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The first coupled-channel determination of two-body D and D* scattering amplitudes in isospin-1 from
lattice quantum chromodynamics (QCD) is presented. Using three lattice volumes at m, ~ 391 MeV,

finite-volume energies relevant for the channels of interest are determined. Through the Liischer formalism,
these energies are used to constrain amplitudes of coupled J* = 0+ DD — D*D*, J* = 1T DD* — D*D*,
and J? =2+ DD — DD* — D*D* scattering. All channels feature weakly repulsive interactions in the

S-wave, except for a weak D*D* attraction in J¥ = 0*. No amplitude singularities corresponding to
physical states are found. Some of these amplitudes will be a necessary component of future lattice QCD
analyses of DDz and DD* scattering, taking into account three-body and left-hand cut effects.
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I. INTRODUCTION

In recent years much effort has been put into investigat-
ing the landscape of exotic hadrons. This is evidenced by
the sheer number of such states detected at the LHCD,
BESIII, Belle, BABAR, and other experiments [1,2]. In
particular, the observation of the exotic 7.(3875) in
DDzt scattering has drawn considerable attention
toward the doubly charmed sector [3,4]. It arises as a
narrow resonance near the DD* threshold, which the
experimental data strongly constrains to be a I(J*) =
0(17%) state, where I, J, and P are the isospin, angular
momentum, and parity quantum numbers, respectively.

The theoretical predictions and postdictions of doubly
charmed exotics have been largely driven by extensions of
the quark model, heavy quark spin symmetry, and effective
theory methods (see for example Refs. [5-7]). Among
these, a state with the features of the observed T, is
generally present, but a description of its potential sym-
metry partners can vary depending on the approach.
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For example, within a particular framework, either a
DD*, I(JP) =0(1") or a 1(17) state can arise, and if
so, it is accompanied by a D*D* heavy spin-symmetry
partner in 1(J*) =0(1") or 1(27), respectively [8]. In
another instance, an / = 1 state is predicted in coupled-
channel DD, D*D*, J¥ = 0% [9]. Conversely, examples
exist where no state beyond the T, can be found across
I=0, 1 and JP =0%",1",2% [10]. Such theoretical
approaches are useful to guide experimental searches
and provide an understanding of the physical mechanisms
behind the strong interaction. Nevertheless, it is also
important to extract information directly from the theory
underlying the strong interactions, quantum chromody-
namics (QCD).

Lattice QCD provides quantitative predictions based on
systematically improvable calculations of QCD, fully
taking into account its strongly coupled dynamics. This
approach is based on the discretization of spacetime into a
hypercubic lattice, which allows for the Monte Carlo
sampling of the path integral and thus the nonperturbative
computation of correlation functions. The spectrum in a
finite and periodic spatial volume is discrete, and the
energy eigenstates can be extracted from correlation
functions. Finally, the relation between the infinite-
volume scattering amplitudes and the finite-volume spec-
trum provides a quantitative description of two-hadron
systems [11-23].

Due to the increasing interest in the T, state, several
lattice investigations of the JP =11, DD* channel have
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been recently performed for I =0 [24-27], including a
calculation in the DD*, D*D* coupled-channel region [28].
Some lattice studies exist for the case of I = 1, but where
focus was given to elastic J¥ = 17, DD* scattering [29,30].
The elastic J© = 07, DD channel was studied in Ref. [31]
and also using the HAL QCD method in Ref. [32]. Overall,
the interactions in / = 1 were observed to be small and
repulsive, with no signal of potential states. As of now,
there are no lattice calculations regarding D*D*, J¥' = 2F
scattering in I = 1. Furthermore, there are also no works
that take into account coupled-channel effects in this 7 = 1
sector for any J”.

In this article, we present the first coupled-channel
analysis of the two-body channels involving D and D*
with overall J® =0%,17,2% in I = 1. More precisely,
scattering amplitudes for DD,D*D* in JP =0%,
DD*,D*D* in J* = 17, and DD, DD*, D*D* in J¥ =2+
are extracted. The interactions are observed to be overall
weakly repulsive across all channels, and no states are
found. In addition to extending the picture of QCD
calculations of the doubly charmed sector, we note that
extracting the DD amplitude in / =1 is a necessary
ingredient for a future three-body analysis of DDz scatter-
ing and for treating the DD* left-hand cut in / = 0 [33,34].
In these analyses, both two-body DD, I =1 and D,
I = 1/2 amplitudes are used to extract the three-body DDx
amplitude in / = 0. In the case where D* is stable, the
three-body approach can also be used to treat the left-hand
cut appearing in two-body DD*, I = 0 scattering with the
I =1 and I = 1/2 amplitudes as inputs.

We use the same setup and methods as in Ref. [28],
where a virtual bound-state corresponding to the T, was
found near the DD* threshold in 7 =0 and JX =17,
together with a resonance pole just below the D*D*
threshold. In particular, we use the same lattices, where
the quark masses are tuned such that m, ~ 391 MeV, and
so the D* is stable. In this way, DD* and D*D* can be
treated as two-body problems below the DDz threshold.
We also note the presence of left-hand cuts near the lowest
thresholds occurring here, analogous to those in the / = 0
channel [27,28,30]. We do not account for the potential
effects of such cuts here. Proposals on how to explicitly
deal with those effects have recently appeared in the
literature [33,35-39], and analyses or reanalyses of lattice
data have been performed for the doubly charmed sector in
I =01[27,34,40,41] and in I =1 [30].

The rest of this manuscript is organized as follows. In
Sec. II, we provide an overview of the allowed DD
partial-waves in / = 1 and briefly review the setup used. In
Sec. III, we present the finite-volume spectra extracted
from the lattice and comment on their contribution to the
amplitudes of interest. The scattering analysis results are
presented in Sec. IV. We interpret the results in Sec. V and
conclude in Sec. VL.

TABLEIL Allowed I = 1, P = + partial waves 25*!¢, for each
J <4 and D®D® channel due to symmetry considerations. The
waves in parentheses are not examined in this work.

JP DD DD* D*D*

0* 1S, 18,,°D,

1+ 3S1,3D1 51)1

2+ 'D, D, 355.'D,.°D,, (°G,)
3+ 3D37 (363) 5D3’ (5G3)

4+ ('Gy) CGy) Dy, ('G4.°G,. L)

II. CALCULATION DETAILS

A. Partial waves

We first consider the relevant infinite-volume two-
hadron states with / =1 and positive parity (P = +).
The DD and D*D* states are constrained to be overall
symmetric due to Bose symmetry. As the I =1 isospin
wavefunction is symmetric, the product of the spin and
spatial ones for DD and D* D* is restricted to be symmetric.
While for DD the spin S = 0 wave is symmetric, D*D* can
be decomposed into an antisymmetric S = 1 and symmet-
ric S =0, 2 contributions. Note that, the allowed DD*
states are only restricted by parity as the hadrons are
nonidentical. In Table I, the allowed partial waves are
labeled using the spectroscopic notation. The leading
negative-parity partial waves are shown in Appendix A.

B. Lattice setup and methods

We use the same lattice setup and methodology as in
Ref. [28] and here only briefly review key aspects and point
out the differences. Results were extracted from lattices
generated from an anisotropic Wilson-Clover fermion
action with 2+ 1 flavors of dynamical quarks at three
volumes, L/a, = 16, 20, 24, where the spatial lattice
spacing is a; ~ 0.12 fm [42]. Those lattices are tuned to
have hadron masses m, ~ 391 MeV, mp =~ 1886 MeV,
and mp+ ~ 2010 MeV, such that the D* meson is below
the Dz threshold and thus stable [43]. The anisotropy & =
ay/a, = 3.444(50) was determined by fitting various stable
hadron energies to the relativistic dispersion relation, as
detailed in Ref. [44]. The temporal lattice spacing a, ~
(5667 MeV)~! was previously determined using the Q
baryon mass and is used here to quote quantities in physical
units [43]. Other pertinent information on relevant masses
and thresholds is shown in Table II.

We compute matrices of lattice correlation functions
(0]|O;(r + tsrC)O;(tsrc) |0) using the same distillation setup
as in Ref. [28]. In particular, in this work the number of
time sources g, iS N = 8 for the L/a, = 16, 20 lattices,
and N, =4 for the L/a; =24 one. The correlation
functions are averaged over .. for a higher statistical
precision. For each channel and volume, the finite-volume
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TABLE II. Relevant stable hadron masses (top) and thresh-
olds (bottom) in lattice units, together with their statistical
uncertainties [44—46].

