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We investigate the pion gravitational form factors (GFFs) at intermediate and large momentum transfer
within the framework of QCD factorization. Our analysis centers on the non-Abelian TJJ correlator, which
couples the local QCD energy-momentum tensor to two external gluon fields and explicitly encodes the
perturbative effects of the trace anomaly. We demonstrate how this quantum anomaly induces a scalar,
dilatonlike contribution to the hard-scattering kernel. To ensure field-theoretic consistency, a careful
separation of the quark and gluon sectors is performed, accounting for the modifications introduced by
gauge-fixing terms and Slavnov-Taylor identities on the off-shell gluonic structure. To obtain realistic
phenomenological predictions and regulate soft-gluon endpoint divergences in the hard kernel, we
implement the Sudakov resummation framework coupled with a Gaussian model for the pion’s transverse-
momentum-dependent wave function. We show that the resulting anomaly-induced corrections signifi-
cantly modify the behavior of the pion GFFs at large momentum transfer, leaving a unique imprint on the
trace sector and the D-term.
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I. INTRODUCTION

Gravitational form factors (GFFs) provide a fundamental
characterization of hadron structure, encoding the distributions
of energy, momentum, pressure, shear forces, and angular
momentum carried by quarks and gluons inside hadrons.
Although they are defined through matrix elements of the
QCD energy-momentum tensor (EMT) and therefore do not
correspond to direct gravitational probes, they furnish one of
the most comprehensive field-theoretic descriptions of the
internal dynamics of hadrons. In particular, they offer access to
the mechanical structure of strongly interacting bound states,
complementing the information obtained from electromag-
netic and axial form factors and extending the partonic
description of hadrons beyond charge and spin observables.
Experimentally, GFFs can be accessed through hard

exclusive scattering processes. A primary channel in this
context is deeply virtual Compton scattering (DVCS), in
which a high-energy electron scatters off a hadron by
exchanging a highly virtual photon that subsequently
converts into a real photon,

eN → e0N0γ: ð1:1Þ

Over the past decade, the central role of GFFs in elucidat-
ing hadron structure has motivated an extensive experi-
mental program. First extractions of the proton quark [1]
and gluon [2] GFFs have been achieved through DVCS
measurements and exclusive J=ψ photoproduction, respec-
tively. In comparison, the determination of pion GFFs
remains more challenging, although initial phenomeno-
logical constraints on the pion quark GFFs have been
obtained from high-precision data collected at the Belle
experiment at KEK (Tsukuba, Japan) [3–5]. Significant
progress is expected in the near future from ongoing and
planned experimental programs, including the upgraded
12 GeV Jefferson Lab [6,7] and the forthcoming Electron-
Ion Collider [8], which will substantially extend the
kinematic reach and precision of DVCS and related
exclusive measurements. These developments provide
strong motivation for refined theoretical analyses of
GFFs, especially in the hard-scattering regime where
QCD factorization and symmetry-based methods can be
applied systematically. In this context, related neutral-
current processes can also be investigated and further
enlarge the phenomenological reach of the framework [9].
Perturbative studies of hadronic GFFs at large momen-

tum transfer have also been developed directly within QCD
factorization. In particular, the gluon GFFs of the pion and
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the nucleon were analyzed in [10], and a broader pertur-
bative calculation of GFFs at large momentum transfer was
presented in [11]. These works provide useful benchmarks
for the large-Q2 behavior of quark and gluon contributions
and form part of the theoretical background for the
factorized treatment considered below.
DVCS occupies a special position in the kinematic

landscape of strong-interaction processes. At moderate
momentum transfer, it interpolates between a soft regime,
where descriptions based on QCD sum rules are applicable
and the reaction is largely governed by the Feynman
mechanism, namely by the overlap of initial- and final-
state hadronic wave functions [12], and a genuinely hard
regime at larger virtualities, where factorization theorems
isolate short-distance kernels from long-distance hadronic
matrix elements. This dual character makes DVCS an
especially powerful probe of hadron structure across differ-
ent distance scales, allowing one to connect nonperturba-
tive physics with perturbatively calculable amplitudes in a
controlled manner.
A systematic and model-independent connection

between DVCS observables and EMT form factors is
provided by generalized parton distributions (GPDs)
[13–19]. GPDs parametrize nonforward light-cone matrix
elements of quark and gluon operators and thus interpolate
between ordinary parton distributions and elastic form
factors. Their Mellin moments encode local operator matrix
elements, among which the EMT plays a central role. In the
nucleon case, the second Mellin moments of the unpolar-
ized GPDs Haðx; ξ; tÞ and Eaðx; ξ; tÞ are directly related to
the EMT form factors AaðtÞ, BaðtÞ, and DaðtÞ,

Z
1

−1
dxxHaðx; ξ; tÞ ¼ AaðtÞ þ ξ2DaðtÞ; ð1:2Þ

Z
1

−1
dxxEaðx; ξ; tÞ ¼ BaðtÞ − ξ2DaðtÞ: ð1:3Þ

Here t ¼ q2 denotes the invariant momentum transfer and ξ
is the longitudinal momentum asymmetry, or skewness,
parameter. Physically, the GPDs H and E describe the
amplitude for removing from the nucleon a parton carrying
a light-cone momentum fraction x − ξ of the average
nucleon momentum P and reinserting it with fraction
xþ ξ, while the hadron absorbs the momentum transfer
q. Through their Mellin moments, GPDs therefore provide
direct access to the GFFs and to the internal mechanical and
angular-momentum structure of hadrons.
While much of the phenomenological discussion of

GFFs has been developed in terms of GPDs and related
exclusive observables, the perturbative analysis of EMT
matrix elements at large momentum transfer raises a more
specific field-theoretic question: how the EMT couples to
colored constituents in QCD in the hard regime. This
problem naturally leads to the study of the non-Abelian

TJJ correlator, which governs the coupling of the EMT to
two gauge currents, or equivalently to two external gluon
fields in the background-field formulation. The importance
of this correlator is twofold. First, it controls the short-
distance structure entering hard exclusive amplitudes in
which the EMT couples to partonic constituents. Second, it
encodes the quantum breaking of scale invariance through
the trace anomaly and thus provides the perturbative origin
of anomaly-mediated contributions.
In the conformal limit, the trace of the EMT vanishes at

the classical level in massless QCD, but acquires a non-
vanishing expectation value after renormalization, propor-
tional to the QCD beta function. In momentum space this
effect is captured by a specific form factor whose spectral
density satisfies a nontrivial sum rule. In suitable kinematic
limits, and in particular for massless quarks, this structure
reduces to an effective pole contribution that can be
interpreted as the exchange of a scalar state induced by
the anomaly. This effective scalar exchange, often
described as dilatonlike, provides a natural bridge between
the perturbative description of the trace anomaly and the
factorized treatment of hadronic GFFs.
A systematic analysis of this mechanism requires a

tensor decomposition of the non-Abelian TJJ correlator
into transverse-traceless, longitudinal, and trace sectors.
While analogous decompositions are standard in conformal
field theory, their implementation in gauge theories is more
subtle because gauge fixing and BRST symmetry modify
the off-shell structure of the correlator. As a consequence,
the quark and gluon sectors must be treated separately at
one loop. The quark contribution is structurally close to the
Abelian case and obeys ordinary vector Ward identities on
the external gluon lines. The gluon sector, by contrast, is
constrained by Slavnov-Taylor identities and contains
additional local terms that are absent in a purely conformal
treatment. The anomaly emerges only after these distinct
sectors are combined consistently.
In this work, we investigate the role of these anomaly-

induced contributions in the perturbative description of the
pion GFFs at large momentum transfer. Specifically, we
embed the non-Abelian TJJ correlator, which corrects, at
one-loop level, the vertex coupling of the local energy-
momentum tensor to two external gluons, into the standard
hard-scattering framework for exclusive hadronic processes.
By factorizing the pion EMT matrix elements into a
convolution of nonperturbative pion distribution amplitudes
(DAs) and perturbatively calculable hard-scattering kernels,
we isolate the dynamical effects of the trace anomaly. This
approach allows us to explicitly track how the anomaly-
induced, dilatonlike effective scalar exchange propagates
into the physical form factors in the asymptotic, large-Q2

regime. In this sense, the present analysis provides a con-
crete realization, in the pion case, of the general field-
theoretic framework developed in [20], establishing a direct
link between a fundamental field-theoretic anomaly and
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observable mechanical properties of a pseudo-Goldstone
boson. The remainder of this paper is structured as follows.
In Sec. II, we define the kinematics of the hard exclusive

process and review the definition of the pion GFFs AπðtÞ
and DπðtÞ. After a brief review in Sec. III of the QCD
energy-momentum tensor, Sec. IV is dedicated to the field-
theoretic structure of the off-shell non-Abelian TJJ corre-
lator at one-loop order; here, we detail the separation
between the quark and gluon loop contributions and
highlight how gauge-fixing terms and Slavnov-Taylor
identities affect the longitudinal and trace sectors. In
Sec. V, we compute the hard-scattering kernels, explicitly
incorporating the TJJ anomaly vertex into the pion’s
partonic subprocesses. In Sec. VI, we analyze the
Sudakov resummation framework for the pion form factor
at large momentum transfer. This resummation is essential
to handle the soft-gluon divergences that arise in the
endpoint regions of the pion DAs, providing a reliable
and stable perturbative expansion by incorporating trans-
verse-momentum effects. In Sec. VII, we introduce a
concrete phenomenological model for the pion wave
function based on a Gaussian distribution in transverse
momentum. This specific ansatz allows us to construct a
realistic nonperturbative input and establish a complete
phenomenological framework to quantify our anomaly-
induced corrections and evaluate their numerical impact on
the GFFs. Finally, in Sec. VIII, we present the analysis of
our results, discussing the numerical impact of the trace
anomaly on the Q2 evolution of the pion form factors. The
paper also includes three appendixes. Appendix A collects
the Feynman rules and vertex expressions employed in the
diagrammatic evaluation of the amplitudes. Appendix B
provides the explicit form factors of the off-shell non-
Abelian TJJ correlator in the transverse-traceless sector,
including the full dependence on the loop integral coef-
ficients for both the quark and gluon contributions.
Appendix C contains the complete hard-scattering kernel
expressions in impact-parameter space, covering both the
tree-level contributions and the corrections induced by the
TJJ insertion for each GFF.
We find that the trace anomaly introduces a distinct

behavior in the trace sector of the form factors, which
significantly alters the behavior of the pion D-term at large
momentum transfer compared to purely traditional,
anomaly-free hard-scattering predictions. In particular,
the effective scalar exchange induced by the anomaly
leaves a unique imprint on the internal pressure and shear
force distributions within the pion, demonstrating that
quantum scale violation plays an indispensable structural
role even in the deeply perturbative, high-energy domain.

II. THE PION FORM FACTOR IN THE LIMIT
OF LARGE MOMENTUM TRANSFER

A systematic and controlled description of hadronic form
factors within QCD becomes possible in the asymptotic

regime of large spacelike momentum transfer,

Q2 ¼ −q2 → ∞; qμ ¼ Pμ
2 − Pμ

1; ð2:1Þ

where short-distance dynamics dominates and long-
distance nonperturbative effects can be factorized into
universal hadronic quantities. In this regime, the interaction
resolves the hadron at partonic distances of order 1=Q,
allowing for a perturbative treatment of the hard scattering
subprocess.
As a prototypical example, we consider the GFFs of the

pion, defined through the matrix element of the QCD
energy-momentum tensor Tμν,

hπðP2ÞjTμνjπðP1Þi ¼ 2PμPνAπðq2Þ

þ 1

2
ðqμqν − gμνq2ÞDπðq2Þ; ð2:2Þ

where

P ¼ P1 þ P2

2
; ð2:3Þ

and Aπðq2Þ and Dπðq2Þ encode, respectively, the momen-
tum and mechanical (pressure and shear) distributions
inside the pion.
To make the scaling properties manifest, it is convenient

to work in the Breit frame, where the momentum transfer is
purely spatial. Neglecting the pion mass in the large-Q2

limit, one may choose the kinematics

Pμ
1 ¼

�
Q
2
; 0; 0;−

Q
2

�
; Pμ

2 ¼
�
Q
2
; 0; 0;

Q
2

�
;

qμ ¼ ð0; 0; 0; QÞ; ð2:4Þ

so that P2
1 ¼ P2

2 ≃ 0. Introducing light-cone vectors,

nμ ¼ 1ffiffiffi
2
p ð1; 0; 0;−1Þ; n̄μ ¼ 1ffiffiffi

2
p ð1; 0; 0; 1Þ;

n2 ¼ n̄2 ¼ 0; n · n̄ ¼ 1; ð2:5Þ

the external momenta can be written as

Pμ
1 ¼

Q
2
nμ; Pμ

2 ¼
Q
2
n̄μ; ð2:6Þ

making explicit the collinear nature of the incoming and
outgoing states.
In this frame, the pion is probed in a highly boosted

configuration, and its dominant Fock component consists
of a collinear quark-antiquark pair carrying longitudinal
momentum fractions of order unity. Denoting by k1, k2
(k01; k

0
2) the parton momenta in the initial (final) state, one

has the scaling behavior
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kμi ∼ αiP
μ
1 þ kμi⊥; k0μi ∼ ᾱiP

μ
2 þ kμi⊥; ð2:7Þ

with

αi ∼Oð1Þ; jk⊥j≪ Q: ð2:8Þ

The transverse momenta remain of order ΛQCD and are
therefore power suppressed in the hard scattering
subprocess.
This hierarchy of scales underlies the factorization of the

matrix element into a short-distance kernel and universal
nonperturbative DAs. At asymptotically large Q2, higher
Fock components involving additional soft gluons or sea
quarks are suppressed by powers of ΛQCD=Q, and the
dominant contribution arises from the valence quark-
antiquark configuration.
Physically, the insertion of the energy-momentum tensor

corresponds to a localized interaction occurring over a time
scale Δt ∼ 1=Q. During this short interval, the partons
behave as quasifree and collinear, and the graviton probes a
frozen configuration of the pion. This justifies the use of
perturbative QCD for the hard subprocess, while the long-
distance structure is encoded in the pion DA.
Within this framework, the GFF can be computed using

the hard-scattering mechanism. The momentum transfer
injected by the graviton must be redistributed among the
constituents through the exchange of a hard gluon carrying
virtuality of order Q2, ensuring the recombination of the
partons into the final pion state. This mechanism is directly
analogous to the perturbative treatment of the electromag-
netic form factor, with the crucial difference that the
energy-momentum tensor probes the full energy flow
inside the hadron.
Neglecting transverse momenta at leading power, one

adopts the collinear approximation

k1¼α1P1; k01¼ ᾱ1P2; k2¼α2P1; k02¼ ᾱ2P2; ð2:9Þ

with ᾱi ¼ 1 − αi. The pion states can then be expanded in
terms of valence Fock components as

jπðP1Þi ¼
Z

1

0

dα1ϕ̃πðα1Þjuðα1P1Þd̄ðᾱ1P1Þi; ð2:10Þ

hπðP2Þj ¼
Z

1

0

dα2ϕ̃πðα2Þhuðα2P2Þd̄ðᾱ2P2Þj: ð2:11Þ

The light-cone momentum fractions α1;2 ∈ ½0; 1� label the
momentum carried by the quark in each pion DA. where
ϕ̃πðαÞ is the leading-twist pion DA, normalized as

Z
1

0

dαϕ̃πðαÞ ¼ 1: ð2:12Þ

The matrix element can then be expressed, within
collinear factorization, as a convolution of the DAs with
a perturbatively calculable hard kernel,

hπðP2ÞjTμνjπðP1Þi ¼
if2πCFg2s

NC

Z
1

0

dα1

Z
1

0

dα2ϕ̃πðα1Þ

× Tμν
H ðα1; α2; QÞϕ̃πðα2Þ: ð2:13Þ

At leading order in αsðQÞ, the hard kernel Tμν
H is

determined by the tree-level diagrams involving a single
hard gluon exchange. The perturbative expansion is con-
trolled by the running coupling evaluated at the scale Q,
which is small in the asymptotic regime.
The explicit computation proceeds by inserting the QCD

interaction vertices and performing Wick contractions of
quark and gluon fields. The resulting amplitude can be
reduced to a set of tensor structures consistent with Lorentz
symmetry,

Tμν
H ¼ F1P

μ
1P

ν
2 þ F2P

μ
2P

ν
1 þ F3P

μ
1P

ν
1 þ F4P

μ
2P

ν
2 þ F5gμν;

ð2:14Þ

where the scalar functions Fiðα1; α2; Q2Þ are obtained from
the evaluation of the diagrams.
Matching this decomposition onto Eq. (2.2) allows one

to extract the GFFs as convolution integrals over the pion
DA,

Aπðq2Þ ¼
Z

1

0

dα1

Z
1

0

dα2ϕ̃πðα1ÞAðα1; α2; Q2Þϕ̃πðα2Þ;

ð2:15Þ

Dπðq2Þ ¼
Z

1

0

dα1

Z
1

0

dα2ϕ̃πðα1ÞDðα1; α2; Q2Þϕ̃πðα2Þ;

