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We revisit the production of axionlike particles (ALPs) coupled to electrons at tree level in a relativistic
plasma. We explicitly demonstrate the equivalence between pseudoscalar and derivative couplings,
incorporate previously neglected processes for the first time—namely, semi-Compton production
(ye~ — ae™) and pair annihilation (¢" e~ — ay)—and derive analytical expressions for the bremsstrahlung
(e”N — e~ Na) production rate, enabling a more computationally efficient evaluation of the ALP flux.
Additionally, we assess uncertainties in the production rate arising from electron thermal mass corrections,
electron-electron Coulomb interactions, and the Landau-Pomeranchuk-Migdal effect. The ALP emissivity
is made available in a public repository as a function of the ALP mass, the temperature, and the electron
chemical potential of the plasma. Finally, we examine the impact of ALP production and subsequent decays
on astrophysical observables, deriving the leading bounds on ALPs coupling to electrons. At small
couplings, the dominant constraints come from the previously neglected decay a — e e™y, except for a
region of fireball formation where SN 1987A x-ray observations offer the best probe. At large couplings,
bounds are dominated by the energy deposition argument, with a recently developed new prescription for

the trapping regime.
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I. INTRODUCTION

Astrophysical transients provide optimal targets for
discovering novel feebly interacting particles with masses
in the MeV-GeV range. The extreme temperatures and
densities reached in the neutron star (NS) remnants of core-
collapse supernovae (SNe)—for a sample of the wvast
literature, see, e.g., [1-30]—as well as binary mergers
[31-34] and other rare astrophysical events such as hyper-
novae [35], allow many extensions of the Standard Model
(SM) of particle physics to be tested via multimessenger
observations.

To assess the impact of new particles on astrophysical
observables, simplified models are often employed. For
example, axionlike particles (hereafter ALPs) are pseudo-
scalars that generalize the QCD axion and can couple to
SM particles in different ways (see, e.g., [36] for a review).
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In this work, we focus on their coupling to electrons,
described by the Lagrangian:

1 1
L= Ly + E@,,a&“a - Emiaz + gqaeyse. (1)

If m, 2 1 MeV, these ALPs cannot be produced in the
relatively cold cores of red-giant branch stars and white
dwarfs, which otherwise provide the strongest constraints
on g, [37-41] (see also Ref. [42] for the scalar case).
Likewise, cosmological bounds are competitive only if the
reheating temperature is large enough to generate a large
ALP population in the early universe [43,44]. Core-col-
lapse SNe thus remain a natural probe for ALPs in the mass
range 1 MeV <m, <1 GeV, making a precise determi-
nation of ALP emission via their coupling to electrons at
SN-relevant temperatures and densities crucial. This serves
as the key ingredient for deriving constraints, similar to
those previously obtained for ALP-photon couplings, based
on the cooling and x-ray/gamma-ray observations of SN
1987A, the diffuse gamma-ray flux, and the energetics of
low-energy SNe [11-13,16,20,45]. Additionally, ALPs
coupling to electrons can contribute to a positron excess,
leading to constraints similar to those applied in the context
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of dark photons [4,46,47]. In recent years, several efforts
have been made to compute the ALP production spectrum
[15,48]. As we shall discuss in detail, our work supersedes
past evaluations. The ALP emissivity is made available in a
public repository as a function of the ALP mass, temper-
ature, and electron chemical potential of the plasma.

The paper is structured as follows. Section II reviews the
properties of electrons and photons in a relativistic plasma.
In Sec. III we argue that the pseudoscalar and derivative
couplings are equivalent in the context of ALP-electron
interactions. We identify for the first time that semi-
Compton emission (y + e* — a + e*) is the dominant
production channel across a wide range of ALP masses
and plasma parameters, superseding bremsstrahlung and
the spurious loop-induced Primakoff effect found in pre-
vious works. We also assess uncertainties in the production
rate arising from electron thermal mass corrections, elec-
tron-electron Coulomb interactions, and the Landau-
Pomeranchuk-Migdal effect. Section IV addresses the
problem of trapping, which becomes relevant in the
strong-coupling regime. Section V presents our numerical
results. Section VI is devoted to a collection of bounds on
ALPs coupling to electrons (viz. from the observed cooling
of SN 1987, from x-ray/gamma-ray flux of SN 1987A,
from energy deposition, and from 511 keV line searches).
Finally, Sec. VII provides a discussion and summary of our
findings.

II. PROPERTIES OF A DENSE PLASMA

The plasma in the hypermassive remnants can reach
temperatures of tens of MeV and electron chemical poten-
tials of hundreds of MeV. Under these conditions, the
dispersion relations of electrons and photons are signifi-
cantly modified by the dense medium, directly affecting the
emissivity of novel particles. In this section, we briefly
summarize key results from historical studies on the main
medium-induced modifications.

A. Electrons

The electron field is directly affected by the forward
Compton scattering of medium photons. Because of this
renormalization, two independent branches of excitations
can be identified in the electron field, as discussed in detail
by Braaten in Ref. [49] (see references therein for a
historical overview): a collective plasmino, and the stan-
dard electron excitation. The parameter characterizing the
medium effects for both of them is what Braaten calls the
effective mass

" w2 (2 4 2T
Mgy = = 4 \/e + M 2)

2 4 872

We use here y to denote the electron chemical potential; for
a given electron number density n, = Y, p/my, where Y, is

the electron fraction, p is the mass density, and my is the
nucleon mass, we can extract the chemical potential from
the definition of the number density

Y 273
ne = —L = = Ly(=en/T), (3)
T

where L;(x) is the polylogarithm of the third order. We
have already assumed here electrons to be ultrarelativistic.
In the limit 4 > T, this equation reduces to the conven-
tional relation between density and chemical potential in a
degenerate Fermi gas

(4)

2 1/3
u= (37%n,)'3 = (LT Yep) / )

my
We will usually be concerned with the limit g > T > m,
and e?u? > m2, so that a simpler approximation is

(5)

Megp = 2 \/zﬂ .

For electrons, the dispersion relation changes from @ ~
Mg + k/3 in the nonrelativistic limit to ? ~ k* + 2m2; in
the ultrarelativistic limit, which is the one we are usually
interested in. A special discussion must be made for
positrons, whose typical energies are of the order of T;
since T < y, it is possible that in certain regions positrons
happen to be nonrelativistic, with 7 < mgy. For our
purposes, however, positrons mainly contribute to coales-
cence processes ete™ — X, where X is the new particle. In
the regions where e™ are nonrelativistic, their number
density is suppressed as e~"=/T and therefore such regions
contribute the least to the overall coalescence signal.
Therefore, it will suffice to adopt the simple dispersion

relation @ = \/k? + 2mZ2;, which always holds for elec-
trons and in the most relevant regions for positrons.
Therefore, we will consistently treat electrons and positrons

as having a thermal mass my, = /2m. As discussed in
Ref. [49], the wave function renormalization for electrons
and positrons transitions from Z — 1/2 in the nonrelativ-
istic limit to Z — 1 for ultrarelativistic particles. Since we
exclusively consider the latter, we will consistently set Z =
1 throughout.

A trickier aspect, however, is the spinor structure of the
particle density matrix (for external particles) or propagator
(for internal particles). For electrons, the renormalized
propagator can be written as

1

Glp) = (1+a)pg+bp—m,(1+¢)’

(6)

where p* is the four-momentum of the particle, u* is the
four-velocity of the frame in which the medium is at rest
[u* = (1,0,0,0) for a stationary medium], m, is the
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vacuum electron mass, and a, b, and ¢ come from the
thermal self-energy of the electron; explicit expressions for
these functions are given in Ref. [50]. We will everywhere
assume that m, is the smallest scale, compared to the
thermal mass of the particles and their typical energies, so
the term m, (1 + ¢) can be neglected. The propagator can
then be rewritten as

(1+a)p+ by
(1 + a)*(E* — p?) + b*> + 2bE’

G(p) = (7)

where we consider a stationary medium, and we take
p' = (E, p); with a slight abuse of notation, we denote by
p = |p|. An interesting question is whether the functions a
and b can become large enough to affect the numerator.
This issue was examined in Ref. [48] in the context of the
connection between pseudoscalar and derivative ALP-
electron couplings. However, as we will discuss in
Sec. IIT' A, this connection is entirely independent of
medium properties. Despite this, Ref. [48] concluded that
the functions « and b are generally very small.' As we will
now show, this conclusion has some subtleties, which are
already apparent from the following observation: if a and b
were truly negligible, how could the electron acquire a
sizable in-medium mass?.

To address this question, we can use the explicit
expressions for the functions a and b in the limit of
negligible m,. These are provided in Ref. [50] in the limit
of T > p, but the main features of our analysis remain true
also in the limit of u > T, as long as both are much larger
than m,. In this limit, the functions a and b are given by

2. E E
a= mezﬁ {1 ——Ilog (—+ pﬂ’ (8)
P 2p E-p

and

m2e [ (E? E+p\ 2E
b:—effK——1>lo (_)__]. 9
2p [\p? S\E=p) " p ®)

Let us first consider the limit of nonrelativistic electrons
and positrons, for which p is very small. In this case, a ~
—mZ%/2Ep and b~ —2m2;/3E, and the dispersion rela-
tion, given by the requirement that the denominator of
Eq. (7) vanishes, requires E = m. So for an on-shell,
nonrelativistic electron, the function a ~ mg/ p is actually
very large, and the function b ~ E is also not negligible.
However, we are interested in the opposite limit of ultra-
relativistic particles, with E, p > m.. If the particle is

"It is not clear, however, what these functions were compared
against. Notably, the function b is not dimensionless, yet it is
treated as such in Ref. [48]. Moreover, only the integrated values
of these functions over the momentum |p| were considered, even
though such integrated quantities do not directly appear in any
physical context.

off-shell, a ~ m%;/p* < 1 and b ~ m2;/p < p, and there-
fore the renormalization factors can always be neglected.
However, when the particles can be nearly on-shell, such
arguments must be made more careful in dealing with the
denominator of Eq. (7). The term bE can become compa-
rable with E2 — p? because the latter becomes very small
near the light cone, even though E ~ p > m. Indeed, in
this case, neglecting a < 1 and b?> < 2bE, and keeping
only the most important term in b =~ —mgffE /p?, the
dispersion relation from the denominator of Eq. (7)
becomes

2mZ E?
2 _P” (10)
pZ

E2—p

since E ~ p, we immediately recover our previous result
that the denominator should be E* — p? —2m%;. In the
numerator of the propagator (or in the density matrix of on-
shell electrons), the terms depending on a and b can be
safely neglected in this regime. So to summarize the
propagator of electrons can be taken to be

4

Gp)=%——5 55"
E? — p? = 2m%;

(11)

This gives a justification for treating them as particles with

an effective mass mg, = /2me, but crucially we are only
authorized to keep this effective mass in the denominator of
propagators, not in their numerator, or in the density matrix
of external electrons in a scattering process. So the choice
of using a spinor structure of the form p + my,, as often
done [15,48,51], only gives a misleading impression of
increasing the precision; in reality, if one wanted to keep
corrections due to the thermal mass of the medium, it is
now clear that the correct density matrix would rather be of
the form p/ + by. In the limit of ultrarelativistic particles,
the latter term should rather be neglected.

The plasmino excitation has a different dispersion
relation, with a minimum at a momentum different from
0, and asymptotically tending to the light cone at large

12

52 . . .
momenta as w ~ k + 2e "« . However, their contribution

to physical processes is suppressed by a wave function
renormalization factor Z(k) which at large momenta
2

decreases as Z(k) « e "er. Thus, ultrarelativistic plasmi-
nos can always be neglected. By our previous argument,
this means that plasmino electrons can always be neglected,
while plasmino positrons might contribute in the regions
where they are nonrelativistic (7" < mg), but such regions
are the ones contributing less to coalescence due to
Boltzmann suppression. Therefore, we will neglect alto-
gether plasminos in this work, although it should be
emphasized that the reasons are subtler than what was
appreciated in previous works [15,48].

2,
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B. Photons

The excitations of the electromagnetic field in a plasma
are well known to be strongly affected by the medium; the
quantitative way this happens is comprehensively reviewed
in Ref. [52]. The primary process affecting the electromag-
netic dispersion relation is forward scattering of photons on
the electrons in the plasma, which causes transverse photons
to acquire a modified dispersion relation. In addition, a new
mode of excitation appears with a longitudinal polarization,
corresponding to a density modulation of the plasma, which
is generally known as a longitudinal plasmon. For photons,
similarly to electrons, the impact of the medium can be
measured by a single parameter, which is usually called the
plasma frequency; for a relativistic plasma, this is

4a 2 T?
P=— (W +—). 12
b= (w0 +55) (12)

As in the case of electrons, we will focus on those regions
where 7' > wp, since otherwise the population of photons is
exponentially suppressed and generally contributes less to
the emissivity. In these regions, the photons have an
ultrarelativistic dispersion relation; for the transverse modes,
this reads w?~k*+ 3w3/2, while the wave function
renormalization factor is usually very close to 1. Thus,
we can treat them effectively as ultrarelativistic particles
with an effective mass m? = 3w}/2. For longitudinal
modes, the frequency becomes ever closer to the light cone,
22
with a dispersion relation @ ~ k(1 + 2e ’ ). At the same
time, the wave function renormalization factor for longi-
tudinal photons increases as Z; ~2k?/3w%. However,
because of Ward’s identity, a longitudinal photon for large
k becomes ever more polarized along the direction of the
four-momentum, and therefore the probability for any

process involving an external longitudinal photon is sup-
2%2

pressed by w —k x e . Therefore, for very large k/wp,
the increase in Z; is not sufficient to compensate for the
exponential decrease in the coupling of the mode to the
Standard Model; for ultrarelativistic plasmons, we can
neglect the longitudinal degree of freedom, which indeed
will be our assumption in this work. Notice that this
statement refers only to ultrarelativistic plasmons moving
asymptotically close to the light cone. Thus, e.g., the
resonant production of dark photons from longitudinal
plasmons does not contradict the above statements, since
the plasmons that match the dark photon dispersion relation
must be not too close to the light cone. In our case, for ALP-
electron coupling, longitudinal plasmons with @ > wy,

must necessarily decouple because of Ward’s identity.

