PHYSICAL REVIEW D 112, 105002 (2025)

Covariant fractons and Weitzenbock torsion

Davide Rovere

Dipartimento di Fisica e Astronomia “Galileo Galilei,” Universita di Padova,
Via F. Marzolo 8, 35131 Padua, Italy
and INFN, Sezione di Padova, Padua, Italy

® (Received 4 September 2025; accepted 15 October 2025; published 6 November 2025)

The relation between covariant fracton gauge theory and Mgller-Hayashi-Shirafuji theory of gravity is
investigated. The former is the gauge theory of a rank-two symmetric tensor with gauge symmetry given by
the double derivative of a scalar parameter; the latter is the most general theory, whose action is quadratic in
the Weitzenbock torsion. We show that the solutions of covariant fracton gauge theory describe a subsector
of the space of solutions of Mgller-Hayashi-Shirafuji theory, providing a new insight in the relation
between covariant fractons and gravity, and elucidating the meaning of covariant fracton theory as a new

type of gauge theory.
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I. INTRODUCTION AND OUTLOOK

In this paper we pursue the investigation on covariant
fracton gauge theory and its properties, studying the
relation between covariant fractons and teleparallel gravity.

Fracton phases, which are excitations characterized by
restricted mobility due to the conservation of the dipole
moment [1-3], were firstly introduced in condensed matter
physics [4] but attracted interest in a broader context. In
particular, covariant fracton gauge theory, introduced for

the first time in [5], is the gauge theory of a rank-two

symmetric tensor hf,f:) with gauge symmetry given by the

double derivative of a scalar parameter

Shiy) = 9,0,4. (1.1)
Covariant fracton gauge theory elucidates the main pro-
perties of ordinary fracton excitations, in the context
of the higher rank extensions of Maxwell theory [6], and
it can be thought as an extension of linearized Einstein
gravity, invariant with respect to longitudinal diffeomor-
phisms [7,8]. Recently, three-dimensional Chern-Simons-
like models with covariant fracton gauge symmetry [9] and
the analog of the electromagnetic duality in covariant
fracton gauge theory [10] have been investigated.

The most general quadratic action in the derivatives of

hf,fyr), invariant with respect to (1.1), can be written in terms
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of the two possible scalar contractions of the gauge
invariant fracton field strength [1 1]]
f f f
o = 0uhig) = 0,k (12)
which is analogous to the field strength in electromagnet-
ism. The action reads

1) uvo £t ) uv 1 0
Si = /ddx(af(trm ‘ffm)) +ﬁf(tr)ﬂ Df(“)ﬂg‘), (1.3)

where o and S are arbitrary constants. Taking « and /3 such
that g = —2, and replacing the fracton gauge field with the
perturbation of the metric in linearized gravity, one gets the
Fierz-Pauli action [see Eq. (2.12)] [14], which is invariant
under the full group of linearized diffeomorphisms.
Since the whole dynamics of covariant fracton gauge
theory is encoded in the fracton field strength, one might
ask which its gravitational analog is. We observe in this
paper that the covariant fracton field strength is the
analog of the linearized Weitzenbdck torsion in gravity,
when the linearized vielbein has vanishing totally anti-
symmetric part. The first attempts of a torsion formulation
of general relativity, usually known as teleparallel equiv-
alent of general relativity, date back to Einstein [15], who
unsuccessfully tried to unificate gravitation and electro-
magnetism in four dimensions, using the 16 degrees of
freedom of the vierbein, according to Cartan’s [16—19] and

1h,(,fbr> and fff;g are respectively denoted with &, and f,,, in

[11]. A formally equivalent tensor f,,, appeared previously in
[12], where the theory of a partially massless spin-two field
in de Sitter space is investigated. It appears also in [13] at the
linear level.
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Weitzenbock’s [20] works. For the history and prehistory of
the teleparallel gravity see for example [21,22]. In tele-
parallel gravity the dynamical variables are encoded in the
torsion of a flat connection, known as the Weitzenbock
connection:

W, =e?,0,e,°, (1.4)

where e,“ is the vielbein, and e, its inverse. The
Weitzenbock torsion, which is the antisymmetric part of

the previous connection

(1.5)

T,0, = Wi, = e¢adpey”
is a well-defined covariant tensor, which is very useful for
its geometrical implications: namely, it was employed in
the geometrization of gauge symmetries in the context of
Scherk-Schwarz compactifications [23], and in generalized
geometry [24-26]. Mgller studied extensions of general
relativity in teleparallel formulation, by considering the
wider class of theories defined by the most general action
quadratic in the Weitzenbock torsion [27-29]. At the same
time, independently, the possible phenomenological impli-
cations of the model were first studied by Hayashi and
Shirafuji [30]. The model can be also viewed as the gauge
theory of translations [31]. The action for the theory
considered by Mgller and by Hayashi and Shirafuji, which
we will call Mgller-Hayashi-Shirafuji theory (MHS), reads

+ as TﬂyuT/lgg) s

1
SMHS = 5/ ddxe(al TIWQleQ + GZTW/QTMQL/

(1.6)

where o, ap, a3 are arbitrary constants.

We will show that, when £ # 2, the solutions of the
equations of motion of covariant fracton gauge theory can
be viewed as the subsector in the space of solutions of the
equations of motion of linearized MHS theory, identified
by the vanishing antisymmetric part of the linearized
vielbein, denoted with b,,,

b = 0. (1.7)

"

The embedding of covariant fracton solutions in MHS

theory is realized when the fracton gauge field h,(f,,r) is

identified with the symmetric part of the linearized viel-
bein, denoted with £,

f
hy = hy,, (1.8)
and the constants « and S in the covariant fracton action
(1.3) are identified with combinations of the constant a;,

a,, and a3 in the MHS action (1.6),

1
a=-2a; + a), p= 5% (1.9)

Bl

To show this, focusing on four dimensions for definiteness,
we will compare the particle spectrum of both theories.
Except for some particular cases, tuned by special values
of the constants «;, @,, and as, such that the gauge
invariance is enlarged, the spectrum of MHS theory in
four dimensions consists in 6 degrees of freedom, given by
a particle with helicity £2, one with helicity +1, and two
scalar particles. The antisymmetric field b, describes only
a scalar particle (as expected, since a two-form gauge field
in four dimensions is dual to a scalar field). The sector with
vanishing b,, coincides with the particle spectrum of
covariant fracton gauge theory, which indeed describes
the remaining 5 propagating degrees of freedom [8], except
for the particular cases in which the gauge symmetry is
enlarged.

Linearized diffeomorphisms act on b, as a one-form
gauge transformation for a two-form field (usually known
as Ramond-Kalb field [32]). The condition (1.7) is not
diffeomorphism invariant, but it leaves a residual gauge
symmetry when the gauge parameter is exact, that is, when
it is a derivative. This is the case of longitudinal diffeo-
morphisms, so that the residual gauge symmetry is the
fracton gauge symmetry. In a sense, covariant fracton
solutions spontaneously break the diffeomorphism sym-
metry of MHS theory, preserving only the fracton gauge
symmetry.

To elucidate this setting, we will take into account the
Becchi-Rouet-Stora-Tyutin (BRST) formulation [33-36] of
covariant fracton gauge theory. In the BRST setup, the
gauge parameter is replaced by an anticommuting scalar
field (fracton ghost) A, and the gauge transformation is
realized by a nilpotent differential operator s on the space
of the fracton gauge field and of the ghost and their
derivatives, evaluated in the same spacetime point. The
local s-cohomology, which classifies the consistent anoma-
lies, is generated by the undifferentiated ghost and by the
fracton field strength and its derivatives, as in the analogous
case of electromagnetism [11].