ð2:16Þ

where A and D are determined by appropriate linear
combinations of the Fi.
This result establishes the leading-power factorization of

the pion GFFs at large momentum transfer, showing
explicitly that their asymptotic behavior is governed by
short-distance QCD dynamics convoluted with universal
nonperturbative DAs.
To compute the hadronic matrix element, we insert the

energy-momentum tensor and the gluon exchanges at
second order in gs; therefore

Tμν ¼
Z

d4xd4yhπðP2ÞjT
�
igsūðxÞ=AaðxÞ λ

a

2
uðxÞ

× T̂μνð0Þigsd̄ðyÞ=AbðyÞ λ
b

2
dðyÞ

�
jπðP1Þi; ð2:17Þ
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where T̂μνð0Þ is the local energy-momentum tensor inser-
tion point, and the gluon fields mediate the hard scattering
between quarks.
To proceed with the evaluation of the hadronic matrix

element, we perform Wick contractions of the gluon and
quark fields. As for the u-quark fields appearing in the
matrix element involving the energy-momentum tensor
Tμν, there are two types of contractions corresponding to
the two hard-scattering diagrams involving

h0jTfujαðxÞūiβð0Þgj0i; ð2:18Þ

h0jTfujαð0ÞūiβðxÞgj0i; ð2:19Þ

corresponding respectively to diagrams in Fig. 1, and
similarly for the d quark. We can insert the valence
Fock states of the pion in the collinear approximation,
using (2.10), and evaluating matrix elements of field
operators on the pion state, we obtain

h0jd̄nðyÞulð0ÞjπðP1Þi ¼
fπ
4

Z
1

0

dα1e−iᾱ1P1·yϕ̃πðα1Þð=P1γ5Þln;

ð2:20Þ

FIG. 1. Diagrams of the hard scattering contribution to the pion GFF corresponding to the order OðαsÞ.
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hπðP2ÞjūiðxÞdmðyÞj0i ¼
fπ
4

Z
1

0

dα2eiα2P2·xþiᾱ2P2·yϕ̃π

× ðα2Þð=P2γ5Þim; ð2:21Þ

where fπ is the pion decay constant.
These expressions originate from the Fourier transform

of the light-cone expansion of quark fields, with momenta
αiPi and ᾱiPi, and reproduce the correct Dirac structure for
a pseudoscalar meson. Higher-order terms in yμ are
neglected because the typical distance between quarks is
Oð1=QÞ at large Q.
These results allow us to carry out the full diagrammatic

calculation of the GFFs Aπðq2Þ and Dπðq2Þ within the
collinear factorization framework at the tree level. The
evaluation of the diagrams in Figs. 1 and 2 are straight-
forward once the previously introduced identities are
employed. In momentum space, the result can be
expressed as

hπðP2ÞjTμνjπðP1Þi ¼
if2πCFg2s

NC

Z
1

0

dα1

Z
1

0

dα2ϕ̃π

× ðα1ÞKμν
π ðα1; α2Þϕ̃πðα2Þ; ð2:22Þ

with CF ¼ ðN2
C − 1Þ=ð2NCÞ. The kernel Kμν

π ðα1; α2Þ can
be decomposed in terms of form factors as

Kμν
π ðα1; α2Þ ¼ F1P

μ
1P

ν
2 þ F2P

μ
2P

ν
1 þ F3P

μ
1P

ν
1

þ F4P
μ
2P

ν
2 þ F5gμν; ð2:23Þ

with

F1 ¼ F2 ¼ −4
α1ð2α2 − 1Þ − α2 þ 1

ðα1 − 1Þα1ðα2 − 1Þα2q2
; ð2:24Þ

F3 ¼ F4 ¼ −2
α1ð2α2 − 1Þ − α2 þ 1

ðα1 − 1Þα1ðα2 − 1Þα2q2
; ð2:25Þ

F5 ¼
α1ð2α2 − 1Þ − α2 þ 1

ðα1 − 1Þα1ðα2 − 1Þα2
: ð2:26Þ

The direct computation of the form factors Fi immedi-
ately reveals the symmetry under the exchange μ ↔ ν as
well as P1 ↔ P2, which is associated with the conditions

F1 ¼ F2 F3 ¼ F4ðα1 ↔ α2Þ: ð2:27Þ
It also reveals that in the limit of large momentum transfer
(Q2 ≫ m2

π), which corresponds to the chiral (massless
pion) limit, the calculation exhibits explicit gauge invari-
ance at the amplitude level. In this regime, the unphysical
gauge-dependent terms proportional to the longitudinal
components of the gauge propagators are naturally can-
celed out. This tree-level gauge independence ensures a
robust baseline for the factorization framework before
radiative corrections are taken into account.
Finally, the relations connecting the form factors Fi with

the GFFs Aπ and Dπ are

Aπ ¼
f2πCFg2s
NC

Z
1

0

dα1

Z
1

0

dα2ϕ̃πðα1ÞðF1 þ F3Þϕ̃πðα2Þ;

ð2:28Þ

Dπ¼−
f2πCFg2s
NC

Z
1

0

dα1

Z
1

0

dα2ϕ̃πðα1Þ
2F5

q2
ϕ̃πðα2Þ: ð2:29Þ

One important question concerns the convergence of
the factorization formula already at leading order. In
performing the integrals over the DAs in the full interval
0 < α1;2 < 1, we tacitly assume that, at the endpoint
αi → 1, the function ϕ̃πðαÞ vanishes at least linearly in
ᾱ ¼ 1 − α, ensuring the finiteness of the integrals. In fact,
the DA at finite factorization scale can be written as a
Gegenbauer expansion,

ϕ̃πðα; μÞ ¼ 6αð1 − αÞ
�
1þ

X
n¼2;4;…

anðμÞC3=2
n ð2α − 1Þ

�
;

ð2:30Þ
with the Gegenbauer moments

anðμÞ ¼ anðμ0Þ
�
αsðμÞ
αsðμ0Þ

�
γn
; ð2:31Þ

FIG. 2. Soft-overlap contribution diagrams to the pion form factor. The left panel shows the lowest-order contribution, while the right
panel shows one of the diagrams contributing to the OðαsÞ correction.
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where the anomalous dimensions γn are

γn ¼ CF

�
−3þ 4

Xnþ1
j¼1

1

j
−

2

ðnþ 1Þðnþ 2Þ
�
: ð2:32Þ

The running coupling

αsðμÞ ¼
4π

β0 log
μ2

Λ2
QCD

; ð2:33Þ

with the QCD scale ΛQCD ¼ 0.25 GeV and the QCD beta
function at one-loop level

β0 ¼
11CA − 2nf

3
; ð2:34Þ

where CA ¼ NC ¼ 3 and nf is the number of active quark
flavors. Equation (2.33) is evaluated at the largest hard
scale in the convolution, and reduces to

ϕ̃as
π ðαÞ ¼ 6αð1 − αÞ; ð2:35Þ

at asymptotically large scales. Therefore, the convergence
of the integral in Eqs (2.28) and (2.29) is straightforward.
However, if we include power-suppressed corrections,

for example effects of order Oðk⊥=Q2Þ that were neglected
in the collinear approximation, we encounter divergent
integrals in the factorization approach. To regularize these
divergences, various extensions to the factorization frame-
work have been proposed, such as incorporating the
transverse-momentum dependence of the pion DAs

ϕ̃πðαÞ → ϕ̃πðα; k⊥Þ: ð2:36Þ

III. ENERGY-MOMENTUM TENSOR
AND CONFORMAL PROPERTIES

The stress-tensor operator is defined by varying the
gauge-fixed QCD action with respect to the metric,

TμνðxÞ ¼ −
2ffiffiffiffiffiffi−gp δSQCD

δgμνðxÞ
				
g¼η

: ð3:1Þ

Equivalently, in the weak-field expansion gμν ¼ ημν þ κhμν,

SQCD½g�¼SQCD½η�−
κ

2

Z
d4xhμνðxÞTμνðxÞþOðh2Þ: ð3:2Þ

In flat space we use

LQCD ¼ −
1

4
Fa
ρσFaρσ þ i

2
ψ̄γρD

↔

ρψ −mψ̄ψ

−
1

2ξ
ð∂ρAa

ρÞ2 þ ∂
ρc̄aDab

ρ cb; ð3:3Þ

with

Fa
μν ¼ ∂μAa

ν − ∂νAa
μ þ gsfabcAb

μAc
ν;

Dab
μ cb ¼ ∂μca þ gsfacbAc

μcb: ð3:4Þ

The explicit Hilbert tensor entering the perturbative TJJ
vertex is then

Tμν ¼ −ημνLQCD − Fa
μρF

aρ
ν −

1

ξ
ημν∂

ρðAa
ρ∂

σAa
σÞ þ

1

ξ
½Aa

ν∂μð∂σAa
σÞ þ Aa

μ∂νð∂σAa
σÞ� þ

i
4
½ψ̄γμð ∂!ν − igsAa

ν taÞψ

− ψ̄ð ∂ ν þ igsAa
ν taÞγμψ þ ψ̄γνð ∂!μ − igsAa

μtaÞψ − ψ̄ð ∂ μ þ igsAa
μtaÞγνψ � þ ∂μc̄aDab

ν cb þ ∂νc̄aDab
μ cb: ð3:5Þ

In the classical massless limit the gauge-invariant part of
the tensor is conserved and traceless, up to equations of
motion and gauge-fixing terms. Renormalization breaks
this Weyl invariance. In physical matrix elements the
massless trace is governed by the gauge-invariant anomaly
term

Tμ
μ ¼ βðgsÞ

2gs
Fa
ρσFaρσ þ

X
f

ð1þ γmÞmfψ̄fψf

þBRST-exact and equation-of-motion terms: ð3:6Þ

Thus, in the chiral limit, the conformal breaking relevant
for the pion hard kernel is controlled by the QCD beta
function. In the form-factor calculation below the non-
Abelian TJJ correlator is used as a one-loop stress-tensor

insertion in the two-gluon hard subgraph (see Fig. 3). The
quark, gluon and ghost loop sectors combine into a

FIG. 3. TJJ contribution to the GFF of the pion.
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renormalized off-shell TJJ vertex; its trace part contains
precisely the beta-function coefficient that is later projected
onto the pion GFFs.

IV. TENSOR-SECTOR DECOMPOSITION
OF THE NON-ABELIAN TJJ CORRELATOR

The second ingredient is the sector decomposition of the
off-shell TJJ vertex. We separate the correlator into
transverse-traceless, longitudinal, or semilocal, and trace
sectors, treating the quark and gluon loop contributions
separately before combining them in the renormalized
result. This is the minimal organization needed for the
subsequent matching onto the pion form factors.
The general form of the non-Abelian hTJJi correlator in

d dimensions can be constructed through a decomposition
into transverse, longitudinal, and trace terms [21], exploit-
ing its symmetries. The perturbative QCD correlator con-
tains additional longitudinal terms with respect to the
abstract conformal field theory (CFT) solution of [22].
These terms are tied to gauge fixing, BRST invariance, and
the Slavnov-Taylor identities, and they vanish or reduce in
the appropriate on-shell limits.
We consider the decomposition of the operators T and J

in terms of their transverse-traceless part and longitudinal
(local) one. Following [21] we define

TμiνiðpiÞ≡ tμiνiðpiÞ þ tμiνiloc ðpiÞ; ð4:1Þ

JaiμiðpiÞ≡ jaiμiðpiÞ þ jaiμiloc ðpiÞ; ð4:2Þ

where

tμiνiðpiÞ ¼ Πμiνi
αiβi
ðpiÞTαiβiðpiÞ;

tμiνiloc ðpiÞ ¼ Σμiνi
αiβi
ðpiÞTαiβiðpiÞ; ð4:3Þ

jaiμiðpiÞ ¼ πμiαiðpiÞJaiαiðpiÞ;

jaiμiloc ðpiÞ ¼
pμi
i piαi

p2
i

JaiαiðpiÞ: ð4:4Þ

Having introduced the transverse-traceless (Π), transverse
(π), longitudinal (Σ) projectors, given respectively by

πμα ¼ δμα −
pμpα

p2
; ð4:5Þ

Πμν
αβ ¼

1

2
ðπμαπνβ þ πμβπ

ν
αÞ −

1

d − 1
πμνπαβ; ð4:6Þ

Σμiνi
αiβi
¼ piβi

p2
i

�
2δðνiαi p

μiÞ
i −

piαi

ðd− 1Þ
�
δμiνi þ ðd− 2Þp

μi
i p

νi
i

p2
i

��

þ πμiνiðpiÞ
ðd− 1Þ δαiβi ≡T μiνi

αi piβi þ
πμiνiðpiÞ
ðd− 1Þ δαiβi : ð4:7Þ

with

T μναðpÞ ¼
1

p2

�
2pðμδνÞα −

pα

d − 1

�
δμν þ ðd − 2Þpμpν

p2

��

ð4:8Þ

and

δμðαδβÞν ¼ ΠμναβðpÞ þT μνðαðpÞpβÞ þ
1

d − 1
πμνðpÞδαβ:

ð4:9Þ

Turning to the TJJ case, we can divide the three-point
function into two parts: the transverse-traceless part and
the semilocal part (indicated by subscript loc) expressible
through the transverse and trace Ward identities. These
parts are obtained by using the projectors Π and Σ,
previously defined. We can then decompose the full
three-point function as

hTμνJaαJbβi ¼ htμνjaαjbβi þ hTμνJaαjbβloci þ hTμνjaαlocJ
bβi

þ htμνlocJaαJbβi − hTμνjaαlocj
bβ
loci − htμνlocjaαlocJbβi

− htμνlocJaαjbβloci þ htμνlocjaαlocjbβloci: ð4:10Þ

In a CFT approach, all the terms on the right-hand side of
the decomposition, apart from the first one, may be
computed by means of transverse and trace Ward identities,
with the anomaly induced by the renormalization of the
theory by a single counterterm, proportional to the square
of the field strength ðF2Þ.

A. The decomposition of the correlator
in the quark sector

Using the projectors Π and π one can write the most
general form of the transverse-traceless part as

htμνðqÞjaαðp1Þjbbðp2Þiq ¼ Πμν
μ1ν1ðqÞπαα1ðp1Þπββ1

× ðp2ÞXabμ1ν1α1β1
q ; ð4:11Þ

where Xabμ1ν1α1β1
q is a general tensor of rank four built out of

the metric and momenta. We can enumerate all possible
tensors that can appear in Xabμ1ν1α1β1 while preserving the
symmetry of the correlator
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htμνðqÞjaαðp1Þjbβðp2Þiq ¼ Π1
μν
μ1ν1π2

α
α1π3

β
β1
ðAðqÞab1 pμ1

1 p
ν1
1 p

α1
2 qβ1 þ AðqÞab2 δα1β1pμ1

1 p
ν1
1 þ AðqÞab3 δμ1α1pν1

1 q
β1

þ AðqÞab3 ðp1 ↔ p2Þδμ1β1pν1
1 p

α1
2 þ AðqÞab4 δμ1β1δα1ν1Þ ð4:12Þ

with the reconstruction taking the form [21]

hTμ1ν1ðqÞJμ2a2ðp1ÞJμ3a3ðp2Þiq ¼ htμ1ν1ðqÞjμ2a2ðp1Þjμ3a3ðp2Þiq þ 2T μ1ν1
αðqÞ½δμ3½αp2β�hJμ2a2ðp1ÞJβa3ð−p1Þiq

þ δμ2½αp1β�hJμ3a3ðp2ÞJβa2ð−p2Þiq� þ
1

d − 1
πμ1ν1ðqÞAμ2μ3a2a3

q ; ð4:13Þ

where T μ1ν1α is defined in (4.8) and hJJiq is the two-point function of the gluon with a virtual quark, namely

hJαaðp1ÞJβbð−p1Þiq ¼
2

3
nf

g2s
16π2

B0ðp1
2Þp1

2δabπαβðp1Þ; ð4:14Þ

where B0ðp2Þ is the standard scalar two-point Passarino-Veltman function in dimensional regularization. The transverse
Ward identities are

qν1hTμ1ν1ðqÞJμ2a2ðp1ÞJμ3a3ðp2Þiq ¼ 2δμ3½μ1p2α�hJμ2a2ðp1ÞJαa3ð−p1Þiq þ 2δμ2½μ1p1α�hJαa2ðp2ÞJμ3a3ð−p2Þiq; ð4:15Þ

p1μ2hTμ1ν1ðqÞJμ2a2ðp1ÞJμ3a3ðp2Þiq ¼ 0; ð4:16Þ

while the anomalous trace Ward identity is given by

hTðqÞJμ2a2ðp1ÞJμ3a3ðp2Þiq ¼ Aμ2μ3a2a3
q ¼ −

2

3

g2s
16π2

nfδa2a3uμ2μ3ðp1; p2Þ; ð4:17Þ

where u stands for the second derivative of the field strength squared F2 which in momentum space is

uαβðp1; p2Þ ¼ ðp1 · p2Þgαβ − pα
2p

β
1: ð4:18Þ

The form factors of the transverse part of the correlator can be explicitly defined as

AðqÞabj ¼ −
g2s

16π2
ĀðqÞabj ; j ¼ 1; 2; 3; 4 ð4:19Þ

where the label (q) refers to the contribution from a single quark loop in the perturbative expansion; a direct
computation gives

ĀðqÞab1 ¼ nfδab

48ðp2
1p

2
2 − ðp1 · p2Þ2Þ4

½A10 þ A11B0ðp2
1Þ þ A12B0ðp2

2Þ þ A13B0ðq2Þ þ A14C0ðp2
1; p

2
2; q

2Þ�;

ĀðqÞab2 ¼ −
δab

144ðp2
1p

2
2 − ðp1 · p2Þ2Þ3

½AðqÞ20 þ AðqÞ21 B0ðp2
1Þ þ AðqÞ22 B0ðp2

2Þ þ AðqÞ23 B0ðq2Þ þ AðqÞ24 C0ðp2
1; p

2
2; q

2Þ�;

ĀðqÞab3 ¼ δab

72ðp2
1p

2
2 − ðp1 · p2Þ2Þ3

½AðqÞ31 B0ðp2
1Þ þ AðqÞ32 B0ðp2

2Þ þ AðqÞ33 B0ðq2Þ þ AðqÞ34 C0ðp2
1; p

2
2; q

2Þ�;

ĀðqÞab4 ¼ −
δab

72ðp2
1p

2
2 − ðp1 · p2Þ2Þ2

½AðqÞ40 þ AðqÞ41 B0ðp2
1Þ þ AðqÞ42 B0ðp2

2Þ þ AðqÞ43 B0ðq2Þ þ AðqÞ44 C0ðp2
1; p

2
2; q

2Þ�: ð4:20Þ
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The expressions of the Aij are given in Appendix B, while
C0ðp2

1; p
2
2; q

2Þ is the massless three-point scalar integral
whose explicit expression is given in Eq. (C24). The

explicit formulas of ĀðqÞabi can be isolated from the
general expressions for Aij in Appendix B by selecting
the nf-dependent terms in Aij.

