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Tree-level lepton-flavor violating decays induced by Lorentz-violating effects within the Yukawa
sector of the standard model extension are studied. These new-physics effects are parametrized by the
ðYfÞABμν tensor, with μ and ν denoting Lorentz indices and A, B being indices in the flavor space. Since
this tensor is antisymmetric under the interchange of Lorentz indices, in analogy with the electromag-
netic tensor Fμν, ðYfÞABμν can be expressed in terms of six components associated with two complex

three-vectors denoted by eABl and bAB
l . On the assumption that these three-vectors are purely real or

purely imaginary and mutually orthogonal, constraints on their magnitudes via experimental bounds
on lepton-flavor violating processes BrðlB → γlAÞ and BrðlB → lAlCl̄CÞ are estimated. Thus, the
lB → γlA decay provides the following upper bounds: jeμτl j < 1.51 × 10−11, jeeτl j < 1.34 × 10−11,
jeeμl j < 3.65 × 10−18, jbμτ

l j < 1.95 × 10−11, jbeτ
l j < 1.73 × 10−11, jbeμ

l j < 4.71 × 10−18. Conversely, by
assuming that the Lorentz-violating coefficients are purely real, for the lB → lAlCl̄C process it is found
that jeμτl j < 2.87 × 10−12 and jbμτ

l j < 4.05 × 10−12. These results offer more restrictive bounds than those
previously reported in the literature.

DOI: 10.1103/y115-274b

I. INTRODUCTION

The standard model (SM) of particle physics provides
the most accurate description of the strong and electro-
weak interactions [1–8], where its Lagrangian is built
upon the principles of quantum mechanics, special rela-
tivity and gauge invariance. Nevertheless, several inves-
tigations suggest that, at fundamental scales, such as the
Planck scale, Lorentz symmetry could be explicitly or
spontaneously broken [9–21]. The technological limita-
tions in reaching such energy scales motivate the search
for signals of Lorentz symmetry breaking in high-sensi-
tivity experiments at low energies, such as the SM scale
[22–27]. In this regard, low-energy effects of Lorentz
violation (LV) can be parametrized in a model-indepen-
dent framework known as the standard model extension
(SME) [28,29]. The SME is an effective field theory that
encompasses the SM along with general relativity and is
structured by means of the sum of all independent

effective operators of the form

T μνλ…Oμνλ…; ð1Þ

where T μνλ… denotes constant Lorentz tensors and Oμνλ…

represents CPT-even or CPT-odd gauge invariant operators
built on SM fields [28,29]. The SME Lagrangian is
manifestly invariant under observer Lorentz transformations,
also known as passive transformations. Nevertheless, under
particle Lorentz transformations, the components of the
T μνλ… tensor remain invariants, while the Oμνλ… ones
transform covariantly, breaking Lorentz invariance. In its
minimal version, the SME contains only renormalizable
terms, i.e., those with mass dimension less than or equal to
4. However, at higher energies, nonrenormalizable terms
must be considered in order to preserve causality and
stability of the theory [30,31]. The Lorentz-violating tensors
T μνλ… can be interpreted as static background relic fields; in
this sense, they do not represent new degrees of freedom,
but they act on the SM fields as couplings that could lead
to preferential spacetime directions. Accordingly, since
Lorentz invariance is broken under particle transformations,
their effects can be studied by varying the spatial orientation
of the experimental setup. In this way, various experiments
have been developed to search for LV sources, or for setting
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bounds on the components of the T μνλ… tensor
[22–24,32,32–42]. A wide variety of studies have assessed
the impact of LV, for instance, on QED interactions up to the
one-loop level [31,43–45]. Moreover, studies on effects of
LV in electroweak interactions [46–53] or in the extended
QCD sector [54–58] have been addressed. Special attention
has been given to the impact of LV on physical observables
such as anomalous dipole moments [26,27,53,59–61],
neutrino charge radius [62], LV running couplings
[51,54,63], decay rates, and several scattering processes
[43,46–50,52,55–58,64–66]. Also, a detailed summary of
constraints on SME coefficients, which are periodically
updated, can be consulted in Ref. [67].
One of the most interesting features provided by the

SME is that it can generate charged flavor-violating tran-
sitions [28]. On this matter, the neutrino oscillations [68]
reveals the presence of lepton-flavor violation (LFV),
which is of fundamental relevance in particle physics. In
contrast, the SM has been unable to explain this phenome-
non since it was constructed under the assumption of
massless neutrinos, in consequence, LFV interactions are
forbidden at tree level. Nonetheless, experimental obser-
vations have established upper bounds on branching ratios
(BRs) of various lepton-flavor violating processes such as
lB → lAγ, lB → lAl̄ClC or lB → l̄AlClC, with lA;B;C ¼ e, μ, τ;
their numerical values are given in Table I [69,70]. Thus,
the topic of flavor violation promoted by results on charged
leptons is interesting in order to search for signals of new-
physics effects as it occurs in the SME.
Several extensions of the SM contain interactions that can

induce LFV processes [71–82]. For example, the minimally
extended SM [77], in which three right-handed neutrinos are
incorporated, predicts a value for BRðμ → eγÞ of the order
of 10−54 [83], and also provides BRs for the three-body
decays given in Table I of the order of ∼10−55 − 10−56. This
implies that these processes are extremely suppressed and
till now far from being detectable. The effective field theory
addresses LFV via dimension-five and dimension-six oper-
ators, promisingly, at new-physics energy scales (Λ) of
orders of magnitude of TeV up to 104 TeV [74,80].