III. EMISSION OF NOVEL PARTICLES

We can now discuss the main processes of emission of
new particles from the SM plasma. We will consider a

model where an ALP couples to electrons only via a
pseudoscalar coupling g,

1 1
Ly= Ly + Eaﬂaaﬂa - Emﬁaz + gyaeyse. (13)

A. Pseudoscalar vs derivative coupling

Since the early days of axion models, it was recognized
that for many purposes the choice of a pseudoscalar
coupling between ALPs and fermions is essentially equiv-
alent to a derivative one. A notable exception to this rule, in
the hadronic sector, is the case of baryons coupling to more
than one Goldstone boson. In our case we have no such
complications, since we are only examining the coupling of
the ALP to the leptonic sector. For this case, the equiv-
alence between the two interactions is easily proved by a
simple redefinition of fields, as also done in Ref. [52]. We
start with a Lagrangian in which the ALP a and electron
field y are coupled as

__:9aed 5

ey, (14)

which to first order in g,, induces a pseudoscalar coupling
between electrons and ALPs with coupling constant g,,.
The phase term can be removed by a field redefinition

L= ”/_/al// —m,ye

Jaed,

Y = e e J’51,1/; at the classical level, this removes the ALP
field from the mass term, so that the pseudoscalar coupling
disappears, but leads to the appearance in the Lagrangian of
an additional term

g _
‘Cder == 2;:8 aﬂal//,}/ﬂysw/' (15)

This shows that the equivalence between pseudoscalar and
derivative coupling holds at the level of the fundamental
Lagrangian. Reference [48] attempted to show that the
equivalence is true in the medium by applying the Dirac
equation to the medium-renormalized electron field, but the
above argument makes it clear that this is unnecessary;
since the medium only changes the state over which the
Green’s functions are averaged, it must preserve the
equivalence between the two couplings, which, we empha-
size, is valid only to first order in g,,. In fact, this is also
evident from the fact that the relation between the pseu-
doscalar and the derivative term must always involve the
vacuum mass m,, as clear from Eq. (15), and not the in-
medium mass. This aspect, which was considered some-
what puzzling in Refs. [15,48], appears entirely natural in
light of the above argument, which clarifies that the
equivalence is rooted at a more fundamental level than
the medium on which physical properties are averaged.
One subtlety in the above argument is that the field
redefinition we have performed is straightforward only at
the classical level. In a quantum theory, it is well known
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that axial symmetry is explicitly broken by the chiral
anomaly, meaning that even for a constant ALP field,
the field redefinition should introduce an additional term in
the Lagrangian. This term arises from the noninvariance of
the path integral measure and takes the form

Wae _uupo _ay,
Loy = =G Fubpoa = 7 E-Ba.  (16)

where F* is the electromagnetic field tensor, with the spatial
electric E and magnetic B fields. Thus, in passing from the
pseudoscalar to the derivative representation, an ALP-photon
coupling emerges. At first, this may seem puzzling, as it does
not explicitly appear in the pseudoscalar version of the theory.
However, this apparent paradox has a straightforward reso-
lution: the original theory with a pseudoscalar interaction
already contains an effective one-loop coupling to photons of
precisely the same form [see Egs. (8b) and (9a) in Ref. [12] ] in
the limit m, — 0, whereas the theory with a derivative
interaction does not. Therefore, the effective ALP-photon
coupling remains identical in both formulations.

The difference between the pseudoscalar and the deriva-
tive case in the one-loop ALP-photon coupling was noted
in Ref. [12], though the connection to the chiral anomaly
was not explicitly established. The argument above clarifies
that this difference has a fundamental origin. Since elec-
trons do not couple to any other Nambu-Goldstone boson,
we have now made it clear that the pseudoscalar and
derivative interactions are truly equivalent to first order in
Gae» Provided the anomalous ALP-photon coupling is kept
in the transformation. Hereafter, we will assume that the
theory with derivative coupling does not have a tree-level
ALP-photon coupling, so that the term in Eq. (16) is canceled
by an opposite term; this allows us to isolate the effects due to
the electron term alone. With this choice, we are effectively
defining the “ALP coupling to electrons” such that, at least in
the ultraviolet range, for large energies, there is no surviving
anomalous contribution to the ALP-photon contribution.
There can still be additional one-loop ALP-photon couplings

|

dn, / d’p d’q d’k &1
dtdV | (2r)32E, (2n)32E, (21)*2E, (27)2E,

where p and q are the momenta of the incoming electron
and photon respectively, k and 1 are the momenta of the
outgoing ALP and electron, and the squared matrix element
is summed over all spins and polarizations. We denote by
p*, ", kK, I* the four-vectors associated with each three-
vector, and with p = |p| and the same for ¢, k, and . The
distribution functions f,(p), f,(q) are the phase-space
distributions for the species (Fermi-Dirac for electrons with
temperature 7" and chemical potential y,, Bose-Einstein for
photons with temperature 7); they are the occupation

proportional to the ALP mass [12], but as we will discuss in
Sec. III G these contributions do depend on the medium
properties and turn out to be negligible.

B. Semi-Compton emission

For ALPs, a first channel of emission is semi-Compton
scattering, through the process ey — ea. To determine the
spectrum of the emitted ALPs, we must also characterize
their energy distribution in the scattering or, equivalently,
the angular distribution of the emitted ALPs in the center-
of-mass frame. Here, we assume that the scattering occurs
in the ultrarelativistic regime, where the center-of-mass
energy is much larger than the masses of the particles. In
fact, typical center-of-mass energies are on the order of
/uT, since the electron has typical energy p and the photon
has typical energy T. The electron thermal mass is of the
order of /au. Therefore, we are assuming that 7 > au
(notice that, in order to consider the photons as relativistic,
we were already assuming the more stringent condition
T > wy ~+/au) and /uT > m,. The validity of these
conditions is again limited only to the regions which
dominate the emission. If photons cannot be considered
relativistic, the emissivity would be dominated anyway by
bremsstrahlung, due to the Boltzmann-suppressed photon
population. Similarly, if the ALP mass becomes compa-
rable to the center-of-mass energy, the total cross section is
kinematically suppressed, making electron-positron coa-
lescence the dominant contribution. Therefore, we adopt
these approximations throughout, with the understanding
that they may fail in regions that are not relevant for the
overall emission. Additionally, this approximation breaks
down when the incoming photon and electron are nearly
collinear, as the available center-of-mass energy for scat-
tering becomes small. However, the rate of these scatterings
is suppressed by the relative velocity between the particles.
As we shall see, their contribution to the total result is
negligible in the angular integration we perform.

To proceed, we write the emitted number of ALPs as

D) (@ = fo(p+q—E,)(2r)*6W (p# + g =k = 1)) M|, (17)

|
number per single spin or polarization state. The matrix
element | M|? is summed over spins and polarizations of all
particles.

We work in the lab frame, where we can use the delta
function to integrate out the momentum 1 and the angle
between k and p + q. The latter is

2E E, +2(Ex — Ey)q + 2pgX — m}

2k\/p* + ¢* + 2pgX

, (18)

cos Oy piq =
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where X is the cosine of the angle between p and q, and the
integration should be performed only in the region in which
this expression satisfies | cos 0 .| < 1; this imposes the
kinematic constraint on the scattering.

In this way, we are led to

dna +o00 J +o00 J +1dX
dEadth_/ P p/ 1 q/—l

where the ALP energy is denoted explicitly by E, = FE.
Here ¢ is the azimuthal angle of the vector k around the
direction of p + q.

For the matrix element, we separate out explicitly the
contributions coming from the two diagrams corresponding
to u-channel and s-channel, and the interference between
the two

X/ d¢fe( Py (@)1= fe(p+q-E,)] IMP = drag2,[Fo + Fy + Fusl. (20)
0 5122°p+q|
(19) where
|
F o =Trly" (¢ — k) 51/( )P K] _82(p—k) -p(p—k) - 1= p-lu]
‘o (mg, — u)? (mg, — u)? ’
P (ﬂ+l])7"1m( +9Er)_82(p+4q)-plptaq)-1—sp-]
’ (s — mg)? (s —mg)? ’

32p-(p-k)l-(p+q)

fus:

(s = mg)(mg, — u)

Finally, we can express all the four-products in the
numerator in terms of the kinematic invariants s, u, and
t =m2—s—u (since in the numerator we need only

account for the ALP mass), obtaining

dsu 4s
Fu=-— 755 ,
( th ”) my, —u
dsu 4u
fs = - 22_ D
(s—ma) " s—m

8(s — mg)(mg — u)

2

Fus = .
(s — mtzh)(mth —u)

(22)

The corrections due to mtzh need only be kept in the
u-channel denominator m3 —u, since for massless
electrons and ALPs u could nearly vanish for near-back-
ward scatterings in which the ALP carries most of the
electron energy. Even though the phase space integral cures
the divergence at X ~ 1, to avoid dealing with small values
of the denominator in the numerical integration we also

keep my, corrections in s channel denominator. So we have
s—mi = 2q(E, — pX), (23)

mg, —u = 2ExE, — m;,
2pk
— (p + gX) cos Oy
VP + 4’ +2pgX | e
+ gV 1 —=X*sinbyp qcosd|. (24)

=2Tx[y (P + @) P (=7 ) (P — k)7 ,]]
(mth

R TP @)

In the numerators, m3 can be neglected. The integral

over ¢ can now be performed explicitly; it is convenient to

use the notation m3 — u?> = A — Bcos ¢, with

2pk(p + gX) cos @

A= 2B E, —m2— 2T (P +4X) kpta
VPP + ¢+ 2pgX

_ 2pkgV1—X*sinby . q

(25)
VP24 ¢* +2pgX
Then the result reads
+oo d d +ldX
dEdth / ’”’/ qq/
(p+q-E,
LS = Tep+a=E o
5127°(p + q
(26)
with
s —m> A
I=8 th
EL/AZ—BZ—FS_’"%}]
m2 m>
2 —E—+1 1——=-1. 27
" < o5 )( s—%)] @7)

For later reference, it is useful to report also the
expression for / in the massless limit
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P> +q*+2pgX
|p— k]

p(p+gX)—k(p—q)

1 =8x 5 5
p-+q° +2pgX

(28)

The apparent divergence at p = k is caused by the neglect
of the electron thermal mass, which becomes not permis-
sible when |p — k| ~ my,, regularizing the divergence.

These expressions provide the emissivity under the only
assumptions that m}, < pg(1 — X) and m, < g, so that the
electrons and photons can be taken to be ultrarelativistic.
For our numerical computations, we therefore use them.
For qualitative understanding, we note here that the matrix
element is strongly enhanced when u ~ m?, which corre-
sponds to the ALP carrying an energy E, comparable with
the initial electron energy p ~ u. Indeed, if the scattering
happened in vacuum, it is well known that Compton
scattering of a photon off an electron leads to the final
photon carrying most of the electron energy. However, in a
medium, there is an opposite tendency due to the Pauli
exclusion principle, because of which the electron cannot
give away an energy of order y, which would require it to
fall deep within the Fermi sea. Thus, in a very degenerate
regime, the final ALP energy is rather of the order of
E,~T < u. In this case, we also have ¢ < p; assuming
also m?/pq < q/p <1, the denominators can be
approximated as

s—mi =~m} —u~2pg(l-X), (29)
and then
IMP = 64zagz, (30)
up to terms of order k/p and ¢/ p.

After replacing and performing the integral over p
analytically, we obtain

dn agz, [+ E
a — ae d . 7(1 , 1
dE,didV ~ 27 A ¢ mimn { g }
q(E, — q)

(T 1) (e Em T 1)

(31)

where the minimum among E,/q and 1 comes from the
integral over X, which must be performed only over the
region where cos @y .4 is in the physical region. From
Eq. (18), we find that this requires X to be between X,
and 1, where in the massless limit

2 _E
X —max | 1.1 - FaPa=EJ]. (32)
Pa

for p > ¢, k, we easily see that the integral over X gives the
factor in Eq. (31).

Thus, in the strongly degenerate limit, ALPs are emitted
primarily around E, ~ T. By performing the integral over
E,dE, numerically, we can now obtain the total energy
emitted per unit volume and unit time

d€
a3 % 10482, T
draqy =77 ae

T
~3.1 % 105 2
XV ae | 30 Mev

)5 erg/cm®s.  (33)

On the other hand, this regime of very strong degeneracy
should not be taken as too useful in practical contexts; as
we discussed, in order to neglect the longitudinal plasmons
and the thermal mass of the transverse plasmons, we had to
assume 7 > /apu.

Therefore, a regime of somewhat greater interest is that
of mild degeneracy, with 7" < p. In this case, when the ALP
energy can become comparable with the electron energy,
the integral / is greatly enhanced when p ~ k. Therefore,
keeping only the first term in square brackets of Eq. (28),
we may replace everywhere in the integrand p = k except
in the denominator; the integral [dp/|p—k|~
2log(k/my,) = log(k*/m3) since it must be cutoff at
|p — k| ~ my,. For k = p the integral over X simply gives
2 [see Eq. (32)] and so we finally find

dna . agge o E% Ea
dE,dtdV — 8z* "~ |m3 ] eEmmIT 4]
+oo q
X d .
/0 4 (T —1)(1 + e(ﬂ—l])/T)

(34)

This approximation works only if E, ~p, which is
where the bulk of the energy is injected. If u = 7, the
dominant contribution to the integral in Eq. (34) comes
from g ~ p. We can then approximate the Bose-Einstein
distribution with a Boltzmann one, and recognize the result
as an integral over a Fermi-Dirac distribution for the
electrons. For qualitative understanding, we can replace
it with a strongly degenerate distribution, obtaining

) 2
dna _ 0ggel e_ﬂ/T log l:&:| Eu (35)

dE,dtdV — 16z* m2 | eEm/T 41

This approximation holds only when E |, is sufficiently close
to u, so that the u-channel singularity p = E, appears in a
range where p is not too suppressed by degeneracy. For
sufficiently small E,, the electron would need to start too
deep in the Fermi sphere in order to have p = E,,. Inthis case,
we can adopt the opposite approximation and integrate only
for values of p and ¢ which are much larger than E,. In this
case, the range of values of X is very narrow around X = 1,
with a width 6X ~ 2E,(p + q)/pq [see Eq. (32)], so we can
evaluate the function / for £, = 0 and X = 1, replace the
integral over dX with X, and write the emissivity as
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1 (2p + q)*

dE,dtdV —  8x* E, p E, 4 (e(P—ﬂ)/T + 1)(e(ﬂ—p—q)/T + 1)(eq/T —1)plp+a :

The integral is cutoff at values of the order of p,q = E,,
below which the approximations used are invalid, and is
logarithmically sensitive to the lower cutoff. For y 2 T, the
integral is already dominated by values of ¢ and p much
smaller than y, which are favored both by the u-channel
denominator p and by the Bose-Einstein distribution.
Therefore, we can neglect ¢ in comparison to p, obtaining
finally

dn,  agiE/T?
dE,dtdV —  2x*

£ e, )

This expression holds only for E, < pu.
We can also obtain an approximate expression for the
total energy emitted £, using Eq. (35),

d& dn agi.’ . [4u?
a_ [ JE E a2l oo || e #/T. (38
drdv / B dav . 482t e m2 ¢ (38)

As p increases to p > T, the emissivity drops exponen-
tially, until eventually it must be replaced by Eq. (31). We
should also stress that since the photons that are dominating
the emission have typical energies of order g ~ p, they are
essentially guaranteed to respect our initial approxima-
tion g > m,.