B. The decomposition of the correlator
in the gluon sector

The one-loop decomposition of the gluon sector follows
(4.10), but its final expression is modified compared to
(4.13), which is affected by new trace contributions not
present in the quark sector. This sector provides a con-
tribution of the form

hTμνðqÞJaαðp1ÞJbβðp2Þig ¼ htμνðqÞjaαðp1Þjbβðp2Þig þ htμνðqÞjaαlocðp1Þjbβðp2Þig þ htμνðqÞjaαðp1Þjbβlocðp2Þig
þ 2T μνρðqÞ½δβ½ρp2σ�hJaαðp1ÞJbσð−p1Þig þ δα½ρp1σ�hJbβðp2ÞJaσð−p2Þi�g
þ 1

d − 1
πμνðqÞ½Aαβab

g þ Bαβab
g �: ð4:21Þ

There are additional local terms of the form

htμνðqÞjaαðp1Þjbβlocðp2Þig ð4:22Þ
which are not part of the transverse-traceless sector, but appear in the longitudinal sector of the decomposition. These terms
are not set to zero by the Slavnov-Taylor identities, as in the quark sector, or in the general conformal solution. At the same
time, the trace sector is modified by the presence of extra terms which are proportional to the equations of motion of the
gluons, here indicated as Bαβab

g , which are absent in the on-shell decomposition. Defining

AðgÞabi ¼ −
g2s

16π2
ĀðgÞabi ; i ¼ 1; 2…4 ð4:23Þ

their explicit expressions are given by

ĀðgÞab1 ¼ −
CAδ

ab

48ðp2
1p

2
2 − ðp1 · p2Þ2Þ4

½A10 þ A11B0ðp2
1Þ þ A12B0ðp2

2Þ þ A13B0ðq2Þ þ A14C0ðp2
1; p

2
2; q

2Þ�;

ĀðgÞab2 ¼ −
δab

144ðp2
1p

2
2 − ðp1 · p2Þ2Þ3

½AðgÞ20 þ AðgÞ21 B0ðp2
1Þ þ AðgÞ22 B0ðp2

2Þ þ AðgÞ23 B0ðq2Þ þ AðgÞ24 C0ðp2
1; p

2
2; q

2Þ�;

ĀðgÞab3 ¼ δab

72ðp2
1p

2
2 − ðp1 · p2Þ2Þ3

½AðgÞ31 B0ðp2
1Þ þ AðgÞ32 B0ðp2

2Þ þ AðgÞ33 B0ðq2Þ þ AðgÞ34 C0ðp2
1; p

2
2; q

2Þ�;

ĀðgÞab4 ¼ −
δab

72ðp2
1p

2
2 − ðp1 · p2Þ2Þ2

½AðgÞ40 þ AðgÞ41 B0ðp2
1Þ þ AðgÞ42 B0ðp2

2Þ þ AðgÞ43 B0ðq2Þ þ AðgÞ44 C0ðp2
1; p

2
2; q

2Þ�; ð4:24Þ

where the functions AðgÞij are extracted from Appendix B by selecting the part of the Aij proportional to the Casimir CA. The
new longitudinal terms (4.22) take the form

htμνðqÞjaαðp1Þjbβlocðp2Þig ¼ Πμν
μ1ν1ðqÞπαα1ðp1Þ

p2β1p
β
2

p2
2

ðBab
1 pμ1

1 p
ν1
1 p

α1
2 pβ1

2 þ Bab
2 pμ1

1 p
β1
2 δα1ν1Þ ð4:25Þ

which is orthogonal to the trace sector. Notice that these local contributions vanish when the gluons are on-shell. The
Bi; i ¼ 1, 2 are given by

Bab
1 ¼

CAg2sδabp2
1

64π2p2
2ðp2

1p
2
2 − ðp1 · p2Þ2Þ2

ð−½2ðp1 · p2Þ2 þ p2
1p

2
2 þ 3p2

1p1 · p2�B0ðp2
1Þ

− ½2ðp1 · p2Þ2 þ p2
1p

2
2 þ 3p2

2p1 · p2�B0ðp2
2Þ þ ½4ðp1 · p2Þ2 þ 2p2

1p
2
2 þ 3ðp2

1 þ p2
2Þp1 · p2�B0ðq2Þ

þ ½q2ðp1 · p2Þ2 þ 2q2ðp1 · p2Þ2�C0ðp2
1; p

2
2; q

2Þ − 2ðp1 · p2Þ2 − 2p2
1p

2
2Þ; ð4:26Þ
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Bab
2 ¼

CAg2sδabp2
1

32π2p2
2ðp2

1p
2
2 − ðp1 · p2Þ2Þ2

ð−p1 · p2B0ðp2
1Þ

− p2
2 · p2B0ðp2

2Þ þ ðp2
2 þ p1 · p2ÞB0ðq2Þ

þ ½p2
1p

2
2 þ p2

2ðp1 · p2Þ�C0ðp2
1; p

2
2; q

2ÞÞ: ð4:27Þ

The trace sector is also affected by terms that vanish for
on-shell gluons, indicated as Bαβab

g , as well as the genuine
anomaly term Aαβab

g . Defining

Bαβab
g ¼ ½Cab

1 pα
1p

β
1 þ Cab

2 pα
1p

β
2 þ Cab

3 pβ
1p

α
2

þ Cab
4 pα

2p
β
2 þ Cab

5 δαβ� ð4:28Þ

the trace sector is characterized by the anomaly contribu-
tions from the gluon sector Ag, plus the Bg terms propor-
tional to the equations of motion of the gluons

Aαβab
g þ Bαβab

g ¼ gμνhTμνðqÞJaαðp1ÞJbβðp2Þig ð4:29Þ

with the gluon contribution to the anomaly given by

Aαβab
g ¼ 11

3

g2s
16π2

CAδ
abuαβðp1; p2Þ ð4:30Þ

and uαβ defined in (4.18). The form factors proportional to
the equations of motion in (4.28) take the form

Cab
1 ¼ −

CAg2sδab

32π2ððp1 · p2Þ2 − p2
1p

2
2Þ
ð2ðp1 · p2Þ2 − 2p2

1p
2
2 − p2

1ðp1 · p2 þ p2
2ÞB0ðp2

1Þ þ ½p2
2ðp2

1 − p1 · p2Þ

− 2ðp1 · p2Þ2�B0ðp2
2Þ þ ðp1 · p2Þð2p1 · p2 þ p2

1 þ p2
2ÞB0ðq2Þ þ ½2ðp1 · p2Þ2ðp1 · p2Þ2

− p2
2ð4ðp1 · p2Þ2 þ p4

1Þ þ 5p2
1p

4
4�C0ðp2

1; p
2
2; q

2ÞÞ; ð4:31Þ

Cab
2 ¼ −2CA

g2s
16π2

δabðp1 · p2ÞC0ðp2
1; p

2
2; q

2Þ; ð4:32Þ

Cab
3 ¼ −

g2sCAðp2
1 þ p2

2Þδab
32π2ðp2

1p
2
2 − ðp1 · p2Þ2Þ

ðð−p1 · p2 − p2
1ÞB0ðp2

1Þ þ ð−ðp1 · p2Þ − p2
2ÞB0ðp2

2Þ þ q2B0ðq2Þ þ ðp2
1ðp1 · p2 − 2p2

2Þ

þ ðp1 · p2Þð4ðp1 · p2Þ þ p2
2ÞÞC0ðp2

1; p
2
2; q

2ÞÞ; ð4:33Þ

Cab
4 ¼ −

g2sCAg2sδab

32π2ððp1 ·p2Þ2 −p2
1p

2
2Þ
ððp2

1ðp2
2 −p1 ·p2Þ− 2ðp1 ·p2Þ2ÞB0ðp2

1Þ−p2
2ðp1 ·p2þp2

1ÞB0ðp2
2Þ þ ðp1 ·p2Þq2B0ðq2Þ

þ ½−p2
1ð4ðp1 ·p2Þ2þp4

2Þ þ 2ðp1 ·p2þp2
2Þðp1 ·p2Þ2þ 5p4

1p
2
2�C0ðp2

1; p
2
2; q

2ÞÞ; ð4:34Þ

Cab
5 ¼

g2s
32π2

CAδ
abððp2

1 − p2
2Þ½B0ðp2

1Þ − B0ðp2
2Þ� þ ½p4

1 þ p4
2 − 2ðp2

1 þ p2
2Þp1 · p2 − 6p2

1p
2
2�C0ðp2

1; p
2
2; q

2ÞÞ: ð4:35Þ

V. THE CONTRIBUTION OF THE TJJ AND OF
THE TRACE ANOMALY IN THE HARD KERNEL

In this section we discuss the insertion of the non-
Abelian TJJ correlator into the hard-scattering factoriza-
tion formula for the pion GFFs, with particular emphasis on
the relation between the off-shell trace sector of the
correlator and the anomaly-induced contribution to the
scalar gravitational structure of the pion. We also clarify
the scaling of the various terms entering the hard kernel, the
role of the two-point functions generated by the loop
expansion, and the behavior of the convolution integrals
with the pion DA ϕ̃πðαÞ.

A. Factorization structure and notation

Working in momentum space and in the hard regime

q2 ≡ −Q2; Q2 ≫ Λ2
QCD; m2

π; ð5:1Þ
the correction to the tree-level calculation in Eq. (2.22) of
the matrix element of the energy-momentum tensor
between pion states in the collinear factorization framework
due to the TJJ insertion is given by

if2πCFg2s
NC

Z
1

0

dα1

Z
1

0

dα2ϕ̃πðα1ÞKμν
TJJðα1; α2; qÞϕ̃πðα2Þ:

ð5:2Þ
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Here Kμν
TJJ is the perturbative hard kernel obtained by

inserting the correlator TJJ at leading nontrivial order in
the strong coupling. The light-cone momentum fractions
α1;2 ∈ ½0; 1� label the momentum carried by the quark in
each pion DA.
We decompose the kernel in the tensor basis constructed

from the pion momenta P1, P2 and the metric,

Kμν
π ðα1; α2; qÞ ¼

X5
i¼1

FTJJ
i ðα1; α2; qÞTμν

i ; ð5:3Þ

following the same decomposition previously used for the
tree-level kernel in Eq. (2.23)

Tμν
1 ¼ Pμ

1P
ν
2; Tμν

2 ¼ Pμ
2P

ν
1; Tμν

3 ¼ Pμ
1P

ν
1;

Tμν
4 ¼ Pμ

2P
ν
2; Tμν

5 ¼ gμν: ð5:4Þ
The form-factor coefficients FTJJ

i encode the full depend-
ence on the partonic fractions and the hard scale q2. In the
expressions below we keep the superscript TJJ to empha-
size that these are the pieces originating from the non-
Abelian TJJ insertion, while the tree-level kernel pieces
will be denoted by Ftree

i .

B. Explicit form of the kernel coefficients
and their interpretation

From the perturbative calculation one obtains the follow-
ing compact form for the anomaly-induced pieces. For the
momentum-space form factors one finds

FTJJ
1 ¼ FTJJ

2 ¼ 1

3ðα1 − 1Þα1ðα2 − 1Þα2q2
½q2ð4ð6α1α2 þ ð2α1 − 5Þα1 þ 2α2

2 − 5α2 þ 2ÞA2 þ 3ð3α1 þ α2 − 2ÞA3

þ 2ð−2α1α2 þ α1 þ α2 − 2ÞAÞ þ 4ðð8α1 þ 8α2 − 4ÞJJ ½ðα2 − 1ÞP2 − ðα1 − 1ÞP1�
− 4ð2α1 þ 2α2 − 3ÞJJ ½α1P1 − α2P2� þ 4A4 − C5Þ�; ð5:5Þ

FTJJ
3 ¼ −

2

3ðα1 − 1Þα1ðα2 − 1Þα2q2
½q2ðð13α12 þ 2α1ð3α2 − 8Þ þ ðα2 − 2Þ2ÞA2 þ ð−2α1α2 þ α1 þ α2 − 2ÞAÞ

þ 2ð−2ð7α1 þ α2 − 6ÞJJ ½α1P1 − α2P2� þ 2ð7α1 þ α2 − 2ÞðJJ ½ðα2 − 1ÞP2 − ðα1 − 1ÞP1�Þ þ A4 − C5Þ�; ð5:6Þ

FTJJ
4 ¼ FTJJ

3 ðα1 ↔ α2; P1 ↔ P2Þ; ð5:7Þ

and the scalar, trace-sector coefficient

FTJJ
5 ¼ −

1

3ðα1 − 1Þα1ðα2 − 1Þα2q2
½q2ðððα2 − 2Þ2 þ α21 þ ð6α2 − 4Þα1ÞA2 þ 2ðð2α2 − 1Þα1 − α2 þ 2ÞAÞ

þ 2ð2ðα1 þ α2 − 2ÞJJ ½ðα2 − 1ÞP2 − ðα1 − 1ÞP1� − 2ðα1 þ α2ÞJJ ½α1P1 − α2P2� þ A4 þ 2C5Þ�: ð5:8Þ

The coefficient A is proportional to the one-loop QCD
trace-anomaly coefficient, and it can be written as

A ¼ g2s
16π2

β0 ð5:9Þ

in terms of the leading coefficient of the QCD beta function
in Eq. (2.34). Its appearance in FTJJ

i signals that the
anomaly insertion reweights the trace structure and gen-
erates a contribution proportional to the running of the
coupling.
The remaining quantities A2, A3, A4, and C5 are scalar

coefficients originating from the loop integrals and from the
tensor reduction of the triangle and bubble diagrams

contributing to the TJJ correlator. They are finite functions
of the renormalization scale μ and of the gluon momenta p1

and p2. Their relation to the pion external momenta is fixed
by the collinear kinematics,

p1 ¼ α2P2 − α1P1; p2 ¼ ᾱ2P2 − ᾱ1P1; ð5:10Þ

with ᾱi ¼ 1 − αi. The coefficients A2, A3, A4, and C5 are
understood here as the scalar functions obtained from the
off-shell decomposition of the TJJ correlator after com-
bining the quark and gluon sectors.
The symbol JJ ½p� denotes the scalar two-point func-

tion generated by the vacuum-polarization substructure of
the correlator. In the present normalization it reads
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JJ ½p� ¼ g2s
16π2

�
2

3
nf −

5

3
CA

�
p2B0ðp2Þ; ð5:11Þ

At large Euclidean momentum one has the expected
logarithmic behavior

B0ðp2Þ ∼ ln

�
−p2

μ2

�
þ const:; ð5:12Þ

so that JJ ½p� ∼ g2sp2 lnð−p2=μ2Þ.
For the large-Q2 analysis it is important to observe that

A2 and A3 do not introduce additional parametric powers of
Q2 beyond those displayed explicitly in Eqs. (5.5)–(5.8),
whereas A4, C5, and JJ ½p� scale as Q2, but this growth is
compensated by the overall factor 1=q2 in the hard
coefficients. As a consequence, the anomaly-induced ker-
nel contributes at order 1=Q2, up to logarithmic corrections.

