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We advance the study of flat space holography by computing the entanglement entropy of highly excited
states in two-dimensional Carrollian/Galilean Conformal Field Theories (C/G CFTs). Our approach is
centered on a novel, physically intuitive derivation of the heavy-light conformal block in the large central
charge limit, where the backreaction of heavy operators is absorbed by a C/G conformal coordinate
transformation. Using this result and the replica trick, we find that the entanglement entropy of highly excited
states assumes a thermal form, providing a concrete realization of the eigenstate thermalization hypothesis.
This field-theoretic result perfectly reproduces the holographic entanglement entropy computed via the swing
surface proposal in three-dimensional Einstein gravity, for backgrounds corresponding to spinning particles
and flat space cosmological solutions. This agreement establishes a precise dictionary relating the weight A
and charge ¢ of the boundary state to the mass m and angular momentum j of the dual spacetime, offering a
powerful consistency check for the Flat/Carrollian conformal field theory correspondence.
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I. INTRODUCTION

In pursuit of genuine quantum gravity, the emergence of
spacetime is the most fundamental yet enigmatic conun-
drum, a solution to which remains an aspiration of human-
ity. The Ryu-Takayanagi (RT) formula [1] in well-trodden
AdS/CFT serves as a cornerstone that allows us to probe the
bulk geometry of quantum gravity from a quantum infor-
mation theoretic quantity, namely the entanglement
entropy, in a boundary quantum field theory (QFT) without
gravity. However, whether this narrative extends to more
realistic model like flat holography or dS/CFT remains
elusive. Toward the full picture of bulk emergence in flat
holography, this paper aims to delineate the generic
framework to compute entanglement entropy for a broader
class of asymptotically flat spacetimes from the boundary
Carrollian/Galilean conformal field theories (CFTs).
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Specifically, we calculate it in the presence of highly
excited states through conformal blocks analysis.

Before discussing further details, let us first outline the
recent developments in flat holography. The Flat/Carrollian
CFT correspondence [2—5] is the holographic principle that
relates the quantum gravity on asymptotically flat space
with the Carrollian CFT (CCFT), also known as Bondi-
Metzner-Sachs (BMS) field theory, on the codimension one
asymptotic null boundary with time direction. Despite
several unique challenges including the peculiar
Carrollian behavior [6-8] and the nonconserved gravita-
tional charges [9,10] due to the null boundary, Flat/CCFT
has been the focus of intensive research in the past decade.
As a holography, the Bekenstein-Hawking entropy of flat
cosmological horizons matches with the Cardy formula in
CCFTs Refs. [11,12]. The partition functions are discussed
in [13,14], and the one-loop determinant corresponds to the
CCFT vacuum character. The bulk reconstruction is dis-
cussed [15,16], and the top-down construction from AdS/
boundary conformal field theory (BCFT) can be found in
Ref. [17]. The CCFT vacuum entanglement entropy is
calculated by twist operator or Rindler method [18] and it
can be compared to the swing surface proposal [19], which
generalizes the RT formula [1] in AdS/CFT. Besides, CCFT
itself is the target of interest as a special kind of QFT,
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with the developments on the correlation functions [20],
bootstrap method [21-24], and detailed scalar/fermion
models [25-31] among others.

We note that there is an alternative approach, celestial
holography [32,33], where CFT exists on a codimensions
two boundary without time direction. Since gravitational
S-matrix elements expressed in a boost eigenstate basis
resemble conformal correlation functions, it excels at ana-
lyzing the gravitational scattering problem. The entangle-
ment Rényi entropies in celestial holography have been
discussed in [34]. The relation between celestial holography
and Flat/CCFT has been gradually coming to light [35-39].
However, we restrict our attention to Flat/CCFT and hereby
present our new results on conformal block and entanglement
entropy as a contribution to the established body of work.

II. MAIN RESULTS

A. Carrollian/Galilean conformal block

We present the systematic and analytical calculation of
conformal blocks for both light and heavy-light operator
configurations in 2D Carrollian/Galilean CFTs at large
central charge. A key finding is that, in the large central
charge and heavy weight and charge limit,

A2 o,

Aag,Ar’ngO(l)a CM’CM’CM

Cy — 00,
2.1)

the full Carrollian/Galilean (C/G) blocks reduce to global
blocks through a novel C/G conformal transformation,
with the explicit relation given by [see discussion around
Eq. (5.57) for details]

(a=1)
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(2.2)

This transformation geometrically induces a rescaling and
tilting of the cylinder, characterized by the parameters

242 21 24H
o= 1-— , Q = (a )EL * .
(Y, 2a°cy

(2.3)

B. Entanglement entropy in the presence of heavy states
and holography

Leveraging these results and the assumption of vacuum
block dominance, we compute the entanglement entropy
for states excited by a heavy operator. The final result for a
single interval on the cylinder is

cr 2 aly\ ey a(l,-Ql,) al,
Sy=—1 —sin—+- — —= =% cot—2 ).
176 og<a€sm 2 >+ 6 <Q+ 2 5

(2.4)

We note that this result is identical to the vacuum
entanglement entropy on a nontrivially identified cylinder.
Furthermore, when the boost charge exceeds a specific
threshold (2 > c¢,,/24), the parameter a becomes purely
imaginary and the entropy assumes a thermal form, signal-
ing the eigenstate thermalization hypothesis (ETH) in these
theories.

Finally, we establish a precise holographic match. Our
C/G CFT derived entanglement entropy for heavy states
perfectly agrees with the holographic entanglement entropy
computed via the swing surface proposal in 3D flat space,
for either conical defect or flat space cosmology (FSC)
solutions [see Egs. (6.24), (6.25)]. This agreement estab-
lishes a concrete dictionary that links the weight A and
charge £ of the excited state to the angular momentum j and
mass m of the dual spacetime.

C. Relation to previous literature

Our discussion is predicated on the preexisting result in
CFT, outlined in Sec. Ill. The global C/G conformal
blocks with nonzero boost charge &, for propagating singlet
operators were first derived in Ref. [21] and further
examined in Ref. [22]. This analysis was later extended
to the case where the propagating operators are &, # 0
multiplets [23]. £, = 0 renders the corresponding global
blocks to reduce to SL(2, R) blocks due to the presence of
the null states, for which the £, = 0 case cannot simply
obtained by taking the limit from &, # 0. If multiplets are
present, it involves nontrivial coefficients [24].

The full C/G conformal blocks for &, # 0 were first
obtained to linear order in the weight and charge of the light
operator by Hijano via the monodromy method [40], where
they are determined by solving a second order differential
equation that arises from the existence of a null vector in the
representation of Carrollian/Galilean conformal algebra
(4.2). Later, Ref. [41] develops the nonperturbative result
for vacuum blocks (£, = 0) by oscillator construction
method. For better clarity, our contribution is to system-
atically derive the full blocks by the more physically
intuitive way of Ref. [42] in CFT,. The outcome is full
order in the weight and charge of the light operator and
holds for arbitrary £,. In addition, we analyze various large
central charge limits (5.27), (5.40), (5.49), extending to a
range of the parameters considered in earlier works.

As a starting point, we consider the case where the
propagating operator is a singlet under M, in this paper.

We then employ the block in a certain large central
charge limit to deduce the entanglement entropy in C/G
CFT in the spirit of Refs. [43,44], where the conformal
block of the holographic CFT, in the large-c limit is
computed. In 2D Galilean/Carrolian CFT, the vacuum
entanglement entropy for a single interval was already
derived in Ref. [18]. Later, the RT formula [1] in AdS/CFT
was extended to flat holography version known as the
swing surface proposal [19,45], and the resulting
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FIG. 1. Logical flow of this paper.

holographic calculation for 3D Minkowski spacetime
agrees with the result of Ref. [18]. Our result serves as a
further confirmation of the swing surface proposal, by
showing the agreement of the entropy of boundary heavy
excited states with the bulk holographic entropy for excited
geometries, including FSC and conical defect solutions.