Our analytical estimates provide a clear justification for
neglecting semi-Compton emission from positrons. As we
have seen, the emissivity is primarily driven by particles

|

dn, / d’p d’q &’k d’1
dtdV | (2z)°2E, (2n)*2E, (27)*2Ey (27)*2E,

Similarly to Compton, it is useful to integrate the positron
momentum 1 using the delta function, even if in this case
this corresponds to an initial, rather than a final, particle.
We then obtain

dn,
dE.didV /pdpqdqud¢
fe(p)fe+(‘I+Ea_p)[1+fy(‘1)] 2
% 5127%(p — q MF,
(40)

where in this case ¢ is the azimuthal angle of k around the
direction of p —q. We have once again used energy
conservation to obtain the angle

(36)

|

with typical energies of order 7" in highly degenerate
conditions, scaling as T°, or by particles with energies
of order x4 in mildly degenerate conditions, scaling as
we T In the case of ety — eTa, however, the relevant
particle energies remain of order 7, as positrons follow a
Maxwell-Boltzmann distribution. However, the number
density of positrons is exponentially suppressed as
e#/T_ Thus, purely from dimensional analysis, the overall
emissivity must scale as T°¢~*/T, making it generally
negligible compared to the semi-Compton scattering on
electrons considered here.

C. Pair annihilation

Electron-positron pairs can produce an ALP and a
photon via the process e™ e~ — ay. This channel becomes
efficient at relatively high temperatures, where a suffi-
ciently large population of positrons is present in the
environment. Under such conditions, and provided the
ALP mass is not too large—otherwise, coalescence proc-
esses would dominate the emission—the photon can be
considered effectively massless, and the thermal mass of
the electron remains much smaller than the COM energy.
We treat the process of pair annihilation in direct analogy to
the process of Compton scattering, adopting the same
notation: p for the initial electron momentum, 1 for the
initial positron momentum, q for the photon momentum,
and k for the ALP momentum. Thus,

fe(P)fer(@+E,—p)[1 + f,(q)](27)*8(p + 1 — k= q)|M[*.  (39)

[
2EE, +2q(E, — Ex) — 2pqX — m?

2k\/p* + ¢* = 2pgX

[notice the symmetry with Eq. (18)], and the integration
over phase space is performed only over regions where
—1 < cosby p_q < 1. In the massless limit, this condition
translates in a range for X between X, and 1, where

CoS Oy p_q = (41)

2Ea(Ea + q— p)
2z '

Xpin = max |—1,1 — (42)

The squared matrix element, again summed over all
spins and polarizations, is easily obtained by crossing
symmetry, after replacing in Eq. (22) s - —f and t — —s
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|'/\/l|2 - 47[“9(16 [‘7:14 + ‘Ft + Fut]’ (43)
with

Fu 22—_4t’
my —u
—4u
m} —t
_ 8(mg —u)(mz —1)

a (mg, —1)(m§ —u)’

Fi =~

Fur

(44)

The values of m3 — u and m3, — ¢ in the denominators must
again contain the thermal mass corrections, so we have

mi —t=2q(E,— pX),
2pk

VPP +q*=2pgX

mi —u=2EyE,—m}—

X [(p —gX)cosbypq+qV1-X? sinek,pﬂcosqﬁ} .

(45)

Similarly to the Compton case, the integral over ¢ can be
performed explicitly

dna +o0 J +o00 J +1dX
dEadth_/o p p/o 4 q/_l

JeP)ferla+ o= p)[L+ £, (q)]

dragt I,
5124%[p — g e
(46)
with
mi —t A
[ =8z|——1 +
|:\/A2 - B> my—t
2 m2
+2 et 1) 1+—=+ . (47)
A2 — 32 my — 3
where

2pk(p — gX) cos Ok p1q
V' 4 q* = 2pgX
 2pkqV1—X*sinOy g

V' ¢ =2pgX

Also in this case it proves helpful to consider the integral
I in the massless limit

A =2EgE, —m} -

B

(48)

P+ q* —2pgX

k(p —p(p—gX
\p — k|

1 =8x 5 5
p-+q° —2pgX

(49)

We use these equations for a numerical integration.
When the ALP mass becomes comparable with the typical
energies within the medium, the definition of the integral
requires special attention. In fact, at sufficiently large ALP
masses, the pair annihilation e*e~toya can decompose in
two reactions: et — eTy and eTe” — a, which can both
happen on-shell for special values of the parameters. In
these cases, the denominators due to the electron propa-
gators u —m2 and t—m3 can simultaneously vanish,
leading to divergences within the integration range. A
rigorous treatment would require a full thermal field-
theoretical approach, renormalizing the electron propagator
to account for medium correction. However, this is unnec-
essary, as the physical origin of the effect is clear: the
divergence arises from the decomposition into two reac-
tions, where the intermediate positron propagates on-shell.
In the range of parameters in which this on-shell propa-
gation is possible, one should not compute the ALP
production from pair annihilation, but rather from the pure
pair coalescence eTe~ — a which is kinematically allowed
and which we obtain in Sec. III F. To resolve this issue, we
simply need to determine the part of the integration range
where both denominators can vanish, indicating that the
reaction is kinematically allowed. The 7-channel denomi-
nator vanishes when the photon can be Cherenkov-emitted:
this happens either when it is emitted collinearly
(X = E,/p) or when it is soft (¢ = 0). In the first case,
from Eq. (41) we easily check that | cos Oy p_q| > 1 always,
and therefore the collinear divergence cannot show up in
the integration range. In the second case, for ¢ = 0, we
have

2EkE — m%
COS ek’p_q = 2;{# . (50)
Since q = 0, this is of course the angle at which the ALP
must be emitted in order for the electron-positron coales-
cence to happen. We exclude the part of the integration
range where | cos 0 ,_q| < 1, since here electron-positron
coalescence is kinematically allowed and therefore should
clearly be considered the relevant process, without account-
ing for pair annihilation.

For qualitative understanding, it is still useful to discuss
the behavior in a degenerate environment with 7 < u. Here
the u-channel denominator is smallest when E, ~ p, so
with ALP energies of order p. Instead, the r-channel
denominator is smallest when g ~ p, and therefore the
ALP has energies of order T in this case. However, in this
range E, ~ T < u the range of angles X that is kinemat-
ically allowed from Eq. (42) becomes narrow, of the order
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of E,/u. Therefore, we will consider separately the con-
tribution from the two ranges E, ~p and E, < p.

For E, ~ u, we can perform the integral of the first term
only in Eq. (47), which is the dominant one when E, ~ p.
With logarithmic precision, p can be replaced everywhere
with E, in the integrand except in the denominator, where it
produces the characteristic difference p — E,, in the mass-
less limit. After integration, this gives a logarithmic factor
which must be cutoff at the upper limit at values of order
p—E,~E, and at the lower limit at values of order
p — E, ~my, where the mass cannot be neglected any-
more. The range of X for these values of £, ~ p is between
—1 and 1, so the integral is trivial, and we finally find

dn, _ aGae, [E_T E,

dE,dtdV — 8z* " |m2 ] eEm/T 4]
+o0 q
x A dq (e(qﬂt)/T +1)(1=e9/T)’

The regime of E, < u is trickier than in the case of
Compton production. The reason is that the #-channel
contribution becomes divergent when X — 1 and p — g,
corresponding to the photon being emitted collinear with
the radiating electron. The divergence is cured by the
neglected terms of order m2, which are of course included
in the numerical calculations. Thus, obtaining an expansion
for this regime is a complex task which ultimately may not
be very instructive, as we obtain the emission numerically
anyway, and pair annihilation turns out to be a subdominant
process anyways. Thus, we do not consider the regime of
E, < p further, and restrict ourselves to the regime
of E, ~ pu.

Returning to Eq. (51), we can approximately perform the
integration in the degenerate limit noting that e(4#)/T 4
1 ~ elat/T and obtaining

(51)

dnu ag%le T
e

= 0 ﬁ __ B (52)
dE dtdV ~ 4872 &l | eEmiT 1

dn, _/ d&’p d’1 &Ik d’q
dtdv | (2z)°2E, (27)*2E, (2n)*2E\ (2x)

In this case, the dominant contribution to the integral comes
from g~ T, so neglecting the photon mass requires
T > m,. We can finally integrate over the ALP energies
to obtain

(53)
mtzh

de, _ aga T’ og 4’ o/T
dtdV 1447? ’

By comparing with Eq. (38), we gather that Compton is
generally expected to dominate over pair annihilation by a
factor ~(u/T)?. We will later use these approximate
expressions as a benchmark to validate our numerical
integration.

D. Electron-nucleus bremsstrahlung

In the relatively colder regions of the star, both in NSM
and SNe, the emission will be dominated by bremsstrah-
lung processes eN — eNa. Notice that in these regions we
can still take the electrons to be ultrarelativistic, since their
typical energy is the chemical potential p > mgy ~ \/au.
However, for bremsstrahlung we cannot make simple
approximations for the typical energy of the emitted
ALP. Therefore, we proceed to obtain the full expression
for the emissivity. In this case, the COM frame does not
offer particular advantages, since the nucleon is at rest in
the laboratory frame, and its recoil energy can be neglected
given its large mass, so it acts only as a sink of momentum.
Therefore, we write the ALP emissivity directly in the
laboratory frame, assuming the nucleon at rest. We assume
an electron with momentum p scattering with a nucleon
and leaving with a final momentum 1, after emitting an
ALP with momentum k and exchanging a momentum

q with the nucleon. We will denote by E, = +/[p|* + mj,

Ey = /1> + m3, and E, = \/|k|* + m? the energies of
the electron (initial and final) and of the ALP. The number
of ALPs produced per unit time and volume is then

IMP(27)*6(p — q =1 = K)S(E, — By = Ex) f o~ (Ep)[1 = fo- (E1)];  (54)

the squared matrix element | M |? is summed over spins for all particles in the initial and final state. We can factorize the
squared matrix element into a part relating to the electrostatic potential generated by the nuclei and the leptonic trace for the
particle spins, so we find (we use the notation ¢ = |q|, p = |p]|, [ = |1])

| |2 B 167Z%a*¢*nyy,

7,

PP+
27,

(2 —2E,E +2p k)

(mg + 2E1Ek - 21 . k)z

T 2By — 21 K)(m2 — 2E By + 2p k)|

(55)
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The factor 4 accounts for the sum over spins, so that the traces
T,,7T,,and 75 are only averaged over the spins; the factor
4nZ%a/q*(q* + k3,) is the squared electrostatic potential
generated by the nuclei, where k% = 4waZ’n;,, /T is the
Debye screening scale. Here n;,, = n, is the number density
ofions; we assume for simplicity that the plasma is composed
only of electrons and protons. Importantly, the screening is
primarily produced by the less degenerate nucleons, not by
the degenerate electrons. For this reason the screening
prescription includes a ¢*(g® + k3,) denominator, rather
than the (¢* + k%)? often found in textbook treatments
(see, e.g., Ref. [53]); in passing through a single scattering
event, an electron sees a fixed configuration of the much more
slowly moving nuclei, and therefore only the squared
electrostatic potential from the nuclei must be averaged
(see the particularly clear discussion in Ref. [52]).

We will introduce for compactness the notation D; =
mg+2EEx —21-k and D, =m; —2E,E +2p - k.
The three terms in parentheses correspond to the two
Feynman diagrams and to their interference, and the
Feynman traces are

_ Tl (- K (=) (= k)]

T, :
4
7. TP+ 0w+ K)(=r)]]
2 = 4 ’
7. Tr[y*(J + k)roﬂi—ys)(ﬂ— k)y°]) ' (56)

We can perform the phase space integrations over q and
I = |1] using the delta functions, to obtain the differential
number of ALPs per unit energy Ey; however, the remain-
ing angular integrations cannot all be performed trivially.
The direction of p can be integrated to give 4z, and the
azimuthal angle of 1 around the direction of p can also be
trivially integrated to give 2z. It remains to integrate over
the angle between k and p, which we denote by
X = cos(GkP), and over the direction of the final electron;
denoting the differential solid angle for the latter by d€2;, we
can finally obtain

dn“ pklzzazg2nion

= ~(Ey)|l = fo(Ey)|dE

dE, dtdV / 474 fe(Ep)[1 = fo- (E1)|dE,
/ dxd<y [’2’1 T, 27,

o Y ol R
¢*(¢* +kp) [D;  Di  D,D,

] . (57)

The momentum of the external field ¢ is here implicitly
determined by momentum conservation as

P=p*+P+k-2p-k-2p-1+2k-1. (58)
The traces can be computed explicitly, and are most

easily expressed by introducing the unit vectors n,,, n;, and
n, in the directions of p, 1, and k, so that

T = —[ip(m% = 2E} + 2kExx) +n,, - n;m2lp
+n;-n2plk(kx — Ey)],
T, = [2plEx (Ex + kx)
— plm% —n;-n,m3lp - 2n; -0 plk(Ey + kx)],
T3 = —[mipl+mn, -nlp(m; —2Ey) +n; - n2lpkx].
(59)

The reason for this apparently complex three-dimensional
notation is that we can explicitly see now that all the
integrals over d€2; involve integrand functions that are both
in the numerator and denominator polynomials in the
variables n;-mn, and n;-n;. Such integrals, although
laboriously, can be performed entirely analytically, so that
the emissivity can be reduced to an integral over E, and x
only

o= PRZC T o ¢ ()1 = £, (E\E,

dE,dtdV 47"

x / dx|T, + T, + 215 (60)

The complete expressions for the functions 7, Z,, and
75 are given in the appendix. We use these for our
numerical evaluations. On the other hand, in the limit of
massless ALPs, it is still useful to obtain approximate
expressions to understand the qualitative dependence of
bremsstrahlung rates on the environment. Let us consider
two extreme cases; that of strong screening kp, > my, and
of weak screening kp << my,. In the end we will be
interested in a somewhat intermediate regime, with
kp Z my,. However, it is important to understand the
angular distribution of the emitted radiation in both cases,
especially because of our later considerations on the
Landau-Pomeranchuk-Migdal suppression for this process.