C. From the kernel to the GFFs Aπ and Dπ

Taking the trace of Eq. (2.2) gives

gμνhπðP2ÞjTμνjπðP1Þi ¼ 2P2Aπðq2Þ−
3

2
q2Dπðq2Þ

¼ 2

�
m2

π −
q2

4

�
Aπðq2Þ−

3

2
q2Dπðq2Þ;

ð5:13Þ

where in the last equality we used P2
1 ¼ P2

2 ¼ m2
π . In the

hard, chiral limit used in the factorized calculation,
q2 ¼ −Q2 and m2

π ≪ Q2, so

gμνhπðP2ÞjTμνjπðP1Þi ≃ −
q2

2
½Aπðq2Þ þ 3Dπðq2Þ�

¼ Q2

2
½Aπð−Q2Þ þ 3Dπð−Q2Þ�:

ð5:14Þ

This relation makes explicit why the anomaly insertion is
naturally tied to the scalar projection of the pion matrix
element. Since the full QCD energy-momentum tensor is
conserved, no independent form factor multiplying gμν is
needed in Eq. (2.2). Terms of this type may appear in
separated quark and gluon sectors, or in the off-shell
decomposition of the TJJ correlator, but after imposing
the Ward or Slavnov-Taylor identities and matching onto
the on-shell pion matrix element they are absorbed into the
two conserved form factors Aπ and Dπ . In the present
leading-power matching the anomaly coefficient A enters
through the trace-sector coefficient FTJJ

5 , and therefore
gives its most direct correction to Dπ .
For the numerical interpretation it is important to keep

the full TJJ insertion distinct from its beta-function part. In
the Aπ projection the term proportional to the anomaly

coefficient cancels, so the isolated anomaly does not
contribute to the momentum form factor. The full TJJ
correction can nevertheless shift the leading Sudakov curve
downward at low Q2, because it also contains nonanom-
alous tensor structures. In the Dπ projection the anomaly
survives and gives an important scalar contribution. The
plotted TJJ term, however, is not the complete order-α2s
hard kernel; additional nonanomalous radiative terms may
still modify the comparison with the lattice data.
Using this decomposition, one projects onto the two pion

GFFs as

Aπðq2Þ ¼
f2πCFg2s
NC

Z
1

0

dα1

Z
1

0

dα2ϕ̃πðα1Þ

× ðFtree
1 þ FTJJ

1 þ Ftree
3 þ FTJJ

3 Þϕ̃πðα2Þ; ð5:15Þ

Dπðq2Þ ¼ −
f2πCFg2s
NC

Z
1

0

dα1

Z
1

0

dα2ϕ̃πðα1Þ
2ðFtree

5 þFTJJ
5 Þ

q2

× ϕ̃πðα2Þ: ð5:16Þ

Here the Ftree
i denote the tree-level contributions of the hard

kernel, while the FTJJ
i encode the one-loop TJJ correc-

tions, including the anomaly-controlled trace sector of the
non-Abelian correlator.
These expressions make the role of the trace anomaly

particularly transparent. First, the D-term is directly sensi-
tive to the coefficient A, and therefore to the QCD beta-
function coefficient β0. This is natural, since the scalar part
of the matrix element probes the trace sector of the stress
tensor, whose anomalous contribution is proportional to
βðgsÞ. The result is a correction to Dπ proportional to β0g2s ,
which distinguishes it from the nonanomalous contribu-
tions already present at tree level.
Second, the dependence on the two-point function

B0ðp2Þ, appearing through JJ and implicitly in the
remaining scalar coefficients, generates the expected log-
arithmic dependence on the hard scale. After convolution
with the pion DA, these logarithms translate into scale-
dependent terms of the form lnðQ2=μ2Þ, superimposed on
the overall 1=Q2 suppression. The renormalization scale μ
therefore enters both through the hard kernel and through
the evolution of the pion DA ϕ̃πðα; μÞ.
Finally, one must examine the endpoint behavior of the

convolution integrals. The denominators ðαi − 1Þαi appear-
ing in the coefficients suggest possible singularities as
αi → 0, 1. In practice, these are regulated by the pion DA,
which vanishes linearly at the endpoints. Therefore the
convolution integrals in Eqs. (5.15) and (5.16) are finite at
leading twist. Only when one goes beyond the strict
collinear approximation, for instance by including trans-
verse-momentum effects or power-suppressed endpoint-
enhanced terms, does one expect a stronger sensitivity to
the endpoint region and the need for an extended factori-
zation framework.
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To verify the gauge independence of the physical pion
GFFs, let us examine the structure of the three-point
Green’s function embedded within the hard-scattering
kernel. The off-shell Slavnov-Taylor identities dictate that
all gauge-fixing-dependent modifications are strictly con-
fined to two isolated structures: the nonlocal longitudinal
sector Bg and the local operator sector denoted by
htμνðqÞjaαðp1Þjbβlocðp2Þi. At the diagrammatic level, any
unphysical variation contributing to this Green’s function
yields structures that scale explicitly with the inverse gluon
propagators, and are thus proportional to the virtualities p2

1

and p2
2. In collinear kinematics, as stated previously,

these off-shell lines correspond to p2
1 ¼ −α1α2Q2, and

p2
2 ¼ −ð1 − α1Þð1 − α2ÞQ2. Crucially, every form factor

residing within the htμνðqÞjaαðp1Þjbβlocðp2Þi sector is auto-
matically cancelled out upon algebraic contraction with the
valence quark projector of the pion state. The only
remaining contribution from this gauge-dependent sector
is the coefficient C5 which only appears in Dπ . It tracks the
remnant off-shell equations of motion and vanishes iden-
tically once the full phase-space integration over the hard
kernel is performed against the pion DAs. In other words,
while individual off-shell lines inside the unintegrated loop
parametrize gauge variations, the collinear projection
mapping acts as a natural gauge filter. Since these unphys-
ical terms vanish automatically upon convolution, complete
gauge independence is fully restored to the hard-scattering
kernel. This ensures that our final extraction of theDπ form
factor safely isolates the physical contribution.
In summary, the insertion of the one-loop non-Abelian

TJJ correlator into the hard kernel generates a calculable
correction to the pion GFFs. Its trace sector is proportional
to the QCD beta function and therefore represents the
perturbative realization of the conformal anomaly inside the
hard-scattering description. After convolution with the pion
DA, this produces a contribution of order 1=Q2, modulated
by logarithmic dependence on the hard scale.

VI. SUDAKOV CORRECTIONS AND
MODIFICATION OF THE PIONWAVE FUNCTION

In the previous sections the factorized description of the
pion GFFs has been formulated in the collinear approxi-
mation, where the transverse momenta of the partons are
neglected and the nonperturbative dynamics is entirely
encoded in the DA ϕ̃πðαÞ. While this framework correctly
captures the leading-power structure at large momentum
transfer, it is well known that radiative corrections generate
large logarithms associated with soft and collinear gluon
emission. These logarithms must be resummed in order to
obtain a reliable description of the hard amplitude, and their
resummation leads to the emergence of Sudakov suppres-
sion factors.
The inclusion of Sudakov effects requires a refinement of

the factorization scheme, in which transverse degrees of

freedom (d.o.f.)are retained and the pion DA is promoted
from a purely collinear DA to a transverse-momentum-
dependent object. In this section we describe how Sudakov
resummation modifies the structure of the pion DA and
how it affects the convolution formula for the GFFs.
The perturbative corrections to the hard kernel involve

loop integrals in which virtual gluons become soft or
collinear with respect to the external partons. In these
regions the amplitude develops double logarithmic
enhancements of the form [23–26]

αs ln2
�
Q2

k2⊥

�
; ð6:1Þ

where k⊥ is the transverse momentum of the parton inside
the pion. Such contributions arise from the overlap of soft
and collinear divergences and appear to all orders in
perturbation theory. In the collinear approximation these
logarithms are absent.
The resummation of these logarithms leads to an

exponential suppression factor, which damps the contribu-
tions from regions of phase space where soft-gluon
emission would otherwise enhance the amplitude. This
suppression plays a crucial role in regulating endpoint
configurations and ensuring the self-consistency of the
perturbative expansion.
To incorporate Sudakov effects, one introduces a trans-

verse-momentum-dependent (TMD) pion wave function

Ψπðα; k⊥; μÞ; ð6:2Þ

which generalizes the collinear DA according to

ϕ̃πðα; μÞ ¼
Z

d2k⊥Ψπðα; k⊥; μÞ: ð6:3Þ

It is convenient to work in impact-parameter space, defined
by the Fourier transform

Ψ̃πðα; b; μÞ ¼
Z

d2k⊥
ð2πÞ2 e

−ik⃗⊥·b⃗Ψπðα; k⊥; μÞ; ð6:4Þ

where b is conjugate to k⊥. In this representation, the
Sudakov factor exponentiates in a simple form.
The factorized expression for the matrix element (5.2) is

then modified into

hπðP2ÞjTμνjπðP1Þi ¼
if2πCFg2s

NC

Z
1

0

dα1

Z
1

0

dα2

×
Z

d2bΨ̃πðα1; b; μÞ

× Kμν
π ðα1; α2; b; Q; μÞ

× Ψ̃πðα2; b; μÞ; ð6:5Þ
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where the hard kernel now depends explicitly on the
transverse separation b, and the convolution includes the
Sudakov suppression factor.
The resummation of soft and collinear logarithms leads

to a universal exponential factor modifying the wave
function,

Ψ̃πðα; b; Q; μÞ ¼ exp ½−Sðα; b; Q; μÞ�Ψ̃ð0Þπ ðα; b; μÞ; ð6:6Þ

where Ψ̃ð0Þπ is a nonperturbative input function and
Sðα; b; Q; μÞ is the Sudakov exponent.
At next-to-leading logarithmic accuracy, the Sudakov

exponent can be written as

Sðα; b; Q; μÞ ¼ sðα; Q; bÞ þ sð1 − α; Q; bÞ

þ 2

Z
μ

1=b

dμ0

μ0
γqðαsðμ0ÞÞ; ð6:7Þ

where γq is the quark anomalous dimension and the
function sðα; Q; bÞ resums the double logarithms,

sðα; Q; bÞ ¼
Z

αQ

1=b

dμ0

μ0

�
ln

�
αQ
μ0

�
Aðαsðμ0ÞÞ þ Bðαsðμ0ÞÞ

�
:

ð6:8Þ

The coefficient AðαsÞ is proportional to the cusp anomalous
dimension and controls the double logarithmic behavior,
while BðαsÞ encodes single logarithmic corrections. The
Sudakov suppression factor can be analytically computed
and expressed as

Sðα; b; Q; μÞ ¼ sðα; Q; bÞ þ sð1 − α; Q; bÞ

−
1

β1
log

logðt=ΛQCDÞ
logð1=bΛQCDÞ

ð6:9Þ

with

sðα; Q; bÞ ¼ Að1Þ

2β1
q̂ ln

�
q̂

b̂

�
þ Að2Þ

4β21

�
q̂

b̂
− 1

�
−
Að1Þ

2β1
ðq̂ − b̂Þ

−
Að1Þβ2
16β31

q̂

�
lnð2b̂Þ þ 1

b̂
−
lnð2q̂Þ þ 1

q̂

�

−
�
Að2Þ

4β21
−
Að1Þ

4β1
ln

�
e2γ−1

2

��
ln

�
q̂

b̂

�

−
Að1Þβ2
32β31

½ln2ð2q̂Þ − ln2ð2b̂Þ� ð6:10Þ

and

q̂≡ ln ðαQ=ð
ffiffiffi
2
p

ΛQCDÞÞ; ð6:11Þ

b̂≡ lnð1=bΛQCDÞ; ð6:12Þ

t ¼ max ðQ ffiffiffiffiffiffiffiffiffiffi
α1α2
p

; 1=bÞ: ð6:13Þ

The coefficients AðiÞ and βi are

β1 ¼
33 − 2nf

12
; β2 ¼

153 − 19nf
24

; ð6:14Þ

Að1Þ ¼ 4

3
; Að2Þ ¼ 67

9
−
π2

3
−
10

27
nfþ

8

3
β1 ln

�
eγ

2

�
; ð6:15Þ

where nf ¼ 3 in this case is the number of quark flavors
and γ is the Euler constant.
The exponential factor exp½−S� suppresses configura-

tions with large transverse separation b, corresponding to
soft gluon exchange and long-distance dynamics. As a
result, the dominant contribution to the convolution integral
comes from the perturbative region b≲ 1=ΛQCD, where the
use of the hard kernel remains justified.

A. Impact on the anomaly-induced amplitude

The inclusion of Sudakov effects modifies the convolu-
tion structure of the anomaly-induced contributions. In
particular, the form factors FTJJ

i are now convoluted with
the Sudakov-suppressed wave functions rather than with
the purely collinear DA. Symbolically, one has

FTJJ
i ⟶

Z
d2bΨ̃πðα1; b; Q; μÞFTJJ

i ðα1; α2; q; bÞ

× Ψ̃πðα2; b; Q; μÞ: ð6:16Þ

The most important consequence of this modification is the
suppression of endpoint regions α → 0, 1, where the
denominators in Eqs. (5.5)–(5.8) would otherwise enhance
the integrand. The Sudakov factor therefore stabilizes the
perturbative expansion and reduces the sensitivity to non-
perturbative configurations.
Furthermore, the logarithmic dependence introduced by

the two-point function B0ðp2Þ, which generates terms of
the form lnðQ2=μ2Þ, is now consistently combined with the
Sudakov logarithms arising from soft-gluon resummation.
The resulting structure reflects the interplay between ultra-
violet renormalization, governed by the QCD beta function
and the anomaly coefficient A, and infrared dynamics,
encoded in the Sudakov exponent.
The Sudakov suppression provides a dynamical mecha-

nism that enforces the dominance of short-distance con-
figurations in exclusive processes at large momentum
transfer. In the present context, it ensures that the
anomaly-induced contribution to the GFFs remains under
perturbative control, even in the presence of potentially
dangerous endpoint configurations.
At the same time, the modification of the pion wave

function reflects the fact that the hadronic structure probed
in the hard process is not purely collinear, but involves a
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nontrivial interplay between longitudinal momentum frac-
tions and transverse spatial distributions. The Sudakov
factor effectively reshapes the wave function, suppressing
large transverse separations and enhancing the contribution
from compact configurations.
In summary, the inclusion of Sudakov corrections leads

to a consistent extension of the factorization framework in
which both perturbative and nonperturbative effects are
properly organized. This refinement is essential for a
quantitatively reliable description of the anomaly-induced
contributions to the pion GFFs at large but finite momen-
tum transfer.

VII. A PHENOMENOLOGICAL MODEL FOR THE
SUDAKOV-IMPROVED PION WAVE FUNCTION

AND ITS IMPACT ON THE ANOMALY
CONTRIBUTION

In order to make the Sudakov-resummation-improved
factorization formula operational, one needs a concrete
model for the pion wave function in transverse coordinate
space. The purpose of this section is to introduce a simple
but widely used phenomenological parametrization, to
combine it with the Sudakov exponential, and to show
how the anomaly-induced contribution to the pion GFFs is
modified once the transverse d.o.f. are taken into account
explicitly. The discussion also makes clear how the
endpoint suppression induced by Sudakov resummation
stabilizes the convolution integrals that define the hard
amplitude.
The starting point is the transverse-momentum-depen-

dent pion wave function Ψπðα; k⊥; μÞ, whose Fourier
transform to impact-parameter space has been introduced
in Eq. (6.4). A natural phenomenological ansatz consists in
factorizing the longitudinal and transverse dependence of
the nonperturbative input at a low scale μ0,

Ψð0Þπ ðα; k⊥; μ0Þ ¼ ϕπðα; μ0ÞΣπðα; k⊥Þ; ð7:1Þ

where ϕπðα; μ0Þ is the usual leading-twist DA and Σπ

describes the intrinsic transverse momentum profile [27–33]
A commonly adopted Gaussian form is

Σπðα; k⊥Þ ¼
β2π

παð1 − αÞ exp
�
−β2π

k2⊥ þm2
q

αð1 − αÞ
�
; ð7:2Þ

where βπ is a hadronic size parameter and mq is an effective
constituent-like quark mass introduced to regulate the infra-
red behavior of themodel. The normalization is chosen so that

Z
d2k⊥Σπðα; k⊥Þ ¼ exp

�
−β2π

m2
q

αð1 − αÞ
�
: ð7:3Þ

When mq → 0, the transverse profile integrates to unity,
and the collinear DA is recovered directly from the

transverse-momentum-dependent wave function. For finite
mq, the exponential factor produces an additional suppression
near the endpoints,which is phenomenologically useful in the
modeling of exclusive amplitudes.
Passing to impact-parameter space, the Fourier transform

of Eq. (7.2) gives

Σ̃πðα;bÞ ¼ exp

�
−β2π

m2
q

αð1−αÞ
�
exp

�
−
αð1−αÞb2

4β2π

�
; ð7:4Þ

up to the conventional overall normalization associated
with the definition of the Fourier transform. The corre-
sponding pion wave function in b-space may then be
written as

Ψ̃ð0Þπ ðα; b; μ0Þ ¼ ϕπðα; μ0Þ exp
�
−β2π

m2
q

αð1 − αÞ
�

× exp

�
−
αð1 − αÞb2

4β2π

�
: ð7:5Þ

The Sudakov-improved wave function is obtained by
multiplying this nonperturbative input by the resummed
exponential factor introduced in Eq. (6.6),

Ψ̃πðα; b; Q; μÞ ¼ exp ½−Sðα; b; Q; μÞ�Ψ̃ð0Þπ ðα; b; μ0Þ: ð7:6Þ

Substituting Eq. (7.5) into Eq. (7.6), one finds the explicit
form

Ψ̃πðα; b;Q;μÞ ¼ ϕπðα;μ0Þ exp ½−Sðα; b;Q;μÞ�

× exp

�
−β2π

m2
q

αð1− αÞ
�
exp

�
−
αð1− αÞb2

4β2π

�
:

ð7:7Þ

This expression makes the structure of the improved wave
function transparent. The first exponential in Eq. (7.7) is
perturbative and universal, encoding the resummation of
soft and collinear logarithms. The second and third expo-
nentials represent the intrinsic nonperturbative transverse
structure of the pion. Their combined effect is to suppress
both large transverse separations and endpoint regions, thus
improving the convergence of the hard convolution.
The DA entering Eq. (7.7) may itself be modelled at the

input scale μ by a truncated Gegenbauer expansion keeping
only the first nontrivial term,

ϕπðα; μÞ ¼ 6αð1 − αÞ½1þ a2ðμÞC3=2
2 ð2α − 1Þ�; ð7:8Þ

which already captures the main departure from the
asymptotic shape and is sufficient for a first numerical
analysis. The Gegenbauer moment a2ðμÞ is given by
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a2ðμÞ ¼ a2ðμ0Þ
�
αsðμÞ
αsðμ0Þ

�25CF
6

; ð7:9Þ

and the running coupling is evaluated using Eq. (2.33) at
the largest hard scale in the convolution. The parameter
a2ðμ0Þ ¼ 0.2 is chosen at the scale μ0 ¼ 1 GeV follow-
ing [34].
The hard amplitude for the pion GFFs is then rewritten as

a threefold convolution in the longitudinal fractions and in
the transverse separation,

hπðP2ÞjTμνjπðP1Þi ¼
if2πCFg2s

NC

Z
1

0

dα1

Z
1

0

dα2

×
Z

∞

0

2πbdbΨ̃πðα1; b;Q;μÞ

×Kμν
π ðα1;α2; b;Q;μÞΨ̃πðα2; b;Q;μÞ:

ð7:10Þ

Here the hard kernel includes both the tree-level and the
anomaly-induced components,