On the other hand, the responsible part of the SME for
LFV couplings is the minimal extended Yukawa (MEY)
sector, where LV effects are parametrized by the complex
two-tensor ðYfÞABμν , with μ, ν denoting spacetime compo-
nents and A, B labeling flavor indices; more details on these
coefficients will be presented in the next section. To date,
some bounds on the maxima of the values of such coef-
ficients were derived in Refs. [46,53]. In the former [46],
tree-level LV effects on the Higgs boson decay h → f−fþ,
for mh ¼ 100 GeV, were studied, yielding, for any of the
diagonal terms (A ¼ B), 10−20 < jYfj < 10−17, being
jYfj2 ≡ ðYfÞAAαβ ðYfÞαβAA. In the latter, one-loop contribu-
tions of the MEY sector to the lepton magnetic and electric-
dipole moments al and dl, respectively, with l ¼ e, μ, τ,
were determined. In that work, only contributions that are
independent of the four-momentum of the particles, i.e.,
those proportional to scalar-quadratic terms such as
ðYlÞABαβ ðYlÞαβAB, were considered. For the off-diagonal
terms (A ≠ B), the authors established bounds for the case
A ¼ μ, B ¼ τ, where the most stringent bound corresponds
to jðVlÞμταβðVlÞμταβj < 10−15, with ðVlÞABαβ ¼ 1=2½ðYlÞABαβ þ
ðYlÞBA�αβ �; meanwhile for the diagonal case A ¼ B ¼ e, their
most restrictive bound is 1

2
jϵαβλρðVlÞeeαβðVlÞeeλρj < 10−28.

In light of previous considerations, LFV decays offer an
interesting scenario to study LVeffects, since their stringent
experimental bounds could lead to strong constraints on LV
coefficients. In the present work, we calculate the impact of
LV effects through LFV tree-level decays lB → lAγ and
lB → lAl̄ClC (with lA;B;C ¼ e, μ, τ), which are induced by
the MEY sector. At tree level, the corresponding ampli-
tudes are linear in the LV coefficients. On the contrary,
processes such as lB → l̄AlClC are not considered, as they
are induced through second-order terms of LV coefficients
in the amplitudes, which results in negligible contributions.
Our manuscript is organized as follows: Sec. II presents

the MEY Lagrangian. Section III is devoted to the calcu-
lation of the two- and three-body decay rates and the
estimation for bounds on LV coefficients. Since the ampli-
tudes involve several products of various Dirac matrices,

TABLE I. Experimental bounds on lepton-flavor violation for the two- and three-body decay processes lB → lAγ
and lB → lAl̄ClC or lB → l̄AlClC, respectively.

Two-body Three-body

BRðτ− → μ−μþμ−Þ < 1.9 × 10−8

BRðτ− → μ−γÞ < 4.2 × 10−8 BRðτ− → e−eþe−Þ < 2.5 × 10−8

BRðμ− → e−eþe−Þ < 1.0 × 10−12

BRðτ− → e−γÞ < 3.3 × 10−8 BRðτ− → e−μþμ−Þ < 2.4 × 10−8

BRðτ− → μ−eþe−Þ < 1.6 × 10−8

BRðμ− → e−γÞ < 3.1 × 10−13 BRðτ− → μþe−e−Þ < 1.6 × 10−8

BRðτ− → eþμ−μ−Þ < 1.3 × 10−8
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which could induce dipolar terms, we also calculate LV
second-order corrections to the three-point vertex lAlBγ
function (A ≠ B) in order to investigate if there exist tree-
level contributions to transition magnetic or electric-dipole
moments. Finally, in Sec. IV, the conclusions are presented.

II. THE YUKAWA EXTENDED SECTOR

The Yukawa sector of the SME is given by the
Lagrangian [28]

LmSME
Y ¼LSM

Y −
1

2
ðHLÞABμν L̄AΦσμνRB−

1

2
ðHUÞABμν Q̄AΦσμνUB

−
1

2
ðHDÞABμν Q̄AΦ̃σμνDBþH:c:; ð2Þ

where QA and LA are the quark and lepton doublets of
SULð2Þ, respectively, while RB is a charged lepton singlet
of SULð2Þ, UB (DB) is an up-type (down-type) quark
singlet of SULð2Þ, and Φ̃ ¼ iσ2Φ, with Φ being the SM
Higgs doublet. LV effects are induced by the ðHFÞABμν
components, with F ¼ L, U, D; μ, ν represent spacetime
components, whereas A, B symbolize either lepton or quark
flavor indices. We use the metric gμν ¼ diagð1;−1;−1;−1Þ
and define σμν ¼ i

2
½γμ; γν�. It should be noted that this

two-rank tensor is antisymmetric under the interchange of
Lorentz indices, i.e., ðHFÞABμν ¼ −ðHFÞABνμ . After sponta-
neous symmetry breaking in the unitary gauge, in the mass-
eigenstates basis, Eq. (2) takes the form

LmSME
Y ¼ −

X
f¼l;u;d

f̄A

��
mfA þ g

mfA

2mW
h

�
δAB

þ 1

2
ðvþ hÞ½ðYfÞABμν PR þ ðYfÞBA�μν PL�σμν

�
fB:

ð3Þ

Here, ðYfÞABμν ¼ ffiffiffi
2

p
Vf†
L ðHfÞABμν Vf

R, being Vf
L;R the com-

ponents of a unitary matrix, which diagonalizes LmSME
Y into

the fermion-mass basis; fA denotes the fermion field with
mass mfA ; g is the SULð2Þ gauge coupling, mW the mass
of the W boson, h is the physical Higgs boson, and
v ¼ 246.22 GeV is the vacuum expectation value. Notice
that the antisymmetry property in the Lorentz indices for
ðHFÞABμν is preserved by ðYfÞABμν . The PL;R correspond to the
projectors 1

2
ð1 ∓ γ5Þ. Since γ5 will give rise to Levi-Civita

tensors, when these are fully contracted with the Lorentz
components of the form ðYfÞABμν , then they will generate the
dual tensor

ðỸfÞABμν ≡ 1

2
ϵμναβðYfÞABαβ: ð4Þ

On the other hand, in analogy with the relation between the
electric and magnetic three-vectors, E and B, respectively,

derived from the electromagnetic tensor Fμν, two back-
ground three-vectors eABf and bAB

f , can be introduced as [61]