Hadron a,m

/4 0.06906(13)
D 0.33281(9)
D* 0.35464(14)
D 0.40170(18)
Channel a,Eny
DD 0.66562(13)
DD* 0.68745(17)
D*D* 0.70928(20)
DDy 0.73381(20)
DDz 0.73468(18)

spectrum is then extracted up to the DDz threshold using
the variational method [47-49]. This is implemented by
solving an associated generalized eigenvalue problem
(GEVP) on each time slice [50], yielding the resulting
eigenvalues (principal correlators) A,(f,1y). The lattice
energies E, are obtained from fits to the double-exponen-
tial form

In(t.10) = (1 = Ay )e Enli=t0) L A e=Euli=t) (1)

where the second term absorbs residual contaminations
from excited states. To further interpret the finite-volume
spectrum, it is also useful to compute the operator-state
overlaps Z" = (n|O!(0)|0) from the GEVP eigenvectors,
as in Ref. [28].

Due to the breaking of infinite-volume rotation sym-
metry on the finite cubic lattice, the angular momentum J is
no longer a good quantum number. The operators {O;}
thus need to be subduced into cubic symmetry irreps A
[50,51]. Parity is still a good quantum number in rest-frame
irreps. In this work, the operator bases are formed exclu-
sively of meson-meson operators of the type [45]

Oj)(*)p(*) (i)) = Z[CGS}QLM (ﬁl)gzm (P2),  (2)

Pi.pa

where P = J, + P, and the “CGs” contain the necessary
lattice Clebsch-Gordan coefficients to project the two-
hadron interpolator into a given cubic symmetry irrep.
The optimized single-hadron operators €2, are con-
structed as described in Ref. [45]. We include operators
of the type shown in Eq. (2) at overall zero spatial momen-
tum and single-hadron momenta p)?%, p,? < 4(2x/L)>.
Using the same L/a; = 16 lattice and methods as here,
Ref. [52] verified that the inclusion of compact tetraquark
operators had no significant impact on the spectrum

TABLE III.  Contribution of 7 = 1, D®)D®) partial waves to
cubic symmetry irreps with positive parity (P = +), upto £ = 2.
The waves are denoted by the spectroscopic notation 217,
The waves in parentheses are not considered in the scattering

analysis involving those respective irreps, as will be detailed
in Sec. IV.

[nnyn AP DD DD* D*D*
[000]AT 1S, 1S9, °Dy, °Dy
[000]TF 351.°D,.°D;s Dy, D3, (°Dy)
[000]A} 3D, °Ds

[000] 7 'D 3D, 3Ds ’S5, ('Dy, °Ds3.4)
[000]E* D, 3D, 385, ('Dy, °Dy4)

determination in the I/ =0 doubly charmed sector."
Following that observation, we do not employ tetraquark
operators in this work. The full list of operators used for
each lattice volume is given in Appendix C.

I11. FINITE-VOLUME SPECTRA

Here, the finite-volume lattice energies in the [ =1
doubly charmed sector are presented. The different cubic
irreps are labeled as [n,n,n,]A”, with parity P and total

momentum P — %” (n,, ny, nz).2 The subduction pattern of
the partial waves from Table I into these irreps is shown in
Table I1I. In Figs. 1 and 2, the computed energies are shown
together with the relevant noninteracting energies and
thresholds. In Appendix A, the negative parity [000]A7,
[000]7, and [000]E~ irreps are briefly presented.

As noted by previous calculations on this lattice,
unaccounted systematics, such as discretization effects,
are present on the determination of finite-volume energies.
One manifestation of this is the mismatch between the D
and D* lattice energies and the continuum dispersion
relation as shown Ref. [44]. We follow Ref. [28] and adopt
the conservative choice of an overall a0 =5 X 1074
systematic error added in quadrature to the statistical
errors of the finite-volume lattice energies. The error bars
on the energies in Figs. 1 and 2 correspond to this total
uncertainty.

The operator-state overlaps Z!' for each volume, and
irreps are given by the histograms in Figs. 1 and 2. For each
i, they are normalized by the value of Z;' with the largest
magnitude over all n. The order of the operators within the
histograms is given first by the opening of the associated
threshold and then by increasing associated noninteracting
energy, corresponding to the ordering in Appendix C. It is

'Given that the tetraquark operator was not observed to influence
the spectrum on the strongly attractive / = 0 channel, one might
anticipate it is also unimportant in / = 1.

*As P = [000] is the only case here, we shall at times drop the
[000] from the irrep notation.
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FIG. 1. Finite-volume spectrum for rest-frame irreps [000]A}, [000]77, and [000]A5 . The points are the computed lattice energies and
error bars are statistical with the additional systematic uncertainty added in quadrature, as described in the text, and colored based on the
magnitude of their largest operator-state overlap. The translucent data points were not used in the following scattering analysis (see also
Appendix C). The inset histograms represent the magnitudes of the normalized operator-state overlaps associated with the energy level
they are next to, as described in the text. The noninteracting DD (blue), DD* (orange), and D*D* (red) finite-volume energies are
represented by solid lines. When the degeneracy of a noninteracting level is larger than one, this is indicated by a number in curly
brackets, and the corresponding lattice levels are displaced horizontally to facilitate visualization. Following the same color scheme, the
opening of the kinematic thresholds is represented by horizontal dashed lines, where the DyD threshold (a,E., ~ 0.734) has been

omitted due to its proximity to the DDx threshold (see Table II).

noted that all lattice energies are dominated by essentially
one single meson-meson operator each, with the exception
of the ones created by the operators degenerate in the limit
of no hadron-hadron interactions, signaled by the number
in curly brackets in Figs. 1 and 2 and Tables V-VIL?
Across all irreps, the energies closely follow the non-
interacting curves corresponding to their dominant operator
content and are overall slightly shifted upwards in relation
to the latter, indicating weakly repulsive interactions. This
is also the case near the crossing of noninteracting hadron-
hadron energies, suggesting at most small coupled-channel
effects. Furthermore, small but non-negligible S-wave
interactions are suggested by the relatively more pro-
nounced energy shifts next to the DD, DD*, and D*D*
thresholds in the [000]A;, [000]7, and [000]75 , [000]E*
irreps, respectively. Below threshold, the absence of energy
levels indicates no bound states are present in the corre-
sponding channels. A quantitative study of these aspects is
reserved to the next section.

*Note that operator overlaps can depend on the details of the
operator basis construction. Here, the overlaps are only used as a
qualitative guide to interpret the finite-volume spectrum.

In the next section, the energy levels from the irreps
presented above are used to constrain various scattering
amplitudes parametrizations. In particular, the A|, 7| and
T+, Et levels are used to constrain scattering in the
JP =0%,1" and 2% channels, respectively.

IV. SCATTERING ANALYSIS

We use the Liischer method [11] and its extensions
[12-23] to extract scattering amplitude parametrizations
from the finite-volume lattice spectra energies. In this
method, the so-called quantization condition

detl+ip-t-(1+iM)] =0 (3)

is satisfied at the finite-volume energies in a spatial volume
L? with periodic boundary conditions, where #(E,,,) is the
infinite-volume #-matrix. All bold quantities are matrices in
channel and angular momentum spaces subduced into
cubic irreps [53]. The known function M(E,,, L) depends
on the c.m. energy and spatial volume. The phase-space
factor p is a diagonal matrix with nonzero components
equal to 2k,/E., on each two-hadron channel a, where

k, = \%a| is the magnitude of their scattering c.m.
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FIG. 2. Same as Fig. 1 but for the [000]75 and [000]E™ irreps.

momentum. Given #(E,,), the solutions of Eq. (3) give the
finite-volume energies. It is possible to determine # by
minimizing a spectrum chi-squared (y?) formed by the
correlated differences of the lattice energies and the energies
predicted by parametrizations of ¢ [54]. The extracted
parametrizations can be analytically continued into the
complex-energy plane, where the presence, or not, of states
is implied by pole singularities. It is also important to check
that the extracted parametrizations do not have physical-
sheet poles with nonzero imaginary parts, which imply a
violation of causality and are thus unphysical.

Note that the finite-volume method used here, driven
by Eq. (3), does not take into account left-hand branch
cuts [55]. In addition, the potential effects of the latter are
not explicitly included in the parametrizations extracted
here. The location of the left-hand cuts relevant for each of
the channels analyzed is indicated within the following
subsections.

When only the lowest hadron-hadron channel is open
and a single partial wave is relevant, the scattering
amplitude can be written in terms of a real phase shift
0, and admits an effective range expansion. For S-wave
scattering, this is given by

r

2 4
2k + O(k*),

1
kcotdy =—+ (4)
a
to first-order in k%, which is related to the S-wave compo-

nent of the t-matrix via t= (kcotdy— ik) ' Eqy/2.

