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We study the forward-backward azimuthal angular correlations of hadrons in association with
multiparticle production in the central rapidity region in proton-proton collisions at the LHC. We apply
the nucleon energy-energy correlator framework, where the spinning gluon distribution introduces a
nontrivial cosð2ϕÞ asymmetries. We will demonstrate that the fundamental helicity structure of quantym
chromodynamics (QCD) amplitudes predicts a unique power counting rule: cosð2ϕÞ asymmetry starts at
Oðα2sÞ order for dijet,OðαsÞ for three jet andOð1Þ for four (and more) jet productions. Our results will help
us to understand the longstanding puzzle of nearside ridge behavior observed in high multiplicity events of
pp collisions at the LHC.
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I. INTRODUCTION

More than a decade ago, a long-range azimuthal angular
correlation of cosð2ϕÞ between two hadrons, the so-called
nearside ridge, was discovered in high multiplicity events
in proton-proton (pp) collisions at the LHC, where the
event generator, such as PYTHIA, has shown very small
(close to zero) asymmetry [1]. This has stimulated tremen-
dous experimental and theoretical efforts in the last decade,
but the puzzle still stands [2–18]. In this paper, we
investigate the long-range correlation from a different
perspective, applying the nucleon energy-energy correlator
(NEEC) [19–21] at the LHC. We will show that the
spinning gluon distribution in this framework [21] leads
to a nonzero cosð2ϕÞ azimuthal asymmetries in forward-
backward energy correlators in pp collisions.
Previous studies of NEECs focus mainly on the deep

inelastic scattering (DIS) [19–22] at the planned Electron-
Ion Collider (EIC) [23–25]. In Ref. [26], we apply the
concept of NEEC to the observable in pp collisions at the
LHC and quite sizable azimuthal angular asymmetries are

found in Higgs boson and top quark pair productions. Here,
one measures the energy-energy correlators along the beam
directions of both incoming hadrons with polar angles θa;b
and azimuthal angles ϕa;b, respectively. The hard scattering,
such as jet production shown in Fig. 1, happens in the
central rapidity region. For small polar angles of θa and θb
in opposite directions, their rapidity difference will be large,
which corresponds to a long range correlation. The goal of
the current paper is to investigate multijet production and
demonstrate how cosð2ϕÞ asymmetries arise from the
spinning gluon effects, where ϕ ¼ ϕa − ϕb.
The observables of interest are the forward-backward

energy-energy correlators associated with multijet produc-
tion in the central rapidity region. They are defined by
measuring the energy deposits in the calorimeters in the
forward and backward regions of the detector at large
rapidities. The common feature between the nearside ridge
in pp collisions [1] and the NEEC observables we pro-
posed, i.e., cosð2ϕÞ azimuthal asymmetries of two particles
with large rapidity difference, indicating that the same
physics may be behind both phenomena. The difference
is that the NEEC observable measures energy deposits
whereas the nearside ridge counts the particles without
energy weight. Moreover, jet production plays an important
role in high multiplicity events in pp collisions, see, for
example, Ref. [27]. Therefore, our calculation is relevant to
understanding the underlying physics of the nearside ridge.
For jet production at the LHC, the gluon NEEC is the

dominant contribution and can be defined as [21,26],
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fαβg;EECðx; n⃗aÞ ¼
Z

dy−

2πxPþ e−ixP
þy−

× hPjFþαðy−ÞL†½∞; y−�Êðn⃗aÞ
× L½∞; 0�Fþβð0ÞjPi

¼ ð−gαβT =2Þfg;EEC þ hαβT dg;EEC; ð1Þ

where x represents the momentum fraction of the nucleon
momentum P carried by the gluon, Fμν represents the
gluonic field strength tensor and L for the gauge link in the
adjoint representation for the gluon distribution. Because of
the spin-1 feature, we have two independent gluon NEECs:
the diagonal one fg;EEC projected from gαβT ¼ gαβ −
ðPαn̄β þ n̄αPβÞ=n̄ · P corresponds to the usual gluon dis-
tribution, whereas the off-diagonal one dg;EEC from hαβT ¼
nαa;Tn

β
a;T=jn2a;T j þ gαβT =2 represents the spinning gluon.

Here, n̄ is the light-cone vector conjugate to P in the þz
direction: n̄ · P ¼ P0 þ Pz ≡ Pþ, whereas nαa;T is the trans-
verse component of nαa ¼ ð0; sin θa cosϕa; sin θa sinϕa;
cos θaÞ, see the illustration of n⃗a in Fig. 1. A similar
definition can be written for the gluon NEECs for the proton
moving in −ẑ direction with momentum P0 and energy
flow direction nαb ¼ ð0; sin θb cosϕb; sin θb sinϕb; cos θbÞ.
To generate a long-range correlation between n⃗a and n⃗b, we
need to couple two dg;EECðθÞ from both incoming protons.
In the following calculations, we follow the leading order
perturbative results for fg;EEC and dg;EEC which are given by
the unpolarized collinear PDFs fq;g convoluted with per-
turbative calculable Wilson coefficients. [20,21].

II. AZIMUTHAL cosð2ϕÞASYMMETRY FORDIJET
PRODUCTION

We start with two particle production in the central
rapidity region with large transverse momentum PT . The
generic cross section measurement for forward-backward
correlation takes the following form,

ΣjetðQ2; θa;b;ϕÞ ¼
X
ij

Z
dσjetðQ2Þ Ei

EP

Ej

EP
F ðϕ; n⃗a;bÞ

× δðn⃗a − n⃗iÞδðn⃗b − n⃗jÞ

¼
Z

dΩ½σ0 þ σ2 cosð2ϕÞ�; ð2Þ

where Q represents the hard momentum scale such as the
jet energy, F ðϕ; n⃗a;bÞ imposes the phase space measure-
ment to construct ϕ and

R
dΩ for the part related to multijet

production in the central rapidity. In the above equation, σ0
and σ2 represent the azimuthal angle symmetric and
asymmetric differential cross section contributions, respec-
tively. Following the previous example of hard processes in
proton-proton collisions [28], the factorization formula for
σ0 and σ2 can be written as,

