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We study the forward-backward azimuthal angular correlations of hadrons in association with
multiparticle production in the central rapidity region in proton-proton collisions at the LHC. We apply
the nucleon energy-energy correlator framework, where the spinning gluon distribution introduces a
nontrivial cos(2¢) asymmetries. We will demonstrate that the fundamental helicity structure of quantym
chromodynamics (QCD) amplitudes predicts a unique power counting rule: cos(2¢) asymmetry starts at
O(a?) order for dijet, O(a;) for three jet and O(1) for four (and more) jet productions. Our results will help
us to understand the longstanding puzzle of nearside ridge behavior observed in high multiplicity events of

pp collisions at the LHC.
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I. INTRODUCTION

More than a decade ago, a long-range azimuthal angular
correlation of cos(2¢) between two hadrons, the so-called
nearside ridge, was discovered in high multiplicity events
in proton-proton (pp) collisions at the LHC, where the
event generator, such as PYTHIA, has shown very small
(close to zero) asymmetry [1]. This has stimulated tremen-
dous experimental and theoretical efforts in the last decade,
but the puzzle still stands [2-18]. In this paper, we
investigate the long-range correlation from a different
perspective, applying the nucleon energy-energy correlator
(NEEC) [19-21] at the LHC. We will show that the
spinning gluon distribution in this framework [21] leads
to a nonzero cos(2¢) azimuthal asymmetries in forward-
backward energy correlators in pp collisions.

Previous studies of NEECs focus mainly on the deep
inelastic scattering (DIS) [19-22] at the planned Electron-
Ion Collider (EIC) [23-25]. In Ref. [26], we apply the
concept of NEEC to the observable in pp collisions at the
LHC and quite sizable azimuthal angular asymmetries are
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found in Higgs boson and top quark pair productions. Here,
one measures the energy-energy correlators along the beam
directions of both incoming hadrons with polar angles 0, ,,
and azimuthal angles ¢, ,, respectively. The hard scattering,
such as jet production shown in Fig. 1, happens in the
central rapidity region. For small polar angles of 8, and 6,
in opposite directions, their rapidity difference will be large,
which corresponds to a long range correlation. The goal of
the current paper is to investigate multijet production and
demonstrate how cos(2¢) asymmetries arise from the
spinning gluon effects, where ¢ = ¢, — ¢,

The observables of interest are the forward-backward
energy-energy correlators associated with multijet produc-
tion in the central rapidity region. They are defined by
measuring the energy deposits in the calorimeters in the
forward and backward regions of the detector at large
rapidities. The common feature between the nearside ridge
in pp collisions [1] and the NEEC observables we pro-
posed, i.e., cos(2¢)) azimuthal asymmetries of two particles
with large rapidity difference, indicating that the same
physics may be behind both phenomena. The difference
is that the NEEC observable measures energy deposits
whereas the nearside ridge counts the particles without
energy weight. Moreover, jet production plays an important
role in high multiplicity events in pp collisions, see, for
example, Ref. [27]. Therefore, our calculation is relevant to
understanding the underlying physics of the nearside ridge.

For jet production at the LHC, the gluon NEEC is the
dominant contribution and can be defined as [21,26],
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FIG. 1. Forward-backward energy-energy correlators in proton-
proton collisions at the LHC where multijets are produced in the
central rapidity region. Here, 71, , denote the forward-backward
positions for the energy-energy correlator detectors depending
on both polar angles 6,, and azimuthal angles ¢,,, e.g.,
n, = (sin@, cos ¢, sind, sin ¢, cos §,). The spinning gluons
will lead to a long range cos(2¢) angular correlation where
¢ = ¢, — ¢p,. In addition, ¢, represents the azimuthal angle of
the jet transverse momentum Py in the dijet production, where an
azimuthal asymmetry of cos(2¢, + 2¢,, — 4¢,) can be generated
from the spinning gluon as well, see, Fig. 4 below.

dy~ . _
aff =N\ _ Y —ixP*t
fg.EEC(x’ n,) = /We Py
x (P|F*e(y7) LT [o0. y7IE(7,)
x L[o0, 0]F(0)|P)
= (_g?‘ﬁ/z)fg,EEC + h;ﬂdg,EEC’ (1)

where x represents the momentum fraction of the nucleon
momentum P carried by the gluon, F* represents the
gluonic field strength tensor and £ for the gauge link in the
adjoint representation for the gluon distribution. Because of
the spin-1 feature, we have two independent gluon NEECs:
the diagonal one f,ggc projected from g‘}ﬂ = g% -
(P*i” + i®PP) /i - P corresponds to the usual gluon dis-
tribution, whereas the off-diagonal one d,ggc from h‘;ﬁ =

”Z.T”g,r /|n% 7| + g‘;ﬂ /2 represents the spinning gluon.
Here, 7 is the light-cone vector conjugate to P in the +z
direction: /i - P = P* + P* = P, whereas n ; is the trans-
verse component of n% = (0,sind, cos¢,, sinb, sin¢p,,
cosf,), see the illustration of 7, in Fig. 1. A similar
definition can be written for the gluon NEECs for the proton
moving in —Z direction with momentum P’ and energy
flow direction nf = (0, sin @), cos ¢,, sin @), sin ¢;,, cos 6,,).
To generate a long-range correlation between 7, and 7, we
need to couple two d, grc(6) from both incoming protons.
In the following calculations, we follow the leading order
perturbative results for f, ggc and d, ggc Which are given by
the unpolarized collinear PDFs f, , convoluted with per-
turbative calculable Wilson coefficients. [20,21].