This ¢-matrix form implies an analytical continuation in
E.,, and it can be shown that its singularities will, in
general, correspond to solutions of kcotdy — ik = 0 for
complex k (see Fig. 3). In Sec. IVA 1, a variation of the
effective range expansion is considered, where an extra
factor is included in the denominator of the expan-
sion above.

In the energy region above the first two-hadron inelastic
threshold or where multiple partial waves contribute, a
suitable parametrization for the scattering amplitude is
given by the so-called K-matrix

) pary = (2ka) 1K™ (k)™ + Sp 1y (5)

for a given J, where the orbital angular momentum (¢, £”)
and channel (a, b) indices were spelled out together
with the threshold factors (2k,)~. The intrinsic spin
and total angular momentum indices are left implicit.
Through Eq. (5), unitarity of the scattering S-matrix
S =1+42ip'/?-t-p'/? is automatically ensured given that
the K-matrix is real and symmetric for real invariant mass s
and that Im7,, = 0 below the associated threshold and
Im1,, = —d,,p, above it. The exact choice of the real part
of 1,, is arbitrary, and we employ both the “simple,” given
by Rel,, =0, and the “Chew-Mandelstam” phase-space
versions, the latter obtained from a dispersive integral [54].
In particular, we implement K as an expansion in powers
of s about a given s, of the form

114511-5
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Phase shift (left) and k cot &, (right) representations of the results for isovector DD elastic scattering in J* = 0. The darker

band represents the statistical error of the example parametrization quoted in Eq. (7), while the lighter band is an envelope which
accounts for the mass-anisotropy variation. The different curves correspond to the central value of all other reasonable fits listed in
Table X. The data points are obtained by using the lattice energies in Eq. (3). The relevant thresholds and left-hand cut positions are
indicated on the horizontal axis. The intersection of the k cot§, curves with the purple dotted line indicates the position of 7-matrix

singularities on the corresponding parametrizations.

(6)

_ (n) 2
Kesiarsn(s) = E YeStassinS
n

where § = s — 5., and the real coefficients y are deter-
mined by a fit to the spectrum, as described above. The
value a?s,; = (0.70)? is used throughout the following
sections.

In some cases, the amplitude parametrizations above can
give rise to bound-state poles when extrapolated too far
from the data, where no corresponding energy levels are
present in the lattice calculation. In any case, they should
not be considered too far below threshold as their validity is
typically limited by nearby singularities such as left-hand
branch points. When necessary, we use a procedure similar
to the one in Ref. [56] to ensure that such spurious bound-
state poles are not present near the region constrained
by the data. To do this, a term is added to the spectrum y?
that smoothly increases with the proximity of these
singularities to the determined spectrum, disfavoring these
parameter values. In particular, we choose the latter to
be the region between the lowest two-hadron threshold and
the first left-hand cut just below it. This procedure is
detailed in Appendix B. Note that we also check for
physical-sheet poles with nonzero imaginary parts close
to the region of the complex plane that is constrained by the
energy levels.

In the following, we present the results of fits to the
lattice spectrum below the DDz threshold using the para-
metrizations and procedures outlined above.

*Even though the expansion point s is not of physical
significance, the choice of values closer to the lowest threshold
led to smaller correlations between the resulting parameters in
this work.

A.JP=0*

1. Elastic DD scattering below D*D* threshold

We start by considering elastic DD, S-wave scattering in
the J* = 0T channel. For this, energy levels up to the D*D*
kinematic threshold at a,E,,, ~ 0.70 are used, correspond-
ing to the six lowest points from A in Fig. 1.

Here, a relatively simple parametrization which reason-
ably describes the energy levels is the K-matrix with Chew-
Mandelstam phase space and parameters

79 = (=0.554 £ 0.084 £ 0.434) [ 1.00 —0.18}
YW =(2124+49+18) a? 1.00
2.81
X/ Naot = 6-2 0.70, (7)

where exclusively in this section, we use the shorthand

(n)
DD{'Sy}>DD{'Sy}"

cal, while the second represents the variation resulting from
fits where the stable hadron masses and anisotropy were
taken one-sigma away from their central values one at a
time (see Table II), referred to as mass-anisotropy variation.
The values in square brackets are the statistical correlations
between the resulting parameters. Any possible terms that
are not listed had their coefficients set to zero.

To assess the dependence of the results on the K-matrix
form used, we produce parametrizations variations which
are summarized in Table X in Appendix D. Different
K-matrix expansions are employed with terms up to
second-order in s and with different phase space choices.
It is observed that at least a linear term in s is needed
for a reasonable description of the energy levels. We also
consider effective range-type parametrizations, where it is

notation ") =y The first error is statisti-
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readily noted that the scattering length only is not enough
to reasonably describe the data. The inclusion of the effec-
tive range parameter leads to aa;' = —4.43 +0.87 and
ra;' = —45.3 + 7.7 but with a final y?/N4 = 2.22 after
ensuring no spurious bound-state poles are present between
the DD threshold and the nearest left-hand cut.’ On the
other hand, the use of a k*-term in Eq. (4) is free of spurious
bound state poles but leads to physical-sheet poles with
nonzero imaginary components. The latter violate funda-
mental analytical properties expected from the scattering
amplitude and thus such parametrizations are not further
considered.

In Ref. [58], an expansion similar to the effective range
but with an extra parameter x in the pole factor, namely
kcotd(k) = (1/a + rk*/2)(1 — k*/x*)~!, is considered as
a possible way of extending the validity of the expansion in
the presence of a (nonspurious) bound state. This form first
appeared in the context of phenomenological analyses of
neutron-deuteron data [59]. We employ parametrizations of
this kind with up to k>-terms in the numerator and observe
that its application improves the compatibility with the data
(see Table X). In particular, it does not introduce complex
physical-sheet poles. For reference, when this form is
used with the effective range parameter fixed to zero,
the scattering length results in @ = —0.191 £ 0.034 fm. We
stress that this value only includes the statistical uncertainty
of a single parametrization and does not take into account
mass-anisotropy variations, scale setting uncertainties, or
other systematic uncertainties. We note that typically
extracted values for (a,k)? ~ 0.02 are not much larger than
(a,k)?* in the region constrained by the data. This indicates
that this pole-like term cannot be represented by only a few
terms of the regular effective range expansion.

(0)

In Table X, all parametrizations and their respective
reduced chi-squared values, y*/N g, are presented. In all
variations shown, it was ensured that spurious bound-state
poles do not appear near the energy region considered in
the way detailed in Appendix B.

Figure 3 shows the phase-shift §, and k cotd, from the
parametrizations variations. As indicated on the respective
table, the ones yielding reasonable fits are represented
by individual curves, while the bands correspond to the
example parametrization in Eq. (7). The interactions are
observed to be consistent with a weakly repulsive system,
and no pole singularities corresponding to states are found
in the energy region considered below the D*D* threshold.

2. Coupled-channel DD — D*D* scattering

To go higher in energy, we need to consider the
dynamical coupling between DD and D*D* in J¥ = 0,
where the DD, S- wave as well as D*D*, S- and D-waves
are possible contributions. For that, a further eight energy
levels in the A{ irrep below the DDz threshold are included
in addition to the ones used in the elastic case. The violation
of infinite-volume rotational symmetry is manifest as
JP = 4%, D- and G-wave contributions to A}, T/, T5,
and E* (see Table III). Here, we briefly consider some of
these contributions to the A} levels but not to the 7| or to
the 75 and E' ones, which are respectively discussed in
Secs. IV B and IV C. Overall, all partial waves in J© = 0"
are taken into account, while various G-waves (£ = 4) are
the lowest ones ignored in J¥ = 4% (see Table I).

For the coupled-channel J¥ = 0t case, the example
parametrization is chosen to be the K-matrix with simple
phase space and parameters

Vobiis,—opils,y = (—0-584 % 0.084£0427) [1.00 054 008 —0.62]
Votisypp-isyy = (1114022 +2.25) 100 0.06 —0.52
7 sy o sy = (059 £0.16 4 0.17) .00 0.01
P sy = (328£36£22) - aF 1.00
72/ Naot = % =0.98, (8)

where the uncertainties are defined as in Eq. (7). In addition
to the DD{'S,} diagonal parameter, which has a similar
value to the elastic case, the D*D*{!S,} diagonal parameter

SFor the pion mass used here, the scalar o state is bound [57] and
thus leads to the left-hand branch point closest to the DD threshold
at a,Eync ., = 0.65. As the effective range parametrization is the
first instance where the spurious-pole procedure is employed, we
detail this specific case in Appendix B (see Fig. 10).

