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The relation between covariant fracton gauge theory and Møller-Hayashi-Shirafuji theory of gravity is
investigated. The former is the gauge theory of a rank-two symmetric tensor with gauge symmetry given by
the double derivative of a scalar parameter; the latter is the most general theory, whose action is quadratic in
the Weitzenböck torsion. We show that the solutions of covariant fracton gauge theory describe a subsector
of the space of solutions of Møller-Hayashi-Shirafuji theory, providing a new insight in the relation
between covariant fractons and gravity, and elucidating the meaning of covariant fracton theory as a new
type of gauge theory.
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I. INTRODUCTION AND OUTLOOK

In this paper we pursue the investigation on covariant
fracton gauge theory and its properties, studying the
relation between covariant fractons and teleparallel gravity.
Fracton phases, which are excitations characterized by

restricted mobility due to the conservation of the dipole
moment [1–3], were firstly introduced in condensed matter
physics [4] but attracted interest in a broader context. In
particular, covariant fracton gauge theory, introduced for
the first time in [5], is the gauge theory of a rank-two

symmetric tensor hðfrÞμν with gauge symmetry given by the
double derivative of a scalar parameter

δhðfrÞμν ¼ ∂μ∂νλ: ð1:1Þ
Covariant fracton gauge theory elucidates the main pro-
perties of ordinary fracton excitations, in the context
of the higher rank extensions of Maxwell theory [6], and
it can be thought as an extension of linearized Einstein
gravity, invariant with respect to longitudinal diffeomor-
phisms [7,8]. Recently, three-dimensional Chern-Simons-
like models with covariant fracton gauge symmetry [9] and
the analog of the electromagnetic duality in covariant
fracton gauge theory [10] have been investigated.
The most general quadratic action in the derivatives of

hðfrÞμν , invariant with respect to (1.1), can be written in terms

of the two possible scalar contractions of the gauge
invariant fracton field strength [11]1

fðfrÞμνϱ ¼ ∂μh
ðfrÞ
νϱ − ∂νh

ðfrÞ
μϱ ; ð1:2Þ

which is analogous to the field strength in electromagnet-
ism. The action reads

Sfr ¼
Z

ddxðαfðfrÞμνϱfðfrÞμνϱ þ βfðfrÞμννfðfrÞμϱϱÞ; ð1:3Þ

where α and β are arbitrary constants. Taking α and β such
that βα ¼ −2, and replacing the fracton gauge field with the
perturbation of the metric in linearized gravity, one gets the
Fierz-Pauli action [see Eq. (2.12)] [14], which is invariant
under the full group of linearized diffeomorphisms.
Since the whole dynamics of covariant fracton gauge

theory is encoded in the fracton field strength, one might
ask which its gravitational analog is. We observe in this
paper that the covariant fracton field strength is the
analog of the linearized Weitzenböck torsion in gravity,
when the linearized vielbein has vanishing totally anti-
symmetric part. The first attempts of a torsion formulation
of general relativity, usually known as teleparallel equiv-
alent of general relativity, date back to Einstein [15], who
unsuccessfully tried to unificate gravitation and electro-
magnetism in four dimensions, using the 16 degrees of
freedom of the vierbein, according to Cartan’s [16–19] and
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1hðfrÞμν and fðfrÞμνϱ are respectively denoted with hμν and fμνϱ in
[11]. A formally equivalent tensor fμνϱ appeared previously in
[12], where the theory of a partially massless spin-two field
in de Sitter space is investigated. It appears also in [13] at the
linear level.
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Weitzenböck’s [20] works. For the history and prehistory of
the teleparallel gravity see for example [21,22]. In tele-
parallel gravity the dynamical variables are encoded in the
torsion of a flat connection, known as the Weitzenböck
connection:

Wμ
ϱ
ν ¼ eϱa∂μeνa; ð1:4Þ

where eμa is the vielbein, and eμa its inverse. The
Weitzenböck torsion, which is the antisymmetric part of
the previous connection

Tμ
ϱ
ν ¼ W½μϱν� ¼ eϱa∂½μeν�a; ð1:5Þ

is a well-defined covariant tensor, which is very useful for
its geometrical implications: namely, it was employed in
the geometrization of gauge symmetries in the context of
Scherk-Schwarz compactifications [23], and in generalized
geometry [24–26]. Møller studied extensions of general
relativity in teleparallel formulation, by considering the
wider class of theories defined by the most general action
quadratic in the Weitzenböck torsion [27–29]. At the same
time, independently, the possible phenomenological impli-
cations of the model were first studied by Hayashi and
Shirafuji [30]. The model can be also viewed as the gauge
theory of translations [31]. The action for the theory
considered by Møller and by Hayashi and Shirafuji, which
we will call Møller-Hayashi-Shirafuji theory (MHS), reads

SMHS ¼
1

2

Z
ddxeðα1TμνϱTμνϱþα2TμνϱTμϱνþα3Tμν

νTμϱ
ϱÞ;

ð1:6Þ

where α1, α2, α3 are arbitrary constants.
We will show that, when β

α ≠ 2, the solutions of the
equations of motion of covariant fracton gauge theory can
be viewed as the subsector in the space of solutions of the
equations of motion of linearized MHS theory, identified
by the vanishing antisymmetric part of the linearized
vielbein, denoted with bμν,

bμν ¼ 0: ð1:7Þ

The embedding of covariant fracton solutions in MHS

theory is realized when the fracton gauge field hðfrÞμν is
identified with the symmetric part of the linearized viel-
bein, denoted with hμν,

hðfrÞμν ¼ hμν; ð1:8Þ

and the constants α and β in the covariant fracton action
(1.3) are identified with combinations of the constant α1,
α2, and α3 in the MHS action (1.6),

α ¼ 1

4
ð2α1 þ α2Þ; β ¼ 1

2
α3: ð1:9Þ

To show this, focusing on four dimensions for definiteness,
we will compare the particle spectrum of both theories.
Except for some particular cases, tuned by special values
of the constants α1, α2, and α3, such that the gauge
invariance is enlarged, the spectrum of MHS theory in
four dimensions consists in 6 degrees of freedom, given by
a particle with helicity �2, one with helicity �1, and two
scalar particles. The antisymmetric field bμν describes only
a scalar particle (as expected, since a two-form gauge field
in four dimensions is dual to a scalar field). The sector with
vanishing bμν coincides with the particle spectrum of
covariant fracton gauge theory, which indeed describes
the remaining 5 propagating degrees of freedom [8], except
for the particular cases in which the gauge symmetry is
enlarged.
Linearized diffeomorphisms act on bμν as a one-form

gauge transformation for a two-form field (usually known
as Ramond-Kalb field [32]). The condition (1.7) is not
diffeomorphism invariant, but it leaves a residual gauge
symmetry when the gauge parameter is exact, that is, when
it is a derivative. This is the case of longitudinal diffeo-
morphisms, so that the residual gauge symmetry is the
fracton gauge symmetry. In a sense, covariant fracton
solutions spontaneously break the diffeomorphism sym-
metry of MHS theory, preserving only the fracton gauge
symmetry.
To elucidate this setting, we will take into account the

Becchi-Rouet-Stora-Tyutin (BRST) formulation [33–36] of
covariant fracton gauge theory. In the BRST setup, the
gauge parameter is replaced by an anticommuting scalar
field (fracton ghost) λ, and the gauge transformation is
realized by a nilpotent differential operator s on the space
of the fracton gauge field and of the ghost and their
derivatives, evaluated in the same spacetime point. The
local s-cohomology, which classifies the consistent anoma-
lies, is generated by the undifferentiated ghost and by the
fracton field strength and its derivatives, as in the analogous
case of electromagnetism [11].
Wewill show that the BRST transformations of covariant

fracton gauge theory can be conveniently formulated in an
equivalent way, by including two BRST trivial doublets. In
this formulation a symmetric rank-two tensor hμν and an
antisymmetric one bμν are included. They can be respec-
tively viewed as the symmetric and the antisymmetric parts
of the linearized vielbein, but the BRST transformations do
not involve any local Lorentz transformation: this is the
case of Weitzenböck geometry, which is flat and it is
invariant only under global Lorentz transformations [37].
Nevertheless, on the one side, the BRST transformations
require the restriction of linearized diffeomorphisms to the
“longitudinal” ones, bringing us to covariant fracton gauge
transformations as they were first introduced [5]; on the
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other side, bμν is equivalent to zero. This individuates the
subsector of MHS theory in which covariant fracton gauge
theory lives.
Covariant fractons were introduced in [5] only at linear

level. In [38] it is shown that the theory is afflicted by
instabilities, which in principle can be cured by considering
suitable interactions. Going towards this direction, the
result in this note can be viewed as a possible way to
embed covariant fracton theory in a larger theory of gravity,
whose nonlinear extension is automatically given by the
extension of general relativity in teleparallel formulation,
studied by Møller, Hayashi, and Shirafuji.
A possible nonlinear extension of covariant fracton

gauge theory is also discussed in [13], where the
Frölicher-Nijenhuis bracket is employed, acting on vec-
tor-valued differential forms and coinciding with the Lie
derivative between vector fields when it acts on vectors
[39–41]. The nonlinear extension of the fracton gauge
transformation is realized by using a vector parameter,
which is restricted to be the derivative of a scalar parameter
only at the linear level; the gauge field is replaced by a
vector-valued one-form, and a constraint is added in order
to make it symmetric; a possible nonlinear equation of
motion is postulated, without an action from which to
deduce it; the linearization of such an equation is the
equation of motion of covariant fracton gauge theory [with
β ¼ 0 in (1.3)].
It would be interesting to exploit the relation between

covariant fractons and Weitzenböck torsion in understand-
ing deeper this nonlinear extension. In particular, one could
try to see if it is possible to relate the postulated nonlinear
equation of motion with the equations of MHS theory, since
it seems natural to identity the vector-valued one-form with
the linearized vielbein.
The rest of the paper is organized as follows: in Sec. II

covariant fracton theory is formulated in a way which
makes manifest the relation with torsion formulation of
gravity; in Secs. III, IV, and V torsion formulation of
general relativity, the MHS theory, and its linearization are
reviewed; in Secs. VI and VII the particle spectrum of
covariant fracton and MHS theory are computed and
compared, providing the embedding of covariant fractons
in MHS theory; and finally, in Sec. VIII the equivalent
BRST formulation is investigated. In Appendix A there is a
summary of Weitzenböck geometry; in Appendix B a com-
putation for BRST cohomology is shown; Appendix C is
devoted to a comparison between different conventions;
and in Appendix D there is a summary of polarization
matrices.