Kμν
π ðα1; α2; b; Q; μÞ ¼ Kμν

treeðα1; α2; b; Q; μÞ
þ Kμν

TJJðα1; α2; b; Q; μÞ: ð7:11Þ

The kernels appearing in Eq. (7.11) are obtained from the
corresponding momentum-space amplitudes through a
Fourier transformation with respect to the transverse
momentum exchanged by the hard gluon,

Kμν
π ðα1;α2; b;Q;μÞ ¼

Z
d2kT
ð2πÞ2 e

−ikT ·bKμν
π ðα1;α2; kT;Q;μÞ;

ð7:12Þ

where b denotes the transverse separation between the
valence quarks in impact-parameter space. The same
definition applies separately to the tree-level and to the
TJJ contributions.
The transverse momentum dependence is retained exclu-

sively in the propagator of the exchanged gluon, while the
intrinsic transverse momenta carried by the external con-
stituent quarks are neglected in the quark propagators and
in the Dirac numerators. This approximation isolates the
dominant noncollinear contribution associated with the
exchanged hard gluon and allows the Fourier transform
to be performed analytically in terms of modified Bessel
functions.
The simplification becomes particularly important for

the anomaly-induced TJJ contribution. Indeed, the inser-
tion generates nonlocal momentum structures and loga-
rithmic terms in the gluon virtuality, making the exact two-
dimensional Fourier transform analytically intractable if the
full transverse dependence of all propagators is retained.
Restricting the transverse dynamics to the exchanged

gluon propagator preserves the factorized structure of the
kernel and leads to a computable representation in impact-
parameter space. In this way, both the tree-level and the
anomaly-corrected amplitudes can be expressed in terms of
one-dimensional Bessel transforms, which are suitable for
stable numerical evaluation.
The explicit expressions of the tree-level kernel, the

modified propagator structure induced by the TJJ inser-
tion, and the corresponding impact-parameter-space ker-
nels are collected in Appendix C, together with a detailed
discussion of the approximations employed in the treatment
of the transverse momentum dependence.
Projecting again onto the two independent form factors,

one obtains the Sudakov-improved expressions

Aπðq2Þ ¼
f2πCFg2s
NC

Z
1

0

dα1

Z
1

0

dα2

×
Z

∞

0

2πbdbΨ̃πðα1; b; Q; μÞ

× ½Ftree
1 þ FTJJ

1 þ Ftree
3 þ FTJJ

3 �
× Ψ̃πðα2; b; Q; μÞ; ð7:13Þ

Dπðq2Þ ¼ −
f2πCFg2s
NC

Z
1

0

dα1

Z
1

0

dα2

×
Z

∞

0

2πbdbΨ̃πðα1; b; Q; μÞ 2ðF
tree
5 þ FTJJ

5 Þ
q2

× Ψ̃πðα2; b; Q; μÞ; ð7:14Þ

where the Fi now depend implicitly on b through the trans-
verse-momentum dependence retained in the hard scatter-
ing kernel, and are explicitly given in Appendix C. The
anomaly-induced correction to the D-term is therefore
given by

Danom
π ðq2Þ ¼ −

f2πCFg2s
NC

Z
1

0

dα1

Z
1

0

dα2

×
Z

∞

0

2πbdbΨ̃πðα1; b; Q; μÞ

×
2FTJJ

5 ðα1; α2; b; q; μÞ
q2

× Ψ̃πðα2; b; Q; μÞ: ð7:15Þ

At this stage it is useful to examine the effect of the
Sudakov improvement on the anomaly contribution. In the
purely collinear treatment, the form factor FTJJ

5 contains
denominators proportional to

α1ð1 − α1Þα2ð1 − α2Þ; ð7:16Þ

which enhance the integrand near the endpoints αi → 0, 1.
Although the asymptotic DA ϕas

π ðαÞ ¼ 6αð1 − αÞ already
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renders the convolution finite, the endpoint region may still
contribute significantly once logarithmic corrections and
nonasymptotic models are included. The Sudakov factor
cures this problem dynamically. Indeed, for small α or
1 − α, the exponent Sðα; b; Q; μÞ grows, so that

exp½−Sðα; b; Q; μÞ� → 0; α → 0; 1: ð7:17Þ

This implies a strong suppression of the endpoint configu-
rations that would otherwise endanger the perturbative
stability of the result.
A second important effect concerns the b-integration.

Without Sudakov suppression, the convolution in
Eq. (7.10) would receive substantial contributions from
large b, corresponding to long-distance transverse separa-
tions where the perturbative hard kernel cannot be trusted.
The Sudakov exponent suppresses precisely this region,

exp½−Sðα; b; Q; μÞ� → 0; b → ∞; ð7:18Þ

and therefore ensures that the dominant contribution arises
from a finite window of transverse separations. In this way
the improved factorization formula becomes internally
consistent: the nonperturbative information remains
encoded in the model wave function, while the hard kernel
is sampled mainly in the region where perturbation theory
is applicable.
For practical numerical applications, one needs to

specify the scales entering the Sudakov exponent. A
standard choice is to set the factorization and renormaliza-
tion scale to the largest perturbative scale in the problem,

t ¼ max

� ffiffiffiffiffiffiffiffiffiffi
α1α2
p

Q;
1

b

�
; ð7:19Þ

and to evaluate the running coupling αsðtÞ at this scale. The
Sudakov exponent is then written in terms of t, while the
DA is evolved from the input scale μ0 to the same hard scale
by the usual ERBL evolution. In a first phenomenological
analysis, however, one may keep the evolution of ϕπ fixed
at a representative scale and focus on the dominant effect of
the Sudakov exponential itself.
Within such a setup, the principal effect of the Sudakov

improvement on the anomaly-induced amplitude can be
summarized schematically as

Danom
π ðQ2Þ ¼ Danom

π;collðQ2ÞSDðQ2Þ; ð7:20Þ

where Danom
π;coll is the result obtained in the collinear approxi-

mation and SDðQ2Þ is an effective suppression factor
generated by the b-space convolution with the Sudakov-
improved wave functions. Although SDðQ2Þ is not uni-
versal and depends on the chosen model parameters, it is
typically smaller than unity and decreases the relative
importance of the endpoint regions. In the AπðQ2Þ

projection the anomalous part cancels, while the full
TJJ insertion still affects the curve through its nonanom-
alous tensor components. The effect is more directly
controlled in the D-term and in the trace form factor
because the trace-sector coefficient FTJJ

5 is sensitive to
the scalar and logarithmic pieces of the kernel.
The phenomenological parameters entering the model,

such as βπ , mq, and the Gegenbauer moments anðμ0Þ, may
be fixed by comparison with other exclusive observables,
for instance the electromagnetic pion form factor or the
γγ� → π transition form factor. Once these parameters are
chosen, the same Sudakov-improved wave function can be
used consistently in the computation of the GFFs. This
makes the framework predictive and allows one to assess
whether the anomaly-induced correction survives as a
numerically appreciable effect once the realistic suppres-
sion of long-distance configurations is taken into account.
In summary, the introduction of a phenomenological

b-space model for the pion wave function provides the
missing ingredient needed to turn the Sudakov-improved
factorization formula into a calculable scheme. The wave
function is modified in two essential ways: first, by the
intrinsic transverse Gaussian profile, which encodes
the finite transverse size of the pion, and second, by the
Sudakov exponent, which suppresses large transverse
separations and endpoint regions. When these effects are
incorporated into the convolution for Dπðq2Þ, the anomaly-
induced contribution remains present but is reshaped and
typically reduced relative to the purely collinear estimate.
This mechanism is essential for a realistic perturbative
analysis of the pion GFFs at finite momentum transfer.

VIII. NUMERICAL RESULTS

In this section we discuss the numerical behavior of the
pion GFFs obtained from the Sudakov-improved factori-
zation framework described above, including the contri-
bution generated by the non-Abelian TJJ insertion.
A crucial aspect of the numerical calculation concerns

the treatment of the impact-parameter integration. The
transverse separation b is restricted to the perturbative
region,

0 ≤ b≲ 1

ΛQCD
; ð8:1Þ

since larger transverse distances correspond to configura-
tions dominated by genuinely nonperturbative soft-gluon
dynamics. In practice, the Sudakov exponent suppresses
the integrand strongly as b approaches 1=ΛQCD, leading to
a natural dynamical cutoff of the convolution integral. As
emphasized in Ref. [25], the perturbative contribution
becomes increasingly dominated by small transverse sep-
arations as the hard scale grows.
In the present analysis we implement this prescription

explicitly by truncating the numerical integration over b at
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bmax ∼
1

ΛQCD
; ð8:2Þ

which corresponds approximately to the onset of the
nonperturbative region. This cutoff is particularly important
for the stability of the anomaly-induced TJJ contribution.
Indeed, the TJJ insertion generates additional logarithmic
dependence on the gluon virtuality, enhancing the sensi-
tivity of the Fourier transform to large transverse separa-
tions. Without Sudakov suppression and the restriction to
the perturbative domain, the convolution would receive
sizable contributions from regions where the perturbative
treatment of the hard kernel is no longer reliable.
The numerical results for the two GFFs are shown in

Figs. 4 and 5, while the trace form factor is shown in Fig. 6,
where the leading-order Sudakov-improved perturbative
prediction is compared with the corresponding curves
including the isolated anomaly contribution and the full
TJJ insertion. The calculations are also compared with the
lattice-QCD determination of Hackett et al. in the low- and
intermediate-Q2 region [35].
The resulting form factors exhibit a characteristic pro-

jection hierarchy. The momentum form factor AπðQ2Þ
receives only a moderate correction from the complete
TJJ insertion, while the isolated anomaly contribution
cancels in the leading-twist projection, consistently with
the tensor decomposition of the stress-tensor correlator.
The cancellation is straightforward from Eqs (5.5) and
(5.6). Nevertheless, the nonanomalous tensor structures
contained in the full TJJ kernel lower the leading-order
prediction at small momentum transfer, improving the
qualitative agreement with the lattice-QCD data.

A different behavior is observed for the D-term form
factor DπðQ2Þ. In this channel the scalar structures asso-
ciated with the trace anomaly project much more effi-
ciently, producing a sizable correction already at moderate
values of Q2. This enhancement reflects the sensitivity of
the D-term to the internal stress distribution and to the
scalar sector of the energy-momentum tensor.
The clearest signal of the anomaly emerges in the trace

form factor,

ΘπðQ2Þ ¼ gμνhπðP2ÞjTμνjπðP1Þi; ð8:3Þ

FIG. 5. In the Dπ form factor the anomaly gives an important
contribution. The displayed full TJJ correction is more modest
and should not be read as the complete order-α2s hard kernel;
additional nonanomalous terms may improve the comparison
with the data. The curves are obtained for a2ðμ0Þ ¼ 0.2,
μ0 ¼ 1 GeV, mq ¼ 0.33 GeV, and βπ ¼ 0.24 GeV−1.

FIG. 6. The trace form factor Θπ is the channel in which the
anomaly is most significant: it dominates the TJJ contribution at
both low and high momentum transfer. Treating the anomaly
as a constrained contribution in the hard part improves the
trace prediction and helps the interpretation of the Dπ form
factor. The curves are obtained for a2ðμ0Þ ¼ 0.2, μ0 ¼ 1 GeV,
mq ¼ 0.33 GeV, and βπ ¼ 0.24 GeV−1.

FIG. 4. Q2 ¼ −t. In the momentum form factor Aπ, the
isolated anomaly cancels and does not generate a separate
contribution. The full TJJ insertion nevertheless lowers the
leading Sudakov curve at small Q2, improving the local
overlap with the lattice data in the first kinematic window.
The curves are obtained for a2ðμ0Þ ¼ 0.2, μ0 ¼ 1 GeV,
mq ¼ 0.33 GeV, and βπ ¼ 0.24 GeV−1.
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where the scalar projection directly selects the trace
component of the TJJ correlator. In this case the
anomaly-induced contribution dominates the full TJJ
correction over the entire momentum-transfer region con-
sidered in the analysis. This behavior confirms that the
trace form factor is the most direct observable sensitive to
the beta-function-controlled scalar channel generated by
the conformal anomaly.
The hierarchy observed among the three form factors

therefore provides a nontrivial consistency check of the
tensor decomposition of the TJJ vertex. A universal shift of
all form factors would simply correspond to a global
normalization effect, whereas the selective enhancement
of the scalar observables demonstrates that the anomaly
contribution is correctly projected onto the trace sector of
the pion energy-momentum tensor.
Finally, it should be emphasized that the present calcu-

lation is not intended as a complete low-energy description of
the pion GFFs. At low momentum transfer, additional
contributions associated with soft overlap, higher-twist
effects, chiral dynamics, and quark-mass corrections to the
trace become relevant. The purpose of the present analysis is
instead to isolate the perturbative trace-anomaly contribution
within a controlled Sudakov-improved factorization frame-
work and to study its projection onto the various GFFs.
Although the momentum-transfer range explored by the

lattice data is not strictly within the asymptotic perturbative
regime, the comparison is still useful in order to investigate
the effect of the trace-anomaly contribution on the various
GFFs. In particular, both the isolated anomaly contribution
and the complete TJJ correction tend to lower the pure
leading-order perturbative prediction in the low/intermedi-
ate-Q2 region, producing a visibly improved overlap with
the available lattice points.
This effect is especially evident in the trace form factor

ΘπðQ2Þ and, to a lesser extent, in the D-term form factor
DπðQ2Þ, where the scalar component associated with the
conformal anomaly contributes more efficiently through
the tensor decomposition of the TJJ correlator. In the case
of AπðQ2Þ, the isolated anomaly contribution cancels at
leading twist, but the full TJJ insertion still generates a
moderate downward shift of the perturbative curve at low
momentum transfer.
At the same time, the comparison should be interpreted

with some caution. In the low-Q2 region the pion dynamics
is expected to receive important contributions from soft
overlap, chiral effects, higher-twist corrections, and genu-
inely nonperturbative physics [36], which are not fully
captured within a perturbative factorization framework.
Consequently, the present calculation should not be viewed
as a precision description of the low-energy pion GFFs.
Rather, its purpose is to isolate the perturbative trace-
anomaly contribution and to study how the non-Abelian
TJJ insertion modifies the hierarchy of the various tensor
projections.

From this perspective, the qualitative agreement obtained
after including the anomaly-related corrections is encour-
aging. It indicates that the scalar channel associated with
the QCD beta function contributes in the expected direction
and improves the phenomenological behavior of the
perturbative prediction even in a kinematic region where
strict collinear factorization is only partially applicable.

IX. DILATON EXCHANGE AS A CORRELATED
PAIR CHANNEL

The perturbative dilaton discussed in the analysis of
GFFs should not be interpreted, in the first instance, as an
elementary scalar added to QCD. It is a scalar projection of
the renormalized TJJ vertex. More precisely, it is the part
of the stress-tensor insertion which is selected by the trace
sector and whose normalization is fixed by the beta
function. This interpretation follows the perturbative
anomaly-pole analysis of the TJJ correlator and its
gravitational effective action representation developed in
Refs. [37–39]. The corresponding scalar form factor in the
TJJ correlator is therefore the perturbative realization of a
dilatonlike exchange. Its role in hard exclusive processes is
to provide a definite trace-channel component of the hard
kernel, rather than a universal rescaling of all GFFs. The
same mechanism underlies the recent formulation of
hadron GFFs from momentum-space CFT and perturbative
QCD [20].
The point can be made precise by using the momentum-

space decomposition of the TJJ vertex developed by
Bzowski, McFadden, and Skenderis and later applied to
anomaly form factors in QCD [20–22,40–42]. In the
conformal limit the trace sector contains a form factor of
the form

Φanomðq2Þ ∼
A
q2

; A ¼ g2s
16π2

β0; ð9:1Þ

with q the momentum carried by the stress tensor. This pole
is the momentum-space image of the nonlocal anomaly

FIG. 7. Effective pole representation of the anomalous TJJ
interaction. The diagram gives a graphical representation of the
nonlocal Rð1Þ□−1F2 exchange generated by the anomaly form
factor, as in the Abelian and non-Abelian analyses of
Refs. [37,38,42].
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action. In a local phenomenological language one may
introduce a dilaton field coupled to F2. In the perturbative
construction, however, the same object is already present in
the one-particle-irreducible TJJ correlator as the scalar
anomaly pole. The connection between this pole and the
scalar component of the gravitational exchange has also
been emphasized in the anomaly-mediated description of
conformal sectors [43].
This interpretation is sharpened by Duff’s definition of

the anomaly, namely the failure of the trace operation to
commute with the quantum average,

A ¼ gμνhTμνi − hTμ
μi: ð9:2Þ

In dimensional regularization the TJJ tensor basis shows
that the anomaly pole is not produced by an arbitrary pole
term inserted by hand. The singularity is traced to a unique
renormalized form factor, originally introduced in [44]. The
traceWard identities imply that, when d → 4, the 1=ðd − 4Þ
singularity of this form factor feeds the traced tensor
structure and generates the 1=q2 pole [39]. All other form
factors are finite in this limit. Thus the dilaton pole is the
residual effect of renormalization in the trace sector,
consistently with the CFT reconstruction of anomalous
graviton vertices and with the anomaly-action analysis of
higher stress-tensor correlators [40,41,45].
The same conclusion has a dispersive formulation. For

general virtualities and nonzero fermion mass the scalar
form factor can be represented as

Φanomðq2;p2
1;p

2
2;m

2Þ¼1

π

Z
∞

0

ds
ρanomðs;p2

1;p
2
2;m

2Þ
s−q2−i0

; ð9:3Þ

with a spectral density obeying the anomaly sum rule
[42,46]