II. AZIMUTHAL cos(2¢)) ASYMMETRY FOR DIJET
PRODUCTION

We start with two particle production in the central
rapidity region with large transverse momentum Pz. The
generic cross section measurement for forward-backward
correlation takes the following form,

Set 2;9(1 ’ _ do (0 =L 2L F ;—)a
(0%0,,.0) Z/ o) Gt L F (i)
x 8(11y — 11;)8(1iy — 1)
= /dQ[o’O + 0, cos(2¢)], (2)

where Q represents the hard momentum scale such as the
jet energy, F(¢;n,,) imposes the phase space measure-
ment to construct ¢ and [ dQ for the part related to multijet
production in the central rapidity. In the above equation, o
and o, represent the azimuthal angle symmetric and
asymmetric differential cross section contributions, respec-
tively. Following the previous example of hard processes in
proton-proton collisions [28], the factorization formula for
oy and o, can be written as,

60 = Xof gprc(Xar 02) X3 f g prc (X5, 07) 69 (3)

0y = xadg,EEC(xw eg)xbdg,EEC (xp, ‘9;2,)52’ (4)

where 6 , represents the partonic cross sections for multijet
productions and for simplicity we omit the superscript
“jet”. We then define the cos(2¢)) asymmetries as
Acos(2¢) = 02/0¢. The final cos(2¢) asymmetries depend
on the NEEC gluon distributions, for which we will follow
Ref. [26] and take the leading power contributions. The
above factorization follows those for the NEEC observables
in Refs. [19-22]. In the kinematic region of small-x,
additional modifications for the NEEC distributions are
needed, see, for example, Ref. [22]. We leave this study for a
future publication.

The partonic cross section 6, is the same as that for
multijet production in unpolarized proton-proton collisions,
whereas 6, is more involved. Similar to those in Higgs
boson and top quark pair productions [26], cos(2¢)
asymmetries come from interference between the double
helicity flip amplitudes with positive helicities for both
incoming gluons, see Fig. 2. This leads to a unique
prediction as a result of the helicity structure of quantum
chromodynamics (QCD) amplitudes [29,30]. Let us start
with 6, for dijet production in gg — gg channel,

by o< Y A(E £ 4, A A (FoFodso o), (5)
/13/14

where the two incoming gluons have the same helicity but
they are flipped in the complex conjugate of the amplitude.
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FIG. 2. Nonzero cos(2¢) asymmetry comes from the interfer-
ence between double helicity-flip amplitudes with positive
helicity for both incoming gluons. Example of helicity ampli-
tudes that contribute to cos(2¢) asymmetries in dijet (order a?)
from (a, b), three jets (order a,) from (c) and four jets (order 1)
from (d) production in pp collisions. Cuts through the inter-
mediate states are implied.

It is well known that the tree-level amplitudes vanish where
either all the external gluons have the same helicity or only
one of them has a different helicity [29,30]. Applying this
rule to the gg — gg amplitudes, we have A<0)(+ ++4) =
AO(4 4 4+-)=0. As a result, 6, vanishes for any
combination of 13 and A4 in Eq. (5). At one-loop order,
although the above two amplitudes no longer vanish, there
is no contribution from their interference with A due to
orthogonal color structures. For example, nonvanishing
AW (+ + ++) has the following color structure [31-34]:
AD(+ + +4) « (Te[T*TPTeTY + Tr[TT<TT"] +
Tr[T°TIT?T¢]), where a, b, ¢, d are color indices for the
incoming and outgoing gluons, respectively. If we couple
this with the color structure of the leading order amplitude

which can be written as A f . fede + A Focefde +

Afto ) fadefpees 1t does not yield any results. That means
the cos(2¢) vanishes at a; order for dijet production too.

At NNLO, we will have the following helicity amplitude
contributions: AM) (4 4+ 4+—)AW* (= — =), AV (+ + +4)
AW (= —4++), and A®(+ + ++)AD* (= — ++). The
first term is easy to derive because both amplitudes come
from nonvanishing leading contribution at O(ay). On the
other hand, the derivation of the second and third terms at
NNLO is much more involved, due to nontrivial features in
these amplitudes that lead to an emerging infrared (IR)
divergence even though they vanish at NLO. As an
important cross-check, we will show that these divergences
will be canceled out by the real gluon radiations, and the
final result is finite in the dimensional regulation with
D =4 -2e.