We will show that the BRST transformations of covariant
fracton gauge theory can be conveniently formulated in an
equivalent way, by including two BRST trivial doublets. In
this formulation a symmetric rank-two tensor /4, and an
antisymmetric one b, are included. They can be respec-
tively viewed as the symmetric and the antisymmetric parts
of the linearized vielbein, but the BRST transformations do
not involve any local Lorentz transformation: this is the
case of Weitzenbock geometry, which is flat and it is
invariant only under global Lorentz transformations [37].
Nevertheless, on the one side, the BRST transformations
require the restriction of linearized diffeomorphisms to the
“longitudinal” ones, bringing us to covariant fracton gauge
transformations as they were first introduced [5]; on the
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other side, b, is equivalent to zero. This individuates the
subsector of MHS theory in which covariant fracton gauge
theory lives.

Covariant fractons were introduced in [5] only at linear
level. In [38] it is shown that the theory is afflicted by
instabilities, which in principle can be cured by considering
suitable interactions. Going towards this direction, the
result in this note can be viewed as a possible way to
embed covariant fracton theory in a larger theory of gravity,
whose nonlinear extension is automatically given by the
extension of general relativity in teleparallel formulation,
studied by Mgller, Hayashi, and Shirafuji.

A possible nonlinear extension of covariant fracton
gauge theory is also discussed in [13], where the
Frolicher-Nijenhuis bracket is employed, acting on vec-
tor-valued differential forms and coinciding with the Lie
derivative between vector fields when it acts on vectors
[39-41]. The nonlinear extension of the fracton gauge
transformation is realized by using a vector parameter,
which is restricted to be the derivative of a scalar parameter
only at the linear level; the gauge field is replaced by a
vector-valued one-form, and a constraint is added in order
to make it symmetric; a possible nonlinear equation of
motion is postulated, without an action from which to
deduce it; the linearization of such an equation is the
equation of motion of covariant fracton gauge theory [with
£ =0in (1.3)].

It would be interesting to exploit the relation between
covariant fractons and Weitzenbdck torsion in understand-
ing deeper this nonlinear extension. In particular, one could
try to see if it is possible to relate the postulated nonlinear
equation of motion with the equations of MHS theory, since
it seems natural to identity the vector-valued one-form with
the linearized vielbein.

The rest of the paper is organized as follows: in Sec. II
covariant fracton theory is formulated in a way which
makes manifest the relation with torsion formulation of
gravity; in Secs. III, IV, and V torsion formulation of
general relativity, the MHS theory, and its linearization are
reviewed; in Secs. VI and VII the particle spectrum of
covariant fracton and MHS theory are computed and
compared, providing the embedding of covariant fractons
in MHS theory; and finally, in Sec. VIII the equivalent
BRST formulation is investigated. In Appendix A there is a
summary of Weitzenbock geometry; in Appendix B a com-
putation for BRST cohomology is shown; Appendix C is
devoted to a comparison between different conventions;
and in Appendix D there is a summary of polarization
matrices.

II. COVARIANT FRACTON GAUGE THEORY
IN “TORSIONLIKE FORMULATION”

In this section covariant fracton gauge theory [5] is
formulated in a way in which its embedding in gravitational
theories in torsion formulation will be natural.

Covariant fracton gauge theory is defined by a sym-

metric rank-two tensor h,(,f,f> and by a scalar gauge para-

meter, promoted to an anticommuting ghost 4 in BRST
formalism [33-36]. The nilpotent BRST transformations
are

shi) = 0,04, sA=0. (2.1)
One defines the fracton field strength
fr fr fr
fony = 0,hly) —a,hlly), (2.2)

which is antisymmetric in the first two indices, and whose
totally antisymmetric part vanishes (algebraic Bianchi
identity). Moreover, the fracton field strength is BRST
invariant and it satisfies a differential Bianchi identity:

sfi =0, (2.3a)
£ 4 I 4 plin — o, (2.3b)
0pf iy + 0 f oy + 0,0 = 0 (2.3¢)

The most general invariant quadratic action in the deriva-
tive of h/(f;f) can be written in terms of the fracton field
strength. There are only two independent quadratic scalar
contractions of the fracton field strength, since it transforms
in the mixed Young tableau (2,1). So, the most general

quadratic invariant action can be written as
S /dd (af (fr) ;wgf “Fﬂf (fr)puv ftr QQ)
- / ddx <2aa<’h(fr)””a@hff,f) -2 <a - g) F )9, h(me
+ po,h\ ™, 00 h(fe , — 2ﬂaﬂh<fr>vyagh(ff>ﬂ@> . (2.4

for arbitrary constants a and f. The corresponding equa-
tions of motion require the following symmetric tensor to
vanish:

(f) — ] 5Sfr _ T ﬂ T
/”l; - _Eéh(fr);w - aaé’f(f)g () = 2 ﬂff ¢
+ ﬂnﬂuagf(ﬁ)gga (25)
a2
= 2a0?h - =2~ ﬁ L 0,00n () — 3,0,
+ B (Ph ff>@g - agagh<frJea) (2.6)

2We denote with (A1 oed
and 4; boxes in the ith row, i=1,...,n. (1;,...
corresponding traceless part.

) the Young tableau with n rows
), is the
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where the round brackets among indices denote symmet-
rization without any numerical coefficient.” It is useful to
define the following tensor:

R

1 fi
e = =0,0,hLy ——agayh,(,g ——a 9,hiy +3 a a,h

af/wg (2.7)

1
2
1
2 ()fm/o‘ ’

which enjoys the same symmetries as the Riemann tensor,
being antisymmetric in yv and in ¢o and symmetric in

uv <> go. The corresponding “Ricci tensor” and “Ricci
scalar” respectively read*
(fr) _ 0 _ 1 0 1 J
Rﬂl/ = R(fr)(ygy - _Zagf(fr)((/w) - Za(yf(mp)g( ’ (28)
R — R(fr)ﬂﬂ = -0, fiDm (2.9)

Writing 9, f™,),¢ and 9, in terms of the “Ricci
tensor” and of the “Ricci scalar” in the equations of motion
(2.5), one recognizes the analog of the linearized Einstein
tensor:

fr fr 1 T ﬂ 0
E}(ﬂ) =28 (wa> _ §R<f )’M) + <a + 5) 0o f ).
(2.10)

Indeed, if one replaces h,(,fp in the action (2.4) with a rank—

two symmetric tensor A, thought as the perturbation of a

metric g, = 1,, + h,,, and a and f are such that
p
—=-2, 2.11
: 1)

choosing the normalization a = 3, one recovers the mass-

less Fierz-Pauli action [14]

25

1
Skp = / d9x(9yhy, OB — 20 b, 0, + 20,h," 9 h

— 0,1, 0"h,°). (2.12)
Consistently, imposing the condition (2.11) in the equations
of motion (2.10), the last term vanishes and one gets the
linearized Einstein equations.

Using the equations of motion in the form (2.10), it is
manifest that the first divergence is not identically zero,
unless in the Fierz-Pauli case, since only the analog of the
Einstein tensor is transverse:

3For example, A,

“*Consider that o f (ff)
of (2.3b)—(2.3¢).

= A;w +A, Similarly,AW =A,-A
-0 f(fr

v
= 0 as a consequence

5 (2.13)

aﬂEl(,f;) = <a +é> a“dgf(fr)"(m,).
Instead, one gets a transversality condition for all values
of a and f by taking the second divergence, as a
consequence of the invariance under the fracton gauge
transformations (2.1),

FPED = <a+§> FPRfN =0, (2.14)

which vanishes since the fracton field strength is antisym-
metric in its first two indices.

