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We investigate the pion gravitational form factors (GFFs) at intermediate and large momentum transfer
within the framework of QCD factorization. Our analysis centers on the non-Abelian TJJ correlator, which
couples the local QCD energy-momentum tensor to two external gluon fields and explicitly encodes the
perturbative effects of the trace anomaly. We demonstrate how this quantum anomaly induces a scalar,
dilatonlike contribution to the hard-scattering kernel. To ensure field-theoretic consistency, a careful
separation of the quark and gluon sectors is performed, accounting for the modifications introduced by
gauge-fixing terms and Slavnov-Taylor identities on the off-shell gluonic structure. To obtain realistic
phenomenological predictions and regulate soft-gluon endpoint divergences in the hard kernel, we
implement the Sudakov resummation framework coupled with a Gaussian model for the pion’s transverse-
momentum-dependent wave function. We show that the resulting anomaly-induced corrections signifi-
cantly modify the behavior of the pion GFFs at large momentum transfer, leaving a unique imprint on the

trace sector and the D-term.
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I. INTRODUCTION

Gravitational form factors (GFFs) provide a fundamental
characterization of hadron structure, encoding the distributions
of energy, momentum, pressure, shear forces, and angular
momentum carried by quarks and gluons inside hadrons.
Although they are defined through matrix elements of the
QCD energy-momentum tensor (EMT) and therefore do not
correspond to direct gravitational probes, they furnish one of
the most comprehensive field-theoretic descriptions of the
internal dynamics of hadrons. In particular, they offer access to
the mechanical structure of strongly interacting bound states,
complementing the information obtained from electromag-
netic and axial form factors and extending the partonic
description of hadrons beyond charge and spin observables.

Experimentally, GFFs can be accessed through hard
exclusive scattering processes. A primary channel in this
context is deeply virtual Compton scattering (DVCS), in
which a high-energy electron scatters off a hadron by
exchanging a highly virtual photon that subsequently
converts into a real photon,
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Over the past decade, the central role of GFFs in elucidat-
ing hadron structure has motivated an extensive experi-
mental program. First extractions of the proton quark [1]
and gluon [2] GFFs have been achieved through DVCS
measurements and exclusive J/y photoproduction, respec-
tively. In comparison, the determination of pion GFFs
remains more challenging, although initial phenomeno-
logical constraints on the pion quark GFFs have been
obtained from high-precision data collected at the Belle
experiment at KEK (Tsukuba, Japan) [3-5]. Significant
progress is expected in the near future from ongoing and
planned experimental programs, including the upgraded
12 GeV Jefferson Lab [6,7] and the forthcoming Electron-
Ion Collider [8], which will substantially extend the
kinematic reach and precision of DVCS and related
exclusive measurements. These developments provide
strong motivation for refined theoretical analyses of
GFFs, especially in the hard-scattering regime where
QCD factorization and symmetry-based methods can be
applied systematically. In this context, related neutral-
current processes can also be investigated and further
enlarge the phenomenological reach of the framework [9].

Perturbative studies of hadronic GFFs at large momen-
tum transfer have also been developed directly within QCD
factorization. In particular, the gluon GFFs of the pion and
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the nucleon were analyzed in [10], and a broader pertur-
bative calculation of GFFs at large momentum transfer was
presented in [11]. These works provide useful benchmarks
for the large-Q? behavior of quark and gluon contributions
and form part of the theoretical background for the
factorized treatment considered below.

DVCS occupies a special position in the kinematic
landscape of strong-interaction processes. At moderate
momentum transfer, it interpolates between a soft regime,
where descriptions based on QCD sum rules are applicable
and the reaction is largely governed by the Feynman
mechanism, namely by the overlap of initial- and final-
state hadronic wave functions [12], and a genuinely hard
regime at larger virtualities, where factorization theorems
isolate short-distance kernels from long-distance hadronic
matrix elements. This dual character makes DVCS an
especially powerful probe of hadron structure across differ-
ent distance scales, allowing one to connect nonperturba-
tive physics with perturbatively calculable amplitudes in a
controlled manner.

A systematic and model-independent connection
between DVCS observables and EMT form factors is
provided by generalized parton distributions (GPDs)
[13—19]. GPDs parametrize nonforward light-cone matrix
elements of quark and gluon operators and thus interpolate
between ordinary parton distributions and elastic form
factors. Their Mellin moments encode local operator matrix
elements, among which the EMT plays a central role. In the
nucleon case, the second Mellin moments of the unpolar-
ized GPDs H*(x, ¢, t) and E“(x, &, 1) are directly related to
the EMT form factors A“(¢), B*(t), and D“(t),

/ L dxeH (x, £, 1) = A%(2) + ED(1),

1

(1.2)

/_ LB (x, £.1) = BAr) = 2D9(r). (1.3)

1

Here ¢ = ¢* denotes the invariant momentum transfer and &
is the longitudinal momentum asymmetry, or skewness,
parameter. Physically, the GPDs H and E describe the
amplitude for removing from the nucleon a parton carrying
a light-cone momentum fraction x — & of the average
nucleon momentum P and reinserting it with fraction
x + &, while the hadron absorbs the momentum transfer
q. Through their Mellin moments, GPDs therefore provide
direct access to the GFFs and to the internal mechanical and
angular-momentum structure of hadrons.

While much of the phenomenological discussion of
GFFs has been developed in terms of GPDs and related
exclusive observables, the perturbative analysis of EMT
matrix elements at large momentum transfer raises a more
specific field-theoretic question: how the EMT couples to
colored constituents in QCD in the hard regime. This
problem naturally leads to the study of the non-Abelian

TJJ correlator, which governs the coupling of the EMT to
two gauge currents, or equivalently to two external gluon
fields in the background-field formulation. The importance
of this correlator is twofold. First, it controls the short-
distance structure entering hard exclusive amplitudes in
which the EMT couples to partonic constituents. Second, it
encodes the quantum breaking of scale invariance through
the trace anomaly and thus provides the perturbative origin
of anomaly-mediated contributions.

In the conformal limit, the trace of the EMT vanishes at
the classical level in massless QCD, but acquires a non-
vanishing expectation value after renormalization, propor-
tional to the QCD beta function. In momentum space this
effect is captured by a specific form factor whose spectral
density satisfies a nontrivial sum rule. In suitable kinematic
limits, and in particular for massless quarks, this structure
reduces to an effective pole contribution that can be
interpreted as the exchange of a scalar state induced by
the anomaly. This effective scalar exchange, often
described as dilatonlike, provides a natural bridge between
the perturbative description of the trace anomaly and the
factorized treatment of hadronic GFFs.

A systematic analysis of this mechanism requires a
tensor decomposition of the non-Abelian 7JJ correlator
into transverse-traceless, longitudinal, and trace sectors.
While analogous decompositions are standard in conformal
field theory, their implementation in gauge theories is more
subtle because gauge fixing and BRST symmetry modify
the off-shell structure of the correlator. As a consequence,
the quark and gluon sectors must be treated separately at
one loop. The quark contribution is structurally close to the
Abelian case and obeys ordinary vector Ward identities on
the external gluon lines. The gluon sector, by contrast, is
constrained by Slavnov-Taylor identities and contains
additional local terms that are absent in a purely conformal
treatment. The anomaly emerges only after these distinct
sectors are combined consistently.

In this work, we investigate the role of these anomaly-
induced contributions in the perturbative description of the
pion GFFs at large momentum transfer. Specifically, we
embed the non-Abelian 7'JJ correlator, which corrects, at
one-loop level, the vertex coupling of the local energy-
momentum tensor to two external gluons, into the standard
hard-scattering framework for exclusive hadronic processes.
By factorizing the pion EMT matrix elements into a
convolution of nonperturbative pion distribution amplitudes
(DAs) and perturbatively calculable hard-scattering kernels,
we isolate the dynamical effects of the trace anomaly. This
approach allows us to explicitly track how the anomaly-
induced, dilatonlike effective scalar exchange propagates
into the physical form factors in the asymptotic, large-Q?
regime. In this sense, the present analysis provides a con-
crete realization, in the pion case, of the general field-
theoretic framework developed in [20], establishing a direct
link between a fundamental field-theoretic anomaly and
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observable mechanical properties of a pseudo-Goldstone
boson. The remainder of this paper is structured as follows.

In Sec. II, we define the kinematics of the hard exclusive
process and review the definition of the pion GFFs A,(7)
and D,(t). After a brief review in Sec. III of the QCD
energy-momentum tensor, Sec. IV is dedicated to the field-
theoretic structure of the off-shell non-Abelian 7'JJ corre-
lator at one-loop order; here, we detail the separation
between the quark and gluon loop contributions and
highlight how gauge-fixing terms and Slavnov-Taylor
identities affect the longitudinal and trace sectors. In
Sec. V, we compute the hard-scattering kernels, explicitly
incorporating the 7JJ anomaly vertex into the pion’s
partonic subprocesses. In Sec. VI, we analyze the
Sudakov resummation framework for the pion form factor
at large momentum transfer. This resummation is essential
to handle the soft-gluon divergences that arise in the
endpoint regions of the pion DAs, providing a reliable
and stable perturbative expansion by incorporating trans-
verse-momentum effects. In Sec. VII, we introduce a
concrete phenomenological model for the pion wave
function based on a Gaussian distribution in transverse
momentum. This specific ansatz allows us to construct a
realistic nonperturbative input and establish a complete
phenomenological framework to quantify our anomaly-
induced corrections and evaluate their numerical impact on
the GFFs. Finally, in Sec. VIII, we present the analysis of
our results, discussing the numerical impact of the trace
anomaly on the Q? evolution of the pion form factors. The
paper also includes three appendixes. Appendix A collects
the Feynman rules and vertex expressions employed in the
diagrammatic evaluation of the amplitudes. Appendix B
provides the explicit form factors of the off-shell non-
Abelian TJJ correlator in the transverse-traceless sector,
including the full dependence on the loop integral coef-
ficients for both the quark and gluon contributions.
Appendix C contains the complete hard-scattering kernel
expressions in impact-parameter space, covering both the
tree-level contributions and the corrections induced by the
TJJ insertion for each GFF.

We find that the trace anomaly introduces a distinct
behavior in the trace sector of the form factors, which
significantly alters the behavior of the pion D-term at large
momentum transfer compared to purely traditional,
anomaly-free hard-scattering predictions. In particular,
the effective scalar exchange induced by the anomaly
leaves a unique imprint on the internal pressure and shear
force distributions within the pion, demonstrating that
quantum scale violation plays an indispensable structural
role even in the deeply perturbative, high-energy domain.

II. THE PION FORM FACTOR IN THE LIMIT
OF LARGE MOMENTUM TRANSFER

A systematic and controlled description of hadronic form
factors within QCD becomes possible in the asymptotic

regime of large spacelike momentum transfer,

0% = —¢*> - o, g" = Py — Pf, (2.1)
where short-distance dynamics dominates and long-
distance nonperturbative effects can be factorized into
universal hadronic quantities. In this regime, the interaction
resolves the hadron at partonic distances of order 1/Q,
allowing for a perturbative treatment of the hard scattering
subprocess.

As a prototypical example, we consider the GFFs of the
pion, defined through the matrix element of the QCD
energy-momentum tensor 7+,

(n(Py)|T"|z(P,)) = 2P*P A" (g%)

1
+=(q"q" — ¢ ¢*) D" (q?).

: (2.2)

where

P+ P

P
2

(2.3)

and A”(¢*) and D”(g*) encode, respectively, the momen-
tum and mechanical (pressure and shear) distributions
inside the pion.

To make the scaling properties manifest, it is convenient
to work in the Breit frame, where the momentum transfer is
purely spatial. Neglecting the pion mass in the large-Q?
limit, one may choose the kinematics

2 2 2 2
q" =(0,0,0,0), (2.4)
so that P? = P3 ~0. Introducing light-cone vectors,
W= (1,0,0,-1), @ =-—(1,0,0,1),
V2 2

nr=n%=0, n-n=1, (2.5)
the external momenta can be written as

P = %nﬂ, pr =L (2.6)

making explicit the collinear nature of the incoming and
outgoing states.

In this frame, the pion is probed in a highly boosted
configuration, and its dominant Fock component consists
of a collinear quark-antiquark pair carrying longitudinal
momentum fractions of order unity. Denoting by k;, k,
(k}, k) the parton momenta in the initial (final) state, one
has the scaling behavior
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MmaPl K, K~aPieky, 27)

with

a;~0O(1), |k, | < Q. (2.8)
The transverse momenta remain of order Agcp and are
therefore power suppressed in the hard scattering
subprocess.

This hierarchy of scales underlies the factorization of the
matrix element into a short-distance kernel and universal
nonperturbative DAs. At asymptotically large Q2, higher
Fock components involving additional soft gluons or sea
quarks are suppressed by powers of Agcp/Q, and the
dominant contribution arises from the valence quark-
antiquark configuration.

