than one power
of the fields. Other choices than |0) are possible, such as the
interacting vacuum |Q) of the full interacting theory, a
squeezed vacuum |S), or a non-Gaussian state. The only
requirement is that the expectation values of the field
operator and its conjugate momentum over the chosen
state must vanish. If this condition is not met, it is possible
to redefine f and the state on which it acts to enforce this
property.”” In the main body of the paper, we were
interested in expectation values at the leading order in
couplings. Within this approximation, the difference
between these states becomes negligible.

In Sec. III A, we consider the expectation value of the
operatorial commutator over the coherent state

lu) = e/]0), with f=pu(1 —I—a,uz)/d3x¢()?,0). (BS)

We prove that it describes the oscillating background
¢ = ut, if we neglect loop corrections. To prove this, we
start by evaluating the one-point function of the field
operator and the conjugate momentum over |u), at the
time of definition of the state t = 0. Using Eq. (B3),
these read

p(1+au?),  (u|p(x.0)|u) =0,

(= (X, =
= pu. (B6)

X, 0)|u)
(ulp(X.0)|u)

“Notably, a consistent description of the time evolution of the
state in the full quantum theory imposes constraints on the form
of the state appearing on the right-hand side of Eq. (BS), as
demonstrated in Ref. [30].

The first two relations involving the field operator and the
conjugate momentum are exact and do not rely on any loop
expansion. The third identity involving the field velocity ¢
depends on the relation between the field velocity and the
canonical momentum, and only holds if we drop loop
corrections.

Equipped with all the initial conditions, we study the
time evolution of the one-point functions in the classical
limit. To do that, we have to show that the classical
expectation value of the conjugate momentum is conserved
at all times. Then, using the time-evolved version of
Eq. (28), it would follow that also the expectation value
of the classical field velocity is conserved, and

(ulp(x)|u) = pt

follows upon time integration. Let us start by writing down
the Heisenberg equation for the conjugate momentum
operator, and consider the expectation value over |u).
This reads

(B7)

0 (| (x) ) = i/d32<ﬂ|[H(Z)vﬂ(x)]lﬂ> ~0.  (B8)

The expectation value of the commutator in the right-hand
side of Eq. (B8) vanishes if we neglect loop corrections
because it contains only spacial derivatives of the field.
These operators are not shifted by the shift operator at any
time because the state describes a homogeneous configu-
ration. In other words, we find that a general contribution to
the commutator reads

j / B2l [H(z. 1), T, 1)] 1)

~ (u|o{(m*" (x, 1) (0p0* )" 0ich(x. 1) } 1)

~ (ulz(x, 1)|u)*" 1 O(R"), (B9)
with n > 0 and m > 1. The m = 0 contributions coincide
with the ones of the vacuum theory and are vanishing due to
underlying Z, invariance of the latter. Having proven the
conservation of the classical expectation value of the
conjugate momentum, Eq. (B7) follows.

APPENDIX C: P(X) COMMUTATOR: DETAILS
OF THE CALCULATION

In this appendix, we provide the derivation of the
interacting commutator of the P(X) theory, as given by
Eq. (42) of Sec. IIl. The starting point is the momentum
representation of the interaction picture commutator,

&k
Ala—z) = /2k(27z)3

(e~ M=) — oik(H=2)) ik (Gi1=2),

(C1)

which we use to evaluate Eq. (40).
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In particular, we need to evaluate the integrals involving
spatial and time derivatives of § functions. We start with the
first integral which reads

Ald“za,-A(z —x)0'A(z)

3
_ / 420 / - S (e o pik(221) _ ikt _ ikt pike¥
0 )
i

42x

B 1 1
s\ \A- A-¥7
1 1
—-21 - ,
((ﬁ—)?)2 (&—%2)}

where the imaginary tilt of the time 7. = #(1 £ ie) is
introduced to have the UV-convergence of the momentum
integrals. The integral involving time derivatives of §
functions is evaluated in a similar way and reads

(€2)

/t d*z0yA(z — x)0yA(z)

i 1 1
T A

2 ((ﬁ - PP (A - 562)2) }

(C3)

By plugging the above expressions back into Eq. (40),
we obtain Eq. (41). The final step is to extract the
discontinuities from the above expression to derive
Eq. (42). This is achieved by employing the following
operator identities:

f)d(x) = f(0)&' (x) = f(0)8(x), (C4)
1 1

27id(x) = it

(C5)

X — i€

The first expression is obtained by recalling the identity
f(x)8(x) = f(0)8(x). Differentiating this identity with
respect to x then leads directly to Eq. (C4). The second
expression comes from the well-known application of the
Sokhotski-Plemelj theorem on the real-line. Differentiating
the second expression with respect to x, and evaluating the
result over ¢ + |X| provides a third identity that we exploit
as follows:

1 1
(- [5)7 (e £ 5])?

0
= F2in—— 5(F| £ 1).

PR (C6)

By focusing on the correction proportional to the
coupling of Eq. (41), we write

1 1 2 1 1
r=-X =X (2 =322 (A -

t 1

)

:g(5(|5c’| — 1) = 8([7] +1)) -

N

X|

B

=& {(5(|5e| —1) = 8(|x[ + 1)) -

N~

=l

%)

1 1 1
m—my‘m—ww‘m+mv+m+ww>

<ma—w+am+n&,

(€7)

where in the first and second step we used Egs. (C5) and (C6). Finally, by introducing back overall coefficients and using

Eq. (C4), we find

2

o {4&m—0—ma+m

L0 (s = 1) + 87 + t))}

" 2in] 20]%|
2
au - - ~ 0 - -
= —(o(|x| —1) =0 t — (0(|x| —1) =0 t
et (001 =)= 87+ )+ 7] (607 = ) = o051+ )}
= 05/12 sign(t)|)?| —a_, 5()?2 - t2>, (C8)
2in? a|x|

which can be reduced to the first line of Eq. (42).
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