σ0 ¼ xafg;EECðxa; θ2aÞxbfg;EECðxb; θ2bÞσ̂0 ð3Þ

σ2 ¼ xadg;EECðxa; θ2aÞxbdg;EECðxb; θ2bÞσ̂2; ð4Þ

where σ̂0;2 represents the partonic cross sections for multijet
productions and for simplicity we omit the superscript
“jet”. We then define the cosð2ϕÞ asymmetries as
Acosð2ϕÞ ≡ σ2=σ0. The final cosð2ϕÞ asymmetries depend
on the NEEC gluon distributions, for which we will follow
Ref. [26] and take the leading power contributions. The
above factorization follows those for the NEEC observables
in Refs. [19–22]. In the kinematic region of small-x,
additional modifications for the NEEC distributions are
needed, see, for example, Ref. [22]. We leave this study for a
future publication.
The partonic cross section σ̂0 is the same as that for

multijet production in unpolarized proton-proton collisions,
whereas σ̂2 is more involved. Similar to those in Higgs
boson and top quark pair productions [26], cosð2ϕÞ
asymmetries come from interference between the double
helicity flip amplitudes with positive helicities for both
incoming gluons, see Fig. 2. This leads to a unique
prediction as a result of the helicity structure of quantum
chromodynamics (QCD) amplitudes [29,30]. Let us start
with σ̂2 for dijet production in gg → gg channel,

σ̂2 ∝
X
λ3λ4

Að�;�; λ3; λ4ÞA�ð∓;∓; λ3; λ4Þ; ð5Þ

where the two incoming gluons have the same helicity but
they are flipped in the complex conjugate of the amplitude.

FIG. 1. Forward-backward energy-energy correlators in proton-
proton collisions at the LHC where multijets are produced in the
central rapidity region. Here, n⃗a;b denote the forward-backward
positions for the energy-energy correlator detectors depending
on both polar angles θa;b and azimuthal angles ϕa;b, e.g.,
n⃗a ¼ ðsin θa cosϕa; sin θa sinϕa; cos θaÞ. The spinning gluons
will lead to a long range cosð2ϕÞ angular correlation where
ϕ ¼ ϕa − ϕb. In addition, ϕc represents the azimuthal angle of
the jet transverse momentum PT in the dijet production, where an
azimuthal asymmetry of cosð2ϕa þ 2ϕb − 4ϕcÞ can be generated
from the spinning gluon as well, see, Fig. 4 below.
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It is well known that the tree-level amplitudes vanish where
either all the external gluons have the same helicity or only
one of them has a different helicity [29,30]. Applying this
rule to the gg → gg amplitudes, we have Að0Þðþ þ þþÞ ¼
Að0Þðþ þ þ−Þ ¼ 0. As a result, σ̂2 vanishes for any
combination of λ3 and λ4 in Eq. (5). At one-loop order,
although the above two amplitudes no longer vanish, there
is no contribution from their interference with Að0Þ due to
orthogonal color structures. For example, nonvanishing
Að1Þðþ þ þþÞ has the following color structure [31–34]:
Að1Þðþ þ þþÞ ∝ ðTr½TaTbTcTd� þ Tr½TaTcTdTb� þ
Tr½TaTdTbTc�Þ, where a, b, c, d are color indices for the
incoming and outgoing gluons, respectively. If we couple
this with the color structure of the leading order amplitude

which can be written as Að0Þ
s fabefcde þ Að0Þ

t facefbdeþ
Að0Þ
u fadefbce, it does not yield any results. That means

the cosð2ϕÞ vanishes at αs order for dijet production too.
At NNLO, we will have the following helicity amplitude

contributions: Að1Þðþþþ−ÞAð1Þ�ð−−þ−Þ, Að1Þðþ þ þþÞ
Að1Þ�ð− −þþÞ, and Að2Þðþ þ þþÞAð0Þ�ð− −þþÞ. The
first term is easy to derive because both amplitudes come
from nonvanishing leading contribution at OðαsÞ. On the
other hand, the derivation of the second and third terms at
NNLO is much more involved, due to nontrivial features in
these amplitudes that lead to an emerging infrared (IR)
divergence even though they vanish at NLO. As an
important cross-check, we will show that these divergences
will be canceled out by the real gluon radiations, and the
final result is finite in the dimensional regulation with
D ¼ 4 − 2ϵ.
To facilitate the IR cancellation between virtual and real

contributions, we utilize the well established singular
behavior of QCD amplitudes at two loop order [35,36].
They are factorized into color-independent jet function and
color-correlated soft function [36],

Ið1Þ ≡
"
−
X
i

 
γ½i�ð1ÞK

2ϵ2
þ G½i�ð1Þ

0

ϵ

!
1þ Γð1Þ

ϵ

#�
−
μ2

s

�
ϵ

: ð6Þ

The first term associated with the identity matrix 1 is color-
uncorrelated. It originates from the jet function of each
parton in the process and thus sums over all partons i. The
second term is collected by the so-called soft anomalous
dimension matrix Γð1Þ which is color-correlated. It depends
on the process, and can be generally written as [37],

Γð1Þ ¼ 1

2

X
i

X
j≠i

Ti · Tj ln

�
−μ2

sij

�
; ð7Þ

where sij ¼ ðpi þ pjÞ2 in all outgoing notation. With the
above results, the IR divergence of the virtual contribution
at NNLO can be obtained by sandwiching Ið1Þ between
Að1Þðþ þ þþÞ and Að0Þð− −þþÞ. AlthoughhAð1Þðþ þ
þþÞjAð0Þð− −þþÞi vanishes at ϵ ¼ 0, it contributes to
an IR divergence at NNLO because of 1=ϵ2 and Γð1Þ terms
in Ið1Þ,

σ̂ð2Þv2 ¼ 1

ϵ
ðσ̂ð2Þv2;J þ σ̂ð2Þv2;S Þ þ finite terms: ð8Þ

Here, the soft and jet IR terms are defined as

σ̂ð2Þv2;S ¼ 2

V
hAð1ÞðþþþþÞj2Re½Γð1Þ�jAð0Þð−−þþÞiþH:c:;

σ̂ð2Þv2;J ¼ −
X
i

γ½i�ð1ÞK σ̂ð1Þϵ2 ¼ −8CAσ̂
ð1Þϵ
2 ; ð9Þ

respectively, where V ¼ 4ðN2 − 1Þ2 represents the color

and spin averaging factor and γ½g�ð1ÞK ¼ 2CA. Here and in the
following, we expand the perturbative corrections in terms
of ðαs=4πÞi. In the above equation, we have used a

shorthand notation σ̂ð1Þϵ2 to represent the ϵ-term of NLO

contribution, i.e., σ̂ð1Þ2 ¼ ϵσð1Þϵ2 ,

ϵσð1Þϵ2 ¼ 2

V
hAð1Þðþ þ þþÞjAð0Þð− −þþÞi þ H:c:: ð10Þ

Now, we turn to the real contributions. To show the IR
cancellation, we focus on soft gluon at low transverse
momentum qT . Their contributions can be derived with
eikonal approximation and written as [38–43],