II. COVARIANT FRACTON GAUGE THEORY
IN “TORSIONLIKE FORMULATION”

In this section covariant fracton gauge theory [5] is
formulated in a way in which its embedding in gravitational
theories in torsion formulation will be natural.

Covariant fracton gauge theory is defined by a sym-

metric rank-two tensor hðfrÞμν and by a scalar gauge para-
meter, promoted to an anticommuting ghost λ in BRST
formalism [33–36]. The nilpotent BRST transformations
are

shðfrÞμν ¼ ∂μ∂νλ; sλ ¼ 0: ð2:1Þ

One defines the fracton field strength

fðfrÞμνϱ ≔ ∂μh
ðfrÞ
νϱ − ∂νh

ðfrÞ
μϱ ; ð2:2Þ

which is antisymmetric in the first two indices, and whose
totally antisymmetric part vanishes (algebraic Bianchi
identity). Moreover, the fracton field strength is BRST
invariant and it satisfies a differential Bianchi identity:

sfðfrÞμνϱ ¼ 0; ð2:3aÞ

fðfrÞμνϱ þ fðfrÞνϱμ þ fðfrÞϱμν ¼ 0; ð2:3bÞ

∂σf
ðfrÞ
μνϱ þ ∂μf

ðfrÞ
νσϱ þ ∂νf

ðfrÞ
σμϱ ¼ 0: ð2:3cÞ

The most general invariant quadratic action in the deriva-

tive of hðfrÞμν can be written in terms of the fracton field
strength. There are only two independent quadratic scalar
contractions of the fracton field strength, since it transforms
in the mixed Young tableau (2,1).2 So, the most general
quadratic invariant action can be written as

Sfr ¼
Z

ddxðαfðfrÞμνϱfðfrÞμνϱ þ βfðfrÞμννfðfrÞμϱϱÞ

¼
Z

ddx

�
2α∂ϱhðfrÞμν∂ϱh

ðfrÞ
μν − 2

�
α −

β

2

�
∂
νhðfrÞμν ∂ϱhðfrÞμϱ

þ β∂μhðfrÞνν∂μhðfrÞϱϱ − 2β∂μhðfrÞνν∂ϱhðfrÞμϱ
�
; ð2:4Þ

for arbitrary constants α and β. The corresponding equa-
tions of motion require the following symmetric tensor to
vanish:

EðfrÞ
μν ≔ −

1

2

δSfr
δhðfrÞμν

¼ α∂ϱfðfrÞϱðμνÞ −
β

2
∂ðμfðfrÞνÞϱϱ

þ βημν∂ϱfðfrÞϱσσ ð2:5Þ

¼ 2α∂2hðfrÞμν −
2α − β

2
∂ðμ∂ϱh

ðfrÞ
νÞϱ − β∂μ∂νhðfrÞϱϱ

þ βημνð∂2hðfrÞϱϱ − ∂ϱ∂σhðfrÞϱσÞ ð2:6Þ

2We denote with ðλ1;…; λnÞ the Young tableau with n rows
and λi boxes in the ith row, i ¼ 1;…; n. ðλ1;…; λnÞt is the
corresponding traceless part.
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where the round brackets among indices denote symmet-
rization without any numerical coefficient.3 It is useful to
define the following tensor:

RðfrÞ
μνϱσ ¼ 1

2
∂σ∂μh

ðfrÞ
νϱ −

1

2
∂σ∂νh

ðfrÞ
μϱ −

1

2
∂ϱ∂μh

ðfrÞ
νσ þ 1

2
∂ϱ∂νh

ðfrÞ
μσ

¼ 1

2
∂σf

ðfrÞ
μνϱ −

1

2
∂ϱf

ðfrÞ
μνσ; ð2:7Þ

which enjoys the same symmetries as the Riemann tensor,
being antisymmetric in μν and in ϱσ and symmetric in
μν ↔ ϱσ. The corresponding “Ricci tensor” and “Ricci
scalar” respectively read4

RðfrÞ
μν ¼ RðfrÞϱ

μϱν ¼ −
1

4
∂ϱfðfrÞϱðμνÞ −

1

4
∂ðμfðfrÞνÞϱϱ; ð2:8Þ

RðfrÞ ¼ RðfrÞ
μ
μ ¼ −∂μfðfrÞμνν: ð2:9Þ

Writing ∂ðμfðfrÞνÞϱϱ and ∂μfðfrÞμνν in terms of the “Ricci
tensor” and of the “Ricci scalar” in the equations of motion
(2.5), one recognizes the analog of the linearized Einstein
tensor:

EðfrÞ
μν ¼ 2β

�
RðfrÞ
μν −

1

2
RðfrÞημν

�
þ
�
αþ β

2

�
∂ϱfðfrÞϱðμνÞ:

ð2:10Þ

Indeed, if one replaces hðfrÞμν in the action (2.4) with a rank–
two symmetric tensor hμν, thought as the perturbation of a
metric gμν ¼ ημν þ hμν, and α and β are such that

β

α
¼ −2; ð2:11Þ

choosing the normalization α ¼ 1
2
, one recovers the mass-

less Fierz-Pauli action [14]

SFP ¼
1

2

Z
ddxð∂ϱhμν∂ϱhμν − 2∂νhμν∂ϱhμϱ þ 2∂μhνν∂ϱhμϱ

− ∂μhνν∂μhϱϱÞ: ð2:12Þ

Consistently, imposing the condition (2.11) in the equations
of motion (2.10), the last term vanishes and one gets the
linearized Einstein equations.
Using the equations of motion in the form (2.10), it is

manifest that the first divergence is not identically zero,
unless in the Fierz-Pauli case, since only the analog of the
Einstein tensor is transverse:

∂
μEðfrÞ

μν ¼
�
αþ β

2

�
∂
μ
∂ϱfðfrÞϱðμνÞ: ð2:13Þ

Instead, one gets a transversality condition for all values
of α and β by taking the second divergence, as a
consequence of the invariance under the fracton gauge
transformations (2.1),

∂
μ
∂
νEðfrÞ

μν ¼
�
αþ β

2

�
∂
μ
∂
ν
∂
ϱfðfrÞμνϱ ¼ 0; ð2:14Þ

which vanishes since the fracton field strength is antisym-
metric in its first two indices.

III. REVIEW OF TELEPARALLEL GRAVITY

In the usual formulation of general relativity, one
chooses a connection Γμ

ϱ
ν compatible with the metric

gμν, such that the torsion vanishes and the curvature
encodes the dynamical variables:

∇ϱðΓÞgμν ¼ ∂ϱgμν − Γϱ
σ
μgσν − Γϱ

σ
νgμσ ¼ 0; ð3:1aÞ

Tμ
ϱ
νðΓÞ ¼ Γμ

ϱ
ν − Γν

ϱ
μ ¼ 0; ð3:1bÞ

Rμν
ϱ
σðΓÞ ¼ ∂μΓν

ϱ
σ − ∂νΓμ

ϱ
σ þ Γμ

ϱ
τΓν

τ
σ − Γν

ϱ
τΓμ

τ
σ:

ð3:1cÞ

As known, there is a unique choice for such a connection,
the Levi-Civita connection:

Γμ
ϱ
ν ¼

1

2
gϱσð∂μgνσ þ ∂νgμσ − ∂σgμνÞ: ð3:2Þ

In the following we will denote with ∇μ the covariant
derivative with respect to the Levi-Civita connection Γμ

ϱ
ν,

and with Rϱ
σμν the Riemann tensor.