Physically, the insertion of the energy-momentum tensor
corresponds to a localized interaction occurring over a time
scale At~ 1/Q. During this short interval, the partons
behave as quasifree and collinear, and the graviton probes a
frozen configuration of the pion. This justifies the use of
perturbative QCD for the hard subprocess, while the long-
distance structure is encoded in the pion DA.

Within this framework, the GFF can be computed using
the hard-scattering mechanism. The momentum transfer
injected by the graviton must be redistributed among the
constituents through the exchange of a hard gluon carrying
virtuality of order Q2 ensuring the recombination of the
partons into the final pion state. This mechanism is directly
analogous to the perturbative treatment of the electromag-
netic form factor, with the crucial difference that the
energy-momentum tensor probes the full energy flow
inside the hadron.

Neglecting transverse momenta at leading power, one
adopts the collinear approximation

k1:a1P17 kllz(_llpz, k2:a2P1, k’2=5z2P2, (29)
with &; = 1 — a;. The pion states can then be expanded in
terms of valence Fock components as

|z(Py)) = Al doy (o) |u(ey Py)d(@, Py)),  (2.10)

(x(P)] = / dasd () (ulanP)d(@Py)). (2.11)

The light-cone momentum fractions a; , € [0, 1] label the
momentum carried by the quark in each pion DA. where
¢, (a) is the leading-twist pion DA, normalized as

jgldaiﬂ@ﬁ =1. (2.12)

The matrix element can then be expressed, within
collinear factorization, as a convolution of the DAs with
a perturbatively calculable hard kernel,

P2 2
(P n(Pr)) = [y [ da()
x T4 (a1, o, Q) pr(ar). (2.13)

At leading order in a,(Q), the hard kernel 7% is
determined by the tree-level diagrams involving a single
hard gluon exchange. The perturbative expansion is con-
trolled by the running coupling evaluated at the scale Q,
which is small in the asymptotic regime.

The explicit computation proceeds by inserting the QCD
interaction vertices and performing Wick contractions of
quark and gluon fields. The resulting amplitude can be
reduced to a set of tensor structures consistent with Lorentz
symmetry,

T = F\P"P} + F,P4PY + F3P'PY + F,P P} + Fsg,
(2.14)

where the scalar functions F;(a;, a,, Q%) are obtained from
the evaluation of the diagrams.

Matching this decomposition onto Eq. (2.2) allows one
to extract the GFFs as convolution integrals over the pion
DA,

An(flz) = Al da, /)1 daza)n(al)A(al,az,Qz)(}n(az)v
(2.15)

D (¢?) = / ' da, / ' day (o) Dlar. . 02)iy ().
(2.16)

where A and D are determined by appropriate linear
combinations of the F;.

This result establishes the leading-power factorization of
the pion GFFs at large momentum transfer, showing
explicitly that their asymptotic behavior is governed by
short-distance QCD dynamics convoluted with universal
nonperturbative DAs.

To compute the hadronic matrix element, we insert the
energy-momentum tensor and the gluon exchanges at
second order in g,; therefore

w _ / d4xd4y<7f(P2)|T{i9sﬁ(x)Aa<x)%au(x)

ﬂ.b

< P Oig A G d0) Piapr)). (217
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where 7#(0) is the local energy-momentum tensor inser-
tion point, and the gluon fields mediate the hard scattering
between quarks.

To proceed with the evaluation of the hadronic matrix
element, we perform Wick contractions of the gluon and
quark fields. As for the u-quark fields appearing in the
matrix element involving the energy-momentum tensor
T#, there are two types of contractions corresponding to
the two hard-scattering diagrams involving

(07 {urts(x)(0) }|0), (2.18)

(0T {uh(0) i} (x)}0). (2.19)

corresponding respectively to diagrams in Fig. 1, and
similarly for the d quark. We can insert the valence
Fock states of the pion in the collinear approximation,
using (2.10), and evaluating matrix elements of field
operators on the pion state, we obtain

fzr ! i 7
= Z/ daye™ P (ay)(Prys) .
0

(2.20)

(Old, (y)u,(0)|(Py))

T
m
<

T
P T E T = P— T E —Pp—
THY

P

™ #

P T E T = e T E T =—
T

TH

FIG. 1.

T
TH

Diagrams of the hard scattering contribution to the pion GFF corresponding to the order O(«).
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TH

\4

P P T T

T

FIG. 2. Soft-overlap contribution diagrams to the pion form factor. The left panel shows the lowest-order contribution, while the right

panel shows one of the diagrams contributing to the O(

(m(Py)|a;(x)d,,(y)|0) = fr:/ dayei®PrxtiaPryg

4 Jo
X ((XZ)(PZyS)im’

where f, is the pion decay constant.

These expressions originate from the Fourier transform
of the light-cone expansion of quark fields, with momenta
a;P; and @;P;, and reproduce the correct Dirac structure for
a pseudoscalar meson. Higher-order terms in y* are
neglected because the typical distance between quarks is
O(1/Q) at large Q.

These results allow us to carry out the full diagrammatic
calculation of the GFFs A"(g?) and D"(q*) within the
collinear factorization framework at the tree level. The
evaluation of the diagrams in Figs. 1 and 2 are straight-
forward once the previously introduced identities are
employed. In momentum space, the result can be

expressed as
'2C 2 1 1 »
s vl Rl X )
Nc  Jo 0

x () K% (a1, a2) ().

(2.21)

(m(P)[T" | (P))

(2.22)

with Cr = (N2 —1)/(2N¢). The kernel K%’(a;, ;) can
be decomposed in terms of form factors as

K& (a1, @) = F\P{P; + Fy Py Py + F3Py Py

+ FyPYPS + Fsg (2.23)
with
200 — 1) — 1
Fy=F, =g 00D =at S (224)
(a) = Day(a, = g
200 — 1) — 1
Fy=F, =2 0o 1) -+ 5 (225
(a; = Day(ay = 1ang
200 — 1) — 1
FS _ al( s ) ar + (226)

(a = Day(a = Nay

ay) correction.

The direct computation of the form factors F; immedi-
ately reveals the symmetry under the exchange y <> v as
well as P; <> P,, which is associated with the conditions

Fl :F2 F3:F4<(Xl (—)(12). (227)
It also reveals that in the limit of large momentum transfer
(Q? > m2), which corresponds to the chiral (massless
pion) limit, the calculation exhibits explicit gauge invari-
ance at the amplitude level. In this regime, the unphysical
gauge-dependent terms proportional to the longitudinal
components of the gauge propagators are naturally can-
celed out. This tree-level gauge independence ensures a
robust baseline for the factorization framework before
radiative corrections are taken into account.

Finally, the relations connecting the form factors F; with
the GFFs A, and D, are

ZC 2 - ~
ae =T [y [ o) 1+ o)),
(2.28)

2cC
p,=-L2Cr / da / dats(ay) 2¢ﬂ(a2> (2.29)

One important question concerns the convergence of
the factorization formula already at leading order. In
performing the integrals over the DAs in the full interval
0 <aj, <1, we tacitly assume that, at the endpoint
a; — 1, the function ¢,(a) vanishes at least linearly in
a = 1 — a, ensuring the finiteness of the integrals. In fact,
the DA at finite factorization scale can be written as a
Gegenbauer expansion,

belaw) = 6al1=a) 1+ 3 a et 2a-1)|

n=24,...
(2.30)
with the Gegenbauer moments
a (1) >“
a,(u) =a,(u , 2.31
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where the anomalous dimensions y,, are

n+1

1 2
w=Cp|-3+4)Y ——F—""——|. 2.32
ro=Cr| 25 wrnera) P

The running coupling
4n
() = —— (2.33)
ﬁO log AZ
QCD

with the QCD scale Agcp = 0.25 GeV and the QCD beta
function at one-loop level

- IICA 2]1] , (234)
3
where Cy = N¢ = 3 and n; is the number of active quark
flavors. Equation (2.33) is evaluated at the largest hard
scale in the convolution, and reduces to
P (a) = 6a(1 — a), (2.35)
at asymptotically large scales. Therefore, the convergence
of the integral in Eqs (2.28) and (2.29) is straightforward.
However, if we include power-suppressed corrections,
for example effects of order O(k | /Q?) that were neglected
in the collinear approximation, we encounter divergent
integrals in the factorization approach. To regularize these
divergences, various extensions to the factorization frame-
work have been proposed, such as incorporating the
transverse-momentum dependence of the pion DAs
|

1
Ty = —tuwLocp = Fji, FL’ ¢ ¢

= : aza - = : aqa - : aza ~a nyab .b ~a nyab .b
_U/(av+lgsAvt )7ﬂl//+l//7u(aﬂ_lgsAut )W_U/(au+lgsAﬂt )7,}//] +a}lc Dv ¢ +(3UC Dﬂ c.

In the classical massless limit the gauge-invariant part of
the tensor is conserved and traceless, up to equations of
motion and gauge-fixing terms. Renormalization breaks
this Weyl invariance. In physical matrix elements the
massless trace is governed by the gauge-invariant anomaly
term

Blgy)

T —
F2g,

FgaFapg +Z(1 +7/m)mfl/_/fl//f
7

+ BRST-exact and equation-of-motion terms.  (3.6)
Thus, in the chiral limit, the conformal breaking relevant
for the pion hard kernel is controlled by the QCD beta
function. In the form-factor calculation below the non-
Abelian TJJ correlator is used as a one-loop stress-tensor

&ﬂ((x> - gﬁﬂ(a’ kJ_) (236)

III. ENERGY-MOMENTUM TENSOR
AND CONFORMAL PROPERTIES

The stress-tensor operator is defined by varying the
gauge-fixed QCD action with respect to the metric,

2 8Sqcep

N2t G.1)

T (x) =

g=n

Equivalently, in the weak-field expansion g, = 1, + kh,,,
K

Sacoll =Socolrl=5 [ dtah, ()T(x) + O(). (32

In flat space we use

1 = _
Locp = =3 FpoF ™7 + 507" Dyy — mipy
1

2% (af’Ag)2 + aPE“ngc”, (3.3)
with
Fi, = 0,A% — 0,A% + g, f*P°ALAL,
Db cb = 0,¢" + g, frPAGCP. (3.4)

The explicit Hilbert tensor entering the perturbative 7°JJ
vertex is then

i —

1 - ; aa
N (A30°AG) + £ [A10,(07A7) + Ao, (0" AD)] + 7 [wru( 0, — ig, A1)

(3.5)

insertion in the two-gluon hard subgraph (see Fig. 3). The
quark, gluon and ghost loop sectors combine into a

T

FIG. 3. TJJ contribution to the GFF of the pion.
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renormalized off-shell TJJ vertex; its trace part contains
precisely the beta-function coefficient that is later projected
onto the pion GFFs.

IV. TENSOR-SECTOR DECOMPOSITION
OF THE NON-ABELIAN 7JJ CORRELATOR

The second ingredient is the sector decomposition of the
off-shell TJJ vertex. We separate the correlator into
transverse-traceless, longitudinal, or semilocal, and trace
sectors, treating the quark and gluon loop contributions
separately before combining them in the renormalized
result. This is the minimal organization needed for the
subsequent matching onto the pion form factors.

The general form of the non-Abelian (7JJ) correlator in
d dimensions can be constructed through a decomposition
into transverse, longitudinal, and trace terms [21], exploit-
ing its symmetries. The perturbative QCD correlator con-
tains additional longitudinal terms with respect to the
abstract conformal field theory (CFT) solution of [22].
These terms are tied to gauge fixing, BRST invariance, and
the Slavnov-Taylor identities, and they vanish or reduce in
the appropriate on-shell limits.

We consider the decomposition of the operators 7" and J
in terms of their transverse-traceless part and longitudinal
(local) one. Following [21] we define

TH¥i(p;) = 1" (p;) + foe (D) (4.1)
JHi(p;) = j¥ (pi) + Jree (Pi)s (4.2)
where
#¥ (pi) =T (p) TP (p;),
fae (D) = i (p) TP (py), (4.3)
J* i (pi) = ma(pi) T (py),
Hi
i pi pia[ a.a;
]105 (pi) =——5—J« ’(Pi)~ (4'4)

p?

Having introduced the transverse-traceless (IT), transverse
(7), longitudinal (X) projectors, given respectively by

2 — g _ PPa

Pa (4.5)

SHv @ 25(‘4 Hi) _ Pig, St (d _ 2) p?ip?i
aif; pZ @ Pi (d— 1) 2
ﬂﬂi”i(pi) Vi

jzﬂivi(l}:i)
Sup. = T0  pis +
( / 1) a,f; . P

6,5
+ pi (d—l) a;fi

(4.7)

with

1 Pa Puly
= — 2pba — —)fey
y;wa(p) ]72 |: P (uOv)a d—1 (5pu+ (d ) P2 >:|

and

(p)éaﬁ'
(4.9)

1
6/4((15/3)I/ = HﬂV(lﬁ(p) + y’w((l(p)pﬁ) * ﬁ”yu

Turning to the TJJ case, we can divide the three-point
function into two parts: the transverse-traceless part and
the semilocal part (indicated by subscript loc) expressible
through the transverse and trace Ward identities. These
parts are obtained by using the projectors Il and X,
previously defined. We can then decompose the full
three-point function as

(T g by = (g o joPy 4 (T Jac ol o (Tm e goP)
ao » -bf »
(e Jea oy — (Tm e Py (g jac bPY

loc

= (thoeT“Jite) + {fhoeistee)- (4.10)
In a CFT approach, all the terms on the right-hand side of
the decomposition, apart from the first one, may be
computed by means of transverse and trace Ward identities,
with the anomaly induced by the renormalization of the
theory by a single counterterm, proportional to the square
of the field strength (F?).