ðYfÞAB0i ¼ ðeABf Þi; ðYfÞABij ¼ þϵijkðbAB
f Þk; ð5Þ

ðỸfÞAB0i ¼ ðbAB
f Þi; ðỸfÞABij ¼ −ϵijkðeABf Þk: ð6Þ

For off-diagonal terms (A ≠ B), the LmSME
Y Lagrangian

generates lepton and quark flavor-violating transitions
through the two-point fAfB vertex function and from the
hf̄AfB coupling, at tree level. The respective Feynman rules
are given in Fig. 1. The notation used in Fig. 1 is explicitly
given as

TAB
f ¼ ½ðVAB

f Þμν þ ðAAB
f Þμνγ5�σμν: ð7Þ

with

ðVAB
f Þμν ≡ 1

2
½ðYfÞABμν þ ðYfÞBA�μν �; ð8Þ

ðAAB
f Þμν ≡ 1

2
½ðYfÞABμν − ðYfÞBA�μν �: ð9Þ

However, under the assumption that LV coefficients are
symmetric under the interchange of flavor indices, it is
found that

ðVAB
f Þμν ≡ Re½ðYfÞABμν �; ð10Þ

ðAAB
f Þμν ≡ i Im½ðYfÞABμν �: ð11Þ

Hereafter, we will work under this consideration. Besides,
from Eqs. (5) and (6), it can be seen that

ðVAB
f Þ0i¼Re½eABf �i; ðVAB

f Þij¼ ϵijkRe½bAB
f �k; ð12Þ

ðAAB
f Þ0i¼ i Im½eABf �i; ðAAB

f Þij¼ iϵijk Im½bAB
f �k: ð13Þ

In the next section, for simplicity, we will only explore two
scenarios: (a) purely real coefficients, when ðAAB

f Þμν ¼ 0,
and (b) purely imaginary coefficients, for ðVAB

f Þμν ¼ 0.

FIG. 1. Feynman rules derived from the MEY sector. Left: two-
point fBfA vertex function. Right: hf̄AfB three vertex.
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III. THE CALCULATION

A. Two-body f B → f Aγ decay

The first-order LV contributions of the MEY sector to
the fBfAγ vertex function are described by the Feynman
diagrams in Fig. 2. The associated amplitude is given by

ΓOð1ÞfBfAγ
μ ¼ ieQf

v
2
ūs

0 ðp0; mAÞ
�
TAB
f

�
=p0 þmB

p02 −m2
B

�
γμ

þ γμ

�
=pþmA

p2 −m2
A

�
TAB
f

�
usðp;mBÞ; ð14Þ

where Qf is the electric charge of the fermion in consid-
eration. After some Dirac algebraic manipulations, this
amplitude can be rewritten as follows:

ΓOð1ÞfBfAγ
μ ¼ −

2eQfv

ðm2
B −m2

AÞ
ūs

0 ðp0; mAÞfγα½ðmA þmBÞðVAB
f Þμα − ðmB −mAÞðAAB

f Þμαγ5�

− Pα½ðVAB
f Þμα þ ðAAB

f Þμαγ5� þ iσμαqβ½ðVAB
f Þαβ þ ðAAB

f Þαβγ5�gusðp;mBÞ; ð15Þ

where P ¼ pþ p0 and q ¼ p − p0. Since the amplitude satisfies the Ward identity qμΓOð1ÞfBfAγ
μ ¼ 0, it is gauge invariant.

From Eq. (15), it can be observed that there are no contributions to vector or axial currents proportional to γμ or γμγ5,
respectively, nor contributions to the transition-magnetic or transition-electric dipole moments.
The invariant amplitude for the fBðpÞ → fAðp0ÞγðqÞ decay can be determined from Eq. (15) through

MðfB → fAγÞ ¼ ΓOð1ÞfBfAγ
μ ϵ�μðqÞ: ð16Þ

Because we are not considering flavor conservation (A ¼ B), it will not induce modifications to the energy-momentum
dispersion relations of the fermionic fields. Consequently, there are no additional restrictions in the phase-space integration
for the decay rates, and the average over initial spins by summing final spins remains unchanged; the photon polarization
states also remain unmodified [43,46,47,49,50,52,55–58,64–66]. Accordingly, the mean square amplitude can be written as

jM̄ðfB → fAγÞj2 ¼
64παQ2

fv
2

ðm2
B −m2

AÞ2
��ðm2

B −m2
AÞ2

4
ðVAB

f Þ2 þm2
B þm2

A

2
ðVAB

f Þ
λq
ðVAB

f Þλq

− ðm2
B −m2

AÞðVAB
f ÞλPðVAB

f Þλq − ðV → AÞ
�

þ i

�
ðmB −mAÞ2ðVAB

f ÞλqðÃAB
f Þλq − ðmB þmAÞ2ðAAB

f ÞλqðṼAB
f Þλq

− ðm2
B −m2

AÞððVAB
f ÞλqðÃAB

f ÞλP − ðAAB
f Þ

λq
ðṼAB

f ÞλPÞ

þ 1

2
ϵρταβPαqβððm2

B −m2
AÞðAAB

f Þ
λρ
ðVAB

f Þλ
τ
þ ðAAB

f Þ
ρq
ðVAB

f Þ
τP

þ ðVAB
f Þ

ρq
ðAAB

f Þ
τP
Þ
��

: ð17Þ

Here, α ¼ e2
4π ¼ 1

137
. In addition, we define ðKAB

f Þ2 ¼ ðKAB
f ÞλρðKAB

f Þλρ, ðKAB
f Þλr ¼ rρðKAB

f Þλρ, and ðK̃AB
f Þλr ¼

1
2
rρϵαβλρðKAB

f Þαβ, with r ¼ P, q; ðKAB
f ÞPq ¼ PλqρðKAB

f Þλρ, where K ¼ A;V. Notice that the tensor ðKAB
f Þλr and the

scalar ðKAB
f ÞPq have mass dimension 1 and 2, respectively. The contractions between LV tensors and four-momentum

components, P and q, can be expressed in terms of dot and cross products between the three-vectors P, q with the
LV vectors eABf and bAB

f ; these expressions are detailed in Appendix A. Thereby, the decay rate of the fB → fAγ process can
be written as

dΓðfB → fAγÞ ¼
1

2mB

�
1

2Ep0

d3p0

ð2πÞ3
��

1

2Eq

d3q
ð2πÞ3

�
ð2πÞ4δð4Þðp − p0 − qÞjM̄ðfB → fAγÞj2: ð18Þ

The integration over the volume element d3p0 is carried out at the rest frame of the decaying particle, where p0 ¼ −q. Thus,