III. REVIEW OF TELEPARALLEL GRAVITY

In the usual formulation of general relativity, one
chooses a connection I',¢ ~compatible with the metric
9u» such that the torsion vanishes and the curvature
encodes the dynamical variables:

vg(r)gﬂv = agg/w - Fgaﬂgm/ FQ y9ue = 0, (313)
r,e,[I) =0T, -I,°=0, (3.1b)

RMDQU(F) =9, -9 ¢ +T,17,—T,.1IL,7°.
(3.1c)

As known, there is a unique choice for such a connection,
the Levi-Civita connection:

- gq ( ﬂgl/ﬂ + ayg;w - ao'gﬂl/)‘ (32)
In the following we will denote with V, the covariant
derivative with respect to the Levi-Civita connection I',¢ ,
and with R¢;,, the Riemann tensor.

There is an alternative but equivalent formulation of
general relativity (at least classically and without boundary
terms), known as the teleparallel equivalent of general
relativity, in which one chooses a connection W,° ,
compatible with the metric, such that the dynamical
variables are encoded in the torsion and the curvature
vanishes [15,20]:

VQ(W)g/w = ng/ WQ ”gav ngyg/w =0, (333)
T, (W) =W,e —W,e, (3.3b)

Rﬂl/()o—(W) = aﬂwyea - dyWﬂﬁ’a + Wﬂ(’TWVTG
— W, W, =0, (3.3¢)

While in the usual formulation of general relativity the
gravitational interaction is due to the curvature of
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spacetime, in teleparallel formulation the gravitational
interaction is mediated by a Lorentz-like force in a flat
spacetime, as in Yang-Mills theories [42]. Indeed, while in
the former case the action is linear in the curvature, in the
latter one the action is quadratic in the torsion.

Denoting with e, the components of the vielbein and
with e#,, the components of the frame or inverse vielbein, it
is possible to choose a connection W, ¢ such that the
vielbein is parallel or covariantly constant, that is the
following equation holds:

Oy

e, =W, e, =0. (3.4)
The unique connection solving the previous condition is the
Weitzenbock connection [20]

W, =e?,0,e,°, (3.5)
which consistently has vanishing curvature, since it is the
Cartan-Maurer form out of the vielbein.’ Moreover, the
condition (3.4) implies the compatibility condition (3.3a),
since

G = eyaeubr]ab' (36)
In the following we will denote with D, the covariant
derivative with respect to the Weitzenbdck connection
W,¢,, and with T,¢ the Weitzenbdck torsion,
TﬂQU = egaa[ﬂeb]", (37)
antisymmetric in the first and in the last index.
The Weitzenbdck torsion satisfies the following Bianchi
identity:
D[ﬂT”]GQ T DT, = Ty Tojeg = Ty T, = 0,

urwt o

(3.8)
whose trace, which will be useful in the following, reads

Dy T, 00 + DT,0, + T

wo T 6 = 0.

(3.9)
Using the derivative of the vielbein determinant
d,e = eW,¢,, one can show that the following identity
holds for the Weitzenbock covariant divergence, for any
vector V¥,

eD, V! = 0,(eV¥) + eT /' V*. (3.10)

The relation between the Levi-Civita connection and the
Weitzenbock is given by

>The spin connection corresponding to the Weitzenbock
connection is zero (Weitzenbock condition). See Appendix A
for more details.

1
e, =We, + K0, =W, +§(Tlll/< +T,0=T.0,),

(3.11)

where the tensor —K,¢, is the contorsion. Using the
vanishing of the curvature of the Weitzenbdck connection
and the relation (3.11), one can write the Riemann tensor in
terms of the contorsion in the following way:

R' oo = DoK', — DK + T, KF, + K} K,

— KK, (3.12)

Therefore, using the trace of the Bianchi identity (3.9), the
Ricci tensor is

Ry =R = %DQT(#D)Q - %D(ﬂTU)QQ + % T (4o T 5
+ % TousTC° — % T o1, — % T 06T, (3.13)
and the Ricci scalar is
1 1
R=R',=-2D,T", — 1 TeT 0 — 5 THCT 4o
=T, TH,. (3.14)

Finally, using the Weitzenbock covariant divergence (3.10),
one gets the following identity:

eR = —0,(2eT™",)

1 1
.y (Z T g + 5 T"T g = T”/wag> . (3.15)

which shows that, up to a boundary term, the Einstein-
Hilbert action admits an equivalent formulation in terms of
a linear combination of the quadratic scalar contractions of
the Weitzenbock torsion [27-31,42]:

1 1 1
Sgn = —5/ d?xeR = 5/ d¥xe (Z T,

1
+ 5 7T = T”D”T"(’Q) , (3.16)

where we set k = 82G = 1.°

SThis proves the dynamical equivalence of the usual formu-
lation of general relativity and of the teleparallel equivalent, since
it is not necessary to assume the existence of a globally defined
frame [43]. Although not manifest in teleparallel formulation, the
precise combination in (3.16) is locally Lorentz invariant (see
next Sections and [43]), and the inverse frame serves as a gauge
field. Thus, the global extension of the frame is ensured by
suitably choosing the gauge redundancy in the overlaps of the
coordinates patches.
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IV. REVIEW OF MOLLER-HAYASHI-SHIRAFUJI
THEORY

The relation (3.16) shows that the Einstein-Hilbert
action consists in a linear combination of three quadratic
scalar contractions of the Weitzenbdck torsion with precise
relative coefficients. In [27-31] the theory defined by the
same action with arbitrary coefficients is considered,

1
SMHS = 5/ ddxe(al T”DQT}“/Q + azT}wQT

wor T3 TH T ,,°).

(4.1)

We call the theory described by this action Mgller-Hayashi-
Shirafuji theory.’

The peculiar combination picking the case of general
relativity, which is

1 1
alzis a2:77

; : (4.2)

a3 = —1,

is captured by formally requiring the local Lorentz invari-
ance, which indeed is the necessary requirement in the
vielbein formulation of general relativity, beside diffeo-
morphism invariance, in order to recover the right number
of degrees of freedom [44].8

The MHS action is the most general quadratic action in
the Weitzenbdock torsion, since there are only three possible
independent quadratic scalar contractions of the torsmn
Indeed, the torsion has three irreducible components

Ty = (L)@ (1) =(1.1,1) ® (2,1), ® (1). (4.3)

(1,1,1) is the totally antisymmetric part T7,,,), and (1) is
the unique trace 7,,”. Namely, the contraction out of
two traces is 7,,”T",; the contraction out of two totally
antisymmetric tensors is 7/ T|0)> Which is proportional
to 72T, the scalar contraction involving the remaining

irreducible component can be replaced by 7#¢T,,,; and the
second contraction can be replaced by 7T ,,,, since
T™"eT,, ., = ! THRT ! THeT 4.4
wev =5 we = g [uveo] - (4.4)

Therefore, the three contractions in (4.1) can be chosen as
an independent basis.
Using the variations
de = —ee,"de,, 6T, = e, D, 8%, (4.5)
one can compute the equations of motion of the three pieces
in (4.1) [29]:

e )

Z“ 5o / d9xeT T 5, = =g, TP'T o5, — 2T s T — AT, °T o + 4T 5T, — 4D, T %, (4.62)

e 1)

%"56 /ddxeT“ﬂVTayﬂ——gWT "Tayp = 2T you T* ﬂ+2 aﬂT ZTWQT"/"/}—ZDQT”“ -2D,T,,°, (4.6Db)

a

e 1)

Z“ 5o / dxeT 3T, = 9, TP T o) + 29, D, T 5 — 2D, T " (4.6¢)
Therefore, the equations of motion E,, := eg" ‘ng“S =0, decomposed in symmetric and antisymmetric part
E, = Liym) + Eff;ml) with E<Sym) Eﬁftym), nd E,(jml) = —Eif,mi), respectively read

ES™ = 26,T, T, + ayT g T,/ — ay T,y T%, N (T ®T i + DT () = 2D, Ty

n = 200 L ygply + o uap — L gup - a1+? ( (uv) L ap + D, (uv) )_7 (utv)a

ay

1
- Egﬂv(alT"ﬂ "Tapy + TV T gy — a3 T T )7 = 2013

B = (% - al) (T} T o + DT 1)) = (a2 + %) (T T 5+ DoT,°,).