A. The decomposition of the correlator
in the quark sector

Using the projectors Il and z one can write the most
general form of the transverse-traceless part as

(#(q)j*(p1)J (p2))y = Wits, (@)7, (p1)7),

x (py)Xattiahi (4.11)

where X471119%1 s a general tensor of rank four built out of

the metric and momenta. We can enumerate all possible
tensors that can appear in X¢?111%/1 while preserving the
symmetry of the correlator
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(#(9)j (1) (P2)) g = T, 7ol s (A P Y P gPt + AL 6P pht pit 4 AL e it g
+ AV (p) & py)ebiph pit 4 AL b g (4.12)

with the reconstruction taking the form [21]

(Ty, (@)% (P1) 5% (P2)) g = (b0, (@)1 (P1) 7% (P2)) g + 27 1, (@) 81 P2 (T2 (P1) TP (= 1))
1

i (O (PP (=p2)g] s, (DA, 4.13)
where 7, , . is defined in (4.8) and (JJ), is the two-point function of the gluon with a virtual quark, namely
2
<J(m(171)]/}b(—l71)>q = gnfW}Bo(mz)mzé“bﬂaﬁ(m), (4-14)

where B (p?) is the standard scalar two-point Passarino-Veltman function in dimensional regularization. The transverse
Ward identities are

G (T 0, (@) (p1)TH55 (P2)) g = 28] o (T2 (1) T (= 1))y + 28] P1ag (T 2 (P2) T (=p2))gr  (4.15)

p1ﬂ2< /411/1( )Jﬂzﬂz(pl)Jﬂzas(p2>> Ov (416)

while the anomalous trace Ward identity is given by

g
1677

2
(T(q)J*%(p1)J*% (p,)), = AP® = ~37e2 WO (pr pa). (4.17)

where u stands for the second derivative of the field strength squared F2 which in momentum space is

u?(py, p2) = (p1 - p2)g™ — psp. (4.18)

The form factors of the transverse part of the correlator can be explicitly defined as

0 j=1,234 (4.19)

where the label (q) refers to the contribution from a single quark loop in the perturbative expansion; a direct
computation gives

=(q)ab n .51117
AY’) = (P2 _f o1 ) [A1g + A11Bo(p?) + ABo(p3) + Ai3Bo(4%) + AuCo(pi. p3. 42)].
ab

7 (g)ab 0 @ , 4@p (2 @p (2 @p (2 @Wp 2 2 o
A — A+ ASVB(p?) + A By (p3) + A Bo(4%) + ASY Co(p2, P3. ¢2)].

2 144(p%p%_(p1p2)2)3[ 20 21 0( 1 22 Po\F2 23 20 24 “O\F1> P2 }
A - (AL Bo(p%) + A Bo(p3) + AW Bo(?) + AL Co(p3. p3. 47

72(pips = (p1- p2)?)? ;

5 (q)ab 5 (q) (q) 2 (q) 2 (9) 2 (q) 2 .2 .2
Ay = 55 A0 + Ay’ Bo(py) + Ay Bo(py) + A3 Bo(q) + Ay Co(pis p347))- (4.20)

72(pips — (p1 - p2)?)
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The expressions of the A;; are given in Appendix B, while B. The decomposition of the correlator
Co(p?, p3,q*) is the massless three-point scalar integral in the gluon sector
whose explicit expression is given in Eq. (C24). The The one-loop decomposition of the gluon sector follows

explicit formulas of A an be isolated from the  (4.10), but its final expression is modified compared to

i L L
general expressions for A;; in Appendix B by selecting (4.13), which is affected by new trace contributions not
the n-dependent terms in A;;. present in the quark sector. This sector provides a con-

tribution of the form
|

(T (q)J(p )T (p2)), = (#(q)J*(P1)J* (P2)), + (#(q)Ji% (1)1 (P2))y + (1 () (P1) v (P2)),
+2.780(q) (8], P2 (T (P1)I" (= p1))y + 2 P10y (P (p2)J*(=p2))],

+ v (q)[A%PP 1 BaPer. (4.21)

d—1

There are additional local terms of the form

(*(q)j*(p1)jre(p2)), (4.22)

which are not part of the transverse-traceless sector, but appear in the longitudinal sector of the decomposition. These terms
are not set to zero by the Slavnov-Taylor identities, as in the quark sector, or in the general conformal solution. At the same
time, the trace sector is modified by the presence of extra terms which are proportional to the equations of motion of the

gluons, here indicated as Bzﬂ “which are absent in the on-shell decomposition. Defining

2
(g)ab 9s  <(g)ab .
A = — AT =1,2..4 4.23
! 16722 ! (423)

their explicit expressions are given by

—(g)ab Cp5%

Agg) = _48(p%p% _A(pl )2 ) [A1o + A11Bo(p1) + A1aBo(p3) + Ai3Bo(q%) + A14Co(pi, P3. 7)),
ab

7 (g)ab 4 @ A0 p (2 @Dp (12 @Dp (2 D (2 2 2
Ay == [Ayy + A5 Bo(p1) + Ay Bo(p3) + Ayy Bo(q”) + Azy Co(p1s p3.47)]s

2 144(p%p%_ (pl .p2)2)3 20 21 PO\ 22 PO\F2 23 20 24 “O\F1> 2
AP = O AU B(p?) + AYB(p3) + AL Bo(a?) + AL Colh. 3. 47

72(pip5 = (p1 - p2)*)’?

A(!J)ab _ 54 [A(g) +A("’)B ( 2) +A(Q)B ( 2) —i—A(")B ( 2)—|—A(g)C ( 2 2 2 4.4

4 40 41 PolP] 42 bo\P3 43 Do\d 44 Co\P1> P2, 4 )]7 ( . )

72(pip3 — (p1- p2)*)?

where the functions AE.'J(.’) are extracted from Appendix B by selecting the part of the A;; proportional to the Casimir C. The

new longitudinal terms (4.22) take the form

B
. . P2, P2 [ 1y a
() j*(p1)jre(p2)), = Tty (9)72, (p1) z L2 (BSP ph pY p i+ BSP pl ply 8T (4.25)
2

which is orthogonal to the trace sector. Notice that these local contributions vanish when the gluons are on-shell. The
B;,i =1, 2 are given by

L Cag26° p?

b 6dn?p3(pins — (p1 - p2)?)?
— [2(p1 - p2)* + PIp3 4+ 3P3p1 - P2JBo(p3) + [4(p1 - p2)* +2pip3 + 3(pT + P3)p1 - P2lBo(q?)
+ (1 - P2)* +24%(p1 - P2)*1Co(PT. P3. 4%) — 2(p1 - p2)* — 2p1D3). (4.26)

(—=2(p1 - p2)* + pip3 +3pip1 - P2lBo(pT)
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ab _ Cags5* pi

> 3222 p3(pini - (p1 - p2)?)
— P53 p2Bo(p3) + (P3+ p1 - P2)Bo(4?)
+[P2p% + Pi(p1 - P2)ICo(P}. P3. 4%)).

5 (=p1 - P2Bo(pY)

(4.27)

The trace sector is also affected by terms that vanish for

on-shell gluons, indicated as Bgﬂ ”h, as well as the genuine

apab

anomaly term A4;""". Defining

b
B = [C{"pip! + C5 piph + C§ Pips

the trace sector is characterized by the anomaly contribu-
tions from the gluon sector A, plus the B, terms propor-
tional to the equations of motion of the gluons

AP 1 BPY = g, (T#(q)J“(p1) I (py)),  (4.29)

with the gluon contribution to the anomaly given by

apab 11 g%

CA(Sabuaﬂ<plﬂ P2>

and u® defined in (4.18). The form factors proportional to

a a /} 'ap Sq
+ C4bP2P2 + Csl 5] (4.28) the equations of motion in (4.28) take the form
|
CP=-— CAg%ézb < (2(p1 - p2)* = 2p1p} — pi(p1 - P2 + P3)Bo(p}) + [P3(P} — P1 - P2)
327°((p1 - p2)* = Pip3)
=2(p1 - p2)*1Bo(P3) + (p1 - P2)(2p1 - P2+ PT + P3)Bo(q?) + [2(p1 - p2)*(p1 - p2)?
— p3(4(p1 - p2)* + p1) + 5p1PilCo(pt. P3. 47)). (4.31)
g2
Ccsb = -2C, @5“”(191 - p2)Co(P1. P3.47). (4.32)
2 2 2\ sab
9sCa(py + p3)0d
Cab:_ _ . _ZB 2 _ . _2B 2 2B 2 2 . _22
5 B2 = oy ) ((=p1 - p2 = P1)Bo(P1) + (=(p1 - P2) = P2)Bo(p3) + 4”Bo(q°) + (p1(p1 - P2 —2p3)

+ (p1 - p2)(A(p1 - p2) + P3))Co(pi. P3.4%))

GFCagis™
327*((p1 - p2)* — Pip3

ab __
P’ =

(4.33)

) ((P}(P3—p1-P2) —2(p1 - P2)*)Bo(P}) — P3(p1 - P2+ P1)Bo(P3) + (P1 - P2)a*Bo(q?)

+ [=p1(4(p1 - p2)* + P3) +2(p1- P2+ P3)(P1 - p2)* +5p1P3]Co(PT. P3. 47)), (4.34)
2
a 9s a
Ceb = 352 G0 "((p1 = P3)[Bo(pT) — Bo(p3)] + [P1 + P3 — 2(pT + P3)p1 - P2 — 613 Co(pT. P3.47)).  (4.35)

V. THE CONTRIBUTION OF THE 7JJ AND OF
THE TRACE ANOMALY IN THE HARD KERNEL

In this section we discuss the insertion of the non-
Abelian TJJ correlator into the hard-scattering factoriza-
tion formula for the pion GFFs, with particular emphasis on
the relation between the off-shell trace sector of the
correlator and the anomaly-induced contribution to the
scalar gravitational structure of the pion. We also clarify
the scaling of the various terms entering the hard kernel, the
role of the two-point functions generated by the loop
expansion, and the behavior of the convolution integrals
with the pion DA ¢, ().

A. Factorization structure and notation

Working in momentum space and in the hard regime

q*=-0°, 0% > AéCD, m2, (5.1)
the correction to the tree-level calculation in Eq. (2.22) of
the matrix element of the energy-momentum tensor
between pion states in the collinear factorization framework

due to the 7JJ insertion is given by

if7Crg; [1 Lo ) p
7NF / da]/ daz¢n(al)K};"Jl(a]vaZ’Q)‘pn(aZ)'
c 0 0

(5.2)
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Here K’ is the perturbative hard kernel obtained by
inserting the correlator 7JJ at leading nontrivial order in
the strong coupling. The light-cone momentum fractions
a;, €[0, 1] label the momentum carried by the quark in
each pion DA.

We decompose the kernel in the tensor basis constructed
from the pion momenta P, P, and the metric,

5
K (a1, 2. q) = ZF,'T”(%’%JI)T?D» (5.3)
i=l

following the same decomposition previously used for the
tree-level kernel in Eq. (2.23)

1
3(a = Day (@ — 1)apg?

1] — pTJJ
F] _F2 -

i =PI,
T = PP,

Ty = PiPY.
T = g,

The form-factor coefficients F77/ encode the full depend-
ence on the partonic fractions and the hard scale g°. In the
expressions below we keep the superscript 7JJ to empha-
size that these are the pieces originating from the non-
Abelian TJJ insertion, while the tree-level kernel pieces
will be denoted by F'*.

Y = PP,
(5.4)

B. Explicit form of the kernel coefficients
and their interpretation

From the perturbative calculation one obtains the follow-
ing compact form for the anomaly-induced pieces. For the
momentum-space form factors one finds

[¢*(4(6a s + (20, — 5)a; + 2a,> — 50, + 2)A; + 3(3a; + o, — 2)A3

+2(2a0p + ay + ap = 2)A) +4((8ay + 8, —4) T T [(az = 1) Py — (o) — 1)Py]

—4Q2a; + 20, = 3)J T Py — ay Py] 4 444 = Cs)],

2
3(a; = Day(a, — 1)arg

TJJ] __
FIV = —

+2(=2(Tay + ay = 6) T T [ay Py — ay Py] + 2(Tay + o = 2)(T T [(@y = 1)Py = (ay = 1)Py]) + Ay — Cs)],

FIV = FI7 (a; < ay, Py < Py),

and the scalar, trace-sector coefficient

1
3(“1 - 1)0‘1 (052 - 1)a2q2

TI] _ _
F5 =

+2(2(a) +ay =2)T T [(ar = 1)Py = (@) = 1)P1] = 2(ay + ar) T T [ Py — ay P] + Ay + 2Cs)].