[
in Eq. (8) is also found to be nonzero. The latter suggests
D*D*, S-wave interactions in the coupled-channel region.
The left-most panel of Fig. 5 shows the finite-volume
spectrum obtained from the solution of the quantization
condition in Eq. (3) using the example parametrization in
Eq. (8). Those energies and the associated statistical error
bands describe reasonably well the lattice data and repro-
duce the small shifts in relation to the nearby noninteracting
DD and D*D* levels.
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To further assess the consistency of the results above,
several K-matrix parametrization variations are obtained
by allowing for different terms up to linear order in s, as
detailed in Table XI. When necessary, spurious bound
states appearing in these variations are ensured to be far
enough from the region constrained by the data (see
Appendix B).

It is noted that at least one nonzero diagonal D*D*{!S,}
term is needed to describe the three energies near the D*D*
threshold, and thus, this is included in all parametrization
variations. It is also verified that, among the partial waves
considered, either a nonzero DD{'S;} — D*D*{°D,} or a
diagonal D*D*{°D,} K-matrix parameter is required to
reproduce one of the two near-degenerate energies at
a,E., ~0.725 in the largest volume. We further observe
that an off-diagonal D*D*{!S;} - D*D*{°D,} K-matrix
parameter is consistent with zero. These observations
indicate that the D-wave contributions from either J* = 0F
or J¥ = 4" are small and constrained to be consistent with
zero in the region considered, even though at least some of
them are necessary to reproduce all the levels computed on
the lattice. Finally, a parameter allowing for the coupling of
DD to D*D* via an S-wave is included in some para-
metrizations, but it is overall consistent with zero, indicat-
ing these channels are weakly coupled.

In the left panel of Fig. 4, the squared amplitudes from
the example parametrization are represented by bands,
while the variations are depicted by individual curves.
The size of the DD{'Sy} - DD{'S,} squared-amplitude

pip;lti;|?
DD{'Sp} = DD{'So}
DD{'So} — D*D*{*So}
016‘ D*D*{ISO} _)D*D*{1SO}
DD{*So} — D*D*{*Do}
0.121
0.08
0.04
0.00 _l(l:nwm DDy, thr
24 L/as ° ° ° ° ° w
20 . . ~ -
16 . oo

0.66 0.67 0.68 0.69 0.70 0.71 0.72 4, p_.

in the constrained region is consistent with weak DD
interactions. Taking uncertainties into account, this wave is
observed to be the largest in magnitude when compared to
all other waves. The DD{!Sy} — D*D*{!S,} amplitude
has a more abrupt rise in the parametrizations with only
constant terms but is consistent with zero when taking into
account all variations, indicating this is small and not well
constrained by the data in the energy region probed here.
No resonances or bound states are found either below or
above the D*D* threshold in the energy region considered.
Here and in all analogous figures in this work, some
amplitudes that are very small or consistent with zero are
not shown for clarity.

We also consider the generalized Stapp parametrization
to visualize the scattering amplitude results, as introduced
in Ref. [60]. In this, the unitary S-matrix is minimally
presented in terms of phases shifts §; and mixing angles €,
where i and j denote the partial-wave channels considered.
The usual elastic definition of the phase shifts is recovered
in the limit of vanishing channel coupling. Instead of &;;,
it is useful to show cos 2g;;, as it does not depend on an
arbitrary phasing of the hadron states and is similar to the
so-called inelasticity # used to describe two-channel
systems [61]. The right panel of Fig. 4 shows the Stapp
parametrization for the amplitudes considered here. The
DD{'S,} phase shifts shown in the upper panel can then be
readily compared below the D*D* threshold to the elastic
case in Fig. 3. Above threshold, one observes the turn on
of the D*D*{!S,} S-wave phase shift to positive values,

DD{'Sp}
D*D*{lso}
D*D*{°Do}

DD|p, D*D*

0.68

Theror

0.66

thr
1

0.70

0.72 g4 Eem
1.OCOS 2Ei_7" ' '
DD{'Sp}—D*D*{1 Sy}
DD{'Sp}—D*D*{?Dg}
0.6F D*D*{1Sy}—D*D*{° Dy}

FIG. 4. Left: normalized squared amplitudes (upper) and lattice energies (lower) for coupled-channel DD, D*D* scattering in = 1
and J¥ = 0. Other amplitudes that are consistent with zero are not shown for clarity. Right: phase shift (upper) and inelasticity (lower)
from the generalized Stapp parametrization applied to the same system, as described in the text. The inner and outer bands correspond to
the statistical error and mass-anisotropy envelope of the example parametrization, as described in the text and quoted in Eq. (8). The
curves represent the central value result of all parametrization variations yielding reasonable fits, as detailed in Table XI.
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a signature of attractive interactions. In the lower panel, the
values of the inelasticity cos 2¢;; between the DD, S-wave
and the other two partial-wave channels deviate slightly
from 1, considering the large uncertainties.

B. J’=1*: DD*

We now consider DD* and D*D* scattering in the
isovector J¥ = 17 channel. In this case, DD* scattering
appears as S- and D-waves and an additional D*D*,
D-wave appears above the corresponding threshold. We
remind the reader that the partial waves allowed here are
quite different from I = 0 ones [28]. Because the T| irrep
contains contributions from J” =3% as well as from
JP =17 (see Table III), we also consider A5 to further
resolve the former. Note that there are J* = 3* contribu-
tions to 75, but we do not consider that irrep in this section.
The amplitude parametrizations presented in the following
are thus extracted from fits to the 15 finite-volume energies
across the 77 and A7 irreps (see Fig. 1). Overall, the lowest
partial wave neglected in this analysis is the D*D*{°D,}
|

—D*D* scattering

(0) _
Yo s, wpr s,y = (—1:50 £ 0.20 +0.21)

1

P iyt = (521 £53£73)
(1)

Ypp* D, }~DD {3}
(0)

YpD* {30,y =DD* {*D,}
(0)

Ypp*{*p,} DD Dy} —

(0)

04+213+0)-a
Mi%iﬁyﬁ

—714+20 £ 87) - a}

[1.00 —0.68

= (
= (=
= (=
= (=357 + 111 £ 150) - a?

9.07
——=1.01
15-6

Y DD 3D}~ D D* Dy}

X2/ Naot =

where the Chew-Mandelstam phase space was used. The
uncertainties correspond to statistical errors and the mass-
anisotropy variations, as in Eq. (7). In this example, it is
notable the dominance of the diagonal DD*{3S,} terms,
and the parameter coupling DD*{3S,} to DD*{’D,} is
consistent zero. For this and all the other coupled-channel
parametrizations in this section, no spurious bound-state
poles are present near the energy region considered.

®In Fig. 1, these correspond to the upper points from the near-
degenerate pairs next to the lowest noninteracting curve indicated
by “{2}” across all volumes in the [000]T irrep.

"We show the DD*{3D,} — DD*{3§,} parameter that is
statistically consistent with zero to demonstrate the very weak
coupling between those two partial waves. The very small mass-
anisotropy variations compared to the statistical uncertainty
results in the vanishing of the right-most uncertainty to the
quoted precision.

one, arising from partial-wave mixing, while all J* = 1*
waves are taken into account.

Initially, in order to provide a more direct comparison to
Refs. [29,30], we extract elastic DD* effective range-type
parametrizations employing only a subset of the [000]7
levels. The scattering length by itself can reasonably
describe only the lowest three energies near the DD*
threshold. If one assumes that coupled-channel effects
are small and consider further three energies containing
S-wave contributions below DDz’ then adding an extra
parameter is needed to achieve a reasonable description of
the data (see Table XII). The parametrization where the
scattering length is modified by a pole term results in a =
—0.316 + 0.042 fm and (a,x)?> ~ —0.015. The value quoted
in physical units is taken from a single parametrization, and
it does not include mass-anisotropy variations, scale setting
uncertainties, or other systematic uncertainties. Further
comments are left to Sec. VL.

To go higher into the coupled-channel region, we take
the example parametrization to be

0.00 036 049 —0.02]
100 —0.01 —0.04 —0.14  0.05
100 000 002 0.00

100 0.09 —033

1.00 —0.28

1.00 |

©)

The [000]7 and [000]A; panels in Fig. 5 show the
solutions of the quantization condition using the example
parametrization in Eq. (9). The lattice data, including the
near-degenerate levels mentioned above, are reasonably
reproduced by the statistical bands, including the small
upward shift in relation to the noninteracting energies.