To facilitate the IR cancellation between virtual and real
contributions, we utilize the well established singular
behavior of QCD amplitudes at two loop order [35,36].
They are factorized into color-independent jet function and
color-correlated soft function [36],

[1(1) [71(1) (1) 2\ e
1 K go r H
I<>=l—§;<2€2+ . >1+T]<_?>‘ (6)

The first term associated with the identity matrix 1 is color-
uncorrelated. It originates from the jet function of each
parton in the process and thus sums over all partons i. The
second term is collected by the so-called soft anomalous
dimension matrix I'") which is color-correlated. It depends
on the process, and can be generally written as [37],

o _%ZZTi-Tj1n<_sf“2>, (7)

i A ij

where s;; = (p; + p j)2 in all outgoing notation. With the
above results, the IR divergence of the virtual contribution
at NNLO can be obtained by sandwiching I") between
AD(+ +4++) and AO(= - ++). Although(AM (+ +
+4)|A© (= = 4++)) vanishes at e = 0, it contributes to
an IR divergence at NNLO because of 1/¢% and I'") terms
in IV,

6y =— (65, + 6—23)9”) + finite terms. (8)

)
6%y = A+ +)[2ReT DA (— ~++4)) + He.

6y) == 18y = —8C8", (9)

1

respectively, where V = 4(N? — 1)? represents the color

and spin averaging factor and ygg](” = 2C,. Here and in the
following, we expand the perturbative corrections in terms

of (a,/4rn)!. In the above equation, we have used a

shorthand notation 82”5 to represent the e-term of NLO

(1) (De

contribution, i.e., 6, " = €0, ",
e 2
oy = Z (AU (+ + +H)[AO (= — 44)) + He..  (10)

%

Now, we turn to the real contributions. To show the IR
cancellation, we focus on soft gluon at low transverse
momentum ¢g7. Their contributions can be derived with
eikonal approximation and written as [38—43],

2)r

G54 (AD (4 4+ +4)|SS]AO (= —+4)) +Hec..  (11)

2
Y
The leading contributions in the limit of g; < Py can be
expressed, again, in terms M of (7) and 1,
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— 1 1 §
88—/ dg 4ﬂ(—2ReF('> —|—4N—ln—1)+---,
darfr| Gz 2RellT+4N G In e
(12)

where R is the jet size and --- stands for terms that

contribute to finite terms of &g;r. We have applied a narrow
jet approximation to derive the R-dependence in the above
soft gluon radiation [42,44]. To obtain the final result, we
need to integrate out gy with [ [dgr] = u?¢ [ dgr/(2x)4,

which leads to IR divergences,

5e [0 diqr 1 1 1 9
€ —=—|—-——+In—=), 13
[ w0

2 qoqu 11 s 1 /1 11 K
S e P P I 14
: / Cig @ A\E el a9

where d = 2 — 2¢. The soft gluon approximation is only
valid in the kinematics of g; <« Py. Therefore, we have
introduced an upper bound ¢ in g7 integral. Additional IR
divergences come from jet functions from the two gluon

jets [42,44],
2 p2
{1 <2ﬁ0—1PR>+--}, (15)
2 €2 H

which is multiplied by e&él)e. With all these results, we

show that the IR divergences are canceled out completely,
in particular, 8%” is canceled by the first term of Eq. (12),

65}” by the second term of (12) and the jet function (15).

After canceling all IR divergences and jet size R depend-
ence, we arrive at the following result,

2J,=

dEdE
6y= ;b ;X dggrc(x, )xbdg,EEc(xZ){—?’gl)(x)
x[Pd,(&)6(1=&)+Piy(&)6(1-¢)]
+a(1-3(1-8) [ojm () +o8w] b a6
0
where x = —t/s, x}, = x,/&, x), = x, /&, P4,(&) = &/(1 -

&), +Pod(1 =¢&) with By =11/12—N;/18. The above
factorization result follows previous examples of NEEC

calculations [19-21]. Here, 6&? represents collinear gluon

radiation contribution from the incoming two gluons, 8%

for the anomalous soft gluon radiation generated from I'")
which has a logarithmic dependence on the upper bound of
its transverse momentum as shown in (13), and 68% for the
remaining finite terms. Detailed derivation can be found in

the Appendix. Here, we present the final results for 8%) ,

Aty 2 220, Pr=100 GeV and s 13 Tev

0.0002
[ — qo=10GeV == qo=20GeV -+ gp=30GeV ]
0.0000 ]
~0.0002 s N -]
. R . . R
—0.0004; IRREEEEEF T
-0.0006 ................ ]
-3 :2 :1 0 i é 3

y

FIG. 3. Long range cos(2¢) azimuthal asymmetries in nucleon

EEC observable associated with dijet production as a function of
the rapidity y of the two jets.

1 InXx
65) = (N2 +6)(N* = N,) (% + %) (17)
N* (N, =N 1+ 22
5&2} — N*(N;=N) (71'2 —2Inxlnx + +2x In’x
: 2 X
14 x2 4Inx 4lInx
+——5—In’x + +— > (18)
X X
©) 1

+5(N? = N)xx [2(N2 — Nj)xE(x — %) In——
X

— oy (%) <1n2 ; + 7r2> — 2N, (x)] }

InxInXx

—I5(N2 = N;) ——, (19)

XX

where X=1-x, o(x)=2N*(1+2xx — x’%%) —
Ny (xx —2x?x%), and w,(x) = 4InxInX — xIn* X — % In® x.