D. Plan of the paper

This paper is organized as follows (See Fig. 1 for the
logical flow). In Sec. III, we review entanglement
entropy in 2D CFTs with large central charge and its
holographic dual in AdS;. In Sec. IV, we introduce the
fundamentals of two-dimensional Carrollian/Galilean
CFTs, with a focus on the highest weight representation.
Key topics include symmetries, stress tensors, correlation
functions, and particularly the block expansion of four-
point functions.

Section V presents our main results. We derive con-
formal blocks for light and heavy-light operators in various
large central charge limits, and demonstrate how the full
blocks reduce to global blocks under specific C/G con-
formal transformations. Section VI applies these blocks to
compute excited state entanglement entropy and matches it
with holographic results via the swing surface proposal,
and establish a dictionary between C/G CFT heavy
excitation and bulk spacetime parameters.

Appendix provides brief overview of the swing surface
proposal for holographic entanglement entropy in asymp-
totically flat spacetimes, focusing on its geometric con-
struction and relation to modular flow.

III. REVIEW OF ENTANGLEMENT ENTROPY AT
LARGE ¢ IN ADS;/CFT,

In order to compute the entanglement entropy in 2D
Carrollian/Galilean CFT at “large central charge,” we first
recap the well-established case of CFT), in the large-c limit
and how it agrees with the semiclassical holographic
entanglement entropy in the AdS; bulk. Inspired by the
strategy in CFT,, the following Sections (Secs. V and VI)
provide our results in 2D Carrollian/Galilean CFT.

Returning to the review of CFT,, the calculation sim-
plifies dramatically in the limit of large central charge ¢ > 1
and does not depend on the details of the spectrum (operator
content and fusion rules) of the particular CFT,. This
connection relies on the replica trick [46] and the universal
behavior of conformal blocks [43,44].

A. Entanglement entropy from the replica
trick at large ¢

The entanglement entropy S, := —Tr, pslogp, of a
subsystem A is calculated via the replica trick in CFT,
[46]. To this end, one first computes the nth Rényi entropy

(n) ,_

1
Sa7 == —log Trypj.

(3.1)

for integer n > 2, and then take the limit » — 1 by viewing
n as a continuous variable

Sy = lim s, (3.2)

For a single interval of length L > 0 with its end points at
u,v€C, one needs to prepare n copies of the original
CFT,, glue them together on the intervals, and compute its
partition function Z,,, so that p} = ;—,ll is obtained. In CFT,,

however, Tr p/; for a single interval is equivalent to the two-
point function of local twist operators 7, at the endpoints
of the interval

Trp} = (7 ,(w)7T ,(v)),

where the conformal weight is A, =55 (n—).
computation yields

L\ ~2A, L\ —13(n=1/n)
e (5) = (5)7T e

€

with € a UV cutoff. The Rényi entropy is

(n) c 1 L
=—(1+-]1 —

and taking the limit n — 1, one lands on the Calabrese-
Cardy formula [46] for the vacuum entanglement entropy

(3.5)

—1im s — S1oel &
SA—Illl_l’)I}SA —6log<€>. (3.6)

Note that the above formula captures only the holomorphic
sector, and the full nonchiral result is S, = $log(%).

106014-3



PENG-XIANG HAO and SHUNTA TAKAHASHI

PHYS. REV. D 113, 106014 (2026)

B. Excited state entropy from the heavy-light blocks
and thermalization

We next consider the entanglement entropy in an excited
state created by the insertion of a heavy local operator Oy,
whose conformal dimension scales with the central charge,
hy = O(c). The calculation of Tr p; now requires comput-
ing a heavy-light type four-point function of the form

At large c, the heavy operators significantly backreact on
the geometry. It follows from Ref. [44] that the heavy-light
conformal block can be computed via a conformal
transformation from the plane (the vacuum background)
to the backreacted geometry created by the heavy state
|H) :=lim,_y Oy(z)|0). The transformation is achieved by

24h
w(z) = 2%, a=+1/1- cH’

(3.7)

which maps the plane to a cone with a deficit angle
2z(1 —a). In the limit 1 < h; < ¢, hy/c=0(1) the
vacuum block is approximated by

1_1)(1

1 -0\
Vo(u, v) = () p=h(1-a) (—> . (3.8)

The replica calculation, then, yields the entanglement
entropy for an interval of length L

1
Sa = =lim ——— (H|T,(u)T,(v)|H)
n—oo ] —

L
:Elog< effsinh<ﬂ >>,
3 e off

which is the standard formula for entanglement entropy
(EE) in a thermal CFT at temperature 7' = 1/ with

(3.9)

2”RAdS

Pett = (3.10)

Dahy, ’
=t 1

For high-energy states above the black hole threshold
hy > ¢/24, the parameter a becomes purely imaginary

. 24ny,

a = iy/="—1, and the mapping (3.7) implies a periodic

identification in the Euclidean time direction on the
cylinder since

e 24h 24h
Z' 1 :exp<i\/—H—llog|z|—\/—H—1argz).
C C

time direction on cylinder

(3.11)

This periodicity provides the signature for a realization of
the ETH in holographic CFTs, since the high-energy

expectation value is indistinguishable from the thermal
state with the effective inverse temperature (3.10).

C. Holographic match: The BTZ black hole

The holographic dual of a (spinless) heavy primary state
|H) is a microstate of a (nonrotating) Banados-Teitelboim-
Zanelli (BTZ) black hole

r? 1
gBTZ:_<—8 GM) dr* +—————dr* + rd¢?,
Rias %‘S SGM

(3.12)

where R4 is the AdS radius. The mass of the BTZ black
hole is directly related to the energy of the state

M= (-~
 Rags ( " 24>.
To verify the CFT result, we apply the RT formula in the
BTZ geometry. The task is to compute the length of a
spatial geodesic anchored at the endpoints of the interval on
the asymptotic boundary of the BTZ spacetime. This
geodesic calculation from the BTZ metric (3.12) yields a
length

(3.13)

L
A(74) = 2R pgs log (l% sinh (%) ) (3.14)

where fpty = \’7;2—“;1 is the inverse Hawking temperature

of the black hole. Equations (3.10), (3.13) reveal that

Pe17 = Peoti» SO applying the RT formula with the Brown-

Henneaux relation 31;% [47] again produces a perfect match

with the CFT result for the heavy state.

IV. 2D CARROLLIAN/GALILEAN CFTS
IN A NUTSHELL

Before embarking on the study of 2D Carrollian/Galilean
conformal block in analogy with the CFT, result stated in
the previous Section, let us encapsulate the fundamental
aspects of 2D Carrollian/Galilean conformal field theories,
which will be used in later discussions.