1. Weak screening: kp < my,

We start with the angular integral

[ — / 5 dXdQl |:Tl 72 T 2T3
q

(¢ +kp) D}~ D} " D,D;

} (61)

We start with the physical observation that in the limit of very
small masses the angles that p and 1 form with k, which we
shall call Hp and 6, are very small, so that the denominators
D, and D, are both very small. Thus, we define &, =
Opp/my, and 6 = 611/ my, and expand the integrand for very
small mtzh; as usual, in the numerators 7 |, 7, and 7 5, we
must neglect all higher orders in the electron thermal mass,
while in the denominators we find D, ~ —m k(1 + 53,)/p,
and D; ~m3 k(1 + &7)/1. The momentum of the external
field in this expansion can be written
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q
My,

2
— =8, 4 6] — 25,6, cos p + &7, (62)
t

with ¢ the azimuthal angle between the plane of k and p and the plane of k and 1, and

1+68 1+ 5?,
= —t = . 63
§=my [ 2p (63)
Therefore, the entire integral can be rewritten as
52 25,6, cos ¢

) 2 2
m; pl 4[4 4 )2
thp m[zh [leh + A ]

2 8,d8,6,d5,dg 5
(1+65)°

(1+8)7 (+&)1+8)] (64

with 1 = kj,/my,. The denominator ¢> becomes very small when §, ~ & » and ¢ =~ 0, which is the region that dominates the
integration. Therefore, we will expand for very small A = ; — 6, and ¢, keeping only the leading terms in the expansion; we will
see that this corresponds to keeping only the dominant logarithmic terms in the final result. Thus we find

(1-065)*A% + 5,97

2
I=—; l/dé,,d&,dqb

mmp

We can now perform the integral over ¢ first, obtaining

7 / ds,dAs,
mapl) (1482 (VA + & + /A + & + 22)
[ (1-6;)%A2
VA2 + 8N+ 8+ 2

(66)

The integral over A now diverges at A large, but this is
only because we have already expanded for very small A,
and the original integral in Eq. (64) has no divergence. We
see now that throughout most of the range the integral over
A is logarithmic, and therefore the divergence at large |A|
only affects the upper limit of the integration; we can
integrate up to |A|~ 1 within logarithmic precision. At
small |A|, with logarithmic precision we can simply
integrate down to |A| ~ max (&, 1), where & can be evaluated
for vanishing , and &, as &~ myk/2pl. Therefore, the
integral over A simply gives

2L 1-82)2 41
[~ /dapap [7( ")ZJ; } (67)
my,pl (1 +5P)

where L = log(1/ max(¢, 1)); the factor 2 appears because
of the integration for both positive and negative A.
The integral over 6, is now trivial and we finally get

2L

~— 68
3m3 pl (68)

2 2 2 2 2
5 [¢2+§+/;%+A} [(ﬁz_’_é;}A}

(1+6%)* (65)

This expression is obtained in the leading logarithmic
expansion L > 1, which is quite unjustified in this context
because usually 4 ~ 10, so it can only serve as a qualitative
guidance.

The angular distribution for the radiation is particularly
interesting. In the regime of weak screening, both 6, and §;
are of order 1, and in fact the emission is dominated by the
region where they are very close together as we have seen.
The physics behind this conclusion is very clear: the
relativistic radiation is strongly beamed, and because the
scattering is weakly screened, it is dominated by the region
of large impact parameters and small deflection angles, so
the radiation can remain at small angles with the electron
both before and after the scattering.

After we replace this expression for 7 in Eq. (57), we find

dna o Z2azggenionEu
dE,dtdV

67:3leh
x / " dpfe () = fo(p— EJIL.  (69)

We see that in the soft limit £, < p the ALP spectrum has
a characteristic form dn,/dE,dtdV « E,; this feature is
easily interpreted in comparison with photon bremsstrah-
lung, for which instead dn,/dE,dtdV « E;', because the
squared matrix element is suppressed by a factor (E,/p)>.
In addition, the typical interaction rate is not suppressed as
p~2 at large energies, as for Klein-Nishina scattering, but
rather is momentum-independent and characterized by the
factor mt‘hz, something that we also noticed in Refs. [20,33]
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in the context of electron-electron bremsstrahlung. The
logarithm L can be evaluated for p ~ [~ p, since its
argument was anyway obtained in order of magnitude
only, and the resulting integral over p can then be done
explicitly to give

dn,  Z*a*@GninE,TL »
dE,dtdV — 6z°m},(eF/T — 1)

eWtE)/T 4 ]
& et T 41

] . (70)

We can now integrate to determine the total energy emitted
by bremsstrahlung; in doing so, we notice that the majority
of ALPs are emitted for E,~ T, so if T <pu we may
approximate the last square bracket as E,/T (this is a very
good approximation for any value of E,), finally obtaining

¢, VAT W L g B
dtdv 90m?,

(71)

2. Strong screening: kp > my,

In the opposite limit of strong screening, we consider
again the original integral Eq. (64), where now 4 > 1 is the
dominant scale in the denominator. This means that the
logarithmic divergence when §, ~ 4§, is now eliminated.
Physically, the scattering is so strongly screened that the
deflection angle between the initial and final electron is
dominated by the regions of order A > 1. Therefore, the
radiation cannot remain at small angles with both the initial
and the final electron. Nevertheless, the emission is still
dominated by regions where the radiation is at small angles
with either p and 1; we can picture therefore the emission as
strongly beamed in the direction of the radiating electron,
either the initial or the final one. Motivated by this picture, let
us consider 6, ~ 1 and perform the integration over §; not
restricted to be of order 1. We have to separate the integration
in two separate regions, with §; < 8y and 9; > &,. We choose
1 <y < 4, so that the relevant approximations can be
performed in each separate regime. Therefore we write

2

[=——
mtzhpl

/ 8,d5,[Jy + J5), (72)

where J; and J, are the integrals performed over the first and
the second region respectively.

In the first integration region, we have g*/m3 < A%, so
we can approximate

8o 2z n’l2 52 62
J, = 5,ds dp = P L
: A ”/o ¢Azq2{(1+6%>2+<1+6%>2

26,6, cos ¢ ]
(1+8)(1+87)]

(73)

There is no logarithmic enhancement to this integral when
0,~6; or ¢~0, so the integral over ¢ must now be
performed exactly. We then find

J _/50 d51 477:5151,
o 2226, (1+8)2(1+82)?
& &
X |1+ 8%+ 87 + 8257 — 8,0, 5—§+6—’;—2 . (74)
P l

This integral is logarithmic at 6, > 1. The integration can
be done analytically and obtained in the limit §y > 1

J 1 4n5), . N 2
= — | ———— =10
VT, (e B

Pl 75
1+5}€] (73)

In the integral J,, we cannot neglect ¢>/m? compared to
A2, since 8, > 1; however, since we are interested in the
angular distribution for 6, ~ 1, we can neglect everywhere
0, compared to §;. In the squared parenthesis of Eq. (64),
only the first term survives, since the others are smaller.
This corresponds to the radiation being emitted only by the
initial electron with which it is nearly collinear, while the
final electron is deflected outside of the radiation cone.
Under these approximations, ¢ disappears from the inte-
grand, and therefore the integral over ¢ simply gives 2z. So
we have

+oo 6,dé &
J2 :/ 5 é ! 5 271' P2 5 - (76)
3o 51 (51 +4 ) (1 +6p)

The integral is trivial, and can be performed in the limit
A >y giving

27182 A
J,=——2L_ _log|=). 77
2T+ 822 °g<50> (77)

We can now sum the contribution between J; and J,. The
dependence on the arbitrary o, drops out, as it should. We
can keep only the logarithmically enhanced term to find

471og A 5
[="228% ng/d(spi””. (78)
mg plA (1+5p)

The integral is logarithmically divergent at infinity, because
all of our approximations only hold for 6, < 4. Therefore,
we may limit our integration only up to values of order
0, ~ A (one could of course be more precise and explicitly
use different approximations for a regime 6, ~ 4, but the
logarithmically enhanced terms can be gathered by this
simpler method) and finally obtain

] — 4”10g2(kD/mth)

79
s (79)

Thus, the emitted ALP spectrum changes from the
previous case as
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dna _ ZzazggenionEuTlogz(kD/mth)
dE,dtdV k3 (eFalT — 1)

<ﬂ+Ea)/T
e +1

Similarly, the total energy emitted in ALPs is

dga o Zzazgge”nionT410g2(kD/mth)
dtdv 15k2,

. (8

So the main change in the strong screening limit is that the
cross section is not anymore of the order of a?/m3, but
rather a?/k. The reason is that the minimum angle at
which an ALP can be radiated away is not anymore
determined by the mass of the electron during the radiation
phase after the collision, but rather by the scattering angle
during the collision. This leads to a general suppression of
the bremsstrahlung cross section.

In a SN environment, the Debye screening scale is of
order k% ~au’/T, compared to the thermal mass
m? ~ au®, so we generally expect A2 1. Clearly our
approximations here cannot be taken too seriously in this
intermediate regime, especially because the logarithm log A
is not at all large, and therefore is not a dominant term; yet
we can use these equations to infer the order of magnitude
of the resulting emission and its scaling with the medium
parameters. From Eq. (81) we see that the radiated energy
per unit volume turns out to be of the order of
d€,/dtdV ~ ag2,T>. From Eq. (33), we gather that also
the Compton emissivity scales in proportion to the same
parameters, so that even in highly degenerate environments
Compton and bremsstrahlung emission can compete. In
fact, bremsstrahlung emission suffers an additional form of
suppression, due to nucleon degeneracy—which of course
does not affect Compton, in which there is only one target
that is degenerate, the electron one—which we now
discuss. Overall, our numerical results show that even at
very large chemical potentials bremsstrahlung never turns
out to completely dominate the emissivity.

3. Nucleon degeneracy

Throughout our previous calculations, we have assumed
a nondegenerate proton population with n;,, = n,.
However, when u, becomes sufficiently large, nucleon
degeneracy can introduce significant corrections. To
account for this effect, and following our general
assumption that nucleons are infinitely massive and thus
exchange negligible energy in the bremsstrahlung process,
we introduce the suppression factor

_ S E) - £, (E)E*dE

S ffp(E)Esz '

(82)

where f,(E) is the proton phase space distribution as a
function of energy.

E. Main uncertainties in the production rates of ALPs

Let us briefly comment on the main approximations
in our calculation to identify the primary sources of
uncertainty.

All the processes discussed so far are characterized by an
electron radiating an ALP while moving with ultrarelativ-
istic velocities. For pair annihilation, the ingoing positron
can be regarded as an electron moving backward in time, so
the following arguments still apply. Landau and
Pomeranchuk [54] pointed out that such scenarios require
special consideration, as the typical length scales over
which the electron radiates are significantly elongated due
to the near-collinearity between the electron and the
radiated field. Essentially, since the emitted particle
remains nearly collinear with the electron, it takes a long
time to clearly separate from it. As a result, treating each
scattering event as independent within a dense medium
requires stricter conditions than usual. We now discuss
these conditions for the processes considered in this work.

The formation length of an ALP in vacuum is defined as
the length over which the phase difference accumulated by
the ALP after its emission becomes comparable with unity;
we consider here only massless ALP, since for a massive
ALP the Landau-Pomeranchuk-Migdal (LPM) effect is
ever less relevant. Since this phase difference can be
estimated in vacuum as ® = (E, — k - n)Z over a distance
¢, where k is the momentum of the ALP and n is the
direction of the electron, we have for a typical emission
angle 6 ~ my,/E,, an accumulated phase ® ~ E,mg,¢/E;.
Thus the formation length in vacuum is £} ~y?/E,,
where y is the Lorentz factor of the electron. However, in a
medium, after radiating the electron keeps being deflected
by Coulomb scattering off the ions. Such deflections
change the direction of the electron only by very small
angles; over a length ¢ the mean squared angular

deflection 62 follows a typical random-walk fashion with

0> ~€/C€cou, Where £coy is the mean free path for
Coulomb scatten'ng.2 Thus, this deflection induces an
additional dephasing between the electron and the radiated

field of the order of ® ~ E,0?¢ ~ E,£*/€coy. Thus, in a
medium the formation length may be reduced to &y, ~

\/€cou/E, if the Coulomb mean free path is sufficiently
short. In turn, the bremsstrahlung emissivity is reduced by
an amount ~Zg,., /.

For our case of bremsstrahlung emission from SN, we

may initially conclude that the LPM regime is indeed the

*This s computed using the transport cross section
Ocou ~ @*/E3, so that gl ~ ocounion and over a distance
Zcou the electron is deflected by angles of order unity.
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relevant one. Since the ALP energy is E, ~ T, while y ~
1/y/a and €coy ~ (@Pnion/p?) ™" ~ (@?u)~", we find that

e ~1/aT while gy ~ 1/ay/Tu. Thus, it would
appear that in the medium the formation length is indeed
reduced by a factor /7T /u, which would correspondingly
reduce the emissivity.

However, it turns out that the LPM effect is likely less
relevant than the above argument suggests. We have found
that in the medium the bremsstrahlung happens in a regime
of strong screening, in which the typical angles between the
radiation and the electron is larger than in vacuum, typically
of order Opy ~ kp/E, ~ kp/u. Therefore, the correct for-
mation length to compare with, in the absence of LPM

scattering, is rather of the order of £} ~ Ej/E, kj); since

kp ~+/au®/T, we find that Gy and gy, are actually
comparable. This means that the conditions for the LPM
effect are just satisfied, presumably implying that the
bremsstrahlung emissivity might be affected by a reduction
of factors of order unity. A detailed treatment of the LPM
effect is well known to be a very complicated task even in
the quasiclassical regime, well beyond the scope of this
paper. Here we limit ourselves to point out that it can induce
a suppression in the bremsstrahlung emissivity, but not by a
large factor.

A similar argument might also be applied for the
competing Compton emission, for which the radiated
ALP appears, as we have seen, at an angle
Opk ~my/Ep~1/+/a. However, in this case the typical
ALP energies are of the order of E, ~ u. Therefore, one can
easily check that the formation length in vacuum and in
medium are, once again, comparable. For pair production,
where the typical radiated energies are of order ~7, the
conditions for LPM are more thoroughly satisfied, so that a

reduction by a factor ~+/7T/u can be expected, but pair
production is anyway subdominant compared to Coulomb
emission.

Finally, we should also distinguish very clearly the LPM
effect, which can potentially affect slightly the ALP-
electron emission, from the multiple-scattering suppression
of ALP emission from nucleons (as discussed, e.g., in
Ref. [55]). In the latter case, the suppression is caused by
the nucleon scattering many times and losing coherence
in its spin over a timescale comparable with the ALP
inverse frequency, which causes an effective damping of
the nucleon state. In our case, the spin of the electron over
the length scale £, is barely changed at all; it is only the
relative phase between the electron and the radiated ALP
that is affected. Indeed, the LPM effect is not a “damping”
effect, and cannot be modeled by endowing the inter-
mediate electron with an imaginary energy mimicking a
loss of coherence (as is instead the case for the multiple-
scattering suppression in ALP emission from nucleons);
in this case, the electron remains coherent throughout the
emission.