The contribution from the real soft gluon radiation
crucially depends on the upper bound ¢, which can be
regarded as a jet veto for the dijet events. To illustrate this
dependence, three values of g, have been chosen in Fig. 3,
where we show the numerical results for the cos(2¢)
asymmetries Aco(24) as functions of the rapidity y for the
dijet for the kinematics at the LHC with Py = 100 GeV.
Another interesting feature of Eq. (16) is that there is a
cancellation between the two dominant terms (the first two)
because they have opposite signs. For some particular
choice of g, they cancel out each other completely. The
experiment observation of this behavior will provide an
important confirmation of our predictions.
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y-integrated A8, 5y 44, at Vs =13 TeV and Pr=100 GeV

T
F dijet 3
0.06 i — A CosQpa+2¢p—-4¢:) 1

005
0.04f
003
0.02f

0.01F

0.00t ‘ ‘

Ay

FIG. 4. cos(2¢, + 2¢, — 4¢.) azimuthal asymmetries associ-
ated with dijet production as a function of the rapidity difference
between the two jets Ay.

The spinning gluon d,ggc(x,) can also contribute to
azimuthal asymmetries which depend on the dijet produc-
tion plane. This can be utilized as a cross-check of our
derivations. In Fig. 4, we show the azimuthal correlations
between ¢, ¢,,, and ¢,. for the dijet production, where ¢, is
the azimuthal angle for the jet transverse momentum. From
our calculations, we find that the cos(2¢, + 2¢, — 4¢,)
asymmetry is nonzero,

(cos(2, + 26y — 4c)) dijer

_ J dQd, gpc(x4)dy Erc (xb)%sz“j;;” & (20)
- [de o et i)
JdQf erc(xa)fyrec(x5) 3 Frerepe

This asymmetry also comes from interference between
double helicity flip amplitudes, but the incoming gluons
have opposite helicities, i.e., A (+ — +=) A0 (= 4 4-)
which is nonzero at the leading order. Numerically,
(cos(2¢p, + 2¢p, — 4¢p.)) is about 10% for the typical
kinematics at the LHC. It will vanish when we average
over ¢, and will not contribute to the long range cos(2¢)
asymmetries discussed in previous examples. However,
they come from the same physics, and it is important to
cross-check this prediction.

II1. DISCUSSION AND CONCLUSION

Before conclusion, we would like to comment on the
azimuthal cos(2¢) asymmetry in multiple jets production
beyond dijet case. First, let us examine the case for three jet
production. Applying a similar equation of (5) and the
helicity amplitude rule [29,30], it is straightforward to show
that 6, vanishes at the tree-level for gg — ggg. At one-loop
order, it will receive contributions from the interference
between AW (++++-) and AO (= -+ +-), see
Fig. 2. The nontrivial color structures of these amplitudes

TABLE I. A brief summary of the power counting analysis for
the long range azimuthal angular asymmetries of cos(2¢) for jet
production in proton-proton collisions.

Number of jets 2 3 >4
O(a3)

(cos(2¢))) asymmetry

lead to a nonzero (cos(2¢)) for three jet production at
a, order.

For four jet production, cos(2¢) asymmetry starts at the
leading order, where 6, comes from, e.g., A(O)H— +++
——)AO*(= — + + ——) in Fig. 2 and these are the ampli-
tudes that contribute to &, too. Therefore. the cos(2¢)
asymmetry is order 1. The same conclusion holds for five
and more jets production. In Table I, we summarize this
power counting result of cos(2¢) for jet production.

The a, hierarchy of (cos(2¢)) depending on the number
of jets is a unique prediction from the helicity structure of
parton scattering amplitudes in QCD. It is crucial to test
this prediction in experiments, which will rely on explicit
calculations for the three jet and four jet productions.
We plan to carry out these calculations in the future.
Nevertheless, the strong a; dependence from Table I
demonstrates a quantitative difference between 2, 3, and
4 jet events in pp collisions.

This observation has a significant implication for the
nearside ridge phenomena. From the QCD point of view, the
NEEC observables depend on the same partonic processes
that may contribute to high multiplicity events. Therefore,
the underlying spinning gluon effects should apply in both
cases and contribute to a long range cos(2¢) asymmetry. Of
course, with energy-weighting the NEEC observable allows
us to compute dijet production at NNLO. Extending it to
two particle correlation associated with nearside ridge
would require a two-loop calculation of 2 — 4 process,
and similarly, one-loop for 2 — 5 and tree level for 2 — 6
processes, which is much more involved. An explicit
calculation is needed to finally solve the nearside ridge
puzzle and we hope to come back to this in the future.
Meanwhile, we can apply a similar @, power counting to
make the following predictions: the long range cos(2¢)
asymmetry will be of order a? for the 2 — 4 process, a; for
the 2 — 5 process, and leading order for the 2 — 6 process.
This is in qualitative agreement with the observed pattern
for the nearside ridge, where the cos(2¢) asymmetry
increases with multiplicity [1], as a result of that higher
multiplicity events favor a higher number of jets. This shall
encourage further theoretical developments along this line.