σ̂ð2Þr2;S ¼ 2

V
hAð1ÞðþþþþÞjSSjAð0Þð−−þþÞiþH:c:: ð11Þ

The leading contributions in the limit of qT ≪ PT can be
expressed, again, in terms Γð1Þ of (7) and 1,

(a) (b)

(d)(c)

FIG. 2. Nonzero cosð2ϕÞ asymmetry comes from the interfer-
ence between double helicity-flip amplitudes with positive
helicity for both incoming gluons. Example of helicity ampli-
tudes that contribute to cosð2ϕÞ asymmetries in dijet (order α2s)
from ða; bÞ, three jets (order αs) from (c) and four jets (order 1)
from (d) production in pp collisions. Cuts through the inter-
mediate states are implied.
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SS ¼
Z

½dqT �4π
�
1

q2T
2Re½Γð1Þ� þ 4N

1

q2T
ln

ŝ
q2TR

2
1

�
þ � � � ;

ð12Þ

where R is the jet size and � � � stands for terms that

contribute to finite terms of σ̂ð2Þr2;S . We have applied a narrow
jet approximation to derive the R-dependence in the above
soft gluon radiation [42,44]. To obtain the final result, we
need to integrate out qT with

R ½dqT �≡ μ2ϵ
R
q0 ddqT=ð2πÞd,

which leads to IR divergences,

μ2ϵ
Z

q0 ddqT
ð2πÞd

1

q2T
¼ 1

4π

�
−
1

ϵ
þ ln

q20
μ2

�
; ð13Þ

μ2ϵ
Z

q0 ddqT
ð2πÞd

1

q2T
ln

ŝ
q2T

¼ 1

4π

�
1

ϵ2
−
1

ϵ
ln

ŝ
μ2

þ � � �
�
; ð14Þ

where d ¼ 2 − 2ϵ. The soft gluon approximation is only
valid in the kinematics of qT ≪ PT . Therefore, we have
introduced an upper bound q0 in qT integral. Additional IR
divergences come from jet functions from the two gluon
jets [42,44],

2J g ¼ 2
αsN
2π

�
1

ϵ2
þ 1

ϵ

�
2β0 − ln

P2⊥R2

μ2

�
þ � � �

�
; ð15Þ

which is multiplied by ϵσ̂ð1Þϵ2 . With all these results, we
show that the IR divergences are canceled out completely,

in particular, σ̂ð2Þv2;S is canceled by the first term of Eq. (12),

σ̂ð2Þv2;J by the second term of (12) and the jet function (15).
After canceling all IR divergences and jet size R depend-
ence, we arrive at the following result,

σ2¼
Z

dξ
ξ

dξ0

ξ0
xadg;EECðx0aÞxbdg;EECðx0bÞ

�
−σ̂ð2Þ2;1ðxÞ

× ½Pd
ggðξÞδð1−ξ0ÞþPd

ggðξ0Þδð1−ξÞ�

þδð1−ξÞδð1−ξ0Þ
�
σ̂ð2Þ2;0ðxÞ ln

�
ŝ
q20

�
þ σ̂ð2Þ2;2ðxÞ

��
; ð16Þ

where x ¼ −t=s, x0a ¼ xa=ξ, x0b ¼ xb=ξ0, Pd
ggðξÞ ¼ ξ=ð1 −

ξÞþ þ β0δð1 − ξÞ with β0 ¼ 11=12 − Nf=18. The above
factorization result follows previous examples of NEEC

calculations [19–21]. Here, σ̂ð2Þ2;1 represents collinear gluon

radiation contribution from the incoming two gluons, σ̂ð2Þ2;0

for the anomalous soft gluon radiation generated from Γð1Þ
which has a logarithmic dependence on the upper bound of

its transverse momentum as shown in (13), and σ̂ð2Þ2;2 for the
remaining finite terms. Detailed derivation can be found in

the Appendix. Here, we present the final results for σ̂ð2Þ2;i ,

σ̂ð2Þ2;0 ¼ −ðN2 þ 6ÞðN2 − NfÞ
�
ln x
x̄

þ ln x̄
x

�
; ð17Þ

σ̂ð2Þ2;1 ¼
N2ðNf − NÞ

2

�
π2 − 2 ln x̄ ln xþ 1þ x2

x2
ln2x̄

þ 1þ x̄2

x̄2
ln2xþ 4 ln x̄

x
þ 4 ln x

x̄

�
; ð18Þ

σ̂ð2Þ2;2 ¼
1

24ðxx̄Þ2
�
12ðN − NfÞ2ð1 − xx̄Þ2ð2 − xx̄Þ

þ 5ðN2 − NfÞxx̄
�
2ðN2 − NfÞxx̄ðx − x̄Þ ln x

x̄

−ω1ðxÞ
�
ln2

x̄
x
þ π2

�
− 2N2ω2ðxÞ

��

− 15ðN2 − NfÞ
ln x ln x̄

xx̄
; ð19Þ

where x̄ ¼ 1 − x, ω1ðxÞ ¼ 2N2ð1þ 2xx̄ − x2x̄2Þ−
Nfðxx̄ − 2x2x̄2Þ, and ω2ðxÞ ¼ 4 ln x ln x̄ − x ln2 x̄ − x̄ ln2 x.
The contribution from the real soft gluon radiation

crucially depends on the upper bound q0, which can be
regarded as a jet veto for the dijet events. To illustrate this
dependence, three values of q0 have been chosen in Fig. 3,
where we show the numerical results for the cosð2ϕÞ
asymmetries Acosð2ϕÞ as functions of the rapidity y for the
dijet for the kinematics at the LHC with PT ¼ 100 GeV.
Another interesting feature of Eq. (16) is that there is a
cancellation between the two dominant terms (the first two)
because they have opposite signs. For some particular
choice of q0, they cancel out each other completely. The
experiment observation of this behavior will provide an
important confirmation of our predictions.