The coefficient A is proportional to the one-loop QCD
trace-anomaly coefficient, and it can be written as

g

A= 1622

Po (5.9)

in terms of the leading coefficient of the QCD beta function
in Eq. (2.34). Its appearance in F!’/ signals that the
anomaly insertion reweights the trace structure and gen-
erates a contribution proportional to the running of the
coupling.

The remaining quantities A,, Az, A4, and Cs are scalar
coefficients originating from the loop integrals and from the
tensor reduction of the triangle and bubble diagrams

(5.5)
3 (4% (1312 + 20, By — 8) + (@ — 2)?)A; + (2105 + ) + ay — 2) A)
(5.6)
(5.7)
[4*(((2 = 2)* + af + (6@, — 4)ax)) Ay + 2((20, — 1)y — ay +2) A)
(5.8)

[

contributing to the 7.JJ correlator. They are finite functions
of the renormalization scale u and of the gluon momenta p;
and p,. Their relation to the pion external momenta is fixed
by the collinear kinematics,
P1=mPy— a1 Py, p2 =Py —a Py, (5.10)
with @; = 1 — ;. The coefficients A,, A3, A4, and Cs are
understood here as the scalar functions obtained from the
off-shell decomposition of the 7'JJ correlator after com-
bining the quark and gluon sectors.
The symbol 77 [p] denotes the scalar two-point func-
tion generated by the vacuum-polarization substructure of
the correlator. In the present normalization it reads
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JIp] L6

2

g5 (2 5
:—z(gnf_§CA>PZBO(P2)7 (5.11)
At large Euclidean momentum one has the expected
logarithmic behavior

_ 2

By(p?) ~In <#—€> -+ const., (5.12)

so that 77 [p] ~ g; p* In(—=p*/1¢*).

For the large-Q? analysis it is important to observe that
A, and A5 do not introduce additional parametric powers of
Q? beyond those displayed explicitly in Egs. (5.5)—(5.8),
whereas Ay, Cs, and J J[p] scale as Q?, but this growth is
compensated by the overall factor 1/¢® in the hard
coefficients. As a consequence, the anomaly-induced ker-
nel contributes at order 1/Q?, up to logarithmic corrections.

C. From the kernel to the GFFs A, and D,
Taking the trace of Eq. (2.2) gives

Gl (P2) T |x(P 1)) = 2P, (¢?) = 3¢°D, ()

2
2<m —%)Aﬂ(qz)—%qu (¢*),
(5.13)

where in the last equality we used P} = P3 = m2. In the
hard, chiral limit used in the factorized calculation,
g> = —0% and m2 < Q?, so

Gum(P)| T |(P)) = = - [Az(q%) + 3D4(4)]

AL(=0Q%) +3D,(-07)].
(5.14)

This relation makes explicit why the anomaly insertion is
naturally tied to the scalar projection of the pion matrix
element. Since the full QCD energy-momentum tensor is
conserved, no independent form factor multiplying ¢** is
needed in Eq. (2.2). Terms of this type may appear in
separated quark and gluon sectors, or in the off-shell
decomposition of the 7JJ correlator, but after imposing
the Ward or Slavnov-Taylor identities and matching onto
the on-shell pion matrix element they are absorbed into the
two conserved form factors A, and D,. In the present
leading-power matching the anomaly coefficient A enters
through the trace-sector coefficient F1//, and therefore
gives its most direct correction to D,.

For the numerical interpretation it is important to keep
the full 7.JJ insertion distinct from its beta-function part. In
the A, projection the term proportional to the anomaly

coefficient cancels, so the isolated anomaly does not
contribute to the momentum form factor. The full 7JJ
correction can nevertheless shift the leading Sudakov curve
downward at low Q2, because it also contains nonanom-
alous tensor structures. In the D, projection the anomaly
survives and gives an important scalar contribution. The
plotted TJJ term, however, is not the complete order—af
hard kernel; additional nonanomalous radiative terms may
still modify the comparison with the lattice data.

Using this decomposition, one projects onto the two pion
GFFs as

@ [
anla?) =T [V ey [ da )
C 0 0

% (Ftlree 4 FIT” 4 Ft3ree 4 F3T”)§7>ﬂ(az),

2C Ftree FTJJ
Sz ng/ dal/ dand (@) + 2(F5* +F5™)

X ¢ﬂ'(a2)'

(5.15)

Dy(q*) =
(5.16)

Here the F"*® denote the tree-level contributions of the hard
kernel, while the F7// encode the one-loop TJJ correc-
tions, including the anomaly-controlled trace sector of the
non-Abelian correlator.

These expressions make the role of the trace anomaly
particularly transparent. First, the D-term is directly sensi-
tive to the coefficient A, and therefore to the QCD beta-
function coefficient ;. This is natural, since the scalar part
of the matrix element probes the trace sector of the stress
tensor, whose anomalous contribution is proportional to
B(gs). The result is a correction to D, proportional to g2,
which distinguishes it from the nonanomalous contribu-
tions already present at tree level.

Second, the dependence on the two-point function
By(p?), appearing through JJ and implicitly in the
remaining scalar coefficients, generates the expected log-
arithmic dependence on the hard scale. After convolution
with the pion DA, these logarithms translate into scale-
dependent terms of the form In(Q?/u?), superimposed on
the overall 1/Q? suppression. The renormalization scale y
therefore enters both through the hard kernel and through
the evolution of the pion DA ¢, (a; u).

Finally, one must examine the endpoint behavior of the
convolution integrals. The denominators (a; — 1)a; appear-
ing in the coefficients suggest possible singularities as
a; — 0, 1. In practice, these are regulated by the pion DA,
which vanishes linearly at the endpoints. Therefore the
convolution integrals in Egs. (5.15) and (5.16) are finite at
leading twist. Only when one goes beyond the strict
collinear approximation, for instance by including trans-
verse-momentum effects or power-suppressed endpoint-
enhanced terms, does one expect a stronger sensitivity to
the endpoint region and the need for an extended factori-
zation framework.
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To verify the gauge independence of the physical pion
GFFs, let us examine the structure of the three-point
Green’s function embedded within the hard-scattering
kernel. The off-shell Slavnov-Taylor identities dictate that
all gauge-fixing-dependent modifications are strictly con-
fined to two isolated structures: the nonlocal longitudinal
sector Bg and the local operator sector denoted by
(" (q)j"*(py) jﬁ)ﬂc(pz». At the diagrammatic level, any
unphysical variation contributing to this Green’s function
yields structures that scale explicitly with the inverse gluon
propagators, and are thus proportional to the virtualities p?
and p3. In collinear kinematics, as stated previously,
these off-shell lines correspond to p} = —a;a, 0%, and
ps=—(1=a;)(1 —a,)Q? Crucially, every form factor

residing within the (#*(q)j**(p;) ]fo/i( p>)) sector is auto-
matically cancelled out upon algebraic contraction with the
valence quark projector of the pion state. The only
remaining contribution from this gauge-dependent sector
is the coefficient C5 which only appears in D,. It tracks the
remnant off-shell equations of motion and vanishes iden-
tically once the full phase-space integration over the hard
kernel is performed against the pion DAs. In other words,
while individual off-shell lines inside the unintegrated loop
parametrize gauge variations, the collinear projection
mapping acts as a natural gauge filter. Since these unphys-
ical terms vanish automatically upon convolution, complete
gauge independence is fully restored to the hard-scattering
kernel. This ensures that our final extraction of the D, form
factor safely isolates the physical contribution.

In summary, the insertion of the one-loop non-Abelian
TJJ correlator into the hard kernel generates a calculable
correction to the pion GFFs. Its trace sector is proportional
to the QCD beta function and therefore represents the
perturbative realization of the conformal anomaly inside the
hard-scattering description. After convolution with the pion
DA, this produces a contribution of order 1/ 0?, modulated
by logarithmic dependence on the hard scale.

VI. SUDAKOV CORRECTIONS AND
MODIFICATION OF THE PION WAVE FUNCTION

In the previous sections the factorized description of the
pion GFFs has been formulated in the collinear approxi-
mation, where the transverse momenta of the partons are
neglected and the nonperturbative dynamics is entirely
encoded in the DA ¢,(a). While this framework correctly
captures the leading-power structure at large momentum
transfer, it is well known that radiative corrections generate
large logarithms associated with soft and collinear gluon
emission. These logarithms must be resummed in order to
obtain a reliable description of the hard amplitude, and their
resummation leads to the emergence of Sudakov suppres-
sion factors.

The inclusion of Sudakov effects requires a refinement of
the factorization scheme, in which transverse degrees of

freedom (d.o.f.)are retained and the pion DA is promoted
from a purely collinear DA to a transverse-momentum-
dependent object. In this section we describe how Sudakov
resummation modifies the structure of the pion DA and
how it affects the convolution formula for the GFFs.

The perturbative corrections to the hard kernel involve
loop integrals in which virtual gluons become soft or
collinear with respect to the external partons. In these

regions the amplitude develops double logarithmic
enhancements of the form [23-26]
(0
agIn <—), (6.1)
ki

where k| is the transverse momentum of the parton inside
the pion. Such contributions arise from the overlap of soft
and collinear divergences and appear to all orders in
perturbation theory. In the collinear approximation these
logarithms are absent.

The resummation of these logarithms leads to an
exponential suppression factor, which damps the contribu-
tions from regions of phase space where soft-gluon
emission would otherwise enhance the amplitude. This
suppression plays a crucial role in regulating endpoint
configurations and ensuring the self-consistency of the
perturbative expansion.

To incorporate Sudakov effects, one introduces a trans-
verse-momentum-dependent (TMD) pion wave function

Y, (o, ko, p), (6.2)
which generalizes the collinear DA according to
Belap) = [ PhHfaki). (63)

It is convenient to work in impact-parameter space, defined
by the Fourier transform

Pk,

(27)?

where b is conjugate to k. In this representation, the
Sudakov factor exponentiates in a simple form.

The factorized expression for the matrix element (5.2) is
then modified into

lijlr (a7 b’ ,u) - / e_iEL'BI.P” (a’ kJJ //l), (64)

e [T [
(P ra(py) = T2 [V, [ day
C 0 0

X /dzb‘i’,,(al, b, u)

S Kl;y(alv a, b’ Q? ,Lt)

X {pﬂ(abb’ﬂ)? (65)
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where the hard kernel now depends explicitly on the
transverse separation b, and the convolution includes the
Sudakov suppression factor.

The resummation of soft and collinear logarithms leads
to a universal exponential factor modifying the wave
function,

¥ (a.b, Q. p) = exp [=S(a.b. Q. w)| ¥ (a. b, ),
where ‘?5,0) is a nonperturbative input function and
S(a, b, Q, p) is the Sudakov exponent.

At next-to-leading logarithmic accuracy, the Sudakov
exponent can be written as

(6.6)

S(a,b,Q,pu) = s(a, 0,b) +s(1 —a,Q,b)

2 / ;‘b"ﬂ—’f’yq<as<ﬂ'>>, (6.7)

where y, is the quark anomalous dimension and the
function s(a, @, b) resums the double logarithms,

s(@.0.0) = [ n(“2 )t ) + Bla )

/b W H
(6.8)

The coefficient A(«a,) is proportional to the cusp anomalous
dimension and controls the double logarithmic behavior,
while B(a,) encodes single logarithmic corrections. The
Sudakov suppression factor can be analytically computed
and expressed as

S(a,b,0,u) =s(a,0,b) + s(1 —a,Q,b)
1 log(t/Aqcep)

——log—— LD/ 6.9
b Oglog(l/bAQCD) (69)
with
_A“)A g AD /g AL
s0.0) = 55am(§) + 4 (3-1) 55, -D
A, [m(zl}) +1 _ In(29) + 1}
168 1 % q
AQ) A(1>1 e2r-1 | g
- (5)]6)
A A
- 32ﬁﬂ}>2 (In%(24) — In?(2b)) (6.10)
and
g=In (aQ/(\/EAQCD))v (6.11)
b =1n(1/bAgep)s (6.12)

t = max (Q\/a,a,, 1/b). (6.13)
The coefficients A®) and f; are
33 —2ny 153 — 19n;
=7 = 6.14
ﬁl 12 ) ﬁZ 24 ’ ( )
4 67 x> 10
AL =2 A =—__ "~ 1 1
3 g3 ki) (615)

where n; = 3 in this case is the number of quark flavors
and y is the Euler constant.