1

π

Z
∞

0

dsρanomðs;p2
1; p

2
2; m

2Þ ¼ A: ð9:4Þ

The right-hand side is independent of the mass and of the
external virtualities. The spectral distribution may change,
but the total area is fixed. This is the sense in which the
dilaton exchange can be viewed as a correlated exchange of
intermediate pairs. The spectral density is generated by the
intermediate two-particle states of the TJJ subgraph, such
as quark-antiquark pairs in the fermion loop and gluon pairs
in the non-Abelian sector. These states are not exchanged
independently; they are projected onto the color-singlet
scalar channel selected by the trace of the stress tensor. The
dilaton is therefore the coherent scalar channel carried by
these correlated partonic pairs. This spectral-flow interpre-
tation extends the earlier anomaly sum-rule analyses of
dilaton and superconformal channels [42,46].
After the TJJ correlator is embedded in the pion matrix

element, the same sum rule should be interpreted as a

matching constraint on the scalar part of the hard kernel. It
does not become a separate universal sum rule for each
individual pion GFF. Rather, the fixed anomaly strength in
Eq. (9.4) is projected onto the hadronic amplitude by the
pion DA and, at finite momentum transfer, by the Sudakov-
improved wave function. The convolution redistributes this
scalar strength among the observable projections: it may
cancel, or be numerically suppressed, in the anomalous part
of Aπ , while it remains visible in Dπ and is selected most
directly by the trace form factor.
At lower momentum transfer the same statement admits

a hadronic spectral interpretation. The partonic two-particle
cut of the TJJ subgraph is then replaced by scalar hadronic
intermediate states, including pion continua, scalar reso-
nances, and gluonic components. The detailed saturation of
the sum rule is nonperturbative, but the total anomaly
strength remains fixed by the trace identity. In this sense the
perturbative dilaton pole is the short-distance representative
of a scalar spectral channel which, at hadron level, is
redistributed over physical intermediate states.
In the massive theory the same strength is distributed

over the cut, beginning at the physical threshold s ¼ 4m2

in the fermion sector. As the conformal limit is approached,
the sequence of spectral densities is squeezed toward
s ¼ 0. In distributional form one obtains a spectral flow
of the type

ρanomðs;m2Þ⟶ πAδðsÞ; m → 0; ð9:5Þ

so that the continuum representation collapses into the
anomaly pole. The pole is therefore not a separate
assumption; it is the limiting form of a correlated two-
particle spectral distribution whose area is fixed by the
anomaly. In the gluonic part of the non-Abelian vertex the
localization at s ¼ 0 is already present in the massless
sector, while fermion mass effects smear the pole into a
continuum before the conformal limit is taken.
There is, however, an important qualification. The

analysis of the particle-pole residue in light-cone variables
shows that the anomaly pole and a genuine particle pole are
not identical notions in the TJJ case [37,38,42,44]. If the
external vector legs are off shell, or if the fermions in the
loop are massive, the residue of q2hTJJi vanishes as
q2 → 0. A nonzero residue appears only in the massless,
on-shell, light-cone configuration corresponding to a vir-
tual graviton decaying into two transverse on-shell gluons
or photons. In the on-shell basis of the Abelian TJJ
correlator, later extended to the non-Abelian case, the
surviving residue contains two independent tensor struc-
tures. With k ¼ p1 þ p2, s ¼ k2, p2

1 ¼ p2
2 ¼ 0 and

Eq. (4.18), one may write the light-cone residue by
separating the scalar anomaly pole from the transverse-
traceless pole contribution as
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lim
s→0

shTμνðkÞJaαðp1ÞJbβðp2Þi

¼ g2s
48π2

δab
�
11

3
CA −

2

3
nf

�
ϕ̃μναβ
1

−
g2s

288π2
δabðnf − CAÞϕ̃μναβ

2 : ð9:6Þ

The second term denotes a traceless contribution, already
present in the Abelian case. The first tensor is the scalar
anomaly structure,

ϕ̃μναβ
1 ¼ ðsgμν − kμkνÞuαβðp1; p2Þ; ð9:7Þ

and is the residue associated with the Rð1Þ□−1F2 exchange
represented in Fig. 7. The second tensor is

ϕ̃μναβ
2 ¼ −2uαβðp1; p2Þ½sgμν þ 2ðpμ

1p
ν
1 þ pμ

2p
ν
2Þ

− 4ðpμ
1p

ν
2 þ pμ

2p
ν
1Þ�; ð9:8Þ

which obeys gμνϕ̃
μναβ
2 ¼ 0 in four dimensions and is

therefore not part of the trace anomaly. In the Abelian
case (QED), discussed in [44], the additional massless pole
associated to this structure was interpreted as a plasmonlike
mode of the anomaly vertex, proportional to the number of
fermion flavors nf. As discussed in [42], it is a light-cone
pole which in the context of a gravitational exchange is
mediated by the spin-2 part of the graviton propagator
rather than by the scalar trace projection [43]. It plays a
role in the scattering of two gluons ðgg → ggÞ once two
TJJ vertices are coupled by the exchange of an inter-
mediate graviton. The factor ðnf − CAÞ in front of ϕ̃2

in (9.6) accounts for both the quark and the gluon/ghost
contributions.
This second traceless structure contributes to the

anomaly effective action describing the interaction around
the light-cone, of the form

Sextra pole

¼ g2s
72π2

ðnf − CAÞ
Z

d4x
ffiffiffiffiffiffi
−g
p Z

d4x0
ffiffiffiffiffiffiffi
−g0

p
hμνðxÞ□−1

x; x0

×

�
3ð∂μ∂νFa

αβÞFαβa þ 1

4
ðgμν□ − 4∂μ∂νÞFa

αβF
αβa

�
x0
;

ð9:9Þ

while the first tensor structures is associated with the well-
known effective action of the form [37]

Sanom ¼
1

3

g3

16π2

�
−
11

3
CA þ

2

3
nf

�

×
Z

d4xd4yRð1ÞðxÞ□−1ðx; yÞFa
αβF

αβa; ð9:10Þ

that generalizes the expression derived in [44] for QED.
Rð1ÞðxÞ is the linearized scalar curvature.
This sector has the same massless propagator as the

scalar anomaly exchange, but its residue is traceless. It
should therefore be kept conceptually separate from the
dilaton channel: the dilaton is the scalar projection fixed by
the trace Ward identity and by the anomaly sum rule, while
the plasmonlike pole is a light-cone excitation of the
transverse-traceless sector. This separation is precisely
the reason why the CFT momentum-space decomposition
and the explicit perturbative TJJ calculation have to be
used together when the hard kernel is projected onto
pion GFFs.
For the pion GFFs this distinction is essential. The hard

kernel contains the one-loop TJJ insertion, and the pion
DAs attach to the external partonic lines. The trace-
anomaly contribution is then the scalar projection of the
correlated intermediate pair exchanged inside this hard
subgraph. It contributes most directly to the trace form
factor and to the scalar part of the Dπ-term, while it cancels
in the anomalous part of the Aπ projection. This is precisely
what one expects if the dilaton is not an elementary external
state, but the coherent trace-channel component of the two-
parton intermediate spectrum.

X. CONCLUSIONS

We have analyzed the pion GFFs in the hard-scattering
regime by combining the standard collinear factorization
picture with the one-loop non-Abelian TJJ correlator. The
calculation isolates the trace-anomaly part of the correlator
and shows how it enters the short-distance kernel through
the coefficient A ¼ g2sβ0=ð16π2Þ. This coefficient is fixed
by the QCD beta function and therefore provides a
perturbative realization of the scale anomaly inside the
hard kernel.
For a spin-zero external state the trace projection relates

the scalar matrix element to the combination Aπ þ 3Dπ in
the chiral large-Q2 limit. In the explicit matching per-
formed here, the anomaly contribution appears most
directly in the coefficient FTJJ

5 , and hence in the projection
onto theD-term. The isolated anomaly cancels in Aπ , while
the full TJJ insertion still lowers the leading curve at small
Q2 through its nonanomalous tensor components. InDπ the
anomaly gives an important contribution, although a
complete order-α2s hard kernel would also require the
remaining nonanomalous radiative terms.
The Sudakov-improved formulation extends the collin-

ear result by including transverse separation and the
resummation of soft-collinear logarithms. The resulting
suppression of large b and endpoint configurations stabil-
izes the anomaly-induced convolution and makes the
perturbative description more reliable at finite momentum
transfer. The numerical analysis therefore supports a
picture in which the trace anomaly gives a distinct,
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beta-function-controlled correction to the mechanical struc-
ture of the pion, with its clearest impact in the trace form
factor and an important contribution to Dπ.
The comparison with the instanton-vacuum analysis of

Ref. [36] clarifies the domain of validity of this result. Their
calculation supplies a nonperturbative soft and semihard
realization of chiral and scale breaking, including twist-3
pion DAs and pressure/shear distributions. The present
calculation supplies the short-distance TJJ anomaly kernel.
A complete phenomenological description of pion GFFs
should combine these ingredients, matching the nonper-
turbative instanton or chiral component to the perturbative
TJJ-improved kernel while avoiding double counting in the
scalar trace sector.
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APPENDIX A: FEYNMAN RULES

The Feynman rules used throughout the paper are collected here
(i) Graviton-fermion-fermion vertex:

ðA1Þ

(ii) Graviton-gluon-gluon vertex:

ðA2Þ

(iii) Graviton-ghost-ghost vertex:

ðA3Þ
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(iv) Graviton-fermion-fermion-gauge boson vertex:

ðA4Þ

(v) Graviton-gluon-gluon-gluon vertex:

(vi) Graviton-ghost-ghost-gauge boson vertex:

ðA5Þ

Cμνρσ ¼ gμρgνσ þ gμσgνρ − gμνgρσ; ðA6Þ

Dμνρσðk1; k2Þ ¼ gμνk1σk2ρ − ½gμσkν1kρ2 þ gμρk1σk2ν − gρσk1μk2ν þ ðμ ↔ νÞ�; ðA7Þ

Eμνρσðk1; k2Þ ¼ gμνðk1ρk1σ þ k2ρk2σ þ k1ρk2σÞ − ½gνσk1μk1ρ þ gνρk2μk2σ þ ðμ ↔ νÞ�; ðA8Þ

Fμνρσλðk1; k2; k3Þ ¼ gμρgσλðk2 − k3Þν þ gμσgρλðk3 − k1Þν þ gμλgρσðk1 − k2Þν þ ðμ ↔ νÞ: ðA9Þ

APPENDIX B: FORM FACTORS OF THE TRANSVERSE-TRACELESS SECTOR: A1, A2, A3, A4 FOR
MASSLESS QUARKS

We present here the explicit expressions of the coefficient functions Aij in (4.20) characterizing the transverse-traceless
sector. The quark contributions are identified by the factor nf and the gluon contributions by the factor CA:
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A10 ¼ 16ðp1 · p2Þ7 þ 36p2
1ðp1 · p2Þ6 þ 36p2

2ðp1 · p2Þ6 þ 12p4
1ðp1 · p2Þ5 þ 12p4

2ðp1 · p2Þ5 þ 240p2
1p

2
2ðp1 · p2Þ5

þ 188p2
1p

4
2ðp1 · p2Þ4 þ 188p4

1p
2
2ðp1 · p2Þ4 þ 46p2

1p
6
2ðp1 · p2Þ3 − 108p4

1p
4
2ðp1 · p2Þ3 þ 46p6

1p
2
2ðp1 · p2Þ3

− 204p4
1p

6
2ðp1 · p2Þ2 − 204p6

1p
4
2ðp1 · p2Þ2 − 20p6

1p
8
2 − 20p8

1p
6
2 − 58p4

1p
8
2ðp1 · p2Þ

− 148p6
1p

6
2ðp1 · p2Þ − 58p8

1p
4
2ðp1 · p2Þ;

A11 ¼ −24p2
1ðp1 · p2Þ6 − 24p4

1ðp1 · p2Þ5 − 224p2
1p

2
2ðp1 · p2Þ5 − 6p6

1ðp1 · p2Þ4 − 228p2
1p

4
2ðp1 · p2Þ4

− 522p4
1p

2
2ðp1 · p2Þ4 − 60p2

1p
6
2ðp1 · p2Þ3 − 652p4

1p
4
2ðp1 · p2Þ3 − 372p6

1p
2
2ðp1 · p2Þ3

− 279p4
1p

6
2ðp1 · p2Þ2 − 474p6

1p
4
2ðp1 · p2Þ2 − 83p8

1p
2
2ðp1 · p2Þ2 − 18p6

1p
8
2

− 30p8
1p

6
2 − 16p10

1 p4
2 − 45p4

1p
8
2ðp1 · p2Þ − 174p6

1p
6
2ðp1 · p2Þ − 129p8

1p
4
2ðp1 · p2Þ;

A12 ¼ −24p2
2ðp1 · p2Þ6 − 24p4

2ðp1 · p2Þ5 − 224p2
1p

2
2ðp1 · p2Þ5 − 6p6

2ðp1 · p2Þ4 − 522p2
1p

4
2ðp1 · p2Þ4

− 228p4
1p

2
2ðp1 · p2Þ4 − 372p2

1p
6
2ðp1 · p2Þ3 − 652p4

1p
4
2ðp1 · p2Þ3 − 60p6

1p
2
2ðp1 · p2Þ3 − 83p2

1p
8
2ðp1 · p2Þ2

− 474p4
1p

6
2ðp1 · p2Þ2 − 279p6

1p
4
2ðp1 · p2Þ2 − 16p4

1p
10
2 − 30p6

1p
8
2 − 18p8

1p
6
2 − 129p4

1p
8
2ðp1 · p2Þ

− 174p6
1p

6
2ðp1 · p2Þ − 45p8

1p
4
2ðp1 · p2Þ;

A13 ¼ 24p2
1ðp1 · p2Þ6 þ 24p2

2ðp1 · p2Þ6 þ 24p4
1ðp1 · p2Þ5 þ 24p4

2ðp1 · p2Þ5 þ 448p2
1p

2
2ðp1 · p2Þ5

þ 6p6
1ðp1 · p2Þ4 þ 6p6

2ðp1 · p2Þ4 þ 750p2
1p

4
2ðp1 · p2Þ4 þ 750p4

1p
2
2ðp1 · p2Þ4 þ 432p2

1p
6
2ðp1 · p2Þ3

þ 1304p4
1p

4
2ðp1 · p2Þ3 þ 432p6

1p
2
2ðp1 · p2Þ3 þ 83p2

1p
8
2ðp1 · p2Þ2 þ 753p4

1p
6
2ðp1 · p2Þ2 þ 753p6

1p
4
2ðp1 · p2Þ2

þ 83p8
1p

2
2ðp1 · p2Þ2 þ 16p4

1p
10
2 þ 48p6

1p
8
2 þ 48p8

1p
6
2 þ 16p10

1 p4
2

þ 174p4
1p

8
2ðp1 · p2Þ þ 348p6

1p
6
2ðp1 · p2Þ þ 174p8

1p
4
2ðp1 · p2Þ;

A14 ¼ 192p2
1p

2
2ðp1 · p2Þ6 þ 432p2

1p
4
2ðp1 · p2Þ5 þ 432p4

1p
2
2ðp1 · p2Þ5 þ 288p2

1p
6
2ðp1 · p2Þ4 þ 1152p4

1p
4
2ðp1 · p2Þ4

þ 288p6
1p

2
2ðp1 · p2Þ4 þ 60p2

1p
8
2ðp1 · p2Þ3 þ 936p4

1p
6
2ðp1 · p2Þ3 þ 936p6

1p
4
2ðp1 · p2Þ3 þ 60p8

1p
2
2ðp1 · p2Þ3

þ 324p4
1p

8
2ðp1 · p2Þ2 þ 720p6

1p
6
2ðp1 · p2Þ2 þ 324p8

1p
4
2ðp1 · p2Þ2 þ 18p6

1p
10
2 þ 36p8

1p
8
2

þ 18p10
1 p6

2 þ 45p4
1p

10
2 ðp1 · p2Þ þ 207p6

1p
8
2ðp1 · p2Þ þ 207p8

1p
6
2ðp1 · p2Þ þ 45p10

1 p4
2ðp1 · p2Þ; ðB1Þ

A20 ¼ CA½−520ðp1 · p2Þ6 − 372p2
1ðp1 · p2Þ5 − 372p2

2ðp1 · p2Þ5 − 60p4
1ðp1 · p2Þ4 − 60p4

2ðp1 · p2Þ4
þ 1056p2

1p
2
2ðp1 · p2Þ4 þ 864p2

1p
4
2ðp1 · p2Þ3 þ 864p4

1p
2
2ðp1 · p2Þ3 þ 150p2

1p
6
2ðp1 · p2Þ2

− 372p4
1p

4
2ðp1 · p2Þ2 þ 150p6

1p
2
2ðp1 · p2Þ2 − 90p4

1p
8
2 − 164p6

1p
6
2 − 90p8

1p
4
2

− 492p4
1p

6
2ðp1 · p2Þ − 492p6

1p
4
2ðp1 · p2Þ�

þ nf½40ðp1 · p2Þ6 þ 12p2
1ðp1 · p2Þ5 þ 12p2

2ðp1 · p2Þ5 − 12p4
1ðp1 · p2Þ4 − 12p4

2ðp1 · p2Þ4
− 192p2

1p
2
2ðp1 · p2Þ4 − 144p2

1p
4
2ðp1 · p2Þ3 − 144p4

1p
2
2ðp1 · p2Þ3 − 6p2

1p
6
2ðp1 · p2Þ2

þ 84p4
1p

4
2ðp1 · p2Þ2 − 6p6

1p
2
2ðp1 · p2Þ2 þ 18p4

1p
8
2 þ 68p6

1p
6
2 þ 18p8

1p
4
2

þ 132p4
1p

6
2ðp1 · p2Þ þ 132p6

1p
4
2ðp1 · p2Þ�;