The 2D C/G conformal field theories [48] are quantum
field theories that remain invariant under the following
transformations,

X =f(x), (4.1)

y=r(x)y+g().
The generators implementing transformations on the fields
are denoted as L,, and M,,. These generators form the two-

dimensional Carrollian/Galilean conformal algebra, also
known as the BMS; algebra [49-51],
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C
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[anMm] = (I’l - m>Mm+n + %n(n2 - 1>5m+n,07
[Merm] = 09 (42)

where ¢; and ¢ are central charges. Consider the

following infinitesimal translation

c— 0+, T—=1+E, (4.3)
where ¢ and & are constants. The Noether theorem allows us
to derive two conserved currents,

27nj, = —eTdo + eMdr, (4.4)

2rj; = —EMdo, (4.5)

where 7 and M play the role of the stress tensors. Then the
|

infinitely many charges on the plane can be written as

1
L .

"= (x"T'T + (n + 1)x"yM)dx,

(4.6)

1
M, =— ¢ x"'M dx,

i (4.7)

where § denotes contour integration around the origin on
the complex x plane and

T := X:L,,x_”_2 - Z(n + 1)yM,_;x™"2,
n n

M= M2,
n

From the algebra (4.2) we have the following OPEs
between the currents,

(4.8)

(4.9)

cr 2T (x, 0,.T(x, 2¢c(y — 4y —y)M(x, "= y)o,T(x,
T(x',y)T(x,y) ~ 2(x —x)* (' (_ x);l x/(_xy) - (x/(i x)sy) - b (x/y_) x)(% Y - b (;j)_ x)<2 Y ’

M(x',y')M(x,y) ~0

Under the transformation (4.1), the transformation laws of the stress tensors are given by Refs. [19,25,52]

M(x) = f?M (%) + {12}

T(x.y) = f*T(x,

where {, } denotes the usual Schwarzian derivative, and the
last term is the so-called BMS Schwarzian derivative,

f/// /!
= , 4.12
v =L-3 (L) @12
f/2 f/ 1<g/// dfm 3f//< />/>. (4.13)
0f3 f! f
For later convenience, we define
To(x) =T(x,0) =T(x,y) —yoM(x), (4.14)

which leads to the conservation law of the stress tensor

0,Tg=0,T —d,M =0, oM =0.

\ (4.15)

The charges L, can be related to 7', directly,

y)+2f'(d +yf" M%)

(4.10)
C_L C_M )
+12{f,x}+12 <y6 {f.x}+ f 6f3) (4.11)
[
1
Ln _ %%xn—HTde’ TO = ;Lnx_n_z. (416)

The transformation law of the newly defined operator T,
reads,
To(x) = f?To(X) + 2f'g M(X) + fg0:M (%)
cr cM ” o’ g
“Lrg 4.17
The operators in the highest weight representation [20]
can be organized into primaries and their descendants. The
primary operators at the origin are labeled by the eigen-
values (A, &) of (Lg, My)
[Ly, O] = AO, My, 0] = &0, (4.18)
where A and ¢ are referred to as the conformal weight and
the boost charge, respectively. They obey the highest

106014-5
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weight conditions

[L,.0] =0, [M, 0]=0, n>0. (4.19)

Acting L_,, M_, with n > 0 successively on the primaries,
we get their descendants. This definition can be generalized
to the multiplet. A highest-weight primary multiplet O with
rank r is defined by

[LO’Oa]:AOa’ [M()’ ]
[L,,0,]=0, [M,,0,]=0,

(£0)

n>0,

a=0,---r—1

(4.20)

where O, denotes the ath component of the multiplet O,
and € is a Jordan cell with rank r and diagonal component &,

= . (4.21)

1 5 rXr

In particular, the finite transformation law for the multiplet
can be obtained as [23,25]

5oy NS g e
OH(x,y)sz;ﬁfﬂ 83k T 0, 4 (x,y). (4.22)
For the singlet, this reduces to
~ . A _§f+»f//
O(%,5) = f'%e O(x,y). (4.23)

The vacuum is invariant under the global symmetry
algebra spanned by {Lg 1. M 1}, leading to the follow-
ing correlation functions for singlet operator in the highest
weight representation [20]

o 2 déA A2551 & —251
GZ — g Ol(-xia yl) |x |2AI 12 (424)
3
G; = HOi(xwyz)
i=1
o C123 Eol2 &t fzzlfi
IR
(4.25)

where d is the normalization factor of the two-point
function, c,3 is the operator product expansion (OPE)
coefficient of the three-point function that encodes dynami-
cal information, and

Xij = Xi — Xj, Yij =Yi =Y

A=A+ A — Ay, Ein=E&+E& =& (4.20)

The four-point functions of singlet quasiprimary operators
can be determined up to an arbitrary function of the cross
ratios [21,22],

Gy = <H Oi(xi7yi)>

i=1

YN e
[Tl S tae s B g ), (427)
iJ

where the indices i = 1, 2, 3, 4 label the external operators
0;, G(x,y) is called the stripped four-point function, and x
and y are the cross ratios,

Y3as Y13 )’24

’ =
8]

_ X12X34 y (4.28)
X

x13x24

For the stripped four-point function of identical external
operators, its global block expansion is

1 1
G(x,y) = Z d—g\e:;ao*' Z d—9|5:0’

0,50 T 0,5=0

(4.29)

where g is the global block. We first consider the expansion
in the s channel. The propagating operators with rank-r and
nonzero boost charge &, # 0 get the contribution [23]

rll
Ilezo = Zpy >

a,bla+b+p+l=r

cacrdlgy .. (4.30)

where gg)r)fr is the global C/G conformal block for a
propagating singlet with & # 0 [21,22],

Ery
Q(AO,),; = 2228 (1 4 V1 — x) 728 eni= (1 — x) 712
(4.31)

The contribution of propagating operators with zero boost
charge £, = 0 is especially reduced to the SL(2, R) blocks
due to the presence of the null states [24]. It can be
expressed as

r—1 r=1-p
g|§:o = Z CiCigij = CiC;gij >
ijli+j+p=r-1 p=0i=0 J=r=l=p=i
(4.32)
where
1 min(j,r—1—j)
9ij :—,qup Z x4 fa
p: a=0
X, Fi(A+a,A+a+ p,2A+2a,x). (4.33)
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The coefficients f, can be written through a double summation,

where

fil =

The first few order terms are listed explicitly as

sin(zA)C(a +2A = 1) sin(z(A + p))T(a+ p +A) <~ (1),

- )@ 4.34

U PT(a+ 1)M(a+A-1) b;th‘ T (#34)
(=1)"9Hb+eD(—¢ — A + 1)27207b=¢2A20(h 4 ¢ + 2A = 1)[(=b— p — A + 1)
F'b+c+1) ’

2= Fy(l—a.—b—c.a+20=1;1—=b, 1 — ¢, 2A - 1;1). (4.35)
A 2p(2 11A + 9pA + 8A2

fi=-2A-p, f2:(3+8 )3 +2p(2+p) + 11A+9p4 4 847) (4.36)

The following facts will be useful in subsequent
discussions. Especially, we consider the operators
with weight A and charge ¢ located as follows,
(0(00,0)0(1,0)0(x,y)0(0,0)). The contribution of the
&, # 0 singlet is

g(x,y) = 22Ar‘2xAr_2A(1 + my‘mr

.
% €_2§;+X‘m(1 _ x)—1/2’ (437)

and the contribution of the &, = 0 singlet is
g(x,y) = x222e" 2% F (A A 24, %), (4.38)

These global blocks are normalized as x=2A+47¢(=26+&)5 i
the x — O limit. The contribution from the vacuum is the
kinematic factor x=22¢~2. The #-channel expansion can be
obtained by the replacement,

x—1-x, y = =y (4.39)

V. CONFORMAL BLOCKS IN 2D C/G CFTS

In this Section, we deal with the C/G conformal blocks
organized by the entire C/G algebra instead of the global
|

go(x,y) = (0(00,0)0(1,0)[0|0(z,y)0(0,0)) =

16 + 32A

|
C/G algebra, in the large central charge limit. We focus on
the scenario where the propagating operator is a singlet,
serving as the starting point for block calculations.

One can define the projector |O| onto the family of O
containing all the descendant operators as

0] =Y (N7!) le) (B

ap

, (5.1)

where the summation of a and f is over all the descendent
operators of O, and N,; = (a|f) is the inner-product
matrix. We should also mod out all the null states in this
projector. The identity operator can be decomposed into the
sum over all the projectors

1=>"o.
(0]

Here comes the following decomposition of a four-point
function

(5.2)

(0(0,0)0(1,0)0(x,y)0(0,0)) = > go(x.y),
{0}

(5.3)
where go(x) is the contribution from each operator family
0(00,0) 0(0,0)

(5.4)

0(1,0) O(z,y)
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Note that it contains the C/G conformal block together
with the coefficient related to the three-point coefficients. In
the following, we consider the C/G blocks in the large
central charge limit. The theory involves two central
charges ¢; and cy;, so we must carefully examine which
of these serves as the expansion parameter.