The exponential factor exp[—S] suppresses configura-
tions with large transverse separation b, corresponding to
soft gluon exchange and long-distance dynamics. As a
result, the dominant contribution to the convolution integral
comes from the perturbative region b < 1/Aqcp, where the
use of the hard kernel remains justified.

A. Impact on the anomaly-induced amplitude

The inclusion of Sudakov effects modifies the convolu-
tion structure of the anomaly-induced contributions. In
particular, the form factors F7// are now convoluted with
the Sudakov-suppressed wave functions rather than with
the purely collinear DA. Symbolically, one has

FiT“—>/dzb\ijn(%,b,Q’ﬂ)F,‘T“(ahO!z,q,b)

x W, (ay,b, 0. ). (6.16)

The most important consequence of this modification is the
suppression of endpoint regions a — 0, 1, where the
denominators in Egs. (5.5)—(5.8) would otherwise enhance
the integrand. The Sudakov factor therefore stabilizes the
perturbative expansion and reduces the sensitivity to non-
perturbative configurations.

Furthermore, the logarithmic dependence introduced by
the two-point function By(p?), which generates terms of
the form In(Q?/u?), is now consistently combined with the
Sudakov logarithms arising from soft-gluon resummation.
The resulting structure reflects the interplay between ultra-
violet renormalization, governed by the QCD beta function
and the anomaly coefficient 4, and infrared dynamics,
encoded in the Sudakov exponent.

The Sudakov suppression provides a dynamical mecha-
nism that enforces the dominance of short-distance con-
figurations in exclusive processes at large momentum
transfer. In the present context, it ensures that the
anomaly-induced contribution to the GFFs remains under
perturbative control, even in the presence of potentially
dangerous endpoint configurations.

At the same time, the modification of the pion wave
function reflects the fact that the hadronic structure probed
in the hard process is not purely collinear, but involves a
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nontrivial interplay between longitudinal momentum frac-
tions and transverse spatial distributions. The Sudakov
factor effectively reshapes the wave function, suppressing
large transverse separations and enhancing the contribution
from compact configurations.

In summary, the inclusion of Sudakov corrections leads
to a consistent extension of the factorization framework in
which both perturbative and nonperturbative effects are
properly organized. This refinement is essential for a
quantitatively reliable description of the anomaly-induced
contributions to the pion GFFs at large but finite momen-
tum transfer.

VII. A PHENOMENOLOGICAL MODEL FOR THE
SUDAKOV-IMPROVED PION WAVE FUNCTION
AND ITS IMPACT ON THE ANOMALY
CONTRIBUTION

In order to make the Sudakov-resummation-improved
factorization formula operational, one needs a concrete
model for the pion wave function in transverse coordinate
space. The purpose of this section is to introduce a simple
but widely used phenomenological parametrization, to
combine it with the Sudakov exponential, and to show
how the anomaly-induced contribution to the pion GFFs is
modified once the transverse d.o.f. are taken into account
explicitly. The discussion also makes clear how the
endpoint suppression induced by Sudakov resummation
stabilizes the convolution integrals that define the hard
amplitude.

The starting point is the transverse-momentum-depen-
dent pion wave function W,(a, k,u), whose Fourier
transform to impact-parameter space has been introduced
in Eq. (6.4). A natural phenomenological ansatz consists in
factorizing the longitudinal and transverse dependence of
the nonperturbative input at a low scale yq,

W (@ ko) = bl po)Zelaks). (7.0)
where ¢, (a,pg) is the usual leading-twist DA and X,
describes the intrinsic transverse momentum profile [27-33]
A commonly adopted Gaussian form is
2 k3 + m?

Ziaks) = e |-p i (02)
where /3, is a hadronic size parameter and m, is an effective
constituent-like quark mass introduced to regulate the infra-
red behavior of the model. The normalization is chosen so that

2

/ Pk, S, (ak,) = exp {—ﬂﬁﬁ]. (7.3)

When m, — 0, the transverse profile integrates to unity,
and the collinear DA is recovered directly from the

transverse-momentum-dependent wave function. For finite
m,, the exponential factor produces an additional suppression
near the endpoints, which is phenomenologically useful in the
modeling of exclusive amplitudes.

Passing to impact-parameter space, the Fourier transform
of Eq. (7.2) gives

a(l—a)b?
Aps

- m?

2. (a,b) =exp [_‘B’%a(l —qa)} exp {— }, (7.4)
up to the conventional overall normalization associated
with the definition of the Fourier transform. The corre-
sponding pion wave function in b-space may then be
written as

2

P (o, b, o) = il ct, o) exp {—ﬁi ﬁ]

a(l - a)bz]

X exp [—— .

The Sudakov-improved wave function is obtained by
multiplying this nonperturbative input by the resummed
exponential factor introduced in Eq. (6.6),

¥ (a.b, Q. p1) = exp [=S(a b, Q. )] ¥ (a, b, pg).  (7.6)

Substituting Eq. (7.5) into Eq. (7.6), one finds the explicit
form

P, (a.b,0.p) = e, o) exp [-S(a.b. Q. )]

X exp {—ﬂ,z, a(lm—é a)] exp [—

a(l—a)b?
457 ]
(7.7)

This expression makes the structure of the improved wave
function transparent. The first exponential in Eq. (7.7) is
perturbative and universal, encoding the resummation of
soft and collinear logarithms. The second and third expo-
nentials represent the intrinsic nonperturbative transverse
structure of the pion. Their combined effect is to suppress
both large transverse separations and endpoint regions, thus
improving the convergence of the hard convolution.

The DA entering Eq. (7.7) may itself be modelled at the
input scale y by a truncated Gegenbauer expansion keeping
only the first nontrivial term,

belap) = ba(l — @)1 + a(W)CY*2a—1)],  (7.8)
which already captures the main departure from the
asymptotic shape and is sufficient for a first numerical
analysis. The Gegenbauer moment a,(u) is given by
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amo:@wwf“”)¥5 (79)

A (,Llo )

and the running coupling is evaluated using Eq. (2.33) at
the largest hard scale in the convolution. The parameter
ar(pg) = 0.2 is chosen at the scale g = 1 GeV follow-
ing [34].

The hard amplitude for the pion GFFs is then rewritten as
a threefold convolution in the longitudinal fractions and in
the transverse separation,

e [, [
L R R
c 0 0

x /wznbdb‘i!,,(al,b,g,ﬂ)
0

X Kléy(al 7a2’ bv Qaﬂ)\i‘ﬂ(az’ bs Q’ﬂ)'
(7.10)

Here the hard kernel includes both the tree-level and the
anomaly-induced components,

K/;fy(al’ a, b’ Q? /’l) = K}Llrlée<a1’ A, bv Q7 ﬂ)

+Kl}3j(al’a29b’ Qaﬂ) (711)

The kernels appearing in Eq. (7.11) are obtained from the
corresponding momentum-space amplitudes through a
Fourier transformation with respect to the transverse
momentum exchanged by the hard gluon,

v dzk I v
Kﬁ'[ (alaaQa b’ Q’Iu) = /ﬁe_lkrb[{/; (ahaz’kTs Q,,u),
(7.12)

where b denotes the transverse separation between the
valence quarks in impact-parameter space. The same
definition applies separately to the tree-level and to the
TJJ contributions.

The transverse momentum dependence is retained exclu-
sively in the propagator of the exchanged gluon, while the
intrinsic transverse momenta carried by the external con-
stituent quarks are neglected in the quark propagators and
in the Dirac numerators. This approximation isolates the
dominant noncollinear contribution associated with the
exchanged hard gluon and allows the Fourier transform
to be performed analytically in terms of modified Bessel
functions.

The simplification becomes particularly important for
the anomaly-induced 7JJ contribution. Indeed, the inser-
tion generates nonlocal momentum structures and loga-
rithmic terms in the gluon virtuality, making the exact two-
dimensional Fourier transform analytically intractable if the
full transverse dependence of all propagators is retained.
Restricting the transverse dynamics to the exchanged

gluon propagator preserves the factorized structure of the
kernel and leads to a computable representation in impact-
parameter space. In this way, both the tree-level and the
anomaly-corrected amplitudes can be expressed in terms of
one-dimensional Bessel transforms, which are suitable for
stable numerical evaluation.

The explicit expressions of the tree-level kernel, the
modified propagator structure induced by the 7'JJ inser-
tion, and the corresponding impact-parameter-space ker-
nels are collected in Appendix C, together with a detailed
discussion of the approximations employed in the treatment
of the transverse momentum dependence.

Projecting again onto the two independent form factors,
one obtains the Sudakov-improved expressions

ZC 2 1 1
An(qz):fiﬂ ng/ dal/ day
Nc  Jo 0

X / 27bdb¥ (a1, b, Q, 1)

0
X [Ftlree + F{JJ + Ft}ree + F;"JJ]
X li,ﬂ'(a% b’ Q’ﬂ)’

2 1 1
D.(q*) = _M day day
Nc Jo 0
oo y 2(Fuee . gTJJ
x / 2bdb ¥, (@), b, @) 25 LIS
0 q

X ‘:I)I[(a2’ ba Q?M>9

(7.13)

(7.14)

where the F; now depend implicitly on b through the trans-
verse-momentum dependence retained in the hard scatter-
ing kernel, and are explicitly given in Appendix C. The
anomaly-induced correction to the D-term is therefore
given by

2C 2 1 1
pgen(q?) = =70 [y [ da
Nc  Jo 0

x /°° 21bdb¥,(ay, b, O, 1)
0

% 2F§jj(al7a27 bv qvﬂ)

q2

X W (a2. 0. Q. p).

(7.15)

At this stage it is useful to examine the effect of the
Sudakov improvement on the anomaly contribution. In the
purely collinear treatment, the form factor FI// contains
denominators proportional to

a (1 —ap)ar(l —ay), (7.16)
which enhance the integrand near the endpoints ; — 0, 1.
Although the asymptotic DA ¢*(a) = 6a(1 — a) already
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renders the convolution finite, the endpoint region may still
contribute significantly once logarithmic corrections and
nonasymptotic models are included. The Sudakov factor
cures this problem dynamically. Indeed, for small a or
1 — a, the exponent S(a, b, Q, u) grows, so that

exp[—S(a,b,Q,u)] = 0, a—0,1. (7.17)
This implies a strong suppression of the endpoint configu-
rations that would otherwise endanger the perturbative
stability of the result.

A second important effect concerns the b-integration.
Without Sudakov suppression, the convolution in
Eq. (7.10) would receive substantial contributions from
large b, corresponding to long-distance transverse separa-
tions where the perturbative hard kernel cannot be trusted.
The Sudakov exponent suppresses precisely this region,

exp[=S(a, b, Q,u)] = 0, b— oo, (7.18)
and therefore ensures that the dominant contribution arises
from a finite window of transverse separations. In this way
the improved factorization formula becomes internally
consistent: the nonperturbative information remains
encoded in the model wave function, while the hard kernel
is sampled mainly in the region where perturbation theory
is applicable.

For practical numerical applications, one needs to
specify the scales entering the Sudakov exponent. A
standard choice is to set the factorization and renormaliza-
tion scale to the largest perturbative scale in the problem,

! = max (,/a,azQ%), (7.19)

and to evaluate the running coupling () at this scale. The
Sudakov exponent is then written in terms of ¢, while the
DA is evolved from the input scale y to the same hard scale
by the usual ERBL evolution. In a first phenomenological
analysis, however, one may keep the evolution of ¢, fixed
at a representative scale and focus on the dominant effect of
the Sudakov exponential itself.

Within such a setup, the principal effect of the Sudakov
improvement on the anomaly-induced amplitude can be
summarized schematically as

D™ (Q?) = DFGH(Q*)Sp(0), (7.20)
where D% is the result obtained in the collinear approxi-
mation and Sp(Q?) is an effective suppression factor
generated by the b-space convolution with the Sudakov-
improved wave functions. Although S, (Q?) is not uni-
versal and depends on the chosen model parameters, it is
typically smaller than unity and decreases the relative
importance of the endpoint regions. In the A,(Q?)

projection the anomalous part cancels, while the full
TJJ insertion still affects the curve through its nonanom-
alous tensor components. The effect is more directly
controlled in the D-term and in the trace form factor
because the trace-sector coefficient F1’/ is sensitive to
the scalar and logarithmic pieces of the kernel.

The phenomenological parameters entering the model,
such as 3, m,, and the Gegenbauer moments a, (u), may
be fixed by comparison with other exclusive observables,
for instance the electromagnetic pion form factor or the
yy* — & transition form factor. Once these parameters are
chosen, the same Sudakov-improved wave function can be
used consistently in the computation of the GFFs. This
makes the framework predictive and allows one to assess
whether the anomaly-induced correction survives as a
numerically appreciable effect once the realistic suppres-
sion of long-distance configurations is taken into account.