A21 ¼ 3p2
1nf½−24ðp1 · p2Þ5 − 20p2

2ðp1 · p2Þ4 þ 2p4
1ðp1 · p2Þ3 þ 24p4

2ðp1 · p2Þ3 þ 90p2
1p

2
2ðp1 · p2Þ3

þ 12p6
2ðp1 · p2Þ2 þ 162p2

1p
4
2ðp1 · p2Þ2 þ 54p4

1p
2
2ðp1 · p2Þ2 þ 3p2

1p
8
2 þ 8p4

1p
6
2 þ 21p6

1p
4
2 þ 51p2

1p
6
2ðp1 · p2Þ

þ 84p4
1p

4
2ðp1 · p2Þ þ 13p6

1p
2
2ðp1 · p2Þ�

− 3CA½−48ðp1 · p2Þ6 − 240p2
1ðp1 · p2Þ5 − 72p2

2ðp1 · p2Þ5
− 156p4

1ðp1 · p2Þ4 − 24p4
2ðp1 · p2Þ4 − 344p2

1p
2
2ðp1 · p2Þ4 − 34p6

1ðp1 · p2Þ3 − 48p2
1p

4
2ðp1 · p2Þ3

þ 54p4
1p

2
2ðp1 · p2Þ3 þ 24p2

1p
6
2ðp1 · p2Þ2 þ 486p4

1p
4
2ðp1 · p2Þ2 þ 150p6

1p
2
2ðp1 · p2Þ2 þ 15p4

1p
8
2

þ 56p6
1p

6
2 þ 81p8

1p
4
2 þ 195p4

1p
6
2ðp1 · p2Þ þ 336p6

1p
4
2ðp1 · p2Þ þ 49p8

1p
2
2ðp1 · p2Þ�;
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A22 ¼ 3p2
2nf½−24ðp1 · p2Þ5 − 20p2

1ðp1 · p2Þ4 þ 24p4
1ðp1 · p2Þ3 þ 2p4

2ðp1 · p2Þ3 þ 90p2
1p

2
2ðp1 · p2Þ3

þ 12p6
1ðp1 · p2Þ2 þ 54p2

1p
4
2ðp1 · p2Þ2 þ 162p4

1p
2
2ðp1 · p2Þ2 þ 21p4

1p
6
2 þ 8p6

1p
4
2 þ 3p8

1p
2
2 þ 13p2

1p
6
2ðp1 · p2Þ

þ 84p4
1p

4
2ðp1 · p2Þ þ 51p6

1p
2
2ðp1 · p2Þ� − 3CA½−48ðp1 · p2Þ6 − 72p2

1ðp1 · p2Þ5 − 240p2
2ðp1 · p2Þ5

− 24p4
1ðp1 · p2Þ4 − 156p4

2ðp1 · p2Þ4 − 344p2
1p

2
2ðp1 · p2Þ4 − 34p6

2ðp1 · p2Þ3 þ 54p2
1p

4
2ðp1 · p2Þ3

− 48p4
1p

2
2ðp1 · p2Þ3 þ 150p2

1p
6
2ðp1 · p2Þ2 þ 486p4

1p
4
2ðp1 · p2Þ2 þ 24p6

1p
2
2ðp1 · p2Þ2 þ 81p4

1p
8
2

þ 56p6
1p

6
2 þ 15p8

1p
4
2 þ 49p2

1p
8
2ðp1 · p2Þ þ 336p4

1p
6
2ðp1 · p2Þ þ 195p6

1p
4
2ðp1 · p2Þ�;

A23 ¼ 3CAð2ðp1 · p2Þ þ p2
1 þ p2

2Þ2½−44ðp1 · p2Þ4 − 34p2
1ðp1 · p2Þ3 − 34p2

2ðp1 · p2Þ3 − 22p2
1p

2
2ðp1 · p2Þ2

þ 96p4
1p

4
2 þ 49p2

1p
4
2ðp1 · p2Þ þ 49p4

1p
2
2ðp1 · p2Þ�;

− 3nfð2ðp1 · p2Þ þ p2
1 þ p2

2Þ2½−8ðp1 · p2Þ4 þ 2p2
1ðp1 · p2Þ3 þ 2p2

2ðp1 · p2Þ3 þ 14p2
1p

2
2ðp1 · p2Þ2

þ 24p4
1p

4
2 þ 13p2

1p
4
2ðp1 · p2Þ þ 13p4

1p
2
2ðp1 · p2Þ�;

A24 ¼ 9CAð2ðp1 · p2Þ þ p2
1 þ p2

2Þ½−32ðp1 · p2Þ6 − 16p2
1ðp1 · p2Þ5 − 16p2

2ðp1 · p2Þ5 − 8p4
1ðp1 · p2Þ4

− 8p4
2ðp1 · p2Þ4 − 24p2

1p
4
2ðp1 · p2Þ3 − 24p4

1p
2
2ðp1 · p2Þ3 þ 8p2

1p
6
2ðp1 · p2Þ2 þ 20p4

1p
4
2ðp1 · p2Þ2

þ 8p6
1p

2
2ðp1 · p2Þ2 þ 5p4

1p
8
2 þ 42p6

1p
6
2 þ 5p8

1p
4
2 þ 60p4

1p
6
2ðp1 · p2Þ þ 60p6

1p
4
2ðp1 · p2Þ�

− 9p2
1p

2
2nfðð2ðp1 · p2Þ þ p2

1 þ p2
2Þ2½−4ðp1 · p2Þ3 þ 4p2

1ðp1 · p2Þ2 þ 4p2
2ðp1 · p2Þ2

þ p2
1p

4
2 þ p4

1p
2
2 þ 14p2

1p
2
2ðp1 · p2Þ�; ðB2Þ

A31 ¼ 3p2
1nf½−16ðp1 · p2Þ5 − 4p2

1ðp1 · p2Þ4 − 70p2
2ðp1 · p2Þ4 − 54p4

2ðp1 · p2Þ3 − 44p2
1p

2
2ðp1 · p2Þ3

− 12p6
2ðp1 · p2Þ2 − 15p2

1p
4
2ðp1 · p2Þ2 − 15p4

1p
2
2ðp1 · p2Þ2 − 3p2

1p
8
2 − 5p4

1p
6
2 þ 4p6

1p
4
2 − 6p2

1p
6
2ðp1 · p2Þ�

− 3CA½−24ðp1 · p2Þ6 − 100p2
1ðp1 · p2Þ5 − 12p2

2ðp1 · p2Þ5 − 34p4
1ðp1 · p2Þ4 − 172p2

1p
2
2ðp1 · p2Þ4

− 84p2
1p

4
2ðp1 · p2Þ3 − 38p4

1p
2
2ðp1 · p2Þ3 − 12p2

1p
6
2ðp1 · p2Þ2 þ 99p4

1p
4
2ðp1 · p2Þ2 − 9p6

1p
2
2ðp1 · p2Þ2 − 3p4

1p
8
2

þ 7p6
1p

6
2 þ 28p8

1p
4
2 þ 36p4

1p
6
2ðp1 · p2Þ þ 78p6

1p
4
2ðp1 · p2Þ�;

A32 ¼ 3p2
2nf½−24ðp1 · p2Þ5 − 54p2

1ðp1 · p2Þ4 − 12p2
2ðp1 · p2Þ4 − 18p4

1ðp1 · p2Þ3 − 2p4
2ðp1 · p2Þ3

− 62p2
1p

2
2ðp1 · p2Þ3 − 55p2

1p
4
2ðp1 · p2Þ2 − 3p4

1p
2
2ðp1 · p2Þ2 þ 7p4

1p
6
2 − 3p6

1p
4
2 − 13p2

1p
6
2ðp1 · p2Þ

− 4p4
1p

4
2ðp1 · p2Þ þ 3p6

1p
2
2ðp1 · p2Þ�

− 3CA½−24ðp1 · p2Þ6 − 12p2
1ðp1 · p2Þ5 − 108p2

2ðp1 · p2Þ5 − 42p4
2ðp1 · p2Þ4

− 156p2
1p

2
2ðp1 · p2Þ4 − 2p6

2ðp1 · p2Þ3 − 56p2
1p

4
2ðp1 · p2Þ3 − 48p4

1p
2
2ðp1 · p2Þ3 − 49p2

1p
6
2ðp1 · p2Þ2

þ 111p4
1p

4
2ðp1 · p2Þ2 þ 31p4

1p
8
2 þ 9p6

1p
6
2 − 13p2

1p
8
2ðp1 · p2Þ þ 74p4

1p
6
2ðp1 · p2Þ þ 45p6

1p
4
2ðp1 · p2Þ�;

A33 ¼ 3CAð2ðp1 · p2Þ þ p2
1 þ p2

2Þ½−44ðp1 · p2Þ5 − 34p2
1ðp1 · p2Þ4 − 38p2

2ðp1 · p2Þ4 − 2p4
2ðp1 · p2Þ3

− 68p2
1p

2
2ðp1 · p2Þ3 − 35p2

1p
4
2ðp1 · p2Þ2 − 9p4

1p
2
2ðp1 · p2Þ2 þ 28p4

1p
6
2 þ 28p6

1p
4
2

− 13p2
1p

6
2ðp1 · p2Þ þ 67p4

1p
4
2ðp1 · p2Þ�

− 3nfð2ðp1 · p2Þ þ p2
1 þ p2

2Þ2½−4ðp1 · p2Þ4 − 2p2
2ðp1 · p2Þ3 − 15p2

1p
2
2ðp1 · p2Þ2 þ 4p4

1p
4
2 − 13p2

1p
4
2ðp1 · p2Þ�;

A34 ¼ 9CAð2ðp1 · p2Þ þ p2
1 þ p2

2Þ½−16ðp1 · p2Þ6 − 4p2
1ðp1 · p2Þ5 − 4p2

2ðp1 · p2Þ5 − 24p2
1p

4
2ðp1 · p2Þ3

− 16p4
1p

2
2ðp1 · p2Þ3 − 4p2

1p
6
2ðp1 · p2Þ2 − 14p4

1p
4
2ðp1 · p2Þ2 − p4

1p
8
2

þ 15p6
1p

6
2 þ 13p4

1p
6
2ðp1 · p2Þ þ 15p6

1p
4
2ðp1 · p2Þ�

− 9p2
1p

2
2nfð2ðp1 · p2Þ þ p2

1 þ p2
2Þ2½−6ðp1 · p2Þ3 − 4p2

2ðp1 · p2Þ2 − p2
1p

4
2 þ p2

1p
2
2ðp1 · p2Þ�; ðB3Þ
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A40 ¼ CA½−284ðp1 · p2Þ5 − 132p2
1ðp1 · p2Þ4 − 132p2

2ðp1 · p2Þ4 þ 556p2
1p

2
2ðp1 · p2Þ3

þ 258p2
1p

4
2ðp1 · p2Þ2 þ 258p4

1p
2
2ðp1 · p2Þ2 − 126p4

1p
6
2 − 126p6

1p
4
2 − 272p4

1p
4
2ðp1 · p2Þ�

þ nf½44ðp1 · p2Þ5 þ 24p2
1ðp1 · p2Þ4 þ 24p2

2ðp1 · p2Þ4 − 76p2
1p

2
2ðp1 · p2Þ3 − 42p2

1p
4
2ðp1 · p2Þ2

− 42p4
1p

2
2ðp1 · p2Þ2 þ 18p4

1p
6
2 þ 18p6

1p
4
2 þ 32p4

1p
4
2ðp1 · p2Þ�;

A41 ¼ 3p2
1nf½−16ðp1 · p2Þ4 − 4p2

1ðp1 · p2Þ3 − 18p2
2ðp1 · p2Þ3 − 6p4

2ðp1 · p2Þ2 þ 10p2
1p

2
2ðp1 · p2Þ2

þ 3p2
1p

6
2 − 3p4

1p
4
2 þ 9p2

1p
4
2ðp1 · p2Þ þ p4

1p
2
2ðp1 · p2Þ�

− 3CA½−24ðp1 · p2Þ5 − 76p2
1ðp1 · p2Þ4 − 12p2

2ðp1 · p2Þ4 − 22p4
1ðp1 · p2Þ3 − 24p2

1p
2
2ðp1 · p2Þ3

þ 76p4
1p

2
2ðp1 · p2Þ2 þ 9p4

1p
6
2 − 9p6

1p
4
2 þ 39p4

1p
4
2ðp1 · p2Þ þ 19p6

1p
2
2ðp1 · p2Þ�;

A42 ¼ 3p2
2nf½−16ðp1 · p2Þ4 − 18p2

1ðp1 · p2Þ3 − 4p2
2ðp1 · p2Þ3 − 6p4

1ðp1 · p2Þ2 þ 10p2
1p

2
2ðp1 · p2Þ2

− 3p4
1p

4
2 þ 3p6

1p
2
2 þ p2

1p
4
2ðp1 · p2Þ þ 9p4

1p
2
2ðp1 · p2Þ�

− 3CA½−24ðp1 · p2Þ5 − 12p2
1ðp1 · p2Þ4 − 76p2

2ðp1 · p2Þ4 − 22p4
2ðp1 · p2Þ3 − 24p2

1p
2
2ðp1 · p2Þ3

þ 76p2
1p

4
2ðp1 · p2Þ2 − 9p4

1p
6
2 þ 9p6

1p
4
2 þ 19p2

1p
6
2ðp1 · p2Þ þ 39p4

1p
4
2ðp1 · p2Þ�;

A43 ¼ 3CAðp1 · p2Þð2ðp1 · p2Þ þ p2
1 þ p2

2Þ2½19p2
1p

2
2 − 22ðp1 · p2Þ2�

− 3nfðp1 · p2Þð2ðp1 · p2Þ þ p2
1 þ p2

2Þ2½p2
1p

2
2 − 4ðp1 · p2Þ2�;

A44 ¼ 9CAð2ðp1 · p2Þ þ p2
1 þ p2

2Þ½−16ðp1 · p2Þ5 − 4p2
1ðp1 · p2Þ4 − 4p2

2ðp1 · p2Þ4 þ 16p2
1p

2
2ðp1 · p2Þ3

þ 3p4
1p

6
2 þ 3p6

1p
4
2 − 2p4

1p
4
2ðp1 · p2Þ − 9p2

1p
2
2nfð2ðp1 · p2Þ þ p2

1 þ p2
2Þ2p2

1p
2
2 − 2ðp1 · p2Þ2�: ðB4Þ

APPENDIX C: EXPLICIT KERNEL
EXPRESSIONS IN THE IMPACT

PARAMETER SPACE

In this appendix we provide the explicit expression of the
hard-scattering kernel at tree level together with the
corrections induced by the TJJ insertion. The transverse
momentum dependence is retained only in the gluon
propagator connecting the constituent quarks, both for
the leading-order contribution and for the TJJ correction.
This approximation is motivated by the fact that the
dominant transverse-distance effects originate from the
exchanged hard gluon, while the intrinsic transverse
momentum dependence of the external valence quarks
gives rise only to subleading contributions in the kinematic
regime considered here.
More precisely, the quark propagators carry an off-shell

virtuality of order αQ2, which is larger than the virtuality
α1α2Q2 of the exchanged gluon, particularly in the end-
point region. As a consequence, the transverse momentum
dependence is negligible in the quark propagators com-
pared to their large collinear off-shellness, while it plays a
crucial role in regulating the endpoint singularities arising
from the gluon propagator. The transverse momentum
appearing in the Dirac numerators is neglected separately,
as it constitutes a higher-power effect suppressed relative to
the leading-twist contribution. The full kT dependence is
therefore retained exclusively in the gluon propagator,
where it provides the essential infrared regulator and allows
for a natural implementation of Sudakov suppression in
impact-parameter space.