FIG. 2. First-order LV corrections to the fBfAγ vertex.
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ΓðfB → fAγÞ ¼
1

32π2mB

Z
d3q
Ēp0Eq

δðmB − Ēp0 − EqÞ

×

				M̄ðfB → fAγÞj2
				
p0→−q

; ð19Þ

being Ēp0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

A þ jqj2
p

. Additionally, the jM̄ðfB →
fAγÞj2 quantity can be expressed in terms of masses mA,
mB, and dot (cross) products between the three-vector q
and the real or imaginary parts of eABf and bAB

f . Notice that
these vector products depend on the components of q,
which are integration variables. In this regard, the phase-
space integration may become cumbersome due to the
choice of the reference frame in which the volume element
is integrated. For simplicity, we work the scenario where
eABf and bAB

f are orthogonal in the rest frame of the
decaying particle fB. Moreover, since the phase-space
volume is Lorentz invariant, we adopt the reference frame
defined by the triad conformed by the unitary vectors along
the eABf , bAB

f , and eABf × bAB
f vectors; this reference frame is

illustrated in Fig. 3. On this basis, it follows that the decay
rate is now

ΓðfB → fAγÞ ¼
1

64π2
m2

B −m2
A

m3
B

Z
2π

0

dϕγ

×
Z

π

0

dθγ sin θγjM̄ðfB → fAγÞj2: ð20Þ

Since the integration extends over the full angular distri-
bution, the decay width ΓðfB → fAγÞ will depend exclu-
sively on the particle masses and the magnitudes of both
real or imaginary parts of eABf and bAB

f . The corresponding
branching ratio is established as follows:

BRYSMEðfB → fAγÞ ¼
ΓðfB → fAγÞ

ΓB
; ð21Þ

where ΓB is the total decay width of the fB fermion. After
several manipulations of tensor algebra, it is found that, for
the cases of purely real coefficients (AAB

f ¼ 0), or purely
imaginary coefficients (VAB

f ¼ 0), the respective BRs can
be expressed as

BRYSME
Re ðfB → fAγÞ ¼ cABR1

jReðbAB
f Þj2 þ cABR2

jReðeABf Þj2;
ð22Þ

BRYSME
Im ðfB → fAγÞ ¼ cABI1 jImðbAB

f Þj2 þ cABI2 jImðeABf Þj2;
ð23Þ

where the coefficients cABI1;2 , c
AB
R1;2

are real and their explicit
expressions are given by

cABR1
¼ cABI1 ¼ αv2

3ΓBmB

�
3 − 2

m2
A

m2
B
−
m4

A

m4
B

�
; ð24Þ

cABR2
¼ cABI2 ¼ αv2

3ΓBmB

�
5 − 4

m2
A

m2
B
−
m4

A

m4
B

�
; ð25Þ

and

jReðcABf Þj2 ¼ ReðcABf Þ · ReðcABf Þ; ð26Þ

jImðcABf Þj2 ¼ ImðcABf Þ · ImðcABf Þ; ð27Þ

with cABf ¼ eABf ;bAB
f , and the dot denoting the Euclidean

scalar product. The numerical values for the cABR1;2
coef-

ficients are given in Table II. The muon and τ decay widths
are derived from their lifetimes; the corresponding masses
and lifetimes were taken from Ref. [69].
In order to estimate LV effects, it is proposed that any

new-physics effect must be smaller than current experi-
mental bounds on LFV processes as seen through their
BRs. Thus,

BRYSME
Re;Im ðfB → fAγÞ ≤ BRExpðfB → fAγÞ; ð28Þ

where BRExpðfB → fAγÞ is expressly stated in the first
column of Table I, accordingly for each decay mode.
Thereafter, Eq. (28) restricts themaxima of the values allowed
for jbAB

f j and jeABf j. The pattern imposed by the method
proposed for bounding the LV effects can be visualized in
a two-dimensional plot, either in the jReðbAB

f Þj versus

FIG. 3. Reference frame conformed by the unitary vectors
along the real or imaginary parts of the eABf , bAB

f , and eABf × bAB
f

vectors. The θγ and ϕγ correspond to the polar and azimuthal
angles of the three-momentum of the final photon, respectively.

TABLE II. Numerical values of the cABR1;2
coefficients.

τ− → μ−γ cμτR1
¼ 1.10 × 1014 cμτR2

¼ 1.83 × 1014

τ− → e−γ ceτR1
¼ 1.10 × 1014 ceτR2

¼ 1.84 × 1014

μ− → e−γ ceμR1
¼ 1.40 × 1022 ceμR2

¼ 2.33 × 1022
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jReðeABf Þj plane or in the jImðbAB
f Þj versus jImðeABf Þj plane.