FIG. 3. Long range cosð2ϕÞ azimuthal asymmetries in nucleon
EEC observable associated with dijet production as a function of
the rapidity y of the two jets.
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The spinning gluon dg;EECðxaÞ can also contribute to
azimuthal asymmetries which depend on the dijet produc-
tion plane. This can be utilized as a cross-check of our
derivations. In Fig. 4, we show the azimuthal correlations
between ϕa, ϕb, and ϕc for the dijet production, where ϕc is
the azimuthal angle for the jet transverse momentum. From
our calculations, we find that the cosð2ϕa þ 2ϕb − 4ϕcÞ
asymmetry is nonzero,

hcosð2ϕa þ 2ϕb − 4ϕcÞidijet

¼
R
dΩdg;EECðxaÞdg;EECðxbÞ 92 ŝ

2þt̂2þû2

2ŝ2R
dΩfg;EECðxaÞfg;EECðxbÞ 92 ðŝ

2þt̂2þû2Þ3
8ŝ2 t̂2û2

: ð20Þ

This asymmetry also comes from interference between
double helicity flip amplitudes, but the incoming gluons
have opposite helicities, i.e.,Að0Þðþ −þ−ÞAð0Þ�ð−þþ−Þ
which is nonzero at the leading order. Numerically,
hcosð2ϕa þ 2ϕb − 4ϕcÞi is about 10% for the typical
kinematics at the LHC. It will vanish when we average
over ϕc and will not contribute to the long range cosð2ϕÞ
asymmetries discussed in previous examples. However,
they come from the same physics, and it is important to
cross-check this prediction.

III. DISCUSSION AND CONCLUSION

Before conclusion, we would like to comment on the
azimuthal cosð2ϕÞ asymmetry in multiple jets production
beyond dijet case. First, let us examine the case for three jet
production. Applying a similar equation of (5) and the
helicity amplitude rule [29,30], it is straightforward to show
that σ̂2 vanishes at the tree-level for gg → ggg. At one-loop
order, it will receive contributions from the interference
between Að1Þðþ þ þ þ −Þ and Að0Þð− −þþ −Þ, see
Fig. 2. The nontrivial color structures of these amplitudes

lead to a nonzero hcosð2ϕÞi for three jet production at
αs order.
For four jet production, cosð2ϕÞ asymmetry starts at the

leading order, where σ̂2 comes from, e.g., Að0Þðþ þ þ þ
−−ÞAð0Þ�ð− −þþ −−Þ in Fig. 2 and these are the ampli-
tudes that contribute to σ̂0 too. Therefore. the cosð2ϕÞ
asymmetry is order 1. The same conclusion holds for five
and more jets production. In Table I, we summarize this
power counting result of cosð2ϕÞ for jet production.
The αs hierarchy of hcosð2ϕÞi depending on the number

of jets is a unique prediction from the helicity structure of
parton scattering amplitudes in QCD. It is crucial to test
this prediction in experiments, which will rely on explicit
calculations for the three jet and four jet productions.
We plan to carry out these calculations in the future.
Nevertheless, the strong αs dependence from Table I
demonstrates a quantitative difference between 2, 3, and
4 jet events in pp collisions.
This observation has a significant implication for the

nearside ridge phenomena. From the QCD point of view, the
NEEC observables depend on the same partonic processes
that may contribute to high multiplicity events. Therefore,
the underlying spinning gluon effects should apply in both
cases and contribute to a long range cosð2ϕÞ asymmetry. Of
course, with energy-weighting the NEEC observable allows
us to compute dijet production at NNLO. Extending it to
two particle correlation associated with nearside ridge
would require a two-loop calculation of 2 → 4 process,
and similarly, one-loop for 2 → 5 and tree level for 2 → 6
processes, which is much more involved. An explicit
calculation is needed to finally solve the nearside ridge
puzzle and we hope to come back to this in the future.
Meanwhile, we can apply a similar αs power counting to
make the following predictions: the long range cosð2ϕÞ
asymmetry will be of order α2s for the 2 → 4 process, αs for
the 2 → 5 process, and leading order for the 2 → 6 process.
This is in qualitative agreement with the observed pattern
for the nearside ridge, where the cosð2ϕÞ asymmetry
increases with multiplicity [1], as a result of that higher
multiplicity events favor a higher number of jets. This shall
encourage further theoretical developments along this line.
In summary, we studied forward-backward azimuthal

angular correlations in NEEC measurements in association
with multijet production in the central rapidity region at the
LHC. We demonstrated a peculiar prediction for multijet
production, as a result of double helicity-flip for the
cosð2ϕÞ asymmetry and the helicity structures of parton

FIG. 4. cosð2ϕa þ 2ϕb − 4ϕcÞ azimuthal asymmetries associ-
ated with dijet production as a function of the rapidity difference
between the two jets Δy.

TABLE I. A brief summary of the power counting analysis for
the long range azimuthal angular asymmetries of cosð2ϕÞ for jet
production in proton-proton collisions.

Number of jets 2 3 ≥ 4

hcosð2ϕÞi asymmetry Oðα2sÞ OðαsÞ Oð1Þ

LONG RANGE ENERGY-ENERGY CORRELATOR AT THE LHC PHYS. REV. D 112, 054006 (2025)

054006-5



scattering amplitudes in QCD, where hcosð2ϕÞi starts at
Oðα2sÞ for dijet, OðαsÞ for three jet, and Oð1Þ for four (and
more) jet productions. Experimental verification of these
predictions will be crucial to establish the NEEC physics at
colliders and pave a method to understand the nearside
ridge, a longstanding puzzle, observed in high multiplicity
events in pp collisions at the LHC.
An important next step is to implement the spinning

gluon idea in multijet production events in pp collisions. In
our calculations, we have applied the energy weighting for
the forward and backward hadrons. Two complementary
approaches can be applied from our results. First, we can
experimentally test the predictions presented in this paper,
shown in Figs. 3 and 4. Second, one can apply the existing
simulation codes for multigluon productions to estimate the
cosð2ϕÞ asymmetries and compute their contributions to
the nearside ridge in pp collisions. This can be either
done through a modification of PYTHIA event generator or
a combination of numeric simulations from various codes
in the literature. Applying a similar idea in the final states
[45–48] to high multiplicity events in eþe− annihilation
process [49] will be highly desired as well.
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APPENDIX: DETAILED DERIVATION
OF DIJET RESULT

In this Appendix, we provide a detailed derivation of our
results presented in Eq. (16). As discussed in the main text,
the nonzero cosð2ϕÞ asymmetry in dijet production only
begins to appear at the NNLO, which consists of only three
terms that has nonzero amplitudes

σ̂ð2Þ2 ¼ 2

V
½Að1Þðþ þ þ−ÞAð1Þ�ð− −þ−Þ

þ Að1Þðþ þ þþÞAð1Þ�ð− −þþÞ
þAð2Þðþ þ þþÞAð0Þ�ð− −þþÞ þ H:c:�; ðA1Þ

where the factor V ¼ 4ðN2 − 1Þ2 averages over initial gluon
colors and helicities and the extra factor of two accounts for
the parity symmetric term by flipping the helicity of all the
gluons, e.g., terms like Að1Þð− − −þÞAð1Þ�ðþ þ −þÞ. The
first term is easy to derive, and the contribution is finite.