Finally, another source of uncertainty, which also has
never been mentioned in previous treatment of this prob-
lem, is the presence of electron-electron correlations
induced by Coulomb interactions. The latter could induce
correlations among the electron occupation numbers in the
initial and final state, both in Compton and in bremsstrah-
lung emission. Such correlations could potentially enhance
the emission, by reducing the probability of having the
initial and the final state electron close together; in other
words, the two-particle distribution would not factorize as
the product of the initial and final electron distribution, as
we are instead assuming here. The rationale for this choice
is that we usually are in a regime in which ionic screening is
quite larger than electronic screening, since 7T < p.
Therefore, correlations among electrons are maintained

over a relatively short distance A, ~ k3!, where kj ~

\/4roy® /T is the Debye momentum induced by the ions;
later we will give the precise value for this quantity, but for
this section we only need its order of magnitude. Within a
sphere of radius 1, and volume V ~ 23 the electrostatic
interaction energy of the electrons is of the order of
Upot ~ anV?/ip ~an?i3, while their kinetic energy
is K~n,uV ~n.ul3. The ratio between the two is
U/K ~T/u, and therefore in relatively degenerate envi-
ronments as a supernova core these corrections amount
probably to 10%. Their general effect tends to enhance the
emissivity: in the Compton and bremsstrahlung production,
they can reduce the probability of having the initial and
final electron close together, while in pair annihilation and
pair coalescence they can enhance the probability of having
the electrons and positrons close together. However, a
discussion beyond these order-of-magnitude arguments
must necessarily involve a complex description. In non-
relativistic contexts, such as in ALP and photon production
via Compton processes in the Sun, Coulomb correlations
must be included, since electrons are among the dominant
source of screening and the Coulomb corrections are
therefore of order unity, and they are often included by
accounting for the static structure function of the electrons.
However, this simple treatment can only be done because
the electrons are strongly nonrelativistic in the Sun and
therefore essentially recoilless and static throughout the
Compton process. This is not the case here, where the
electron is dynamic during the radiation process. The
uncertainties they induce are anyway smaller than the ones
connected with the LPM suppression, which are even more
complex to include.

F. Electron-positron coalescence

At large ALP masses, the main production channel is
direct electron-positron coalescence, e™ + e~ — a, which
becomes kinematically allowed. Unlike the other proc-
esses, this one is relatively straightforward. The emissivity
is given by
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dn, d&p d*1 &’k
dtdv / (27)*2E, (27)*2E, (27)*2E)
X fo(Ep)fer (B1)27)*8(p + 1= ) M[>. (83)

The squared matrix element, summed over the spins of the
electron and positron, and taken for massless leptons, is

\M|* =4g2.p -1 =2g5,m3. (84)

After replacing and performing the relevant integrations
we find

2
dn, _ ggemg /2(Fk”-k) dp (85)

- 3 m’ = E-ptn ’
dEydtdV 167 e (e +1)(e B s 1)

essentially the same result as for neutrino-neutrino coa-
lescence of heavy Majorons [18]. The integral can be done
explicitly to give

dn, 2.m2T
dE,dtdV  1673(eF — 1)

m% " mg Eq+u
<62(E“—k)T + er)(ez(5a+k)7 + e T ) %6
mg “ m% Eq+u : ( )
(eZ(E,,+k)T + e-r)(ez(E,,—k)T + 7T )

X log

Since we have assumed massless leptons, this approxima-
tion holds only for m, 2 2my,, which is anyway the region
where coalescence would dominate over the other proc-
esses; therefore, we consider vanishing emission from the
regions where m, < 2my,.

G. Processes induced by photon effective mixing

Even in the absence of a tree-level coupling between the
ALP and the photon, the ALP-electron interaction induces
a loop-level ALP-photon coupling. It has been argued [15]
that this induced coupling could open new production
channels, potentially dominating over those directly arising
from the ALP-electron interaction. These channels include
photon-photon coalescence, yy — a, at large ALP masses,
and Primakoff production, yN — aN, at small ALP masses.
However, we argue that this is not the case.

The key issue is that Ref. [15] determines the loop-
induced ALP-photon coupling in vacuum, using the elec-
tron mass m,. By simple dimensional analysis, the induced
ALP-photon coupling, g,,, which has units of inverse
energy, must scale as g,, ~ ag,./m,, where the factor a
arises from the electron-photon vertices. Since m, is one to
two orders of magnitude smaller than the relevant energy
scales in a SN, this leads to a significant enhancement of the
emissivity from processes involving this coupling.
Physically, this enhancement arises because virtual elec-
trons are easily excited due to their low energy cost, ~m,,

which is much smaller than the typical particle energies in
the medium.

However, this also immediately reveals the flaw in the
above reasoning. In a medium, the energy cost for exciting
a virtual electron is not m, but rather the thermal mass
my, > m,. Reference [15] asserts that the vacuum mass
should always be used in the loop calculation, citing the
argument that, in vacuum perturbation theory, the bare mass
enters loop diagrams even when the physical mass is
renormalized and enters tree diagrams. However, this claim
is incorrect: in vacuum perturbation theory, the bare mass is
not an observable quantity and thus cannot enter any
physical prediction.

In fact, since tree-level processes require the use
of medium-modified dispersion relations—an aspect
acknowledged by Ref. [15]—loop-level processes should
consistently incorporate the same modifications. This can
also be argued from fundamental principles: unitarity links
the imaginary part of loop diagrams to tree-level processes,
while causality relates the imaginary and real parts of these
diagrams. If tree-level diagrams require renormalization, so
do loop-level diagrams.

More generally, an effective loop calculation must always
incorporate a properly resummed propagator. As shown in
Sec. IT A, this propagator completely loses memory of the
vacuum electron mass, which is negligible compared to other
relevant energy scales. Physically, exciting a virtual electron
in a medium requires a minimum energy of order mgy, > m,,
and neglecting this leads to spurious enhancements in the
emissivities. Since all loop-induced emissivities scale as gﬁ},,
they receive an additional suppression factor of (m, /mg,)?* ~
m?/(au?) ~ 0.01 compared to the estimates in Ref. [15]. For
this reason, we do not include these processes in our
calculation of the ALP emissivity.

IV. MEAN FREE PATH FOR ABSORPTION

For each process by which ALPs can be produced, a
corresponding inverse process can lead to their absorption.
The mean free path for such absorption is relevant to
determine the so-called trapping of the species at large
values of the ALP-electron coupling. The principle of
detailed balance allows us to obtain the absorption rate
directly from the expressions for their spontaneous emis-
sion rate. We have previously derived the emission rate for
each process as dn,/dE,dtdV; the corresponding rate of
change of the ALP distribution function, due to sponta-
neous emission alone, is

of, 272 dn,,
0,= (%) =2 .8
t Jem E \/E:—mkdE.dtdV

When accounting for stimulated emission, as well as
absorption, the kinetic equation for the ALP in a medium in
thermal and chemical equilibrium reads
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5fa

_Qa( +fa)_7afa:Qa_7afaa (88)

where y, is the absorption rate of the ALP (we do not use the often-adopted notation I',,, which is usually reserved for the
rest-frame, not lab-frame, decay rate of the ALP). The reduced absorption rate 7, = y, — Q, is more useful, as it is the
physical rate with which the distribution function evolves towards equilibrium. From the principle of detailed balance, we
therefore immediately conclude

272 (eFa/T — 1) dn,

E,\/E2 —m2 dE,dtdV’

which allows us to determine the absorption rate from the numerical results provided in the accompanying GitHub
repository [56]. As a simple consistency check, for the case of pair coalescence we may use Eq. (86) to obtain in the limit
T — 0, u — 0 the decay rate 7, = g2, m. /8nE, = ',m,/E,, where ', = g2,m2/8x is the decay rate of an ALP in vacuum.

Equation (89), while exact, is not always suitable for numerical calculations, as it requires the product of a number that
can become very small—the emissivity—with a number that can become very large—the reciprocal of the equilibrium
distribution function of the ALPs. Therefore, we rather use the exact expressions for each process, which, while requiring us
to perform a separate integral for the absorption rate, do not suffer from the same numerical challenges. Therefore, for semi-
Compton, we use the expression

o= Qu(ef/T —1) = (89)

2712 +00 +00 +1
Vo =—F——— d d X
Va Eu\/Eﬁ—mf,A P p% 1 q/_1
_fe(p)fy(Q)[l _fe(p + q _Ea)] + (] _fe(p))(l +f7(q))fe(p + q— Eu)
5127%|p + q

4” aggel ) (90)
with I from Eq. (28); for pair annihilation, we use

. 271-2 +00 +00 +1
ya_Ea\/Eﬁ—mflA pdp/) qdq/_1 x
X_fe<p)fe+(Q+Ea_p>[1+fy(Q>]+fy(Q)(l_fe(p))(l_fe+(q—|_Ea_p))

dragi,I, 91
5124%p - q g 1)
with [ from Eq. (47); for bremsstrahlung, we use
3 pklZzazg Mion
}/a E \/ﬂ (fe (El) fe ( p))dEp dx[Il +.’Z.2 + 2.’[3]7 (92)
and for pair coalescence we use
2 Gl [T (T ) (93)
T BB —m 16z i '

a+/4)

(ez(E,,+kT + eT)<€2 E(, kT +e

In the limit 7 — 0, this form may be inconvenient, due to the large exponentials in the logarithms; therefore, if 77 < y, we
can use

272.2 2

~ gae a 2 my

Vo= [\/E —M} (94)
Ea V Eg - ma 16” 2(Ea Y Eg - mg)

whereas it vanishes for u > m2/2(E, — \/E% — m2) (for an ALP at rest, we immediately see that indeed for y > m,/2 the
decay rate must vanish because the produced electron cannot lie within the Fermi sea).

One can easily check that these expressions naturally satisfy the general detailed balance expression we derived before,
yet they do not suffer from numerical instabilities as the original expression.
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V. RESULTS

While we have derived approximate analytical expres-
sions for the ALP emissivity in various regimes and for all
relevant processes, these approximations are generally
valid only over limited energy ranges and typically for
massless ALPs. A complete numerical determination of the
emissivity is therefore necessary. To this end, we have
performed a comprehensive scan of the relevant conditions
in dense and hot environments, such as those found in
supernovae SNe and NSMs. The resulting production rates
are crucial for a consistent determination of the ALP flux
from these extreme environments. To facilitate further
studies, we have compiled these emissivities in tabular
form and made them publicly available in a GitHub
repository [56]. In this section, we present the production
rates for typical conditions.

Figure 1 shows the volumetric ALP production rate for a
typical temperature 7' = 30 MeV and chemical potential
1, = 150 MeV, similar to the hottest regions of a SN at
about 1 s postbounce (see Fig. 1 of Ref. [12], and our later
discussion). We compare our numerical results for
m, = 100 keV, much smaller than any other scale within
the SN environment, with the massless approximations we
derived in Sec. III. We find excellent agreement with all
analytical approximations within their respective regimes
of validity, which serves as a validation test for the
convergence of the multidimensional numerical integra-
tion. The four components are shown together in Fig. 2,
illustrating that the semi-Compton process—previously
neglected—is the dominant contribution to the emissivity,
exceeding the others by more than a factor of 2.

We examine the dependence of the emissivity on the
ALP mass in Fig. 3. In the case of semi-Compton
scattering, increasing the ALP mass primarily results in
a kinematic cutoff at £, < m,. For pair annihilation, and

m, = 100 keV, T' = 30 MeV, p, = 150 MeV
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FIG. 2. ALP emissivity for m, = 100 keV, T = 30 MeV, and
u, = 150 MeV, separated by components. The coalescence
contribution is zero since m, < 2my,.

especially for pair coalescence, in addition to this cutoff,
there is a net increase in the overall ALP emissivity, driven
by the enhanced matrix element for larger ALP masses. For
bremsstrahlung, besides the cutoff at £, < m,, increasing
the ALP mass leads to a reduction in the overall emissivity
normalization. This occurs because the typical electron
deflection angle during ALP emission is no longer set by
my, /1, (for electrons with typical energies p,) or kp/u, in
the strong screening regime, but rather by m,/T
(since ALPs have typical energies of order T).
Therefore, for m, = kpT/u,., the minimum allowed angle

Semi-Compton Pair annihilation Bremsstrahlung

EIIIIIIII T IIIIW T IIIIIIII T IIIII? EIIIIIIII T IIIIW T IIIIIII T IIIIIIE EI IIIIIII T IIIIIW T IIIIIII T IIIIII;
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FIG. 1. ALP emissivity for m, = 100 keV, T = 30 MeV, and p, = 150 MeV. We separately show the emissivity for all different

processes; numerical results are shown as solid lines. We compare with the analytical approximations: for semi-Compton, with the high-
E, [Eq. (35)] and low-E, [Eq. (37)]; for pair annihilation, with Eq. (52); for bremsstrahlung, with the weak screening [Eq. (69)] and the

strong screening [Eq. (80)] approximations.

083008-18



SUPERNOVA PRODUCTION OF AXIONLIKE PARTICLES ...

PHYS. REV. D 112, 083008 (2025)

Semi-Compton

Pair annihilation

36 R
10 =3 lllllll T lllllll LI lllllll Ty =3 lllllll LI lllllll LI lllllll Ty
F e = 1079 MeV ! 1 E A
10%° — — —
s 1 F 1|7 102
1034 — — — T
CT 1 F ]
5 3: ] ] ] ] ]
(] 1055 L LLLILL Ll L LLLIL Ll L LLLIL L L L LLLIL L LLLLLL L1l L L L LLLIL Lo L LLLIL
— b b
| 10° 10! 102 103 10° 10! 102 103 0 >
T> E, [MeV] E, [MeV] <
= =,
3
= ‘ Bremsstrahlung Coalescence g
> 1036 :l lllllll LI lllllll T lllllll LI llllli :l lllllll LI lllllll LI lllllll LI llllli
3 = 1 F ]
~ - - - -
B B 1 F ]
% - - - -
S U F EN3 N R
~ = 1 F ]
’B - - - -
1034 — — —
1033 | L llllllI L1 llllllI L1 llllllI 1l LLLLL 10—1
10° 10! 102 103 10° 10! 102 103
E, [MeV] E, [MeV]
FIG. 3. Emissivities for 7 = 30 MeV, u, = 150 MeV, and for varying ALP mass.

for bremsstrahlung increases, leading to a suppression of
the emissivity, which scales as « mz>.