D(IT(I/}/}), (473)

(4.7b)

"Hayashi and Shirafuji called it new general relativity [30]. See Appendix C for a comparison with definitions and conventions in this

paper and in [29] and in [30].

¥Since in MHS theory local Lorentz invariance is spoiled; unless (4.2) are met, one has to assume the parallelizability of spacetime
a priori, that is the existence of a frame which serves as a basis for the tangent bundle, which trivializes [30].

%See note 2 for the notation of Young tableaux.
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where in the antisymmetric part we use the trace of
the Bianchi identity (3.9). Using the choice (4.2), the
antisymmetric equation is trivial (and this is the unique
case) and the symmetric part, using (3.13) and (3.14), is
recognized to be the Finstein equations. To make this
manifest, use (3.13) and (3.14) to replace D(,T,)," and

D, T%:

DTy = =2R,, = TuaﬁTvaﬂ - /mﬁTUﬂa

1
+5 Tl + Tuw) Tag” + DaT )", (4.8)

1 1 1 1
_ p B
DaTUlﬁ/} = _iR - gTa/yTa/jy - ZTa/yTll}’ﬁ - ETaﬁ/jTayy'

(4.9)

Moreover, it will be useful for the following to decompose
the torsion in the components in transforming in the Young
tableaux (2,1) and (1,1,1), the first one including the trace,

To = fuow T tuves (4.10)

where!°

1
_gtbﬂ’(’]' (411)

Jwe = =g Jiuwe) = 0, Tuve

These symmetries imply that the following identities are
satisfied:

Fapf™ =3 Fape P =0, (4122)

5= 5 =0, (4120)

Fapt™ =0, (4.12¢)

Futes + %f P utyyap = 0. (4.12d)

S et Fyagf P~ Sl =0, (412)
FapuS 0+ Fapuf )™ = 0. (4.12f)

Using the replacement rules (4.8)—(4.9), the decomposition
of the torsion (4.10), and the identities (4.12a)—(4.12f) in
the equations of motion (4.7a) and (4.7b), one obtains

"“The inverse relations read f wo =3 Tuwo + Tow — 2T g
and 1,6 = 3 (T + Tow + Tug)-

1 a
E/(Z/ym) =m <le — ERQMD> - <40{1 — + f)f@aﬂtb)aﬂ

as 1
+ ((11 —Qy — Z) <lﬂaﬂlyaﬂ - Eg/wtaﬂytaﬂy>

1 1
+ (Zal +ap + a3) <§ Dafa(;w) + Efaﬂ/)’fa(ﬂy)

1
+ fﬂaﬂfyﬂa - Zgﬂvfaﬂyfaﬁy) ’ (4 13)
i 1
E/%m) = 5 (201 +ap + a?a)(Dufa[jw] + fa/}/}fa[,uy]
+ <—2(11 + 2(12 + %) (Data/w + faﬁﬁta/w)'
(4.14)

Using the choice (4.2), all the combinations of the constants
ay, A, a3 vanish, and the symmetric part gives the Einstein
equations.

V. LINEARIZATION OF M@LLER-HAYASHI-

SHIRAFUJI THEORY

The linearization of the Mgller-Hayashi-Shirafuji theory
[29,30] is obtained by defining

eﬂ“ = 5Z + gl_lﬂay gﬂy - ’1;11./ + Sh;ll/’ (51)
where ¢ is infinitesimal. Moreover, defining
ljmy = ]jtﬂa&é’ }_l/w = Eﬂgnqu = Eﬂaéagnev (5.2)

and combining the linearization of g,, and e,“, we get
that h/"i is thg symmetric part l_zﬂ,, + i_zw. So, denoting with
b,, = hy,, — h,, the antisymmetric part, we can decompose

- 1

h, = 3 (hy +byy). (5.3)

Similarly for the inverse vielbein:

oy = Bhmeh . hpO =R, Ry = hedl

(5.4)

which are fixed in order to
a pu . sa
and e, ‘et = 5.

The linearized equations of motion are

a,y,v __ SV
recover e,‘e’, =6,

. .. |
ELSUym) = <le - nﬂ,,> + 5 Qay + oy + @3)0,f% )

2 2
(5.5)
Bt = (—20{1 +2a, + %) 0™
1 Sa
+ E (2(11 +ap + aS)aaf [uv] (56)
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where
%ﬂb() = fuew + ;IWQ = aﬂ]j[(’l/ - aeilcw (5.7)
1

=5 (() hy, — 04l + 0,by, — 6(,b”y), (5.8)
o 1 1
fuve = a[ﬂh,,k, 3 (%,bl,k, +20,b,,). (5.9)
. 1
tlll/Q = ga[ﬂbgy], (510)
o 1 1. . 1. ., 1. .
R, = D) aQT( - 2 a[ﬂTv)@Q =75 aef( () =5 a(ufv)cl(

= —Eazhﬂb —1—50“(304}1”)“ 26,,0 hy”, (5.11)
R =-20,T", = —20ﬂf’”'b = 0,0,h"" — 0211,/‘. (5.12)

Since the MHS theory is formulated in a quadratic way,
unlike general relativity in conventional formulation, the
linearized equations of motion can be obtained directly by
varying the action (4.1) with the torsion 7, replaced by

the linearized one T,
1 o o o o o
i/MMmWW%w+%W”HW+%W%%f)(58)

This action can be obtained working directly at the linear
level in the following way. One has to look for the most
general quadratic action in the derivatives of the perturba-
tion h,w, invariant under linearized diffeomorphisms, which
are encoded in the following BRST rules'":

S}_l/w = aﬂ&w Séﬂ = 0, (514)

or equivalently, using (5.3),
Sh/dl/ = aﬂ%y + 01/%/,47 Sbﬂy - aﬂév - Gyéﬂ, Séﬂ =0.
(5.15)

So, one has to study the local s-cohomology of ghost
number zero on the space of f_zﬂ,, and its derivatives, treated
as independent variables (the so-called jet space). This is
done in Appendix B. The result is that the s-cohomology
is generated by the derivatives of the antisymmetrized
combination a[/jzg]y, which is the linearized torsion YO"WQ
Thus, one has to consider the most general action quadratic

"They are the linearization of the BRST rule for the vielbein
encoding the diffeomorphisms, which are generated by the Lie
derivative: se,® = Lee," = 0,0, +€,9,8", s = L8 =
£, EH, settmg &= g

in T;ww which is a combination of the three independent

quadratic scalar contractions f"”gﬁw, f"‘”gﬁwy, ™, T w0’
with arbitrary coefficients, and this is the action (5.13).
The case of general relativity (4.2) can be obtained
directly by varying the massless Fierz-Pauli action (2.12),
which is the most general quadratic action in the deriva-
tives of the symmetric part %, invariant under linearized

diffeomorphisms

Hvs

shy, = 0,&,+0,E,,  s&=0.  (5.16)
Indeed, the symmetric part is the only propagating part of
h,w in general relativity. If one starts with hﬂu, the anti-
symmetric b, can be eliminated by modifying the BRST
rules (5.15). One introduces a new BRST differential
operator sgp, adding an antisymmetric shift in the b,,

transformation

- auéu + 2‘62144’
(5.17)