However, the last two terms contain infrared (IR) diver-
gences, that shall be canceled by the real gluon radiations.
To show this more clearly, let us write down the NLO

contribution σ̂ð1Þ2 explicitly,

σ̂ð1Þ2 ¼ 2

V
hAð1Þðþ þ þþÞjAð0Þð− −þþÞi þ H:c: ¼ OðϵÞ;

ðA2Þ

which vanishes as ϵ → 0 with ϵ being the regulator of
dimensional regularization. However, there are linear ϵ
terms in Að1Þðþ þ þþÞ which will potentially generate IR
divergence with an extra gluon radiation at NNLO.
Additionally, the extra gluon radiation will modify the
color structures of the amplitudes, causing IR divergence as
well at NNLO. The IR divergences caused by the two types
of contributions from virtual gluon radiations must be
canceled by their real counterparts, as we will show in the
following part of this Appendix.

1. Virtual contributions to the dijet cosð2ϕÞ
asymmetry at NNLO

To calculate the virtual contributions to the cosð2ϕÞ
asymmetry at NNLO and their IR divergences, the two-
loop amplitude of Að2Þðþ þ þþÞ and one-loop Að1Þðþ þ
−−Þ are essential. Their IR structures are made obvious
with the universal singular behavior of QCD amplitudes,
that has been well established at two loop order based on
the original development in [35]. Here we briefly introduce
the notation and summarize the results therein for future
convenience.

a. The universal singular behavior of QCD amplitudes

Following the notations in [35], one expands the
amplitude as

jMðμ; fpgÞi ¼ 4παSðμÞ
X
n¼0

�
αSðμÞ
4π

�
n
jMðnÞðμ; fpgÞi;

ðA3Þ

where the ðμ; fpgÞ denotes the dependence of the ampli-
tudes on the scale and momenta, which will be suppressed
in the bracket notation jMi for clarity hereafter. The
bracket jMi implies that they are vectors in color space,
besides their helicity-dependence. It is convenient to write
them in terms of a set of color-space basis as,

Mabcdðμ; fpgÞ ¼
X
i

Cabcdi Miðμ; fpgÞ; ðA4Þ

such that jMi ¼ ðM1;M2; � � �Þ. Note that we consider the
four gluons with momenta p1, p2, p3, and p4 with color
indices a, b, c, and d in all outgoing notation. Then the
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amplitude square can be written

hMjMi≡X
abcd

X
i;j

M�
i ðμ; fpgÞCabcd�i Cabcdj Mjðμ; fpgÞ

×
X
i;j

M�
i ðμ; fpgÞCCijMjðμ; fpgÞ; ðA5Þ

where CCij ≡Pabcd C
abcd�
i Cabcdj is the color space metric

tensor.
With these color space notation, the one-loop and two-

loop amplitudes can be written as,

jMð1Þ
m iR:S:¼ Ið1Þðϵ;μ;fpgÞjMð0Þ

m iR:S:þjMð1Þfin
m iR:S:; ðA6Þ

jMð2Þ
m iR:S: ¼ Ið1Þðϵ; μ; fpgÞjMð1Þ

m iR:S:
þ Ið2Þðϵ; μ; fpgÞjMð0Þ

m iR:S:
þ jMð2Þfin

m iR:S:; ðA7Þ

where all IR divergence can be factorized into the universal
structure Ið1Þðϵ; μ; fpgÞ and Ið2Þðϵ; μ; fpgÞ. The bold Ið1Þ

and Ið2Þ implies that they are generally matrices in color
space whose explicit expressions can be found in [35]. The
R:S: subscript indicates the scheme dependence of these
amplitudes.
Later in [36], it was shown that these IR singularity can

be further factorized into color-independent jet function
and color-correlated soft function

Ið1Þ ≡
"
−
X
i

 
γ½i�ð1ÞK

2ϵ2
þ G½i�ð1Þ

0

ϵ

!
1þ Γð1Þ

ϵ

#�
−
μ2

s

�
ϵ

: ðA8Þ

The first term associated with the identity matrix I is color-
uncorrelated. It origins from the jet function of each parton
in the process and thus sums over all partons i. The second
term is collected by the so-called soft anomalous dimension
matrix Γð1Þ which is color-correlated. It depends on the
process, and can be generally written as [37],

Γð1Þ ¼ 1

2

X
i

X
j≠i

Ti · Tj ln

�
−μ2

sij

�
; ðA9Þ

where sij ¼ ðpi þ pjÞ2.

b. The virtual contributions to the IR divergence

With the above result, the IR-divergence of the NNLO σ̂
can be shown explicitly in terms of such universal IR
structures in the amplitudes. Consider that the asymmetry
σ̂2 can be expanded in the form of,

σ̂2 ¼ ð4παSðμÞÞ2
X
n¼0

�
αSðμÞ
4π

�
n
σ̂ðnÞ2 ðμ; fpgÞ; ðA10Þ

as well. At NLO, the σ̂ð1Þ2 is found to vanish up to OðϵÞ
terms due to the color space cancellation shown above

σ̂ð1Þ2 ¼ 2

V
hAð1ÞðþþþþÞjAð0Þð−−þþÞiþH:c:¼ ϵσ̂ð1Þϵ2 ;

ðA11Þ

where the notation σ̂ð1Þϵ2 is introduced that is of orderOðϵ0Þ.
Then the leading contribution to the dijet cosð2ϕÞ asym-

metry will be from the NNLO σ̂ð2Þ2 as discussed above.
Noting that since both Að0Þðþ þ þþÞ and Að0Þð− −þ−Þ
vanish and the amplitude Að0Þð− −þþÞ is finite, the
amplitude Að1Þðþ þ þþÞ must be finite too and the IR
divergences in Eq. (A1) can only be from the Að1Þ�ð− −
þ−Þ in the second term and the Að2Þðþ þ þþÞ in the third
term. The IR divergences of neither of them involve Ið2Þ and
therefore one has

σ̂ð2Þ2 ¼ 4

V
hAð1Þðþ þ þþÞjIð1ÞjAð0Þð− −þþÞi þ H:c:

þ finite terms; ðA12Þ

by substituting Eqs. (A6) and (A7) into Eq. (A1). Further
putting in the expression of Ið1Þ in Eq. (A8), one has

σ̂ð2Þ2 ¼ 1

ϵ
ðσ̂ð2Þ2;J þ σ̂ð2Þ2;SÞ þ finite terms; ðA13Þ

noting that the G½i�ð1Þ
0 term in Ið1Þ is only ϵ−1 divergent and

thus does not contribute to the IR divergence since
hAð1Þðþ þ þþÞjAð0Þð− −þþÞi is of order OðϵÞ. The
remaining two terms in Ið1Þ contribute to IR divergence

σ̂ð2Þ2;S ¼
4

V
hAð1Þðþ þ þþÞjΓð1ÞjAð0Þð− −þþÞi þ H:c:;

σ̂ð2Þ2;J ¼ −
X
i

γ½i�ð1ÞK σ̂ð1Þϵ2 ¼ −8CAσ̂
ð1Þϵ
2 ; ðA14Þ

respectively, where in the second line, we use γ½g�ð1ÞK ¼ 2CA
and sum over the four gluons.