The overall emissivity is shown in Fig. 4 as a contour
plot for varying temperature and chemical potential. For
both semi-Compton and bremsstrahlung processes, we find
that the emissivity—particularly for small ALP masses—
primarily depends on the temperature and is only mildly
sensitive to the chemical potential. This result is, of course,
confirmed by our analytical estimates. In contrast, pair
annihilation and especially pair coalescence exhibit a much
stronger dependence on the chemical potential, which is
easy to understand since at large chemical potentials the
concentration of positrons that can participate to the
reaction is exponentially suppressed.

Finally, Fig. 5 shows the regions of parameter space in
which different reactions are dominating the emissivity, for

varying values of the ALP mass. Generally, no process
contributes over 90% of the emissivity for most of the
parameter space, so that all processes should be kept for an
accurate determination of the emission. Yet, qualitatively,
we find that in the most interesting parameter space for SNe
and NSMs, the dominant process is always semi-Compton
emission, which has been neglected altogether in previous
works. Bremsstrahlung turns out to never dominate the
emission; as discussed in our analytical estimates, the
production of photons with energy of order ~7T turns out
to scale in the same way for bremsstrahlung and semi-
Compton emission, except that bremsstrahlung is further
suppressed by nucleon degeneracy. At high temperatures,
on the other hand, pair annihilation may become the
dominant process. In this sense, the pattern of dominance
of different emission processes is qualitatively comparable
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FIG. 4. Emissivities for varying temperature and chemical potential, for the four different emission processes. We show the results for
three different benchmark values of the ALP mass. The black regions in the coalescence process indicate parameter space where the

emissivity vanishes, as m, < 2my,.
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Dominance of the four ALP production channels across the (7', ,) parameter space for different ALP masses. The dominant

process at each point is determined by the highest energy production rate among Semi-Compton scattering, pair annihilation,

bremsstrahlung, and electron-positron coalescence.

with the analogous one for neutrino emission (see, e.g.,
Fig. C.1 of Ref. [52]).

VI. NEW CONSTRAINTS FROM
SUPERNOVAE

Having revisited ALP production via their coupling to
electrons, we now turn to deriving constraints from SN
observables. These constraints have been previously exam-
ined in Refs. [48,57], but as discussed earlier, the dominant
production channel-semi-Compton emission—-was over-
looked. Furthermore, some relevant observables were not
considered. We therefore begin by outlining the key
observables that can be used to constrain ALP-electron
couplings in supernovae.

A. Cooling argument

The historical argument to constrain the emission of new
particles from SNe is based on the cooling of the proto-
neutron star (PNS). The general idea is that, as the PNS
cools faster due to nonstandard emission, the duration of
the neutrino burst, as observed from SN 1987A, should be
shortened. This argument was verified by a series of
simulations including the cooling due to the emission of
axions coupling to nucleons in Refs. [58-62].
Subsequently, Raffelt proposed a simple analytical criterion
based on these simulations [52]. However, as recently
discussed in Ref. [63], the main factor that sets the duration
of the neutrino burst is the convective heat transport within
the PNS, which was not included in these simulations,
which calls for a reassessment of the cooling bounds.

As we will see, for ALPs coupling to electrons cooling
bounds are anyway not the most sensitive probe; never-
theless, for reference we do show the cooling argument
based on the well-known Raffelt criterion, according to
which if the nonstandard luminosity exceeds the neutrino

luminosity at a time of about | s postbounce the model can
be excluded. However, following Ref. [64], we consider
here only the nonstandard energy loss from the PNS
within a radius of 20 km, and not the entire luminosity.
The reason we make this specification is that, for large
couplings, the ALPs remain thermally coupled to the
medium up to radii much larger than 20 km. In this case,
the surface emission at radii far outside the PNS does not
correspond to energy subtracted from the PNS, but
rather from these outer radii; only the heat flux of
ALPs at 20 km is truly extracted from the PNS itself.
Therefore, to determine the ALP luminosity at 1 s, we use
the expression

1 1
La = LI(DT\)TS - ngr())g- (95)

Here LEDII\)IS is the luminosity extracted from the PNS from
ALPs that escape from it without decaying

) "Rs dL, "dx _ (R.Rys)-
L = dE dR —— ¢~ *(R.Rxs 6
PNS /) “NuRdE, | 2 € > (%)

here we assume that the ALP is emitted isotropically from
the medium with a differential luminosity per unit radius

dL,
dE,dR

dn,

— 42RE,
dE,dtdV

97)

at an angle x = cos @ from the radial direction; we also
introduce

R\'§ 7al"d}"
NS x>0
R L'L,vrz—stinzg7

T(R»RNS) = (98)

RNS f'(,l’dl’

‘R .
[szin6+szin9} ) /12—R%sin20’ x<0
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as the optical thickness accumulated by the ALP moving
with velocity v, produced at a radius R < Ryg and
escaping the PNS at a radius Ryg = 20 km.

The second term in Eq. (95) describes the luminosity that
the ALPs from outside the PNS deposit inside it through
their decay, or more generally absorption: this is

(1) Rprog dLa
Lprog = dRAE, ———
prog ANS “ dRdE,

Wy
« / A ® (1 Z ). (99)
g 2
Here

R 7o rdr

71(R) =
: 2 — R%sin% @

(100)

Rns Uy

is the optical depth accumulated from the production point
to the point where the ALP enters the PNS, and

Rys 7o rdr

Ty = 2 -
Rsind v,V 1r* — R?sin’@

(101)

is the optical depth accumulated along the part of the
trajectory within the PNS. In the limit of very large
couplings, the two components LPNS and L&' become
nearly equal, and by a numerical treatment it is very
challenging to correctly recover the small difference
between the two. In this regime, we use the asymptotic
expression from radiative transfer theory, and derived in
Ref. [64]

—2R%.0T/OR E3 E,/T
L, — —2RasOT/ /d alala® (102)

¢ 3nT? “Fa(efddT — 1)’

after verifying that it smoothly merges with the numerical
results for intermediate couplings where the numerical
integration is still stable. Numerically, we implement this
prescription by substituting Eq. (95) with Eq. (102) when
the difference L, becomes smaller than 5% of Lg\%s-
Equation (95), in the limit of small couplings, is
dominated by the first term with 7(R, Ryg) — 0, and
therefore describes the standard cooling term. On the other
hand, for large couplings, it corresponds to a new pre-
scription for the trapping regime introduced in Ref. [64].
We use it to determine the ALP luminosity L, at 1 s
postbounce for two SN models, which are chosen to
bracket a model with a relatively cold and a relatively
hot central PNS. These two models, following
Refs. [12,18,27,65], are the Garching 1D models SFHo-
18.8 and LS220-520.0 that were evolved with the Prometheus
Vertex code with six-species neutrino transport [66]. They
span the extremes of a cold and a hot case, reaching internal
T of around 40 vs 60 MeV. We will refer to them simply as

the cold and hot model respectively. For the cold (hot)
model, the ALP luminosity that can be constrained should
exceed the neutrino luminosity, namely 4.4 x 1032 erg/s
(8.3 x 10°% erg/s). In the upper panel of Fig. 6, we show
the ALP emissivity for m, = 100 keV from different
production channels. Semi-Compton emission is clearly
the dominant process at small ALP masses, and the overall
ALP production is enhanced in the hot model due to its
higher temperature profile. This trend is more evident in
Fig. 7, where we show contours of the volume and energy
integrated emissivity as a function of time and radius for a
coupling of g,, = 107 MeV~!. The emissivity strength
closely follows the temperature evolution within the PNS.

In the lower panel of Fig. 6, we show the volume-
integrated total ALP emissivity as a function of the ALP
mass, evaluated at 1 s postbounce for both cold and hot SN
models. At small ALP masses, the total emitted energy is
dominated by the semi-Compton channel, whereas for large
m,, eTe” coalescence becomes the dominant process (see
also Fig. 3).

B. Energy deposition in low-energy SNe

For radiatively decaying particles, such as ALPs coupled
to electrons with m, 2 1 MeV—our regime of interest—a
more powerful probe is their radiative decay within the
progenitor. Such decays deposit energy that could be
observable in the explosion; as proposed in Ref. [13],
observations of low-energy SNe can place strong con-
straints on this scenario.

The energy deposited by the decaying ALPs outside the
PNS, assumed to end at a radius Ryg, must include the
(negative) contribution of the ALPs produced outside the
PNS and decaying within the PNS, which are cooling,
rather than heating, the progenitor material. Here we follow
Ref. [64] and determine the total rate of deposited energy
per unit time at each instant as

L,= Lg\)IS - ngh))g - Ll(’zl\}s - Lg?)g; (103)
the first two terms have already been discussed in
Sec. VI A, while the last terms are the luminosities that
the ALPs decaying outside of the progenitor drain from
the system, which are clearly not deposited in the star.
These are determined as

R dL d
Lg\)ls _/ SdeEa a /jxe_T(R’RP“’S),
0

(104)

where R, is the progenitor radius; following Ref. [13],
we consider both an aggressive (R; = 5 x 103 ¢cm, with a
larger progenitor and more energy deposition) and a
conservative case (R, = 3 x 10'> cm, with a smaller pro-

genitor and less energy deposition). For L,(j(),g, we use the

same form integrated between Rys and Ry,. Also in this
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FIG. 6. Top: volume-integrated ALP emissivity for m, = 100 keV computed at 1s into the simulation from different production
channels for both cold and hot SN models. ALP production is enhanced in the hot model due to its higher temperature profile. The
coalescence contribution is zero for such small ALP masses and is therefore not shown. Bottom: volume-integrated ALP emissivity as a
function of ALP mass, for g,, = 107 MeV~!. For small ALP masses, the semi-Compton channel dominates the total emitted energy,
while at larger m,, electron-positron coalescence becomes the primary production mechanism.
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FIG. 7. Contours of the volume and energy integrated emissivity as a function of time and PNS radius for a coupling of
Jue = 107 MeV~!. The emissivity distribution closely traces the temperature evolution within the PNS. The white region corresponds
to a chemical potential below 10 MeV, which lies outside the grid range considered in this work.
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case, when the coupling becomes sufficiently large—at
which point LE,%())g and Lg&s have essentially vanished—we
use Eq. (102) to determine the luminosity, since a numeri-
cal treatment cannot correctly recover the flux from the near
cancellation of the ALPs entering and escaping the PNS.
The integrated energy deposited in the progenitor is
&, = [diL,, and the constraints from energy deposition
are obtained by requiring £, > 10°° erg for the aggressive
choice, corresponding to the radius R;, and £, > 10°! erg
for the conservative choice, corresponding to the radius R,.

C. Positrons from e* e~ decay

At relatively small couplings, most ALPs escape the
progenitor. Therefore, the most stringent constraints arise
from the secondary particles produced in their decays. In
this section, we consider the positron population generated
by ALPs decaying into e'e™ pairs after being produced in
CCSNe. The resulting signal arises from the cumulative
injection of positrons by all SNe occurring in the Galaxy
over time. For these constraints, it suffices to use the time-
integrated emissivity over the entire volume of the PNS,
which we express as

d&, dn,
dE, / aE,avar 14V Ea

The ALPs that decay in electron pairs outside the progen-
itor, with a rest-frame decay rate

(105)

2
28 Jm2 — 4m2,
8

(106)

Fa—>e+e’ =

inject a large amount of positrons, which lose energy
through different processes, thermalize, and subsequently
annihilate with ambient interstellar electrons at rest, pro-
duce a visible signal of a 511 keV line [67], which has been
measured with the spectrometer on INTEGRAL (SPI)
[68-72].

The possibility of constraining novel particles by requir-
ing the resulting 511 keV signal to not exceed the observed
data was first proposed in Ref. [73], incidentally a few
months before SN 1987A exploded (though it should be
noted that this bound depends on the explosion of all past
supernovae). Recently, this argument has been rediscovered
and applied to several models, including dark photons and
sterile neutrinos [24,46,47]. A fraction of the positrons
could annihilate before coming to rest, producing a
continuum signal at higher energies. This also leads to
comparable constraints on novel particles [74].

The total number of leptons produced in the decay of
ALPs outside of the progenitor can be written as

V.= [

(107)

dE, d5
E dE

Iﬁ¢1R2:|

a

where R, = 5 x 103 cm is the typical value of a type-II
SN progenitor radius; we notice in passing that the SN
1987A progenitor, Sanduleak-69 202, was much smaller.
For the couplings of interest, the vast majority of the ALPs
decay in close proximity to the SN, at distances negligible
compared to the Earh-SN separation. The factor 2 accounts
for the two leptons produced per each decaying ALP. Note
that in some studies, the bounds from the 511 keV line are
expressed in terms of the number of positrons alone.
Reference [46] finds NV, < 10 x 102 assuming a SN rate
of 2 events per century. Reference [75] suggests N+ <
1.6 x 103 by accounting for the angular information of the
signal, while Ref. [47] suggests NV,+ < 1.4 x 10°? discus-
sing the uncertainties due to, e.g., the smearing of the signal
and the SN rate. A recent analysis finds a bound of A/ ,+ <
1.8-3 x 10°% [74]. Following Ref. [47], we assume that
the amount of injected leptons must be smaller
than N/, < 2.8 x 1072,

D. Decay into gamma rays

While the dominant ALP decay channel is a — ete™,
there are still secondary decay channels which involve
gamma-ray production. These are phenomenologically
more relevant, because the gamma rays can be directly
observed at Earth.

1. Two-photon decay

The first channel is connected with the two-photon decay
a — yy via the loop-induced ALP-photon coupling. In the
mass range m, 2, 1 MeV, which is of interest here, the
matrix element for ¢ — yy has an imaginary part, corre-
sponding to the on-shell decay @ — e e~ with subsequent
pair annihilation eTe™ — yy. The effective ALP-photon
coupling in this range is

2
gy, = Moc || 1 2+ ilog my +/mi —4m?
v am, m my — \/m2 — 4m?> '

(108)

[\S)

QN

Note that the imaginary part here accounts for the
contribution from the annihilation of on-shell pairs pro-
duced from the same ALP. For sufficiently large cou-
plings, the decaying ALP population outside the SN
progenitor becomes high enough that annihilations can
also occur between on-shell pairs originating from differ-
ent ALPs. However, since decay bounds are most relevant
at relatively small couplings, we neglect this additional
contribution. A proper treatment of this effect would
require a nonequilibrium field-theoretic approach in the
ALP-electron-photon medium formed outside the SN
progenitor.
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The rest-frame decay rate due to a — yy is

R
1 " " 64n

(109)

For SN 1987A, the gamma rays produced in the ALP
decay, with typical energies E, ~ 100 MeV, should have
been observed by the Solar Maximum Mission (SMM). At
the time of SN 1987A, this reported observations up to a
maximum exposure time #,,,,, = 223.2 s. Therefore, we can
set constraints by requiring that the total gamma-ray
fluence within this time interval at Earth were lower than
the upper bounds set by SMM. The gamma-ray fluence is
obtained in Appendix D, integrated over the photon
frequency range between 25-100 MeV where SMM placed
the upper bounds. Our constraints are therefore obtained
when the gamma-ray fluence in this energy band exceeds
1.84 cm™2 (using a SN-Earth distance of D = 51.2 kpc),
which is the upper bound set by SMM.