SFPh;w = 0;4%1/ + au%w SFPb;w = aﬂ%l/

SFPé:ﬂ =0, SFPQW =0,

or equivalently, putting the first two transformations
together,

SFPQMU = 0,
(5.18)

SFPljl/w = aﬂ%l/ =+ él/ﬂ’ SFP%}J = 0’

where fl,w = —!02,44 is anticommuting. Redefining QW =:

@,EU - aj;ﬂ + 2fsz one realizes that the transformation of
the antisymmetric part becomes sgpb,, Q/w, sFPQM =0,
so that (bﬂ,,,Q ) is a trivial doublet, and the local sgp
cohomology does not depend on it [45,46]. On the other
hand, the transformation of the symmetric part is the same
as before sgphy,, = sh,,,. Therefore, the local sgp cohomol-

ogy on the space of {4, %,,, by QW} and their derivatives
is equivalent to the local s cohomology on the space of the
starting field space {£,,, fﬂ} and derivatives.

The linearized torsion T/wa is not invariant under the

modified transformations, but it transforms with respect to
£02,w as a gauge two-form with a spectator index

o

SFPT;H/Q = dﬂQDQ

— 0,82, (5.19)
Requiring the arbitrary combination in (5.13) to be invari-
ant with respect to the above transformations, one selects
the peculiar combination (4.2), which indeed gives the
Einstein-Hilbert action in the nonlinear case. Consistently,
the action (5.13) with coefficients (4.2) does not depend on
the antisymmetric part b,, by integrating by parts.
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VI. PARTICLE SPECTRUM IN COVARIANT
FRACTON GAUGE THEORY

The space of the solutions of covariant fracton gauge
theory .#; (moduli space) is the submanifold in the

space of fields {hﬁ(f,f)}, identified by Eqgs. (2.5) or (2.10),
modulo the gauge invariance,'> which, as stated by the
BRST rule in (2.1),13 amounts to linearized longitudinal
diffeomorphisms,

fr
5fractonh/(w) - aﬂapll, v (1,,6. (61)

This means that two solutions h,(,fp (x) and A’ ,(E) (x) of the
equations of motion, which differ by a fracton gauge
transformation, are identified in the moduli space.

When 5: —2, as in (2.11), the theory reduced to
linearized Einstein gravity, and the gauge invariance is
extended to all linearized diffeomorphisms:

p

(£ it £ = 2.
a

Saitehi) = 9,&, + 0,&,, (6.2)

There is also a case in which the fracton theory is traceless,

that is, it does not depend on h<ﬁ)gg, when hff:) is
decomposed in its traceless part and in its trace. One
can check that this happens if and only if

= (6.3)

where  and f are the parameters introduced in (2.4). In that
case, there is an additional gauge symmetry, whose effect is
to shift the trace, corresponding to a linearized Weyl scaling

of h,(,f,,r):

2
gl 2
a

. (64)

fi
5Weylh/(uf) = 2(77]/“,,

Let us find the general solution of covariant fracton
gauge theory. For definiteness, we consider the four-
dimensional case from now on. The problem was addressed
in [8,38], where the particle content of the theory was
studied: except for some special cases, the theory des-
cribes 5 propagating degrees of freedom, with helicities
0,=£1,+2 respectively. Working in Fourier space, p*

denotes the momentum and ﬁ,(,f:) the Fourier transform of

the h,(fyr). Equations (2.10) in Fourier space are

“The author thanks C. Imbimbo, who suggested how to
expand this and the next section.
In this section A is a simple gauge parameter. We maintain the
same notation of the corresponding ghost because this should not
cause confusion.

~(Ir 7~ (Ir 1 ~(Ir)a
K (P s = 2ap iy’ = (2a = p)papyhy)

— Bpup, ™ + B, (P2 = p,pyh ) =0,
(6.5)

where K (p?; a, ), viewed as a 10 x 10 matrix, identifies a
system of homogeneous linear equations in the 10 variables

{h~,(fbr)} Trivial or pure-gauge solutions are those which
solve the system without any condition on the momentum,
and they correspond to the gauge invariance of the theory.
The number of independent trivial solutions is given by the
dimension of the kernel of off-shell K(p?;a,p) (null
eigenspace, whose dimension is the number of variables
decreased by the matrix rank). One can show that

#trivial solutions = dim ker K(p? # 0;a, )

6 if a=0,
4 if L= -2,

= ) iféz—%, (6.6)
1 otherwise.

PuD,A 1s always a trivial solution; in the linearized Einstein
caseg = —2, this solution is encompassed in p(,¢,), which
are four independent trivial solutions; in the traceless case
gz —%, besides p,p,4, 21,0 is trivial too. There is one
peculiar case more, @ = 0, in which there is no kinetic term
for the fracton gauge field, so that the theory is expected to
have no propagating degrees of freedom in this case [5].

In the massless case, the momentum can be canonically
parametrized as p* = (1,0,0,1), such that p?> = 0. The
dimension of the kernel in the massless case gives the
number of independent solutions without taking into
account the gauge redundancy. The result is

8 if L=2,

(6.7)
6 otherwise.

dim kerK(p? =0,a,p) = {

The case g = 2 is special, because the contraction p”ﬁgj)

disappears from Eq. (6.5). Subtracting the number of trivial
solutions to the dimension of the kernel in the various
cases, one gets the number of degrees of freedom of the
theory:

6-6=0, ifa=0,

—4=2, if £=-2(linearized gravity),
Bap = 6—2=4, if £=—2 (traceless limit),
8—1=7, if £=2,
6—1=15, otherwise,

(6.8)
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where we see that, as expected, the theory has no
propagating degrees of freedom when a = 0. In the case
of linearized Finstein gravity, the 2 degrees of freedom
must describe the graviton, with helicities £2. In the third
case, we expect that the tracelessness condition eliminates a
scalar particle, so that in the general case, which has
5 degrees of freedom, at least a scalar particle is included in
the spectrum. Since the general case encompasses also the
second, the graviton is also included. Only 2 degrees of
freedom remain to be identified: they turn out to describe a
particle with helicities 1, as confirmed by the explicit
solutions of the equations of motion. The 2 degrees of
freedom more in the special case(’% = 2 have again helicities
+1, as we will see in the end of this section.

Solving the equations of motion means finding a basis
for the kernel in the massless case, eliminating the trivial
solutions. In the general case, apart from the trivial
solutions p,p,4, the other five independent elements in
the basis can be chosen to be equal to

. 20+ 2a+p
d1ag<—1,— 25 .= 25 ,1>,
2
1fﬁ¢0,a¢0,é:i2’__7
a 3

+1 942
A ’ﬁﬂv ’

(6.9)

where 1;,, are polarization matrices with helicity s = £1, +2
[the explicit expressions are in (D4b)-(D4c)], and the
diagonal matrix has vanishing helicity. Therefore, in the
general case, covariant fracton gauge theory describes
particles with helicities 0, £1, =2 [8]. If f = 0, the scalar
solution in (6.9) is replaced by

diag(0,1,1,0), (6.10)
which again has vanishing helicity. If g = =2, the trivial
solutions p,&,) are completed to a basis for the kernel by /1332,
as expected in linearized gravity. If gz —%, the scalar
—2‘;—Jﬁ’ﬂ — 1, so it is
trivial, and the theory describes only the modes +1, 4-2.
Finally, in the special case gz 2, the basis has eight
independent elements: one of them is the trivial one
PuP,4; the remaining seven ones can be chosen as

solution in (6.9) becomes 7,,, since

diag(—1,-1,-1,1), /Ii,z,
0O -1 Fi O 0 O 0 0
-1 0 0O O 0 O 0 -1
. , 1, 61
Fi O 0 O 0 O 0 Fi
0 0 0 O 0O -1 Fi O

where the diagonal solution has vanishing helicity, 45> has
helicities +2, and the remaining two pairs of solutions have
both helicities +1. So, compared to the general case, there is
one 1 helicity particle more.