In the above expression, the σ̂ð2Þ2;S term origins from the
soft gluon radiation that change the color structure and thus

break the color space cancelation, while the σ̂ð2Þ2;J term
origins from the incomplete color space cancelation at NLO
atOðϵÞ, which turn into the 1=ϵ divergence when combined
with the 1=ϵ2 in Ið1Þ. The two terms can be separately
evaluated. Utilizing the helicity amplitude in [50] and the
soft anomalous dimension matrix in [51],
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Γð1Þ ¼ −2

0
BBBBBBBBB@

NðSþ UÞ 0 0 ðU − TÞ 0 ðS − TÞ
0 NðSþ TÞ 0 ðT − UÞ ðS − UÞ 0

0 0 NðUþ TÞ 0 ðU − SÞ ðT − SÞ
2ðS − TÞ 2ðS − UÞ 0 2NS 0 0

0 2ðT − UÞ 2ðT − SÞ 0 2NT 0

2ðU − TÞ 0 2ðU − SÞ 0 0 2NU

1
CCCCCCCCCA
; ðA15Þ

where

S ¼ ln

�
−μ2

ŝ

�
; U ¼ ln

�
−μ2

û

�
; T ¼ ln

�
−μ2

t̂

�
: ðA16Þ

one has

σ̂ð2Þ2;S ¼
8Nð30N þ ð6þ N2ÞðN − NfÞÞ

3ðN2 − 1Þ
�
ln x̄
x

þ ln x
x̄

�
; ðA17Þ

σ̂ð2Þ2;J ¼ −8Nσ̂ð1Þϵ2 ¼ ð−8NÞN
2ðNf − NÞ
3ðN2 − 1Þ

�
π2 − 2 ln x̄ ln xþ 1þ x2

x2
ln2x̄þ 1þ x̄2

x̄2
ln2xþ 4 ln x̄

x
þ 4 ln x

x̄

�
; ðA18Þ

where x ¼ −t̂=ŝ and x̄ ¼ 1 − x. We note that the above
6 × 6 matrix is written with respect to basis

C1 ¼ tr½TaTbTcTd� þ tr½TaTdTcTb�;
C2 ¼ tr½TaTbTdTc� þ tr½TaTcTdTb�;
C3 ¼ tr½TaTcTbTd� þ tr½TaTdTbTc�;
C4 ¼ tr½TaTb�tr½TcTd�;
C5 ¼ tr½TaTc�tr½TbTd�;
C6 ¼ tr½TaTd�tr½TbTc�: ðA19Þ

Such IR divergence must be canceled by the real soft
radiation, as will be shown below.

2. Real contributions to the dijet cosð2ϕÞ
asymmetry at NNLO

Real soft gluon radiation can be derived following that
in Ref. [43]. In this section, we consider a slightly different
notation such that the four gluons have initial momenta p1

and p2, and final momenta k1 and k2, with color indices a,
b, c, and d to be consistent with those in Ref. [43].
The final results will be expressed with the standard
2-to-2 Mandelstam variables, without any confusion.
The radiated soft gluon can attach to any of the external
gluons. By choosing a particular gauge for the soft gluon,
ϵðkgÞ · p2 ¼ 0, we can eliminate the gluon attachment to
the p2 line. Therefore, the soft gluon radiation amplitude
can be written as [43],

Sμ
gð½� � ��abcdÞ≡ 2kμ1

2k1 · kg
fgcf½� � ��abfd

þ 2kμ2
2k2 · kg

fgdf½� � ��abcf

þ 2pμ
1

2p1 · kg
fgaf½� � ��fbcd; ðA20Þ

where ½� � ��abcd represents the amplitudes without emission
and the associated color indices and g and μ represent the
color and Lorentz indices of the emitted soft gluon. The
helicity-dependence of the amplitudes is suppressed for
clarity. The three terms correspond to the attachments to
k1, k2, and p1, respectively. In the following, we will
present the general structure of the real soft gluon radiation
with a narrow jet approximation, and the corresponding
contributions to the dijet cosð2ϕÞ asymmetry at NNLO.

a. The structure of the real soft gluon radiation

The contributions of the real soft gluon radiation to such
processes can be written as the amplitude squared

σ̂ð2Þr2;S ¼ 2

V

X
a;b;c;d;g

Sμ�
g ð½� � ��abcdÞSν

gð½� � ��abcdÞΓμν þ H:c:;

ðA21Þ

where Γμν represents the polarization tensor for the radiated
gluon in the ϵðkgÞ · p2 ¼ 0 gauge
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ΓμνðkgÞ ¼
�
−gμν þ kμgpν

2 þ kνgp
μ
2

kg · p2

�
: ðA22Þ

To simplify the presentation and also to make the com-
parison with the virtual contribution more obvious, we
define the color-space matrix for the soft radiation SS
following the previous notation such that,

σ̂ð2Þr2;S ¼ 2

V
hAð1ÞðþþþþÞjSSjAð0Þð−−þþÞiþH:c: ðA23Þ

The soft radiation matrix SS can then be written accord-
ingly as,

hAð1Þðþ þ þþÞjSSjAð0Þð− −þþÞi

¼
Z

½dqT �
X

a;b;c;d;g

Sμ�
g ðAð1Þðþ þ þþÞabcdÞ

× Sν
gðAð0Þð− −þþÞabcdÞΓμν; ðA24Þ

where qT represents the transverse momentum of the
radiated soft gluon that needs to be integrated, assuming
its longitudinal momentum fraction xg has already been
integrated as shown below.
Obviously, there exists a one-to-one correspondence

between the soft radiation structure and the soft radiation
matrix SS, independent of the amplitude Að1Þðþ þ þþÞ or
Að0Þð− −þþÞ, since both the left-hand side and right-hand
side are bilinear in them. To show this, we schematically
write the squared amplitude asZ