A. Light type

We first examine the case where all external operators are
light, meaning their charges £ and weights A are O(1)
compared to the suitably chosen central charge. The
conformal blocks and correlation functions involving only
light operators are referred to as the light type.

B. Large ¢y, limit

First, we consider the four-point function in the follow-
ing limit
Large c;; limit

cy — oo, with fixed A, & A, &, but CTL -0. (5.5)
Cu

This condition encompasses several cases including
¢, ~O0(1), ¢, ~O(cy), and so forth. Under this limit,
the C/G conformal block involving four identical external
light operators reduces to the global C/G block, as we can
see as follows.

We denote the projector for a specific family at level n as

0, = Z LM oM™, -
n=nym+-+nynmy+--
X |Arv §r><Ar7 §r| o 'Mnmzz e LZ111 (N_l)m[,n,-’ (56)

where N~! is the inverse matrix of the inner product at level
n. Due to the fact that the descendant states at different
levels are orthogonal, the projector can be decomposed into

0] =>|0],.

We observe that the inner product matrix at each level n
exhibits an approximate block-diagonal structure. The basis
elements can be systematically labeled based on the total
count of L_, and M_,, operators with n > 2. When these
basis elements are arranged in ascending order according to
this count, the corresponding inner product matrix dem-
onstrates a behavior characterized by its block-diagonal
approximation

(5.7)

o(1) o(1) o(1)
O(1) O(cey) O(cy)

. . . (5.8)
o(1) O(cu) O(cly)

Then, the nondiagonal blocks of the inverse matrix exhibit
a magnitude of at least O(1/cy). At leading order
approximation, the projector can be decomposed into

0]~> |0

{k}

(5.9)

where

0], = Z L™ MM

ki=mj+n;

X|Ar’§r><Ar7§r|"'Mr1nl"'L;ll(N_l) (510)

m;,n;*
The vector k serves to label the number of generators
present at each respective level within the system. To
illustrate this concept, we provide examples of contribu-
tions at the initial orders below,
(i) k=(1,0,0,...), the basis vectors are L_;|O),
M_,|0).
(i) k=1(2,0,0,...), the basis vectors are L_;L_;|0),
L M_,|0).M_M_,|0).
(iii)) k= (0,1,0,...), the basis vectors are L_,|O),
M_,|0).
The summation encompasses all possible values of the
vector k. When considering the large c;, expansion, the
inner product matrix N, can be further represented as a
tensor product,
Ny, +k, = Ny, ® Ny, if ki, k; are orthogonal.  (5.11)
Sequently, the analysis of the general case N, simplifies to
the analysis of N(g,....40,0.,.)- This specific configuration
encompasses a + 1 distinct states, and the inner products
between these states can be computed through straightfor-
ward procedures, leading to

0

(otherwise).

No....a00..);; =
(5.12)

The indices i, j denote the basis elements based on the
count of M, generators. The inverse of the above inner
product matrix has the following form

o 0 ... L
0 0 CLa - Zil
M Cy
No...a00.)” = ‘ ‘ ' ‘ . (5.13)
CL - iil 0
M Cy

With the inverse matrix provided, it can be observed that
the corresponding contributions are suppressed by factors
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of i and c%}l' These suppression factors, in turn, establish
the final condition outlined in Eq. (5.5).

We also examine the contributions arising from three-
point functions. These contributions are proportional to the
parameters A, &, A,,&,.. A detailed derivation of their
explicit expressions will be provided in the subsequent
Subsection. In the context of the large c,, limit, as defined
by Eq. (5.5), all contributions stemming from higher
descendant states generated by the operators L_,,M_,
where n > 2 are suppressed by a factor of at least 1/cy,.
Consequently, the projector simplifies to

1
013, [0} 0L N+ 0( ). .14

The leading term gives the global C/G blocks for the
propagating operator O, when inserted into the four point
functions.

C. Large c; limit
We next proceed to analyze the limit ¢; — oo. It is
important to note that the pattern ¢; ~ ¢, — oo has already
been addressed in the preceding discussion. We will now
focus on the following case.
Large ¢; limit
cp — o0, with fiexed A, & A, &, cy. (5.15)
The contributions arising from three-point functions
remain the same as in the previous case, so our primary
focus shifts to the contributions derived from the inner
product. Specifically, we examine any state that belongs to
the basis
L°L"---|0) (5.16)
Note that these states are orthogonal to all other states to
leading order in the inverse central charge expansion,
specifically in terms of 1/c;. Their norms exhibit a
proportionality to c§, where a:=) ,n;. This scaling
behavior results in their contributions being significantly
suppressed, so we may now focus on the remaining states,
which form the basis under consideration,
LYM™M™ - 10). (5.17)
We first consider the states of the form M™!M"3 - -|0).
These states exhibit a nonvanishing inner product exclu-
sively with the single state L?,|0), for which there exist
n — 1 null states at level n. Upon subtracting these null
states from the total set of states at level n, the remaining
states are

L4, M",|0). (5.18)

This process subsequently yields the global C/G blocks.
Consequently, the projector in the context of the large
central charge limit (5.15) takes the following form,

1
|O| zZL'fIM'il |0)(o|M? L (N7Y),.,+ O (Q) . (5.19)

To summarize, as long as when the large central charge
limits (5.5) and (5.15) are considered, the C/G conformal
blocks of light type become the global blocks.

D. Heavy-light type

In this Subsection, we examine another case where two
external operators are heavy, in the sense that their weights
A and charges ¢ are linear order in the large central charge,
while the remaining two operators are light. This configu-
ration gives rise to the heavy-light type of the C/G
conformal block, so named because of its external operator
contents. In the subsequent discussion, we focus on the
large ¢, limit and do not elaborate on the ¢; limit since it is
hard to control. Note that this choice is not only for mere
convenience, but physically plausible, given the holograph-
ically dual picture of 3D Einstein gravity in semiclassical
regime G — 0, where the central charges of asymptotic
symmetry algebra are given by ¢; =0, ¢y = %

We define our notation by examining the following four-
point function,

(05(00,0)04(1,0)0(x,y)0.(0,0)),  (5.20)

with the weights and charges of the operators denoted as

AH:H7 §H:E" AL :A9 §L:§’ (521)
and A,, &, are the weight and charge of the propagating
operator considered, which are fixed under the large central
charge limit.

Since the weights and charges of the heavy external
operators are not fixed in the large central charge limit,
contributions from three-point functions involving higher
descendant states become significant. These contributions
can compete with the contribution from the large central
charges in the inverse inner product matrix. To properly
account for this, we will examine two pairs of three-point
functions that emerge after inserting the projector. The one
where the heavy operator is involved is

(Oy(0,0)04(1,0)L™ - M™ ---|0). (5.22)
The other one involves light operators without dependence
on the heavy weights and/or charges. So we aim to
investigate the dependence on the weights, charges, and
central charges in Eq. (5.22). Equivalently, utilizing equa-
tions (4.7) and (4.16), we may consider
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(01(0,0)04(1,0)To(x1) - - M(x2) - -- 0(0,0)), (5.23)

which can be further structured from the stress tensor OPE
and resulting Wald identity,

(0p(00,0)04(1,0)T(x,) - - - M(x;) - - - 0(0,0))
~ 2_(0(e0.0)05(1.0)Ty(x;) 0(0.0))
+ Z<0H(°°vO)OH(LO)M(XZ‘)O(O’ 0)) + O(cp.cum).
(5.24)

where O(cy, ¢)) is the central charge part, which will not
contribute to Eq. (5.22) due to the vanishing residue. So the
fundamental parts are

(Op(00,0)04(1,0)T¢(x)0(0,0))

= a0 (xz(f’_ SME 511)2> . (5.25)

(On(0,0)04(1,0)M(x)0(0,0))

RG]

In the following discussion, we first consider different cases
where some weights and/or charges are not fixed under the
large c;, limit, then find the C/G conformal transformation
to cancel these dependence on the large weights and/or
charges by the anomalous terms in the stress tensors.