However, since in Eqs. (22) and (23) the coefficients cABR1;2
¼

cABI1;2 play the same role, both cases entail the same constraints
for both purely real or purely imaginary LV coefficients via
Eq. (28). For convenience, we express the bounds in terms of
the magnitudes jbAB

f j≡ jReðbAB
f Þj (jbAB

f j≡ jImðbAB
f Þj) and

jeABf j≡ jReðeABf Þj (jeABf j≡ jImðeABf Þj) in accordance with
Eqs. (26) and (27), which correspond to LV coefficients in
either the purely real or purely imaginary case, respectively.
In this manner, the LV coefficients can be represented in a
single plot jbAB

f j versus jeABf j, as it is shown in Fig. 4. It
should be noted that the resulting regions are delimited by
ellipses in the jbAB

f j versus jeABf j plane.
In this context, the maxima of the permitted values for

jbAB
l j, jeABl j in the c.m. (center of mass) frame of the

decaying particle are presented in Table III. In the literature,
it is reported a constraint for the LV coefficients
jjReðeμτl Þj2− jReðbμτ

l Þj2j [53], being explicitly jjReðeμτl Þj2−
jReðbμτ

l Þj2j ∼ 10−15, whereas our estimation is of the order
of 10−22, which is 7 orders of magnitude more restrictive.
Moreover, in contrast to Ref. [53], we explicitly consider
Lorentz contractions with the momenta of the particles
involved, which were neglected in that work, where the
resulting contributions of this contractions stand out around
60% on all the partial decay widths.
Table III shows that the most restrictive bounds are for

the LV coefficients involved in the μ → eγ decay in
comparison with those of the τ decay cases. This follows
from the condition established in Eq. (28), where the
allowed values of jbAB

l j and jeABl j depend on both the size
of the cABR;I1;2 coefficients and the experimental bounds on

FIG. 4. Allowed regions for jbAB
l j, jeABl j stem from current experimental bounds for: (a) τ → μγ, (b) τ → eγ, and (c) μ → eγ; the

regions are identical for purely real and purely imaginary LV coefficients.
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the BRs. Larger values of cABR;I1;2 therefore lead to a stronger

suppression of the allowed parameter space. The cABR;I1;2
coefficients depend on the mass ratios mA=mB and on
ðΓBmBÞ−1, the inverse dependence on ΓBmB leads to larger
values of the coefficients in the muon decay relative to

the τ, as it can be seen in Table II. Additionally, the
experimental bound BRðμ → eγÞ≲ 10−13 is several orders
of magnitude more stringent than those for the τ → μγ and
τ → eγ decays, which are below of 10−8. Together, these
effects result in more restrictive bounds on jbμe

l j and jeμel j
than those obtained for the LFV τ transitions.

B. The three-body f B → f Af Cf̄ C decay

The first-order contributions of the MEY sector to the
fB → fAfCf̄C process are calculated via the Feynman
diagrams presented in Fig. 5.
The associated amplitude can be written as

MðfB → fAfCf̄CÞ ¼
2ivπαQ2

f

ðp2 þ p3Þ2
ūs

0 ðp1; mAÞ
�
TAB
f

�
=p1 þmB

p2
1 −m2

B

�
γμ þ γμ

�
=pþmA

p2 −m2
A

�
TAB
f

�
usðp;mBÞ

× ūr
0 ðp2; mCÞγμvrðp3; mCÞ: ð29Þ

The respective branching ratio is given by

BRðfB → fAfCf̄CÞ ¼
1

2mB

1

ΓB

Z �
1

2Ep1

d3p1

ð2πÞ3
��

1

2Ep2

d3p2

ð2πÞ3
��

1

2Ep3

d3p3

ð2πÞ3
�

× ð2πÞ4δð4Þðp − p1 − p2 − p3ÞjM̄ðfB → fAfCf̄CÞj2: ð30Þ

Just as in the case of the two-body decay, the volume element d3p3 is integrated at the rest frame of the decaying particle fB,
whereas the phase-space volume elements d3p2 and d3p1 are integrated in the reference frame depicted in Fig. 3. Therefore,
by using the same scenario for the LV coefficients as the one introduced for the case of the two-body decay, the BRs can be
expressed as

BRYSME
Re ðfB → fAfCf̄CÞ ¼ dABR1

jReðbAB
f Þj2 þ dABR2

jReðbAB
f ÞjjReðeABf Þj þ dABR3

jReðeABf Þj2; ð31Þ

BRYSME
Im ðfB → fAfCf̄CÞ ¼ dABI1 jImðbAB

f Þj2 þ dABI2 jImðbAB
f ÞjjImðeABf Þj þ dABI3 jImðeABf Þj2: ð32Þ

The explicit analytical expressions for the dABRi
and dABIi coefficients are extremely lengthy and do not provide additional

physical insight; however, they can be determined by using Eqs. (A2)–(A10). By comparing with the respective
experimental BRs, in the same way considered for the procedure proposed in Eq. (28), we impose the condition

BRYSME
Re;Im ðfB → fAfCf̄CÞ ≤ BRExpðfB → fAfCf̄CÞ; ð33Þ

where BRExpðfB → fAfCf̄CÞ denotes the first five processes
listed in the second column of Table I. Similar to the case of
two-body decays, the resulting constraints define regions in
the parameter space determined by both the size of the
coefficients dABRi;Ii

(with i ¼ 1, 2, 3) and the experimental
bounds for the corresponding BRs. Among all the processes
in question, only the τ− → μ−e−eþ decay leads to more
stringent constraints on jbμτ

l j and jeμτl j than those obtained
from the two-body decay τ → μγ. The remaining three-body
processes do not yield more restrictive constraints than those
obtained from the two-body decays.