In summary, the introduction of a phenomenological
b-space model for the pion wave function provides the
missing ingredient needed to turn the Sudakov-improved
factorization formula into a calculable scheme. The wave
function is modified in two essential ways: first, by the
intrinsic transverse Gaussian profile, which encodes
the finite transverse size of the pion, and second, by the
Sudakov exponent, which suppresses large transverse
separations and endpoint regions. When these effects are
incorporated into the convolution for D,(g?), the anomaly-
induced contribution remains present but is reshaped and
typically reduced relative to the purely collinear estimate.
This mechanism is essential for a realistic perturbative
analysis of the pion GFFs at finite momentum transfer.

VIII. NUMERICAL RESULTS

In this section we discuss the numerical behavior of the
pion GFFs obtained from the Sudakov-improved factori-
zation framework described above, including the contri-
bution generated by the non-Abelian 7'JJ insertion.

A crucial aspect of the numerical calculation concerns
the treatment of the impact-parameter integration. The
transverse separation b is restricted to the perturbative
region,

0<b<—

— Y ~

QCD

(8.1)

since larger transverse distances correspond to configura-
tions dominated by genuinely nonperturbative soft-gluon
dynamics. In practice, the Sudakov exponent suppresses
the integrand strongly as b approaches 1/Aqcp, leading to
a natural dynamical cutoff of the convolution integral. As
emphasized in Ref. [25], the perturbative contribution
becomes increasingly dominated by small transverse sep-
arations as the hard scale grows.

In the present analysis we implement this prescription
explicitly by truncating the numerical integration over b at
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1

L (8.2)
Aqep

bmax ~

which corresponds approximately to the onset of the
nonperturbative region. This cutoff is particularly important
for the stability of the anomaly-induced 7'JJ contribution.
Indeed, the 7'JJ insertion generates additional logarithmic
dependence on the gluon virtuality, enhancing the sensi-
tivity of the Fourier transform to large transverse separa-
tions. Without Sudakov suppression and the restriction to
the perturbative domain, the convolution would receive
sizable contributions from regions where the perturbative
treatment of the hard kernel is no longer reliable.

The numerical results for the two GFFs are shown in
Figs. 4 and 5, while the trace form factor is shown in Fig. 6,
where the leading-order Sudakov-improved perturbative
prediction is compared with the corresponding curves
including the isolated anomaly contribution and the full
TJJ insertion. The calculations are also compared with the
lattice-QCD determination of Hackett et al. in the low- and
intermediate-Q? region [35].

The resulting form factors exhibit a characteristic pro-
jection hierarchy. The momentum form factor A,(Q?)
receives only a moderate correction from the complete
TJJ insertion, while the isolated anomaly contribution
cancels in the leading-twist projection, consistently with
the tensor decomposition of the stress-tensor correlator.
The cancellation is straightforward from Eqgs (5.5) and
(5.6). Nevertheless, the nonanomalous tensor structures
contained in the full 7JJ kernel lower the leading-order
prediction at small momentum transfer, improving the
qualitative agreement with the lattice-QCD data.

Form Factor A,(t)

1.0 - Hackett et al.
— LO pQCD (Sudakov)
0.8l -- LO pQCD (Sudakov) + TJJ ]

Anl(t)

—t[GeV]

FIG. 4. Q%= —t. In the momentum form factor A, the
isolated anomaly cancels and does not generate a separate
contribution. The full 7JJ insertion nevertheless lowers the
leading Sudakov curve at small Q2, improving the local
overlap with the lattice data in the first kinematic window.
The curves are obtained for a,(uy) =02, po =1 GeV,
m, = 0.33 GeV, and 3, = 0.24 GeV~L.

Form Factor Dy(t)

Dr(t)

-o Hackett et al.

— LO pQCD (Sudakov)
-0.8+ -- LO pQCD (Sudakov) + Anomaly |
-- LO pQCD (Sudakov) + TJJ

0 5 10 15 20 25
-t[GeV]?

FIG. 5. In the D, form factor the anomaly gives an important
contribution. The displayed full 7JJ correction is more modest
and should not be read as the complete order—af hard kernel;
additional nonanomalous terms may improve the comparison
with the data. The curves are obtained for a,(pg) = 0.2,
#o =1 GeV, m, =0.33 GeV, and f, = 0.24 GeV~L.

A different behavior is observed for the D-term form
factor D,(Q?). In this channel the scalar structures asso-
ciated with the trace anomaly project much more effi-
ciently, producing a sizable correction already at moderate
values of Q2. This enhancement reflects the sensitivity of
the D-term to the internal stress distribution and to the
scalar sector of the energy-momentum tensor.

The clearest signal of the anomaly emerges in the trace
form factor,

0,(Q%) = g (x(P)|T"|x(P))). (8.3)

Trace Form Factor O(t)

0.0}

-0.2¢
b
5 -04
Q
S
5.
o 06
-+ Hackett et al .
-0.8}¢ — LO pQCD (Sudakov) 7
-- LO pQCD (Sudakov) + Anomaly el
-- LO pQCD (Sudakov) + TJJ
~1.0}
0 5 10 15 20 25

-t [GeV]?

FIG. 6. The trace form factor ®, is the channel in which the
anomaly is most significant: it dominates the 7JJ contribution at
both low and high momentum transfer. Treating the anomaly
as a constrained contribution in the hard part improves the
trace prediction and helps the interpretation of the D, form
factor. The curves are obtained for a,(uy) = 0.2, g = 1 GeV,
m, =033 GeV, and 8, = 0.24 GeV~".
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where the scalar projection directly selects the trace
component of the 7JJ correlator. In this case the
anomaly-induced contribution dominates the full 7°JJ
correction over the entire momentum-transfer region con-
sidered in the analysis. This behavior confirms that the
trace form factor is the most direct observable sensitive to
the beta-function-controlled scalar channel generated by
the conformal anomaly.

The hierarchy observed among the three form factors
therefore provides a nontrivial consistency check of the
tensor decomposition of the 7'J.J vertex. A universal shift of
all form factors would simply correspond to a global
normalization effect, whereas the selective enhancement
of the scalar observables demonstrates that the anomaly
contribution is correctly projected onto the trace sector of
the pion energy-momentum tensor.

Finally, it should be emphasized that the present calcu-
lation is not intended as a complete low-energy description of
the pion GFFs. At low momentum transfer, additional
contributions associated with soft overlap, higher-twist
effects, chiral dynamics, and quark-mass corrections to the
trace become relevant. The purpose of the present analysis is
instead to isolate the perturbative trace-anomaly contribution
within a controlled Sudakov-improved factorization frame-
work and to study its projection onto the various GFFs.

Although the momentum-transfer range explored by the
lattice data is not strictly within the asymptotic perturbative
regime, the comparison is still useful in order to investigate
the effect of the trace-anomaly contribution on the various
GFFs. In particular, both the isolated anomaly contribution
and the complete 7'JJ correction tend to lower the pure
leading-order perturbative prediction in the low/intermedi-
ate-Q? region, producing a visibly improved overlap with
the available lattice points.

This effect is especially evident in the trace form factor
0,(0?) and, to a lesser extent, in the D-term form factor
D,(Q?), where the scalar component associated with the
conformal anomaly contributes more efficiently through
the tensor decomposition of the 7JJ correlator. In the case
of A,(Q?), the isolated anomaly contribution cancels at
leading twist, but the full 7JJ insertion still generates a
moderate downward shift of the perturbative curve at low
momentum transfer.

At the same time, the comparison should be interpreted
with some caution. In the low-Q? region the pion dynamics
is expected to receive important contributions from soft
overlap, chiral effects, higher-twist corrections, and genu-
inely nonperturbative physics [36], which are not fully
captured within a perturbative factorization framework.
Consequently, the present calculation should not be viewed
as a precision description of the low-energy pion GFFs.
Rather, its purpose is to isolate the perturbative trace-
anomaly contribution and to study how the non-Abelian
TJJ insertion modifies the hierarchy of the various tensor
projections.

From this perspective, the qualitative agreement obtained
after including the anomaly-related corrections is encour-
aging. It indicates that the scalar channel associated with
the QCD beta function contributes in the expected direction
and improves the phenomenological behavior of the
perturbative prediction even in a kinematic region where
strict collinear factorization is only partially applicable.

IX. DILATON EXCHANGE AS A CORRELATED
PAIR CHANNEL

The perturbative dilaton discussed in the analysis of
GFFs should not be interpreted, in the first instance, as an
elementary scalar added to QCD. It is a scalar projection of
the renormalized TJJ vertex. More precisely, it is the part
of the stress-tensor insertion which is selected by the trace
sector and whose normalization is fixed by the beta
function. This interpretation follows the perturbative
anomaly-pole analysis of the 7JJ correlator and its
gravitational effective action representation developed in
Refs. [37-39]. The corresponding scalar form factor in the
TJJ correlator is therefore the perturbative realization of a
dilatonlike exchange. Its role in hard exclusive processes is
to provide a definite trace-channel component of the hard
kernel, rather than a universal rescaling of all GFFs. The
same mechanism underlies the recent formulation of
hadron GFFs from momentum-space CFT and perturbative
QCD [20].

The point can be made precise by using the momentum-
space decomposition of the 7JJ vertex developed by
Bzowski, McFadden, and Skenderis and later applied to
anomaly form factors in QCD [20-22,40-42]. In the
conformal limit the trace sector contains a form factor of
the form

A 2

_ g
A= 167:2'60’ (9.1)

with ¢ the momentum carried by the stress tensor. This pole
is the momentum-space image of the nonlocal anomaly

FIG. 7. Effective pole representation of the anomalous 7JJ
interaction. The diagram gives a graphical representation of the
nonlocal RO~ F2 exchange generated by the anomaly form
factor, as in the Abelian and non-Abelian analyses of
Refs. [37,38,42].
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action. In a local phenomenological language one may
introduce a dilaton field coupled to F2. In the perturbative
construction, however, the same object is already present in
the one-particle-irreducible 7JJ correlator as the scalar
anomaly pole. The connection between this pole and the
scalar component of the gravitational exchange has also
been emphasized in the anomaly-mediated description of
conformal sectors [43].

This interpretation is sharpened by Duff’s definition of
the anomaly, namely the failure of the trace operation to
commute with the quantum average,

A= g, (T") = (%), (9.2)
In dimensional regularization the 7'JJ tensor basis shows
that the anomaly pole is not produced by an arbitrary pole
term inserted by hand. The singularity is traced to a unique
renormalized form factor, originally introduced in [44]. The
trace Ward identities imply that, when d — 4,the 1/(d — 4)
singularity of this form factor feeds the traced tensor
structure and generates the 1/¢* pole [39]. All other form
factors are finite in this limit. Thus the dilaton pole is the
residual effect of renormalization in the trace sector,
consistently with the CFT reconstruction of anomalous
graviton vertices and with the anomaly-action analysis of
higher stress-tensor correlators [40,41,45].

The same conclusion has a dispersive formulation. For
general virtualities and nonzero fermion mass the scalar
form factor can be represented as

1 ) P (S;p27p2’m2>
q)anom(q2;p%7p%’m2):;[) ds cmOII;_qzl_i(z) S (93)

with a spectral density obeying the anomaly sum rule
[42,46]

1

;A dspanom(S;p%7 p%7m2> = A

(9.4)
The right-hand side is independent of the mass and of the
external virtualities. The spectral distribution may change,
but the total area is fixed. This is the sense in which the
dilaton exchange can be viewed as a correlated exchange of
intermediate pairs. The spectral density is generated by the
intermediate two-particle states of the 7JJ subgraph, such
as quark-antiquark pairs in the fermion loop and gluon pairs
in the non-Abelian sector. These states are not exchanged
independently; they are projected onto the color-singlet
scalar channel selected by the trace of the stress tensor. The
dilaton is therefore the coherent scalar channel carried by
these correlated partonic pairs. This spectral-flow interpre-
tation extends the earlier anomaly sum-rule analyses of
dilaton and superconformal channels [42,46].

After the T'JJ correlator is embedded in the pion matrix
element, the same sum rule should be interpreted as a

matching constraint on the scalar part of the hard kernel. It
does not become a separate universal sum rule for each
individual pion GFF. Rather, the fixed anomaly strength in
Eq. (9.4) is projected onto the hadronic amplitude by the
pion DA and, at finite momentum transfer, by the Sudakov-
improved wave function. The convolution redistributes this
scalar strength among the observable projections: it may
cancel, or be numerically suppressed, in the anomalous part
of A, while it remains visible in D, and is selected most
directly by the trace form factor.

At lower momentum transfer the same statement admits
a hadronic spectral interpretation. The partonic two-particle
cut of the 7'JJ subgraph is then replaced by scalar hadronic
intermediate states, including pion continua, scalar reso-
nances, and gluonic components. The detailed saturation of
the sum rule is nonperturbative, but the total anomaly
strength remains fixed by the trace identity. In this sense the
perturbative dilaton pole is the short-distance representative
of a scalar spectral channel which, at hadron level, is
redistributed over physical intermediate states.