As a last observation, consider that, the polarization
matrices 4, (D4a)—~(D4c), in the general solution (6.9), are
transversal in the massless case, meaning that
p’%;y =0, s==1,=+2,

if p* =(1,0,0,1). (6.12)

Instead, the scalar mode is longitudinal

) 2a+p4  2a+p
p”dlag<—1,— ,— ,1> =p,. (6.13)
Zﬂ Zﬂ Y22
Nonetheless, this implies that the arbitrary solution ﬁ,(,fyr) on-
shell satisfies the condition
Pepyi =0 if pr=(1,0,0.1),  (6.14)

which will be useful in the following.

VII. PARTICLE SPECTRUM OF MHS THEORY
AND FRACTON EMBEDDING

Let us now find the particle spectrum for the MHS theory
(see also [30]), following the same method as in the
previous section. It will be convenient to redefine the
constants a; and @, as

d] = 26(1 + a, dz = 2@1 — . (71)
The moduli space .# &lln{)s of the linearized MHS theory is
the submanifold in the field space {A,,.b,,} identified by
the equations of motion (5.5)—(5.6), modulo the gauge
invariance, which amounts to linearized diffeomorphisms

acting both on 7, and bm,,14

5diffh;w = aﬂél/ + 01/5/47 5diffb/w = a/tél/ - av‘f/u

\4 dl,dz,a3, (72)

as in (5.15). As in covariant fracton gauge theory, there are
some particular cases in which the gauge symmetry is
enlarged. Linearized Einstein gravity is reproduced when
the parameters are as in (4.2), or equivalently &, =0,
g—j = —1, according to (7.1), up to an overall constant. In

this case there is no dependence on b,,, so it can be shifted
away, and this is the effect of local Lorentz invariance,
as previously discussed:

OLorentz w — Q

(04
2=-1
oy

5L0rentz h;w = Ov uvs

if @, =0, (7.3)

“In this section . and Q,, are simple gauge parameters. We
maintain the same notation of the corresponding ghosts (omitting
the dot denoting the linearization) because this should not be
cause confusion.
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The traceless limit in MHS theory is reached if and only if

a3 1
— = 7.4
ay d—1 (7.4)
in which case there is no dependence on the trace ¢, and the
gauge invariance includes a Weyl scaling:
.. O3 1
5Weylbm/ = O, if d_l = —ﬁ .

(7.5)

6Weyl h;w = 26’7#1/ ’

A last limit case is when the theory does not depend on 4,,,, at
all. This happens when &; = a3 = 0, in which case the
symmetric equation (5.5) trivializes, and MHS theory
reduces to the theory for a free two-form gauge field
(Ramond-Kalb field RK [32]):

5RKh/4D = A;w 5RKb;w = 6/451/ - avg/,w if a=a3 =0,

(7.6)
where A, is any symmetric rank-two tensor, shifting /,, .
In order to find the general solution of (5.5)—(5.6), we

write them in Fourier space. Again, we consider from now
on the four-dimensional case. The equations read

R o _
Ealpzh/w _Z<a1 - a3)pap(/4hu) _§a3pypuh

| ~ 1 .
+ 31 (P*h = papph™) + 7 (& + @3)papuby)” = 0,

2
(7.7a)
1 v 2~ 1 y v y a I
5(12[7 b;w - Z (al —2a, + 053)[7 p[/lbl/](l
1, ~
2 (@) + a3) p*pphye = 0. (7.7b)

This is a system of homogeneous linear equations in the
10 + 6 variables (/,,.b,,).

uvs Yy

Looking at the equations alone it is possible to deduce
the embedding of the fracton moduli space in the MHS one.
Indeed, one sees that, if!?

h v — fl;(g), b~/w =0, a =4a, a=2p,

then the first equation (7.7a) reduces to the fracton
equation (6.5), and the second equation (7.7b) reduces to
the condition (6.14). This shows that the fracton moduli

(7.8)

{1

BIn direct space, this means that the linearized torsion T

Q>
corresponding to the choice (7.8), Tﬂw = % f ,Sf(f,z Moreover, there is
no dependence in the projected equations on &,, and that the old
constants a; and a, appear only in the combination 2a; + @, = @,
which means that, had we varied the action with, say, @, = 0, we
would have obtained the same result. This is not surprising, since
there are only two independent quadratic scalar contractions if the

totally antisymmetric part of the torsion is vanishing.

space, if g # 2, is contained in the subsector with vanishing
b, of the linearized MHS moduli space, upon using the
identification in (7.8),

M, (g # 2) C .M, , € Mas. (1.9)
Observe that the condition b,, =0 in (7.8) breaks the
gauge invariance (7.2), but it leaves a residual gauge
freedom when &, is exact, that is, when it generates
longitudinal diffeomorphisms &, o« d,A. This is consistently
the fracton gauge invariance (6.1).

Actually, we can prove an even stronger statement: not
only the fracton moduli space is included in the b,, =0
subsector, but it is also isomorphic to the same subsector.
To see why, let us find the most general solution of the full
equations (7.7a)—(7.7b). At the very end, we will see that,
upon restricting in the b,, = 0 subsector, the most general

solutions coincides with the fracton one, if g + 2.

A 16x 16 matrix K(p;d;,&,a3) can be intro-
duced, describing the system (7.7a)—(7.7b) in the variables
(ﬁ,w, l;”y), viewed as a vector with 10 + 6 entries. Except
for the special cases in which the gauge invariance is
enlarged, the dimension of the kernel in the massless case
is 10, and the number of trivial solutions is 4, encoded in

(Pyws b)) = (Péy)s Péy)- So, there are 6 degrees of
freedom, which can be chosen to be equal to

diag Jp e a4 )
2&3 2&3

(A%, 0), (A£2,0), (0,29,),

uv 0 v > Uy

(7.10)

where O is the 4 x 4 null matrix, and 4;,, are the polarization
matrices in (D4a)-(D4c), with helicities s = 0, £1, +2.
Therefore, MHS theory describes particles with helicities
0,=£1, £2, encoded in the symmetric part Euw and a scalar

particle, encoded in the antisymmetric part Z;W—this is the
expected result, since, as is well known, a two-form gauge
field in four dimensions is dual to a scalar particle. Moreover,
the subsector with vanishing antisymmetric part is the same
as in covariant fracton gauge theory, when the special case

f—i: 2 is excluded, since, using the identification of the

constants in (7.8), 5’12::’3 = 2‘;;/’,

same as the first solution in (6.9). Therefore, the statement in
(7.9) holds also in the stronger version

so that the first solution is the

M, <§ + 2> = M), (7.11)
VIIL. BRST FORMULATION

In this concluding section BRST rules (2.1) defining
covariant fracton gauge theory are formulated in an

105002-11



DAVIDE ROVERE

PHYS. REV. D 112, 105002 (2025)

equivalent way, off-shell realizing the embedding of covar-
iant fractons in linearized MHS theory at the level of
symmetries.