2. Photons from a — e* e~y decay

A second channel for gamma-ray production is the
decay a — eTe7y. Since this is a three-body decay, the
photon energy is not directly correlated with the emission
angle, requiring integration over this angle to determine
the photon fluence at Earth. We derive the energy and
angular distribution of photons from a single decay in
Appendix C and compute the total gamma-ray fluence
observed at Earth in Appendix D. Finally, we constrain the
ALP coupling by requiring the fluence to remain below
the limits set by SMM, as in the case of the two-
photon decay.

E. Fireball formation

If the ALP-electron coupling is sufficiently large, the
pairs and photons produced in ALP decays can reach
densities high enough to thermalize in the final state [33].
In the case of ALP-photon coupling, where this effect was
first identified, thermalization primarily occurs through pair
production followed by bremsstrahlung from the produced
pairs. However, in our case, pair production is not required
for thermalization, as the ALP decay itself directly gen-
erates electron-positron pairs. The only condition for
efficient thermalization is that the optical depth for brems-
strahlung within the resulting fireball exceeds unity.

If this condition is met, as shown in Ref. [20], ALP
couplings can still be constrained, but the relevant observ-
able is no longer the gamma-ray flux. Instead, the radiation
is reprocessed into x-rays in the sub-MeV region, making
the Pioneer Venus Orbiter (PVO) the key experiment for
setting constraints. Following Ref. [20], we identify the
parameter space where PVO provides the dominant con-
straints based on the condition

2N
Wo-ee—»eey > 1. (110)
Here
dE dg raRZ
E, dE (111)

is the total number of ALPs that decay outside of the
progenitor, with the factor 2 accounting for the two leptons
injected from each ALP decay. The radius r at which we
evaluate the number density is the average radius at which
photons appear outside of the progenitor

iy i
r=~R,+ N ‘. (112)
Finally, the bremsstrahlung cross section is
S i {10g< Ma ) +§]. (113)
m; 3m,e’E 4

Here, following the discussion in Ref. [20], we use Eq. (16)
of Ref. [31], where for the rest-frame temperature we use
T = m,/6. This is estimated using the fact that the average
energy of the leptons produced in the decay, in the rest
frame, is m,/2, and after thermalizing these leptons will
initially acquire a Maxwell-Boltzmann distribution, since
they are significantly underdense compared to their chemi-
cal equilibrium with vanishing chemical potential. y is the
Euler-Mascheroni constant.

F. Comprehensive constraints

Figure 8 presents the combined constraints derived from
all the arguments discussed above, shown separately for the
cold and hot models. The overall structure of the constraints
illustrates how different observables probe distinct regimes
of decay length.

For relatively short decay lengths and large couplings,
the strongest constraints arise from energy deposition
inside the star. While cooling bounds have historically
been a key consideration, they are generally weaker than
energy deposition constraints, as they depend on the
nonperturbative impact on the PNS rather than on the
exploding material and progenitor. The energy deposition
constraints exhibit a characteristic change in slope around
200 MeV, marking the transition from ballistic to diffusive
energy transport from the PNS to its surroundings, a
behavior explored in Ref. [64].

For large decay lengths and smaller couplings, the
dominant constraints come from the products of ALP
decay. Bounds based on the 511 keV line from annihilating
positrons and on the two-photon decay a — yy are gen-
erally less competitive, while the most stringent constraints
arise from the nonobservation of gamma rays from the
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FIG. 8. Collected SN constraints on ALP-electron coupling, for the cold model (left) and the hot model (right). We show in gray the beam
dump constraints from E137 [76] (as shown in Fig. 6 of Ref. [77]). We do not show constraints from Orsay [78] (as shown in Fig. 4 of
Ref. [77]), which are obtained for a scalar coupling. In color, we show the new constraints derived in this work. B = Bethe = 10! erg.

decay a — e'e”y. This channel, previously neglected,
uniformly provides the strongest constraints. In particular,
the lower edge of the bound is very weakly dependent on
the mass, something that we expect based on the arguments
in Appendix D. Here we also show that the g,, constraints

1/2 .
, a conclusion

from a — yy should weaken as g,, « m,
that we recover numerically.

The black-shaded fireball region should be understood as
the dominant constraint in that parameter space, as fireball
formation reprocesses gamma rays and positrons into
x-rays, making all other constraints (except energy depo-
sition) inapplicable in that region, which is instead
excluded by the nonobservation of x-rays with PVO. We
show constraints only for m, 2 1 MeV, as for lower masses
cosmological constraints are by far the dominant ones [44].
Additional astrophysical bounds from starburst galaxy
observations may also be relevant [79]. However, most
of these constraints—energy deposition, positrons, fireball,
and a — eTe"y—depend on decays into electrons and
positrons and thus disappear at lower masses. In contrast,
constraints from a — yy persist, scaling as g,, « m, 32 (see
Appendix D), while cooling constraints remain indepen-
dent of mass even at arbitrarily low m,,.

VII. DISCUSSION

We have provided a comprehensive analysis of ALP
production processes from electrons under conditions of
extreme density and temperature. At this stage, it is useful

to summarize our main improvements over previous
literature:

(1) We have systematically determined the contribution
from semi-Compton processes, which are often
considered subdominant due to the degeneracy of
the SN environment. Our results show that SN
conditions do not suppress semi-Compton produc-
tion relative to bremsstrahlung, making it the dom-
inant channel in relevant regions.

(i1)) We consistently account for medium-induced cor-
rections to the electron propagator. The plasmino
excitation can be neglected for ultrarelativistic
energies, which is always justified since a < 1.
However, this also implies that, to maintain the
correct level of precision, medium effects should
be omitted in the numerator of the electron
propagator rather than treated as an effective mass
term. Specifically, the propagator of an electron
with effective mass my, is not proportional to the
usual p+ my, factor, a common but incorrect
assumption in previous works. While this has little
quantitative impact—since the medium energy
scale remains small compared to the electrons’
kinetic energy—it is an overlooked concep-
tual issue.

For bremsstrahlung, we have reduced the four-
dimensional numerical integration for the emissivity
to a two-dimensional integral, significantly improv-
ing computational efficiency and enabling a more

(iii)
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complete determination of the emissivity across the
relevant parameter space.

(iv) We have identified the parameter range in which
commonly adopted approximations hold. The most
stringent requirement is the assumption of near-
massless photons, which allows us to neglect longi-
tudinal plasmon contributions and simplify the
kinematics. This assumption requires 7 > wp, or
equivalently 7 > /au. In regions of mild degen-
eracy, where semi-Compton production dominates
in SNe, this condition is satisfied, while in strongly
degenerate environments where bremsstrahlung
dominates, it may fail.

(v) We have identified systematic effects that introduce
uncertainties in the emissivity. The most significant
is the Landau-Pomeranchuk-Migdal (LPM) effect,
which leads to destructive interference in ALP
emission due to rapid Coulomb deflections of
radiating electrons. This effect is distinct from
multiple-scattering suppression relevant for ALP-
nucleon couplings. The LPM effect is notoriously
difficult to quantify beyond an order-of-magnitude
estimate, and while we do not attempt a detailed
treatment, we note that it could reduce the emissivity
by factors of order unity. No LPM suppression is
expected in the large-mass regime, where electron-
positron coalescence dominates.

(vi) Previous works have suggested that loop-induced
ALP-photon couplings might dominate ALP pro-
duction. We have shown that, when the correct
thermal masses are used for electrons in the loop,
the resulting emissivity is significantly suppressed
and remains subdominant compared to direct ALP-
electron interactions.

With these improvements, we have systematically deter-
mined the ALP emissivity across different production
channels over the full relevant range of temperature and
electron chemical potential. The resulting emissivity is
tabulated and made publicly available in the Github
repository [56], allowing for flexible application to differ-
ent SN models and exploration of model-dependent
systematics.

Finally, we have derived constraints on ALPs with m, 2
1 MeV from supernovae, a regime not excluded by
cosmological constraints. Our main findings are the follow-
ing: at low couplings, the strongest constraints come from
the decay channel a — e*e™y, which had not been pre-
viously considered in this context; at large couplings,
energy deposition provides the leading constraint. Other
observables—cooling bounds, positron signals, and
a — yy—exclude already constrained regions. A portion
of the parameter space leads to fireball formation, where
gamma rays and positrons are reprocessed through brems-
strahlung and pair annihilation. In this case, gamma-ray and

positron constraints do not apply, but the region is excluded
by the upper bounds on x-rays from PVO.

Note added. Recently, a preliminary revision of Ref. [80]
was presented in a talk [81]. The authors of this forth-
coming paper include semi-Compton production; however,
their estimate of ALP production over a broad mass range is
dominated by loop-induced processes, which we argue are
significantly suppressed by medium effects. Additionally,
the proper treatment of energy deposition constraints
requires our newly developed criterion [64], which sub-
stantially alters the resulting constraints. Finally, as in
previous literature, they do not include the ete™y decay
channel, which provides the strongest bounds in the small-
coupling regime.
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APPENDIX A: ANGULAR INTEGRALS

In this appendix, we introduce a collection of master
integrals over the solid angle for the direction n; of
integrand functions containing polynomial functions of
n; in the numerator and the denominator, which form the
basis of the analytical integration for the bremsstrahlung
emissivity. The results can be expressed entirely in terms of
two master integrals; denoting by a and b two generic
vectors, and by a = |a| and b = |b|, we have

O e LS BN

l+a-n, a 1—a

and
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dQQ
’(a’b>:/<1+a-nl><i+b-nl>

4
= il arccosh [

Vi—a-b)—(1-a)(1-b?)

(A2)

l1—a-b ]

V(1 =a*)(1 -5

When the two vectors a and b are aligned, the function /(a, b) can be expressed as a simple combination of functions ¢(a)
using the identity

/ < 49, _n(2)-4(3) _ (A3)

L) (14mm) 74

Clearly in order for the integrals not to be singular, we need a < 1 and b < 1, so the logarithms are well defined.

From these two integrals, a collection of progressively more complex integrals are easily constructed, which we will need
to express the full result of the bremsstrahlung angular integration. From the integral ¢(a), we can already define the
function

4o,
a—pn;-n, +yn;-ng)(5—pn; -, +yn;-ng)’

O(a.5;p,7) = / ( (A4)

such that

(AS)

Another identity that we can use is

[y ey~ an-a #G) ()] (A9

which allows us to introduce another function

. _ dglnl ' np,k
Ryila-0:p.7) = / (a=pn;-m, +yn;-n)(5—pn;-n, +yn;-ny) (A7)
given by
. oDy (ymy —ﬁnp) Yy —ﬂnp _ Yy —ﬁnp

and similarly R; These integrals contain denominators which are quadratic polynomials in n; - n,, and n; - n;; we can now
move one step further, and obtain the integrals containing denominators which are cubic polynomials. The key identity we
will use is

Q2 1
/ ! - A[ﬂ(%,b)—,u(ﬂ,b)]. (A9)
a-n a-n —_
(1+2) (1+22) (1 +b-my) 7 y
Through this identity, we can immediately introduce the function

e
/ (@=pn;-m, +yn;-n)(6—pn;-n, +yn;-n)(0—on;-ny)’

S(a.5,0:8.7.0) = (A10)
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which is given by

1 ymg—pn, ong ym=pmn,  ony
. _ 1 —— Lty s —r . All
S(a,8,0;p,y,0) P5ala—3) {a ( 5 T 0 p 7 (AL1)

Through repeated additions and subtractions, we can now obtain

danl sy
T 5,0, = , Al2
@.3.6:5.7.0) /(a—ﬁnz'np+7n1'nk)(5—ﬁnz'np+7n1'nk)(9—0n1'nk) (A12)
given by
HS 75’9; s /s - 75; 5
Ty(a.8,0;p,y,0) = (@.8.0:0.1 Z) Oa.5:/ y), (A13)
and
danl . np
T (a,6,0,6,y,0) = , Al4
p(.8.0:5.7.0) /(a—ﬂnz-np +yn;-n)(6—pn;-n, +yn; -0 )(0 —on; - ny) (AL4)
given by
S(a,8,0;p,y,0)(ac +6y) yQ(a,8;p,y) 1 [rmy—pn, on
T,(a,8,0;p,7,0) = o - —%1 Tp’_Tk . (A15)

Finally, to determine the bremsstrahlung emissivity, we will also need integrals in which the denominator is a quartic
polynomial of a special form; these integrals have the form

oy

P(a,6,0;p,y,0 =/ , (A16)
( ) (@—pn;-n, +yn;-ng)(5—pn;-n, +yn;-ng) (0 —on; -ny)?
and
danl sy
Fip(a,6,0,p,7,0) —/ = : (A17)
ko (@=pn;-m, +yn;-n)(6—pn;-n, +yn;-ng)(0—on,; - n)?

These integrals are easily obtained by the identity P(a, 8,6; .y, 6) = —0S(a. 8,0; B, v, 0)/00; F , are related by analogous
identities to T .

APPENDIX B: KERNELS FOR BREMSSTRAHLUNG EMISSIVITY

As explained in the main text, the bremsstrahlung emissivity reduces to a single numerical integral of three kernel
functions 7, Z,, and Z5. Here we provide explicit expressions for these kernels in terms of the elementary functions
introduced in Appendix A.

The simplest integral is 7

T,
7, = /dQ — . (B1)
1 "D} (¢ + k)
The denominator is composed of the factors D%, which does not depend on €, and
q*(q* + k) = (p* + P+ k* = 2pkx = 2pln; -m, + 2kin; - n;)
X (p* + 2+ K* 4+ k}, = 2pkx = 2pIn; - m, + 2kin; - ny), (B2)
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which clearly has the same form as the denominators of the integrals Q and R, ; introduced in Appendix A. The numerator
is a linear function of n; -n, and n; - ng, so it is easy to recognize a linear combination of these integrals in the form

ZIZ—

[Ip(m% = 2E%) + 2E pklx]Q + m2IpR,, + [2IEx p(Exx — k) — 2m%Ipx|R;

where the functions Q, R, and R, are all evaluated at
a=p>+ 1+ k> =2pkx, 6 = p* + I> + k* + k3 — 2 pkx,
B =2pl, and y = 2kl.