There is an alternative but equivalent formulation of
general relativity (at least classically and without boundary
terms), known as the teleparallel equivalent of general
relativity, in which one chooses a connection Wμ

ϱ
ν,

compatible with the metric, such that the dynamical
variables are encoded in the torsion and the curvature
vanishes [15,20]:

∇ϱðWÞgμν ¼ ∂ϱgμν −Wϱ
σ
μgσν −Wϱ

σ
νgμσ ¼ 0; ð3:3aÞ

Tμ
ϱ
νðWÞ ¼ Wμ

ϱ
ν −Wν

ϱ
μ; ð3:3bÞ

Rμν
ϱ
σðWÞ ¼ ∂μWν

ϱ
σ − ∂νWμ

ϱ
σ þWμ

ϱ
τWν

τ
σ

−Wν
ϱ
τWμ

τ
σ ¼ 0: ð3:3cÞ

While in the usual formulation of general relativity the
gravitational interaction is due to the curvature of

3For example, AðμνÞ ¼ Aμν þ Aνμ. Similarly, A½μν� ¼ Aμν − Aνμ.
4Consider that ∂½μfðfrÞν�ϱϱ − ∂ϱfðfrÞϱ½μν� ¼ 0 as a consequence

of (2.3b)–(2.3c).
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spacetime, in teleparallel formulation the gravitational
interaction is mediated by a Lorentz-like force in a flat
spacetime, as in Yang-Mills theories [42]. Indeed, while in
the former case the action is linear in the curvature, in the
latter one the action is quadratic in the torsion.
Denoting with eμa the components of the vielbein and

with eμa the components of the frame or inverse vielbein, it
is possible to choose a connection Wμ

ϱ
ν such that the

vielbein is parallel or covariantly constant, that is the
following equation holds:

∂μeνa −Wμ
ϱ
νeϱ

a ¼ 0: ð3:4Þ

The unique connection solving the previous condition is the
Weitzenböck connection [20]

Wμ
ϱ
ν ¼ eϱa∂μeνa; ð3:5Þ

which consistently has vanishing curvature, since it is the
Cartan-Maurer form out of the vielbein.5 Moreover, the
condition (3.4) implies the compatibility condition (3.3a),
since

gμν ¼ eμaeνbηab: ð3:6Þ

In the following we will denote with Dμ the covariant
derivative with respect to the Weitzenböck connection
Wμ

ϱ
ν, and with Tμ

ϱ
ν the Weitzenböck torsion,

Tμ
ϱ
ν ¼ eϱa∂½μeν�a; ð3:7Þ

antisymmetric in the first and in the last index.
The Weitzenböck torsion satisfies the following Bianchi

identity:

D½μTν�σϱ þDϱTμ
σ
ν − T ½μστTν�τϱ − TμτνTϱ

στ ¼ 0; ð3:8Þ

whose trace, which will be useful in the following, reads

D½μTν�ϱϱ þDϱTμ
ϱ
ν þ TμϱνTϱσ

σ ¼ 0: ð3:9Þ

Using the derivative of the vielbein determinant
∂μe ¼ eWμ

ϱ
ϱ, one can show that the following identity

holds for the Weitzenböck covariant divergence, for any
vector Vμ,

eDμVμ ¼ ∂μðeVμÞ þ eTμ
μ
νV

ν: ð3:10Þ

The relation between the Levi-Civita connection and the
Weitzenböck is given by

Γμ
ϱ
ν ¼ Wμ

ϱ
ν þ Kμ

ϱ
ν ¼ Wμ

ϱ
ν þ

1

2
ðTμν

ϱ þ Tνμ
ϱ − Tμ

ϱ
νÞ;

ð3:11Þ

where the tensor −Kμ
ϱ
ν is the contorsion. Using the

vanishing of the curvature of the Weitzenböck connection
and the relation (3.11), one can write the Riemann tensor in
terms of the contorsion in the following way:

Rμ
νϱσ ¼ DϱKσ

μ
ν −DσKρ

μ
ν þ Tϱ

τ
σKτ

μ
ν þ Kϱ

μ
τKσ

τ
ν

− Kσ
μ
τKϱ

τ
ν: ð3:12Þ

Therefore, using the trace of the Bianchi identity (3.9), the
Ricci tensor is

Rμν ¼ Rϱ
μϱν ¼

1

2
DϱTðμνÞϱ −

1

2
DðμTνÞϱϱ þ

1

2
TðμνÞϱTϱσ

σ

þ 1

4
TϱμσTϱ

ν
σ −

1

2
TμϱσTν

ϱσ −
1

2
TμϱσTν

σϱ; ð3:13Þ

and the Ricci scalar is

R ¼ Rμ
μ ¼ −2DμTμν

ν −
1

4
TμνϱTμνϱ −

1

2
TμνϱTμϱν

− Tμν
νTμϱ

ϱ: ð3:14Þ

Finally, using the Weitzenböck covariant divergence (3.10),
one gets the following identity:

eR ¼ −∂μð2eTμν
νÞ

− e

�
1

4
TμνϱTμνϱ þ

1

2
TμνϱTμϱν − Tμν

νTμϱ
ϱ

�
; ð3:15Þ

which shows that, up to a boundary term, the Einstein-
Hilbert action admits an equivalent formulation in terms of
a linear combination of the quadratic scalar contractions of
the Weitzenböck torsion [27–31,42]:

SEH ¼ −
1

2

Z
ddxeR ¼ 1

2

Z
ddxe

�
1

4
TμνϱTμνϱ

þ 1

2
TμνϱTμϱν − Tμν

νTμϱ
ϱ

�
; ð3:16Þ

where we set κ ¼ 8πG ¼ 1.6

5The spin connection corresponding to the Weitzenböck
connection is zero (Weitzenböck condition). See Appendix A
for more details.

6This proves the dynamical equivalence of the usual formu-
lation of general relativity and of the teleparallel equivalent, since
it is not necessary to assume the existence of a globally defined
frame [43]. Although not manifest in teleparallel formulation, the
precise combination in (3.16) is locally Lorentz invariant (see
next Sections and [43]), and the inverse frame serves as a gauge
field. Thus, the global extension of the frame is ensured by
suitably choosing the gauge redundancy in the overlaps of the
coordinates patches.

COVARIANT FRACTONS AND WEITZENBÖCK TORSION PHYS. REV. D 112, 105002 (2025)

105002-5



IV. REVIEW OF MØLLER-HAYASHI-SHIRAFUJI
THEORY

The relation (3.16) shows that the Einstein-Hilbert
action consists in a linear combination of three quadratic
scalar contractions of the Weitzenböck torsion with precise
relative coefficients. In [27–31] the theory defined by the
same action with arbitrary coefficients is considered,

SMHS ¼
1

2

Z
ddxeðα1TμνϱTμνϱþα2TμνϱTμϱνþα3Tμν

νTμϱ
ϱÞ:

ð4:1Þ

We call the theory described by this action Møller-Hayashi-
Shirafuji theory.7

The peculiar combination picking the case of general
relativity, which is

α1 ¼
1

4
; α2 ¼

1

2
; α3 ¼ −1; ð4:2Þ

is captured by formally requiring the local Lorentz invari-
ance, which indeed is the necessary requirement in the
vielbein formulation of general relativity, beside diffeo-
morphism invariance, in order to recover the right number
of degrees of freedom [44].8

The MHS action is the most general quadratic action in
the Weitzenböck torsion, since there are only three possible
independent quadratic scalar contractions of the torsion.
Indeed, the torsion has three irreducible components9:

Tμϱν → ð1; 1Þ ⊗ ð1Þ ¼ ð1; 1; 1Þ ⊗ ð2; 1Þt ⊗ ð1Þ: ð4:3Þ

(1,1,1) is the totally antisymmetric part T ½μνϱ�, and (1) is
the unique trace Tμν

ν. Namely, the contraction out of
two traces is Tμν

νTμϱ
ϱ; the contraction out of two totally

antisymmetric tensors is T ½μνϱ�T ½μνϱ�, which is proportional
to TμνϱT ½μνϱ�; the scalar contraction involving the remaining
irreducible component can be replaced by TμνϱTμνϱ; and the
second contraction can be replaced by TμνϱTμϱν, since

TμνϱTμϱν ¼
1

2
TμνϱTμνϱ −

1

4
TμνϱT ½μνϱ�: ð4:4Þ

Therefore, the three contractions in (4.1) can be chosen as
an independent basis.
Using the variations

δe ¼ −eeμaδeμa; δTμ
ϱ
ν ¼ e½μaDν�δϱa; ð4:5Þ

one can compute the equations of motion of the three pieces
in (4.1) [29]:

eμa
e

δ

δeνa

Z
ddxeTαβγTαβγ ¼ −gμνTαβγTαβγ − 2TαμβTα

ν
β − 4Tμν

αTαβ
β þ 4TμαβTν

αβ − 4DαTμν
α; ð4:6aÞ

eμa
e

δ

δeνa

Z
ddxeTαβγTαγβ ¼ −gμνTαβγTαγβ − 2TμανTαβ

β þ 2TμαβTν
βα − 2TνμαTαβ

β − 2DαTμ
α
ν − 2DαTνμ

α; ð4:6bÞ

eμa
e

δ

δeνa

Z
ddxeTαβ

βTαγ
γ ¼ gμνTαβ

βTαγ
γ þ 2gμνDαTαβ

β − 2DνTμα
α: ð4:6cÞ

Therefore, the equations of motion Eμν ≔
eμa
e

δSMHS
δeνa

¼ 0, decomposed in symmetric and antisymmetric part

Eμν ¼ EðsymÞ
μν þ EðantiÞ

μν , with EðsymÞ
μν ¼ EðsymÞ

νμ , and EðantiÞ
μν ¼ −EðantiÞ

νμ , respectively read

EðsymÞ
μν ¼ 2α1TμαβTν

αβ þ α2TμαβTν
βα − α1TαμβTα

ν
β −

�
α1 þ

α2
2

�
ðTðμνÞαTαβ

β þDαTðμνÞαÞ −
α3
2
DðμTνÞαα

−
1

2
gμνðα1TαβγTαβγ þ α2TαβγTαγβ − α3Tαβ

βTαγ
γ − 2α3DαTαβ

βÞ; ð4:7aÞ

EðantiÞ
μν ¼

�
α2
2
− α1

�
ðT ½μν�αTαβ

β þDαT ½μν�αÞ −
�
α2 þ

α3
2

�
ðTμανTαβ

β þDαTμ
α
νÞ; ð4:7bÞ

7Hayashi and Shirafuji called it new general relativity [30]. See Appendix C for a comparison with definitions and conventions in this
paper and in [29] and in [30].