Consider two doublets (B,,.b,,) and (r,.&,), with the
following transformations:

sB,, = by,

(8.1a)

(8.1b)

sr, =&,

requiring that both l;ﬂv and r, are commuting with ghost

number zero, so that B, is anticommuting with ghost
number —1 and fﬂ is anticommuting with ghost number
one. Then, using the doublet theorem [45,46], the local s

cohomology on the space {hffp,l} and derivatives is
equivalent to the local s cohomology on the enlarged

space including the two doublets {hf,f;) A B, b, .r 5”}

B ! uws Py Ty
If we redefine b, and &, in this way

~ - o 1

b, =:b,, —0,r, + 9,1, &i=¢8, — Eaﬂz, (8.2)
for some b, and %ﬂ, the last one being anticommuting, then
the consistency of the BRST transformations implies that

Sb[ll/ = aﬂ%y - ay%ﬂv s%ﬂ - 0 (83)
Notice that
S 4 0,r, +0,r,) = 0,8, + 0,6, (8.4)

is the same transformation of the linearized metric A,

under linearized diffeomorphisms, with ghost z‘ﬂ. So, upon
defining

Ry = h[(tg) + 0,1, + 0,1y, (8.3)

the BRST rules (2.1) are equivalent to the transformations of
linearized MHS theory (5.15), together with the transforma-
tion of a one-form field r,, whose ghost s the fracton ghost 4,

shifted by the diffeomorphism ghost %ﬂ, and with the trans-

formation of a two-form field B, whose transformation is

the antisymmetrized derivatives of r,, shifted by b,,:
s&, = 0,51 =0,

Shy = 0,8, + 0,8,

shu = 0,8, = 9,8,

ST = %M — 30,4,

sB,, = by, —0,r, +d,r,.

sA =0, S 6
< .
{shﬁ):cy@j (8.6)

The local s-cohomology on {h,(fy, A} is equivalent to that on
{Buvs Py by 1y %M, A}.In other words, the doublet (., Eﬂ)
implements the condition fﬂ = 10,4, which is implied by
“r, = 0”; and the doublet (B,,, I;m,) implements the con-
dition “b,, = d,r, — d,r,,” which is implied by “B,, = 0.”
In this sense, the covariant fracton gauge transformations can
be thought as the restriction of linearized diffeomorphisms
to the longitudinal ones, as they were firstly introduced [5],
and covariant fracton gauge theory can be thought as the
restriction of the linearized MHS theory in the case in which
the antisymmetric part of the linearized vielbein is d-exact.
As a consequence, the linearized torsion is cohomologically
equivalent to the fracton field strength in this formulation.
Indeed, the linearized vielbein reads

- 1 1 () 1
hwzimw+m»:5h;+¢n+§ww,

so that the linearized torsion becomes

(8.7)

7 7 1 1
T”Qy = a[ﬂhy]() - Ef/(u/z; + s <5 a[ﬂBV]Q> s (88)

which, in particular, implies that the totally antisymmetric
part of the torsion is cohomologically trivial

. 1
Lo =S <g GWBQU]> .

This is the reason why the constants «; and a, appear only in
the combination 2a; 4+ @, in embedding covariant fracton
gauge theory in linearized MHS theory.

(8.9)
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APPENDIX A: WEITZENBOCK GEOMETRY
WITHIN CARTAN FORMALISM

In the formalism introduced by Cartan, one considers the
vielbein one-form e = ¢,“dx* and the spin connection
one-form w“, = " bdx”, and defines the torsion two-form
T = %Tﬂ"ydx"dx” and the curvature two-form R¢, =

%RMD" ,dx*dx” in the following way:

T4 e, w) = de + w%e’, (Ala)

R (@) = do?), + 0 .@°. (Alb)
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w,*, serves as a frame connection (for flat indices). The
basis or affine connection I',¢ (for curved indices) is
related to w,“, by the requirement that the full covariant
derivative of the vielbein, both with respect to @
and with respect to I',¢,

vanishes'® [47]:

b
(“second vielbein postulate”),

0, +w, e, —T,2 e, =0, (A2)
which is solved by
I2 (e.w) =e?0,e," +w,",ee,r, (A3)
if the vielbein is invertible. If we define
T, ()= F[ﬂgu], (Ada)
RQUIW(F) = a[ﬂl“,,]é’ﬁ + FU,QHFU]“J, (A4b)

then they are related to the Cartan definitions (Ala)—(Alb)
according to

TﬂQU(F(e, w)) = Tﬂ“y(e, w)eC,, (ASa)

R (D(e.)) = R, ()etye,?.  (ASD)
This follows straightforwardly by replacing (A3) in
(Ada)—(A4b).

General relativity in usual formulation is recovered by
choosing a torsionless spin connection. The spin connec-
tion appears in (Ala) algebraically, so that the torsionless
condition can be solved uniquely for the spin connection in
terms of the vielbein, assuming it to be invertible. Such a

spin connection, which we denote with (R s reads
(GR) a 1 va v a 1 0

o', bzie 0[”6,,]1,—56 pOuey) —Ee “e?ye, 0 e
(A6)

The corresponding affine connection, according to (A3),

which we denote by I'(CR) ¢ , is the Levi-Civita connection:

F<GR)ng = F}t()l,( (GR ) gga( ﬂg(II/ + augua - aag;w)'
(A7)

Indeed, using g,, = ¢,%¢,, and (A6),

u

This is equivalent to define the covariant derivative with
respect to the affine connection V,(T') in terms of the covariant
derivative with respect to the spin connectlon V, (@) in this way:
V,([)(e?, V) = e, V,(w)V?, for any V°. Tndeed on one side
V,([)(e?,V*) =0,V +FMQDV”; on the other ¢?,V,(0)V* =
9,Ve + e, (9,0, + w,%,e,”)V¥, so that we obtain (A2).

GR) a La b _

(
@0 p€ alp

1
Eg{w(aﬂgb/} + a/}g/w - ayg,u/}) - eaaaye[)’a ’

(A8)

whence the result (A7) follows, by using (A3).

One could also look for a spin connection @) whose
curvature is vanishing, instead of a torsionless spin con-
nection. The flatness condition is uniquely solved by the
Cartan-Maurer form out of an arbitrary Lorentz matrix 1%;:

flat)

o4, = ()71d2)?, = 1,21, (A9)
The corresponding affine connection, according to (A3), is
again a Cartan-Maurer form,17

flat)y _ flat b
re (e.0) =e2,0,e," + o™ 9 e,

= (/chegb)aﬂ(/lcaeua)’ (AIO)
reflecting the fact that it is flat: R(I'(e, @) = 0. So,
starting from a globally defined frame e¢*, in a paralleliz-
able manifold, it is always possible to make a choice of 4
such that the affine connection above is the Weitzenbock
connection

Wﬂgy E2 N (e,w(w)) = egaaﬂeya

W, (A11)

Instead, if we start from a frame and we identity I'(e, a)(ﬂm)
with the Weitzenbock connection out of that frame, it
means that the corresponding spin connection ™) is
vanishing, fixing the 4 matrix to be constant:
o™ = 0. (A12)
This is called the Weitzenbock condition, which breaks the
local Lorentz invariance, but it preserves the global Lorentz
invariance.
A useful tensor is the contorsion, which is defined as the
difference between an arbitrary affine connection and the
Levi-Civita connection'®

-k, () =T, —TCR e (A13)

which implies that K ,,, = K,,°, g, is antisymmetric in the
last two indices. Notice that the antisymmetric part in the
first and in the last index is the torsion (A5):

(A14)

—K},2, (1) = T, ().