(5.26)

E. Large =
We start with the simplest case with large E with the
following limit
Large =

—

ey =00, L HAEME~O(1), —~0(1). (527)
973

We want to find a C/G conformal transformation

x=fw). y=f(wz+gw). (528
to cancel the = dependence in Eq. (5.26), so that
lim 0=(OxOxzM(W)0) = 0. (5.29)

Cpyy—o

This condition leads to a differential equation on the C/G
conformal transformation f(w), by considering the trans-
formation law (4.23), (4.11)

The general solution contains three integration constants,
which correspond to global transformations that prevent
anomalies in the stress tensor M. These constants can be
employed to determine the positions of the Oy and O
operators. For simplicity, we select O(0,0), Oy(1,0), and
Op(0,0). The resulting solution is as follows,

x=1-(1-w), (5.31)
with a = =+ 1—%. We will choose the positive one

without loss of generality. This transformation will give
additional terms in Eq. (5.25)

(OgO[TH(W)O0) = (OxOx(f*To(x) 4+ 2f' ¢ M(x)

+ £290.M(x))0) + TE{f. w}

+C_Mf/2@

LA (5.32)

Since (O OxyM(x)O) contains a term linear in 2 and
{f.w} is proportional to =, which is O(1), we can simply
choose g(w) = 0 so that

lim 05<0H0HT0(W)0> =0.

Cpy—0

(5.33)

So we conclude that in this case, the C/G conformal
transformation

l-w=(1-x)%,

z=a(l-x)"1y, a=,/1- ,
(5.34)

can cancel the large Z dependence in Eq. (5.22). It
possesses fixed points at (0, 0), (1, 0), and (o0, 0). The
C/G conformal algebra and highest weight states remain
preserved. A branch cut is introduced on the w plane
extending from 1 to oo, rendering the Laurent expansion at
infinity invalid and causing the adjoint to be ill-defined.
Despite this, out states and in states in the (w,z) coor-
dinates can be defined conventionally, though they are not
adjoint to one another.

Since the highest weight family is mapped to the family
marked with the same primary operator under the C/G
conformal transformation, the projector in different coor-
dinates collects the same contributions, while the four
point functions are up to Jacobian due to the transformation
law (4.23),

9o (x,y) = (Op(0,0)0p

(1.0)|0[O (x.¥)0.(0.0))
=Jo, w37 0,00Jo(W. 2),

(5.35)

where J is the Jacobian factor
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+y. f”

J
JO — f/2€§ 7

(5.36)

Note that (x,y) are flat plane coordinates, while (w, z) are
not. Now the calculation of the full blocks in (x,y)
coordinates reduces to the calculation of the global blocks
in (w,z) coordinates, since the inner product in (w,z)
coordinate has the same form when considered in flat
coordinate and the three point functions have no depend-
ence on the heavy charge E, as discussed above. Besides,
when we consider the global blocks ggpha in (W, 2)
coordinates, the actions of L_;, M_; have the same form
as the flat one up to a Jacobian factor of the propagating
operator

- _ 1
9o (W, 2) = J7 ggtoba (W, 2) + 0<C—> (5.37)
M

So in the setup (5.27),
|

— z(a—1)
lim gvac(-xa y) - (1 - W)A(l_é) (K) ZAeQw_l)a
M a

C

a

(1= gyes (1 —q —x)“) . (_ Ey(a+a(l —x)* + (1 —x)* — 1))

F. Large H

We then consider an opposite limit with large H,
Large H

A o,

Cm

Cy — 0,

Cr, 57 A, 5, Arv ér ~ 0(1)7
(5.40)

We want to find a C/G conformal transformation

x = f(w), (5.41)

y=f(wz+gw).
to cancel the H dependence in the (O OyT(O) correlator
(5.25), so that

lim 0H<0H0HTO(W)0> =0.

(5.42)
Cpy—0

At the same time, this transformation may introduce c,,

dependence in the (OzOyzM(w)O) correlator, by the

transformation law (4.11). So we require

{f.w} =0, (5.43)

to avoid the linear ¢), term. We can further fix the point
(0,1, 0) on the x plane, leading to

. 1 _ z(a=1)
lim g(x,y) = (1 — w)A00a?2 =2 6 Tegy (W, 7).

Cpy—0

(5.38)

Compared to the CFT results in Ref. [42], it shares a
similar form but incorporates three distinct modifica-
tions. The parameter a differs through the substitutions

H — E,c — cy. Also, an additional exponential factor

z(a=1)
¢ arises from the Jacobian (5.36). The global block

also varies since there exist two types of global C/G blocks
for singlets with £, = 0 and &, # 0. In the &, = O case, the
global C/G block matches the global SL(2, R) block up to
a normalization factor, which stems from the kinematic
term e 2.

In particular, the vacuum block, which we will use
later reads,

e~ %

5.39
G197 1) >3
|
x=f(w) =w. (5.44)
Now in the large c;, limit, Eq. (5.42) reduces to
H c &
) M 09
—f*—==0. 5.45
s (x—1)2+12f of? (5.45)

Similarly, the solution has three integration constants
related to the global transformations. We choose

12H
z=y+— (1 —x)log(l —x).
Cm

(5.46)
Although (0, 0), (1, 0) are the fixed points of this trans-
formation, (c0,0) in the (x,y) coordinates is mapped to
(o0, 0) in the (w, z) coordinates. However, the cross ratios
(4.28) remain invariant. This transformation leads to the
Jacobian

J= exp{—]cz—MH (1 + log(1 - x))zg}. (5.47)

Hence we have the full C/G blocks in Eq. (5.40)

s RH0s-g)

lim g(x’ y) = (1 - W) me M : gglobal(w’ Z)’ (548)

Cy—o0
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where the constant factor is important, which contributes
to the normalization x 228¢(-26+&)% in the (x,y)
coordinates.

G. Large H, 2, ¢,
One, more general, case is the limit with large H, =, ¢,
Large H,E, ¢,

H E
== o).

A8 AL ~O(1), b
M M Cym

Cy — 0,
(5.49)
We want to find a C/G conformal transformation

x=f(w), y=f(wz+gw)

to cancel all the H, &, ¢; dependence in Egs. (5.25), (5.26),
so that

(5.50)

lim 9z(00yM(W)0) = 0,

cy—0

lim 0y =, (0OyOuTo(w)0) = 0.

Cy—>0o

(5.51)

We first look into the (O Oy M (w)O) correlator, where the

discussion is in analog to that in the large = case, leading to

the same solution as (5.31),
x=1-(1-w) (5.52)

Then we consider Eq. (5.25) with terms in Eq. (5.32),
resulting the differential equation on the ¢ transformation,

ot (05

+g(x), + M () = 0.