For the three-body decays that are the subject of our
study, the analysis of the dependence of the different decay
modes on their distribution in phase space is intricate. The
reason lies in the fact that the mass dependence of the initial
and final states interrelates with the dependence on the
preferred direction of spacetime dictated by the violation of
Lorentz symmetry, which, when integrated over phase
space yields an overall contribution where the mass
dependence is involved. Nonetheless, despite these diffi-
culties, a mass dependence is observed in the decaying
initial state and in the final state that changed flavor once

TABLE III. Upper bounds on jbAB
l j and jeABl j derived from the

two-body fB → fAγ decay.

jbμτ
l j ≤ 1.95 × 10−11 jeμτl j ≤ 1.51 × 10−11

jbeτ
l j ≤ 1.73 × 10−11 jeeτl j ≤ 1.34 × 10−11

jbeμ
l j ≤ 4.71 × 10−18 jeeμl j ≤ 3.65 × 10−18
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the transition occurred due to the insertion of LV. This
suggests that three-body decay processes are much more
sensitive to LVeffects as compared to the two-body decays
studied. The only pattern observed in the mass dependence
is that integration over phase space yields smaller contri-
butions when the mass of the lepton that changed flavor is

small, which is appreciated for the τ decay modes μ−e−eþ
and e−e−eþ. In contrast, it is worth mentioning that the
τ− → μ−μ−μþ decay also constrains the jeμτl j and jbμτ

l j
coefficients. However, in this case, the phase space is more
restricted due to the heavier final-state masses, leading to
smaller dμτRi;Ii

coefficients and consequently to less-restric-
tive LV regions than those obtained from the τ− → μ−e−eþ
channel.
Furthermore, for the eμ sector, the experimental bound

on BRðμ → eγÞ is more stringent than that for the μ− →
e−e−eþ decay, favoring the LV constraints derived from the
two-body decay case.
Specifically, by considering

BRYSME
Re ðτ− → μ−e−eþÞ ¼ ðþ9.70jReðbμτ

l Þj2 − 1.28jReðbμτ
l ÞjjReðeμτl Þj þ 19.4jReðeμτl Þj2Þ × 1014; ð34Þ

BRYSME
Im ðτ− → μ−e−eþÞ ¼ ð−4.46jImðbμτ

l Þj2 þ 29.6jImðbμτ
l ÞjjImðeμτl Þj − 2.17jImðeμτl Þj2Þ × 1013; ð35Þ

and that

BRYSME
Re;Im ðτ− → μ−e−eþÞ ≤ 1.6 × 10−8; ð36Þ

leads to regions delimited by an ellipse or a hyperbola in plots (jbAB
f j versus jeABf j) (see Fig. 6).

Thus, for purely real LV coefficients, we obtain upper bounds for the ðYlÞμτ components, as follows:

jbμτ
l j ≤ 4.07 × 10−12; jeμτl j ≤ 2.87 × 10−12: ð37Þ

For purely imaginary LV coefficients, an unbounded
region is obtained [see Fig. 6(b)] and no direct constraints
can be deduced from this scenario. Nevertheless, by
superimposing the plots jImðbμτ

l Þj versus jImðeμτl Þj for
both two-body and three-body decays, we can discard the

unbounded region and to establish a bounded region for
the LV coefficients in question, as it is shown in Fig. 7.
Since there are no modifications to the upper limits in the
resulting region, we will retain the upper bounds previously
calculated from the two-body decay.

FIG. 5. First-order LV corrections to the fB → fAfCf̄C decay.

FIG. 6. Allowed regions for (a) jReðbμτ
l Þj versus jReðeμτl Þj and (b) jImðbμτ

l Þj versus jImðeμτl Þj, derived from the experimental bound for
the τ− → μ−e−eþ decay.
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Finally, the bounds given in both Table III and Eq. (37)
can be translated into constrains on the ðYlÞABαβ components
through the relations established in Eqs. (5) and (6). Thus,
all the corresponding LV bounds in the rest frame of the
decaying particles are presented in Table IV.
Since scalars of the form ðYfÞABαβ ðYfÞ�BAαβ are Lorentz

invariants in the flavor space [see Eq. (A11)], we can use the
bounds above obtained to establish limits on their values for
any reference frame, which can be appreciated in Table V.

C. Second-order contributions

In order to search for dipolar-transition form factors, we
compute second-order insertions in the fBfAγ coupling at
tree level, which is represented by the sum of the Feynman
diagrams shown in Fig. 8. In this manner, the vertex
function results in

ΓOð2ÞfBfAγ
μ ¼ ieQūs

0 ðp0; mAÞΓOð2ÞAB
μ usðp;mBÞ; ð38Þ

where

ΓOð2ÞAB
μ ¼ ðTAB

V Þμ − ðTAB
A Þμγ5 þ γμðgABV − gABA γ5Þ þ iσμλqρ

� ðFAB
M Þλρ

mA þmB
−

ðFAB
E Þλρ

mB −mA
γ5

�

− iϵμλρτγλ½ðRAB
V Þρτ − ðRAB

A Þρτγ5� þ γλ½ðSABV Þμλ − ðSABA Þμλγ5� þ iσλρ

� ðF̂AB
M Þμλρ

mA þmB
−
ðF̂AB

E Þμλρ
mB −mA

γ5

�
: ð39Þ

In this case, q ¼ p0 − p. The explicit form for all the Lorentz-tensor structures present in Eq. (39) are given in Appendix B.

This amplitude is gauge invariant since it satisfies the Ward identity qμΓOð2ÞAB
μ ¼ 0.

Although in Eq. (39) there is no presence of dipolar-transition structures (σμνqν), it is of worth to appreciate generalized
vector and axial flavor-changing neutral currents, where gABV and gABA are

gABV ¼ 2v2

m2
BAm

2
CBm

2
AC

½m2
BAðVAC

f Þ
λq
ðVCB

f Þλq þm2
ACðVAC

f Þ
λq
ðVCB

f ÞλP þm2
CBðVAC

f Þ
λP
ðVCB

f Þλq − ðV → AÞ�; ð40Þ

FIG. 7. Allowed region for the jImðbμτ
l Þj and jImðeμτl Þj co-

efficients derived form the combined results obtained with the
τ → μγ and τ− → μ−eþe− decay processes.

TABLE IV. Upper bounds for the ðYlÞAB0i and ðYlÞABij components; these bounds were computed in the rest frame of the decaying
particles.