The approximation considerably simplifies the structure
of the hard kernel while preserving the essential noncol-
linear dynamics. In particular, after Fourier transformation
to impact-parameter space, the dependence on the trans-
verse momentum is encoded in modified Bessel functions,
leading to compact analytical expressions suitable for
numerical evaluation. In impact-parameter space the tree-
level kernel reads

Kμν
treeðα1; α2Þ ¼ Ftree

1 Pμ
1P

ν
2 þ Ftree

2 Pμ
2P

ν
1 þ Ftree

3 Pμ
1P

ν
1

þ Ftree
4 Pμ

2P
ν
2 þ Ftree

5 gμν; ðC1Þ
with

Ftree
1 ¼ Ftree

2

¼ 4


K0



bQ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðα1 − 1Þðα2 − 1Þ

p �
þK0ðbQ

ffiffiffiffiffiffiffiffiffiffi
α1α2
p Þ

�
;

ðC2Þ
Ftree
3 ¼ Ftree

4 ðα1 ↔ α2Þ

¼ 2
α1ð2α2 − 1Þ− α2þ 1

α1þ α2 − 1



K0



bQ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðα1 − 1Þðα2 − 1Þ

p �

−K0ðbQ
ffiffiffiffiffiffiffiffiffiffi
α1α2
p Þ

�
; ðC3Þ

Ftree
5 ¼−Q2



K0



bQ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðα1−1Þðα2−1Þ

p �
þK0ðbQ

ffiffiffiffiffiffiffiffiffiffi
α1α2
p Þ

�
;

ðC4Þ

where K0 is the modified Bessel function of order zero.
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The same treatment of transverse momentum is adopted
for the TJJ correction. In this case the insertion modifies
the gluon propagator structure while preserving the fac-
torized dependence on the impact parameter. The resulting
correction kernel can therefore be written in a form
analogous to the tree-level contribution, with the transverse
dynamics entirely governed by the Fourier transform of the

corrected gluon propagator. In evaluating the hard-scatter-
ing kernel corrected by the TJJ, we employ the MS
scheme. Accordingly, the scale μ featuring in the loop
integrals and logarithms represents the renormalization
scale, to be distinguished from the factorization scale
governing the DAs. In this framework the corrections to
the kernel due to the TJJ insertion are given by

Kμν
TJJðα1; α2Þ ¼ FTJJ

1 Pμ
1P

ν
2 þ FTJJ

2 Pμ
2P

ν
1 þ FTJJ

3 Pμ
1P

ν
1 þ FTJJ

4 Pμ
2P

ν
2 þ FTJJ

5 gμν; ðC5Þ

FTJJ
1 ¼ FTJJ

2 ¼ K0ðbQ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðα1 − 1Þðα2 − 1Þp Þ − K0ðbQ ffiffiffiffiffiffiffiffiffiffi

α1α2
p Þ

α1 þ α2 − 1

×

�
C̄11g2s

144π2ðα1 − α2Þ2
−

g2s
π2ðα1 − α2Þ4

�
C̄12

8
C0ðð1 − α1 − α2 þ α1α2ÞQ2; α1α2Q2; Q2; 0; 0; 0ÞQ2

þ C̄13

24
log

�
μ2

Q2

�
þ C̄14

24
log

�
μ2

α1α2Q2

�
þ C̄15

24
log

�
μ2

ð1 − α1 − α2 þ α1α2ÞQ2

���
ðC6Þ

where

C̄11 ¼ −ð65CA − 23nfÞð1 − 2α1Þ2α42 þ ð2α1 − 1Þ½ð4ð3 − 26α1Þα1 − 47Þnf þ ð4ð68α1 − 3Þα1 þ 161ÞCA�α32
þ ½nfα1ð2ð46α21 þ 64α1 þ 29Þα1 þ 1Þ − CAðð2α1ð2ð65α1 þ 74Þα1 þ 215Þ − 113Þα1 þ 54Þ�α22
þ ½ð1 − 2α1ð46α1 þ 53ÞÞα1nf − 36nf þ ðð260α21 þ 334α1 þ 113Þα1 þ 144ÞCA�α1α2
þ ½nfα1ð23α1 þ 47Þ − CAð5α1 þ 2Þð13α1 þ 27Þ�α21; ðC7Þ

C̄12 ¼ 2ðα1 − 1Þðα2 − 1Þnfα1α2ðð2α2ðð2α2 − 3Þα2þ 4Þ− 3Þα31þ ðð−6α22þ 2α2 − 5Þα2þ 1Þα21
þ ðð8α2 − 5Þα2þ 4Þα2α1 − 3α32þ α22Þ þCAðð4ðα2 − 1Þα2þ 3Þα61 − ð4ððα2ðð2α2 − 5Þα2þ 16Þ− 16Þα2þ 7Þα2þ 1Þα51
þ ððð4α2ðð5α2þ 7Þα2þ 1Þ− 23Þα2þ 11Þα2þ 2Þα41þ 2ð2ð−16α22þ α2 − 4Þα2þ 9Þα22α31
þ ðα2ðð4α2ðα2þ 16Þ− 23Þα2þ 18Þ− 16Þα22α21þ ð11− 4α2ðα2þ 7ÞÞα42α1þ ðð3α2 − 1Þα2þ 2Þα42Þ; ðC8Þ

C̄13 ¼ 2nfðððα2− 1Þð12ðα2− 1Þα2þ 19Þα2þ 2Þα41− 4α2ðα2ðð6α2− 7Þα2þ 8Þ− 5Þα31þðα2ðð31α2 − 32Þα2þ 22Þ− 9Þα2α21
þðð20− 19α2Þα2 − 9Þα22α1þ 2α42ÞþCAðð−2ðα2− 1Þð12ðα2 − 1Þα2þ 49Þα2− 7Þα41
þð2α2ð2α2ð4ð3α2þ 4Þα2þ 1Þ− 29Þ−15Þα31þð33− 2α2ðð61α2 −2Þα2þ 1ÞÞα2α21
þð98α22− 58α2þ 33Þα22α1 −α32ð7α2þ 15ÞÞ; ðC9Þ

C̄14 ¼ ð2α1 − 1Þðα1nf þ nf −CAðα1þ 4ÞÞα1α62þ ð2ððð3− 7α1Þα1 − 8Þα1þ 5Þnf þ ðα1ð2ð7α1þ 9Þα1þ 37Þ− 34ÞCAÞα1α52
þ ððα1ðð2ð41− 7α1Þα1 − 73Þα1þ 62Þ− 21Þnfα1þ ðððα1ð2ð7α1 − 59Þα1þ 49Þ− 86Þα1þ 36Þα1þ 6ÞCAÞα42
þ ðððα1ðð2α1ðα1þ 3Þ− 73Þα1þ 60Þ− 45Þα1þ 6Þnf þ ððα1ð49− 2ðα1 − 9Þα1Þ þ 36Þα1þ 30Þα1CAÞα1α32
þ ðððα1ððα1 − 16Þα1þ 62Þ− 45Þα1þ 24Þnf þ ðα1ððð37− 7α1Þα1 − 86Þα1þ 30Þ− 48ÞCAÞα21α22
þ ð2CAα1ðð2α1 − 17Þα1þ 18Þ− nfððα1 − 7Þðα1 − 3Þα1 − 6ÞÞα31α2þ 6α41CA; ðC10Þ
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C̄15 ¼ −nfðα1 − 1Þððα2 − 2Þðα2 − 1Þð2α2 − 1Þα51 − ðα2ð2ð7α2 − 13Þα2 þ 21Þ − 4Þðα2 − 1Þα41
− ðα2ð2ð7α2 − 15Þα2 þ 35Þ − 28Þðα2 − 1Þα2α31 þ ðα2 − 1Þα2ðα2ðð2α2ðα2 þ 13Þ − 35Þα2 þ 32Þ − 18Þα21
− ðα2 − 1Þððα2ð5α2 þ 21Þ − 28Þα2 þ 18Þα22α1 þ 2α42ðα22 þ α2 − 2ÞÞ
þ CAððα2 − 5Þðα2 − 1Þð2α2 − 1Þα61 − ðα2 − 1Þðα2ð2ð7α2 − 24Þα2 þ 49Þ − 5Þα51
þ ððα2ðð2ð11 − 7α2Þα2 − 57Þα2 þ 173Þ − 119Þα2 þ 1Þα41
þ ðððα2ðα2ð2α2ðα2 þ 31Þ − 57Þ − 60Þ − 44Þα2 þ 58Þα2 þ 15Þα31
− α2ððα2ððα2ð13α2 þ 97Þ − 173Þα2 þ 44Þ − 50Þα2 þ 33Þα21
þ ðα2ðð2α2ð8α2 þ 27Þ − 119Þα2 þ 58Þ − 33Þα22α1 þ ð−5α32 − 5α22 þ α2 þ 15Þα32Þ; ðC11Þ

FTJJ
3 ¼ FTJJ

4 ðα1 ↔ α2Þ

¼ K0ðbQ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðα1 − 1Þðα2 − 1Þp Þ − K0ðbQ ffiffiffiffiffiffiffiffiffiffi

α1α2
p Þ

α1 þ α2 − 1

×

�
C̄31g2s

72π2ðα1 − α2Þ2
−

g2s
π2ðα1 − α2Þ4

�
C̄32

4
C0ðð1 − α1 − α2 þ α1α2ÞQ2; α1α2Q2; Q2; 0; 0; 0ÞQ2

þ C̄33

24
log

�
μ2

Q2

�
þ C̄34

24
log

�
μ2

α1α2Q2

�
þ C̄35

24
log

�
μ2

ð1 − α1 − α2 þ α1α2ÞQ2

���
ðC12Þ

with

C̄31 ¼ ðα1 − 1Þð2α1 − 1Þð65CA − 23nfÞα1α32
þ ½ððα1 − 1Þα1ðð104α1 − 35Þα1 þ 20Þ − 3Þnf þ ð12 − ðα1 − 1Þα1ðð272α1 − 77Þα1 þ 116ÞÞCA�α22
þ ½ðα1ððð11 − 46α1Þα1 − 17Þα1 þ 64Þ − 6Þnf þ ðα1ðα1ðð130α1 − 53Þα1 þ 167Þ − 256Þ − 12ÞCA�α1α2
þ ½ððα1 − 1Þα1ð23α1 þ 32Þ − 3Þnf þ ð12 − ðα1 − 1Þα1ð65α1 þ 128ÞÞCA�α21; ðC13Þ

C̄32 ¼ −ððα1 − 1Þα1ðCAð3ð2α1 − 1Þα52 þ ðð5 − 4α1ððα1 − 2Þα1 þ 6ÞÞα1 þ 1Þα42 þ 2ð4ðα1 þ 2Þα21 þ 1Þα1α32
− 4α1ðα1 þ 1Þðð5α1 − 3Þα1 þ 1Þα22 þ ðα1ð2α1 þ 11Þ − 2Þα31α2 − α41ðα1 þ 1ÞÞ
− nfðα2 − 1Þα2ð−2α41 þ α31 þ α21 þ ðð4α21 − 2α1 − 3Þα1 þ 2Þα2α1
þ ð2α1 − 1Þα32 − ð2ð2ðα1 − 2Þα1 þ 3Þα21 þ α1 − 1Þα22ÞÞÞ; ðC14Þ

C̄33 ¼ −ððð−12ðα1 − 1Þα1 − 1Þnf þ ð24ðα1 − 1Þα1 − 2ÞCAÞα42 þ ð2ðð2α21ð3ð2α1 − 5Þα1 þ 14Þ − 9Þnfα1
þ ðð33 − 2α1ð3ð2α1 − 5Þα1 þ 29ÞÞα1 þ 9ÞCAα1 þ CAÞ þ nfÞα32 þ ðð11 − 2α1ð2ðð9α1 − 14Þα1 þ 4Þα1 þ 9ÞÞnf
þ 2ðα1ðð2α1ð9α1 þ 7Þ − 31Þα1 þ 3Þ − 7ÞCAÞα1α22 þ ðð2ð2α1ð5α1 − 4Þ − 7Þα1 þ 11Þnf
þ ð2α1ðα1ð11 − 28α1Þ þ 25Þ − 14ÞCAÞα21α2 − ðα1 − 1Þα31ð4α1nf þ nf þ ð2 − 22α1ÞCAÞÞ; ðC15Þ

C̄34 ¼ α1½nfα2ð−2ðα21 − 1Þα1α42 þ ð2α1ðð7ðα1 − 1Þα1 − 9Þα1 þ 13Þ − 9Þα32
þ ðð2α1ðα1ðð7α1 − 41Þα1 þ 57Þ − 17Þ − 15Þα1 þ 6Þα22 þ ðð2α1ðð−α21 þ α1 þ 5Þα1 þ 1Þ − 27Þα1 þ 12Þα1α2
þ ðα1ð3 − 2ðα1 − 3Þ2α1Þ þ 6Þα21Þ þ 2CAððα1 − 1Þðα1 þ 4Þα1α52 þ ð3 − α1ððα1ð7α1 þ 5Þ − 21Þα1 þ 13ÞÞα42
þ ððð59 − 7α1Þα1 − 87Þα1 þ 38Þα21α32 þ ðα1ððα1ððα1 − 13Þα1 þ 31Þ − 40Þα1 þ 30Þ − 12Þα1α22
þ ðα1ðð4α1 − 21Þα1 þ 24Þ − 6Þα31α2 þ 3ðα1 − 1Þα41Þ�; ðC16Þ
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C̄35 ¼ ð1 − α1Þ½2CAððα2 − 5Þðα2 − 1Þα61 − ðα2 − 2Þð7ðα2 − 2Þα2 þ 4Þα51 þ ðα2ððα2ð4 − 7α2Þ þ 11Þα2 þ 15Þ − 11Þα41
þ ðððα2ðα2ðα2 þ 28Þ − 43Þ − 23Þα2 þ 18Þα2 þ 1Þα31 þ ðα2ðð23 − 6α2ðα2 þ 1ÞÞα2 þ 8Þ − 7Þα2α21
þ ðα2ðð5α2 − 11Þα2 þ 10Þ − 7Þα22α1 − ðα2 − 1Þα32Þ − nfðα2 − 1Þð2ðα2 − 2Þα61 − 2ðα2 − 1Þð7α2 − 2Þα51
þ ð4 − 2α2ðð7α2 − 15Þα2 þ 4ÞÞα41 þ ð2ðα2ðα2ðα2 þ 17Þ − 20Þ − 4Þα2 þ 1Þα31
þ ð−6α32 − 8α2 þ 11Þα2α21 þ ð4ðα2 − 3Þα2 þ 11Þα22α1 þ α32Þ�; ðC17Þ

FTJJ
5 ¼ K0ðbQ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðα1 − 1Þðα2 − 1Þp Þ − K0ðbQ ffiffiffiffiffiffiffiffiffiffi
α1α2
p Þ

α1 þ α2 − 1

×

�
C̄51g2sQ2

48π2ðα1 − α2Þ2
þ g2s
π2ðα1 − α2Þ4

�
C̄52

16
C0ðð1 − α1 − α2 þ α1α2ÞQ2; α1α2Q2; Q2; 0; 0; 0ÞQ4

−
C̄53

48
log

�
μ2

Q2

�
Q2 −

C̄54

48
log

�
μ2

α1α2Q2

�
Q2 −

C̄55

48
log

�
μ2

ð1 − α1 − α2 þ α1α2ÞQ2

�
Q2

��
ðC18Þ

where

C̄51 ¼ −½nfð2α21 − ð2α2 þ 1Þα1 þ ð2α2 − 1Þα2Þðα1ð2α2 − 1Þ − α2Þ
þ CAðð5 − 10α2Þα31 þ ðð16α2 − 1Þα2 þ 2Þα21 − α2ð10α22 þ α2 þ 8Þα1 þ ð5α2 þ 2Þα22Þ�; ðC19Þ

C̄52 ¼ CAð−2α61 þ ð2ð4α22 − 6α2 þ 5Þα2 þ 3Þα51 − ðð2ð4α22 þ 2α2 − 5Þα2 þ 13Þα2 þ 1Þα41
þ 2ðð2α2 − 1Þð2α22 þ 3Þα2 þ 2Þα2α31 þ 2ððð5 − 6α2Þα2 − 3Þα2 þ 1Þα22α21 þ ð5α2 − 4Þð2α2 − 1Þα32α1
þ ðð3 − 2α2Þα2 − 1Þα42Þ − 2nfðα1 − 1Þα1ðα2 − 1Þα2ððα1 − 1Þα1 þ ðα2 − 1Þα2Þðα1ð2α2 − 1Þ − α2Þ; ðC20Þ

C̄53 ¼ −nfððα1 − 1Þα1 þ ðα2 − 1Þα2Þðð12ðα2 − 1Þα2 þ 1Þα21 þ 2α2ð5 − 6α2Þα1 þ α22Þ
− 2CAðð1 − 12ðα2 − 1Þα2Þα41 þ ð2α2ð6α22 þ 3α2 − 10Þ − 1Þα31 þ ð2ð−6α22 þ 3α2 þ 1Þα2 þ 7Þα2α21
þ ð6α2 − 7Þð2α2 − 1Þα22α1 þ ðα2 − 1Þα32Þ; ðC21Þ

C̄54 ¼ nfα1α2ð4ðα2 − 1Þα41 þ ð8ðα2 − 2Þα2 þ 9Þα31 þ ðα2ð8ðα2 − 4Þα2 þ 27Þ − 6Þα21 þ ðα2ð4ðα2 − 4Þα2 þ 27Þ − 12Þα2α1
þ ðð9 − 4α2Þα2 − 6Þα22Þ þ CAðð3 − 10ðα2 − 1Þα2Þα51 − ðð2ðα2 − 8Þα2 þ 21Þα2 þ 3Þα41
− 2α2ððα2 − 9Þðα2 − 1Þα2 − 6Þα31 þ 2ððð8 − 5α2Þα2 − 9Þα2 þ 3Þα22α21
þ ðð10α2 − 21Þα2 þ 12Þα32α1 þ 3ðα2 − 1Þα42Þ; ðC22Þ

C̄55 ¼ CAðð10ðα2 − 1Þα2 − 3Þα51 þ ðð2ðα2 − 20Þα2 þ 45Þα2 þ 5Þα41 þ 2ðα2ðα2ððα2 þ 2Þα2 þ 15Þ − 26Þ − 1Þα31
þ 2ðð5ðα2 − 3Þðα2 − 1Þα2 − 1Þα2 þ 7Þα2α21 þ ðð5ð9 − 2α2Þα2 − 52Þα2 þ 14Þα22α1
þ ðð5 − 3α2Þα2 − 2Þα32Þ − nfðα1 − 1Þðα2 − 1Þð4α2α41 þ ð8ðα2 − 2Þα2 þ 1Þα31
þ ð8ðα2 − 2Þα2 þ 11Þα2α21 þ ð4ðα2 − 4Þα2 þ 11Þα22α1 þ α32Þ: ðC23Þ

In every expression the massless three-point scalar function C0ðp1; p2; p3; 0; 0; 0Þ, also referred to as C0ðp1; p2; p3Þ for
three arbitrary momenta p1, p2 and p3, is given by

C0ðp1; p2; p3; 0; 0; 0Þ ¼
1

Δ

�
Li2

�
−
−x1 þ Δ
x1 þ Δ

�
þ Li2

�
−

x2 þ Δ
−x2 þ Δ

�
þ Li2

�
−

x3 þ Δ
−x3 þ Δ

�

− Li2

�
x2 − Δ
x2 þ Δ

�
− Li2

�
−x1 − Δ
−x1 þ Δ

�
− Li2

�
x3 − Δ
x3 þ Δ

��
; ðC24Þ

where we have defined
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Δ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
1 − 2ðp2 þ p3Þp1 þ ðp2 − p3Þ2

q
ðC25Þ

and

x1 ≡ p1 − p2 − p3; x2 ≡ p1 − p2 þ p3; x3 ≡ p1 þ p2 − p3: ðC26Þ
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