In summary, we studied forward-backward azimuthal
angular correlations in NEEC measurements in association
with multijet production in the central rapidity region at the
LHC. We demonstrated a peculiar prediction for multijet
production, as a result of double helicity-flip for the
cos(2¢) asymmetry and the helicity structures of parton
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scattering amplitudes in QCD, where (cos(2¢)) starts at
O(a?) for dijet, O(a) for three jet, and O(1) for four (and
more) jet productions. Experimental verification of these
predictions will be crucial to establish the NEEC physics at
colliders and pave a method to understand the nearside
ridge, a longstanding puzzle, observed in high multiplicity
events in pp collisions at the LHC.

An important next step is to implement the spinning
gluon idea in multijet production events in pp collisions. In
our calculations, we have applied the energy weighting for
the forward and backward hadrons. Two complementary
approaches can be applied from our results. First, we can
experimentally test the predictions presented in this paper,
shown in Figs. 3 and 4. Second, one can apply the existing
simulation codes for multigluon productions to estimate the
cos(2¢) asymmetries and compute their contributions to
the nearside ridge in pp collisions. This can be either
done through a modification of PYTHIA event generator or
a combination of numeric simulations from various codes
in the literature. Applying a similar idea in the final states
[45-48] to high multiplicity events in ete~ annihilation
process [49] will be highly desired as well.
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APPENDIX: DETAILED DERIVATION
OF DIJET RESULT

In this Appendix, we provide a detailed derivation of our
results presented in Eq. (16). As discussed in the main text,
the nonzero cos(2¢) asymmetry in dijet production only
begins to appear at the NNLO, which consists of only three
terms that has nonzero amplitudes

2
6% = SAVG ++2)A0 (= = o)

+ AD(+ + ++)AD* (= — ++4)

+AD(+ + ++)AD* (= —4+) + He], (A1)
where the factor V = 4(N? — 1)? averages over initial gluon
colors and helicities and the extra factor of two accounts for
the parity symmetric term by flipping the helicity of all the
gluons, e.g., terms like A (= — —4)AW*(+ 4+ —4). The
first term is easy to derive, and the contribution is finite.

However, the last two terms contain infrared (IR) diver-
gences, that shall be canceled by the real gluon radiations.
To show this more clearly, let us write down the NLO

(1)

contribution 6, * explicitly,

6y = Z(AD(+ 4+ +4)|AO (= = +4)) + H.e. = Oe),

(A2)

which vanishes as ¢ — 0 with e being the regulator of
dimensional regularization. However, there are linear e
terms in A()(4 4 4++) which will potentially generate IR
divergence with an extra gluon radiation at NNLO.
Additionally, the extra gluon radiation will modify the
color structures of the amplitudes, causing IR divergence as
well at NNLO. The IR divergences caused by the two types
of contributions from virtual gluon radiations must be
canceled by their real counterparts, as we will show in the
following part of this Appendix.

1. Virtual contributions to the dijet cos(2¢)
asymmetry at NNLO

To calculate the virtual contributions to the cos(2¢)
asymmetry at NNLO and their IR divergences, the two-
loop amplitude of A®(+ + ++) and one-loop AW (4 +
——) are essential. Their IR structures are made obvious
with the universal singular behavior of QCD amplitudes,
that has been well established at two loop order based on
the original development in [35]. Here we briefly introduce
the notation and summarize the results therein for future
convenience.

a. The universal singular behavior of QCD amplitudes

Following the notations in [35], one expands the
amplitude as

MG (1) = a0 3 (520 ) 1 s ()

: (A3)

where the (u;{p}) denotes the dependence of the ampli-
tudes on the scale and momenta, which will be suppressed
in the bracket notation |M) for clarity hereafter. The
bracket | M) implies that they are vectors in color space,
besides their helicity-dependence. It is convenient to write
them in terms of a set of color-space basis as,

Mabd (i {ph) = oM, (us {p}).

l

(A4)

such that [M) = (M, M,, - - -). Note that we consider the
four gluons with momenta p{, p,, p3, and p, with color
indices a, b, ¢, and d in all outgoing notation. Then the
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amplitude square can be written

(MIMY =D M (s {p})CiPedCsved M (us {p})

abed 1,j

x ZM}*(M {P})CCyiM;(u:{p}). (AS)

where CCj; = 3 10q C7°# 474 is the color space metric
tensor.

With these color space notation, the one-loop and two-
loop amplitudes can be written as,

M Ve s =1 (e {p )M Vs, + MW ™ s (A6)

Mg, = 1D (e, {p}) MW )s.
1 (e, s {pHIMW ks,
+ |Mm fm>RS» (A7)

where all IR divergence can be factorized into the universal
structure I (e, u; {p}) and I® (e, u; {p}). The bold 1"
and I'® implies that they are generally matrices in color
space whose explicit expressions can be found in [35]. The
R.S. subscript indicates the scheme dependence of these
amplitudes.