8Since in MHS theory local Lorentz invariance is spoiled; unless (4.2) are met, one has to assume the parallelizability of spacetime
a priori, that is the existence of a frame which serves as a basis for the tangent bundle, which trivializes [30].

9See note 2 for the notation of Young tableaux.
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where in the antisymmetric part we use the trace of
the Bianchi identity (3.9). Using the choice (4.2), the
antisymmetric equation is trivial (and this is the unique
case) and the symmetric part, using (3.13) and (3.14), is
recognized to be the Einstein equations. To make this
manifest, use (3.13) and (3.14) to replace DðμTνÞαα and
DαTαβ

β:

DðμTνÞαα ¼ −2Rμν − TμαβTν
αβ − TμαβTν

βα

þ 1

2
TαμβTα

ν
β þ TðμνÞαTαβ

β þDαTðμνÞα; ð4:8Þ

DαTαβ
β ¼ −

1

2
R −

1

8
TαβγTαβγ −

1

4
TαβγTαγβ −

1

2
Tαβ

βTαγ
γ:

ð4:9Þ

Moreover, it will be useful for the following to decompose
the torsion in the components in transforming in the Young
tableaux (2,1) and (1,1,1), the first one including the trace,

Tμνϱ ¼ fμϱν þ tμνϱ; ð4:10Þ

where10

fμνϱ ¼ −fνμϱ; f½μνϱ� ¼ 0; tμνϱ ¼
1

6
t½μνϱ�: ð4:11Þ

These symmetries imply that the following identities are
satisfied:

fαβγfαγβ −
1

2
fαβγfαβγ ¼ 0; ð4:12aÞ

fαββfαμν − fαββfμνα ¼ 0; ð4:12bÞ

fαβγtαβγ ¼ 0; ð4:12cÞ

fðμαβtνÞαβ þ
1

2
fαβðμtνÞαβ ¼ 0; ð4:12dÞ

−
1

2
fαβμfαβν þ fμαβfναβ − fμαβfνβα ¼ 0; ð4:12eÞ

fαβμfαβν þ fαβðμfνÞαβ ¼ 0: ð4:12fÞ

Using the replacement rules (4.8)–(4.9), the decomposition
of the torsion (4.10), and the identities (4.12a)–(4.12f) in
the equations of motion (4.7a) and (4.7b), one obtains

EðsymÞ
μν ¼ α3

�
Rμν −

1

2
Rgμν

�
−
�
4α1 − α2 þ

α3
2

�
fðμαβtνÞαβ

þ
�
α1 − α2 −

α3
4

��
tμαβtναβ −

1

2
gμνtαβγtαβγ

�

þ ð2α1 þ α2 þ α3Þ
�
1

2
DαfαðμνÞ þ

1

2
fαββfαðμνÞ

þ fμαβfνβα −
1

4
gμνfαβγfαβγ

�
; ð4:13Þ

EðantiÞ
μν ¼ 1

2
ð2α1 þ α2 þ α3ÞðDαfα½μν� þ fαββfα½μν�

þ
�
−2α1 þ 2α2 þ

α3
2

�
ðDαtαμν þ fαββtαμνÞ:

ð4:14Þ

Using the choice (4.2), all the combinations of the constants
α1, α2, α3 vanish, and the symmetric part gives the Einstein
equations.

V. LINEARIZATION OF MØLLER-HAYASHI-
SHIRAFUJI THEORY

The linearization of the Møller-Hayashi-Shirafuji theory
[29,30] is obtained by defining

eμa ¼ δaμ þ εh̄μa; gμν ¼ ημν þ εhμν; ð5:1Þ
where ε is infinitesimal. Moreover, defining

h̄μν ¼ h̄μaδνa; h̄μν ¼ h̄μϱηϱν ¼ h̄μaδaϱηϱν ð5:2Þ
and combining the linearization of gμν and eμa, we get
that hμν is the symmetric part h̄μν þ h̄νμ. So, denoting with
bμν ¼ h̄μν − h̄νμ the antisymmetric part, we can decompose

h̄μν ¼
1

2
ðhμν þ bμνÞ: ð5:3Þ

Similarly for the inverse vielbein:

eμa ¼ δμa − εh̄aμ; h̄aνδaμ ¼ h̄μaδνa; h̄bμδaν ¼ h̄νaδ
μ
b;

ð5:4Þ
which are fixed in order to recover eμaeνa ¼ δνμ
and eμaeμb ¼ δab.
The linearized equations of motion are

E̊ðsymÞ
μν ¼ α3

�
R̊μν −

1

2
R̊ημν

�
þ 1

2
ð2α1 þ α2 þ α3Þ∂αf̊αðμνÞ;

ð5:5Þ

E̊ðantiÞ
μν ¼

�
−2α1 þ 2α2 þ

α3
2

�
∂α̊tαμν

þ 1

2
ð2α1 þ α2 þ α3Þ∂αf̊α½μν�; ð5:6Þ10The inverse relations read fμνϱ ¼ 1

3
ðTμνϱ þ Tϱμν − 2TνϱμÞ

and tμνϱ ¼ 1
3
ðTμνϱ þ Tϱμν þ TνϱμÞ.
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where

T̊μνϱ ¼ f̊μϱν þ ̊tμνϱ ¼ ∂μh̄ϱν − ∂ϱh̄ϱν ð5:7Þ

¼ 1

2
ð∂μhϱν − ∂ϱhμν þ ∂μbϱν − ∂ϱbμνÞ; ð5:8Þ

f̊μνϱ ¼
1

2
∂½μhν�ϱ þ

1

6
ð∂½μbν�ϱ þ 2∂ϱbνμÞ; ð5:9Þ

̊tμνϱ ¼
1

6
∂½μbϱν�; ð5:10Þ

R̊μν ¼
1

2
∂ϱT̊ðμνÞ

ϱ −
1

2
∂½μT̊νÞϱ

ϱ ¼ −
1

2
∂ϱf̊

ϱ
ðμνÞ −

1

2
∂ðμf̊νÞϱ

ϱ

¼ −
1

2
∂
2hμν þ

1

2
∂
α
∂ðμhνÞα −

1

2
∂μ∂νhαα; ð5:11Þ

R̊ ¼ −2∂μT̊μν
ν ¼ −2∂μf̊

μν
ν ¼ ∂μ∂νhμν − ∂

2hμμ: ð5:12Þ

Since the MHS theory is formulated in a quadratic way,
unlike general relativity in conventional formulation, the
linearized equations of motion can be obtained directly by
varying the action (4.1) with the torsion Tμνϱ replaced by

the linearized one T̊μνϱ:

1

2

Z
ddxðα1T̊μνϱT̊μνϱ þ α2T̊

μνϱT̊μϱν þ α3T̊
μν

νT̊μϱ
ϱÞ: ð5:13Þ

This action can be obtained working directly at the linear
level in the following way. One has to look for the most
general quadratic action in the derivatives of the perturba-
tion h̄μν, invariant under linearized diffeomorphisms, which
are encoded in the following BRST rules11:

sh̄μν ¼ ∂μ
̊ξν; s̊ξμ ¼ 0; ð5:14Þ

or equivalently, using (5.3),

shμν ¼ ∂μ
̊ξν þ ∂ν

̊ξμ; sbμν ¼ ∂μ
̊ξν − ∂ν

̊ξμ; s̊ξμ ¼ 0:

ð5:15Þ

So, one has to study the local s-cohomology of ghost
number zero on the space of h̄μν and its derivatives, treated
as independent variables (the so-called jet space). This is
done in Appendix B. The result is that the s-cohomology
is generated by the derivatives of the antisymmetrized
combination ∂½μh̄ϱ�ν, which is the linearized torsion T̊μνϱ.
Thus, one has to consider the most general action quadratic

in T̊μνϱ, which is a combination of the three independent

quadratic scalar contractions T̊μνϱT̊μνϱ, T̊
μνϱT̊μϱν, T̊

μν
νT̊μϱ

ϱ

with arbitrary coefficients, and this is the action (5.13).
The case of general relativity (4.2) can be obtained

directly by varying the massless Fierz-Pauli action (2.12),
which is the most general quadratic action in the deriva-
tives of the symmetric part hμν, invariant under linearized
diffeomorphisms

shμν ¼ ∂μ
̊ξν þ ∂ν

̊ξμ; s̊ξμ ¼ 0: ð5:16Þ

Indeed, the symmetric part is the only propagating part of
h̄μν in general relativity. If one starts with h̄μν, the anti-
symmetric bμν can be eliminated by modifying the BRST
rules (5.15). One introduces a new BRST differential
operator sFP, adding an antisymmetric shift in the bμν
transformation

sFPhμν ¼ ∂μ
̊ξν þ ∂ν

̊ξν; sFPbμν ¼ ∂μ
̊ξν − ∂ν

̊ξν þ 2Ω̊νμ;

sFP ̊ξμ ¼ 0; sFPΩ̊μν ¼ 0; ð5:17Þ

or equivalently, putting the first two transformations
together,

sFPh̄μν ¼ ∂μ
̊ξν þ Ω̊νμ; sFP ̊ξμ ¼ 0; sFPΩ̊μν ¼ 0;

ð5:18Þ

where Ω̊μν ¼ −Ω̊νμ is anticommuting. Redefining Ω̃νμ≕
∂μ
̊ξν − ∂ν

̊ξμ þ 2Ω̊νμ, one realizes that the transformation of
the antisymmetric part becomes sFPbμν ¼ Ω̃μν, sFPΩ̃μν ¼ 0,
so that ðbμν; Ω̃νμÞ is a trivial doublet, and the local sFP
cohomology does not depend on it [45,46]. On the other
hand, the transformation of the symmetric part is the same
as before sFPhμν ¼ shμν. Therefore, the local sFP cohomol-

ogy on the space of fhμν; ̊ξμ; bμν; Ω̃μνg and their derivatives
is equivalent to the local s cohomology on the space of the
starting field space fhμν; ̊ξμg and derivatives.
The linearized torsion T̊μνϱ is not invariant under the

modified transformations, but it transforms with respect to
Ω̊μν as a gauge two-form with a spectator index

sFPT̊μνϱ ¼ ∂μΩ̊νϱ − ∂ϱΩ̊νμ: ð5:19Þ

Requiring the arbitrary combination in (5.13) to be invari-
ant with respect to the above transformations, one selects
the peculiar combination (4.2), which indeed gives the
Einstein-Hilbert action in the nonlinear case. Consistently,
the action (5.13) with coefficients (4.2) does not depend on
the antisymmetric part bμν by integrating by parts.