Purely real Purely imaginary

ðYlÞμτ0i ðYlÞμτ0i < 8.24 × 10−24 ðYlÞμτij ðYlÞμτij < 3.31 × 10−23 ðYlÞμτ0i ðYlÞ�μτ0i < 2.28 × 10−22 ðYlÞμτij ðYlÞ�μτij < 7.60 × 10−22

ðYlÞeτ0i ðYlÞeτ0i < 1.80 × 10−22 ðYlÞeτij ðYlÞeτij < 5.99 × 10−22 ðYlÞeτ0i ðYlÞ�eτ0i < 1.80 × 10−22 ðYlÞeτij ðYlÞ�eτij < 5.99 × 10−22

ðYlÞeμ0i ðYlÞeμ0i < 1.33 × 10−35 ðYlÞeμij ðYlÞeμij < 4.44 × 10−35 ðYlÞeμ0i ðYlÞ�eμ0i < 1.33 × 10−35 ðYlÞeμij ðYlÞ�eμij < 4.44 × 10−35

TABLE V. Upper bounds for the Lorentz-invariant scalars ðYlÞABαβ ðYlÞ�BAαβ.
Purely real Purely imaginary

jðYlÞμταβðYlÞ�τμαβj < 4.96 × 10−23 jðYlÞμταβðYlÞ�τμαβj < 1.22 × 10−21

jðYlÞeταβðYlÞ�τeαβj < 9.58 × 10−22 jðYlÞeταβðYlÞ�τeαβj < 9.58 × 10−22

jðYlÞeμαβðYlÞ�μeαβj < 7.10 × 10−35 jðYlÞeμαβðYlÞ�μeαβj < 7.10 × 10−35
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gABA ¼ 2v2

m2
BAm

2
CBm

2
AC

½m2
BAðAAC

f Þ
λq
ðVCB

f Þλq þm2
ACðAAC

f Þ
λq
ðVCB

f ÞλP þm2
CBðAAC

f Þ
λP
ðVCB

f Þλq − ðV ↔ AÞ�; ð41Þ

withm2
XY ¼ m2

X −m2
Y , for X; Y ¼ A, B, C. Due to ðKAC

f Þλr,
with K ¼ A;V, and r ¼ P, q, has mass dimension 1,
the couplings gABV and gABA are dimensionless. An interest-
ing property is that gABV and gABA are invariant under observer
Lorentz transformations, but not under particle
transformations.

IV. CONCLUSIONS

In this work, we calculated BRs for the LFV processes
fB → fAγ and fB → fAfCf̄C mediated by the Yukawa
sector of the SME through the LV tensor ðYfÞABμν . By
comparing the theoretical branching ratios with their
respective experimental bounds, parameter spaces for the
LV couplings, jeABf j and jbAB

f j, were determined. In order to
perform the phase space integration for the different
decays, some assumptions over the spatial orientation for
the three-vectors eABf and bAB

f associated to ðYfÞAB0i and
ðYfÞABij , respectively, were considered. We took eABf and
bAB
f as either purely real or purely imaginary, establishing

them mutually orthogonal in the rest frame of the decaying
particle. It was found that jeeτl j or jbeτ

l j are below of 10−11,
while jeμτl j or jbμτ

l j are below of 10−12. The most stringent
bounds corresponded to jeeμl j or jbeμ

l j, being of the order
of 10−18. It should be recalled that this work introduces a
methodology that addresses new energy-momentum de-
pendent terms coupled to background LV-tensor fields that
were ignored in previous research. Our upper bounds are
more restrictive than one of those previously reported in
the literature. In addition, we presented new constraints for
Lorentz-invariant scalars ðYlÞABαβ ðYlÞ�BAαβ in the flavor
space. On the other hand, we computed second-order
LV corrections to the fBfAγ vertex, finding that these only
induce generalized vector and axial transition currents and
a variety of new Lorentz structures, where there is no
presence of dipolar-transition structures.
For future investigations, the upper bounds for the

different LV coefficients that we estimated could be
implemented in the study of LFV scattering processes,
in which the spatial orientation of the momentum of the

initial particles with respect to the background fields eABf
and bAB

f could be manifest through their cross sections.
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APPENDIX A: LORENTZ CONTRACTIONS

In this Appendix, we present the scalar products that
arise in this work. For convenience, we denote the LV
tensors ðYfÞABμν , ðYfÞ�BAμν , ðỸfÞABμν , ðỸfÞ�BAμν as ðXABÞμν or
ðZABÞμν. As mentioned in the Introduction, the six inde-
pendent components of ðYfÞABμν can be expressed in terms of
ðeABf Þi and ðbAB

f Þi [see Eq. (5)]. Thus, the ðXABÞμν tensor
can be associated with two three-vectors ðXABÞi and ðxABÞi
through

ðXABÞ0i ¼ ðXABÞi; ðXABÞij ¼ ϵijkðxABÞk: ðA1Þ

FIG. 8. Second-order corrections to the LV coefficients YAB
f on the fBfAγ vertex.

TABLE VI. Associated ðeABf Þi or ðbAB
f Þi components for each

ðXABÞμν tensor.

ðXABÞμν ðXABÞi ðxAB
f Þi

ðYfÞABμν þðeABf Þi þðbAB
f Þi

ðYfÞ�BAμν þðeBA�f Þi þðbBA�
f Þi

ðỸfÞABμν þðbAB
f Þi −ðeABf Þi

ðỸfÞ�BAμν þðbBA�
f Þi −ðeBA�f Þi
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Where XAB and xAB correspond to eAB or bAB, the corresponding relations are summarized in Table VI; see also Eqs. (5)
and (6). In the XAB and xAB basis, the Lorentz scalar products that appear in this paper are given by

ðXABÞμνðZABÞμν ¼ −2XAB · ZAB þ 2xAB · zAB; ðA2Þ

ðXABÞαp1
ðZABÞαp2 ¼ ðXAB · p1ÞðZAB · p2Þ − E1E2ðXAB · ZABÞ þ E1ðXAB × zABÞ · p2

þ E2ðZAB × xABÞ · p1 − ðxAB × p1Þ · ðzAB × p2Þ; ðA3Þ

ðXABÞp1p2
¼ −E1ðXAB · p2Þ þ E2ðXAB · p1Þ þ ðp1 × p2Þ · xAB; ðA4Þ

ðXABÞαλðZABÞβλϵαβp1p2 ¼ ðXAB × zABÞ · ðp1 × p2Þ − ðZAB × xABÞ · ðp1 × p2Þ þ E2ðXAB × ZABÞ · p1