Later in [36], it was shown that these IR singularity can
be further factorized into color-independent jet function
and color-correlated soft function

[i](1 1 €
10 = l_z<2€ g€ >1+¥1 <—”—s2> (A8)

The first term associated with the identity matrix I is color-
uncorrelated. It origins from the jet function of each parton
in the process and thus sums over all partons i. The second
term is collected by the so-called soft anomalous dimension
matrix T'") which is color-correlated. It depends on the
process, and can be generally written as [37],

ZZZT Tln(

i j#i

) (49)

where s;; = (p; + p;)*

b. The virtual contributions to the IR divergence

With the above result, the IR-divergence of the NNLO &
can be shown explicitly in terms of such universal IR
structures in the amplitudes. Consider that the asymmetry
6, can be expanded in the form of,

&y = (dras( 22(“5 > wip)),  (A10)

as well. At NLO, the 8&1) is found to vanish up to O(e)
terms due to the color space cancellation shown above

2 €
8 = (A () A0 (- = +-+) + He. = 6],

(A11)

where the notation 63" is introduced that is of order O(e?).

Then the leading contribution to the dijet cos(2¢) asym-
metry will be from the NNLO &gz) as discussed above.
Noting that since both A®(+ + ++) and A®) (- — +-)
vanish and the amplitude A)(——4+4) is finite, the
amplitude AV)(4- 4+ ++) must be finite too and the IR
divergences in Eq. (A1) can only be from the A()*(— —
+—) in the second term and the A (+ + ++) in the third

term. The IR divergences of neither of them involve I?) and
therefore one has

4
8g2> =5 (AD (4 4+ ++H)IM]AO (= — +4)) + Hec.

+ finite terms, (A12)

by substituting Egs. (A6) and (A7) into Eq. (Al). Further
putting in the expression of I'") in Eq. (A8), one has

1
63 =~ (65 + 653) + finite terms,

; (A13)

noting that the QO term in IV is only e~ divergent and
thus does not contribute to the IR divergence since
(AU (+ + +4)|AO(= = +4)) is of order O(e). The
remaining two terms in I(!) contribute to IR divergence

4
5 = A+ 0Nl o

o) == — sl (a4
respectively, where in the second line, we use }’[kq}(l) =2C

and sum over the four gluons.

In the above expression, the &gzg term origins from the

soft gluon radiation that change the color structure and thus
break the color space cancelation, while the 8&?,) term
origins from the incomplete color space cancelation at NLO
at O(e), which turn into the 1/¢ divergence when combined
with the 1/€* in IV, The two terms can be separately
evaluated. Utilizing the helicity amplitude in [50] and the
soft anomalous dimension matrix in [51],
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N(s+U) 0 0 (U-1) 0 (s—1)
0 N(S+T) 0 (T—-Uu) (s-U) 0
0 0 NU+T 0 U-=s T—-S
r— s (U+T) (U-8) (T-5) ’ (A1)
2(s=1) 2(s-U) 0 2NSs 0 0
0 2(r-u) 2(T-19) 0 2NT 0
2(U—-1) 0 2(U-129) 0 0 2NU
where
2 2 )
s:m(f‘), U:1n<f‘>, T:1n<f‘>. (A16)
K u t
one has
8N(30N + (6 + N*)(N = N;)) /Inx Inx
~(2) f
= —+—, Al7
725 3(N? - 1) PR (A17)
512 = —8N&\° = (=8N) NN =N (o ) inzing L e e i ML L LK. (A18)
2J 2 - 3(N2—1) x2 )—62 X ’
|
where x = —7/5 and X = 1 — x. We note that the above S abed abfd
6 x 6 matrix is written with respect to basis a([-]7) = 2k k Foerl-]
b deb 2k, b
[T TP T + [T TITeT?), 3k, Foasl: -1
= w[T*T°TT¢) + w[T*T°TT?], 2
b P e (A20)
= w[TTT" T + «[T*TTT¢), 2p1 -k, :
= tu[T*T?|ue[TT),
e Td where [- - -]“de represents the amplitudes without emission
= u[TT)e[TPT), . .
and the associated color indices and g and p represent the
= u[TT [T T€). (A19)  color and Lorentz indices of the emitted soft gluon. The

Such IR divergence must be canceled by the real soft
radiation, as will be shown below.

2. Real contributions to the dijet cos(2¢)
asymmetry at NNLO

Real soft gluon radiation can be derived following that
in Ref. [43]. In this section, we consider a slightly different
notation such that the four gluons have initial momenta p;
and p,, and final momenta k; and k,, with color indices a,
b, ¢, and d to be consistent with those in Ref. [43].
The final results will be expressed with the standard
2-to-2 Mandelstam variables, without any confusion.
The radiated soft gluon can attach to any of the external
gluons. By choosing a particular gauge for the soft gluon,
e(ky) - p, = 0, we can eliminate the gluon attachment to
the p, line. Therefore, the soft gluon radiation amplitude
can be written as [43],

helicity-dependence of the amplitudes is suppressed for
clarity. The three terms correspond to the attachments to
ki, ky, and p;, respectively. In the following, we will
present the general structure of the real soft gluon radiation
with a narrow jet approximation, and the corresponding
contributions to the dijet cos(2¢) asymmetry at NNLO.

a. The structure of the real soft gluon radiation

The contributions of the real soft gluon radiation to such
processes can be written as the amplitude squared