7()5 AT (5.53)

hm gva(:(x’ y) =
cp—00

(1-w) A(1-1)— §Q(W) -2A cful —20¢ 262

The solution that keeps (0, 0) and (1, 0) invariant is

aQ(1 —x)*log(1 — x), (5.54)

g(x) =
where Q is the parameter depending to ¢;, ¢y, H, a(E),

(a2 - I)CL + 24H
2a%cy, ’

Q:

(5.55)

This transformation can be seen as the composite trans-
formation of Egs. (5.34), (5.46), with the additional
contribution from c;, which can be either small or large.
In this case the Jacobian factor is

J= (1 =)D (1 _W)—:%exp{§<—Q+ ZV(V“_ 1)) }

leading to the full C/G conformal blocks in the limit (5.49),

. _1 Q
lim g(x,y) = (1 —w)A(0--Eg28-4

Cpy—>00

% oSt O(E=28)

gglobal(wy Z). (557)

It is important to note that the discussion and results
presented here remain valid even when some of the
parameters ¢y, H, 2 are small. In such cases, the appro-
priate small parameter limits should be taken into account.
Particularly, the vacuum block is expressed as follows,

a
1= (1—x)*\ 24 A &yla(-g5g -1 -1
_ < (I-x) ) (1 = x)(@-DA+aEQhmr ) exp( -1 —2§Q>. (5.58)
a x—1
The z-channel block has a simpler form, which we will use later,

1 —x* —2A alQ(x*+1 1 a __ 1

lim gy, (1 —x,—y) = a xla=Da+EGE )exp =260 — latlat Dx ) . (5.59)

eu—00 a x(1—x%)

One can check that this result is proportional to the previous BMS vacuum block derived in Sec. 4.4 in Ref. [41].
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H. Turn to the cylinder

In the preceding discussion, we focused on four-point
functions on the (x,y) plane. To clarify further, we
transition to the cylinder described by (u, ¢) coordinates.
The transformation from the plane to the cylinder is

¢ = —ilogx, (5.60)

_ Y
u=-i-,
X

with periodic identification ¢ ~ ¢ + 2z. Then we can
define another cylinder with (', ¢’) coordinate related to
the (w, z) coordinate by the similar cylinder to plane map,

’ Z

¢ = —ilogw, u =—i—. (5.61)
w

The key transformation to solve the C/G blocks in
Eqgs. (5.52), (5.54) is to introduce the branch cut runs from
1 to infinity on the w plane, with the deficit angle
2z(1 — a).

Then we can consider the four-point function and the
block expansion on the cylinder with the periodicity being
manifest. Now the transformations (5.52), (5.54) become

u' = au+ Qdp, (5.62)
whose geometric interpretation is clear. They rescale and
tilde the cylinder, making the new identification

(u', @) ~ (W + 27aQ, ¢ + 27a). (5.63)

VI. APPLICATION: EXCITED STATE
ENTANGLEMENT ENTROPY IN 2D C/G CFTS

In this Section, we utilize the C/G conformal blocks
derived in the previous Section to compute the entangle-
ment entropy of excited states in the context of large ¢y,
which corresponds holographically to 3D Einstein gravity
in asymptotically flat spacetimes. We adhere to the same
approach employed in the AdS;/CFT, case, as outlined in
Sec. III.

The entanglement entropy for an interval A in 2D
Carrollian/Galilean conformal field theories in the vacuum
state can also be calculated by the twist operators [18]

1
= —1.
SA nl—l;r}n—l

Trply = (Tu(xa Ya) Tu (X0, ¥))-

log Try ps.
(6.1)

The twist operators are inserted at the endpoints of the
specified interval. Their weight and charge can be deter-
mined from the conformal transformation or the limiting
procedure [18],

a1 _em(, 1
A”‘24(” n>’ =24 (” n> (62)

depending on the central charges c;, ¢,,. The entanglement
entropy on the (x,y) plane reads

Ccr, lX chy
:—1 —_
Sa=gloe st

(6.3)

where [, :=x, — x;, [, := y, — y;,. The cylinder result can
be derived from the conformal transformation and/or direct
Rindler method [19,45]

2 .1 Ly
Sy = C—Llog < sin‘/’) +%lu cot-2 (6.4)
€

6 2 2’

where [, [, are the length of the interval along the u and ¢
directions on the cylinder with the identification ¢p ~ ¢ + 27.
The result can be generalized to the tilted cylinder with the
identification (u, ¢) ~ (u + 27aQ, ¢ + 2za) by considering
the transformation

u— au+ Qp, ¢ — ag. (6.5)
In this case, the entanglement entropy reads,
cr 2 . aly\ cy a(l,—Q0ly) al,
=—log| —sin— | +— —_— .
Sa G 0g<a€s1n 5 >—|— 6 (Q+ 5 cot 5
(6.6)

A. Excited state entanglement entropy

We then consider the excited state in the highest weight
representation
|Ap. &n) = 05(0,0)]0), (6.7)
created by a heavy operator acting on the highest weight
vacuum, with weight and charge Ay, &4. Then the trace of
the nth power of the reduced density matrix is
Trpj = (05(0.0)T ,(x,y)T ,(1.0) 0} (e0.0)),  (6.8)
where we consider the interval A with endpoints at (1,0)
and (x, y) on the plane. This configuration corresponds to
the heavy-light type four-point function in the n — 1 limit,
where the weights and charges are
H=nA H»

A=A,

E = I’l&[_] N
Also we consider the theory with large central charge ¢,

ey >0, cp ~0(1)). (6.10)

cp~cy (or

106014-13



PENG-XIANG HAO and SHUNTA TAKAHASHI

PHYS. REV. D 113, 106014 (2026)

This aligns with our setup (5.49). Here, the aforementioned
four-point function admits a 7-channel block expansion,
where the C/G blocks can be approximated by the heavy-
light type block derived in the preceding Section. Under the
additional assumption of vacuum dominance, where the
leading contribution in this block expansion stems from the
vacuum block, we obtain the entanglement entropy of the
excited state (6.7) using the 7-channel vacuum block (5.59),

1
Sy = —logf <— (a=1)cp +
€

1 <1 —x“)
+—c; log
6 a

1 (@4 (a+1)x"—1)
+ECM<2Q+y 1) >

acy Q(x* + 1)
12(x* = 1) )

(6.11)

Note that the expansion is in ¢ channel, where the length of
the interval is given by

l,==1-x, ly=y. (6.12)
Here, a few comments are in order. When c,, = 0, the
result corresponds to that of chiral CFT,, representing the
leading-order term in the large central charge expansion.
When a =1 and Q =0, corresponding to a light back-
ground state, the expression reduces to the vacuum entan-
glement entropy, with corrections anticipated at the
next order.

Similarly, one can further generalize this discussion on
the excited state entanglement entropy to the cylinder
geometry with the identification (u, )~ (u,¢ + 2n),
resulting in

(&8 2 . al¢ Cpm
Sy=Llog( —sin—2 ) +M4
A= 0g<a€sm > )—I— 6 (Q+

2 2
(6.13)

(Z(l” - Qltl)) COta—l(ﬁ>

This expression is identical to Eq. (6.6), which represents
the entanglement entropy of the vacuum state on a cylinder
with the identification (u,¢) ~ (u + 27aQ, ¢ + 2za). In
other words, the entanglement entropy of an excited state
on a cylinder with a standard identification can be inter-
preted as the vacuum entanglement entropy on a cylinder
with a nontrivial identification, determined by the charge
and weight of the excited state.
In the case where

m
2 14
~ 24 (6.14)

[1]

the parameter a becomes purely imaginary, leading to the
entanglement entropy as if in a thermal state

where @ = ia.