11They are the linearization of the BRST rule for the vielbein
encoding the diffeomorphisms, which are generated by the Lie
derivative: seμa ¼ Lξeμa ¼ ξν∂νeμa þ eνa∂μξν, sξμ ¼ 1

2
Lξξ

μ ¼
ξν∂νξ

μ, setting ξμ ¼ ε̊ξμ.
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VI. PARTICLE SPECTRUM IN COVARIANT
FRACTON GAUGE THEORY

The space of the solutions of covariant fracton gauge
theory M fr (moduli space) is the submanifold in the

space of fields fhðfrÞμν g, identified by Eqs. (2.5) or (2.10),
modulo the gauge invariance,12 which, as stated by the
BRST rule in (2.1),13 amounts to linearized longitudinal
diffeomorphisms,

δfractonh
ðfrÞ
μν ¼ ∂μ∂νλ; ∀ α; β: ð6:1Þ

This means that two solutions hðfrÞμν ðxÞ and h0ðfrÞμν ðxÞ of the
equations of motion, which differ by a fracton gauge
transformation, are identified in the moduli space.
When β

α ¼ −2, as in (2.11), the theory reduced to
linearized Einstein gravity, and the gauge invariance is
extended to all linearized diffeomorphisms:

δdiffh
ðfrÞ
μν ¼ ∂μξν þ ∂νξμ; if

β

α
¼ −2: ð6:2Þ

There is also a case in which the fracton theory is traceless,

that is, it does not depend on hðfrÞϱϱ, when hðfrÞμν is
decomposed in its traceless part and in its trace. One
can check that this happens if and only if

β

α
¼ −

2

d − 1
; ð6:3Þ

where α and β are the parameters introduced in (2.4). In that
case, there is an additional gauge symmetry, whose effect is
to shift the trace, corresponding to a linearizedWeyl scaling

of hðfrÞμν :

δWeylh
ðfrÞ
μν ¼ 2σημν; if

β

α
¼ −

2

d − 1
: ð6:4Þ

Let us find the general solution of covariant fracton
gauge theory. For definiteness, we consider the four-
dimensional case from now on. The problem was addressed
in [8,38], where the particle content of the theory was
studied: except for some special cases, the theory des-
cribes 5 propagating degrees of freedom, with helicities
0;�1;�2 respectively. Working in Fourier space, pμ

denotes the momentum and h̃ðfrÞμν the Fourier transform of

the hðfrÞμν . Equations (2.10) in Fourier space are

Kμν
ϱσðp2; α; βÞh̃ðfrÞϱσ ¼ 2αp2h̃ðfrÞμν −

1

2
ð2α − βÞpαpðμh̃

ðfrÞ
νÞ

α

− βpμpνh̃
ðfrÞ þ βημνðp2h̃ðfrÞ − pαpβh̃

ðfrÞαβÞ ¼ 0;

ð6:5Þ

where Kðp2; α; βÞ, viewed as a 10 × 10 matrix, identifies a
system of homogeneous linear equations in the 10 variables

fh̃ðfrÞμν g. Trivial or pure-gauge solutions are those which
solve the system without any condition on the momentum,
and they correspond to the gauge invariance of the theory.
The number of independent trivial solutions is given by the
dimension of the kernel of off-shell Kðp2; α; βÞ (null
eigenspace, whose dimension is the number of variables
decreased by the matrix rank). One can show that

#trivial solutions ¼ dim kerKðp2 ≠ 0; α; βÞ

¼

8>>><
>>>:

6 if α ¼ 0;

4 if β
α ¼ −2;

2 if β
α ¼ − 2

3
;

1 otherwise:

ð6:6Þ

pμpνλ is always a trivial solution; in the linearized Einstein

case β
α ¼ −2, this solution is encompassed in pðμξνÞ, which

are four independent trivial solutions; in the traceless case
β
α ¼ − 2

3
, besides pμpνλ, 2ημνσ is trivial too. There is one

peculiar case more, α ¼ 0, in which there is no kinetic term
for the fracton gauge field, so that the theory is expected to
have no propagating degrees of freedom in this case [5].
In the massless case, the momentum can be canonically

parametrized as pμ ¼ ð1; 0; 0; 1Þ, such that p2 ¼ 0. The
dimension of the kernel in the massless case gives the
number of independent solutions without taking into
account the gauge redundancy. The result is

dim kerKðp2 ¼ 0; α; βÞ ¼
�
8 if β

α ¼ 2;

6 otherwise:
ð6:7Þ

The case β
α ¼ 2 is special, because the contraction pαh̃ðfrÞαμ

disappears from Eq. (6.5). Subtracting the number of trivial
solutions to the dimension of the kernel in the various
cases, one gets the number of degrees of freedom of the
theory:

#dof ¼

8>>>>>><
>>>>>>:

6 − 6 ¼ 0; if α ¼ 0;

6 − 4 ¼ 2; if β
α ¼ −2 ðlinearized gravityÞ;

6 − 2 ¼ 4; if β
α ¼ − 2

3
ðtraceless limitÞ;

8 − 1 ¼ 7; if β
α ¼ 2;

6 − 1 ¼ 5; otherwise;

ð6:8Þ

12The author thanks C. Imbimbo, who suggested how to
expand this and the next section.

13In this section λ is a simple gauge parameter. We maintain the
same notation of the corresponding ghost because this should not
cause confusion.
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where we see that, as expected, the theory has no
propagating degrees of freedom when α ¼ 0. In the case
of linearized Einstein gravity, the 2 degrees of freedom
must describe the graviton, with helicities �2. In the third
case, we expect that the tracelessness condition eliminates a
scalar particle, so that in the general case, which has
5 degrees of freedom, at least a scalar particle is included in
the spectrum. Since the general case encompasses also the
second, the graviton is also included. Only 2 degrees of
freedom remain to be identified: they turn out to describe a
particle with helicities �1, as confirmed by the explicit
solutions of the equations of motion. The 2 degrees of
freedommore in the special case β

α ¼ 2 have again helicities
�1, as we will see in the end of this section.
Solving the equations of motion means finding a basis

for the kernel in the massless case, eliminating the trivial
solutions. In the general case, apart from the trivial
solutions pμpνλ, the other five independent elements in
the basis can be chosen to be equal to

diag

�
−1;−

2αþ β

2β
;−

2αþ β

2β
; 1

�
; λ�1

μν ; λ�2
μν ;

if β ≠ 0; α ≠ 0;
β

α
¼ �2;−

2

3
; ð6:9Þ

where λsμν are polarizationmatrices with helicity s ¼ �1;�2

[the explicit expressions are in (D4b)–(D4c)], and the
diagonal matrix has vanishing helicity. Therefore, in the
general case, covariant fracton gauge theory describes
particles with helicities 0;�1;�2 [8]. If β ¼ 0, the scalar
solution in (6.9) is replaced by

diagð0; 1; 1; 0Þ; ð6:10Þ

which again has vanishing helicity. If β
α ¼ −2, the trivial

solutionspðμξνÞ are completed to a basis for the kernel by λ�2
μν ,

as expected in linearized gravity. If β
α ¼ − 2

3
, the scalar

solution in (6.9) becomes ημν, since − 2αþβ
2β → 1, so it is

trivial, and the theory describes only the modes �1;�2.
Finally, in the special case β

α ¼ 2, the basis has eight
independent elements: one of them is the trivial one
pμpνλ; the remaining seven ones can be chosen as

diagð−1;−1;−1; 1Þ; λ�2
μν ;0

BBB@
0 −1 ∓ i 0

−1 0 0 0

∓ i 0 0 0

0 0 0 0

1
CCCA;

0
BBB@

0 0 0 0

0 0 0 −1
0 0 0 ∓ i

0 −1 ∓ i 0

1
CCCA; ð6:11Þ

where the diagonal solution has vanishing helicity, λ�2
μν has

helicities �2, and the remaining two pairs of solutions have
both helicities�1. So, compared to the general case, there is
one �1 helicity particle more.

As a last observation, consider that, the polarization
matrices λsμν (D4a)–(D4c), in the general solution (6.9), are
transversal in the massless case, meaning that

pμλsμν ¼ 0; s ¼ �1;�2; if pμ ¼ ð1; 0; 0; 1Þ: ð6:12Þ

Instead, the scalar mode is longitudinal

pμdiag

�
−1;−

2αþ β

2β
;−

2αþ β

2β
; 1

�
μν

¼ pν: ð6:13Þ

Nonetheless, this implies that the arbitrary solution h̃ðfrÞμν on-
shell satisfies the condition

pαp½μh̃
ðfrÞ
ν�α ¼ 0 if pμ ¼ ð1; 0; 0; 1Þ; ð6:14Þ

which will be useful in the following.