− E1ðXAB × ZABÞ · p2 − E2ðxAB × zABÞ · p1 þ E1ðxAB × zABÞ · p2; ðA5Þ

ðXABÞαp1
ðZABÞβp2

ϵαβp3p4 ¼ −ðXAB · p1Þ½E2ZAB · ðp3 × p4Þ − ðzAB × p2Þ · ðp3 × p4Þ�
þ ðZAB · p2Þ½E1XAB · ðp3 × p4Þ − ðxAB × p1Þ · ðp3 × p4Þ�
− E1E2E3ðXAB × ZABÞ · p4 þ E1E3½XAB × ðzAB × p2Þ� · p4

þ E1E2E4ðXAB × ZABÞ · p3 − E1E4½XAB × ðzAB × p2Þ� · p3

− E2E3½ZAB × ðxAB × p1Þ� · p4 − E3½ðxAB × p1Þ × ðzAB × p2Þ� · p4

þ E2E4½ZAB × ðxAB × p1Þ� · p3 þ E4½ðxAB × p1Þ × ðzAB × p2Þ� · p3; ðA6Þ

ðXABÞαp1
ϵαp2p3p4 ¼ ðXAB · p1Þðp2 × p3Þ · p4 − E1E2XAB · ðp3 × p4Þ þ E1E3XAB · ðp2 × p4Þ − E1E4XAB · ðp2 × p3Þ

þ E2ðxAB × p1Þ · ðp3 × p4Þ − E3ðxAB × p1Þ · ðp2 × p4Þ þ E4ðxAB × p1Þ · ðp2 × p3Þ; ðA7Þ

ðXABÞαβðZABÞβp1ϵαp2p3p4 ¼ −E1ðXAB · ZABÞðp2 × p3Þ · p4 þXAB · ðzAB × p1Þðp2 × p3Þ · p4

þXAB · ½E2ðp3 × p4Þ − E3ðp2 × p4Þ þ E4ðp2 × p3Þ�ðZAB · p1Þ
− ðxAB × ZABÞ · ½E1E2ðp3 × p4Þ − E1E3ðp2 × p4Þ þ E1E4ðp2 × p3Þ�
× ½xAB × ðzAB × p1Þ� · ½E2ðp3 × p4Þ − E3ðp2 × p4Þ þ E4ðp2 × p3Þ�; ðA8Þ

where pr is a four-momentum with components ðprÞμ ¼ ðEr;prÞ, with r ¼ 1, 2, 3, 4. The usual three-vector products are
defined by

a · b ¼ aibi; ðA9Þ

ða × bÞi ¼ ϵijkajbk: ðA10Þ

For example, taking ðXABÞμν ¼ ðYfÞABμν and ðZABÞμν ¼ ðYfÞ�BAμν , it follows that

ðYfÞABμν ðYfÞ�BAμν ¼ −2eABf · eBA�f þ 2bAB
f · bBA�

f : ðA11Þ

APPENDIX B: LORENTZ TENSORS

In this Appendix, we present the various Lorentz tensors that arise from the second-order contributions to the fBfAγ
vertex given in Eq. (39). Let

cΔ ¼ 2v2

m2
BAm

2
ACm

2
BC

; ðB1Þ

thus,
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ðTAB
V Þμ ¼ cΔfðmC −mAÞm2

ACðAAC
f Þ

μλ
ðACB

f ÞλP þ ðmB −mCÞm2
BCðAAC

f ÞλPðACB
f Þ

μλ

þ ðmA þmCÞm2
ACðVAC

f Þ
μλ
ðVCB

f ÞλP − ðmB þmCÞm2
BCðVAC

f ÞλPðVCB
f Þ

μλ

þ ðmC −mAÞm2
BAðAAC

f Þ
μλ
ðACB

f Þλq þ ðmB −mCÞm2
BAðAAC

f ÞλqðACB
f Þ

μλ

þ ðmA þmCÞm2
BAðVAC

f Þ
μλ
ðVCB

f Þλq − ðmB þmCÞm2
BAðVAC

f ÞλqðVCB
f Þ

μλ

þ i½ðmB þmCÞm2
ACðAAC

f ÞλqðṼf
CBÞμλ þ ðmA þmCÞm2

BCðṼf
ACÞμλðACB

f Þλq

þ ðmC −mBÞm2
ACðVAC

f ÞλqðÃf
CBÞμλ þ ðmC −mAÞm2

BCðÃf
ACÞμλðVCB

f Þλq�g; ðB2Þ

ðTAB
A Þμ ¼ cΔfðmA −mCÞm2

ACðAAC
f Þ

μλ
ðVCB

f ÞλP − ðmA þmCÞm2
ACðVAC

f Þ
μλ
ðACB

f ÞλP

× ðmC −mBÞm2
BCðVAC

f ÞλPðACB
f Þ

μλ
þ ðmB þmCÞm2

BCðAAC
f ÞλPðVCB

f Þ
μλ

þ ðmC −mBÞm2
BAðVAC

f ÞλqðACB
f Þ

μλ
− ðmA þmCÞm2

BAðVAC
f Þ

μλ
ðACB

f Þλq

þ ðmA −mCÞm2
BAðAAC

f Þ
μλ
ðVCB

f Þλq þ ðmB þmCÞm2
BAðAAC

f ÞλqðVCB
f Þ

μλ

þ i½ðmB −mCÞm2
ACðAAC

f ÞλqðÃf
CBÞμλ þ ðmA −mCÞm2

BCðÃf
ACÞμλðACB

f Þλq
− ðmB þmCÞm2

ACðVAC
f ÞλqðṼf

CBÞμλ − ðmA þmCÞm2
BCðṼf

ACÞμλðVCB
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