This expression can be solved for writing the contorsion in
terms of the torsion

The author thanks C. Imbimbo for pointing this out.
Usmg (A3) we can also write the contorsion in terms of
an arbitrary spin connection and the torsionless one: —K,¢ =

a GR) a b
(0,%, — 0D, e e,b.
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1 1 1
K,MQO' = E(me - Kugy) +§(K()ﬂl/ - Kl//l()) +§(K()w - K/wg)
1 1
= _E(Tﬂ@v +T o + Tem> = _E(Tﬂ[QU] + Te/w)'

(A15)

We can relate the Levi-Civita connection, the Weitzenbock
connection, and the Weitzenbock torsion in the following
way. On one side, using (A13),

K0 (W) =W, —T©R e (A16)

On the other, using (A15),

1

-K,° (W) = 3 (T,°,(W)=T,°(W)+T°,(W)). (Al7)

Therefore,

1
F(GR)ﬂQ,, = W/AQ,/ + E (TMQD(W) - TWQ(W) + TQ;w(W>)'

(A18)

APPENDIX B: COMPUTATION OF A BRST
COHOMOLOGY

Consider the following BRST transformations:

s}_zm/ = 0,&,, s, = 0. (B1)
(. 6M%D) is a doublet, so it does not belong to the BRST
cohomology. Since

1 _ o
Esa(ghﬂ)v = 0gaﬂfb, (B2a)
Ty =0, (B2b)
where i,,:,, = a[(,ﬁﬂ],,, then (1 0<sz”>,,, agaﬂéy) is a doublet,

whereas T, is in the cohomology. In general,

1 -

msd(an...am Oohyy, = 0g,---0q,0,0,8,s (B3a)
S()an...dal TQl/ﬂ =0 (B3b)
show that (—(,,leﬂ (g, -0 dgf_lﬂ)y, O, -+ -0q, 0(,0”&) is a

doublet, for each n. This suggests that the cohomology
is generated by 5” T,, and by the derivatives of the
last one:

ovu

H(s) = {8 Ty 00, Tous -+ 0 0, T -}

ovp> ovp>

(B4)

In order to show this, consider the decomposition 6lew
in irreducible components,19

Melhe@)e=0ell)e21),e @),

e(He 211,11 (B5)
which is realized by
ao}_’/w = é(FQW + Foy+ Gou + Buyg + Hyu),  (BO)
where
F~(1)® (2,1),,G~(3), B~ (1)@ (2,1),,
H~(1,1,1), (B7)

and we choose F and B antisymmetric in the first two
indices. Defining the symmetric and the antisymmetric part
of hy,,

_ 1 . _ _
hy,, = > (hy +by,), with  h,, = h,, + hy,,
by =y —hy,. (B8)
the previous tensor can are realized by
Fle = 0,h,, —0,h,, (B9a)
1
G = 9,1y, + 0 hy, + 0,0, = Ea(ﬂhw), (B9b)
Bo = 0ybyy — 0,b,5 —20,b,,, (B9c¢)
1
H,, = 0,by,, +0,by, + 9,b,, = anbw]. (B9d)
Finally, if we decompose aﬂéy,
.1 _ . .
aygv = 5 (Sl//.t + Av,u)? with Sv,u = 0/451/ + aug,u,
Al//l = aygy - ay&w (BIO)

then the BRST rules of the components of GQEW read

SF e = 0,A,,, (Blla)
5G o = 0,S,0 + 0,Sgu + 0,5,,,  (BlIb)
$B o = —30,A,,, (Bllc)
$H, = 0. (B11d)

PSee footnote 2.
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Therefore, we recognize two independent invariants

s(3F,,, + B,,) =0,

e e sH,,, =0,

(B12)
and this means that the YO'WQ generates the cohomology,
since it is a combination of the unique independent
invariants:

(3F#QV + Buow + ZHMQU)‘

(B13)

AN =

uvg —

APPENDIX C: COMPARISON WITH OTHER
CONVENTIONS

In [29] the following tensors are defined:

— U a
Py =Y w = "6 vﬂel/tl'

(C1)

— _ ,.a
Vovu = _K/ulv =€ vpevav

The possible quadratic scalars contractions are chosen as

W(pﬂ = TMDI/T/JQQ’ (Cza)
3 1

7Y e = 4 T"T e + 2 T ygus (C2b)
1 1

7" o = 4 T e + 2 T"CT yus (C2c)

so that the action

Suglier = / d?xe(B19" @, + BV Y o + P37 ) (C3)

is equivalent to (4.1), if

b = as, fr =20 — ay, p3 =3, — 20y, <C4)
and the Einstein-Hilbert action is recovered if
ﬂlz_l’ ﬁZZOv ﬂ3:1 (CS)
In [30], the following tensors are defined in 4d:
T(HSMW = TD’IM = e’lad[,,e,,]“, (C6a)
v, =TH, =T,4 (Céb)

Tove (Cée)

1
=3 (Tui;t + TL//M) + 6 (gulTﬂgQ + gm T/lgg) - gg/lu TI./QQ'
(C6d)
vy, 4, and 1, are the irreducible components of the torsion
in 4d, with a,, (4d dual to) the totally antisymmetric part. In

particular, ,,, is traceless with vanishing totally antisym-
metric part, and it is chosen to be symmetric in the first two

indices. The choice for a basis for the quadratic scalar
contractions of the torsion is the following:

v HS 1 v 1 v 1 v
[<HS)M tg»/w) = 5 T'W T/Uw + 5 Tl” Tzluy - 5 Tl”ﬂTll/ s
(C7a)
v, = TA”ﬂTM”, (C7b)
" 1 Ay 1 Ay
a aﬂ = ET Tﬂ/tl/ + §T Tﬁl/ﬂ’ (C7C)
so that the action
Sys = /d“)ce(alt<HSW’“IEI;DS> + av*v, + azata,)
1
= /d4xe [(cl - §> t(HS)’lﬂ”tﬁgj)
1 3
+ C2+§ Uﬂﬂ”‘f' C3_Z Cl”a” (C8)
is equivalent to (4.1) if
1 2
a, —cl——z—(2a1+a2), (C9a)
3 3
1 1
a, —c2+§:§(2a1 + ay + 3a3), (C9b)
3
az = Cj3 —126(01 —az), (C9C)
and the Hilbert-Einstein action is obtained if
1 1 3
Cl]:—g, Clzzg, 613:—1, (CIO)
or equivalently,
C]:C2:C3:O. (Cll)

APPENDIX D: POLARIZATION MATRICES

See for example [47]. Choosing the generator of z-axis
rotation as

00 0 O
;o 00 —-i O (D)
o lo i o o]
00 0 O
the polarization vectors with helicities +1 are
1 .
&r :—2(0,1,il,0), (D2)
such that
J.ef = tef. (D3)
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Define the polarization matrices as

00 0 O
00 —i O
0 _ o+ .- —
Auy = €€, = o i o ol (D4a)
00 0 O
0O -1 Fi O
1 1{ -1 0 0 1
Al = — £ = , D4b
iz \/zp(ﬂgv) 2 Fi 0 0 4+ ( )
0 1 +i 0
0 O 0 O
110 1 £i O
/Ii2 — ottt D4
wTEE T2 0 4 <1 0 (Ddc)
0 0 0 O

They are such that

Vo A = sS4, (D5)
Two useful formulas are also the following:
0 0 0
0 b 0
. Z o | Famioat @ ina,
00 0 O
0 —-a -b O
- 0 0
. “N = (a=ib)at + (a +ib)a,
-b 0 0 b
0 a b O
(D6)
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