The next integral, in order of complexity, is Z3,

75
T, = / o :
’ D,Di¢* (g% + k3)

(B4)

in this case, the denominator D; is a linear polynomial in
n; - ng, so the integrals are recognized of the same form as
the functions § and 7', ; from Appendix A. By matching
the coefficients in the numerator, we can write

~ m2lpS + Ip(m% — 2E3)T, + 2lpk*xT,

Iy = , (BS
3 m%—ZEPEk—i—Zpkx (B3)

where the functions S, T, and T are all evaluated at
a=p>+ P +k*=2pkx, § = p* + > + k* + k3 — 2pkx,
0 = m2 + 2E\Ey, f = 2pl, y = 2kl, and ¢ = 2lk (notice
that in the denominator we must keep the nonvanishing
electron thermal mass, and therefore @ depends on Ej, not
on /).

Finally, for 7,

7,

T :/dQ 2 B6
? 'DIP (4 + kD) (BS)

Since D; now appears squared, the integral can now be
reduced to a combination as 75 for the integrals P and Fy ,,

T, = 2plEx(Ey + kx) — plm2]P — m,zllpFI,

(m2 — 2E,Ey + 2pkx)?

, (B3)

[

APPENDIX C: DECAY CHANNELS FOR
HEAVY ALPS

ALPs with masses larger than m, 2 1 MeV can decay to
electrons. Their signatures, however, depend dramatically
on their decay channel. The decay to electrons a — ete™ is
the primary channel; however, decays of the form a —
eTe~y or a — yy, even if subdominant, can be relevant for
their gamma-ray signatures, since the pure electron-posi-
tron decay may not produce a visible signature in all cases.
In this section we explicitly obtain the decay rates for all
these processes, so as to compare them.

Assuming an interaction Lagrangian

. 1 =
‘Cint = _lgaeeysea - ZgayFﬂpFﬂya’ (Cl)

the decay rate for ¢ — ete™ in the ALP rest frame is

92

__ Jae 2 2

Fa—>e+e‘ - \/ my — 4me
8

where m, is the electron mass. The decay rate for a — yy is

(C2)

|gay P

Voor =64z

(C3)

In this work, we assume that the ALP does not couple to
the photon at high energy scales, and only consider the
loop-induced ALP-photon coupling in Eq. (108).

Finally, let us determine the photon spectrum produced in
the decay a — e™e~y. We denote the four-momenta of the
photon, the electron, and the positron, as k*, p*, and ¢*
respectively. In the ALP rest frame, let us denote by k' and p’
the spatial momenta of the photon and electron respectively;
for the positron, q' = —k’ — p’. We will consider m, > m,,

— 2pkl(Ey + kx)Fy. (B7) 5o that Ip’| ~ |q’| > m,, although we will later need to
consider the corrections due to the electron masses. The
number of decays per unit time in the ALP rest frame is then

|
dN 1 a*p’ dq a’k’

(27)*6™ (p + g + k= P)| M|?, (C4)

dar ~ 2m, / (27)22|p'| (27)32|q'| (27)32[K/|

where P is the four-vector of the ALP at rest. After integrating the delta functions, we finally obtain

dN 1

dkdf ~ 64nm,

17/
/ Tdp'|MP,

pr
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where for convenience we denote by k' = |k’| and
p' = |p’|- The photon distribution in the lab frame can
be obtained by performing the appropriate Lorentz boost;
since the photon direction is isotropically distributed, if we
denote by x = cos 0y p the cosine of the angle between the
ALP and the photon direction, we then find

dN m? dN
dkdxdt  2E2(1 — v,x) dk'dt’ |y _kzat-vad

(Co)

where E, is the ALP energy in the laboratory frame, and v,,
its velocity. The integral over p’ must be performed over the
kinematically allowed range; to the lowest nonvanishing
order in m,, this implies

p/_ :ﬂ—k/——mg(ma_k? s
2 mg,(m, — 2k")
2 !
’ mg me<ma_k)
= C7
Py = T iy (my, — 2K) (€7)

Since k' ~m,, these expressions are valid for m, > m,,
which is the regime to which we are going to stick. This
procedure allows US to express the photon spectrum in a
three-body process independently of the specifics of the
emission process itself, so it applies, e.g., to a dark photon
decaying to eTey.

The matrix element, squared and summed over spins and
polarizations of the final-state particles, is

T, T, 27,
IM? = dragl, | = + = ,
“|D; D D,D,

(C8)

where D, =2p -k and D, = 2q - k, so we have explicitly
separated the contributions from the two Feynman dia-
grams and their interference. The trace terms are

T, =82(p+k)-q(p+k)-p—(p+k?p-ql
Tr,=82(q+k)-qlqg+k)-p—(q+k)?*p-ql

T3=16(p+k)-q(q+k)-p. (C9)

We finally reach the final expression, in which we must
keep the lowest-order corrections due to m, in the denom-
inator in order to regularize the enhancement for very soft
particles emitted,

m, —2p’ 2p' + 2k —m,

IM|? = 167ag?
“ 2p’—|—2k’—ma—|—%§ ma—2p’—r:7§

8p'(p" + k' —m,)
(ma -2p —'Z—,E) (2p/ + 2k —m, + ";73)
(C10)

The corrections due to m, in the denominator are
important only when p’ is very close to the values that
would otherwise make it vanish, i.e., p’ = m,/2 — k' in the
first denominator and p’ = m,/2 in the second denomi-
nator; therefore, we may approximately replace this expres-
sion by

2p' +2k' —m,
2m?2
m,

m,—2p'

|IM|? = 167ag?, g

2p 4+ 2k —m, + T

ma_zp/_
8p'(p' +K' —m,)
;) 2m? / / 2m?2
ma—2p o 2p +2k—ma+m
(C11)

The expression can be simplified by isolating the terms
that would be logarithmically divergent in the limit
m, — 0, obtaining

|M|2 = 1671.6{9?16 |: 2K 2 2K 2
2p + 2k —m, + mi'fikl m,—2p’ —zmi
n 2m,(m, —2k") ] ‘
(2p’ + 2k —m, + mfz%k/) <ma -2p —%)
(C12)

The integral in Eq. (C5) can now be expressed in terms of
two elementary integrals which are in fact identical to

lowest order in m2,

1= / . dp’ _ /m dp
Pl 2p/+2k/—ma+% o ma_zp/_%

my,—2k' m,
1 mg,(m, — 2k")
= 5log [7;”% :| s (C13)
so that
dN  ag? mg(m, —2k') my(m, —2k')
_ ae a\Mg 2% a\Mg )
akdr ~ amim, ( m?2 R
(C14)

This expression is of course not rigorously valid when
m, — 2k’ ~ m2/m,, when the energy available for electrons
and positrons is much smaller than m, and therefore the
assumption p’ > m, breaks down. However, this is only a
very narrow portion of the energy interval. Instead, for
k' — 0, the production rate diverges as kK’~!, which corre-
sponds to the well-known soft divergence for emission of
massless photons. We finally find the photon production
rate in the lab frame as
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dE,dxdt 87?E,E}(1 — v,x)* o8 m?

9

dN aga.\my — 2E,E,m2(1 — v,x) + 2E2E%(1 — vax)z]l mj —2E,E,(1 — v,x) olm — 2E,E, (1 — v,x)
a m,

(C15)

where for massless photons we have replaced k = E,, and we have explicitly introduced the kinematic condition nz, > 2k’

through a Heaviside theta.
For comparison, the photon production rate due to the loop-induced two-photon decay is

dN 2Fa—>yyma 2Ey - mg/Ea Ea(l + Ua) Ea(l - ya)
= ol x — (C] -E, |®O|E, ——= Cl6
dE,dxdi  Elv, (x 2E,0, 2 v ) 2 ) (C16)

where the factor 2 comes from the two photons emitted, and we have explicitly marked with the Heaviside theta functions
the range in which E, is comprised. Therefore, we get

dN ga, Mg 2E, —m2/E, E,(1+v,) E,(1-uv,)
= §lx == o= Y _E |O(E, - =4 "2, C17
dE,dxdt  32nE2v, * 2E,v, 2 Y Y 2 (C17)

Since this is a two-body decay, rather than a three-body one, there is a one-to-one relation between the energy of the photon
and its emission angle.

APPENDIX D: DECAY PHOTONS FROM ALPS

The photons observed at Earth have a specific time and angular structure, which we now determine. Our main simplifying
assumptions will be (i) ALPs decay sufficiently far away from the protoneutron star that they can be considered radial;
(i1) ALPs decay over a length scale much shorter than the distance between the supernova and Earth, which implies that the
photons detected at Earth come essentially from the direction of the SN; (iii) the duration of the photon signal observed at
Earth is much longer than the time over which the ALPs are emitted, so that their emission can be considered instantaneous.

Because of the assumption (i), we can write the kinetic equation for the photon distribution f, = dN,/dVdx, where
x = cos @ is the cosine of the angle between the photon and the radial direction, as

of, of, 1-x*df, dN r,m,r] 1 dN r
Jry W Hry 22 Vv | g e _aa ' _§lt——+D], D1
ot L or + ro ox / “dE, xp Pa | 4nrtv, dE,dxdt vy, + (b1)

where dN, /dE,dxdt is the photon distribution produced in the decay obtained in Appendix C, dN,/dE, is the differential
number of ALPs emitted by the SN over the entire duration of the event, and I', is the total decay rate (in the ALP rest
frame) for an ALP with energy E,. Here, because of assumption (iii), all the ALPs are produced at a fixed instant ¢, = —D,
where D is the Earth-SN distance (so we measure times with # = 0 coinciding with the detection of the neutrino burst at
Earth). This equation can be integrated to provide the photon distribution function at Earth,

fy= [ [ A AN, 4V,
! ¢ -1 4ﬂ'7‘1)a 1—x2 1—x’2 dEa dE}/dxldt

r,m,rv1—x? rv1—x? ,
Xexp(—ﬁ)é[l‘—r}c—ﬁ(l—Uax)+D . (D2)

Here X’ is the cosine of the angle between the photon and the radial direction at the position of the decay, so it coincides with
the angle between the ALP and photon direction at decay. Because of assumption (ii), the distribution function at Earth will
be strongly peaked around x~1; we may therefore integrate this equation over x to obtain the photon flux
d®,/dE, = [ f,dx. We need to evaluate the resulting expression at Earth, i.e., at = D. The integration over the delta
function imposes the condition

V1 —x? v,
14 = = ;
dec /—1 vz 1 — Uax/

(D3)
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notice that ry.. coincides with the radius at which the ALP decay.

/

@ _ / dE, / i dx / dN, dN},/ exp [_ L m,t : ] : (D4)
dE, 4nr>(1 —v,x') dE, dE,dx'dt E (1 —v,x)

when expressed in terms of the angle between the ALP and the photon direction in the rest frame, this expression coincides
with the result obtained in Ref. [1]. To proceed further, we can now integrate over the relevant exposure time of the
experiment. The Solar Maximum Mission (SMM) reported observations up to a maximum exposure time f,,,x = 223.2 s.
On the other hand, there is a minimum exposure time, due to the fact that if the ALP decays within the SN progenitor its
produced photons are unobservable; therefore, the minimum exposure time is determined from the condition ry,. > R, =
3 x 10'2 c¢m (this is the same R, which served as an upper bound on the decay position for the energy deposition bounds).
Therefore, the photon fluence dF,/dE, = f dtd®,/dE, that must be compared with the experimental upper bounds is

df]/ / dE / dx’' Ea dNa dNy ex FumaRZ ex Iﬂa”natmax
_— = X _—— —_— B ——— T .
dE, a 47r°Tym, dE, dE,dx'dr |~ " Y PATE (1= v

(D5)

We notice that the result obtained here is different from the =~ asymptotic behavior. For low couplings, such that the

one reported in Ref. [6], in which the request that the ALP
decays outside of the progenitor mantle was factorized
compared to the probability of producing a photon within
the time window of exposure of the experiments. Instead,
the above reasoning makes it clear that the two requests
hang together, since the position at which the ALP decays
is directly connected with the time at which the resulting
photons are observed from Eq. (D3).

For the a — e™e™y, the photon spectrum must finally be
obtained using the complete two-dimensional distribution
in Eq. (C15). In order to interpret the numerical results for
the constraints, it is useful to understand the expected
|

dN agwa,,1

typical delay is comparable with 7.,,,, we can expand
the exponential

dF, ¢ dN, dN
7 — dE d ! max a V4 . D6
dE, / a / Y 422 (1 — vx') dE, dE, d¥'dt (Do)

From Eq. (C15), we see that the order of magnitude of the
numerator is approximately the same as the last term in the
square brackets, since the largest kinematically allowed
values of E,E, (1 — v,x) ~ mj. Therefore, the distribution
dN /dE,dxdt becomes approximately

dE,dxdt  4n’E,

m2 —2E,E, (1 —v,x 2EE, (1 —v,x
fioraif,, 2B =

- : (D7)

this is only a very coarse approximation, that we do not use for practical purposes, but it serves to highlight conceptually the
scalings of the resulting emission. From this approximate form we gather that the photon fluence at Earth from eTe™y is
essentially independent of the ALP mass, except for logarithmic terms; therefore, the corresponding constraints on g,, are
nearly independent of the mass m,,.

For the two-photon decay a — yy, we can proceed one step further and integrate the angle x" analytically using the delta
function in Eq. (C17), obtaining

dF 2m  dN r,m,R 2E,T tax mM2r
— = / dE, gzy 5 ¢ lexp _ 1T _ exp | — LN Oty — =222 ). (D8)
dE, iy 1287“r-I",p, dE, DPa m, 2E,E,v,

Also here we expect that, for the lowest couplings that can be constrained, the exponential can be expanded to give

(dfy> _ /dE JayMaEytyax dN,,
a—yy

—* . D9
dE, 64n’r’p, dE, (D9)
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Hence, the emissivity grows in proportion to ggymggie; since for m, > 2m, we have g,, « g,,, we naturally expect the

constraints to follow the scaling g,, ma_]/ %, At masses m, < 2m,, the relation between g,, and g, is different from that
used in the main text,

= Mae 1y _ 4mf arcsin? ( - | | ~ — ae mlzlz . (D10)
zm, p 2m, am, 12m;

Yay

Hence, in this case, the emissivity grows in proportion to g, m$, so that the bounds scale as g,, m;3/ 2. while we do
recover this scaling numerically, we do not show results in this region of parameter space which is, in any event, excluded

by cosmology [44].
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