In the massive theory the same strength is distributed
over the cut, beginning at the physical threshold s = 4m?
in the fermion sector. As the conformal limit is approached,
the sequence of spectral densities is squeezed toward
s = 0. In distributional form one obtains a spectral flow
of the type

Panom (83 m?) —> wAS(s), m—0, (9.5)

so that the continuum representation collapses into the
anomaly pole. The pole is therefore not a separate
assumption; it is the limiting form of a correlated two-
particle spectral distribution whose area is fixed by the
anomaly. In the gluonic part of the non-Abelian vertex the
localization at s = 0 is already present in the massless
sector, while fermion mass effects smear the pole into a
continuum before the conformal limit is taken.

There is, however, an important qualification. The
analysis of the particle-pole residue in light-cone variables
shows that the anomaly pole and a genuine particle pole are
not identical notions in the TJJ case [37,38,42,44]. If the
external vector legs are off shell, or if the fermions in the
loop are massive, the residue of ¢?(7JJ) vanishes as
g*> — 0. A nonzero residue appears only in the massless,
on-shell, light-cone configuration corresponding to a vir-
tual graviton decaying into two transverse on-shell gluons
or photons. In the on-shell basis of the Abelian 7JJ
correlator, later extended to the non-Abelian case, the
surviving residue contains two independent tensor struc-
tures. With k=p,+p, s=k* pi=p3=0 and
Eq. (4.18), one may write the light-cone residue by
separating the scalar anomaly pole from the transverse-
traceless pole contribution as
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lims (7% (k) (p1)J" (p2))

2
9s a 2 vafp
:4871'25 b(a CA""f)‘f’ﬂ

— Co) P

5 (n, 9.6)

288 2

The second term denotes a traceless contribution, already
present in the Abelian case. The first tensor is the scalar
anomaly structure,

Jpaf
¢/,lwa

= Kk )u (py. pa), (9.7)

= (sg"
and is the residue associated with the R(V[J~! F? exchange
represented in Fig. 7. The second tensor is

Pl = —2u (py, po)lsg™ + 2(p 4 + Phps)

—4(pips + Phpi)l. (9:8)
which obeys gﬂ,,qﬁ” “ — (0 in four dimensions and is
therefore not part of the trace anomaly. In the Abelian
case (QED), discussed in [44], the additional massless pole
associated to this structure was interpreted as a plasmonlike
mode of the anomaly vertex, proportional to the number of
fermion flavors ny. As discussed in [42], it is a light-cone
pole which in the context of a gravitational exchange is
mediated by the spin-2 part of the graviton propagator
rather than by the scalar trace projection [43]. It plays a
role in the scattering of two gluons (gg — gg) once two
TJJ vertices are coupled by the exchange of an inter-
mediate graviton. The factor (ny—C,) in front of b,
in (9.6) accounts for both the quark and the gluon/ghost
contributions.

This second traceless structure contributes to the
anomaly effective action describing the interaction around
the light-cone, of the form

S extra pole

% 5(ny— CA)/d“x\/_/d“x’\/;hW

7277

X {3(0”6”Fgﬁ)F“ﬁ“ +7 (g0 - 46”6”)FgﬂF"ﬂ“]
(9.9)

while the first tensor structures is associated with the well-
known effective action of the form [37]

B 1§ 1. +z
=z— |- =n
anom = 3962\ 3 A T3

/ dxd'yRY (x)O (x, y) Fa, Fbe, (9.10)

that generalizes the expression derived in [44] for QED.

(D(x) is the linearized scalar curvature.

This sector has the same massless propagator as the
scalar anomaly exchange, but its residue is traceless. It
should therefore be kept conceptually separate from the
dilaton channel: the dilaton is the scalar projection fixed by
the trace Ward identity and by the anomaly sum rule, while
the plasmonlike pole is a light-cone excitation of the
transverse-traceless sector. This separation is precisely
the reason why the CFT momentum-space decomposition
and the explicit perturbative 7JJ calculation have to be
used together when the hard kernel is projected onto
pion GFFs.

For the pion GFFs this distinction is essential. The hard
kernel contains the one-loop 7'JJ insertion, and the pion
DAs attach to the external partonic lines. The trace-
anomaly contribution is then the scalar projection of the
correlated intermediate pair exchanged inside this hard
subgraph. It contributes most directly to the trace form
factor and to the scalar part of the D ,-term, while it cancels
in the anomalous part of the A, projection. This is precisely
what one expects if the dilaton is not an elementary external
state, but the coherent trace-channel component of the two-
parton intermediate spectrum.

X. CONCLUSIONS

We have analyzed the pion GFFs in the hard-scattering
regime by combining the standard collinear factorization
picture with the one-loop non-Abelian 7JJ correlator. The
calculation isolates the trace-anomaly part of the correlator
and shows how it enters the short-distance kernel through
the coefficient A = ¢2f3,/(16x*). This coefficient is fixed
by the QCD beta function and therefore provides a
perturbative realization of the scale anomaly inside the
hard kernel.

For a spin-zero external state the trace projection relates
the scalar matrix element to the combination A, + 3D, in
the chiral large-Q” limit. In the explicit matching per-
formed here, the anomaly contribution appears most
directly in the coefficient FZ//, and hence in the projection

wonto the D-term. The isolated anomaly cancels in A, while

the full 7JJ insertion still lowers the leading curve at small
Q? through its nonanomalous tensor components. In D, the
anomaly gives an important contribution, although a
complete order-a? hard kernel would also require the
remaining nonanomalous radiative terms.

The Sudakov-improved formulation extends the collin-
ear result by including transverse separation and the
resummation of soft-collinear logarithms. The resulting
suppression of large b and endpoint configurations stabil-
izes the anomaly-induced convolution and makes the
perturbative description more reliable at finite momentum
transfer. The numerical analysis therefore supports a
picture in which the trace anomaly gives a distinct,
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beta-function-controlled correction to the mechanical struc-
ture of the pion, with its clearest impact in the trace form
factor and an important contribution to D,.

The comparison with the instanton-vacuum analysis of
Ref. [36] clarifies the domain of validity of this result. Their
calculation supplies a nonperturbative soft and semihard
realization of chiral and scale breaking, including twist-3
pion DAs and pressure/shear distributions. The present
calculation supplies the short-distance 7JJ anomaly kernel.
A complete phenomenological description of pion GFFs
should combine these ingredients, matching the nonper-
turbative instanton or chiral component to the perturbative
TJJ-improved kernel while avoiding double counting in the
scalar trace sector.
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APPENDIX A: FEYNMAN RULES

The Feynman rules used throughout the paper are collected here

(i) Graviton-fermion-fermion vertex:

k f
. 4
Y = i Vi (k)
Kk [1 1 (A1)
= —ig {4 [y (kr + k2)u 4+ o (k1 + k2) ] — igl“’h/\(kl +k2)x — Qm}}
B
(i) Graviton-gluon-gluon vertex:
ki, 9
v
Py K Gag
— = -1 5 5ab V,uupo‘(klﬂ k2) (A2)
R 1
= -1 5 5ab {kl . k2 O;wpo + Duupa(kh k2) + g E;wpo(kla kQ)}
k:)\ b
2 9o
(iii) Graviton-ghost-ghost vertex:
ko cb
/‘,I’
Py Il
WW — g 3% Crpe k1 p k2o (A3)
R\
A
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(iv) Graviton-fermion-fermion-gauge boson vertex:

9a f
. . Ko 1 Ad
= g5 T Wia=ig5T {—2(mgm+%gw)+guwa} (A4)
f
Py
(v) Graviton-gluon-gluon-gluon vertex:
9% ki ke Y5
N -
= g IV (kK. k)
K
= _ggfabc {Cuupa(kl - k2)/\ + C;u/p)\(kS - kl)o
)k\3 . + CquA(kQ - kS)p+FpupaA(k17k2ak3)}
By 9x
(vi) Graviton-ghost-ghost-gauge boson vertex:
95 ky C b
/l”
ht
: K aoc (o8 A5
AR = 759]0 b C;U/pa kg ( )
R
C(l
Py
C/wpa = gﬂpgya + g;mgvp - g/wgpm (A6)
D,uy/)o'(kl’ k2) = g;wklo'k2/) - [leklfkg + gﬂ/)klﬁkzl/ - g/)ﬂklﬂkZV + (/’l <~ I/)]’ (A7)
E;wpo‘(klv k2) = gm/(klpkla + k2pk2¢r + klpk26> - [gl/o'klﬂklp + guka;thO‘ + (l“ <~ y)]’ (Ag)
F;w/m'i(kl s k27 k3) = gypgrr/l(kZ - k3)y + gpagpi(kS - kl)u + g;ulgpn(kl - kZ)p + (ﬂ <~ D)' (AQ)

APPENDIX B: FORM FACTORS OF THE TRANSVERSE-TRACELESS SECTOR: A, A,, A3, A4 FOR
MASSLESS QUARKS

We present here the explicit expressions of the coefficient functions A;; in (4.20) characterizing the transverse-traceless

sector. The quark contributions are identified by the factor n; and
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Ao = 16(py - p2)’ +36pi(p1 - p2)°® +36p3(p1 - p2)° + 12p1(p1 - p2)° +12p3(py - p2)° +240pip5(py - p2)°
+ 188pip3(py - p2)* + 188pip3(p1 - p2)* +46pipS(pi - p2)’ = 108pips(py - p2)’ +46pSp3(p1 - pa)
—204p1pS(p1 - p2)* = 204p$p3(py - p2)* —20p5pS = 20p%pS = 58p1pS(p1 - p2)

- 1481’?1’2(171 “p2)— 581’21;17‘2‘(171 ‘P2,

Ay = =24pi(py - p2)°® = 24p(p1 - p2)° = 224pip3(p1 - p2)° = 6p5(p1 - p2)* = 228pip3(py1 - po)*
—522p1p3(p1 - p2)* = 60pip3(p1 - p2)* = 652ptp3(py - p2)* = 372pSp3(p1 - p2)?

—279p{pS(p1 - p2)* —474p8p3(p1 - p2)* —83pp3(p1 - p2)* — 18pS P8
—30p\pS = 16p1°p3 — 451 pS(p1 - p2) — 174p5pS(p1 - p2) — 129P5p3(p1 - p2),

Ay = =24p3(p1 - p2)° = 24p3(p1 - p2)° = 224pip3(p1 - p2)’ = 6p5(p1 - p2)* = 522pip3(py - pa)*
= 228pip3(p1 - p2)* = 372p1pS(p1 - p2)’ = 652p1p5(py - p2)’ = 60pSp3(py - p2)’ = 83pipS(py - pa)?
—474p1pS(p1 - p2)* = 279p3p5(p1 - p2)* = 16pipy” = 30p§ps — 18pip§ — 129p1pS(p1 - p2)
= 174p$pS(p1 - p2) = 45pt P35 (p1 - pa),

Az =24pi(p1- p2)°® +24p3(p1 - p2)° + 24p1(p1 - p2)’ 4 24p3(p1 - p2)’ + 448pip3(p1 - p2)
+6p5(p1 - p2)* +6p3(p1 - p2)* +750pip3(p1 - p2)* +750p1p3(p1 - p2)* + 432pip3(p1 - p2)?
+1304p1p3(p1 - p2)* + 432p8p3(p1 - p2)* + 83pTp3(p1 - p2)* +753p1p5(p1 - p2)* +753p0p3(p1 - P2)?
+83pip3(p1 - p2)* + 16p1py° +48ptpS +48pips + 16p1°p3
+174pip3(p1 - p2) +348p5p3(p1 - p2) + 174p3p3(p1 - ),

Ay = 1921’%1’%(191 p2)° + 432}7%193(171 “p2)’ + 432P?P%(P1 “p2)’ + 2881’%1?3(171 -pa)*t+ 115217‘11173(171 -pa)?
+288p$p3(p1 - p2)* 4+ 60pTpS(p1 - p2) +936p1pS(p1 - p2)? + 9365 p3(p1 - p2)? 4 60ptp3(py - p2)’
+324ptpS(p1 - p2)* +720p5pS(p1 - p2)* + 324p\p3(p1 - p2)* + 18p§py° + 36p P
+ 18p1°pS +45ptp3°(p1 - p2) +207pSp3(p1 - pa) + 207 P8 pS(p1 - p2) +45p1°p3(p1 - p2). (B1)

Az = C4[=520(p; - p2)° 372pi(p: - p2)’ - 372p3(p1 - p2)’ - 601741‘(191 o)t = 601’3(1’1 o)t
+1056p7p3(p1 - p2)* + 864pip3(p1 - p2)’ + 864pip3(p1 - p2)’ + 150pip§(py - pa)?
—372p4p3(p1 - p2)? + 150p$p3(py - p2)? — 90pt ps — 1648 pS§ — 90p% pi
—492p1p8(p1 - p2) —492p5p3(p1 - p2)]
+ns[40(py - p2)° +12p7(p1 - p2)° + 12p3(p1 - p2)° = 12p1(p1 - p2)* = 12p5(p1 - p2)*
—192pip3(p1 - p2)* = 144pip5(py - p2)* = 144pip3(p1 - p2)* = 6piP3(p1 - p2)?
+84ptp3(p1 - p2)* — 6p$p3(p1 - p2)* + 18ptps + 68p§ps + 18pf p3
+132ppS(p1 - p2) + 132p0p5(p1 - p2)l,