Several parametrization variations are obtained for
coupled-channel scattering using K-matrices up to the
linear order in s, as listed in Table XIII. Throughout all
these, a nonzero parameter with a DD* {3, } contribution is
necessary to reproduce the levels considered via the
quantization condition Eq. (3). Furthermore, it appears
that both constant and linear-order DD*{3S,} diagonal
terms are needed to achieve reasonable y?/Nyy in all
variations. Even though necessary to reproduce all levels
using the quantization condition, all D-wave terms in
JP = 1% are consistent with zero on all parametrization
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o [000]AF 000]7;" A [000] [000] T3 [000] B+
\ X;\
0.721 L
o2 o 2l P N NS V. Ny SO
0.70 o =
DD*\W—EO“ --------------------
0.68 o = = o
DD\, n—‘l—g—- ________________________________________
0.66- 1 1 1 i 1 1 1 i 1 1 1 i 1 1 1 i 1 1 L/Ias
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FIG. 5.

Lattice energies (black points) and finite-volume spectrum as a function of L/a, (orange bands) on each irrep considered for

analyzing J© = 07, 17, and 2* coupled-channel scattering. The spectrum bands are derived from the example parametrizations quoted
in Egs. (8)—(10). The bands only account for the statistical uncertainties on the quoted parameters. Noninteracting energies are
represented by solid lines and threshold by dashed lines, following the same color scheme of Figs. 1 and 2.

pipjltij?
0.251
DD*{3S;} - DD*{3S;}
DD*{®D;} - DD*{®D;}
0.20+
0.15
0.10
0.05
0.00 lher DD*|iny D*D* i py
24tL/as o o o
20 - oo
16 - —
0.68 0.69 0.70 0.71 0.72 4, Eorn

6;/°
201
DD* {35}
DD*{3Dy}
10 B D*D* {5D1} /
N /
_]_O L
_20 L
lher DD*‘(hr D*D*‘thr
_30_0_0 L L 1 L
0.69 0.70 0.71 0.72 atEem
COS 2€;
1.00
mm DD*{38,}—»DD*{3D;}
DD*{35,}—»D*D*{°D;}
0.97t DD*{*D;}—D*D*{’D}

FIG. 6. Same as Fig. 4 but for the coupled-channel DD* — D*D* in J¥ = 1*. The example parametrizations shown here as bands are
also quoted in Eq. (9). The individual curves represent other parametrization variations yielding reasonable descriptions of the data

detailed in Table XIII.

variations. Only constant terms are used in the paramet-
rization of the J¥ = 3* amplitudes. The nonzero diagonal
DD*{3D;} K-matrix parameter was required to reproduce
the near-degenerate levels at a,E., ~0.720 and a,E, ~
0.725 in the largest volume (see Fig. 1).

The left panel of Fig. 6 shows the squared amplitudes of
the example parametrization in Eq. (9) with its statistical error
band and mass-anisotropy envelope, together with indivi-
dual curves corresponding to parametrization variations.

These imply relatively weak interactions in the isovector
DD*,J = 1% channel, which is also compatible with the
results from other lattice works realized only in the elastic
region [29,30]. The dominant contribution comes from the
DD*{38,} - DD*{3S,} partial waves. No poles corre-
sponding to resonances or bound states are found in this
channel in the energy region considered.

In the right panel of Fig. 6, the sign of the DD*, S-wave
phase shift in the Stapp parametrization shows that this
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pipjltiz)?
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0.71 0.72
atECm
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FIG. 7. Same as the left upper panel in Fig. 6 but the for
DD*{3D5} partial wave extracted in conjunction to the J© = 1F
ones shown in Fig. 6. The corresponding parameter is also quoted
in Eq. (9).

interaction is repulsive, while for the D-waves the results
are consistent with zero. Additionally, the vanishing mixing
angles, and thus inelasticities cos 2¢;; ~ 1, demonstrate the
very weak coupling between the partial-wave channels
considered here.

Figure 7 shows the only J© = 3" amplitude included
in all parametrization variations, namely DD*{3Ds},
which was necessary to reproduce some of the energy
levels. All the other J¥ = 3" contributions included in

(0)
YD {35,307 D" {35, }

(0)
Y DD 3D, }~DD* {*D,}

= (=
= (=
0 — (-
=
= (=

—2.61 £0.39 £ 0.43)

—57+21+78)-a

4
t

YDD{ID,}~DD{D,} 12+11+54)-a
(0)
Y DD{IDy} =D D* {55, 6.7+£37+142)-a
(0) \
YD {33} >DD* D5} —99 + 31 4+ 30) - a;
15.53
2/ Nyog = ="
X / dof 20—5

where the Chew-Mandelstam phase space was used. The
most notable feature of this parametrization is a nonzero
D*D*{3S,} diagonal K-matrix parameter, which is needed
to account for the energy shifts next to the D*D* threshold.

The [000]75 and [000]E* panels in Fig. 5 show the
spectrum resulting from the example parametrization in
Eq. (8) via the quantization condition, where the lattice data
is observed to be well described. The upward shift to
noninteracting levels near the D*D* threshold is repro-
duced by the example parametrization.

Several variations of the K-matrix parametrization are
considered up to the linear order in s, as detailed in
Table XIV. When necessary, the procedure of
Appendix B is used to ensure that no spurious bound-
states are present near the region just below the DD
threshold down to a,Ejpc ,, = 0.65.

some parametrization variations have similar or smaller
magnitude than DD*{Ds}.

C.JP=2*: DD -DD*

We close the analysis section by presenting the results
for coupled DD, DD*, D* D* scattering in J© = 2*. In this
case, the lowest partial wave is D*D*{3S,} followed by
various D-waves in J¥ = 2. We use the spectra in the T
and E* irreps, which contain contributions from J* = 2+
and also from J” = 3% 4% due to partial-wave mixing. In
total, 19 energy levels distributed across the 75 and E*
irreps are used to constrain the relevant amplitudes.

Several D*D*, D-waves in J¥ =2%, 3% and 4% are
possible contributions to the 75 and E™ irreps, as listed in
Table III. Note, however, that an S-wave is also present in
the D*D* channel, which is expected to dominate due to the
near-threshold suppression of the D-waves. We check the
latter, which is only necessary to reproduce the near-
degenerate energies just below the DDz threshold in the
largest volume.® For these reasons, we do not include those
energies and neglect the D*D*, D-waves to extract the
other contributions in the following.

The example parametrization is taken as

—D*D* scattering

[1.00 036 042 042  0.23]
1.00 046 0.09 —0.49
1.00 041  0.13
1.00  0.06
I 1.00 |
= 1.03, (10)

It is observed that parameters containing only D-wave
contributions for the DD and DD* channels are needed to
reproduce the lattice levels from the quantization condition,
even though the corresponding f-matrix elements are
smaller than the D*D* S-wave across all variations. The
small magnitude of the D-waves is also manifest in the
possibility of interchangeably fixing them to zero in
different parametrizations without significantly different
results. The DD*{*D;} wave is included in all variations to
account for a high-lying energy level but has small
magnitude, similar to values extracted from the 7 and
A; irreps in Sec. IV B (see Fig. 7).

These correspond to the faint points just above the opaque
ones for the L/a, = 24, [000]T5 and [000]E™ irreps in Fig. 2.
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Same as Fig. 4 but the for coupled-channel DD — DD* — D*D* in J¥ = 2+, The example parametrizations shown here as

bands are also quoted in Eq. (10). The individual curves represent other parametrization variations yielding reasonable descriptions of

the data, as detailed in Table XIV.

The left panel of Fig. 8 shows the example parametriza-
tion as bands and all the parametrization variations from
Table XIV as curves. It can be seen that the D*D*{3S,} —
D*D*{3S,} amplitude is the dominant one in relation to the
D — S-waves also depicted. The remaining amplitudes
containing D-wave contributions not shown in this figure
are consistent with zero. No signal of potential J¥ = 2+
resonances or bound states is observed in the energy region
considered.

The right panel of Fig. 8 shows the phases and inelas-
ticities from the generalized Stapp parametrization for the
partial-wave amplitudes considered. The DD and DD*
phase shifts are consistent with zero throughout the energy
region considered, and the D*D*, S-wave turns on to a small
though nonzero value at the associated threshold. The sign of
the D*D*, S-wave phase shift indicates a repulsive inter-
action on this channel. The inelasticity cos 2¢;; between the
D-waves is consistent with 1. On the other hand, the
inelasticities between the D-waves and the D*D*, S-wave
are small but significantly differ from unity.