VII. PARTICLE SPECTRUM OF MHS THEORY
AND FRACTON EMBEDDING

Let us now find the particle spectrum for the MHS theory
(see also [30]), following the same method as in the
previous section. It will be convenient to redefine the
constants α1 and α2 as

α̃1 ¼ 2α1 þ α2; α̃2 ¼ 2α1 − α2: ð7:1Þ

The moduli space M ðlinÞ
MHS of the linearized MHS theory is

the submanifold in the field space fhμν; bμνg identified by
the equations of motion (5.5)–(5.6), modulo the gauge
invariance, which amounts to linearized diffeomorphisms
acting both on hμν and bμν,

14

δdiffhμν ¼ ∂μξν þ ∂νξμ; δdiffbμν ¼ ∂μξν − ∂νξμ;

∀ α̃1; α̃2;α3; ð7:2Þ
as in (5.15). As in covariant fracton gauge theory, there are
some particular cases in which the gauge symmetry is
enlarged. Linearized Einstein gravity is reproduced when
the parameters are as in (4.2), or equivalently α̃2 ¼ 0;
α3
α̃1
¼ −1, according to (7.1), up to an overall constant. In

this case there is no dependence on bμν, so it can be shifted
away, and this is the effect of local Lorentz invariance,
as previously discussed:

δLorentzhμν ¼ 0; δLorentzbμν ¼ Ωμν;

if α̃2 ¼ 0;
α3
α̃1

¼ −1: ð7:3Þ

14In this section ξμ, and Ωμν are simple gauge parameters. We
maintain the same notation of the corresponding ghosts (omitting
the dot denoting the linearization) because this should not be
cause confusion.
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The traceless limit in MHS theory is reached if and only if

α3
α̃1

¼ −
1

d − 1
: ð7:4Þ

in which case there is no dependence on the trace hϱϱ and the
gauge invariance includes a Weyl scaling:

δWeylhμν ¼ 2σημν; δWeylbμν ¼ 0; if
α3
α̃1

¼ −
1

d − 1
:

ð7:5Þ
A last limit case is when the theory does not depend on hμν at
all. This happens when α̃1 ¼ α3 ¼ 0, in which case the
symmetric equation (5.5) trivializes, and MHS theory
reduces to the theory for a free two-form gauge field
(Ramond-Kalb field RK [32]):

δRKhμν ¼ Δμν; δRKbμν ¼ ∂μξν − ∂νξμ; if α̃1 ¼ α3 ¼ 0;

ð7:6Þ
where Δμν is any symmetric rank-two tensor, shifting hμν.
In order to find the general solution of (5.5)–(5.6), we

write them in Fourier space. Again, we consider from now
on the four-dimensional case. The equations read

1

2
α̃1p2h̃μν −

1

4
ðα̃1 − α3Þpαpðμh̃νÞα −

1

2
α3pμpνh̃

þ 1

2
α3ημνðp2h̃ − pαpβh̃

αβÞ þ 1

4
ðα̃1 þ α3Þpαpðμb̃νÞα ¼ 0;

ð7:7aÞ
1

2
α̃2p2b̃μν −

1

4
ðα̃1 − 2α̃2 þ α̃3Þpαp½μb̃ν�α

−
1

4
ðα̃1 þ α3Þpαp½μh̃ν�α ¼ 0: ð7:7bÞ

This is a system of homogeneous linear equations in the
10þ 6 variables ðh̃μν; b̃μνÞ.
Looking at the equations alone it is possible to deduce

the embedding of the fracton moduli space in the MHS one.
Indeed, one sees that, if15

h̃μν ¼ h̃ðfrÞμν ; b̃μν ¼ 0; α̃1 ¼ 4α; α3 ¼ 2β; ð7:8Þ
then the first equation (7.7a) reduces to the fracton
equation (6.5), and the second equation (7.7b) reduces to
the condition (6.14). This shows that the fracton moduli

space, if β
α ≠ 2, is contained in the subsector with vanishing

bμν of the linearized MHS moduli space, upon using the
identification in (7.8),

M fr

�
β

α
≠ 2

�
⊆ M

ðlinÞ
MHSjb¼0

⊂ M
ðlinÞ
MHS: ð7:9Þ

Observe that the condition bμν ¼ 0 in (7.8) breaks the
gauge invariance (7.2), but it leaves a residual gauge
freedom when ξμ is exact, that is, when it generates
longitudinal diffeomorphisms ξμ ∝ ∂μλ. This is consistently
the fracton gauge invariance (6.1).
Actually, we can prove an even stronger statement: not

only the fracton moduli space is included in the bμν ¼ 0

subsector, but it is also isomorphic to the same subsector.
To see why, let us find the most general solution of the full
equations (7.7a)–(7.7b). At the very end, we will see that,
upon restricting in the bμν ¼ 0 subsector, the most general

solutions coincides with the fracton one, if β
α ≠ 2.

A 16 × 16 matrix Kðp; α̃1; α̃2; α3Þ can be intro-
duced, describing the system (7.7a)–(7.7b) in the variables
ðh̃μν; b̃μνÞ, viewed as a vector with 10þ 6 entries. Except
for the special cases in which the gauge invariance is
enlarged, the dimension of the kernel in the massless case
is 10, and the number of trivial solutions is 4, encoded in
ðh̃μν; b̃μνÞ ¼ ðpðμξνÞ; p½μξν�Þ. So, there are 6 degrees of
freedom, which can be chosen to be equal to
�
diag

�
−1;−

α̃1 þ α3
2α3

;−
α̃1 þ α3
2α3

; 1

�
; O

�
;

ðλ�1
μν ; OÞ; ðλ�2

μν ; OÞ; ðO; λ0μνÞ; ð7:10Þ
whereO is the 4 × 4 null matrix, and λsμν are the polarization
matrices in (D4a)–(D4c), with helicities s ¼ 0;�1;�2.
Therefore, MHS theory describes particles with helicities
0;�1;�2, encoded in the symmetric part h̃μν, and a scalar
particle, encoded in the antisymmetric part b̃μν—this is the
expected result, since, as is well known, a two-form gauge
field in four dimensions is dual to a scalar particle.Moreover,
the subsector with vanishing antisymmetric part is the same
as in covariant fracton gauge theory, when the special case
β
α ¼ 2 is excluded, since, using the identification of the

constants in (7.8), α̃1þα3
2α3

¼ 2αþβ
2β , so that the first solution is the

same as the first solution in (6.9). Therefore, the statement in
(7.9) holds also in the stronger version

M fr

�
β

α
≠ 2

�
¼ M

ðlinÞ
MHSjb¼0

: ð7:11Þ

VIII. BRST FORMULATION

In this concluding section BRST rules (2.1) defining
covariant fracton gauge theory are formulated in an

15In direct space, this means that the linearized torsion T̊μνϱ,
corresponding to the choice (7.8), T̊μνϱ ¼ 1

2
fðfrÞμϱν.Moreover, there is

no dependence in the projected equations on α̃2, and that the old
constantsα1 andα2 appear only in the combination2α1 þ α2 ¼ α̃1,
which means that, had we varied the action with, say, α2 ¼ 0, we
would have obtained the same result. This is not surprising, since
there are only two independent quadratic scalar contractions if the
totally antisymmetric part of the torsion is vanishing.
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equivalent way, off-shell realizing the embedding of covar-
iant fractons in linearized MHS theory at the level of
symmetries.
Consider two doublets ðBμν; b̃μνÞ and ðrμ; ξ̃μÞ, with the

following transformations:

sBμν ¼ b̃μν; sb̃μν ¼ 0; ð8:1aÞ

srμ ¼ ξ̃μ; sξ̃μ ¼ 0; ð8:1bÞ

requiring that both b̃μν and rμ are commuting with ghost
number zero, so that Bμν is anticommuting with ghost
number −1 and ξ̃μ is anticommuting with ghost number
one. Then, using the doublet theorem [45,46], the local s

cohomology on the space fhðfrÞμν ; λg and derivatives is
equivalent to the local s cohomology on the enlarged

space including the two doublets fhðfrÞμν ; λ; Bμν; b̃μν; rμ; ξ̃μg.
If we redefine b̃μν and ξ̃μ in this way

b̃μν ≕ bμν − ∂μrν þ ∂νrμ; ξ̃μ ≕ ̊ξμ −
1

2
∂μλ; ð8:2Þ

for some bμν and ̊ξμ, the last one being anticommuting, then
the consistency of the BRST transformations implies that

sbμν ¼ ∂μ
̊ξν − ∂ν

̊ξμ; s̊ξμ ¼ 0: ð8:3Þ

Notice that

sðhðfrÞμν þ ∂μrν þ ∂νrμÞ ¼ ∂μ
̊ξν þ ∂ν

̊ξμ ð8:4Þ

is the same transformation of the linearized metric hμν
under linearized diffeomorphisms, with ghost ̊ξμ. So, upon
defining

hμν ≔ hðfrÞμν þ ∂μrν þ ∂νrμ; ð8:5Þ

the BRST rules (2.1) are equivalent to the transformations of
linearized MHS theory (5.15), together with the transforma-
tion of a one-form field rμ, whose ghost is the fracton ghost λ,

shifted by the diffeomorphism ghost ̊ξμ, and with the trans-
formation of a two-form field Bμν, whose transformation is
the antisymmetrized derivatives of rμ, shifted by bμν:

� sλ ¼ 0;

shðfrÞμν ¼ ∂μ∂νλ
⇔

8>>>>>>>><
>>>>>>>>:

s̊ξμ ¼ 0; sλ ¼ 0;

shμν ¼ ∂μ
̊ξν þ ∂ν

̊ξμ;

sbμν ¼ ∂μ
̊ξν − ∂ν

̊ξμ;

srμ ¼ ̊ξμ − 1
2
∂μλ;

sBμν ¼ bμν − ∂μrν þ ∂νrμ:

ð8:6Þ

The local s-cohomology on fhðfrÞμν ; λg is equivalent to that on
fBμν; hμν; bμν; rμ; ̊ξμ; λg. In other words, the doublet ðrμ; ξ̃μÞ
implements the condition “̊ξμ ¼ 1

2
∂μλ,” which is implied by

“rμ ¼ 0”; and the doublet ðBμν; b̃μνÞ implements the con-
dition “bμν ¼ ∂μrν − ∂νrμ,” which is implied by “Bμν ¼ 0.”
In this sense, the covariant fracton gauge transformations can
be thought as the restriction of linearized diffeomorphisms
to the longitudinal ones, as they were firstly introduced [5],
and covariant fracton gauge theory can be thought as the
restriction of the linearized MHS theory in the case in which
the antisymmetric part of the linearized vielbein is d-exact.
As a consequence, the linearized torsion is cohomologically
equivalent to the fracton field strength in this formulation.
Indeed, the linearized vielbein reads

h̄μν ≔
1

2
ðhμν þ bμνÞ ¼

1

2
hðfrÞμν þ ∂μrν þ

1

2
sBμν; ð8:7Þ

so that the linearized torsion becomes

T̊μϱν ¼ ∂½μh̄ν�ϱ ¼
1

2
fðfrÞμνϱ þ s

�
1

2
∂½μBν�ϱ

�
; ð8:8Þ

which, in particular, implies that the totally antisymmetric
part of the torsion is cohomologically trivial

̊tμνϱ ¼ s

�
1

6
∂½μBϱν�

�
: ð8:9Þ

This is the reason why the constants α1 and α2 appear only in
the combination 2α1 þ α2 in embedding covariant fracton
gauge theory in linearized MHS theory.
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APPENDIX A: WEITZENBÖCK GEOMETRY
WITHIN CARTAN FORMALISM

In the formalism introduced by Cartan, one considers the
vielbein one-form ea ¼ eμadxμ and the spin connection
one-form ωa

b ¼ ωμ
a
bdx

μ, and defines the torsion two-form
Ta ¼ 1

2
Tμ

a
νdx

μdxν and the curvature two-form Ra
b ¼

1
2
Rμν

a
bdx

μdxν in the following way:

Taðe;ωÞ ¼ dea þ ωa
beb; ðA1aÞ

Ra
bðωÞ ¼ dωa

b þ ωa
cω

c
b: ðA1bÞ
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ωμ
a
b serves as a frame connection (for flat indices). The

basis or affine connection Γμ
ϱ
ν (for curved indices) is

related to ωμ
a
b by the requirement that the full covariant

derivative of the vielbein, both with respect to ωμ
a
b

and with respect to Γμ
ϱ
ν (“second vielbein postulate”),

vanishes16 [47]:

∂μeνa þ ωμ
a
beν

b − Γμ
ϱ
νeϱ

a ¼ 0; ðA2Þ

which is solved by

Γμ
ϱ
νðe;ωÞ ¼ eϱa∂μeνa þ ωμ

a
be

ϱ
aeνb; ðA3Þ

if the vielbein is invertible. If we define

Tμ
ϱ
νðΓÞ ¼ Γ½μϱν�; ðA4aÞ

Rϱ
σμνðΓÞ ¼ ∂½μΓν�ϱσ þ Γ½μϱαΓν�ασ; ðA4bÞ

then they are related to the Cartan definitions (A1a)–(A1b)
according to

Tμ
ϱ
νðΓðe;ωÞÞ ¼ Tμ

a
νðe;ωÞeϱa; ðA5aÞ

Rϱ
σμνðΓðe;ωÞÞ ¼ Rμν

a
bðωÞeϱaeσb: ðA5bÞ

This follows straightforwardly by replacing (A3) in
(A4a)–(A4b).
General relativity in usual formulation is recovered by

choosing a torsionless spin connection. The spin connec-
tion appears in (A1a) algebraically, so that the torsionless
condition can be solved uniquely for the spin connection in
terms of the vielbein, assuming it to be invertible. Such a
spin connection, which we denote with ωðGRÞ

μ
a
b, reads

ωðGRÞ
μ
a
b ¼

1

2
eνa∂½μeν�b −

1

2
eνb∂½μeν�a −

1

2
eνaeϱbeμc∂½νeϱ�c:

ðA6Þ

The corresponding affine connection, according to (A3),
which we denote by ΓðGRÞ

μ
ϱ
ν, is the Levi-Civita connection:

ΓðGRÞ
μ
ϱ
ν ¼ Γμ

ϱ
νðe;ωðGRÞÞ ¼ 1

2
gϱαð∂μgαν þ ∂νgμα − ∂αgμνÞ:

ðA7Þ

Indeed, using gμν ¼ eμaeνa and (A6),

ωðGRÞ
μ
a
be

α
aeβb ¼

1

2
gανð∂μgνβ þ ∂βgμν− ∂νgμβÞ− eαa∂μeβa;

ðA8Þ

whence the result (A7) follows, by using (A3).
One could also look for a spin connection ωðflatÞ whose

curvature is vanishing, instead of a torsionless spin con-
nection. The flatness condition is uniquely solved by the
Cartan-Maurer form out of an arbitrary Lorentz matrix λab:

ωðflatÞa
b ¼ ðλ−1dλÞab ¼ λc

adλcb: ðA9Þ

The corresponding affine connection, according to (A3), is
again a Cartan-Maurer form,17

Γμ
ϱ
νðe;ωðflatÞÞ ¼ eϱa∂μeνa þ ωðflatÞ

μ
a
be

ϱ
aeνb

¼ ðλcbeϱbÞ∂μðλcaeνaÞ; ðA10Þ
reflecting the fact that it is flat: RðΓðe;ωðflatÞÞ ¼ 0. So,
starting from a globally defined frame eμa in a paralleliz-
able manifold, it is always possible to make a choice of λ
such that the affine connection above is the Weitzenböck
connection

Wμ
ϱ
ν ¼ Γμ

ϱ
νðe;ωðwÞÞ ¼ eϱa∂μeνa: ðA11Þ

Instead, if we start from a frame and we identity Γðe;ωðflatÞÞ
with the Weitzenböck connection out of that frame, it
means that the corresponding spin connection ωðwÞ is
vanishing, fixing the λ matrix to be constant:

ωðwÞ ¼ 0: ðA12Þ

This is called the Weitzenböck condition, which breaks the
local Lorentz invariance, but it preserves the global Lorentz
invariance.
A useful tensor is the contorsion, which is defined as the

difference between an arbitrary affine connection and the
Levi-Civita connection18

−Kμ
ϱ
νðΓÞ ≔ Γμ

ϱ
ν − ΓðGRÞ

μ
ϱ
ν; ðA13Þ

which implies that Kμϱν ¼ Kμ
σ
νgϱσ is antisymmetric in the

last two indices. Notice that the antisymmetric part in the
first and in the last index is the torsion (A5):

−K½μϱν�ðΓÞ ¼ Tμ
ϱ
νðΓÞ: ðA14Þ

This expression can be solved for writing the contorsion in
terms of the torsion16This is equivalent to define the covariant derivative with

respect to the affine connection ∇μðΓÞ in terms of the covariant
derivative with respect to the spin connection ∇μðωÞ in this way:
∇μðΓÞðeϱaVaÞ ¼ eϱa∇μðωÞVa, for any Va. Indeed on one side
∇μðΓÞðeϱaVaÞ ¼ ∂μVϱ þ Γμ

ϱ
νV

ν; on the other eϱa∇μðωÞVa ¼
∂μVϱ þ eϱað∂μeνa þ ωμ

a
beν

bÞVν, so that we obtain (A2).

17The author thanks C. Imbimbo for pointing this out.
18Using (A3), we can also write the contorsion in terms of

an arbitrary spin connection and the torsionless one: −Kμ
ϱ
ν ¼ðωμ

a
b − ωðGRÞ

μ
a
bÞeϱaeνb.
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Kμϱσ ¼
1

2
ðKμϱν−KνϱμÞþ

1

2
ðKϱμν−KνμϱÞþ

1

2
ðKϱνμ−KμνϱÞ

¼−
1

2
ðTμϱνþTϱμνþTϱνμÞ ¼−

1

2
ðTμ½ϱν� þTϱμνÞ:

ðA15Þ

We can relate the Levi-Civita connection, the Weitzenböck
connection, and the Weitzenböck torsion in the following
way. On one side, using (A13),

−Kμ
ϱ
νðWÞ ¼ Wμ

ϱ
ν − ΓðGRÞ

μ
ϱ
ν: ðA16Þ

On the other, using (A15),

−Kμ
ϱ
νðWÞ ¼ 1

2
ðTμ

ϱ
νðWÞ − Tμν

ϱðWÞ þ Tϱ
μνðWÞÞ: ðA17Þ

Therefore,

ΓðGRÞ
μ
ϱ
ν ¼ Wμ

ϱ
ν þ

1

2
ðTμ

ϱ
νðWÞ − Tμν

ϱðWÞ þ Tϱ
μνðWÞÞ:

ðA18Þ

APPENDIX B: COMPUTATION OF A BRST
COHOMOLOGY

Consider the following BRST transformations:

sh̄μν ¼ ∂μ
̊ξν; s̊ξμ ¼ 0: ðB1Þ

ðh̄μν; ∂μ ̊ξνÞ is a doublet, so it does not belong to the BRST
cohomology. Since

1

2
s∂ðϱh̄μÞν ¼ ∂ϱ∂μ

̊ξν; ðB2aÞ

sT̊ϱνμ ¼ 0; ðB2bÞ

where T̊ϱνμ ¼ ∂½ϱh̄μ�ν, then ð1
2
∂ðϱh̄μÞν; ∂ϱ∂μ ̊ξνÞ is a doublet,

whereas T̊ϱνμ is in the cohomology. In general,

1

ðnþ 2Þ! s∂ðαn…∂α1∂ϱh̄μÞν ¼ ∂αn…∂α1∂ϱ∂μ
̊ξν; ðB3aÞ

s∂αn…∂α1 T̊ϱνμ ¼ 0 ðB3bÞ

show that ð 1
ðnþ2Þ! ∂ðαn…∂α1∂ϱh̄μÞν; ∂αn…∂α1∂ϱ∂μ

̊ξνÞ is a

doublet, for each n. This suggests that the cohomology
is generated by ̊ξμ, T̊ϱνμ and by the derivatives of the
last one:

HðsÞ ¼ f̊ξμ; T̊ϱνμ; ∂α1 T̊ϱνμ;…; ∂αn…∂α1 T̊ϱνμ;…g: ðB4Þ

In order to show this, consider the decomposition ∂ϱh̄μν
in irreducible components,19

ð1Þ ⊗ ½ð1Þ⊕ ð2Þt ⊕ ð1; 1Þ� ¼ ð1Þ⊕ ½ð1Þ ⊕ ð2;1Þt ⊕ ð3Þt�
⊕ ½ð1Þ⊕ ð2; 1Þt ⊕ ð1; 1; 1Þ�; ðB5Þ

which is realized by

∂ϱh̄μν ¼
1

6
ðFϱμν þ Fϱνμ þ Gϱμν þ Bνμϱ þHϱμνÞ; ðB6Þ

where

F ∼ ð1Þ ⊕ ð2; 1Þt; G ∼ ð3Þt; B ∼ ð1Þ ⊕ ð2; 1Þt;
H ∼ ð1; 1; 1Þ; ðB7Þ

and we choose F and B antisymmetric in the first two
indices. Defining the symmetric and the antisymmetric part
of h̄μν,

h̄μν ¼
1

2
ðhμν þ bμνÞ; with hμν ¼ h̄μν þ h̄νμ;

bμν ¼ h̄μν − h̄νμ; ðB8Þ

the previous tensor can are realized by

Fμνϱ ¼ ∂μhνϱ − ∂νhμϱ; ðB9aÞ

Gμνϱ ¼ ∂μhνϱ þ ∂νhϱμ þ ∂ϱhμν ¼
1

2
∂ðμhνϱÞ; ðB9bÞ

Bμνϱ ¼ ∂μbνϱ − ∂νbμϱ − 2∂ϱbμν; ðB9cÞ

Hμνϱ ¼ ∂μbνϱ þ ∂νbϱμ þ ∂ϱbμν ¼
1

2
∂½μbνϱ�: ðB9dÞ

Finally, if we decompose ∂μ
̊ξν,

∂μ
̊ξν ¼

1

2
ðSνμ þ AνμÞ; with Sνμ ¼ ∂μ

̊ξν þ ∂ν
̊ξμ;

Aνμ ¼ ∂μ
̊ξν − ∂ν

̊ξμ; ðB10Þ

then the BRST rules of the components of ∂ϱh̄μν read

sFμνϱ ¼ ∂ϱAνμ; ðB11aÞ

sGμνϱ ¼ ∂μSνϱ þ ∂νSϱμ þ ∂ϱSμν; ðB11bÞ

sBμνϱ ¼ −3∂ϱAνμ; ðB11cÞ

sHμνϱ ¼ 0: ðB11dÞ

19See footnote 2.
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Therefore, we recognize two independent invariants

sð3Fμνϱ þ BμνϱÞ ¼ 0; sHμνϱ ¼ 0; ðB12Þ
and this means that the T̊μνϱ generates the cohomology,
since it is a combination of the unique independent
invariants:

T̊μνϱ ¼
1

6
ð3Fμϱν þ Bμϱν þ 2HμϱνÞ: ðB13Þ

APPENDIX C: COMPARISON WITH OTHER
CONVENTIONS

In [29] the following tensors are defined:

γλνμ ¼ −Kμλν ¼ eλa∇μeνa; φμ ¼ γνμν ¼ −eλa∇μeνa:

ðC1Þ
The possible quadratic scalars contractions are chosen as

φμφμ ¼ Tμν
νTμϱ

ϱ; ðC2aÞ

γμνϱγμνϱ ¼
3

4
TμνϱTμνϱ þ

1

2
TμνϱTμϱν; ðC2bÞ

γμνϱγϱνμ ¼
1

4
TμνϱTμνϱ þ

1

2
TμνϱTμϱν; ðC2cÞ

so that the action

SMøller¼
Z

ddxeðβ1φμφμþβ2γ
μνϱγμνϱþβ3γ

μνϱγϱνμÞ ðC3Þ

is equivalent to (4.1), if

β1 ¼ α3; β2 ¼ 2α1 − α2; β3 ¼ 3α2 − 2α1; ðC4Þ
and the Einstein-Hilbert action is recovered if

β1 ¼ −1; β2 ¼ 0; β3 ¼ 1: ðC5Þ
In [30], the following tensors are defined in 4d:

TðHSÞλ
μν ¼ Tν

λ
μ ¼ eλa∂½νeμ�a; ðC6aÞ

vμ ¼ TðHSÞλ
λμ ¼ Tμλ

λ; ðC6bÞ

aμ ¼
1

6
εμνϱσTðHSÞνϱσ ¼ 1

6
εμνϱσTσνϱ; ðC6cÞ

tðHSÞλμν ¼ 1

2
ðTðHSÞ

λμνþTðHSÞ
μλνÞþ

1

6
ðgνλvμþ gνμvλÞ−

1

3
gλμvν

¼ 1

2
ðTνλμþTνμλÞþ

1

6
ðgνλTμϱ

ϱþ gνμTλϱ
ϱÞ− 1

3
gλμTνϱ

ϱ:

ðC6dÞ
vμ, aμ and tλμν are the irreducible components of the torsion
in 4d, with aμ (4d dual to) the totally antisymmetric part. In
particular, tλμν is traceless with vanishing totally antisym-
metric part, and it is chosen to be symmetric in the first two

indices. The choice for a basis for the quadratic scalar
contractions of the torsion is the following:

tðHSÞλμνtðHSÞλμν ¼ 1

2
TλμνTλμν þ

1

2
TλμνTλνμ −

1

2
Tλμ

μTλν
ν;

ðC7aÞ
vμvμ ¼ Tλμ

μTλν
ν; ðC7bÞ

aμaμ ¼
1

18
TλμνTλμν þ

1

9
TλμνTλνμ; ðC7cÞ

so that the action

SHS ¼
Z

d4xeða1tðHSÞλμνtðHSÞλμν þ a2vμvμ þ a3aμaμÞ

¼
Z

d4xe

��
c1 −

1

3

�
tðHSÞλμνtðHSÞλμν

þ
�
c2 þ

1

3

�
vμvμ þ

�
c3 −

3

4

�
aμaμ

�
ðC8Þ

is equivalent to (4.1) if

a1 ¼ c1 −
1

3
¼ 2

3
ð2α1 þ α2Þ; ðC9aÞ

a2 ¼ c2 þ
1

3
¼ 1

3
ð2α1 þ α2 þ 3α3Þ; ðC9bÞ

a3 ¼ c3 −
3

4
¼ 6ðα1 − α2Þ; ðC9cÞ

and the Hilbert-Einstein action is obtained if

a1 ¼ −
1

3
; a2 ¼

1

3
; a3 ¼ −

3

4
; ðC10Þ

or equivalently,

c1 ¼ c2 ¼ c3 ¼ 0: ðC11Þ

APPENDIX D: POLARIZATION MATRICES

See for example [47]. Choosing the generator of z-axis
rotation as

Jz ¼

0
BBB@

0 0 0 0

0 0 −i 0

0 i 0 0

0 0 0 0

1
CCCA; ðD1Þ

the polarization vectors with helicities �1 are

ε�μ ¼ 1ffiffiffi
2

p ð0; 1;�i; 0Þ; ðD2Þ

such that

Jzε�μ ¼ �ε�μ : ðD3Þ
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Define the polarization matrices as

λ0μν ¼ εþðμε
−
νÞ ¼

0
BBB@

0 0 0 0

0 0 −i 0

0 i 0 0

0 0 0 0

1
CCCA; ðD4aÞ

λ�1
μν ¼ 1ffiffiffi

2
p pðμε�νÞ ¼

1

2

0
BBB@

0 −1 ∓ i 0

−1 0 0 1

∓ i 0 0 �i

0 1 �i 0

1
CCCA; ðD4bÞ

λ�2
μν ¼ ε�ðμε

�
νÞ ¼

1

2

0
BBB@

0 0 0 0

0 1 �i 0

0 �i −1 0

0 0 0 0

1
CCCA: ðD4cÞ

They are such that

½Jz; λsμν� ¼ sλsμν: ðD5Þ

Two useful formulas are also the following:

0
BBB@

0 0 0 0

0 a b 0

0 b −a 0

0 0 0 0

1
CCCA ¼ ða − ibÞλþ2 þ ðaþ ibÞλ−2;

0
BBB@

0 −a −b 0

−a 0 0 a

−b 0 0 b

0 a b 0

1
CCCA ¼ ða − ibÞλþ1 þ ðaþ ibÞλ−1:

ðD6Þ
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