2

~(2)r
035

Z SZ*<[' ) _]abcd)SZ([. . .]ade)I"W + H.c.,

a,b,c,d,g
(A21)

where ['*¥ represents the polarization tensor for the radiated
gluon in the e(k,) - p, = 0 gauge
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(A22)

kﬂ y+kv H
F}w(kg) — (_g/,”,_i_ 9P2 gPZ)'

kg'pZ

To simplify the presentation and also to make the com-
parison with the virtual contribution more obvious, we

define the color-space matrix for the soft radiation SS
following the previous notation such that,
(AD(+4+44)|SS|AO (== ++4)) +H.c. (A23)

The soft radiation matrix SS can then be written accord-
ingly as,

(AV(+ + ++)|§|A<°>(— —++))

/ [dgr] Y S AV (+ + f)abed)
a,b,c.d,g
x SY(AO (= = 44)ebed)r, | (A24)

where ¢y represents the transverse momentum of the
radiated soft gluon that needs to be integrated, assuming
its longitudinal momentum fraction x, has already been
integrated as shown below.

Obviously, there exists a one-to-one correspondence
between the soft radiation structure and the soft radiation
matrix SS, independent of the amplitude A" (+ + ++) or
A)(— — ++), since both the left-hand side and right-hand
side are bilinear in them. To show this, we schematically
write the squared amplitude as

/[qu] Z Su([- - Jebed)Sy([- - Jebed)T,,

a,b,c.d.g

_ Z [ . ']ade*SSabcd[' . _]abcd’

ab.c.d

(A25)

after contracting the Lorentz and color indices of the

radiated gluon, where the SS,,., represents the soft

radiation operator that can be solved with this relation.

Then the real soft radiation matrix SS can be obtained by

projecting SS,,;,.4 onto the color basis defined before

D CCySSy; =) Tr[cgbedr|SSebedTr|Cabed],
k

ab,cd

(A26)

such that the matrix SS carries all the structure of the soft

radiation, independent of the amplitude [- - -]**“¢ and can be

derived from SS,;,.; with Egs. (A20) and (A21) by simple
contraction of indices.

For example, from the amplitude squared of the soft

gluon radiation terms in the above, we have the contraction

2py _2p
Ly
2pl 'kgzpl 'kg g

= S,(P1.p2). (A27)

2 2k
=S,(ki, p2), A28
2k1 . kg 2k1 . kg uv g( 1 p2) ( )
2k, 2k%
: : = Sy(ka, p2). (A29)

2y ky2ky ky M

where S,(p,q) is a short-handed notation: S,(p.q)=

pip(fk . Similarly, we derive the interferences between them,
2Ky 2pi
2k1 . kg 2p1 . kg m
= Sg(kl’ p2) + Sg(plv p2)
2k 2pf
2k2 . kg 2p1 . kg m
= Sg(k2’ p2) + Sg(pl’ p2)
2 2K
2k, -k, 2ky - Ky "
= Sy(ki. p2) + Sy(ka, p2)

- Sg(klvpl),

- Sg(k27 Pl),

- Sg(klv kZ)'

To evaluate these soft gluon radiation contributions at small
transverse momentum g, we integrate out the phase space
of longitudinal momentum fraction x,. This integral nor-
mally generates large logs, e.g.,

(A30)

where X, ~ ¢%/3 is the lower limit from the kinematic
constraint of the real gluon radiation. Performing these
phase space integrals, we will obtain the following con-
tributions,

1 s
S(p17p2):_ 2In— s
! ar | ar
S,k p) = = [0 4l 5 € L]
— |In—= +In— n— n?—
g 1> P1 q%_ q P D) R2 P
S (ko py) = = [0+ 1 4 1 +1 L]
P — [In— +1In n—s n ,
g qr | QT 4 R R%_
1 i 1 1]
S,(ki, p2) = — |In +1n +1n—+fln—,
o Q%_ QT i 27 Ri
S, (ky, p2) = ! In— + In +ln1+ lnzl-
7p Gy Gy T ey ~ ey 9
TERT g e a R 2R3
1, 8 Ioef 1
Sg(kl,kz) = —% _21nﬁ+lnR2R2 +§ (hl R_

1 s
In®— — 81 In— ||, A3l
+1In? e n_ln_uﬂ (A31)

2
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where a narrow jet approximation has been applied to
derive the jet contribution with R, and R, to regulate the jet
divergences associated with k; and k, for the final state
particles, respectively.