V. INTERPRETATION

The results from the previous section show predomi-
nantly weak and repulsive interactions involving D and D*
in/=1and J” =0%,1%,2%, with small coupled-channel
effects. A particular S-wave amplitude dominates each of
the JP = 1%,2% channels below the DDz threshold,
namely DD*{3S,} and D*D*{3S,}. Furthermore, a repul-
sive DD{!S,,} interaction along with a weakly attractive
D*D*{!S,} interaction in the coupled channel region are
observed in JP = 0F. There is no signal of resonance,

bound-state, or virtual bound-state poles in the channels
and energy region examined, which is consistent with the
DDz experimental data analysis leading to a preference
for the T.(3875) state to be in isospin-0 [4].

These results are also consistent with the typical expect-
ations for doubly-charmed scattering in / = 1 from other
theoretical approaches, in particular for the J¥ = 1% case,
where a T,-like state is present in the I = 0, e.g., Ref. [10].
Additionally, the similarity between the S-wave interactions
in DD*,JP = 17 and D*D*,J¥ = 2% are in agreement with
frameworks based on heavy quark spin symmetry [8]. The
attractive interaction observed in D*D*, J¥ = 0% is not
strong enough to form states and is compatible with results
from one-pion exchange potentials [62].

There is a qualitative level of consistency between the
DD,J? = 0% and DD*,JP = 1" scattering lengths from
this work, as quoted in Sections IVA 1 and IV B, and
previous studies in the elastic region using different lattice
setups [29-32]. In particular, Ref. [30] studied the two-
body isovector DD*, JP = 1% scattering amplitude by
solving Lippmann-Schwinger equations in a nonrelativistic
effective theory approach, where left-hand cut effects were
explicitly included via a one-pion exchange potential.
A naive comparison to the scattering length obtained
there suggests that accounting for the left-hand cut does
not change the overall weakly repulsive character of
this channel. Care should be taken as these calculations
employ different lattice setups, and thus differences such as
quark masses and discretization effects can obscure the
comparison. Nevertheless, a quantitative difference can be
expected not only from the use of different lattice setups
but also from whether the finite-volume method employed
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accounts for one-pion exchange effects. This prompts
further studies of the doubly charmed sector using exten-
sions of the Liischer formalism accounting for left-hand
singularities [33,38,39].

It is also useful to consider the results above in light of
SU(3) ¢ symmetry, where the light and strange quark masses
are taken to be equal. Following this perspective, the doubly-
charmed states fall into the 3 and 6 multiplets of SU(3) I

These can be decomposed into various DD, D(*)DE*),
and D§*)D£*) states with definite isospin as follows:

DWDH(I=0) : 3,

DHIDH(I=1) : 6,

p'p(1=0) : 6.
pYDY(1=1/2) : 3+6. (11)

In particular, the DD [ =1 and Dg*)Dﬁ*), I = 0 chan-
nels are exclusively present in the 6 irrep. Supposing that
interactions do not change qualitatively away from the
SU(3), point, then the results of this work would also
suggest that DE*)DE*), I = 0 is weakly repulsive. Under the
same suppositions, it is also interesting to note that D(*)D§*>
in 7 = 1/2 appears in the decomposition of both 3 and 6
multiplets and thus could present a combination of / =0
and I = 1 physics. In particular, due to the observation of
the isoscalar T, state, this could suggest a potential strange
partner in D*D, — DD, 1 = 1/2 (see, e.g., Ref. [63]). A
lattice calculation on this channel was recently presented
in Ref. [64].

For completeness, we briefly consider the negative-
parity counterpart of the channels above in Appendix A.
In this case, only DD* and D*D* are allowed by symmetry,
with dominant P-wave contributions. In Fig. 9, the absence
of energy shifts, and phases consistent with zero imply no
significant interactions in this sector.

VI. CONCLUSIONS

In this work, we presented the first coupled-channel
calculation involving DD, DD*, and D*D* scattering in
isospin-1 and J” = 0T, 17, 2% from the lattice QCD. The
interactions in J* = 17, 2% were determined to be weakly
repulsive, and each of those J? features a dominant S-wave
component of similar magnitude in the energy region
investigated. In J* = 0%, in addition to a repulsive DD,
S-wave interaction, a weakly attractive D*D*, S-wave
interaction is observed in the coupled-channel region. No
singularities corresponding to bound states or resonances
were found in this energy region. For J* = 17, this is con-
sistent with the absence of isospin-1 states and the

identification of the T.(3875) state in the analysis of
DDz experimental data [4] as isospin-0. The investiga-
tion of isospin-1 channels also complements the picture
started in Ref. [28], where a virtual bound state and a reso-
nance were observed in isospin-0 using the same calculation
setup. The extraction of the amplitudes in this work will also
be an ingredient for future three-body and left-hand cut
analyses of DDz and DD* scattering. On a similar note, the

lattice investigation of analogous systems containing Dﬁ*)
mesons can provide further insight into how the physics of
the doubly charmed sector emerges from QCD.
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TABLE IV. Contribution of I = 1, D®D® partial waves to
irreps with negative parity (P = —) up to J = 4. The last column
follows the spectroscopic notation >*17,.

[n,nyn AP DD* and D*D*
[000]AT 3p,, 3F,, *H,
[000]T7 3Py, 3F,
[000]E- 3P,, 3F,, 3F,, *H,

APPENDIX A: NEGATIVE PARITY SECTOR

Here, the isospin-1 doubly charmed results from the
main text are complemented with the negative parity sector
(P = —). In this case, DD is not allowed due to Bose
symmetry, while P-waves appear in DD* and D*D* as
contributions to the [000]A7, [000]77, and [000]E~ irreps.
Table IV further details the allowed partial wave contri-
butions to these irreps, neglecting J > 4.

The upper panel of Fig. 9 shows the finite-volume
spectra and the corresponding operator-state overlaps for
the A7, T7, and E~ irreps, in the same fashion of Fig. 1. The
lower panel of Fig. 9 shows the P-wave phase shifts
computed at the DD*-like energies (red), ignoring partial
waves with £ > 2 and assuming the coupling of DD* and
D*D* to be negligible. This can be reasonably justified by
the near-threshold suppression of £ > 3 waves and by the
observation of a small mixing between DD* and D*D* on

0.720

0.705

0.690 -

m)*‘\m, ‘ ‘ L/as D r)”‘\ N ‘ L/a, Dr)*‘\w ‘ L/as
16 20 24 16 20 24 16 20 24
5/ 51 /° 51/
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ok 0 0 ‘} 0
—10F DD |y ) D*D* g, aiE‘Cfn -10 DD |y . D*D*|gpr | atE‘C'n 10 DD"|thy N DFD* |thy | at’E‘vcm
0.68 0.69 0.70 0.71 0.72 0.73 0.68 0.69 0.70 0.71 0.72 0.73 0.68 0.69 0.70 0.71 0.72 0.73

FIG.9. Upper: same as Figs. 1 and 2 but for the rest-frame irreps [000]A7, [000]7|, and [000]E~. Lower: from left to right, phase shifts
for the negative-parity DD*, 3P, *P,, and P, channels evaluated via Eq. (3) at the lowest DD*-like energies (red) on each of the AT TT,
and E~ irreps, respectively. The translucent phase shift points were evaluated assuming elastic scattering. In 77 and E£7, only one of the

values around «,E.,, ~0.71 is shown in the phase-shift panels.
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the operator overlaps in finite volume. The shifts of the
lattice energies to noninteracting energies do not suggest
any significant DD* or D*D* interactions in 3P0_1,2.
Furthermore, the observation of DD* weak interactions
is reinforced by the small phase shift values.

APPENDIX B: PROCEDURE FOR DEALING
WITH SPURIOUS BOUND STATES

In Sec. IV, some amplitude parametrizations can feature
bound-state poles when extrapolated too far from the lattice
energy levels. These poles can appear even though no
corresponding energy levels are present in the lattice
calculation and thus are seen as artifacts from the specific
parametrizations. Here, we detail the procedure for
extracting scattering amplitude parametrizations while
“smoothly pushing” these singularities away from the
energy region considered.

The procedure consists of adding an extra term to the
usual spectrum chi-squared, the latter given in Ref. [54].
For each bound-state pole found in the #-matrix at energy
E,, i.e., on the first Riemann sheet (Im k > 0) at purely real
values of /s = E,, the added term has the form

f (Ep)EP):| ?