Ay = 3ping[=24(p1 - p2)° = 20p3(p1 - p2)* +2p1(p1 - p2)* +24p3(p1 - p2)* +90pTp3(py - p2)?
+12p3(p1 - p2)? + 162pip3(p1 - p2)* +54pip3(pi - p2)* +3pipS + 8p1pS + 21pSp3 + 51pTp3(p1 - pa)
+84pip3(p1 - p2) + 13pSp3(p1 - pa)]

—3C4[=48(py - p2)° = 240pi(p1 - p2)° = 72p3(p1 - o)’

= 156p1(p1 - p2)* = 24p3(p1 - p2)* = 344pip3(p1 - p2)* = 34p%(p1 - p2)° —48pips(p1 - p2)
+54pip3(p1 - pa)® + 24pipS(p1 - p2)* +486p1ps(pr - pa)* 4+ 150p5p3(py - p2)* + 15p1 P8
+56p9p§ + 81pip5 +195p1pS(p1 - pa) +336pp3(p1 - p2) +49p5p3(p1 - pa)l.
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Ay =

Ay =

Ay =

Ay =

Az =

A33 =

Az =

3pang[=24(p1 - p2)* = 20p7(py - p2)* +24p1(py - p2)* +2p5(p1 - p2)’ + 90pip3(py - pa)’

+12p5(p1 - p2)* + 54pip3(py - p2)* +162p1p3(py - p2)* + 21p1pS + 8pSp3 +3pip3 + 13pipS(p: - p2)
+84pip3(p1 - p2) +51p3p3(p1 - p2)] = 3CA[=48(p1 - p2)° = 72p1(p1 - p2)° = 240p3(p1 - o)’

= 24pt(p1 - p2)* = 156p3(py - p2)* = 344pip5(py - p2)* = 34pS(py1 - p2)* + 54pTp3(p1 - pa)’
—48p1p3(p1 - p2)? +150p1pS(py - p2)? + 486ptpi(py - p2)* +24p5p3(p1 - pa)* + 81ptps

+56pSp§ + 15p§ps +49pip8(p1 - pa) 4+ 336p1pS(p1 - p2) + 1955 p3 (1 - p2),

3C4(2(p1 - p2) + P+ p3)*[=44(py - p2)* = 34pi(p1 - p2)® = 34p3(p1 - p2)® = 22p1p3(p1 - p2)?
+96p1p3 +49pip3(p1 - p2) +49p1p3(p1 - p2)l,

=3n;(2(p1 - p2) + pT+ P3)*[=8(p1 - p2)* +2p1(p1 - p2)® +2p3(p1 - p2) + 14pip3(p1 - pa)?

+24pip3 + 13pip3(py - p2) + 13pipi(py - po)l,

9C4(2(p1 - p2) + Pt + P3)[=32(p1 - p2)® = 16p3(py - p2)° = 16p3(p1 - p2)° = 8pi(py - pa)?

=8p5(p1 - p2)* = 24pip5(py - p2)’ = 24pip3(p1 - p2)’ + 8pipS(p1 - p2)* +20p1p5(py - pa)?
+8pSp3(p1 - p2)* +5p1pS +42p5pS + 5pips + 60pipS(p1 - pa) +60pip3 (1 - )]

= 9pip3ng(2(py - p2) + Pt + p3)*[=4(p1 - p2)’ +4pi(p1 - p2)* +4p3(p1 - pa)?

+ pipy + pips + 14pip3(pr - p2)ls (B2)

3ping[=16(p1 - p2)* = 4pi(p1 - p2)* =70p5(p1 - p2)* = 54p5(p1 - p2)’ — 44pip3(py - pa)’

—12p8(p1 - p2)* = 15pip5(p1 - p2)* = 15p1p3(p1 - p2)* = 3pips = 5pipS + 4pSps — 6p1pS(p1 - pa)]
—=3C4[-24(p: - P2)6 - IOOP%(Pl 'P2)5 - 1217%(171 ‘P2)5 - 341’41‘(171 ‘P2)4 - 1721’%17%(171 : P2)4

- 841?%173(191 pa)’ - 381741‘17%(171 - pa)? - 121’%1’3(171 “pa)t + 991941‘17‘21(191 - pa)? - 917?1’%(171 - pa)? - 3P‘1‘P§
+7p0p5 + 28pip5 +36p1pS(p1 - pa) + 8PP (P - P2

3psns[=24(p1 - p2)’ = 54pi(py - p2)* = 12p3(p1 - p2)* = 18pi(p1 - p2)’ = 2p5(p1 - p2)?

= 62pip5(p1 - p2)* = 55pip5(py - p2)* = 3pip3(py - p2)* +Tp1PS = 3p0p3 — 13pipS(p1 - p2)
—4ptp3(p1 - p2) +3p5p3(p1 - pa)

= 3C4[=24(p1 - p2)° = 12p3(p1 - p2)° = 108p3(py - p2)° = 42p5(p1 - p2)*

—156pip3(p1 - p2)* = 2P5(p1 - p2)* = 56pip3(p1 - p2)* = 48pip3(p1 - p2)* = 49pipS(p1 - p2)?

+ 1Lp{p3(p1 - p2)* +31p1ps +9p5pS — 13p1p3(p1 - p2) + T4pip5(p1 - p2) +45p5P3(p1 - pa).
3Ca(2(p1 - p2) + T+ p3)[=44(p1 - p2)° = 34pi(py - p2)* = 38p3(p1 - p2)* = 2p3(py - p2)’

—68p1p3(p1 - p2)* = 35pip3(p1 - p2)* = 9pP1P3(p1 - p2)* + 28p1pS + 28pSp3

— 13p1p8(p1 - p2) + 67p1p3(p1 - p2)]

=3n;(2(p1 - p2) + P14+ P3)*[=4(p1 - p2)* =2P3(p1 - p2)* = 15p1p3(p1 - p2)* + 4p1p3 = 13pips(p1 - p2)l,
9CA(2(p1 - p2) + P% + P%)[—m(l?l ‘P2)6 - 4P%(P1 ‘P2)5 - 4P%(P1 ‘P2)5 - 2417%17‘21(191 'Pz)3

—16p}p3(p1 - p2)* = 4p3pS(p1 - p2)* = 14p1P3(p1 - p2)? - PipS

+ 15p8pS + 13p1pS(p1 - p2) + 15p8p3(p1 - p2)]

—9pip3ns(2(p1 - p2) + Pt + P3)*[=6(p1 - p2)* —4p3(p1 - p2)* = Pips + Pipa(pi - p2)), (B3)

(
(
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Agg = Ca[=284(p1 - p2)° = 132p7(p1 - p2)* = 132p3(p1 - p2)* + 556pip3(p1 - p2)°
+258p1p3(p1 - p2)* +258p1p3(p1 - pa)* = 126p1pS — 126p9p3 — 272p 1 p5(py - pa)]
+ng[44(py - p2)’ 4 24pi(py - pa)* +24p3(p1 - p2)t = T6pTp3(p1 - p2)? = A2pTps(p1 - p2)?
—42p1p3(p1 - p2)* + 18pips + 18pip5 +32ptps(pi - pa)).

Ag = 3ping[—16(p; - p2)* —4p(p1 - p2)® — 18p3(p1 - p2)* — 6p3(p:

- p2)? +10pip3(p1 - p2)?

+3pips = 3p1ps + 9013 (p1 - p2) + PiP3(P1 - p2)]
—3C4[-24(p1 - p2)3 = 76p3(p1 - p2)* — 12p3(p1 - p2)* = 22p1(p1 - p2)* — 24p3p3(p1 - p2)’
+76p1p3(p1 - P2)* +9p1PS — 90§ p3 + 39p1P3(p1 - p2) + 19p5P3(p1 - p2)l.

Ap = 3P%”f[—16(191 'Pz)4 - 181?%(191

- p2)* = 4p3(p1 - p2)® —6pt(p1 - p2)* +10pip3(py - p2)?

—3pips +3pip3 + pipi(p1 - p2) +9PiP3(P1 - p2)]
=3Ca[=24(p1 - p2)’ = 12p7(p1 - P2)* = T6p3(p1 - P2)* = 22p5(p1 - p2)* = 24pip3(p1 - o)
+76p1p3(p1 - P2)* = 9p1PS +9p5p5 + 19p1pS(p1 - p2) +39p1P5(P1 - 2)],
Agy =3Ca(p1 - p2)(2(p1 - p2) + pT + p3)*[19p1P3 = 22(p1 - p2)?]
=3np(p1 - p2)(2(p1 - p2) + Pi + p3)*pips —4(p1 - p2)?),
Ay = 9C4(2(p1 - p2) + P14+ P3)[=16(py1 - p2)° = 4pi(p1 - p2)* = 4p3(p1 - p2)* +16pip3(p1 - o)’

+3p1pS +3p0p3 —2p1p5(p1 - p2) —9pip3ns(2(p1 - p2) + T+ P3)*pips —2(p1 - p2)*)-

APPENDIX C: EXPLICIT KERNEL
EXPRESSIONS IN THE IMPACT
PARAMETER SPACE

In this appendix we provide the explicit expression of the
hard-scattering kernel at tree level together with the
corrections induced by the 7'JJ insertion. The transverse
momentum dependence is retained only in the gluon
propagator connecting the constituent quarks, both for
the leading-order contribution and for the 7JJ correction.
This approximation is motivated by the fact that the
dominant transverse-distance effects originate from the
exchanged hard gluon, while the intrinsic transverse
momentum dependence of the external valence quarks
gives rise only to subleading contributions in the kinematic
regime considered here.

More precisely, the quark propagators carry an off-shell
virtuality of order aQ?, which is larger than the virtuality
a;a,Q% of the exchanged gluon, particularly in the end-
point region. As a consequence, the transverse momentum
dependence is negligible in the quark propagators com-
pared to their large collinear off-shellness, while it plays a
crucial role in regulating the endpoint singularities arising
from the gluon propagator. The transverse momentum
appearing in the Dirac numerators is neglected separately,
as it constitutes a higher-power effect suppressed relative to
the leading-twist contribution. The full k; dependence is
therefore retained exclusively in the gluon propagator,
where it provides the essential infrared regulator and allows
for a natural implementation of Sudakov suppression in
impact-parameter space.

(B4)

The approximation considerably simplifies the structure
of the hard kernel while preserving the essential noncol-
linear dynamics. In particular, after Fourier transformation
to impact-parameter space, the dependence on the trans-
verse momentum is encoded in modified Bessel functions,
leading to compact analytical expressions suitable for
numerical evaluation. In impact-parameter space the tree-
level kernel reads

Kt @) = FY=P{Py + F<P5PY + F=P{P|
+ F§P5Ps + Fie g, (C1)
with
Ftlree — three
= 4(Ko (b0 /(@ = = 1)) + Ko(b0v/a@am) ).
(€2)

F§* = F{*(a, < o)

:Zal(zaz_l)_a2+1 <K0<bQ\/m>

a;+ar,—1
- KolbQ V@), (©)
P ——0* (Ko (bQ = D@ —1) )+ Ko(bQ 7).
(C4)

where K is the modified Bessel function of order zero.
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The same treatment of transverse momentum is adopted
for the T'JJ correction. In this case the insertion modifies
the gluon propagator structure while preserving the fac-
torized dependence on the impact parameter. The resulting
correction kernel can therefore be written in a form
analogous to the tree-level contribution, with the transverse
dynamics entirely governed by the Fourier transform of the

corrected gluon propagator. In evaluating the hard-scatter-
ing kernel corrected by the TJJ, we employ the MS
scheme. Accordingly, the scale u featuring in the loop
integrals and logarithms represents the renormalization
scale, to be distinguished from the factorization scale
governing the DAs. In this framework the corrections to
the kernel due to the 7JJ insertion are given by

Kifylar,a) = FIYPUPS + FE PP + FVPPY+ FEYPIPS + P (©s)

Ay — 1)) - Ko(bQ\/alaz)

FT./ J FT./ J

a; + ar — 1
Cugs _ %
14471'2((11 — (12)2 ﬂz(al — 02)4

1 C10g () 1 Qi
24 % Q2 24

where

C
(% Co((l -

'S Cis IS
g<alazQ2> +2410g((1 -0 +0102)Q2))]

—ay + ajay) 0%, aya, 0%, 02,0,0,0)0?
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In every expression the massless three-point scalar function Cy(py, p», p3,0,0,0), also referred to as Cy(py, pa, p3) for
three arbitrary momenta p;, p, and ps, is given by
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