ETH. Here, we present a comment on the relation to
ETH. Let us first recapitulate the general statement of ETH
for clarity. For any superposition |y) =Y, C,|E,) of the
energy eigenstates {E,},, the expectation value of a
generic operator O(t) := e~ '0ef!" is given by

(0(1)) =) _|C,[(E,|OIE,)

n

+ ) CiCe! BB E,|O|E,,).

n,m#n

(6.16)

The system satisfies ETH if the off-diagonal elements are
exponentially suppressed compared to the diagonal one at
later times, and it becomes indistinguishable from the
diagonal average >, |C,|*(E,|O|E,). In the 2D CFT case,
the analysis of the asymptotics of OPE coefficients is
performed via the modular bootstrap to extract the behavior
of the off-diagonal matrix elements [53], and they also
discuss them using semiclassical, heavy-light Virasoro
blocks. For BMS, it is briefly mentioned in Ref. [40] that
the holographic correspondence between the heavy-light
type correlators and the flat cosmological solutions can
imply some version of the ETH, and later the modular
bootstrap approach is extended to this case in Ref. [54]. Our
result (6.15) serves as the complementary approach of
heavy-light type semiclassical blocks to suggest ETH in
BMS setup. Concretely, Eq. (6.15) shows that the entan-
glement entropy of highly excited states with sufficiently
large = coincides exactly with the entanglement entropy in
a thermal state [19], upon making the thermal identification

2r
Pop="—7-

(6.17)

(M,¢)N(M+iﬂu,¢—iﬂ¢), ﬂu:_Qa

It follows from the structure of the two-point function of
light operators in highly excited states, whose leading
contribution is captured by the heavy-light vacuum block.
The transformations (5.52) and (5.54) reveal how the deficit
angle 2z(1 —a) (see Sec. VH) explicitly induces this
periodicity. Subleading corrections are encoded in
higher-order terms of the block expansion, while the full
correlator involves an infinite sum over all blocks. A more
detailed analysis is required to show that the sum retains the
same properties as its individual blocks, which is carried
out for ordinary CFTs in Ref. [42]. Besides, the off-
diagonal contribution can also be captured by considering
the heavy-heavy-light-light correlators with different heavy
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operators [53]. We leave the corresponding investigation
for Carrollian/Galilean CFTs to future work, and hope that
our block result (5.57) will be useful in that context.

B. Comparison with the holographic entanglement
entropy

This Section compares the excited state entanglement
entropy with the holographic entanglement entropy in
constant mode solutions. On the bulk side, the dual theory
corresponds to FEinstein gravity in three-dimensional
asymptotically flat spacetime. For flat holography, the
holographic entanglement entropy is described by the
swing surface proposal [19,45] (see also Appendix).

The central charge can be related to the gravitational
constant from the asymptotic symmetry analysis in Einstein
gravity [50]

CL:(), Cy = —=- (618)

The solutions with asymptotically flat boundary conditions
are organized in the Bondi gauge,

ds* = O(¢p)du® — 2dudr

+2 (E(¢) + M%W) dudg + rrdg?.,

¢~ ¢+2m, (6.19)
where u := t — ris the retarded time, r is the radial distance,
and ¢ is the angle coordinate of the S at infinity. When
r — oo, one reaches null infinity with the coordinates
(¢, u), where the 2D C/G conformal field theory resides.
In particular, the constant mode solution is expressed as

ds* = Mdu® - 2dudr + 2Jdudp + r*d¢*, ¢ ~¢+2x,

(6.20)

where the parameters M, J are related to the Arnowitt-
Deser-Misner (ADM) mass m and the angular momentum j
of the spacetime,

M . J
m= , ]74G‘

(6.21)
There are two classes of solutions depending on the value
of M:

(i) M > 0 It is the FSC, whose conformal diagram is

shown in Fig. 2, with the cosmological horizon at

Fe= \l/—Jﬂl—l, and was first considered in a string theory

context [55]. In the r < r. region, there are closed
timelike curves since 9 is timelike. The region
r > r,. describes a spacetime in expansion.

Z‘+
cosmological horizon
0 0
io io

FIG. 2. FSC.

(i) M < 0Tt is the spinning particle creating the conical
defect and the twist in the time identification. They
are locally flat but with a delta source. The special
case is M = —1, which reduces to the global
Minkowski without a conical defect. The other cases
can be brought back to the Minkowski metric but
with a different identification of the coordinates,

(u, @) ~ (u+2aro, ¢ +22v/-M),  (6.22)

_
where r, 0= ﬁ

The holographic entanglement entropy is captured by the
swing surface proposal,

_ A(}’A)
4Gy’

S (6.23)

where y, is the bench of the swing surface. For a detailed
review, see Appendix. For the interval A with the length
ly,1; along the u,¢ direction, in the case M <0, the
holographic entanglement entropy is

1 o V —Ml¢ 2}’0
= — | V=M -
SA G ( (lu \/mlqg) cot 3 + \/m s
(6.24)

while in the case M > 0, the holographic entanglement
entropy is

Sy ! (x/ﬁ(iu—M%)

Ml, 2r.Sign(J
« ot Y Mls , 2rSign( )>. (6.25)
2 VM
Now, a comparison of these results agrees with the excited
state entanglement entropy expressions given in

Eqgs. (6.13), (6.15), if we identify
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M<0:a=vV-M, aQ = ry, (6.26)

M>0:d=vVM, aQ=rSign(J). (627

The global Minkowski vacuum has mass and angular
momentum, given by

1

Myae = _%7 .jvac =0. (628)

So for 2 < %, the excited state corresponds to a spinning
particle, with the mass m, =m —m,, and angular

momentum j, = j — jyuc

p

[1]

m, =

, =%, j,=H. (6.29)

For 2 > 3% it corresponds to flat cosmological solutions

with mass m and angular momentum j

1
8G’

[1]

m=2+ j=H. (6.30)

We observed that in the gravitational context, the angular
momentum J may take both positive and negative values.
This insight motivates the consideration of states and
operators with negative conformal weight A. Notably,
the calculations of C/G blocks remain valid even when
H is negative.

VII. CONCLUSION AND DISCUSSION

In this work, we have contributed to the study of two-
dimensional Carrollian/Galilean Conformal field theories
by systematically computing the highest weight conformal
blocks in large central charge limit and leveraging them to
derive the entanglement entropy of excited states, finding
complete agreement with a holographic calculation in
three-dimensional asymptotically flat spacetimes in
Einstein gravity.

We successfully calculated the conformal blocks for 2D
C/G CFTs in the large central charge limit, focusing on
both the light-type and the heavy-light-type configurations.
A core implication is that in specific large central charge
limits (5.27), (5.40), (5.49), the full C/G blocks reduce to
the global C/G blocks. This reduction is achieved by
employing a C/G conformal transformation (5.52), (5.54)
fE)=1=(1-x)%  g(x)=aQ(1-x)log(l-x), (7.1)
designed to absorb the large charge and weight dependence
from the operator product expansions. Here, the parameters
are defined as,

248 2 -1 24H
a = 1 - s Q = (a )gl‘ + .
Cu 2a°cy

(7.2)

Geometrically, this transformation rescales and tilts the
cylinder, leading to a new identification (u,¢)~ (u+2zaQ,
¢+2ra). Thus, the full C/G block is related to the global
block as (5.38),

1-1) 2A-a, e
v re (w_l)agglobal<w’ Z)‘

lim g(x,y) = (1 —w)

cy—o0

(7.3)

From these heavy-light blocks and the assumption of
vacuum block dominance, we computed the entanglement
entropy for states excited by a heavy operator Oy. For an
interval on the plane, the entropy was derived from the -
channel vacuum block (5.59). After mapping to the
cylinder, the entanglement entropy of an excited state is
identical to the vacuum entanglement entropy on a non-
trivially identified cylinder with the rescaled and tilted
geometry mentioned above. The final result is

2 I, l,—0l 1,
SA:C—Llog (;sina ﬁ) +%W <Q+7a( Q ¢)c0ta ﬁ).

2 2
(7.4)

Furthermore, when the boost charge exceeds the threshold
E > ¢y /24, the parameter a becomes purely imaginary,
@ = ia, and the entropy takes a thermal form (6.15),
providing a signature of the ETH in these theories.