½dqT �
X

a;b;c;d;g

Sμ�
g ð½� � ��abcdÞSν

gð½� � ��abcdÞΓμν

¼
X
a;b;c;d

½� � ��abcd�SSabcd½� � ��abcd; ðA25Þ

after contracting the Lorentz and color indices of the
radiated gluon, where the SSabcd represents the soft
radiation operator that can be solved with this relation.
Then the real soft radiation matrix SS can be obtained by
projecting SSabcd onto the color basis defined beforeX
k

CCikSSkj ¼
X
a;b;c;d

Tr½Cabcd�i �SSabcdTr½Cabcdj �; ðA26Þ

such that the matrix SS carries all the structure of the soft
radiation, independent of the amplitude ½� � ��abcd and can be
derived from SSabcd with Eqs. (A20) and (A21) by simple
contraction of indices.
For example, from the amplitude squared of the soft

gluon radiation terms in the above, we have the contraction

2pμ
1

2p1 · kg

2pν
1

2p1 · kg
Γμν ¼ Sgðp1; p2Þ; ðA27Þ

2kμ1
2k1 · kg

2kν1
2k1 · kg

Γμν ¼ Sgðk1; p2Þ; ðA28Þ

2kμ2
2k2 · kg

2kν2
2k2 · kg

Γμν ¼ Sgðk2; p2Þ; ðA29Þ

where Sgðp; qÞ is a short-handed notation: Sgðp; qÞ≡
2p·q

p·kgq·kg
. Similarly, we derive the interferences between them,

2
2kμ1

2k1 · kg

2pν
1

2p1 · kg
Γμν

¼ Sgðk1; p2Þ þ Sgðp1; p2Þ − Sgðk1; p1Þ;

2
2kμ2

2k2 · kg

2pν
1

2p1 · kg
Γμν

¼ Sgðk2; p2Þ þ Sgðp1; p2Þ − Sgðk2; p1Þ;

2
2kμ1

2k1 · kg

2kν2
2k2 · kg

Γμν

¼ Sgðk1; p2Þ þ Sgðk2; p2Þ − Sgðk1; k2Þ:

To evaluate these soft gluon radiation contributions at small
transverse momentum qT , we integrate out the phase space
of longitudinal momentum fraction xg. This integral nor-
mally generates large logs, e.g.,

Z
xmin

dxg
xg

⇒ ln
ŝ
q2T

; ðA30Þ

where xmin ∼ q2T=ŝ is the lower limit from the kinematic
constraint of the real gluon radiation. Performing these
phase space integrals, we will obtain the following con-
tributions,

Sgðp1; p2Þ ⇒
1

q2T

�
2 ln

ŝ
q2T

�
;

Sgðk1; p1Þ ⇒
1

q2T

�
ln

ŝ
q2T

þ ln
t̂
û
þ ln

1

R2
1

þ ϵ

2
ln2

1

R2
1

�
;

Sgðk2; p1Þ ⇒
1

q2T

�
ln

ŝ
q2T

þ ln
û
t̂
þ ln

1

R2
2

þ ϵ

2
ln2

1

R2
2

�
;

Sgðk1; p2Þ ⇒
1

q2T

�
ln

ŝ
q2T

þ ln
û
t̂
þ ln

1

R2
1

þ ϵ

2
ln2

1

R2
1

�
;

Sgðk2; p2Þ ⇒
1

q2T

�
ln

ŝ
q2T

þ ln
t̂
û
þ ln

1

R2
2

þ ϵ

2
ln2

1

R2
2

�
;

Sgðk1; k2Þ ⇒
1

q2T

�
2 ln

ŝ2

t̂ û
þ ln

1

R2
1R

2
2

þ ϵ

2

�
ln2

1

R2
2

þ ln2
1

R2
2

− 8 ln
ŝ
−t̂

ln
ŝ
−û

��
; ðA31Þ
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where a narrow jet approximation has been applied to
derive the jet contribution with R1 and R2 to regulate the jet
divergences associated with k1 and k2 for the final state
particles, respectively.
Combining all the contracted squared amplitudes

together and project them onto the color basis defined
above, one finds that the SS has a simple expression in
terms of all the Sgðp; qÞ s which eventually gives

SS ¼
Z

½dqT �
4π

q2T

�
2Re½Γð1Þ� þ 4N ln

ŝμ4

q2TR1R2t̂ û
1

�

þ
Z

½dqT �
4πϵ

q2T

�
4Nðln2ðR1Þ þ ln2ðR2ÞÞ1

þ ln
ŝ
−t̂

ln
ŝ
−û

L

�
; ðA32Þ

where the μ-dependence gets canceled between the two
terms in the second line and L is a color space matrix that
contains no IR divergence. It can be shown that after
integrating over qT, the IR divergence in SS cancels the IR
divergence of the virtual contribution in the previous
section. The transverse integral is defined as

R ½dqT �≡
μ2ϵ
R
q0 ddqT=ð2πÞd with d ¼ 2 − 2ϵ the dimension of

transverse space and the following qT-integrals are used:

μ2ϵ
Z

q0 ddqT
ð2πÞd

1

q2T
¼ 1

4π

�
−
1

ϵ
þ ln

q20
μ2

�
; ðA33Þ

μ2ϵ
Z

q0 ddqT
ð2πÞd

1

q2T
ln

ŝ
q2T

¼ 1

4π

�
1

ϵ2
−
1

ϵ
ln

ŝ
μ2

þ 1

2

�
ln

ŝ
μ2

�
2

−
1

2

�
ln

ŝ
q20

�
2

−
π2

12

�
: ðA34Þ

Performing the qT-integral leads to the explicit expression
of SS that allows us to derive the real gluon contributions
to the dijet cosð2ϕÞ asymmetry at NNLO.

b. Real gluon contributions to the dijet
cosð2ϕÞ asymmetry

To derive the real soft gluon contributions, we write
down explicitly the amplitudes in the following manner,

Að1Þðþ þ þþÞ ¼ F 1C1 þ F 2C2 þ F 3C3 þ F 4C4

þ F 5C5 þ F 6C6; ðA35Þ

Að0Þðþ þ −−Þ ¼ G1C1 þ G2C2 þ G3C3: ðA36Þ

where again the Ci corresponds to the color space basis. In
the above expansion, Gi do not contain ϵ,