2 (E :a{
)(add( P) 1+€_C(

with the functions

— unmodified, x2/Nqof = 1.29
== x24q with (Ey, a) = (0.64,20) , x2/Ngot = 1.65
— x24q with (B, @) = (0.63,20) , x2/Ngos = 1.92

do/°
0

—10f Sso

—15¢F

DDy
:

2 2
_Ep_Ez

fEy) =0

2 27
Eh_El

E,—(E,+E)/2
C(Ep): - E,-E

,  (B2)

and the constant a > 0. The function f penalizes the
occurrence of bound-state poles on the energy interval
[E}, E};]. As discussed in Sec. IV, this is justified given that
the lattice calculation does not yield any finite-volume
energies below the lowest kinematic threshold.

Specifically in this work, we choose E}, to be the lowest
two-particle threshold and E; to be the first left-hand branch
point appearing below Ej, the latter associated with the
one-particle exchange between the same two particles. In
practice, E; is tuned to lower values to ensure that the
statistical uncertainties of the spurious poles are taken into
account on each particular parametrization. When this is
employed, the fit is a result of the minimization of the total
chi-squared. The value of a is somewhat arbitrary, but one
could expect that it should be at least of the order of the
number of degrees of freedom to cause a visible effect. In
this work, we find that the fixed value a = 100 works well
with the choice of [E;, E;,] described above on all para-
metrizations where it is used. We note that resulting
parametrizations are consistent with the one where y2y,
was not used in the energy region of interest and that the
data is still reasonably described. Whenever the use of y2,
is indicated in this work, the y? value reported will
implicitly include y2,,, i.e., x> = x> + 12

The effect of this procedure is illustrated in Fig. 10 in a
case where a spurious bound state appears near the left-
hand branch point in J* = 0*, DD elastic scattering when

— x24q with (Ej, a) = (0.64,100) , x2/Ngof = 2.22
== x24q with (Ey, a) = (0.63,100) , x2/Ngo = 2.86

(atk) cot do
0.1 :

0.0
—0.1}F
—0.2}

—0.3F

—0.5¢F

—-0.6}

ilhern DD|thy

0.67 0.68 0.69 0.70 4, B,

—0.005 0.000 0.005 0.010 (ark)?

FIG. 10. Similar to Fig. 3 but comparing the phase shifts (left) and & cot & (right) of the effective range parametrization applied to DD,
I = 1 elastic scattering in J© = 0" obtained by the use of y2,, at various choices of @ and E,. For clarity, only the statistical band (gray)
of the unmodified parametrization is shown. The phase-shift points are derived from the lattice energies using Eq. (3). The dotted purple

lines are exactly as in Fig. 3.
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employing the effective range parametrization (see
Sec. IVA 1). The use of the y2,, term in the fit procedure
results in a parametrization with a spurious pole con-
strained to be further away from the energy region where
the lattice data is present. This is indicated by the inter-
sections of the k cot §, curves with the dotted line at lower
values of (a,k)?. For comparison, we show the combination
of two choices of E; and a and their effect on the central
value of kcotdy. The resulting parametrizations have
progressively higher y?>/Ngy as a is increased and E; is
decreased, as expected from the addition of y2,; to the
unmodified y?. In particular, for the choices (E;, a) =
(0.63,100) and (0.63,20), the results start to significantly
differ from the unmodified parametrization. At the same
time, the former does not describe the lattice levels near
threshold as well as the other choices. In the end, the
value (E;, @) = (0.64,100) is used for J* = 0T, DD elastic
scattering when necessary, as reported in Table X. A similar
behavior is observed for the parametrizations in all other
cases in this work where the above procedure is used. The
value a = 100 is kept fixed throughout, and E; is as
specified in Tables XI and XIV.

APPENDIX C: TABLES OF OPERATORS

In this appendix, we list all the two-hadron operators
D™ [py]D™)[p,] used in this work in their respective cubic
symmetry irreps and lattice spatial extension. The spatial
momenta are given in units of 2z/L, and the number in
curly brackets indicates the multiplicity coming from
different combinations of single-hadron irreps, if this is
greater than one. The row ordering from top to bottom
corresponds first to the opening of the kinematic threshold
of the associated hadron-hadron channel and then by asso-
ciated noninteracting energy, thus matching the histogram

TABLE V. Operators in the [000]A] irrep used to extract
JP = 07,4 amplitudes.

bar ordering in Figs. 1 and 2. Correlation functions
involving all operators were computed and analyzed in
the generalized eigenvalue problem, but only energy levels
corresponding to the operators in bold in Tables V-VII
were used in the scattering amplitude determinations.

TABLE VI.  Operators in the [000]T; and [000]A; irreps used
to extract J¥ = 1%, 3% amplitudes.

[000]T;
L/a, — 16 L/a, = 20 L/a, — 24
D[000D*[000] D[000]D*[000] D[000D* [000]

{2}D[100|D*[100]  {2}D[100]D*[100]
{3}D[110]D*[110]  {3}D[110]D*[110]
{2}D[111]D*[111] x
D*[100]D*[100] D*[100]D*[100]

{2}D[100]D"[100]

{3}D[110D*[110]

{2}D[111]D*[111]
D*[100]D*[100]

[000]AS
L/a, =24

D[100]D*[100]
D[111)D*[111]
D*[100]D*[100]

TABLE VII.  Operators in the [000]E* and [000]75 irreps used
to extract J* = 2% amplitudes.

[000]E*
L/a, =16 L/a, =20 L/a, =24
D[100]D[100] D[100]D[100] D[100]D[100]
D[110]D[110] D[110]D[110] D[110]D[110]
D[200]D[200] x D[200]D[200]
D[110]D*[110] D[110]D*[110] D[110]D*[110]
D[111]D*[111] x D[111]D*[111]

D*[000]D*[000]
{3}D*[100]D*[100]

D*[000]D*[000]
{3}D*[100]D*[100]

D*[000]D* [000]
{3}D*[100] D*[100]

[000]AT [000]T5
L/a, =16 L/a;, =20 L/a, =24 L/a; =16 L/a, =20 L/a, =24
D[000]D[000] D[000]D[000] D[000]D[000] D[110]D[110] D[110]D[110] D[110]D[110]
D[100]D[100] D[100]D[100] D[100]D[100] D[111]D[111] D[111]D[111] D[111]D[111]
D[110]D[110] D[110]D[110] D[110]D[110] D[100]D*[100] D[100]D*[100] D[100]D*[100]
D[111]D[111] D[111]D[111] D[111]D[111] {2}D[110]D*[110] ~ {2}D[110]D*[110]  {2}D[110]D*[110]
D[200]D[200] x D[200]D[200] D[111]D*[111] x D[111]D*[111]
D*[000]D*[000] D*[000]D*[000] D*[000]D* [000] D*[000]1D*[000] D*[000]D*[000] D*[000]D* [000]

{2}D*[100]D*[100] {2}D*[100]D*[100] {2}D*[100]D*[100]

{2}D*[100)D*[100] {2} D*[100]D*[100] {2}D*[100]D*[100]
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TABLE VIIL.  Operators in the [000]A} and [000]7 irreps. The
operators signaled with “(x)” correspond to the colored energy
levels in the upper panels of Fig. 9.

[000]AT
L/a, =16 L/a, =20 L/a, =24
D[100]D*[100](x)  D[100]D*[100](x) D[100]D*[100](*)
D[110]D*[110] D[110]D*[110] D[110]D*[110](*)
D[111]D*[111] x D[111]D*[111]
D*[100]D*[100] D*[100]D*[100] D*[100]D*[100] ()
[000]T7
L/a; =16 L/a; =20 L/a;, =24
D[100]D*[100](x) ~ D[100]D*[100](%)  D[100]D*[100](x)
{2}D[110]D*[110] {2}D[110]D*[110] {2}D[110]D*[110](x)
D[111]D*[111] x D[111]D*[111]

|D
1
{2}D*[100)D*[100]  D*[100]D*[100]  D*[100]D*[100](x)

TABLE X. Variations of effective-range and K-matrix scatter-
ing parametrizations for I = 1, elastic DD scattering in J© = 0%,
extracted from fits to the lattice energies below the D*D*
threshold, as described in Sec. IVA 1. In the cases where ;(ﬁdd
was employed, the value of the parameter a,E; = 0.64 is used
[see Eq. (B1)]. For simplicity, we use the shorthand y"=

(n)
Y DD{'$,}~DD{'s)}"

high y? /N4 values and are only given for completeness but are
not considered in any further analysis or interpretation. The ones
with a “§” are not considered reasonable descriptions of the data
due to the presence of a spurious bound-state pole near the region
constrained by the data. The parametrizations denoted by “9”
have nearby physical-sheet poles with nonzero imaginary parts
and are also discarded. The remaining results are reasonable
parametrizations and correspond to the curves in Fig. 3. The
parametrization denoted by “x” is an example parametrization,
represented by the bands in Fig. 3 and quoted in Eq. (7).