We further compared our 2D C/G CFT result of the
heavy excited state entanglement entropy with the holo-
graphic entanglement entropy in 3D flat space cosmologi-
cal solutions and conical defect solutions given by the
swing surface proposal. The agreement is perfect through
the following dictionary between the C/G CFT and
spacetime parameters

(i) For M <0 solutions (spinning particles/conical

defects): a = v—M,aQ = r,
(i) For M > 0 solutions (flat
gies): o = /M, aQ = rSign(J)
This translates to a direct map between the quantum
numbers of the excited state and the charges of the
spacetime,

space cosmolo-

[1]

m, =

» , j,=H (for spinning particles), (7.5)

1
8G’

[1]

m=2g+ j=H (for FSCs). (7.6)

A. Discussion and outlook

Recent research [16] suggests that light bulk local
excitations on a fixed background (such as the vacuum)
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can be fully reconstructed using states in the induced
representation of the CCFT. In that context, it was verified
that the inner product of these field-theory states repro-
duces the correct bulk propagator, and the information
metric on the state space reconstructs the bulk metric,
confirming that such excitations do not produce back-
reaction. In contrast, the highest weight representation
(HWR) provides a more limited description in that setting.
However, in this paper our analysis is heavily reliant on the
HWR rather than the induced representation, since it is
significantly more straightforward to perform explicit
calculations of conformal blocks and entanglement entropy
in the HWR, leading to the successful holographic match
described above.

One potential physical interpretation is that the HWR
characterizes heavy primary states, which induce back-
reaction effects manifesting as conical defects or FSCs in
the bulk, while the induced representation describes light
excitations propagating on these backgrounds that do not
produce further backreaction. These two representations
should thus be viewed as complementary: the HWR
captures states that modify the geometry, whereas the
induced representation captures excitations around a given
geometry.

Another potential interpretation is that despite our
calculation of entanglement entropy for excited states
within the HWR, the final result may also hold for highly
excited states in the induced representation. A natural
future direction will be to reexamine the calculations of
conformal blocks and entanglement entropy using the
induced representation, as this may advance a more micro-
scopic understanding of flat space holography.

Additionally, extending the analysis to multiplet excited
states represents another interesting avenue. The frame-
work developed in Refs. [23,24] for conformal blocks with
external operators in multiplet representations provides a
promising starting point. One would first need to analyze
the global conformal block in the multiplet case, especially
when the external legs are in multiplet representations, and
then apply the Carrollian conformal transformation tech-
niques used in this work to study the heavy-heavy-light-
light full block. Progress along this direction is currently
underway. On the gravity side, such a generalization may
require relaxing the boundary conditions to allow for bulk
solutions that can serve as duals to multiplet states. A
definitive understanding awaits further investigation, which
we leave for future work.

Besides, a further direction concerns the generalization
to geometries with  angle-dependent  parameters
O(¢),E(¢). In the present work we have restricted to
constant M, J, which correspond to primary states in the
dual CCFT. Configurations with angular dependence
would be dual to more general excited states, likely
involving descendant operators that carry nontrivial profiles
of the stress tensor distribution. On the gravity side, the

swing surface proposal [45] already provides a framework
that can accommodate such cases. A systematic extension
to non-zero-mode geometries and a detailed mapping to
descendant states in the field theory are interesting open
problems that we leave for future work.
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APPENDIX: SWING SURFACE PROPOSAL

In this Appendix, we detail the holographic entangle-
ment entropy proposal for asymptotically flat three-
dimensional spacetimes, the so-called swing surface
proposal [19]. This formulation provides the flat-space
analog of the RT formula in AdS/CFT. We first briefly
review the modern formulation of the RT surface in terms
of modular flow, and then we present the formal statement
and geometric construction of the swing surface from the
action of the bulk modular flow.

1. Modular flow and the Ryu-Takayanagi
surface in AdS/CFT

The RT proposal S, = %’“‘N) posits that the entanglement

entropy S, of a boundary subregion A is proportional to the
area of a minimal surface y, in the bulk that is homologous
to A [1]. A deeper understanding of this prescription arises
from the replica trick derivation [56] and the concept of
modular flow [57].

For a given state described by a density matrix p, the
modular Hamiltonian K 4 of a subregion A is defined via the
reduced density matrix p, := Tryep as

Ky = —logpy. (A1)
The unitary evolution U(s) = ™"k is called the modular
flow. In the context of AdS/CFT, for a state dual to a
classical geometry, the boundary modular Hamiltonian K 4
has a corresponding bulk operator [57]
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A(J’A)
K,=—+K s
A 4Gy + Kpuk +

(A2)
where A(y,) is the area operator of the RT surface y,4, and
Ky 18 the bulk modular Hamiltonian associated with the
entanglement wedge &4 for a spherical boundary subregion.

The bulk modular flow generated by K, manifests as a
geometric flow within the entanglement wedge £4. The RT
surface y, is precisely the region left invariant by the bulk
modular flow. In the standard AdS/CFT setup, the boun-
dary 0A is also a fixed point set of the boundary modular
flow, and the minimal surface y, anchors directly on it,
such that dy, = 0A. This correspondence is altered in the
case of asymptotically flat spacetimes.

2. Swing surface for holographic entanglement
in flat space

In flat space holography, the boundary is null infinity Z.
A spacelike bulk surface cannot anchor on a null boundary
without violating its spacelike character at the intersection.
The swing surface proposal [19,45] provides an appropriate
modification through a composite bulk surface, depicted
in Fig. 3.
The construction of the swing surface involves three
components.
(1) A spacelike geodesic y, located deep in the bulk.
This component is referred to as the swing or bench.
(2) Two null geodesics y, and y_ that extend from the
endpoints of the bulk geodesic y to the endpoints of
the boundary interval A on Z. These are the ropes.
The crucial distinction from the RT proposal is that the bulk
spacelike surface y does not anchor directly on the

7

FIG. 3. Geometric construction of the swing surface. The
entanglement entropy of the boundary interval A = [p|, p,] at
null infinity 7 is given by the length of the bulk spacelike
geodesic y (the swing), which connects to the endpoints of A via
two null geodesics y. (dashed orange).

boundary 0A. Instead, it is connected to dA via the null
ropes y..

The physical origin of this detached structure lies in the
distinct actions of the boundary and bulk modular flows.
While the endpoints of the boundary interval dA are fixed
points of the boundary modular flow, they are not fixed
points of the bulk modular flow [58]. The swing surface
construction provides a precise geometric interpretation for
this mismatch.

Swing surface proposal

The holographic entanglement entropy for a boundary
interval A is given by the area (length in 3D) of the
spacelike geodesic y, (the swing),

A(VA)

S, = .
474G,

(A3)

The lengths of the ropes 7. do not contribute to the entropy
since they are null.

The swing as the fixed-point set. The spacelike geodesic
y is the set of fixed points of the bulk extended modular
flow, generated by the bulk modular operator Ky . It is the
direct flat-space analog of the RT surface. Just as the RT
surface is the minimal area surface, the swing y is the
extremal length spacelike geodesic whose endpoints are
determined by the termination of the ropes.

The ropes as integral flows. The null geodesics y.. are
the integral curves of the boundary endpoints 0A =
{p1, P2} under the action of the bulk modular flow.
They trace the path of the boundary endpoints as they
are evolved by the bulk geometric flow. This evolution is
nontrivial because, as mentioned, the points in dA are not
fixed by the bulk flow.

Junction points. The ropes y. originate at the boundary
points p;, po €0A and terminate at the bulk points
41, 4> € dy. These junction points {g,q,} are precisely
where the nontrivial orbits of the bulk modular flow,
initiated at the boundary, intersect the set of fixed points
of that same flow. The swing y is then the minimal length
spacelike geodesic connecting these two termination
points. This construction geometrically decomposes the
action of the modular operator. The ropes represent the
dynamical “flow” part of the evolution, while the swing
represents the stationary “fixed point” or “horizon” part,
whose length gives the entropy.

This entire structure can be derived more formally from
the Rindler method. By finding a coordinate transformation
that maps the entanglement calculation to a thermal one, the
entanglement wedge is mapped to a bulk Rindler wedge
possessing a Rindler horizon. The length of this Rindler
horizon, which is by definition a fixed-point set of the
associated boost symmetry, exactly corresponds to the
length of the swing y. This confirms that the swing surface
is the appropriate “entanglement horizon” for a subregion
on a null boundary.
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