Combining all the contracted squared amplitudes
together and project them onto the color basis defined

above, one finds that the SS has a simple expression in
terms of all the S,(p, g) s which eventually gives

4

SS = | [dgs] =2 |2Re[r ™) ANTn . H
/‘” %[ el AN e Rt

Ar
+ [ laar [4N<1n2<R1> IR
T
+In—1n %L} , (A32)
-t —-U

where the u-dependence gets canceled between the two

Performing the g;-integral leads to the explicit expression

of SS that allows us to derive the real gluon contributions
to the dijet cos(2¢) asymmetry at NNLO.

b. Real gluon contributions to the dijet
cos(2¢) asymmetry

To derive the real soft gluon contributions, we write
down explicitly the amplitudes in the following manner,

<1)(++++) :Flcl +]:262+F3C3 +f4C4
+ F5Cs + FgCs, (A35)
<O)(+ + _—) - glcl + QQCQ + Q3C3. (A36)

where again the C; corresponds to the color space basis. In
the above expansion, G; do not contain e,

terms in the second line and L is a color space matrix that 4 4
contains no IR divergence. It can be shown that after Ui = —x G, = pe G = _x(l mpol (A37)
integrating over gr, the IR divergence in SS cancels the IR
divergence of the virtual contribution in the previous o p.0 F; do have e-expansion terms,
section. The transverse integral is defined as [ [dgr| =
p* [90d%r/(2n)? with d =2 —2e the dimension of 4 ,
transverse space and the following g -integrals are used: Fias = 3 (Ny=N) +eF 123 (x) + € F i,z.3<x)7 (A38)
2e /"0 dlqr b _ 1 {_l 1 Q(z)} (A33) Fase=—8+eFisq(x) + 62‘;:22,5,6()6)' (A39)
r)iqh 4z | € 2’
With the above results, we can clearly check that (A" (4 +
5 /qo dlqr il s 1 [i —llni +4)|AO (+ + —=)) is proportional to G, + G, + G5 and
Qr)lgd ¢ 4n|e e 12 vanishes at € = 0. However, because F¢ are different, it
| SN2 1 N2 g2 does not vanish at (’)(e) as discussed above.
4= (m > ——(1n > - } (A34) Explicitly contraction of the above matrix with the
2 e 2 4(2) 12 helicity amplitudes leads to
|
L f Nolgim! 1 51 - 2 611 Cln—
o q%V{_ ()|:g11l +gzn :|+€|:NM n T ]R2+ N(M n——+ M§ Hl_x>

1
+N0(g1 + 92) 11’1;11’11

1 . 82
] + eNM§ In— +
- X dar

N } , (A40)

where Ny = (N? — 1)(N? + 6)(N? = N;) and
MG = NB(F5G, + F5Gs + F5G3) + (F§ = F§)Gi+(F§ - F£)G). (A1)
& =NB(FSG +F5 G+ FSGs) + (F§ = FS)G+H(FS — FE)G)], (A42)
M = G (11FS + 2F5 + 2F5 + 6F + 3F% + 6F%), (A43)
M = Gy (2F§ + 11FS + 2F§ + 6F5 + 6F% + 3F5), (A44)

where we have applied G; + G, + Gz = 0 to simplify the above expressions.
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Meanwhile, there are collinear radiation contributions from the two incoming gluons. At low g; < Pr, they read

a, 14 dede
& T ONME
gy Mo | e
where x, =x,/& and x, =x,/&, and P (&)=

E/(1=&), + po6(1 —&). Putting the collinear radiation
contributions together with the above real soft gluon
contributions completes the real contributions to the asym-
metry at NNLO.

3. Full dijet cos(2¢) asymmetry at NNLO

With the real and virtual contributions calculated, it shall
be obvious that the IR divergence cancels among them,
which can be shown with the color-space matrices, even
without the explicit amplitudes. It is interesting to note that
some finite terms also completely cancel each between the
real and virtual contributions, for example, those associated
with M ,, ./\/lf)z, and part of M. The final finite terms
contain three important contributions: one from the soft
anomalous dimension matrix I'("), one from the collinear
splitting, and the last one from the finite terms in the virtual
contributions. These contributions are summarized in

xaxbdgEEc(xa)dgEEc(xb)[ng(ﬁf) (1—5')+7D o(&)8(1 =&)],

(A45)

Eq. (16) of the paper. The ogz) is separated from the

other terms that contain Ins: 6&2) :a% In(3/q3)+

agf In (8/42) + 653, where the In(3/42) in the second term

vanishes when choosing s = u?. Then the ag can be

further decomposed as,

2 8N1Nlnxln)_c (2 ~(2
&) = - B3V -k +65), 465, +68595.  (Ad6)
where Ny = (N? +36)N — (N> +6)N,. In the above

equation, 6&31 comes from the finite term in the amplitude

interference of A (4 4 4+-)A (-
W4+ +4)A0 (= —44),  and 85,

AP (+ + +4)AO (= — +4). The explicit expressions
for those terms are

- +-), 0&%2 from

from

(2 1 X X _ 6
Gg,g,l “oV-T) [4N2(N—Nf)2<)_?+;—xx> + 18<N2(N2+ 12) =2N(N*+2)N; + <N2+W—2>NJ%>], (A47)

9
2 -1 4InxInk X ./\/2 _ ~ X
6;;’2 :m |: 3N1 (T 7[2 +1ﬂ2;> 2—|—21nx( x) + (1 —2xx) 7z2—|—ln2§ . (A48)
e 1 1\2 6NN,
a;,;% =51 [4N2(N —Ng)? <1 - E) = (7% + xIn’x + xIn’%) |, (A49)
where Ny = (N* = 6N? 4 18)N7 + (N? + 36)N* — 2N (N? + 6)N ;. These terms in the decomposition of 652 reproduce

the Eq. (19) when added up with some substitution of N = 3 standing for the number of color.
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