The parametrizations signaled with a “%” have

TABLE IX. Same as Table VIII but for the [000]E™ irrep.

[000]E-
L/a, =16 L/a, =20 L/a, =24
D[100])D*[100)(x) ~ D[100]D*[100](+)  D[100]D*[100](x)
{2}D[110]D*[110] {2}D[110]D*[110] {2}D[110]D*[110](x)
D[111]D*[111] x D[111]D*[111]

D*[100]D*[100] D*[100]D*[100]  D*[100]D*[100](x)

The energy levels associated to the operators in normal font
were not used in this work.

The operators for the negative-parity irreps are listed in
Tables VIII and IX. The ones signaled with “(x)” corre-
spond to the colored energy levels in the upper panels
of Fig. 9.

APPENDIX D: TABLES OF PARAMETRIZATION
VARIATIONS

Tables X—XIV detail the scattering amplitude paramet-
rizations in isospin-1, as presented in Sec. IV. Each row
corresponds to a certain choice of K-matrix parameters of
the expansion in Eq. (6) or an effective range expansion. In
all tables except for Table XII, the example parametriza-
tions quoted in Egs. (7)-(10) are shown in bold. For
each spectrum chi-squared minimization performed, the
corresponding y? /N 4 is shown in the right-most columns.
When the spurious bound-state treatment from Appendix B
is employed during this minimization, the quoted y?
includes the extra )(ﬁdd term and corresponds to a separate

Parameterization 1%/ Naor
without y2,,  with 24,
K-matrix
Chew-Mandelstam phase space
K(3) =y &) = 4.58F x
K(§) = y<0> + y<l>§ % = 0.70* x
K(8) =7y + 232 &3y = 059 x
K(8) =70 4y 4 @52 5 =057 x
Simple phase space
K(3) =y 5y =445t x
K(5) =79 + 43 &5 =00l x
K(3) =y 4+ 4252 % =0.69 x
K(8) =70 4y 44252 4= 058 x
Effective Range
keots(k) = 1/a % =4.65 x
kcoté(k) = 5 lk/‘}K % = 0.65 x
kcots(k) = 1/a + rk*/2 %: 1.297 %:2.22
keotsth) = gl HE=os0 - 06
kcots(k) = 1/a + Pyk* #555 = 0.66' x
keotd(k) = 1/a+rk?/2+ Pkt 485 = 0.56" x

fit. In every case ;(ﬁdd is used, the parameter @ = 100 from
Eq. (B1) is fixed.

Note that for all parametrizations listed, we ensure that
unphysical poles are not present in the region of the complex
plane constrained by the energy levels. The only exceptions
are the last two parametrizations on Table X, which are left
as examples of where this problem can happen.
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TABLE XI. Variations of the K-matrix parametrizations for coupled-channel DD — D*D*, I = 1 scattering in J* = 0% extracted from
fits to lattice energies below the DDx threshold and whose y?/ Ny is given in the last column (see Sec. IVA 2) Some variations also
parametrize the J* = 47 contributions in [000]A . The entries of the table display the values of n, for which y, f ;é 01in Eq. (6). The “x”
or the absence of an amplitude means that the corresponding K-matrix parameters are exactly zero. In the cases where 2, was
employed, the value of the parameter E; = 0.63 is used [see Eq. (B1)]. The parametrizations signaled with a “{” are not considered
reasonable descriptions of the data due to the presence of a spurious bound-state pole above the left-hand cut just below the DD
threshold. In the ones with y? /N set to “x” the spurious bound-state procedure was not employed. The row in bold and denoted by *“+”
is an example parametrization quoted in Eq. (8) and represented in Fig. 4 together with all other reasonable parametrizations.

DD{'S,} DD{'S,} DD{'Sy} D*D*{1§,} D*D*{!Sy} D*D*{°D,}
— DD{'S} - D'D'{!Sy} - D'D*{?Do} —D'D*{!Sy} - D'D*{°Dy} — D'D*{°Dy} 12/ Naot
Chew-Mandelstam phase space without ;(gdd with )(idd
0 0 0 0 x x (14 4) =1.22f (512:5&) =152
0,1 x 0 0 x x it G =029 ;=053
0.1 x 0 1 x = % =0.36" (154 34) =0.53
0 0 0 0 0 x 215 1350 1512 — 168
0,1 x x 0 x 0 Ui Z)—— 1.68 x
0.1 0 0 0 x x (124_4 =0.32 x
0,1 1 x 0 x 0 (1249_'5) =0.32 x
Simple phase space

L ¢ 1 mme
0’1 x 0 1 x U‘él_;) _ 0.41 x

’ (4-4) — ¥
0 0 0 0 0 x (1947_55) = 1.08 x
o ; : : 2 - o

’ (14-5 — V-
0.1 1 x 0 x 0 s = 037 x

TABLE XII.  Analogous to Table X but for parametrization variations of DD* scattering in J* = 17 and I = 1 (see
Sec. IV B). The “#” denotes that only three lowest energies were used, contrarily to the other two parametrizations,
as described in the text.

Parametrization 22/ N ot

Effective Range

without 2, with 77
kcotd(k) = 1/a* 190 — 050 x
_ 2 586 _ 1 461 1638 _ 4 10t
keotd(k) = 1/a+ rk?/2 286 = 146 (o) = 410°
kcot §(k) = 44, 2,=096 x

1-K2/i2
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TABLE XIII.  Analogous to Table XI but for parametrization variations of coupled-channel DD* — D*D* scattering in J© = 1+ and
I =1 (see Sec. IV B). The parametrization of the J* = 3" contribution in [000]7 and [000]JAJ is also shown. The example
parametrization (“x”) is quoted in Eq. (9) and shown together with all other variations in Fig. 6.

DD{3s,) pD'¢D)}y  DD'{D)}  DD'{Dy} DD (D3} D*D*{*Ds}
- DD'{’s;}  —-DD'{’D;}  —>DD'{’S;}  —-DD'{’D;}  —>D'D'{D;} - D'D'{°D;} 72/ Naot
Chew-Mandelstam phase space
0,1 0 x 0 x 0 <‘1§fg) =1.26
0,1 0,1 x 0 x 0 (195'7_86) =1.09
0,1 0 x 0 0 x 135 = 0.91
0.1 0 0,1 0 0 x <195‘(177) =1.13
0.1 0 1 0 0 (195"176) =1.01*
0,1 0 0 0 x 0 “75'(1%) =0.78
Simple phase space

0,1 0 x 0 x 0 dg_zg) =123
0.1 0.1 x 0 x 0 2= 1.03
0,1 0 x 0 0 x (185‘6_65) = 0.87
0,1 0 0,1 0 0 x <|85-6_67) = 1.08
0,1 0 1 0 0 <|85"i%) =0.96
0,1 0 0 0 x 0 (%‘106) =071

TABLE XIV. Analogous to Table XI but for parametrization variations of coupled-channel DD — DD* — D*D* scattering in J© = 2

and 7 = 1 (see Sec. IV C). The example parametrization (“x+”) is quoted in Eq. (10) and shown together with all other variations in Fig. 8.
In the cases where y2,, was employed, the value of the parameter E; = 0.64 is used [see Eq. (B1)].

D*D*{3S,} DD*{*D,} DD{'D,} DD{'D,} DD*{°D,} DD*{*D}

- D'D{S,} - DD{'Dy}  — DD{!Dy} - D'D{’S,} —D'D'{>,} — DD"{’Ds} 22/ Naot
Chew-Mandelstam phase space without 2y, with y2,,

0 0 0 0 x 0 ooy = 104 x

0 1 1 0 x 0 gy = 1.22 x

0 0 x 0 x 0 ooy = 1.04 x

0 0 x 0 0 0 a0y = 0.78 x

0 0 0 x 0 0 209 =072 3%=073

0 x 0 0 0 oy = 1.32 x

0 0 0 0 0 0 o = 073 x

0 0 1 1 0 0 aoe) = 0.92 x

Simple phase space

0 0 0 0 x 0 208 = 1.09 x

0 1 1 0 x 0 ooos =129 5% =1.30

0 0 x 0 x 0 aoy = L4 gk =119

0 0 x 0 0 0 ooy = 0.84 565 = 1.09

0 0 0 x 0 0 2005 =071 5655 = 111

0 x 0 0 0 Gy = 146 55t =153

0 0 0 0 0 0 e =074 5%=113

0 0 1 1 0 0 oo = 091 56%; = 118
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