G1 ¼
4

1 − x
; G2 ¼

4

x
; G3 ¼ −

4

xð1 − xÞ ; ðA37Þ

while F i do have ϵ-expansion terms,

F 1;2;3 ¼
4

3
ðNf − NÞ þ ϵF ϵ

1;2;3ðxÞ þ ϵ2F ϵ2
1;2;3ðxÞ; ðA38Þ

F 4;5;6 ¼ −8þ ϵF ϵ
4;5;6ðxÞ þ ϵ2F ϵ2

4;5;6ðxÞ: ðA39Þ

With the above results, we can clearly check that hAð1Þðþ þ
þþÞjAð0Þðþ þ −−Þi is proportional to G1 þ G2 þ G3 and
vanishes at ϵ ¼ 0. However, because F ϵ

i are different, it
does not vanish at OðϵÞ as discussed above.
Explicitly contraction of the above matrix with the

helicity amplitudes leads to

αs
2π2

1

q2T

4

V

�
−N 0

�
G1 ln

1

x
þ G2 ln

1

1 − x

�
þ ϵ

�
NMϵ

0 ln
ŝ2

q4TR
2
1R

2
2

þ 2N

�
Mϵ

1 ln
1

x
þMϵ

2 ln
1

1 − x

�

þN 0ðG1 þ G2Þ ln
1

x
ln

1

1 − x

�
þ ϵ2NMϵ2

0 ln
ŝ2

q4T
þ � � �

�
; ðA40Þ

where N 0 ¼ ðN2 − 1ÞðN2 þ 6ÞðN2 − NfÞ and

Mϵ
0 ¼ N½3ðF ϵ

1G1 þ F ϵ
2G2 þ F ϵ

3G3Þ þ ðF ϵ
4 − F ϵ

5ÞG1þðF ϵ
4 − F ϵ

6ÞG2Þ�; ðA41Þ

Mϵ2
0 ¼ N½3ðF ϵ2

1 G1 þ F ϵ2
2 G2 þ F ϵ2

3 G3Þ þ ðF ϵ2
4 − F ϵ2

5 ÞG1þðF ϵ2
4 − F ϵ2

6 ÞG2Þ�; ðA42Þ

Mϵ
1 ¼ G1ð11F ϵ

1 þ 2F ϵ
2 þ 2F ϵ

3 þ 6F ϵ
4 þ 3F ϵ

5 þ 6F ϵ
6Þ; ðA43Þ

Mϵ
2 ¼ G2ð2F ϵ

1 þ 11F ϵ
2 þ 2F ϵ

3 þ 6F ϵ
4 þ 6F ϵ

5 þ 3F ϵ
6Þ; ðA44Þ

where we have applied G1 þ G2 þ G3 ¼ 0 to simplify the above expressions.
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Meanwhile, there are collinear radiation contributions from the two incoming gluons. At low qT ≪ PT, they read

αs
2π2

1

q2T

4

V
ϵ2NMϵ

0

Z
dξ
ξ

dξ0

ξ0
xaxbdg;EECðx0aÞdg;EECðx0bÞ½Pd

ggðξÞδð1 − ξ0Þ þ Pd
ggðξ0Þδð1 − ξÞ�; ðA45Þ

where x0a ¼ xa=ξ and x0b ¼ xb=ξ0, and Pd
ggðξÞ ¼

ξ=ð1 − ξÞþ þ β0δð1 − ξÞ. Putting the collinear radiation
contributions together with the above real soft gluon
contributions completes the real contributions to the asym-
metry at NNLO.

3. Full dijet cosð2ϕÞ asymmetry at NNLO

With the real and virtual contributions calculated, it shall
be obvious that the IR divergence cancels among them,
which can be shown with the color-space matrices, even
without the explicit amplitudes. It is interesting to note that
some finite terms also completely cancel each between the
real and virtual contributions, for example, those associated
with Mϵ

1;2, M
ϵ2
0 , and part of Mϵ

0. The final finite terms
contain three important contributions: one from the soft
anomalous dimension matrix Γð1Þ, one from the collinear
splitting, and the last one from the finite terms in the virtual
contributions. These contributions are summarized in

Eq. (16) of the paper. The σð2Þ2;2 is separated from the

other terms that contain lns: σð2Þ2 ¼ σð2Þ2;0 ln ðŝ=q20Þþ
σð2Þ2;1 ln ðŝ=μ2Þ þ σð2Þ2;2, where the lnðŝ=μ2Þ in the second term
vanishes when choosing s ¼ μ2. Then the σð2Þ2;2 can be
further decomposed as,

σ̂ð2Þ2;2 ≡ −
8N 1N ln x ln x̄
3ðN2 − 1Þxx̄ þ σ̂ð2Þ2;2;1 þ σ̂ð2Þ2;2;2 þ σ̂ð2Þ2;2;3; ðA46Þ

where N 1 ≡ ðN2 þ 36ÞN − ðN2 þ 6ÞNf. In the above

equation, σ̂ð2Þ2;2;1 comes from the finite term in the amplitude

interference of Að1Þðþ þ þ−ÞAð1Þð− −þ−Þ, σ̂ð2Þ2;2;2 from

Að1Þðþ þ þþÞAð1Þð− −þþÞ, and σ̂ð2Þ2;2;3 from

Að2Þðþ þ þþÞAð0Þð− −þþÞ. The explicit expressions
for those terms are

σ̂ð2Þ2;2;1 ¼
1

9ðN2− 1Þ
�
4N2ðN −NfÞ2

�
x
x̄2

þ x̄
x2

− xx̄

�
þ 18

�
N2ðN2þ 12Þ− 2NðN2þ 2ÞNf þ

�
N2þ 6

N2
− 2

�
N2

f

��
; ðA47Þ

σ̂ð2Þ2;2;2 ¼
−1

N2ðN2 − 1Þ
�
N3N 1

�
4 ln x ln x̄

3xx̄
þ π2 þ ln2

x̄
x

�
þN 2

3

�
2þ 2 ln

x̄
x
ðx − x̄Þ þ ð1 − 2xx̄Þ

�
π2 þ ln2

x
x̄

���
; ðA48Þ

σ̂ð2Þ2;2;3 ¼
1

9ðN2 − 1Þ
�
4N2ðN − NfÞ2

�
1 −

1

xx̄

�
2

−
6NN 1

xx̄
ðπ2 þ xln2xþ x̄ln2x̄Þ

�
; ðA49Þ

where N 2 ≡ ðN4 − 6N2 þ 18ÞN2
f þ ðN2 þ 36ÞN4 − 2N3ðN2 þ 6ÞNf. These terms in the decomposition of σ̂ð2Þ2;2 reproduce

the Eq. (19) when added up with some substitution of N ¼ 3 standing for the number of color.
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